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Summary

In this thesis we study time-changed stochastic models via inverse of the standard
stable subordinator. Moreover, we study two types of such models: fractional Pearson
diffusions and delayed continuous-time autoregressive processes.

In Chapter 2 we review the connection between fractional calculus and stochastic
processes, i.e. connection between fractional differential equations and time-changed
stochastic processes.

Chapter 3 gives a review on modern theory of diffusion processes with emphasize
on the corresponding infinitesimal generator and its spectral properties. Moreover, we
define the family of Pearson diffusions and give an overview of their properties, including
spectral structure of the corresponding infinitesimal generator and spectral representation
of transition densities of Pearson diffusions.

In Chapter 4 we define fractional Pearson diffusions. We give an overview of known
results regarding non-heavy-tailed fractional Pearson diffusions and prove several results
regarding heavy-tailed fractional Pearson diffusions. In particular, we establish spectral
representations of their transition densities, strong solutions of fractional Cauchy problems
which involve corresponding infinitesimal generator, and we show that they exhibit long-
range dependence property.

Next in Chapter 5, we give a general framework in our setting on how to construct
time-changed stochastic process, which as the weak limit in .J; topology has a desired
diffusion process. Based on this result, we define correlated continuous time random walks
which as the limiting processes have fractional Pearson diffusions.

In the last Chapter 6 we define delayed Lévy-driven continuous-time autoregressive

processes, where we study their correlation and distributional properties.

Keywords: Pearson diffusions, fractional Pearson diffusions, spectral representation
of transition density, correlation structure, correlated continuous time random walks,
urn-scheme models, delayed continuous-time autoregressive processes, Caputo fractional

derivative, Mittag-Leffler function, inverse of the standard stable subordinator;

i



Sazetak

Prva osoba koja je uvela ideju sluc¢ajnih procesa u transformiranom vremenu koristen-
jem subordinatora, tj. transformaciju slucajnog procesa u novi slucajni proces putem
slu¢ajnog vremena dobivenog subordinatorom, bio je Bochner 1949. godine. To ujedno
prestavlja pocetke stohastickih modela u transformiranom vremenu. U posljednjih nekoliko
desetljeca postoji snazan interes za stohasticke modele u transformiranom vremenu koji
ukljucuju inverz standardnog stabilnog subordinatora umjesto samog subordinatora. Takvi
modeli su interesantni jer mogu opisati periode vremena kada proces miruje. Takoder
postoji snazna veza izmedu frakcionalnog racuna i slucajnih procesa dobivenih putem
takvog slucajnog vremena. Naime, pokazuje se da vremenski-promijenjeni slucajni pro-
cesi, odnosno stohasticki modeli u transformiranom vremenu, imaju funkcije gustoce koje
rjeSavaju odgovarajuce frakcionalne diferencijalne jednadzbe. S druge strane, moze se
pokazati da su takvi stohasticki modeli u transformiranom vremenu grani¢ni procesi odgo-
varajuc¢ih (koreliranih) slucajnih Setnji u neprekidnom vremenu. Inace, slucajne Setnje
u neprekidnom vremenu su cesto koristen alat u statistickoj fizici, gdje se koriste kao
model gibanja cestica. Stoga, takvi modeli povezuju frakcionalne diferencijalne jednadzbe,
odgodene slucajne procese i (korelirane) slu¢ajne Setnje u neprekidnom vremenu i mogu
biti korisni u raznim podrucjima. U ovom radu, proucavaju se dvije vrste stohastickih mod-
ela u transformiranom vremenu: frakcijske Pearsonove difuzije i odgodeni autoregresivni
procesi u neprekidnom vremenu.

U prvom dijelu rada analizirat ¢e se frakcijske Pearsonove difuzije, tj. Pearsonove
difuzije u transformiranom vremenu putem inverza standardnog stabilnog subordinatora.
Eksplicitno ¢e se izracunati spektralna reprezentacija prijelaznih funkcija gustoce frakci-
jskih Pearsonovih difuzija s teskim repovima i jaka rjesenja odgovarajué¢ih vremenski -
frakcionalnih Kolmogorovljevih jednadzbi unazad s pripadnim pocetnim uvjetom. Nadalje,
na temelju korelacijske strukture frakcijskih Pearsonovih difuzija pokazat ¢e se da su to
stohasticki modeli s dugoro¢nom zavisnoséu. Takoder, uspostavit ¢e se stohasticke difer-
encijalne jednadzbe koje opisuju frakcijske Pearsonove difuzije.

U sljede¢em koraku dokazat ¢e se konvergencija specificno definiranih koreliranih sluca-
jnih Setnji u neprekidnom vremenu prema frakcijskim Pearsonovim difuzijama. Konkretno,
pokazat ¢emo da se frakcijske Pearsonove difuzije koje nemaju teske repove mogu dobiti kao

granicni proces koreliranih sluc¢ajnih Setnji u neprekidnom vremenu koje su konstruirane i

ii



Sazetak

motivirane poznatim modelima urni: Laplace-Bernoullijev i Wright-Fisherov model urni.
S druge strane korelirane sluc¢ajne Setnje u neprekidnom vremenu koje kao grani¢ni proces
imaju frakcijske Pearsonove difuzije s teskim repovima, nisu konstruirane na temelju nekog
konkretnog modela. Dakle, Pearsonove difuzije u transformiranom vremenu pokazat ¢e se
kao stohasticki model cije funkcije gustoce rjesavaju odgovarajuce vremenski - frakcionalne
Kolmogorovljeve jednadzbe unazad, a s druge strane su grani¢ni procesi odgovarajucih
koreliranih sluc¢ajnih Setnji u neprekidnom vremenu. Na taj nacin, frakcijske Pearsonove
difuzije se mogu interpretirati kao stohasticki, frakcionalni i fizikalni model.

U drugom dijelu rada razmatraju se odgodeni autoregresivni procesi u neprekidnom
vremenu, pri ¢emu je pogonski proces Lévyjev proces, odnosno autoregresivni procesi
u neprekidnom vremenu s pogonskim Lévyjevim procesom, koje je odgodeno inverzom
standardnog stabilnog subordinatora. Na temelju generalnih i asimptotskih svojstava
Mittag-Lefflerovih funkcija, bit ¢e izracunata korelacijska struktura odgodenih autore-
gresivnih procesa u neprekidnom vremenu, a na temelju kojih ¢e se ustvrditi da i ovi
stohasticki modeli u transformiranom vremenu imaju dugoro¢nu zavisnost. Takoder, bit

¢e izvedena odredena distribucijska svojstva.

Kljucne rijeci: Pearsonove difuzije, frakcijske Pearsonove difuzije, spektralna reprezen-
tacija prijelazne funkcije gustoce, korelacijska struktura, korelirane slucajne Setnje u
neprekidnom vremenu, modeli urni, odgodeni autoregresivni procesi u neprekidnom vre-
menu, Caputova frakcionalna derivacija, Mittag-Lefflerova funkcija, inverz standardnog

stabilnog subordinatora;
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CHAPTER 1

Introduction

Historical roots and motivation

The first person to introduce the idea of time-changed stochastic processes via sub-
ordination, i.e. transformation of a stochastic process via random time change obtained
by a subordinator, was Bochner in 1949 (see Bochner (1949)). Formally, for a stochastic
process {X(t), t > 0}, let {T'(t), ¢ > 0} denote the time change, i.e. a non-negative,
non—decreasing stochastic process (usually independent of process {X (), ¢ > 0}). Then
the corresponding time-changed stochastic process is {Y(t), t > 0}, where

Y(t) := X(T(t)), t > 0. (1.1)

Some authors refer the time change process {T'(t), ¢t > 0} as a business time or a stochas-
tic clock, while the process {Y(t), t > 0} is said to evolve in operational time. Feller
introduced a subordinated process X (T'(t)) for a Markov process X (t) with T'(t) being
a process with independent increments and he referred T'(¢) as “randomized operational
time” (see Feller (1966)). Few decades later the idea of random time change was applied
in mathematical finance (Clark (1973)), where the time-changed diffusions were used to

model financial time series on speculative markets.

In the last few decades there is a strong interest in time-changed stochastic models,
which include inverse subordinator, instead of subordinator, as the time change stochastic
process. One example of such models are time-fractional models. In finance, these models
can describe delays between trades (Scalas (2006)), interest rate data for developing coun-
tries (Janczura et al. (2011)), and has been used to develop the Black-Scholes formalism
in this context (see Magdziarz (2009), Stanislavsky (2009)). In hydrology, time-fractional
models can capture behaviour such as sticking and trapping of contaminant particles in a
porous medium or river flow (Chakraborty et al. (2009), Schumer et al. (2003)). Moreover,
there is a deep connection between fractional calculus and stochastic processes obtained
by such random time change.

In 1695 Leibnitz wrote a curious letter to L’Hopital in which he asked "Can the meaning
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of derivatives with integer order be generalized to derivatives with non-integer orders?"
Soon after their integer-order cousins, fractional derivatives were invented by Leibnitz. In
1905 Einstein published his now famous paper Einstein (1905), in which the connection
between diffusion equation

0 0?

HPt) = 5 5p(x, ),
Brownian motion {W(t), ¢t > 0} and a simple random walk is established. On the other
hand, if the partial derivative in time is replaced with fractional partial derivative of order
0 < a < 1, one arrives at the time-fractional diffusion equation

a 2

O bt = 2 pla,) (12
which governs the time-changed Brownian motion {W(E(t)), t > 0}, where {E(t), t > 0}
is the inverse of the standard a-stable subordinator. Time-changed Brownian motion is
the limit of a continuous time random walk with a power-law (of order «) waiting times
between particle jumps (see Meerschaert & Scheffler (2004) for more details). Therefore,
inverse of the a-stable subordinator provides a probabilistic model for time-fractional
differential equations, where the time-fractional derivative is of order «. In statistical
physics, time-fractional derivative appears in the equation for a continuous time random
walk limit, and reflects random waiting times between particle jumps (see Meerschaert &
Scheffler (2004), Metzler & Klafter (2000, 2004)). In other words, fractional calculus serves
as a bridge between various scientific areas including probability, differential equations
and statistical physics. For a systematic read on these connections see Meerschaert &
Sikorskii (2011).

Motivated by these connections, in this thesis several time-changed stochastic models
are studied. Inverse of stable subordinator with stability index 0 < a < 1 is used as
the base ingredient for time change process T'(¢) in (1.1), since it can be seen as a prob-
abilistic model for time-fractional differential equations. If not stated otherwise, it is
assumed that the stability index is 0 < « < 1. For the outer process {X(t), t > 0}
in (1.1), Pearson diffusions and continuous-time autoregressive processes are considered.
For time-changed stochastic models based on Pearson diffusions, both probabilistic and
fractional models are obtained, and therefore in this thesis these models are referred as
fractional Pearson diffusions. In the case of time-changed continuous-time autoregressive
processes, only probabilistic models are established, and therefore in the thesis are re-
ferred as delayed continuous-time autoregressive processes. In particular, in the thesis we
study fractional Pearson diffusions, their related correlated continuous time random walks
and delayed Lévy-driven continuous-time autoregressive processes, and therefore provide

several tractable stochastic models.



Chapter 1. Introduction

Motivation for studying fractional Pearson diffusions lies in tractability of the Pearson
diffusions which have applicable class of stationary distributions. In 1930’s Kolmogorov
was first to introduce this family of diffusions (see Kolmogorov (1931)) by characterizing
corresponding infinitesimal parameters, i.e. drift and diffusion via their corresponding
stationary distributions g(x) which satisfy the famous Pearson differential equation of the

form

g(x) cox + ¢
g(x)  bex? + by + by’

(1.3)

first introduced by Pearson in 1914 (see Pearson (1914)). Pearson distributions, i.e. family
of distributions which satisfy equation (1.3) include normal, gamma, beta, Fisher-Snedecor,
reciprocal gamma and Student distribution. The last three distributions are heavy-tailed
and therefore are of special interest in stochastic modeling. Step forward in tractability
of Pearson diffusions was done by Wong in 1964 (see Wong (1964)) where spectral rep-
resentation of transition densities of five specially parameterized Pearson diffusions were
obtained. In the view of statistical tractability, Forman and Sorensen (Forman & Sgrensen
(2008)) made significant progress. In particular, the problem of parameter estimation for
Pearson diffusions is considered via martingale estimation equations. It is proved that the
proposed estimators are consistent and asymptotically normal and explicit expressions for
the elements of the limiting covariance matrix are given. Recently, Avram et al. made
significant developments regarding spectral and statistical analysis of heavy-tailed Pearson
diffusions, i.e. Fisher-Snedecor, reciprocal gamma and Student diffusions, and several
related papers were published (Avram et al. (2011, 2012, 2013a,b), Leonenko & Suvak
(2010a,b)). In particular, spectral representation of transition densities of heavy-tailed
Pearson diffusions are explicitly calculated, which is the starting point in spectral analysis
of the fractional counterparts of these diffusions. Also, general method of moments esti-
mators of parameters of the corresponding Pearson diffusions are obtained, while taking
into account spectrum of the infinitesimal generator of the related diffusions. On the
other hand, non-heavy-tailed Pearson diffusions, i.e. Ornstein-Uhlenbeck (Uhlenbeck &
Ornstein (1930)), Cox-Ingersoll-Ross (Cox et al. (1985)) and Jacobi diffusions are well
known and studied. Spectral representation of their transition densities are known and
reflect the simple structure of corresponding spectrum of their infinitesimal generators (cf.
Karlin & Taylor (1981a)). Non-heavy-tailed fractional Pearson diffusions have recently
been studied in Leonenko et al. (2013a) and Leonenko et al. (2013b), where spectral rep-
resentation of transition densities and correlation structure, as well as strong solutions of
related fractional Cauchy problems of these fractional diffusions are obtained. Moreover,
it is proved that these non-Markov processes are long-range dependent with a correlation
function that falls off like a power law, whose exponent equals the order of the involved

fractional derivative. Motivated by these results, in this thesis in a similar manner we
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study heavy-tailed fractional Pearson diffusions, but with crucially different techniques.

Concept of continuous time random walks was first proposed in 1965 by Montroll and
Weiss (see Montroll & Weiss (1965)) and developed further in Scher & Lax (1973), Klafter
& Silbey (1980) and Hilfer & Anton (1995). Continuous time random walks have applica-
tions in many areas such as finance (for a review see Scalas (2006)), hydrology (for a review
see Berkowitz et al. (2006)) and medicine, where it is used as a model for the migration of
cancer cells (see Fedotov & Iomin (2007)). On the other hand, sometimes it is convenient
to approximate continuous time random walks with the corresponding limiting processes
(i.e. with a Lévy process or a diffusion). In particular, regarding correlated continuous
time random walks and their weak convergence to a concrete diffusion, not much is known.
One of the simplest urn-scheme models is the Bernoulli-Laplace urn-scheme model which
was first studied by Laplace (Laplace (1812)) and later by Markov (Markov (1915)). In
their work, they found strong connection between this urn-scheme model and Ornstein-
Uhlenbeck process with specific parameters by only heuristical arguments. Another well
known urn-scheme model is the Wright-Fisher model which describes gene mutations (in
some genetic pool) over time, strongly influencing selection and sampling forces in the
corresponding population and it is named after S. Wright and R. Fisher. There are several
different versions of this model, and in the thesis the scheme described in the book Karlin
& Taylor (1981a) is used. In the aforementioned book there are examples of this model for
which weak converge to Cox-Ingersoll-Ross or Jacobi diffusion with specific parameters is
described. Again, only heuristical arguments are given. In this thesis we establish formal
weak convergence results for all fractional Pearson diffusions. In particular, for non-heavy-
tailed fractional Pearson diffusions, i.e. fractional Ornstein-Uhlenbeck, Cox-Ingersoll-Ross
and Jacobi diffusion, we prove weak convergence of correlated continuous time random
walks, based on several models, including these two aforementioned urn-scheme models.
On the other hand, weak convergence results for heavy-tailed fractional Pearson diffusions,
i.e. fractional reciprocal gamma, Fisher-Snedecor and Student diffusions are established

based on the correlated continuous time random walks without specific model motivation.

Continuous-time autoregressive processes are continuous counterparts of well known dis-
crete autoregressive processes. Recently, interest for delayed continuous-time autoregres-
sive processes is increasing, e.g. see Gajda et al. (2016) and Wylomanska & Gajda (2016),
where correlation properties and applications to real data are given. In particular, in Wyto-
manska & Gajda (2016) codifference structure for delayed continuous-time autoregressive
process of low order is examined, as well as the simulation and estimation procedures. In
Gajda et al. (2016) delayed continuous-time autoregressive process of low order is used to
model technical data, i.e. it is used to model behavior of particular mechanical system.
Motivated by the work in Gajda et al. (2016) and Wytomanska & Gajda (2016) we study
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correlation properties of the Lévy-driven continuous-time autoregressive process delayed
by the inverse of the standard stable subordinator and examine the long-range dependence

of the process.

Overview

In Chapter 2 we explain the connection between fractional calculus and stochastic
processes, which is then in the following sections established for specific time-changed
stochastic models. Chapter 3 gives a review on general theory of diffusion processes. In
particular, family of Pearson diffusions is defined with the corresponding properties, in-
cluding spectral representation of their transition densities which is the starting point
for Chapter 4, where fractional Pearson diffusions are defined via inverse of the stan-
dard stable subordinator. Moreover, we establish results of these time-changed Pearson
diffusions in the form of spectral representation of "transition densities" of heavy-tailed
fractional Pearson diffusions, strong solutions of fractional Cauchy problems which involve
corresponding infinitesimal generator, correlation structure and corresponding stochastic
differential equations driven by the time-changed Brownian motion.

Next, in Chapter 5 we define correlated continuous time random walks which as the limit-
ing processes have fractional Pearson diffusions. In particular, construction of correlated
continuous time random walks related to non-heavy-tailed fractional Pearson diffusions are
motivated by several famous urn-scheme models, namely Laplace-Bernoulli and Wright-
Fisher urn schemes.

In Chapter 6 we define delayed Lévy-driven continuous-time autoregressive processes, and
for such processes of order p, emphasizing low orders, we explicitly calculate correlation
structure and show that it decays as a power law, i.e. we show that delayed Lévy-driven
continuous-time autoregressive processes are long-range dependent processes. Moreover,

we establish some results regarding their distributional properties.



CHAPTER 2

Fractional calculus and stochastic
PIOCEesSes

In this section, connection between fractional calculus, stochastic processes and statis-
tical physics is explained in details. In particular, it is explained that the time-changed
stochastic models, with time change process being inverse of the standard stable subordi-
nator, have governing time-space fractional differential equations. On the other hand, it is
explained how continuous time random walks have these time-changed stochastic models

as their scaling limits.

2.1 Fractional derivative

The operator

DS f(x) := F(n—a ( ) O/ Iy anH, r>0, n—1<a<nneN, (21)
where I'(+) is the standard Gamma function (see e.g. Olver et al. (2010)), is called
Riemann-Liouville fractional derivative of order «, while the operator

9y f(x) == /f anﬂ, x>0, n—1<a<nneN (2.2)
I'(n—a)
0

is called Caputo fractional derivative of order a.

These operators are well defined e.g. for infinitely differentiable functions on R with
a compact support (for details see e.g. Kilbas et al. (2006)). There are many different
versions of fractional derivatives of Riemann-Liouville and Caputo type. In this thesis (2.1)
and (2.2) are preferred since we will only consider fractional derivatives in time, i.e. for

functions f(t) defined on ¢ > 0. In general for functions defined on R, Riemann-Liouville
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and Caputo fractional derivative take the forms

and

wry_ L7 fMy)dy
1) = ooy | oo “ER

respectively. Notice that the forms (2.1) and (2.2) are equivalent with the last two forms,
respectively, if one sets f(z) = 0 for x < 0. There are many other types of fractional
derivatives, such as Grunwald-Letnikov and Hadamard types. For general treatment on
fractional derivatives and their properties we refer to Kilbas et al. (2006) and Podlubny
(1998).

From probabilistic point of view of special interest is the case when 0 < o < 1. This

connection is further explained in Section 2.1. In this case fractional derivatives (2.1) and
(2.2) reduce to

o 1 d [ fly)dy
]Dmf(‘r) - F(l _ Oé)dl’o/ (]3 _ y)_a (23)
and
w11 Fy)dy
aa:f(x) - F(l . Q{) 0/ (I . y)_a’ (24>

In particular, these fractional derivatives are well defined e.g. in the space of continuously
differentiable and bounded functions. Several important properties of fractional derivatives
(2.3) and (2.4) of order 0 < o < 1 are addressed here. Laplace transform (LT) of a function
f is defined as

o0

Lf(s) = fls) = [ feyat

0

In particular, if it exists, Laplace transform of Riemann-Liouville fractional derivative
(2.3) is of the form

saf(s), (2.5)

while Laplace transform of Caputo fractional derivative (2.4) is of the form

s f(s) = s f(0). (2.6)

In applications, Laplace transform (2.6) is preferred over (2.5), since it incorporates the
initial condition with physically appropriate interpretation. For this reason, Caputo frac-
tional derivative is often preferred in applications over it’s Riemann-Liouville counterpart.

Riemann-Liouville and Caputo fractional derivatives (2.5) and (2.6) of a function f coincide
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if f(0) = 0 since they are related by

—Q

T

9y f(x) =Dy f(x) — f(o)m-

Example 2.1 Let p > 0 and f(¢) = t* defined on ¢ > 0. Using the Laplace transform

method, one can easily calculate fractional derivatives of Riemann-Liouville and Caputo

type:

[e.o] oo

f(s) = /e‘sttp g emugp gy — L(p+1)

5p+1 w, s > 0, (27)
0

where in the last equality definition of Gamma function is used. Now from (2.5) it follows

that Riemann-Liouville fractional derivative has LT

sf(s) =s*P'T(p+1).
Finally, inverting the obtained LT yields

F(p+1)

D () = 0 —— L
e () I'p—a+1)

Since f(0) = 0, Caputo and Riemann-Liouville fractional derivative conicide, i.e.

Cp+1)

@ (4P — NN (+P) — P« A
o (¢) =D (¢") = " 5 =y

(2.8)

On the other hand, notice how for & = 1 and p € N (2.8) recoveres usual derivative of

power function

d
B
a. P

Example 2.2 Let ¢ € R and f(t) = ¢ defined on ¢ > 0. Since

f(s) = /e’“cdt _—

s

it follows that LT of Riemann-Liouville fractional derivative is
s9f(s) = s* e

Therefore, from (2.8) it follows

ct™@

Dic=—o .
A

On the other hand, LT of Caputo fractional derivative is

s f(s) — s“71f(0) = sag —5*te=0,



Chapter 2. Fractional calculus and stochastic processes

which yields
Ofc=0.

Therefore, Caputo fractional derivative has yet another preferred property over its Riemann-
Liouville counterpart, i.e. Caputo fractional derivative of a constant vanishes just like in

the case of the usual derivative.

It is well known that the eigenfunction of the usual derivative, i.e. operator % is
the function f(t) = e, where A\ € C is the corresponding eigenvalue. In other words,

f(t) = e is the solution of the eigenvalue problem

d
%f(t) = )\f(t)-

The eigenfunction of the Caputo fractional derivative of order 0 < v < 1, i.e. operator 0"
is the function f(t) = £,(At*), where

Cu(2) =) ———, z€C (2.9)
jz() I'(1+ ay)

is the famous Mittag-Leffler function, introduced by Gosta Magnus Mittag-Leffler in 1902,

and defined by the series that converge absolutely for every complex z (see Gorenflo et al.

(2016) and references therein). To illustrate this, differentiate term-by-term and apply

(2.8):

o 1(t) = (i F(fim))
& N I'(1+ o)
B ZI‘(1+aj)F(1+aj—a)

aj—a

= M().

Another way to see this, apply LT together with (2.7) to obtain

LEM) = £ (f; M)
-y -

N T+ )
s 1 + O[j Saj+1

=51 Z ()\s_a)j = sz — s > |\
i=0
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Next, from (2.6) it follows

L{OEL ) = s L{ELN)} — 527 1E,(0)

-1
Sa
Nt _ a1,
_SSO‘—)\ S 1
—1
Sa
=\ )
s — A\

Finally, inverting the LT gives
O EL(NY) = ANEL(ALY).

Taking LT of this infinite series can indeed be justified, for the full proof and technical
details see (Meerschaert & Sikorskii 2011, Remark 2.11., pages 36-38).

Notice that for @ = 1 Mittag-Leffler function recovers the exponential function, i.e. & (z) =
e*. On the other hand, since £,(0) = 1 Caputo and Riemann-Liouville fractional derivative

of this function do not coincide. In particular,

o

Il —a«)
P

I'l—a)

DEEL (M) = O*Eq (M) +
= AL (M) +

Regarding eigenfunctions of Riemann-Liouville and Caputo fractional derivative of order
a € RT see e.g. Grigoletto et al. (2018), while for more details on eigenfunction f(t) =
Ea(At?) of the Caputo fractional derivative of order 0 < a < 1 and its role in fractional

differential equations we refer to Mainardi & Gorenflo (2000).

2.2 Continuos time random walks

Here we outline the continuous time random walk model with proper physical interpretation.
Let {Y;, i € N} and {G;, i € N} be sequences of random variables which are independent
and identically distributed (iid) as Y and G, respectively. Moreover, let Y,, and G, be
independent for each n. Define the corresponding random walks S(n) =Y; + Yo +---Y,
and T'(n) = Gy + Gy + - - - G, where random walk S(n) gives location of a randomly
selected particle after n jumps, with Y; being iid particle jumps, while G; are iid waiting

times between particle jumps, so that particle arrives at location S(n) at time 7'(n). Let
N(t) =max{n >0: T(n) <t}

be the number of particle jumps by time ¢t > 0 with 7°(0) = 0. Then S(N(t)) is called

continuous time random walk (CTRW) which gives the location of a particle by time

10
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t > 0. CTRW together with the corresponding long-time stochastic limit illuminates
the connection between fractional calculus, probability and statistical physics, since the
governing equation for the stochastic model in the CTRW scaling limit involves fractional
derivative in time, while CTRW itself provides physical interpretation of a random particle
movement. Formal illustration requires definition of the limit-involved stochastic processes
together with the convergence procedure.

Let {W;, i € N} be a sequence of random variables iid as W. A random variable W
belongs to the domain of attraction of nondegenerate random variable Z and we write
W € DOA(Z) if

an Wi+ Wo+---W,) — b, = Z

for some a, > 0 and b, € R, where ” = ” means convergence in distribution. If
W € DOA(Z) it is well known that the random variable Z must be either normal or
stable with index 0 < av < 2 (see e.g., (Meerschaert & Sikorskii 2011, Chapter 4)), i.e. the

random walk (after proper scaling)
Sn) =Wy +Wy+---W,

can only have normal or stable limit. Recall that a random variable 7 is said to have a
stable distribution if for any positive numbers A and B, there is a positive number C and

a real number D such that
AZ 4+ BZy £ CZ + D, (2.10)

where 71, Z5 and Z are iid random variables, and ” 2 7 denotes equality in distribution.
Moreover, for any stable random variable Z there is a number «a € (0, 2] such that number
C'in (2.10) satisfies

C* = A" + B,

The number « is called the index of stability or characteristic exponent. A random variable
7 with index of stability « is called a-stable random variable. Furthermore, characteristic

function has the following form

E[? exp{—o® [0|" (1 — i sign(0) tan %) +iud} if o £ 1,
e =
exp{—0 0] (1+iB2sign(0) n |6]) +ipf}  if a =1,

where 0 < a < 2,0 >0, -1 < 8 <1 and p € R are unique parameters, and therefore
for stable random variable Z it is denoted by Z ~ S,(o, 8, 1) (for more details see
Samorodnitsky & Taqqu (1994) and references therein). In particular, stable distribution
with index of stability o = 2 recovers the normal distribution.

In order to study CTRW together with the corresponding limit process in terms of

their trajectories, appropriate space and topology needs to be introduced. Therefore, let

11
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D(]0, +00) ;.S) denote the set of right continuous functions with left limits defined on
[0, +00) with values in S, i.e. the set of cadlag functions. In particular, when S = R, we
simply write D [0, +o0). In 1956. A. V. Skorokhod introduced several relevant topologies
for this space of functions (see Skorokhod (1956)), now known as Jy, Jo, My and Mo
topologies. In particular, .JJ; topology is the strongest and most relevant for stochastic
processes which have isolated jumps such as in a random walk. In J; topology, convergence
zp(t) — z(t)inD|[0, T] holds if for increasing continuous functions A, : [0, T] — [0, T

such that A, (0) =0 and \,(T") = T, which can be seen as transforms in the time axis,
lim sup |\, (t) —t| =0
n—00 g4 <T
implies
lim sup |z,(An(t)) —2z(t)] = 0.

0 0<t<T
Furthemore, z,(t) — z(t)inD [0, +o0) if z,(t) — z(t) inD[0, T for every continuity point
T > 0 of function x(t).
Moreover, Skorokhod proved that if Y € DOA(A), where A is S-stable random variable
0<B<2),ie. if

a,S(n)—b,=a,(Y1+Yo+---Y,)—0b,= A
for some a,, > 0 and b,, € R, then
a,S(|nt]) — bt = A(t) in DI0, +o00) (2.11)

with J; topology (see Skorokhod (1957)), where A(t) is either Brownian motion or a
p-stable Lévy process. Recall that the CTRW S(N(t)) is defined via two random walks
S(n)=Y1+Yy+---Y, and T(n) = Gy + G5 + - -- G,,, where Y; are iid particle jumps
and G; are iid waiting times between particle jumps. In order to illustrate the underlying
CTRW limit, let Y7 and GG be in the domain of attraction of S-stable and a-stable random
variables (0 < a < 1), respectively, so that A(t) is 3-stable Lévy process with a, = n=/#
and b, = 0. Now, (2.11) reduces to

n~Y8S(|Int]) = A(t) in D0, 400). (2.12)

Next, in order to obtain the limiting process of the CTRW S(N(t)), limiting behaviour
of N(t) in J; topology needs to be introduced. It turns out (see (Meerschaert & Sikorskii
2011, Chapter 4.4) and references therein)

n *N(nt) = E(t) in D][0, +o0) (2.13)

12
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with J; topology, where E(t) is inverse of the standard a-stable subordinator (see subsec-
tion 2.3 for precise definition and details). On the other hand, in the CTRW model we
assume Y,, and G,, are independent and therefore (2.11) together with (2.13) yields

(nY8S([nt]), n°N(nt)) = (A(t), E(t)) in D0, +00) x D[0, +o0)

with J; topology. Finally, one shows that normalized and rescaled CTRW have time-

changed process in the limit, i.e.
n=*PS(N([nt))) = ()" S(n*n~*N([nt])) = (n*)"2S(n*E(t)) = A(E(t)) (2.14)

in D [0, +00) with M; topology. Formal proof can be found in Meerschaert & Scheffler
(2004). In fact, convergence (2.14) holds in the stronger J; topology as well (for details
see Straka & Henry (2011)).

2.3 Inverse of the standard stable subordinator
Recall that a stochastic process X = {X(t), ¢ > 0} is called Lévy process if
1. X(0)=0 aus.
2. forall 0 < s <t X(t)— X(s) < X(t —s) (stationary increments)

3. forall 0 <u<s <t X(t) — X(s) and X (u) are independent (independent incre-

ments)
4. X is cadlag process, i.e. t — X (¢) is almost surely right continuous with left limits.

In particular, X is called standard a-stable Lévy process if the second requirement is

replaced with

2 forall 0<s <t X(t)— X(s) £ So((t—5)"/* 5,0), 0<a<2 -1<g<1.

Notice that if o = 2, then standard stable Lévy process is the standard Brownian motion.
Moreover, a stochastic process is called subordinator if it is a.s. increasing Lévy process.
In particular, a-stable subordinator {D(u), u > 0} with index 0 < a < 1 has Laplace

transform
E[e~*"")] = exp{—uCT(1 — a)s"}, s> 0.

fC=1/T(1-a),ie. if

E[e *P®] = exp{—us®}, s> 0

13
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we say that {D(u), v > 0} is standard a-stable subordinator. Inverse process of the
standard a-stable subordinator, { E(t), t > 0} is defined via

E(t) = inf{u > 0: D(u) > t}. (2.15)

This stochastic process is non-Markovian, non-decreasing and corresponds to the first
passage time of the standard a-stable subordinator strictly above level t. Moreover it is

self-similar with exponent «, i.e.

{B(ct)} £ {E(t)},

where equality is in finite dimensional distributions. For every ¢ random variable F(t) has

a density f;(-) with Laplace transform (see Bingham (1971))
Ee—E0)] = / =52 £ (2)dx = En(—st%), 5> 0, (2.16)
0

Therefore, LT (2.16) connects inverse of the standard a-stable subordinator and the Mittag-
Leffler function. Recall that the function f(t) = &,(At*) is an eigenfunction for the Caputo
fractional derivative 0 with eigenvalue A (see Section 2.1). The density of E(t) is related
to the density of the standard stable subordinator D(u) as follows. With g, denoting the
density of D(1)

fi(u) = iull/aga(tul/a), u >0, (2.17)

see Meerschaert & Scheffler (2004).

2.4 Governing equation for the continuous time
random walk limit

Let p(z, t) denote the density of the outer process A(t) in the CTRW limit (2.14). Then
simple conditioning argument shows that the CTRW limit process A(FE(t)) has density

mz,t) = [~ ple,u)filw) du.

where f; is the density of E(t) (2.17). Moreover, governing equation for the outer process
A(t) is

0 o° o°

%p(x,u) = Da@p(x u) + Db@( )ﬁp(x L), (2.18)
where D, a and b are parameters such that a + b = 1 and defined via [-stable law in the
outer process. Moreover, fractional derivative % f(z) is defined so that it has Fourier
transform (—ik)? f(k) (here f(k) denotes Fourier transform of the function f), while the

14
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time change process F(t) has governing equation of the form

0
O; fi(u) = _%ft(w

On the other hand, density of the CTRW limit A(E/(t)) solves the differential equation

N o’ o°
oym(z,t) = Daa—:vgm(x, t)+ Dbmm(:r, t). (2.19)
In order to obtain these governing equations, Fourier-Laplace transform methods are
employed (see (Meerschaert & Sikorskii 2011, Chapter 4.5)). Recall that the outer process
A(u) is self similar with index 1/, while the time change process E(t) is self similar with
index «, so that the CTRW limit process A(FE(t)) is self similar with index a///3.

Remark 2.1. Notice that for 5 = 2 the outer process A(u) reduces to Brownian motion,
while governing equations (2.18) and (2.19) reduce to
0 0?

and
2

orm(x,t) = D@m(x, t).
In general, Brownian motion is self-similar with index 1/2, while time-changed Brownian
motion via inverse of a-stable subordinator E(t) is self similar with index «/2. Since
0 < a < 1 it turns out that time-changed Brownian motion spreads slower then the

Brownian motion and therefore yields the so called sub-diffusive phenomena.

For these reasons, stochastic process {E(t), t > 0} defined in (2.15) is a desirable
probabilistic model for a time change which enables sub-diffusive phenomena. In Section 4
and 5 it is used to define fractional Pearson diffusions, while in Section 6 it is used to define
delayed continuous-time autoregressive processes. In this section, connection between
fractional calculus, CTRWs and inverse of stable subordinator is explained. In particular,
time-changed Lévy process emerges in the scaling CTRW limit, while governing equation
for this process involves fractional derivatives in time and space. In this thesis, similar
connection for fractional Pearson diffusions is established. We define correlated CTRWs
which have fractional Pearson diffusions as weak limits in J; topology. Governing equations
for fractional (time-changed) Pearson diffusions are obtained via Caputo time-fractional
Kolmogorov backward and forward equations, where the solutions to the corresponding
fractional Cauchy problems are obtained through spectral methods, involving Mittag-

LefHler function as the eigenfunctions of Caputo fractional derivative in time.

15



CHAPTER 3

Pearson diffusions

In this section family of Pearson diffusions is defined with an overview of corresponding
properties, including spectral representation of their transition densities. The Pearson
diffusions form a flexible and statistically tractable family of diffusions, which includes
famous Ornstein-Uhlenbeck and Cox-Ingersoll-Ross process. Their invariant distributions
belong to the Pearson family of distributions. On the other hand, basic reason for their
tractability is that their moments and some conditional moments can be calculated explic-
itly and corresponding infinitesimal generator maps polynomials into polynomials of (at

most) the same degree.

3.1 Diffusions

In this section we give a review on general theory of diffusion processes, emphasizing
the importance of infinitesimal parameters, infinitesimal generator and its corresponding
spectrum, which leads to the categorization of diffusions into three categories: Spectral
category 1., II. and III., systematically introduced in Linetsky (2004), heavily referencing
to 10 spectral categories given in Fulton et al. (2005).

3.1.1 Definition

A stochastic process is said to be a diffusion process if it is a continuous time stochastic
process which possesses strong Markov property and has a.s. continuous sample paths.
There are several ways to describe a diffusion.

Transition probability of a Markov process { X (t), t > 0} is the probability

P(B,t;y,s) = P(X(t) € B|X(s) =y), 0<s<t,
while the function p(x,t;y, s) which satisfies the relation

P(B,t;y,s) Z/p(x,t;y,S) dx
B

16
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is called the transition density of the Markov process {X (¢), t > 0}. A continuous time
Markov process with values in R and transition density p(x,t;y, s) is called a diffusion if
the following limits exist for all e > 0, s > 0 and =z € R:

) 1
lim - — / p(z,t;y,s)dr =0, (3.1)
|lz—y|>e
) 1

lm—— [ (@ —yplety.s) do =y, s), (32)

lz—yl<e

1
m—— [ (=)o tiy.s) de = o*(y.) (33)
s 1 —S
lz—yl<e

where the limits u(y, s) and o(y, s) are well defined continuous functions of y and s, and

are called drift parameter and diffusion parameter, respectively.

Remark 3.1. In particular, condition (3.1) ensures almost sure continuity of diffusion

sample paths, while conditions (3.2) and (3.3) are equivalent with

lm - E[X (1) ~ X(5)|X(5) =] = (s, ) (3.4
and .
tn = E(X(2) — X())*|X(s) = 3] = 0%(y, ), (3.5)

respectively. Therefore, (3.4) yields interpretation of u(y, s) as instantaneous rate of change
in the mean of the diffusion process assuming X (s) = y, and therefore it is sometimes
referred to as infinitesimal mean or expected infinitesimal displacement of diffusion process,
while (3.5) yields interpretation of o2(y, s) as instantaneous rate of change in the variance
of the diffusion process assuming X (s) = y, and it is sometimes referred to as infinitesimal

variance of diffusion process.

In particular, if the transition density depends only on the time difference (t — s) we
say that diffusion process is time-homogeneous and we simply write p(z,t — s;y) instead
of p(x,t;y,s). Moreover without loss of generality, we may assume that s = 0 and
write p(z,t;y) for the transition density. In this thesis only time-homogeneous diffusion
processes are studied and therefore this notation is used. It is well known that governing
equations for the diffusion process are Kolmogorov backward and forward equation which
both incorporate the infinitesimal parameters, i.e. transition density p(z,t;y) satisfy

the following partial differential equations (PDEs) with initial point-source condition
p(z,0;y) = 6(x —y) :

17
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o Kolmogorov backward equation:

op(z,t;y) op(z,t;y) N o*(y) 0*p(x, t;y)

5 = u(y) dy 5 0F

(3.6)

where the future state x is constant, and the equation describes the "backward

evolution" of the diffusion.

o Kolmogorov forward equation or Fokker-Planck equation:

Ip(x,t;y) 9 10

ol = g e k) + 5o (PEpet). ()

where the current state y is constant, and the equation describes the 'forward

evolution" of the diffusion.

Moreover, if stationary distribution of a time-homogeneous diffusion process exist, it can
be obtained or calculated via Kolmogorov forward equation. In particular, if there exists

a solution f(z) of the time-independent Kolmogorov forward equation

d 1 d?

@) (@) + 55 (7%(@) () =0, (33)

it will be the stationary distribution of the corresponding diffusion with infinitesimal
parameters p(z) and o(x). On the other hand, if the equation (3.8) doesn’t have a
solution, stationary distribution won’t exist. If the solution exists, the following procedure

involving equation (3.8) reveals the stationary distribution:

« integration of the equation (3.8) with respect to the variable z leads to

(T2 50) = i) = 51 39

where (] is a real constant;

 multiplication of the equation (3.9) by integration factor

s(x)_exp{—zi

also called the scale density, leads to equation

(y)
) dy}, (3.10)

d

7 (5(2) 0*(2) f(2)) = Crs(a); (3.11)

18



Chapter 3. Pearson diffusions

« integration of the equation (3.11) with respect to the variable x leads to

f(z) = m(;) (Ol / s(y)dy + 02) , (3.12)

where

m(zr) = ———— (3.13)
is the so called speed density.

« constants C) and Cy are determined via conditions f(z) > 0 and [ f(x)dx = 1,

ensuring that f(z) is a probability density function.

In particular, if the speed density is integrable on the diffusion state space I = (I, r), —oo <
I <r<oo,ie. if
.
/ m(z) =C < o0,
!
then

f(x) = méx)l(z,r) (x), x € R.

For details, we refer to Karlin & Taylor (1981a).

3.1.2 Stochastic differential equation

Beside the Kolmogorov forward and backward PDEs, diffusions can be defined as
solutions of the stochastic differential equations (SDEs) with Brownian motion as the

governing process. Let us consider autonomous stochastic differential equation
dX(t) = p(X(@)dt + o(X(t))dW(t), Xe=Y, 0<t<T, (3.14)

where {W (t), t > 0} is the standard Brownian motion adapted to the filtration {F;, t > 0},
usually called the driving process of the SDE (3.14), while random variable Y is assumed
to be independent of {W(t), t > 0}. SDE (3.14) is interpreted as a stochastic integral

equation

X(t) = X, +/M(X(s))ds—ir/a(X(s))dW(s), 0<i<T, (3.15)

where the integrals on the right-hand side of equation (3.15) are Riemann integral and It
stochastic integral, respectively. Therefore, solution to this stochastic integral equation
is obviously a stochastic process. One can distinguish two types of solutions of the SDE
(3.14), strong and weak solutions. Stochastic process X = {X(t), 0 <t < T} is said to
be a strong solution to the SDE (3.14) if

« X is adapted to the driving process of the SDE (3.14), i.e. at the time ¢ it is a
function of B(s), s <'t,
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« stochastic integral equation (3.15) is well defined, i.e. Riemann and It stochastic

integrals in (3.15) are well defined,
« X is a function of the driving Brownian sample path and of pu(z) and o(z).

Under certain conditions on u(x), o(z) and Xy, there is a pathwise unique strong solution
of the SDE (3.14). In general, for two solutions X and X of the SDE (3.14) we say they

are pathwise unique if

P ( sup [ X (t) — X (t)] > 0) =0.
0<t<T
In particular, if conditions

(1) Measurability: p(x) and o(x) are L?>-measurable functions regarding the variable z;

(2) Lipschitz condition: there exists a constant K > 0 such that

lu(z) — p(y)] < Kz —yl,

o(z) —o(y)| < K |x —yl,
for all z, y € R;

(3) Linear growth bound: there exists a constant K > 0 such that
(@) < K2 (1+2%),

o(2)]” < K* (1+2°),
for all z € R;
(4) Initial value: random variable Xy =Y is Fy measurable and E[X;]?* < oo

are met, according to (Kloeden & Platen 1995, Theorem 4.5.3) SDE (3.14) has a pathwise
unique strong solution {X(¢), 0 <t < T}. Moreover, if the coefficients p(z) and o(z) in
the SDE (3.14) are continuous and conditions (2) — (4) hold, solution {X (), 0 <t < T}
of the SDE (3.14) for any fixed initial value Xy is a diffusion process on [0, 7] with drift
parameter p(z) and diffusion parameter o(z) (Kloeden & Platen 1995, Theorem 4.6.1).

In general conditions (1) — (4) are strong and can be weakened. In particular, condition
(2) can be weakened in a sense that it holds for possibly different constants Ky for
|z|, ly] < N and for each N > 0. This enlarges the class of admissible parameters since
for parameters in C' the Mean value theorem implies this weakened condition. Since
Pearson diffusions which we consider in this thesis satisfy these (weakened) conditions

we won't go further into details (for more information see Kloeden & Platen (1995)).
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Furthermore, if the solution of SDE (3.14) X has invariant density f(z) and initial value
Xy has the same density f(z), then the solution X is a strictly stationary time-homogenous
Markov process.

On the other hand, weak solution of the SDE (3.14) is a solution for which the coefficients
p(z) and o?(x), but not the Brownian motion {W(t), t > 0}, are specified. This provides
equivalence in probability law of the solutions, but not the sample path equivalence.
This kind of a solution exist e.g. if conditions (1) — (3) are met and of course, every
strong solution is also a weak solution, but not visa versa. Moreover, usage of weak
solutions is justified if one wants to determine only distributional characteristics of the
solutions, such as probability density, moments and covariance structure. In this thesis,
both distributional and sample path properties are studied and therefore, when a solution

of SDE is mentioned, strong solution is assumed.

3.1.3 Classification of boundaries of diffusion state space

Scale and speed densities (3.10) and (3.13) are closely related to the behaviour of a dif-
fusion at the corresponding boundaries. In general, there are three important classification

schemes for boundaries [ and r of the diffusion state space:

o the so-called Feller’s classification scheme, where the central point of view is attain-
ability and possibility of starting the diffusion from a specific boundary (for details
see Karlin & Taylor (1981a), Linetsky (2004));

« the so called oscillatory /non-oscillatory (O/NO) classification scheme, where the
central point of view is oscillation of zeros of solutions of the corresponding Sturm-
Liouville equation (3.22) in the neighborhood of the boundaries (for details see
Linetsky (2004) and Fulton et al. (2005));

o the so-called Weyl’s limit-point/limit-circle classification scheme, where the central
point of view is the square integrability of solutions of the Sturm-Liouville equation
in the neighborhood of the boundaries (for details see Fulton et al. (2005)).

In this thesis, relevant classification schemes are Feller’s and O/NO classification scheme

and therefore we give a brief overview of these schemes.
Feller’s classification scheme

The speed measure, closely related to the speed density (3.13) is defined via

)

Mz, o] = [ m(z)dz, o, 5] € (1,7,

T
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while scale measure, closely related to the scale density (3.10) is defined via
y
Sle, y) = [ s(z)dz, oy € (1)

T

Next, related to the speed measure, for arbitrary e € (I, r) let
Y= /M[z, €|s(z)dz, %, = /M[e, 2] s(z) dz.

Boundary e € {l,r} is said to be attainable if ¥, < oo and unattainable if ¥, = co. More-
over, left boundary [ is said to be attracting if S (l, y] = lim,; S[z, y| < oo independently
of y € (I, r), while right boundary [ is said to be attracting if S [z, r) = lim,4, S|z, y] < 0o
independently of x € (I,r) . According to (Karlin & Taylor 19814, Lemma 6.3)

e S(l, y] = oo implies ¥; = oo, i.e. if the left boundary is not attracting, it is not

attainable;
o ¥, < oo implies S (I, y| < oo, i.e. attainable left boundary is always attracting;

e S|z, r) =00 implies X, = oo, i.e. if the right boundary is not attracting, it is not

attainable;
e ¥, < oo implies S [z, r) < oo, i.e. attainable right boundary is always attracting.

Let
h:/smdm@m4 Lz/S%ﬂm@MA

L:/SMdm@Ma L:/Shdm@Ma
l €
where € is arbitrary point from the diffusion state space I. According to Feller’s boundary

classification scheme, the boundary e € {l,r} is said to be:

 regular if I, < co and J, < oo (the diffusion process can both enter and leave from

the regular boundary);

 entrance if [, = oo and J. < oo (the entrance boundary can never be reached from

the interior of the state space);

o exit if I, < oo and J, = oo (such boundary is always an absorbing point for the

diffusion process);

o natural if I, = oo and J. = oo (the diffusion process cannot start from such a

boundary nor reach it in a finite expected time).
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For details, see Karlin & Taylor (1981a) and references therein. Next, before we give a
short overview of O/NO classification scheme we need to define the so called infinitesimal

generator.

3.1.4 Infinitesimal generator

In general, the theory of semigroups gives an elegant treatment of various differential
equations, including time-fractional differential equations. For an overview on theory of
semigroups we refer to Pazy (1983). Let B be a Banach space. A family of linear operators

{T;, t > 0} on a Banach space B is called a semigroup if
Tof =fVfeB, Tys=TT.
Moreover, we say T} is
o bounded if, for each ¢t > 0 there exists some M; > 0 such that

ITefIl < M| fIl, Vf € B,

o strongly continuous if lim, .o ||T3f — f|| =0, Vf € B.
The generator of the semigroup 7; is a linear operator defined by

£f(z) = tim L@ = DS@) _ Tif @) = ()

t—0 t—0 t—0 t

, (3.16)

which can be seen as the abstract derivative of the semigroup evaluated at t = 0. The
limit (3.16) is of course taken in the underlying Banach space norm. If 7} is a strongly
continuous, bounded semigroup (Cy semigroup), the generator (3.16) always exists and

the corresponding domain is
D(L)={f €B: Lf exists}.

According to (Pazy 1983, Corollary 1.2.5), D(L) is dense in the underlying Banach space B,
meaning that for any f € B we can find an approximating sequence of functions f,, € D(L)
such that lim, . || fn — f]| = 0.

In the theory of diffusion processes, a particular semigroup plays a central role. Suppose we
work on the space of real valued, bounded and continuous functions on I, denoted by Cy (1),
equipped with the norm ||f|| = sup,¢;|f(x)|. For the diffusion process {X(t), ¢t > 0}

with state space I = ([, r), infinitesimal parameters p(z) and o(z) and transition density

e, t:9) = - P(X(1) < y] X(0) =),
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the family of transition operators {7}, t > 0}, where
Tif(e) = [ J@)p(.tiy)dy = BIF(X (1) | X(0) = 2] (3.17)
!

forms a Cy semigroup. Moreover, its a contraction, i.e. ||T;f|l, < ||fllo, ¥Vt > 0. In

particular, generator of the semigroup (3.17)

Gf(:zc) — lim Tif(z) — f(x)

in . : (3.18)

is called the infinitesimal generator. Reason for the name becomes clear at once since:

E[f(X(h)) = f(X(0)) | X(0) = a] = Ti.f(x) = f(x) = hG f(x) + oh).

Therefore, infinitesimal generator describes the expected movement of the diffusion process
in an infinitesimal time interval. Moreover, infinitesimal generator is a closed, negative
semidefinite, self-adjoint linear operator. The self-adjointness property is provided under
certain boundary conditions regarding asymptotic behavior near boundaries [ and r of the
diffusion state space. Therefore, according to McKean (1956), domain of the infinitesimal

generator is
D(G) ={f eC(I)NC*(I): Gf € Cy(I) and f satisfies boundary conditions at [ and r},

where C?(I) denotes the space of twice continuously differentiable functions on I, while

the appropriate boundary conditions at boundary e € {l,r} are:

o if e is regular or exit the boundary condition is given by

lim f(z) = 0; (3.19)

Tr—e

« if e is entrance the boundary condition is given by

lim f'(z)

T—e 5(11)

= 0; (3.20)

« if e is natural, there are no boundary conditions needed as long as f, Gf € Co(1).

In many situations a more suitable underlying Hilbert space is L? space. In particular,
for L?(I, m), the space of all real-valued functions on I which are square integrable with

respect to the speed density m(z) and with the corresponding inner product

(£.9) = [ f@)g(x)m(z)da.
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Cp semigroup (3.17) restricted to Cp(I) N L*(I, m) extends uniquely to a Cy semigroup in
L?(I, m) with the corresponding infinitesimal generator G (see McKean (1956) for details).
Moreover, the new infinitesimal generator G is closed, generally unbounded, negative

semidefinite, self-adjoint differential operator with domain
D(G)={f € L*(I,m) N C*(I):Gf € L*(I, m) and f satisfies boundary conditions at [ and 7},

where the corresponding boundary conditions at boundary e € {l,r} are:

o if e is regular or exit boundary, the boundary condition is given by (3.19);
« if e is entrance, the boundary condition is given by (3.20);

 if e is natural boundary, then depending on the integrability of the speed density

m(x) we have:

— if the speed density m(z) is integrable near e, i.e. if

< oo, €€,

jm(x) dx

then the boundary condition at e is given by (3.20);

— if the speed density m(z) is not integrable near boundary e, then the square

integrability of f with respect to speed density m near e, i.e.

<00, €€,

j f(z) m(z) do

implies that the boundary condition at e is given by (3.19).

In this thesis we work with only one-dimensional diffusions, for which the following explicit
representation of G in terms of the corresponding infinitesimal parameters or scale and

speed density

9 , /
7(0) =)0+ e = S (D) sen o
is valid as long as u € C*(I) and o € C*(I), o(x) > 0, Vx € I. Moreover, knowing the
nature of the spectrum of infinitesimal generator G is very important. In particular, one of
the central objects for the diffusion process is the corresponding transition density, which
is unfortunately rarely known in the explicit form, but if the qualitative nature of the
spectrum of infinitesimal generator G is known, in some cases one can obtain the spectral
representation of the transition density. This spectral representation is given according to

the decomposition of the spectrum of the infinitesimal generator G, on the discrete and
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the essential part. This is closely related to the spectral theory.
Recall, a family of bounded linear operators {¢(B), B € B(R)} with underlying separable
Hilbert space ‘H and Borel o-field ®B(R) is called spectral measure, projection-valued

measure or resolution of the identity if
« every operator €(B) is an orthogonal projector, i.e. €2(B) = &(B) and £*(B) = &(B);

o £(0) =0, e(R) = I where I here denotes identity operator on Hilbert space H;

12

. €(B) = E(Bn), Bz N B] = @, ) 7£ j, B = U,?ian,

Il
—

n

[ 5(31 N BQ) = E(Bl) €<Bg).

Moreover, there is a one-one correspondence between self-adjoint operators and spectral

measures, i.e.

H— {e(B), B € B(R)},
(=(B), BEBR)} — H = /R)\e(d)\),

where H is a self-adjoint operator on the Hilbert space H and {e(B), B € B(R)} is the
spectral measure. In general, real number A\ is an element of the spectrum o(H) of a

self-adjoint operator H if and only if
e((A=06, A+4)) #0, Vo > 0.

In particular, we say A € o(H) is

« in the discrete spectrum of H, denoted by o4(H), if and only if the range of
e((A =9, A+ 6)) is finite-dimensional for some ¢ > 0;

o in the essential spectrum of H, denoted by o.(H), if and only if the range of
e((A =9, A+ 9)) is infinite-dimensional for all § > 0.

Therefore, this gives a decomposition of the spectrum into two disjoint parts:
o(H)=o04(H)Uo.(H),

where o4(H) is not necessarily closed, but o.(H) is always closed (for details on spectral
theory we refer to Reed & Simon (1980) and Linetsky (2004)).

Oscillatory /non-oscillatory classification scheme

O/NO classification scheme is primarily concerned in determining oscillation of zeros
of the solutions of Sturm-Liouville (SL) equation near boundaries { and r of the diffusion
state space I = (I, r):

(=9)[(z) = Af(2), (3.22)
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where A > 0 is a real spectral parameter and G is the infinitesimal generator (3.21). On

the other hand, differential operator (—@G) is called Sturm-Liouville operator and therefore

the name for the equation.

For a given real parameter A > 0, the equation (3.22) is called oscillatory (O) at

boundary e € {l, r} if and only if every solution has infinitely many zeros clustering at e,

otherwise it is called non-oscillatory (NO) at boundary e. This classification is mutually

exclusive for a fixed A, but can vary for different values of A\. According to (Linetsky 2004,
Theorem 1.) or (Fulton et al. 2005, Theorem 1.), a boundary e € {l, r} of the SL equation

(3.22) belongs to one and only one of the following two classes:

equation (3.22) is NO at boundary e for all real A and e is called NO boundary.

there exists a real number A > 0 such that the equation (3.22) is O at boundary
e for all A > A and NO at e for all A < A. Therefore, boundary e is called O/NO
boundary with cutoff A. Moreover, O/NO boundary e can be either O or NO for
A=A >0, and it is always NO for A = A = 0.

Based on the O/NO classification scheme, spectrum of the SL operator (—G) (and

therefore the spectrum of the infinitesimal generator G) can be classified into three possible

categories (see (Linetsky 2004, Theorem 2.)):

(i)

(i)

Spectral category 1.
If both the left and right boundary ! and r of the equation (3.22) are NO, then the

spectrum of SL operator (—G) is simple, non-negative and purely discrete.

Spectral category II.

If one of the boundaries of the equation (3.22) is NO and the other is O/NO with
cutoff A > 0, then the spectrum of SL operator (—@G) is simple and non-negative.
The essential spectrum o.(—G) C [A, co) is nonempty and A is the lowest point
of the essential spectrum. If the equation (3.22) is NO at the O/NO boundary for
A = A > 0 then there is a finite set of simple eigenvalues in [0, A] (it may be empty).
On the other hand, if the equation (3.22) is O at the O/NO boundary for A = A > 0,

then there is an infinite sequence of simple eigenvalues in [0, A) clustering at A.

Spectral category III.

If for the equation (3.22), left boundary [ is O/NO with cutoff A; > 0 and right
boundary r is O/NO with cutoff Ay > 0, then the essential spectrum o.(G) C
[min {A;, A}, 00) is nonempty and min {A;, A} is the lowest point of the essential
spectrum. Below the max {A1, Ay}, spectrum is simple (has multiplicity one), while
above max {A;, Ay}, spectrum is not simple (has multiplicity two). If the equation
(3.22) is NO for A = min {A;, Ao} > 0, then there is a finite set of simple eigenvalues
in [0, min {A, Ay} (it may be empty). On the other hand, if the equation (3.22) is
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O for A = min {A;, Ay} > 0, then there is an infinite sequence of simple eigenvalues
in [0, min {Ay, As}) clustering at min {A;, Ay}

Moreover, according to Linetsky (2004), there is a connection between Feller’s and O/NO
classification schemes. In particular, regular, entrance and exit boundaries are always
NO, while natural boundaries can be either NO or O/NO with cutoff A > 0. In order to
properly connect natural boundaries from Feller’s classification scheme and NO or O/NO
boundaries, SL equation (3.22) is usually transformed into a more suitable Liouville normal

form or one-dimensional Schrodinger equation:

—g"(u) + Q(u)g(u) = Ag(u), (3.23)
where Q(u) is called the potential function and it is defined by the expression

_ h//(u)
h(u)’

=u(x) = x)s(x) dx u:“M r(u) =u 'z
w=u(e) = [ \m()s(e)dr, h(w) = T () = (@),

and g(u) = h(u)f(z(u)), where f(x) is the solution of the corresponding SL equation

Q(u)

with

(3.22). This transformation can be carried though, provided that infinitesimal parameters
pu € CYI), o € C*(I). According to Fulton et al. (2005), O/NO classification scheme is
invariant to the presented Liouville transformation, i.e. O/NO classification of boundaries
of equations (3.22) and (3.23) are the same. Moreover, (Linetsky 2004, Theorem 3.)
provides sufficient conditions in order to describe and connect natural boundaries with
NO and O/NO boundaries.

3.1.5 Spectral representation of transition density
Spectral category I.

As explained in the previous section, in this category, when there is no O/NO bound-
aries, the spectrum of Sturm-Liouville operator (—G) is simple, non-negative and purely

discrete, consisting of infinite sequence of eigenvalues
{)\n, TLENQ}, Ao > AL > A > e , JL%ATL:OO

Corresponding eigenfunctions

{én(x), n € No},
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i.e. solutions of the corresponding eigenvalue problem for the SL operator (—G)

(=G)pn() = Anpn(z),

are assumed to be normalized with respect to the speed density m(x):

[ n@)em(@im(@) v = b,

where 0,,, is the standard Kronecker’s symbol. Now, spectral representation of the transi-
tion density p(x,t;y) of the diffusion process belonging to this spectral category is given
by

p(z, t;y) Z e o (x)on(y), zy €1, t>0. (3.24)

For more details and examples of spectral representations of the transition densities of the
diffusion processes belonging to spectral category I. see (Linetsky 2004, Section 5.1) and
(Karlin & Taylor 1981a, Section 15.13.).

Spectral category II.

Let us assume that left boundary [ is NO and the right boundary r O/NO natural
boundary with cutoff A > 0 of the SL equation (3.22). Recall the structure of the spectrum
of the SL operator (—G):

0(=G) = 0a(=G) Uoe(=9),

where 04(—G) C [0, A) is the discrete spectrum, while o.(—G) = [A, 00) is the essential
spectrum of the SL operator (—G). In particular, if the right boundary r is NO for
A = A >0, then the SL operator (—G) has a finite set of simple eigenvalues in [0, A] (it
may be empty) and if right boundary r is O for A = A > 0, then the SL operator (—G)
has an infinite sequence of simple eigenvalues in [0, A) clustering near A.

Now, spectral representation of the transition density p(z,t;y) of the diffusion process

belonging to this spectral category is given by

p(z,t;y) (Ze ’\" x)on(y +/e oz, N (y,)\)dpac()\)), x,y€el, t>0,
A

(3.25)

where
e A\, n€{0,1,2,..., N} are eigenvalues and p(n), n € {0,1,2,..., N} are the corre-

sponding eigenfunctions normalized with respect to the speed density m(x);

e ¢(x,\) is non-trivial solution of the SL equation (3.22) which is square-integrable
with respect to the speed density m(x) in the neighborhood of the left boundary [
for all A > 0, satisfies the appropriate boundary condition at left boundary [ and
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such that ¢(z, A) and ¢'(z, \) are continuous functions of both variable x and A, as
well as entire in A for each fixed z € I, while p,.(\) is the spectral function which is

absolutely continuous on (A, oo) and normalized relative to ¢(x, A).

For details, we refer to (Linetsky 2004, Section 5.2.).

Spectral category III.

Let us assume that left boundary [ is O/NO natural boundary with cutoff A; > 0 and
right boundary r is O/NO natural boundary with cutoff Ay > 0 of the SL equation (3.22),
and without loss of generality let us assume A; < As. Recall the structure of the spectrum
of the SL operator (—G):

0(=G) = 0a(=G) Uoe(-G),

where 04(—G) C [0, A4] is the discrete spectrum, while o.(—G) = [A1, 00) is the essential
spectrum of the SL operator (—@G). In particular if the SL equation (3.22) is NO for A = A4,
then there is a finite set of simple eigenvalues in [0, A;] (it may be empty) and if the SL
equation (3.22) is O for A = Ay, then there is an infinite sequence of simple eigenvalues in
[0, Aq) clustering near A;. Below the Ay, spectrum is simple (has multiplicity one), while
above Ay, spectrum is not simple (has multiplicity two). Now, spectral representation of

the transition density p(z,t;y) of the diffusion process belonging to this spectral category

is given by

N As

platiy) =m(2) X e en@)on(y) +m(@) [ @ Ap(y, Nidpac(N)+
n=0 Ay
o0 2
+m(x) / NN Fil@ N (0 Ndpaiy (V). oy €1, £>0,  (3.26)
Ao 7,7=1

where

e A\, n€{0,1,2,..., N} are eigenvalues and p(n), n € {0,1,2,..., N} are the corre-

sponding eigenfunctions normalized with respect to the speed density m(z);

e A€ 0.(—G), A1 < A < Ay and p(x,\) is the corresponding solution of the SL
equation (3.22), while p,.(A) is the spectral function which is continuous on this
part of the spectrum and normalized relative to ¢(x, \) with respect to the speed

density m(x);

e A€ o.(—G), Ay < Xand fi(z, \) and fa(x, A) are the solutions of the initial boundary
value problem

(=) f(z,\) = f(x,\), A >0, z €1,
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which satisfy the corresponding initial conditions

f{(x07)‘) fé(aj(%)‘)
s(zo) s(z)

for arbitrary zy € I. The boundary conditions ensure that the Wronskian

fi(zo, A) =1, =0, falzo,A) =0, =1

WA(fl, f2) = f{(l’,)\)fg(l‘, )‘) - fl(xv /\)fé(l’,)\)

of the solutions fi(z,\) and fa(z, A) equals one. These boundary conditions are
related to the Weyl’s limit-point /limit-circle classification scheme of the SL equation

(3.22) and in some cases aren’t necessary (see Fulton et al. (2005)).

For details, we refer to (Linetsky 2004, Section 5.3.).

3.2 Pearson diffusions

In this section we define the family of Pearson diffusions with overview of necesarry
properties for further sections.
Recall that the family of all continuous distributions which satisfy the so-called Pearson

differential equation
g(z) cox + ¢ ()
g(x) b2 +bix+by  b(x)

(3.27)

is called the Pearson family of distributions. In a series of papers (Pearson (1895), Pearson
(1901) and Pearson (1916)) K. Pearson introduced continuous distributions which satisfy
the Pearson differential equation (3.27). In particular, in Pearson (1895) Pearson identified
four types of continuous distributions: type I (generalized beta distribution), type II
(symmetric case of the generalized beta distribution), type III (gamma, chi-squared and
exponential distributions) and type IV (Cauchy and skewed Student distribution), while
Normal distribution was already known as type V. In the following paper, Pearson (1901)
Pearson introduced the new type V (reciprocal gamma distribution) and type VI (Fisher-
Snedecor and beta-prime distributions), while in the paper Pearson (1916) he introduced
type VII (Student’s T-distribution).

Based on the following continuous distributions: normal, gamma, beta, Fisher-Snedecor,
reciprocal gamma and Student, which all satisfy the Pearson differential equation (3.27),
we will define the so-called Pearson diffusions with these invariant distributions. Moreover,
according to the tail behaviour of marginal distribution, we will classify them as either
heavy-tailed, or non-heavy-tailed Pearson distributions. In general, we say that a random

variable X has a heavy-tailed distribution if

*P(X > z) — 00, x — 00, 7> 0,

31



Chapter 3. Pearson diffusions

i.e. if the distribution of the tail is not exponentially bounded. In particular:
o normal, gamma and beta distributions are non-heavy-tailed;
o Fisher-Snedecor, reciprocal gamma and Student distributions are heavy-tailed.

Connection between Pearson family of distributions and corresponding time-homogenous
diffusions was first established by A. Kolmogorov in his paper Kolmogorov (1931). In
particular, Kolmogorov observed the Fokker-Planck equation (now known as Kolmogorov
forward equation):

op(x,t;y) 0 1 62

A(x)p(z,t;y)) + 3922 (B(z)p(x,t;y))

ot _%(

with corresponding linear drift and at most quadratic squared diffusion parameter, i.e.
with A(z) = ag+ a1 and B(z) = By+ Byz + Byx?. Moreover, if there is a unique solution

g(x) of the time independent Fokker-Planck equation

d 1 d?

2 (A@)e(@)) + 55y (Bl@)a(e)) =0,

then it must be the invariant distribution of the diffusion process with linear drift A(x)
and diffusion parameter y/B(z). According to Kolmogorov (1931), the time independent
Fokker-Planck equation reduces to

g,(fﬁ) A(fl?) — B/([L’) (Al — 282)1' + (Ao — Bl)

— = 3.28
g(x) B(x) By + Biz + Byx? (3:28)

which is clearly differential equation of Pearson type, i.e. of type (3.27). Polynomials
which appear in numerator and denominator in ODE (3.28) are fully determined by the
linear drift A(z) and the diffusion parameter \/% . Therefore, this provides one-to-one
correspondence between infinitesimal parameters of the diffusion process and Pearson
differential equation. Based on this one-to-one correspondence Kolmogorov (Kolmogorov
(1931)) defined the class of diffusion processes which have invariant distributions from

Pearson family and today, this class of diffusions is known as the class of Pearson diffusions.

The modern definition of Pearson diffusions is provided by Forman & Sgrensen (2008),
where Pearson diffusion {X(¢), ¢ > 0} is defined as a unique ergodic and stationary

solution of the stochastic differential equation

dX(t) = —0(X (1) — p) + /20k(b2X2(t) + by X (1) + o) dW(2), k>0, >0,  (3.29)

where

o the drift parameter u(x) = —0(x — p) coincides with A(x) in the equation (3.28);
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o the squared diffusion parameter o?(x) = 20k(byx® + byx + by) = 20kb(z) coincides
with B(z) in the equation (3.28);

e 0 > 0 is a scaling of time parameter determining how fast the diffusion process

{X(t), t > 0} moves to the corresponding mean;
o parameter 4 € R is the mean of the invariant distribution;

o parameters u, by, by, bo € R determine the state space of the diffusion, as well as the
shape of the invariant distribution. In particular, the state space I = (I, r) of the
Pearson diffusion is defined so that o?(z) = 20k(byx? + byx + by) > 0 for all x € I.

Moreover, parameters by, by and by are not all simultaneously equal to zero.

Corresponding scale and speed densities are given via

[ y—p 1
_ d =
s(@) eXp{/ k(bay? + bry + bo) y} ™) = @) e+ it bo)

and since the invariant distribution g(x) is proportional to the speed density m(z), it follows
that g(z) satisfies Pearson differential equation (3.28) with Ay = 0u, Ay = —60, By =
20kby, B1 = 20kb; and By = 20kby, i.e. it satisfies ODE

gx) (k7 e + (b — k)

g(l’) N bgl’z + bll' + bo

Notice that the diffusion process which satisfies SDE (3.29) has invariant distribution g(z),
which satisfies Pearson differential equation (3.28) and therefore is in agreement with the
Kolmogorov original definition (Kolmogorov (1931)).

According to Bibby et al. (2005), based on a desired marginal distribution and the corre-
lation structure, one can construct the corresponding diffusion process. In particular, if a

probability density function g(x) satisfies the condition

(A) g(z) is continuous, bounded, positive on some interval (I, r), zero outside the interval,

has expectation p and finite variance,
then the following is valid:

1. If

() = ;9) / (4 — yaly)dy, 0> 0, pc R

then o%(z) > 0, Vz € (I, r) and SDE
dX(t) = —0(X(t) —p)+o(x)dW(t), k>0,t>0 (3.30)
has a unique weak mean-reverting Markovian solution;
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2. The diffusion process {X(t), ¢ > 0} which solves SDE (3.30) has invariant density

g(x) and it is ergodic, i.e. it satisfies

T—oo

m1;ZﬂX@»ﬁ:/jum@mx:MﬂX®H

for all bounded measurable functions f: R — R;

3. The function o?(z) is integrable with respect to the function g(z), i.e.

T

/ﬁ@m@mx<m (3.31)

and
E[X(t+ )| X (s) = 2] = ze™ + p(1 — ).

Moreover, if the inital random variable X, has probability density g(z), then the
diffusion process {X(t), t > 0} is stationary and the autocorrelation function is
given by

Corr(X(s+1), X(s)) =e®, 0<s<t<o0;

4. If —oo <l or r < oo then the diffusion process which solves SDE (3.30) is the only
ergodic diffusion with drift parameter —6(z — u) and invariant density g(z). On the
other hand, if the state space of the diffusion is R, it is the only ergodic diffusion
with drift parameter —0(x — p) and invariant density g(x) for which the condition
(3.31) is satisfied.

For the proof see (Bibby et al. 2005, Theorem 2.1.).

In general, any distribution p(x) from the Pearson family satisfy the condition (A) (after
imposing some parameter restrictions in the heavy-tailed cases, namely to ensure exis-
tence of mean and variance) so the diffusion process which solves (3.30) coincides with
the diffusion process which solves SDE (3.29). Therefore, properties 1. — 4. are all valid
for Pearson diffusions. Moreover, a stationary and ergodic weak solution of SDE (3.29)
is established. In fact, we will show that Pearson diffusions can be established as strong
solutions of SDE (3.29). This is necessary because beside distributional properties, we
will investigate some sample path properties. Since every strong solution of a SDE is also
a weak solution, all established properties will still be valid.

Furthermore, the class of Pearson diffusions is closed under translations and scale trans-
formations, i.e. if {X(t),t > 0} is a Pearson diffusion, then {X(t),t > 0}, where
X(t)=aX(t)+ 5, a#0, B €R,is also a Pearson diffusion. Therefore, Pearson diffu-
sions can be categorized into six subfamilies, according to the degree of the polynomial

b(x) and, in the quadratic case b(x) = box? + by + by, according to the sign of its leading
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coefficient by and the sign of its discriminant A (see e.g. Avram et al. (2012)):

 constant b(z) - Ornstein-Uhlenbeck (OU) process with normal stationary distribu-

tion;
o linear b(z) - Cox-Ingersoll-Ross (CIR) process with gamma stationary distribution;
 quadratic b(z) with by < 0 - Jacobi diffusion with beta stationary distribution;

« quadratic b(z) with by > 0 and A > 0 - Fisher-Snedecor (FS) diffusion with the

Fisher-Snedecor stationary distribution;

o quadratic b(x) with by > 0 and A = 0 - reciprocal gamma (RG) diffusion with

reciprocal gamma stationary distribution;

« quadratic b(z) with by > 0 and A < 0 - Student diffusion (ST) with the Student

stationary distribution.

In the next two subsections, we review the most important properties of these sub-
families. According to the tail behaviour of invariant distribution of the corresponding

Pearson diffusion, we further distinguish two major families of Pearson diffusions:
« non-heavy-tailed Pearson diffusions: OU, CIR and Jacobi diffusion;
o heavy-tailed Pearson diffusions: FS, RG, and Student diffusion.

Most recent development in general description, spectral properties and statistical inference
of heavy-tailed Pearson diffusions has been done in a series of papers Avram et al. (2011,
2012, 2013a,b), Leonenko & Suvak (2010b,a).

3.2.1 Non-heavy-tailed Pearson diffusions

For a general description and spectral properties of non-heavy-tailed Pearson diffusions
we refer to (Karlin & Taylor 1981a, Section 15.13.), Wong (1964), Linetsky (2004) and
Linetsky (2007). Moreover, see (Avram et al. 2012, Appendix 3.11.) for a list of their

eigenvalues, eigenfunctions and spectral representations of transition densities.

Ornstein-Uhlenbeck process

Ornstein-Uhlenbeck process (Uhlenbeck & Ornstein (1930)) {X (¢), ¢ > 0}, also known
as Vasicek model (Vasicek (1977)) is the solution of the SDE

dX () = —0(X(t) — p)dt +v2002dW (), 0> 0,t > 0. (3.32)

35



Chapter 3. Pearson diffusions

The corresponding invariant distribution is normal distribution with probability density

function . ,
(z—p)

n(r) = e 22 ,x €R, 3.33

(@) =~ (3.33)

where ;1 € R is mean and o2 > 0 variance of the invariant distribution. Infinitesimal drift

and diffusion parameters of OU process are given by
w(z) = —0(z —p), o(z) = V2002, (3.34)
while infinitesimal generator is given by
Gf(x) = —0(x — p)f'(z) + 00 f"(x), v €R. (3.35)

The scale and speed densities of the OU process are

(1—2)2 1 _(5”—%)2
s(z) =e 27, m(x):we 207 (3.36)

which gives alternative form of the infinitesimal generator (3.35)

@-m? d (@=m)?
Gf(x) = 602 T L (e f’@)), z€R.
dx
Moreover, the state space of OU process is I = R with boundaries | = —oo and r = oo.

In particular, according to the Feller’s and O/NO classification scheme, both boundaries
are NO natural for all admissible values of parameters of the invariant density (3.33) and
since the speed density m(zx) is integrable near both boundaries, the appropriate boundary
f) ()

li =1
250bo 5(z) | wo% s(x)

conditions are

= 0. (3.37)
Therefore, recall that the domain of the OU infinitesimal generator is
D(G) = {f € L*(I, m) N C*(I) : Gf € L*(1, m) and f satisfies boundary conditions (3.37)}.

Since both boundaries are NO natural, OU diffusion belongs to the spectral category I
and therefore, the spectrum of the Sturm-Liouville operator (—G) is simple, non-negative

and purely discrete, consisting of infinite sequence of eigenvalues

An =6n, n €Ny, (3.38)
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with corresponding eigenfunctions, normalized orthogonal Hermite polynomials H,(z),

given by the Rodrigues formula

H,(r) = (=1)"

n 2 M oep)?
j%ﬁe(zanxn(e(ng ), n € N, (3.39)

Ornstein-Uhlenbeck process is one of the few diffusion processes for which transition density

is known in explicit form:

2
1 x—p— (zg — pe
p(z,t;x) = exp{ - ( 5 5 ) : (3.40)
o\/2m(1 — e=20t) 20%(1 — e20%)
Nevertheless, transition density p(x,t; zo) admits spectral representation, reflecting simple
structure of the spectrum o(—G):
plz,t;z0) = n(z) Y e M H,(z)Hy(20), 2,79 € R, (3.41)

n=0

where eigenvalues A, and corresponding eigenfunctions H,(x) are given by (3.38) and
(3.39), respectively (cf. Karlin & Taylor (1981a), page 332. and Wong (1964)).

Cox-Ingersoll-Ross process

Cox-Ingersoll-Ross process (Cox et al. (1985)) {X (¢), ¢t > 0}, also known as the square-
root diffusion (Feller (1951)), is the solution of the SDE

b 20
dX(t) = —0 (X(t) — ) dt + 1| —X(t)dW(t), 6>0,t>0. (3.42)
a a
The corresponding invariant distribution is gamma distribution with probability density
function ,
g(x) = I‘Czb)xb_le_ax1<o7oo>(a:), r €R, (3.43)

where a > 0 is scale and b > 0 is the shape parameter of the invariant distribution.

Moreover, mean and variance are

b b
E[X;] = o Var(Xy) = —, a>0, b>0. (3.44)

9
a2

Infinitesimal drift and diffusion parameters of CIR process are given by

u(z) = —0 (x - 2) , olz) = @ (3.45)
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while infinitesimal generator is given by

b 0
Gf(x)=—46 (:c — a) f(x)+ axf”(a:), z € (0, 00). (3.46)
The scale and speed densities of the OU process are

s(z) = 27%", m(z) = %xb_le_‘“, (3.47)

which gives alternative form of the infinitesimal generator (3.46)

Gf(z)= Qanl’be”i (xbe’“”‘"f’(x)) , x € (0, 00).

Moreover, the state space of CIR process is I = (0, co) with boundaries [ = 0 and r = co.
In particular, according to the Feller’s classification scheme, left boundary 0 is regular
for b € (0, 1), and entrance for b > 1, while right boundary oo is natural for b > 0. On
the other hand, according to O/NO classification scheme both boundaries are NO for all
b > 0. Since the speed density m(x) is integrable near right boundary oo, the appropriate

boundary conditions are

« forbe (0, 1):

}Cif,% f(z) =0, lim J;((;C)) = 0; (3.48)
e forb>1: / ,
tim 2 _ i L8 (3.49)

z—0 5(x) T—00 5(1’)

Therefore, recall that the domain of the CIR infinitesimal generator is (e.g. for b > 1)
D(G) = {f € L*(I, m) N C*(I) : Gf € L*(I, m) and f satisfies boundary conditions (3.49)}.

Since both boundaries are NO, CIR diffusion belongs to the spectral category I and
therefore, the spectrum of the Sturm-Liouville operator (—@G) is simple, non-negative and

purely discrete, consisting of infinite sequence of eigenvalues
An = 0n, n € Ny, (3.50)

with corresponding eigenfunctions, normalized orthogonal Laguerre polynomials L, (z),

given by the Rodrigues formula

') 1 e d" 1
L — (=1 | —— ar n+b—1_—ax . 51
) = O g g () e Ny (3:51)
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Just like Ornstein-Uhlenbeck process, Cox-Ingersoll-Ross process has transition density

which is known in explicit form:

(T e a 0(b— 1)t a(x + o) a\/Txo
Pz, t20) = (:q)) (1 — eI (b) eXp{ o YT }I”‘l (sinh (0.59t)> !

(3.52)
where [,_1(-) is the modified Bessel function of the first kind (see e.g. Olver et al. (2010)).

Nevertheless, transition density p(x,t; x) also admits spectral representation, reflecting

simple structure of the spectrum o(—G):
p(z tizg) = g(x) > e Ly (x)Ln(20), x, 29 € (0, 00), (3.53)
n=0

where eigenvalues \, and corresponding eigenfunctions L, (x) are given by (3.50) and
(3.51), respectively (cf. Karlin & Taylor (1981a), page 334. and Wong (1964)).

Jacobi diffusion

Jacobi diffusion {X (¢), t > 0} is the solution of the SDE

a 20
X (¢ :—€<Xt —)dt \/Xt 1= X(#)dW (), 6>0,t>0. (3.54
(v (1)~ 0 Y dt | =X (00 - X)) >0, (354)
The corresponding invariant distribution is beta distribution with probability density
function .

b(z) = Blab) N1 — )" ',y (2), z € R, (3.55)

where I (a)T(D)

a
B(a,b) = ——=
(CL, ) F(a/ + b)

is the standard beta function (see e.g. Olver et al. (2010)), and @ > 0 and b > 0 are the

shape parameters of the invariant distribution. Moreover, mean and variance are

ab
(a+0b)2(a+b—1)

E[X,] = QLM Var(X,) = a>0,b>0. (3.56)

Infinitesimal drift and diffusion parameters of Jacobi diffusion are given by

() = —0 (x o b) o) =2 — ), (3.57)

while infinitesimal generator is given by

Gf(x) = —6 (g; _ ) P+ ——a(l—2)f'(z), z€[0,1].  (3.58)

a+b a+b
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The scale and speed densities of the Jacobi diffusion are

s(@) =2 (1 —2)", m(z)="2 ; bpr1(1 — gy, (3.59)

which gives alternative form of the infinitesimal generator (3.58)

0 l1—a 1—bd
atb =2

Gf(x) = -

(z*(1=2)"f'(2)), z €0, 1].

Moreover, the state space of Jacobi diffusion is I = [0, 1] with boundaries [ = 0 and r = 1.
In particular, according to the Feller’s classification scheme, left boundary 0 is regular for
a € (0, 1), and entrance for a > 1, while right boundary 1 is regular for b € (0, 1), and
entrance for b > 1. On the other hand, according to O/NO classification scheme both
boundaries are NO for all @ > 0, b > 0. Therefore, the appropriate boundary conditions

are

o fora, be(0,1):

lim £(x) = lim f(z) = 0; (3.60)
o forae(0,1)and b > 1:

lim f(x) = lim J;((f)) 0. (3.61)
e fora>1andbe(0,1):

O ,

glgll}r(l) o(2) = gl}_}H% f(z) =0; (3.62)
o fora,b>1:

lim £ i L@ (3.63)

z—0 5(x) z—1 5(13)

Therefore, recall that the domain of the Jacobi infinitesimal generator is (e.g. for a, b > 1)
D(G) = {f € L*(I, m) N C*(I) : Gf € L*(I, m) and f satisfies boundary conditions (3.63)}.

Since both boundaries are NO, Jacobi diffusion belongs to the spectral category 1 and
therefore, the spectrum of the Sturm-Liouville operator (—@G) is simple, non-negative and

purely discrete, consisting of infinite sequence of eigenvalues

9
)\n:a+bn(n+a+b—1), n € No, (3.64)
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with corresponding eigenfunctions, normalized orthogonal Jacobi polynomials J,(z), given

by the Rodrigues formula

B(a,b)B~(a +n,b+n)x1_a(1 B x)l_bﬂ
nl(n+a+b+1), dxm

(:E”+a_1(1 - x)”+b_1) , n € Ny,

(3.65)

Jule) = <—1>"J

where (a), = a(a+1)---(a+n — 1) is the standard Pochhammer symbol.
Therefore, transition density p(x,t;xo) admits spectral representation, reflecting simple

structure of the spectrum o(—G):
p(z,tixo) = b(2) > e T (2) Ju(20), 2,39 € [0, 1], (3.66)
n=0

where eigenvalues A, and corresponding eigenfunctions J,(z) are given by (3.64) and
(3.65), respectively (cf. Karlin & Taylor (1981a), page 335. and Wong (1964)).

Remark 3.2. The presented parametrization of the Jacobi diffusion is not the only possible.
In particular, in Leonenko et al. (2013b) the Jacobi diffusion is parameterized with the state
space [—1, 1]. In Section 4.2 we present the results regarding fractional counterpart of the
Jacobi diffusion with this particular parametrization. With respect to this parametrization,
the SDE for Jacobi diffusion takes the following form:

dX(t) = —0 (X(t) - ai;iz) + \/HQbQ_Q(l — X()2)dW (L), 6>0, t >0, (3.67)

with invariant beta distribution, but with a different normalizing constant:

I'(a+b+2)

b@) = T )T (a = 12

(1—2)"(1+2)"L1,1(z), 7 €R, (3.68)

where @ > —1 and b > —1 are the shape parameters of the invariant distribution.

Corresponding eigenvalues are
A=nl(n+a+b+1)/(a+b+2), neN, (3.69)

while corresponding eigenfunctions are normalized Jacobi polynomials of the form

n

Ju(@) = Kn(@'0) " (—1)"(1 — ) (1 + 2)

o (A =2)" ™1 +2)"),  (3.70)

with normalizing constant

P 20+b+1 'n+a+1I'(n+b+1)
" \2n+a+b+1T(n+D)I(n+a+b+1)
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3.2.2 Heavy-tailed Pearson diffusions

For a general description and spectral properties of heavy-tailed Pearson diffusions we
refer to Avram et al. (2012) and references therein. In particular, Avram et al. (2012)
contains a list of eigenvalues, eigenfunctions and spectral representations of transition

densities of corresponding heavy-tailed Pearson diffusions.

Fisher-Snedecor diffusion

Fisher-Snedecor diffusion {X (¢), ¢t > 0} is the solution of the SDE

40

mX(t)(’yX(t) + B)dW(t), 6>0,t>0.

(3.71)

The corresponding invariant distribution is Fisher-Snedecor distribution with probability

dX@z—@@ﬁ%—>ﬁ+¢

density function

I(O,o@ (.%‘), reR, (3.72)

where v > 0 and § > 0 are shape parameters of the invariant distribution. Moreover,

B > 4 ensures existence of the mean and variance:

2% (a+ B —2)
a(f —2)2(6 —4)

E[X,] = -2 Var(X,) =

p—2

, B> 4. (3.73)

Infinitesimal drift and diffusion parameters of F'S diffusion are given by

u(z) = —0 (x _ L)  olz) = \/ W‘M_Q)mx +B), (3.74)

while infinitesimal generator is given by

Gi(z) = - (x—ﬁ) Fe) + elye + B)f" (@), w € (0, 00).  (3.75)

20
p—2 (B —2)

The scale and speed densities of the FS diffusion are

v(B —2)

s(z) = x_%(vx + ﬁ)%Jrg_l, m(z) = x%_l(vx +p)" 27z, (3.76)

which gives alternative form of the infinitesimal generator (3.75)

Gf(x) = =
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Moreover, the state space of FS diffusion is I = (0, co) with boundaries [ = 0 and
r = oo. In particular, according to the Feller’s classification scheme, left boundary 0 is
regular for v € (0, 2), and entrance for v > 2, while right boundary oo is natural for
v > 0,7 ¢ {2m, m € N}. On the other hand, according to O/NO classification the left
boundary 0 is NO for all v > 0, v ¢ {2m, m € N}, while right boundary oo is O/NO with
unique positive cutoff

P (3.77)

8(8 —2)

Moreover, left boundary oo is NO for A < A, and O for A > A. Since the speed density

m(z) is integrable over whole state space (0, 00), i.e. since

/m(x) dr = 7(529_2)7—35—53(7/2,5/2) < 00, (3.78)

the appropriate boundary conditions are

 for v € (0, 2):

}:ig(l) f(x) =0, lim ];((;)) = 0; (3.79)
o forv>2,v¢{2m, m e N}
lim 2 _ i L8 (3.80)

2 s(z) e s(a)

Therefore, recall that the domain of the FS infinitesimal generator is (e.g. for v > 2, v ¢
{2m, m € N})

D(G) ={f e L*(I,m) N C*(I): Gf € L*(I, m) and f satisfies boundary conditions (3.80)}.
(3.81)
Moreover, F'S diffusion belongs to the spectral category II and therefore, the spectrum of

the Sturm-Liouville operator (—@G) is simple and is given by
7(=9) = 94(=G) Uoe(=9),

where 04(—G) C [0, A) and 0.(—G) = [A, ).
In particular, o4(—G) is consisted of finite set of simple eigenvalues
0 p

)\nzﬁ_Qn(ﬁ—Qn), nG{O,l,...,hJ}, 8> 2, (3.82)
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with corresponding eigenfunctions, orthogonal Fisher-Snedecor polynomials F,(z), given

by the Rodrigues formula

Fo(a) = 213 318 X fon pian n-3-4 8
F,(x)=x2'"2 (yx + pB)2™" e {295+ (vx + B) }, nE{O,l,...,hJ}, B> 2.
(3.83)
Moreover, the normalized Fisher-Snedecor polynomials are
F,(z) = K,, F(x), (3.84)
where
1 8 I (n-258
K, = (_1>n (2 2) ; ( 25) _
nl(=1)"(28)*B (3 +n,5 —2n) (20— 5)
B(x.8 n -1
. (3:5) [H (ﬁ—l—k—Zn)]
n!(28)B (3 +n, 5 — 2n) [is \2

is the normalizing constant. On the other hand, A € o.(—G) can be parametrized as

20> 20 (3%,
— = > 0.
A A+5—2 ﬁ—2<16+k>’ 6>2 k>0

The spectral representation of the transition density of the FS diffusion with parameters

v > 2 (ensuring the ergodicity), v ¢ {2(m + 1), m € N}, and 5 > 2 consists of two parts

p1(z,t;20) = pa(z, t;20) + pe(z, t; 20), (3.85)

and therefore reflects the nature of the spectrum of SL operator (—G). The discrete part

of the spectral representation is

pa(z, t;m0) = fs(x) D e F (o) Fu(x),
n=0
where fs(-) is the invariant density (3.72), eigenvalues A, are given by (3.82) and the
normalized FS polynomials are given by (3.84). The continuous part of the spectral
representation is given in terms of the elements A of the essential part of the spectrum of
the operator (—G):

1 %)
Pe (I,t,l’o ; / _/\t fl Io,—/\)fl(l’ - )d/\7
5
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where
1 ) . 2
k) = —iy 222022 oy |2 (3:8) DCE+ )T (3+ § + k)
16 20 (%) T (1+2ik(N)
(3.86)
Function f; is a solution of the Sturm-Liouville equation G f(x) = —=Af(x), A > 0, and is
given by
BB AB=2) B B> ANB-2) v
A= S5 =2 r_AP—e PP AT T T ‘
e, =)= 1( iV 2 1 Ve w2 ) B8

where o[} is the Gauss hypergeometric function, a special case of generalized hypergeo-
metric function ,Fj, with p = 2 and ¢ = 1, see Slater (1966) or Olver et al. (2010). For
more details on FS diffusion and the proof of spectral representation of the transition
density (3.85) we refer to Avram et al. (2013b).

Reciprocal gamma diffusion

Reciprocal gamma diffusion {X(¢), ¢t > 0} is the solution of the SDE

20

dX(t) = —0 (X(t) - 571> dt+ |G X @AW (@), 0>0,120 (3.89)
The corresponding invariant distribution is reciprocal gamma distribution with probability

density function

B
Y —-B-1_-2
tg(xr) = == e L) (), v €R, 3.89

(z) NG (0.00) (%) (3.89)
where v > 0 is the scale and S > 0 is the shape parameter of the invariant distribution.

Moreover, [ > 2 ensures existence of the mean and variance:

2

(6 —1)%(6 —2)

E[X,]=—"—, Var(X,) =

-1

B> 2. (3.90)

Infinitesimal drift and diffusion parameters of RG diffusion are given by

w(z) = —0 (m - 7) R (3.91)

22 f"(x), x € (0, 00) . (3.92)
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The scale and speed densities of the RG diffusion are

—1
L z P e

s() =27 ted, me) = o ,

(3.93)

which gives alternative form of the infinitesimal generator (3.92)

0 v d o
Gf(x) = ﬁxﬁﬂei I (x_ﬁﬂe_?f’(x)) , £ €0, 00).
Moreover, the state space of RG diffusion is I = (0, oco) with boundaries [ = 0 and r = co.
In particular, for v > 0 and 5 > 1 and according to the Feller’s classification scheme, left
boundary 0 is entrance, while right boundary oo is natural. On the other hand, according
to O/NO classification the left boundary 0 is NO, while right boundary oo is O/NO with

unique positive cutoff

_65°
B0
Moreover, left boundary oo is NO for A < A, and O for A > A. Since for v > 0, § > 1 the

speed density m(z) is integrable on the state space (0, 0o), i.e. since

A= (3.94)

7m(m) gp= 2210 (3.95)

the appropriate boundary conditions are:

lim f'(z) = lim f'(z)

b s(x) e s(a)

=0. (3.96)
Therefore, recall that the domain of the RG infinitesimal generator is

D(G) = {f € L*(I, m) N C*(I) : Gf € L*(I, m) and f satisfies boundary conditions (3.96)}.
(3.97)
Moreover, RG diffusion belongs to the spectral category II and therefore, the spectrum of

the Sturm-Liouville operator (—@G) is simple and is given by
0(=G) = 0a(=G) U oe(=9),

where 04(—G) C [0, A) and 0.(—G) = [A, ).

In particular, o4(—G) is consisted of finite set of simple eigenvalues

Ay = i n(p —n), nG{O,l,...,VjJ}, 5 >1, (3.98)

5—1

46



Chapter 3. Pearson diffusions

with corresponding eigenfunctions, orthogonal Bessel polynomials B, (z), given by the

Rodrigues formula

~ v d? o
B,(z) = 2"t ter — (2D 2y ne{0,1,..., h , B>1 (3.99)
dx™ 2
Moreover, the normalized Bessel polynomials are
B, (z) = K, B,(x), (3.100)

(=0 | (B-2mr() (- | T(E) (v -
Kn = JFM+UHﬂ—n+D_ wlimuﬁ%>gl“”@>

is the normalizing constant. On the other hand, A € o.(—G) can be parametrized as

A=A+

0k 0 2

= — 4 k2 >1, k>0.
51 ﬁ—1<4+'>’ & =
The spectral representation of the transition density of the RG diffusion consists of two

parts:
p1(z,t;w0) = pa(z, t;20) + pe(w, 3 10), (3.101)

and therefore reflects the nature of the spectrum of SL operator (—G). The discrete part

of the spectral representation is

5]
pa(z, t;z0) = vg(x) Z e B, (z0) Bn(x),
n=0
where tg(-) is the invariant density (3.89), eigenvalues A, are given by (3.98) and normalized
Bessel polynomials are given by (3.100). The continuous part of the spectral representation

is given in terms of the elements A of the essential part of the spectrum of the operator

(=9)

o0

p4x¢;m)=tg@g4; [ e b0 vl ~2) lwo, ~A)d,
o
where
) Tmlramrpg+anz B = —i B2 AB-1) (3.102)
k(N T (2ik(V) ’ -G b '
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The function

(x, =) = ”y% 2 F <_§ +ik(N), —g —ik(\);; —j) (3.103)

is the solution of the Sturm-Liouville equation G f(x) = —Af(x), A > 0, where 5 Fj is the
special case of the generalized hypergeometric function ,F, with p = 2 and ¢ = 0, see
Slater (1966) or Olver et al. (2010). For more details on RG diffusion and the proof of
spectral representation of the transition density (3.101) we refer to Leonenko & Suvak
(2010a). See also Wong (1964).

Student diffusion

Student diffusion {X(¢), t > 0} is the solution of the SDE

dX(8) = —8 (X(8) — 1) dt+\l 39_521 (1 N <X<tzs—“>2) AW (1), 6>0,t>0. (3.104)

The corresponding invariant distribution is symmetric scaled Student distribution with

probability density function

v+1

st(z) = 55%21) <1+ <“’;“>2> " zeR (3.105)

where 6 > 0 is scale parameter, u € R is location parameter, while v > 1 is degree of

freedom of the invariant distribution. Moreover, v > 2 ensures the existence of the mean
and variance: 52
E[Xy] =pu, Var(Xy) = 5 (3.106)
U

Infinitesimal drift and diffusion parameters of ST diffusion are given by

W@) = 0@ —p), o) = J 2007 (1 + (I . “)2>, (3.107)

v—1

while infinitesimal generator is given by

Gf(x)=—0(x—p) f'(z)+ Vei: (1 + (x g ,u>2> f"(z), z € R. (3.108)

The scale and speed densities of the ST diffusion are

s(z) = <1+ (T‘)jzl m(z) = Veg; <1+ (”“;“) >_ L (3.109)
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which gives alternative form of the infinitesimal generator (3.108)

or =25 (1 (54)) i (o (m;u)?)*m) rem

Moreover, the state space of ST diffusion is I = R with boundaries [ = —oc and r = co. In

particular, for v > 1, § > 0 and u € R and according to the Feller’s classification scheme,
both boundaries are natural. On the other hand, according to O/NO classification both
boundaries are O/NO with unique positive cutoffs
o2
A=Ay =A= ——— 3.110

o Alv—1) (3.110)
Moreover, both boundaries are NO for A < A, and O for A > A. Since forv > 1, > 0
and p € R the speed density m(z) is integrable on the state space R, i.e. since

/ v-1 WEF(%) < o0, (3.111)

| mia)de = =5 (7

—00

the appropriate boundary conditions are:

S f@)
() AR 5()

(3.112)

Therefore, recall that the domain of the ST infinitesimal generator is
D(G)={f e L*(I,m) N C*(I): Gf € L*(I, m) and f satisfies boundary conditions (3.112)}.

Moreover, ST diffusion belongs to the spectral category III and therefore, the spectrum

of the Sturm-Liouville operator (—G) is not simple and is given by
0(=G) = 0a(—G) Uoe(-G),

where 04(—G) C [0, A) and o.(—G) = [A, 00).

In particular, o4(—G) is consisted of finite set of simple eigenvalues

6

v—1

v

n(v —n), nE{O,l,...,bJ}, v>1, (3.113)

An =

with corresponding eigenfunctions, orthogonal Routh-Romanovski polynomials R, (z),

given by the Rodrigues formula

» _ 2 VTH n _ 2\ "~
Rn(x):52“<1+<15”)> jxn<1+<””5“)> , ne{Ong} v 1.
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Moreover, the normalized Routh-Romanovski polynomials are
R,.(z) = K, R,(x), (3.115)

where

is the normalizing constant. On the other hand, A € o.(—G) can be parametrized as

0k> 0 2

A=A = — + i 1, k>0.

T 1/—1<4+ )’ v 20

For more details on ST diffusion we refer to Leonenko & Suvak (2010b). See also Wong
(1964).

3.2.3 Pearson diffusions as strong solutions of stochastic
differential equations

In the last two subsections, the Pearson family of diffusions was introduced via their

corresponding stochastic differential equations. Recall that, according to (Bibby et al.
2005, Theorem 2.1) (see Section 3.2), Pearson diffusions are unique weak, ergodic and
mean-reverting solutions of their corresponding SDEs, assuming the existence of mean
and variance of corresponding invariant distributions.
On the other hand, recall the conditions (1) — (4) for existence of a strong solution of a
SDE (see section 3.1.2). These conditions are not satisfied for all Pearson diffusions. In
particular, Lipschitz condition (2) regarding diffusion parameter is not satisfied for CIR
and FS diffusion, i.e. there is no such constant K > 0 such that

lo(x) —o(y)| < K|z —yl, Yz, y € (0, 00).

However, this condition can weakened in a sense that it holds for possibly different constants
Ky for|z|, |y| < N and for each N > 0. Since diffusion parameters of CIR and FS diffusion
are in C''(I), the Mean value theorem implies this weakened condition and therefore, their
corresponding SDEs admit a strong solution.

Alternatively, according to (Ait-Sahalia 1996, page 415, assumption Al (i) and (ii)),
global Lipschitz and linear growth conditions, i.e. conditions (2) — (3) can be replaced

with conditions

o the drift coefficient p(z) and the diffusion coefficient o(z) are continuously differen-

tiable in z and o?(z) is strictly positive on the whole diffusion state space,

« the integral of the speed density m(z) of the diffusion process converges at both
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boundaries of the diffusion state space,

in order for SDE to admit a unique strong solution. Clearly, infinitesimal parameters of
the Pearson diffusion satisfy the first condition, while the second condition is met since
the invariant distribution f(x) of the corresponding Pearson diffusion is just a normalized

speed density m(x), i.e. there exist a constant M such that

and therefore the speed density is integrable on the whole state space of the diffusion
process.

To conclude, for each Pearson diffusion, corresponding SDE admits a pathwise unique
strong, ergodic and mean-reverting solution. Moreover, the solution is stationary if the
initial value X, has probability density equal to the invariant density of the corresponding
Pearson diffusion. Therefore, if not stated otherwise, such solutions for Pearson diffusions

are assumed.

o1



CHAPTER 4

Fractional Pearson diffusions

In this section, fractional Pearson diffusions (fPDs) are defined as a stochastic model

for time-fractional Cauchy problems of Caputo type, involving the corresponding infinites-
imal generator. In particular, spectral representation of transition densities, stationary
distributions, correlation structure and SDEs for fractional Pearson diffusions are estab-
lished. Section 4.2 contains results regarding non-heavy-tailed fractional Pearson diffusions,
which have been established in Leonenko et al. (2013b), while Section 4.3 contains new
results regarding heavy-tailed fractional Pearson diffusions belonging to spectral category
I1. Moreover, Sections 4.4 and 4.5 contain results regarding correlation structure and SDE
representation of fractional Pearson diffusions.
Let X = {X(t), t > 0} be the Pearson diffusion solving SDE (3.29) and let {E(t), t > 0}
be inverse of the standard a-stable subordinator, where 0 < o < 1 (see section 2.3). More-
over, we assume that the time change process {E(t), t > 0} is independent of the process
X. Then, fractional Pearson diffusion {X,(¢), t > 0} is defined as the time-changed
Pearson diffusion via inverse of the stable subordinator {E(t), t > 0}, i.e. by

Xo(t) == X(B(t)), t > 0. (4.1)

In particular, {X,(t), t > 0} is

o fractional Ornstein-Uhlenbeck diffusion, if X is OU diffusion defined via SDE (3.32);
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fractional Ornstein—Uhlenbeck process

o —
~ WWMJH%M MWV
T —]
o | | |
! T T T T T T T
o 2 4 6 8 10 12
Ornstein—Uhlenbeck process
o
o~

Figure 4.1: Sample paths of the fractional /non-fractional OU process with parameters
uw=0,02=1,0=0.01 and a = 0.7, based on 10000 points with inital state X, = 0.4.

« fractional Cox-Ingersoll Ross diffusion, if X is CIR diffusion defined via SDE (3.42);

fractional Cox—Ingersoll-Ross process

o

2

o

~

= _

=

< T T T T T T T

o 2 4 6 8 10 12
Cox—Ingersoll-Ross process

o

2 -

o

I~

=

o

g

Figure 4.2: Sample paths of the fractional /non-fractional CIR process with parameters
a=4,b=4,60=0.01and a = 0.7, based on 10000 points with inital state Xy = 0.4.

o fractional Jacobi diffusion, if X is Jacobi diffusion defined via SDE (3.54);
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fractional Jacobi diffusion

g

<= _|

° |

< _|

< T T T T T T T
o 2 4 6 8 10 12

Jacobi diffusion

o

< _|

v ]

o

< _

o

Figure 4.3: Sample paths of the fractional /non-fractional Jacobi diffusion with
parameters a = 2, b =2, § = 0.01 and a = 0.7, based on 10000 points with inital state
Xo=104.

o fractional Fisher-Snedecor diffusion, if X is FS diffusion defined via SDE (3.71);

fractional Fisher—Snedecor diffusion

o -
T T T T T
o 2 4 6 8

Fisher—Snedecor diffusion

T T
10 12

Figure 4.4: Sample paths of the fractional /non-fractional FS diffusion with parameters
v =10, § =20, 8 = 0.01 and o = 0.7, based on 10000 points with inital state X, = 0.4.

o fractional reciprocal gamma diffusion, if X is RG diffusion defined via SDE (3.88);
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fractional reciprocal gamma diffusion

bt

4 08
[

< _|
< T T T T T T T
o 2 4 6 8 10 12
reciprocal gamma diffusion

o

2

< _

o T T T T T T T

Figure 4.5: Sample paths of the fractional /non-fractional RG diffusion with parameters
v =10, § =20, 8§ =0.01 and a = 0.7, based on 10000 points with inital state X, = 0.4.

o fractional Student diffusion, if X is ST diffusion defined via SDE (3.104);

i

(0] 2 4 6 8 10 12

fractional Student diffusion

Student diffusion

Figure 4.6: Sample paths of the fractional /non-fractional ST diffusion with parameters
p=20=3v=9,0=0.01 and o = 0.7, based on 10000 points with inital state
XU - 04
If not stated otherwise, this parametrization for fractional Pearson diffusions is as-

sumed. Since F(t) rests for periods of time with non-exponential distribution, the process

{X4(t), t > 0} is non-Markovian and non-stationary (for more details see e.g. Meerschaert
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& Scheffler (2004)). Corresponding "transition density" p,(z,t;y) satisfies

P(Xa(t) € BIXa(0) =) = [ palwtiy)da, (4.2)

where B is any Borel subset of ([, r).

Remark 4.1. Notice how p,(z,t;y) is not a transition density in a classical sense, i.e. it
doesn’t describe the underlying non-Markovian process completely. Nevertheless, due to
analogy to the diffusion processes we will refer to this function as to the transition density

of the fractional diffusion process.

4.1 Fractional Cauchy problems

Consider the fractional Cauchy problem involving the negative differential operator G:

ataq(% t) = gq<y7 t)a Q(ya 0) = g(y)a (43)

where 05 is the Caputo fractional derivative of order 0 < o < 1 (see Section 2.1).

The ordinary (non-fractional) Cauchy problem for the operator G is

9q(y,1)
ot

=Gq(y,t), q(y.0) = g(y). (4.4)

As described in Leonenko et al. (2013b), separation of variables approach can be used to
find heuristical solutions to (4.3) and (4.4) in the form ¢(y,t) = T'(t)¢(y), where functions
T and ¢ may depend on z and «. Then for (4.3) we have

1

T(t) ataT(t) = T N

assuming that 7" and ¢ do not vanish. The last equation obviously holds if and only if

both sides are equal to a constant denoted —\ (so that A > 0), leading to two equations:
oy T(t) = —=AT(t) (4.5)

and
Gp = —Ap. (4.6)

In the case of non-fractional Cauchy problem (4.4), (4.6) is the same, while (4.5) is replaced

by
dT(t)
dt

Recall that the equations (4.5) and (4.7) are eigenvalue problems for operators 9 and

= —\T'(1). (4.7)

d/dt, and have well-known strong solutions, &,(—At) and exp{—At}, respectively. In other
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words, &,(—At) and exp{—At} are eigenfunctions for the corresponding operators (see
Section 2.1).

Regarding the space part, both fractional and non-fractional Cauchy problems lead to an
eigenvalue problem for the operator —G. Therefore, if quantitative nature of the spectrum
o(—@) is available, i.e. if one can identify corresponding eigenvalues and eigenfunctions,
heuristic arguments can lead to the spectral representation of the solution. For illustration,
assume that the spectrum o(—G) is purely discrete, consisting of infinitely many simple
eigenvalues {\,, n € N} with corresponding eigenfunctions {y,, n € N}. Then it is clear
that

—Ant

an(y,t) = e on(y)

and
Qn,a(yv t) - 5a<_)\nt)90n(y>

are solutions of the equations in Cauchy problems (4.4) and (4.3), respectively. By heuristic

arguments, infinite sum of these solutions is again a solution, i.e.

.1 = 3 bae ) (48)
and -
Gy, t) = Z bna Ea(—=Ant)n(y) (4.9)

are solutions of the Cauchy problems (4.4) and (4.3), respectively, where b,, and b,, , are
constants depending on the initial value of the corresponding Cauchy problems.

At the first look, it is clear that the crucial difference in the solutions (4.8) and (4.9) lies
in the variable t. In particular, for the solution of fractional Cauchy problem, the role of
the exponential function e~*»! is taken by the Mittag-Leffler function &,(—M,t). Since the
Mittag-Leffler function &,(—At) falls off like a power law ¢~ (see Section 6.3), i.e. since

1

Ea(=AtY) ~ (1= )

t — oo,

it yields a slower decay then the traditional exponential decay in the solution of non-
fractional Cauchy problem as t — co. Also, since & (—A,t) = exp{—A\,t}, for & = 1 the
solution (4.9) reduces to (4.8) and non-fractional Cauchy problem is recovered.

In particular, if the differential operator in (4.3) is infinitesimal generator G of the corre-
sponding diffusion process, this Cauchy problem reduces to the time-fractional Kolmogorov
backward equation with predefined initial condition. Cauchy problems of this type for non-
heavy-tailed Pearson diffusions were first investigated in Leonenko et al. (2013b). Strong
solutions of such fractional Cauchy problems were established, as well as the stochastic

model for the governing equations - the so called fractional Pearson diffusions, i.e. time-
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changed Pearson diffusions via inverse of the standard stable subordinator. Since the
structure of the spectrum of non-heavy-tailed Pearson diffusions is simple and purely
discrete, results regarding the corresponding fractional Cauchy problems resemble the
structure of (4.9). In this thesis, similar results are obtained for heavy-tailed fractional
Pearson diffusions. In particular, strong solutions of time-fractional Cauchy problems of
Caputo type, involving the corresponding infinitesimal generator, as well as their corre-
sponding stochastic model - fractional RG and FS diffusions, reflecting the fact that these
diffusions belong to the spectral category II, are established.

In this thesis, relevant fractional Cauchy problems for fractional Pearson diffusions are

 time-fractional Cauchy problem of Caputo type, involving time-fractional Kolmogorov

backward equation:

Ju(y;t) 1
oy + 2

d’u(y;t)

Ofu(y;t) = Gu(y; t) = u(y) UQ@W’ w(y;0) = g(y);  (4.10)

o time-fractional Cauchy problem of Caputo type, involving time-fractional Kolmogorov

forward equation:

Ofu(z;t) = —(;1 (u(z)u(z;t)) + ;(;12 (UQ(x)u(x; t)) ;o u(z;0) =g(x). (4.11)

Remark 4.2. Just like Kolmogorov backward and forward equations are governing equations
for Pearson diffusions, we will show that their time-fractional counterparts are governing
equations for fractional Pearson diffusions. In other words, just like transition densities of
Pearson diffusions solve KBE and KFE, transition densities of fractional Pearson diffusions

solve their time-fractional counterparts.

4.2 Non-heavy-tailed fractional Pearson diffusions

In this section, results regarding non-heavy-tailed fractional Pearson diffusions are
presented and all results can be found in Leonenko et al. (2013b). All results in this
section are based on spectral representation of transition densities of non-heavy-tailed
PDs, properties of corresponding eigenfunctions/orthonormal polynomials and asymptotics
of Mittag-Leffler function.

4.2.1 Spectral representation of the transition densities

For the class of non-heavy-tailed fractional Pearson diffusions, i.e. for fractional OU,

CIR and Jacobi diffusion, with corresponding invariant density p and system of orthonormal
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polynomials {@,, n € N}, corresponding transition density is
Pal,t;20) = p(2) D Ea(—Ant®)Qu(z0)Qu(x), =, xg €1, t >0, (4.12)
n=0

where

o in the OU case, invariant density p is normal density (3.33), while orthonormal poly-
nomials @),, are normalized Hermite polynomials (3.39) with corresponding eigenval-
ues (3.38);

« in the CIR case, invariant density p is gamma density (3.43), while orthonormal
polynomials @,, are normalized Laguerre polynomials (3.51) with corresponding

eigenvalues (3.50);

o in the Jacobi case, invariant density p beta density (3.68), while orthonormal polyno-
mials @),, are normalized Jacobi polynomials (3.70) with corresponding eigenvalues

(3.69).

For the proof see (Leonenko et al. 20135, Lemma 3.1.).

Remark 4.3. Comparing transition densities (4.12) of non-heavy-tailed fPDs with transition
densities (3.41), (3.53) and (3.66) of non-heavy-tailed PDs, resembles the conclusion from
the Section 4.1, i.e. in the fractional case, in spectral representation of the transition
density, the role of the exponential function e~*»! is taken by the Mittag-Leffler function
Ea(—Ant). Therefore, it is expected that the fractional Pearson diffusion is a stochastic
model for corresponding fractional Cauchy problem involving infinitesimal generator. This

connection for non-heavy-tailed fPDs is formally established in the next Section 4.2.2.

4.2.2 Strong solutions of time-fractional Kolmogorov equations

Consider the fractional Cauchy problem

Ou(y;t)
dy

D*u(y; )

O uly: ) = Gulyi ) = () 52 + 5T E i) = op) (413)

where G is the infinitesimal generator of corresponding non-heavy-tailed Pearson diffusion

and initial condition function g satisfies conditions

e g € L?(1,p), where p is invariant density of the corresponding non-heavy-tailed

Pearson diffusion with state space I;

o Y gnQn, where g, = [ g(z)Q,(x)p(x) dx, converges to g uniformly on finite intervals
n T
[yb ?/2] C .
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Then, fractional Cauchy problem (4.13) has a strong (classical) solution
) = [ pale, i) cm_25 ~Ant)Qn(y)n:
T

where )\, and @), are the eigenvalues and eigenfunctions of corresponding OU, CIR or
Jacobi diffusion.
For the proof see (Leonenko et al. 2013b, Theorem 3.2).

Next, consider a fractional Cauchy problem

Oula;t) =~ (aulz0) + 5 2o (D), u(m0)= fo),  (414)

where p(z) and o?(z) are infinitesimal parameters of corresponding non-heavy-tailed

Pearson diffusion and initial condition function f satisfies conditions

o f/p € L*(I,p), where p is invariant density of the corresponding non-heavy-tailed
Pearson diffusion with state space I;

o > fuQn, where f, = [ f(y)Q.(y) dy, converges to f/p uniformly on finite intervals
n T
[y1, 2] C 1.

Then, fractional Cauchy problem (4.14) has a strong (classical) solution
ua(@it) = [ pale,tiy) fy)d ze “Mat)Qu(@) o
T

where )\, and @), are the eigenvalues and eigenfunctions of corresponding OU, CIR or
Jacobi diffusion.
For the proof see (Leonenko et al. 20135, Theorem 3.3).

Remark 4.4. If the initial function f is also a probability density of X, (0), where { X, (t), t >
0} is the corresponding non-heavy-tailed fPD, then the solution of the fractional Cauchy
problem (4.14) is the probability density of X, (t).

4.2.3 Stationary distributions

Let {X,(t),t > 0} be the non-heavy-tailed fPD such that X,(0) has probability
density f which satisfies conditions given for the fractional Cauchy problem (4.14). Then
the density p,(z;t) of X,(t) converges to the stationary distribution of corresponding

non-fractional Pearson diffusion, i.e.
pa(@it) = [ pale,tin)fy) = p(a), t - oo,
T

where p(z) is
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e invariant normal distribution (3.33) in the fractional OU case;
e invariant gamma distribution (3.43) in the fractional CIR case;
e invariant beta distribution (3.68) in the fractional Jacobi case.

For the proof see (Leonenko et al. 2013b, Theorems 4.6 - 4.8).
Therefore, non-heavy-tailed fractional Pearson diffusions have the same stationary distri-

butions as their non-fractional counterparts.

4.3 Heavy-tailed fractional Pearson diffusions

In this section, new results for heavy-tailed fractional Pearson diffusions are established.
In particular, spectral representation of transition densities, stationary distributions and
strong solutions of time-fractional Cauchy problem (4.10), for fractional reciprocal gamma
and Fisher-Snedecor diffusion are proven. On the other hand, only L? solutions of the
time-fractional Cauchy problem (4.11) are derived. Moreover, correlation structure and

SDE interpretation for all fractional Pearson diffusions are given.

4.3.1 Spectral representation of transition densities

Here we prove Theorems 4.1 and 4.2 which provide spectral representation of transition
densities of fractional RG and fractional F'S diffusion. These results are crucial and key

ingredients for results to follow.

Theorem 4.1 The transition density of the fractional RG diffusion is given by

[N]pe)

L]

Do, t;20) = > tg(x) By(x) Bu(zo) Ea(—Ant®) + ta() /Ea —AtY) b(A) Yz, =) Y(xg, —A) dA,
s 4dm J

n

(4.15)
where vg(z) is given by (3.89), Bessel polynomials B,, are given by (3.100), the solution
of the Sturm—Liouvﬂle equation 1 is given by (3.103) with b(\) given by (3.102) and

A = 175 is the cutoff (3.94).

Proof. Since the Pearson diffusion X (¢) is independent of the time change E(t), using
spectral representation of reciprocal gamma diffusion (3.101) and Laplace transform of
E(t) (2.16) (see section 2.3) together with the Fubini argument, we have

P(Xa(t) € BIXa(0) = 20) = [~ P(Xa(r) € BIX.(0) = w0) fi(7) dr
- /()OO/BPI(%T;%) fi(r)dzdr
- /B/Ooo(pd<3777§$0) + pe(@, 73 20)) fi(T) dT d2 (4.16)
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%3]
= /B |:/ — tg(l‘) Bn(l'O)B ( ) —An "'f // —)«rf ( )¢(x0’_A) d/\dT] dr
4) .
_/ |:Z .%') Bn($0)g ( A ta 94: A/ga )\ta (Z‘,—)\) ¢($0’_A) e
(4.17)

The change of the order of integration in (4.16) is justified by the Fubini-Tonelli Theorem
(Rudin 1987, Theorem 8.8 (a)) since functions p; and f; are non-negative. In contrast,
change of the order of integration in (4.17) cannot be justified by the Fubini-Tonelli

Theorem since the integrand

g\, 7) = €7 fi(T) b(A) ¥ (x, —A) (w0, —N)

is not necessarily non-negative. To justify this step using the Fubini Theorem (Rudin
1987, Theorem 8.8 (b-c)), below we show that

7O/oo|g(/\, )| dr d\ < 0. (4.18)
A D

Let

Since

7 7 g, 7)ldrdA = 776”1%)!6&)1&(3:, “\) ¥(x0, —\)| dr dA

0

>\8 >\8 >

Ea(=AN)[D(A) (2, =A) P (20, —A)| dA

[R(A)]dA,

we need to show that

/|h(/\)| d\ < oo,
A
According to Slater (1960) or Buchholz (1969)

oo, =3) = af (= + k), =5 = ;- ) - ()77 et wan i ().
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where W is given by

7) - m (MBQH,M(',\) (1) B MBJeryik().\) (%) ) 7 (4.19)

W%,ik(x) (

z 2irk(\))

and M is the Whittaker function.
From (Buchholz 1969, p. 94, Equation (1))

7) L4ik(N)

Mest uiny (Z) = M (1+0(2ikN)| ™)), A = oo, (4.20)

Using (4.19) together with

™

P RiE) T (1 =2i0) = ooy

we obtain

;
W ()

Now, (4.20) implies

< | (2ik(N)) T'(1 = 2ik(N))| (

Y T\2 1 1
’W%““W (E) : (E) (\F(l +2ik(V)] [0 (=5 + k()| - 0 (1= 2ik(V)] [T (=4 - ik(A))})

% |0 (2ik(N) T (1 = 2ik(A)] (1+ O(2ik(N)] ™)), A — oo.

It follows that as A — oo

_B
2

i< () e ! ! )2
A= <uo> (|F(1+2ik()\))| T (=5 +ik(V))| " 0 (1 = 2ik(V)| [T (=5 = ik(V)]

2

(N

1 [TEB)T (=5 +ik(N) , ‘ , o
X Ea( =A%) O TR0 T (2ik(N) T (1 = 2ik(N)* (14 O(|2ik(N)] 7)) -
Since
Dz +iy) ~ V2 - |y|x_% -e‘“%, ly| — oo, (4.21)

and from (Simon 2014, Equation (6.8)) for 0 < a < 1 we have

1 1
< E(=NY) < , 4.22
1+F(1—a)Ata—g( )_1+F(1+a)—1)\ta (4.22)
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it yields

[h(AN)] < (;;) 63(;+£0)1+F(1+1a)1w IIIX;I (1+0(12ik(N)] ), A = o0

and therefore
Ih(A)| = O(A"2) as A — oo.

Finally, according to (Olver et al. 2010, p. 335), since A — ¥ (x, A) is an entire function for
a fixed z, A — |h()\)| is also an entire function. This verifies (4.18) and completes the proof

of the spectral representation of the transition density of the fractional RG diffusion. [J
Theorem 4.2 The transition density of fractional F'S diffusion is given by

Palx,t;20) = i:fs Fo(z) Ea(—Ant®) + fs ()

/804 )\ta fl(vCOa )7f1(xa _)‘) d)‘a
oA

(4.23)

where fs(x) is given by (3.72), the FS polynomials F are given by (3.84), function f; is

given by (3.87) with a()) given by (3.86) and A = is the cutoff (3.77).

,3 2)
Proof. Since the FS diffusion X (¢) is independent of the time change E(t), using spectral
representation of Fisher-Snedecor diffusion (3.85) and Laplace transform of E(t) (2.16)

together with the Fubini argument, we have:

T P(X1(7) € B|IX1(0) = xo) fu(r) dr

o0

P(Xa(t) € B|Xa(0) = o)

T

pi(z, 75 20) fi(T) dx dr

(pa(x, 75 20) + pe(x, 75 20)) fi(T) dr dx (4.24)

I
S——
S—

OOL% 00 00
= [ | [ 3 5(0) Fulan) Bula) e ) dr + O [ [ ) a(h) (w0~ fular,— ) drr | i
i o =0 T o
(14 is(z) ¥
:/B T;)fﬁ 0) Fu(@) Eal=Ant®) + = A/é’a =A%) a(A) fi(zo, =A) fi(z, =X) dA| da.
(4.25)

Change of the order of integration in (4.24) is justified by the Fubini-Tonelli Theorem
since functions p; and f; are non-negative. Change of the order of integration in (4.25)

cannot be justified by the Fubini-Tonelli Theorem as in (4.24) since the integrand

g\ 1) = e fi(r) a(N) fi(wo, =N) filw, —=N)
is not necessarily non-negative. In order to use the Fubini Theorem, we need to show that

64



Chapter 4. Fractional Pearson diffusions

[e.°]

/ lg(\, 7)| dr dX < 0.
A D

(4.26)
Let

BN = Eal=XE") al(N) fi(20,~) fi (@, ~\).

Since

77|g)\ 7)ldrdA = // e fi() |a(N) fi(wo, =A) fi(z, =) dr dX
AD

>\8 >\8

Ea(=AtY) [a(A) fi(zo, =A) f1(z, —A)[dA,

[h(A)] dA

we need to show that

7|h(/\)|d>\ < .
A

From (Erdelyi 1981, p. 77, Equation (17))

2

r B rik(N) T (2
f1<x,A>FEH” W) (3)

oG-l (] L) e\3t+5-3
DT (3 +2+ik(N) (1-¢) (1+¢)
(ik () ( (RO G2 TR (14 O(R)[T) s A o
where ¢ =1 + 273; +

Fa(l+ 3z).
It follows that

| iz, — 8) gé 3;(%% 2” 11— eS| 73%3 . |14 ef3te 2
xR e (1 1emE]) (14 O(R)T) L A= 0o
Now we have
VIS (A Bi((é’)g) s i];(?l)lzz‘(kl(;)f L) PP
(14 €6)(1+ ) FFE

% (£+£0)4 (1 + |e”(2 2)|) (1 + O(|k(/\)|_1)) s A= 00
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Using (4.21) and (4.22) we obtain

=

1 _ ~
MOV < Tpr e B (3 ) B 2 = e - e

y4B_ 1
2t373

X |(1+€)(1+ e®) G, (1+ |eiw<%—%>|)2 (1+0(kW[™), A= oo

Now, it follows that
Ih(A)| = O(A"2), as A — oo.

Finally, according to (Erdelyi 1981, p. 68), A — fi(x, \) is an entire function for a fixed z
and so A — |h())] is also an entire function. This verifies (4.26) and completes the proof

of the spectral representation of the transition density of the fractional FS diffusion. [J

Remark 4.5. Just like in the non-heavy-tailed case, comparing transition densities (4.15)
and (4.23) of fractional RG and FS diffusion, with transition densities (3.101) and (3.85)
of RG and FS diffusion, respectively, one concludes that in the fractional case, in spectral

A s taken

representation of the transition density, the role of the exponential function e~
by the Mittag-Leffler function &,(—At). Moreover, that makes the only difference in the
representations and again indicates slower decay in the fractional case in comparance
to the non-fractional case (cf. Section 4.1). In the next section, fractional RG and FS
diffusion are established as a stochastic model for corresponding fractional Cauchy problem

involving infinitesimal generator, i.e. fractional Cauchy problem (4.10).

Remark 4.6. Recall that beside the RG and FS diffusion, there is another heavy-tailed
Pearson diffusion: Student diffusion. It would be natural to establish similar result regard-
ing fractional Student diffusion, but since the non-fractional case of this diffusion doesn’t
have known exact spectral representation of the transition density, this is not possible. In
particular, continuous part of the spectral representation of transition density provides
only theoretical form, without exact normalizing constants, and therefore techniques used

in the proofs for fractional RG and FS diffusion cannot be recovered.

4.3.2 Strong solutions of time-fractional Kolmogorov equations

Based on the proved results regarding spectral representation of transition densities of
fractional RG and FS diffusions, more precisely, based on spectral representations (4.15)
and (4.23), we establish solutions of fractional Cauchy problems (4.10) and (4.11), which

associate time-fractional Kolmogorov backward and forward equations.

To establish the main result of this section, we need the following Lemma.

Lemma 4.3 For the reciprocal gamma and Fisher-Snedecor diffusions, the family of
operators

Trg(y) = Elg(X () | X(0) =y, =0
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forms a strongly continuous bounded (Cp) semigroup on the space of bounded continuous

functions g on [0, co) vanishing at infinity.

Proof. The proof of this Lemma is the same as for the non-heavy-tailed diffusions con-
sidered in Leonenko et al. (2013b). We provide it here for completeness. The semigroup
property follows from the Chapman-Kolmogorov equation for the reciprocal gamma and
Fisher-Snedecor diffusions, and uniform boundedness of the semigroup on the above Ba-
nach space of continuous functions with the supremum norm follows from (Friedman 1975,
Theorem 3.4). Therefore, the family of operators {T'(t), t > 0} forms a uniformly bounded
semigroup on the respective Banach space of continuous functions, with the supremum

norm. Next, we show the pointwise continuity of the semigroup. For any fixed y € (0, 00)

Tig(y) — g(y) = /lL pi(z, t;y)(g(x) — g(y))dx

= pi(z,ty)(g(w) — g(y))dx

|x—y|<en(0,00)

+ pi(z, ty)(g(x) — g(y))dx

|z—y|>€n(0,00)

<  sup |g(z) —g(y)] pi(z, ty)de
|z —y|<en(0,00) lz—y|<en(0,00)
+C pi(z,t;y)d

|z—y|>en(0,00)

since the function g is bounded. Since [i,_, =000y P1 (7, t;y)dz — 0 as t — 0 for any
e > 0 (see Karlin & Taylor (1981a), p. 158), the second term in the above expression
tends to zero as t — 0. The first term is bounded by sup|,_,<cn0,00) [9(%) — 9(y)|, which
tends to zero as € — 0 because of the continuity of g. Pointwise continuity then implies
strong continuity in view of (Rogers & Williams 1994, Lemma 6.7).

O

The next result gives the strong solutions to the fractional Cauchy problem associated

with the time-fractional backward Kolmogorov equation for fractional RG and F'S diffusion.

Theorem 4.4 For any ¢ from the domain of the generator G specified in (3.81) for RG
and (3.81) for FS case, a strong (classical) solution to the fractional Cauchy problem (4.10)
is given by .

wltiy) = | pale,tiy)g@)dr, (4.27)

where the transition density p, is given by equation (4.15) in the reciprocal gamma case

and by equation (4.23) in the Fisher-Snedecor case.

Proof. The proof of this Theorem consists of several steps. First, according to Lemma 4.3
and (Arendt et al. 2011, Proposition 3.1.9)

q(y;t) = Tig(y) = E[g(X (1)) | X (0) = ¢}, t > 0
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solves the non-fractional Cauchy problem

dq(y,t)
ot

=Gq(y,t), q(y,0) =g(y).

Second, strong continuity of the semigroup in the Banach space of continuous functions

with the supremum norm and Theorem 3.1 in Baeumer & Meerschaert (2001) show that

Sig(y /T 9(y) fi(u (4.28)

where f; is the density of the inverse stable subordinator E; given by (2.17), solves the
fractional Cauchy problem (4.10) for any ¢ from the domain of the generator G.
Third, since

Sigly) =

where F(0) = 0 almost surely, and

Elg(Xa(®)) | Xa(0) = 4] = [ pala.t:y) g(a) .

a strong solution to (4.10) is given by (4.27).
0

Remark 4.7. The explicit expressions for strong solutions (4.27) of the fractional Cauchy
problem associated with the infinitesimal generators of the reciprocal gamma and Fisher-

Snedecor diffusions are:

1£] o0
Ueg(ty) = Z Bu(y) Ea(—At®) / Bo(z g(x) dz
n=0 0
+ / G / En(=M) b(N) ¥z, — ) By, —) dA dz
052
4(p-1)
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and
15 o0
welt:9) = 32 Fal)Ea=Mt?) [ Fala)fo(0) g(o) d
+71T/fs(x)g(x) / En(=AM)a(N) fi(y, —A) fi (2, —N)dA da.
0 8(?35—2)

The explicit expressions for strong solutions of the Cauchy problem for the fractional
Fokker-Planck equations were obtained in Leonenko et al. (2013b) for all three non-heavy-
tailed fractional Pearson diffusions using their spectral properties. Since the structure
of the spectrum for the reciprocal gamma and Fisher-Snedecor diffusions are much more
complex than in the non-heavy-tailed cases, strong solutions of Cauchy problems associated
with the fractional Fokker-Planck equation are not presented here. Below we state the
result on the L? solutions. Proving that these are also strong solutions that hold pointwise

remains an open problem at this time.

Theorem 4.5 The fractional Cauchy problem (4.11), i.e. the Cauchy problem

2

O a(wt) =~ (pl2)alw0) + 35 (*@a(w 1), alw,0) = f(),  (429)

2

where f is twice continuously differentiable function that vanishes at zero and has a

compact support, is solved by

a(w.t) = [ pale.ti) F0)dy. (4.30)

The transition density p, is given by equation (4.15) in the reciprocal gamma case and
by equation (4.23) in the Fisher-Snedecor case, and the solution is in the following sense:
for every t > 0, ¢(x,t) given by (4.30) satisfies (4.29), and the equality holds in the space
of functions {q(-,t) € L? ({0, 0))}.

Proof. Infinitesimal generator of the RG and FS diffusions with corresponding domains
(3.97) and (3.81), respectively, and with state space I = (0, 00) is self-adjoint differential
operator (see Section 3.1). We consider the space L?({0,00)) without the weight p, and
the generator defined on a subset of its domain, namely on the set of functions f €
L*({0,00)) N C?% ({0, 00)) such that f vanishes at 0 and has compact support.

The Fokker-Planck operator

L) = o (u() (@) + g (7°(0) ()

is adjoint to the infinitesimal generator G of the diffusion on this subspace of L?({0, 00)).

Recall that the semigroup 7; is a Cy-semigroup in this space as well as in the space of
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continuous functions with the supremum norm. From (Pazy 1983, Corollary 10.6), the
adjoint semigroup 7T}

T f@) = [ piatiy) f)dy

is the Cy-semigroup as well, and its generator is the Fokker-Planck operator.

Since T} f solves the non-fractional Cauchy problem for the Fokker-Planck equation
(Arendt et al. 2011, Proposition 3.1.9), just like in the proof of Theorem 4.4, the application
of Theorem 3.1 in Baeumer & Meerschaert (2001) completes the proof. O]

4.3.3 Stationary distributions

We now show that as ¢ — oo, the distribution of X, (), where {X,(t), t > 0} is either
fractional RG or fractional FS diffusion, approaches the stationary distribution of the

non-fractional RG or FS Pearson diffusion, respectively.

Theorem 4.6 Let {X,(t), t > 0} be the fractional reciprocal gamma or Fisher-Snedecor
diffusion and let p,(z,t) be the density of X, (). Assume that X, (0) has a twice continu-
ously differentiable density f that vanishes at infinity. Then

Palz,t) = p(z), t — 00,

where p(-) is the stationary density of the non-fractional reciprocal gamma or Fisher-

Snedecor diffusion, respectively.

Proof. Using the definition of the transition density p.(x,t;y) (4.2), we have
palet) = [ palasti) Fw)dy

and therefore it suffices to prove that
palz, t;y) = p(x) as t— oo

for fixed = and y. This together with the fact that f(y) and p,(z,t;y) are density functions
then yields

o0

| paletin) i)y = pl@) [ F)dy = p(e) as t - oo.

We treat the reciprocal gamma and Fisher-Snedecor cases separately.
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Reciprocal gamma diffusion

Since A\g = 0, it follows that

ol )= > 50(0) Bala) Bulw) Ealhat®) + B [ £, (M) BN i, ) wly, ) X

For a constant ¢ such that

406 —-1) 1
> Tl -a)>—+T(1—
c> 670 +I'(1—a) g T (1—a)>0
from (4.22) we obtain
1 1 1
< < —A\tY) < .
et — 1+ T(1 —a)\t> — Eal=A) < 1+T(1+a) Ao
Now it follows that
1 71 T .
= [ SN YN A S [ E(=M) B el —A) vy, —N) A,
082 082
4(B-1) 4(B-1)
T 1 7 I'l+a
[ e -t -Nar< L [ T 0 e -n ax
oD ey
Letting t — oo yields
[ =M BO) v, =N ly, =N dh = 0, ¢ = o
032
4(B-1)
and
2]
vg(z) Bu(2) Ba(y) Ea(—Ant®) — 0, t — o0.
n=1
Therefore

oz, t;y) = vg(x), x>0ast— oco.
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Fisher-Snedecor diffusion

Since A\g = 0, it follows that

- jola)  F
pae,tiy)= 3 fs(@) Fu(y) Fu(w) Ea(=Aat™) + =2 [ Ea(=X7) ald) fily, ~2) fular, =X) dA
sgfm

o o) T
= fs(z) + Z fs(z) Fu(y) Fu(z) Ea(—Ant®) + —— / Ea(=At") a(A) fily, =) fi(z, =A) dA.

i
082
SE-D
Let ¢ be a constant such that
S(ﬁ — 2) 1
> —a) > — —
c> e +I'(1—a) )\ta—FF(l a) >0
From (4.22) we obtain
1 1 1
< < -\t < .
edte = 14+ T(1 — a)te < Ea(=M%) < 1+T(1+a)" e
Therefore,
1 71 7
th / aa()‘) fl(ya_)‘) fl(xv_)‘) d\ S / Soc(_)‘ta) Cl()\) fl(yv _)\) fl(l‘v_)‘) d/\7
032 032
3(8—2) 8(5-2)
7 1 7 T+
£u(-X a0 Ay, N file N ar < L [ T a0 g3 A -ny an
032 032
82 8(5-2)
Letting t — oo yields
[ =N a) Fily, =) filw, =N dA = 0, as ¢ o0
032
8(8—2)
and
12]
fs(x) Fr(y) Fo(z) Eo(—Ant®) — 0, as t — oo.
n=1
Therefore

Palz,t;y) — fs(z), = >0ast — oo.
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4.4 Correlation structure of fractional Pearson
diffusions

Assume that {X(¢), t > 0} is a stationary Pearson diffusion and that its parameters are
such that the stationary distribution has finite second moment. Then the correlation

function of X (¢) is given by
Corr [X (t), X(s)] = exp(—0|t — s|), (4.31)

where 6 > 0 is the autocorrelation parameter. Since the autocorrelation function (4.31)
falls off exponentially, Pearson diffusions exhibit short-range dependence.

In general, let {X(¢), t > 0} be the non-stationary stochastic process with the correlation
function Corr(X(t), X(s)) which satisfies

Corr(X (), X(s)) ~ c(s)t™%, t — oo,

€., . Corr(X (t), X(s))

t—00 t—d

= C(S)’

for a fixed s > 0, some constant ¢(s) > 0 and d > 0.

We say that {X(¢), ¢ > 0} has the long-range dependence property if d € (0,1) and the
short-range dependence property if d € (1, 2).

Remark 4.8. This definition is further used in Section 6, in order to establish long-range

dependence property for the delayed continuous-time autoregressive processes.

Next, we show that fractional Pearson diffusions have this property.
We say that fractional Pearson diffusion {X,(t), ¢ > 0} is in the steady state if it starts
from invariant distribution from corresponding non-fractional Pearson diffusion with the

probability density p. Then the correlation function of X, (t) = X(E(t)) is given by

Corr [Xo(t), Xa(s)] = Ea(—0t) +

o S/t o e
Oat /5(1(—675 (1—=2) >dz (432)

I'l+ o) Pl

0

fort > s> 0.

The proof of this fact for non-heavy-tailed fractional Pearson diffusions is given in
(Leonenko et al. 2013a, Theorem 3.1). The proof does not depend on the type of invariant
Pearson distribution, and therefore the same proof can be repeated for all three heavy-
tailed fractional Pearson diffusions, provided that the tails are not too heavy so that
the second moment of the corresponding heavy-tailed Pearson distribution exists. In

particular, required parameter restrictions are:

o in the fractional RG diffusion case, restriction on the parameters of density (3.89)
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ensuring the existence of second moment is 5 > 2;

o in the fractional FS diffusion case, restriction on the parameters of density (3.72)

ensuring the existence of second moment is § > 4;

o in the fractional ST diffusion case, restriction on the parameters of density (3.105)

ensuring the existence of second moment is v > 2.

In particular, the autocorrelation function (4.32) falls off like power law with exponent
a € (0,1), i.e. for any fixed s > 0
Corr[Xa(t), Xa(s)] L (L Vago)ast—
orr[ X, (1), Xo(s)]=——— |-+ ——— 0 as 00.
tT1l—a) \0 T(1+«a)
Therefore, unlike non-fractional Pearson diffusions, their fractional analogues are long-

range dependent processes.

4.5 Fractional Pearson diffusions as solutions of
stochastic differential equations

The fractional Pearson diffusions defined via a time-change of the ordinary (non-
fractional) Pearson diffusions satisfy the special types of SDEs considered in Kobayashi
(2011). Let {F,t > 0} be the natural filtration associated with the Brownian motion
from equation (3.29). Since E(t) has almost surely continuous sample paths, for any ¢ > 0
[E(t—), E(t)] contains only one point, and the Brownian motion and the solution of SDE
(3.29) X (t) are in synchronization with the time change E(t) as defined in Kobayashi
(2011). This synchronization is key to the stochastic calculus for the semimartingale
B(E(t)) with respect to filtration {Fgu),t > 0}. See also Magdziarz & Schilling (2015)
for the discussion on martingale properties of B(E(t)) and other processes obtained as
time-changes of the Brownian motion using inverse of subordinators.

Specialized to fractional Pearson diffusions, according to the duality Theorem (Kobayashi
2011, Theorem 4.2, part (1)), when the process X (¢) satisfies SDE (3.29) with the initial
condition X (0) = Xy, the time-changed process X, (t) = X(E/(t)) satisfies the SDE

dX,(t) = w(Xa(t)dE(t) + 0(X(t))dB(E(t)) (4.33)

with the initial condition X,(0) = Xp.

Further, when ;i and o2 are polynomials of the first and second degree, respectively, as
specified in (3.29), (Kobayashi 2011, Lemma 4.1) ensures the existence and uniqueness of
the strong solution of (4.33), giving another possible definition of the fractional Pearson

diffusions as solutions of this SDE. The solution can be represented in the following
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integral form:

E(t) E(t)
X (1) = X(E(t)) = / (a0 + a1 X (5)) ds + / V20 + b1 X (s) + ba(X(5))?)dB(s).

The integrals in this representation are the Lebesgue and the 1t integrals under the con-
tinuous time change ¢t — E(t), in light of the change-of-variable formula from (Kobayashi
2011, Theorem 3.1). This representation could be useful for simulating paths of frac-
tional Pearson diffusions. The discrete schemes for the underlying densities and their
error bounds can be found in Kelbert et al. (2016). For similar approaches to obtaining
solutions of such SDEs we refer to Scalas & Viles (2014).
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CHAPTER 9

Correlated continuous time random
walks and fractional Pearson diffusions

In this Section we define correlated CTRWSs, some of which are based on famous
Bernoulli-Laplace and Wright-Fisher urn-scheme models and prove their weak convergence

in J; topology to the class of fractional Pearson diffusions.

5.1 Correlated continuous time random walks

In Section 2 connection between fractional calculus, statistical physics and probability
is established. Recall that the CTRW S(N(t)) is defined via two random walks S(n) =
Yi+Yo+---Y,and T(n) = Gy + Gy + - - - G,,, where Y; are iid particle jumps and G; are
iid waiting times between particle jumps, where Y; and G, are in the domain of attraction

of p-stable and a-stable random variables, respectively, where 0 < a <1, 0 < § < 2 and
N(t) =max{n > 0: T'(n) < t}.
Moreover, if e.g. the following convergence is satisfied
n YPS(|nt]) = A(t), n — oo (5.1)
in D[0, +o0) with J; topology, where {A(t), t > 0} is a S-stable Lévy process, then
n~“BS(N(|nt])) = A(E(t)), n — oo (5.2)

in D0, +00) with J; topology (see Section 2.1). Moreover, time-changed stochastic
process {A(E(t)), t > 0} has governing equation (2.19):

P or
oym(z,t) = Dpwm(x, t)+ qum(x, t),

i.e. density of A(E(t)) .
mz,t) = | pla.w filw du.
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where f;(u) is the density of E(t) given by (2.17) and p(z, t) is the density of S-stable Lévy
process {A(t), t > 0}, solves this fractional equation. Therefore, time-changed stochastic
process {A(E(t)), t > 0} is a stochastic solution (model) for time-space fractional differ-
ential equation (2.19), as well as a scaling limit of the CTRW S(N(t)).

Several other Lévy processes can also be obtained as the CTRWs limits by employing
trinagular arrays (see Meerschaert & Scheffler (2008)). In general, when particle jumps
Y; and waiting times G; are independent, CTRW is called decoupled. In this thesis, only
decoupled CTRWs are considered (for more information on decoupled CTRWSs see Meer-
schaert & Scalas (2006), while for coupled CTRWs see Germano et al. (2009)). Moreover,
when particle jumps are correlated, we emphasize this by saying we observe the correlated
CTRW. The case of correlated jumps given by the stationary linear process was considered
in Meerschaert et al. (2009), where the outer process in the limit was either a stable Lévy
process or a linear fractional stable motion, depending on the strength of the dependence
in the particle jump sequence.

In this thesis, specific correlated and decoupled CTRWs are considered in order to obtain
fractional diffusion process in the scaling limit. In particular, particle jumps are mod-
eled by a suitably chosen Markov chain {H™(r), r € Ny}, rather then with a random
walk S(n), and therefore particle jumps are correlated. Based on this Markov chain,

continuous-time stochastic process {X ™ (t), ¢t > 0} is defined:
X(t) = H™ (b)),

where (h,, n € N) is a specific sequence of positive reals tending to zero as n — oo (see

Section 5.3 for details). If instead of (5.1) we can prove the weak convergence
X"= X, n— o0 (5.3)

in D(]0, +o00) ; S) with J; topology, where {X (¢), ¢t > 0} is a diffusion process with state
space S, then instead of the time-changed Lévy process as in (5.2), the correlated CTRW

has time-changed diffusion process in the limit, i.e.
X0 (7N (n'et)) = X(E(t)) (5.4)

in D([0, +00) ; S) with J; topology. In the first step we establish weak convergence (5.3) to
Pearson diffusions, based on suitably chosen Markov chains (for OU diffusion see Section
5.4, for CIR and Jacobi diffusion see Sections 5.5 and 5.6, and for heavy-tailed Pearson
diffusions - RG, FS and ST diffusions see Section 5.7). Next, based on these results in
Section 5.8 we establish correlated CTRWs which as the scaling limits have fractional
Pearson diffusions. In other words, we prove weak convergence (5.4) to the fractional

Pearson diffusions, based on suitably chosen Markov chains from aforementioned sections.
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5.2 Historical roots and motivation

Many processes observed in science can be mathematically described by the discrete-
time Markov urn-scheme models. One of the most famous urn-scheme models is the
Wright-Fisher model for gene mutations in a population from which a rich class of the
limiting processes could be obtained. On the other hand, one of the simplest urn-scheme
models is the Bernoulli-Laplace urn-scheme model, named after D. Bernoulli and P. S.
Laplace, the pioneers of probability theory, and later studied in depth by Markov (1915).
Historical review of this model and its connection with OU process can be found in
Jacobsen (1996), which we now present. This model considers two urns, urn A containing
j balls and urn B containing k balls. Of the total 7 + £ balls in two urns, suppose that r
balls are white, and (j + k — ) are black. At time n € N one ball is drawn randomly from
urn A and another from urn B. The ball drawn from urn A is placed into urn B, the ball
drawn from urn B is placed into urn A. Let X,, be the number of white balls in urn B at
time n € N. Then (k — X,,) is the number of black balls in urn B, (r — X,,) is the number
of white balls in urn A and (j — r + X,,) is the number of black balls in urn A at time
n € N. Therefore, (X,,, n € N) is a homogeneous discrete-time Markov chain with state

space S = {max {0,7 — j},...,min{k,r}} and the following transition probabilities:

— oWk —
(r I)Eﬂ ?) , y=x+1
(r—xgx—l—(j—r—irx)(k:—x) =

Py = P (Xn—l-l - len - (L’) - . jk ’
(j—r+ax)z
LA Ly=a-1
7k

0 , otherwise.

In his book, Laplace (1812) worked with a particular case of this model, in which each
urn contains n balls and also n out of total 2n balls are black. In this setting he defined a
discrete time Markov chain {Z™ r > 0} with the state space {0,1,2,...,n}, where n is

the number of balls in urn A and r is the number of draws, with transition probabilities

2 2
Do ztl = <1 — x) v Doz = 2£ (1 — x) s Doa—1= (a:) and 0 otherwise.
n n n n

Laplace was interested in finding the heat kernel of this irreducible, reversible and

ergodic Markov chain with stationary/ergodic distribution

()(2)
=AM, , T}, W= o~
(%)

n

By denoting z, , the probability that there are z white balls in urn A after r draws, he

78



Chapter 5. Correlated continuous time random walks and fractional Pearson diffusions

deduced the following partial second-order difference equation:

r+1)\2 x x x—1
Zx,r+1:< n ) Zx+1,r+25 (1_n> Zx,r+<1_ n )Zz—l,r- (55)

After that, instead of determining the generating function for z, he approximated the

solution of the equation (5.5) by introducing the new space variable p and new time

variable 7" and obtained the following relation:

1
xr = i(n +uv/n), r=nr.

Then, he introduced the function
U(p, r') i= 24.r

of space and time, and heuristically deduced the following relations describing the changes

of state in the transformed Markov chain:

02pr 10%2,,

Zx+l,r = Zz,r Oz 2 o2
0z r  10%2,,

Fotr = Zar T ox 2 Oz2
Oz, r

Zx,r+1 = Zx,r + or .
By another purely heuristic argument, he claimed that function U(y, r’) satisfies the
second-order differential equation

oU 9 192 oU U

= —a(—ZuU) + iaTﬂ(zU) =2U + 2;0@ * (5.6)

which is a special case of the Fokker-Planck or Kolmogorov forward equation governing

the OU process:

WD) D (gt pplant)) + 2 2 (200%p(an)

In particular, equation (5.6) is the governing equation for the OU diffusion with infinitesi-
mal mean p(z) = —2x and infinitesimal variance o%(z) = 2. While rigorous proofs were
not provided, this work had the first mention of the forward equation for the OU diffusion,
even though the underlying process wasn’t known back in the day.

A century later, Markov (Markov (1915)) considered a more general model. In his
scheme there are also two urns, urn A containing n balls and urn B containing n; balls.
Out of total (n + ny) balls, there are (n + n;)p white and (n + ny)q black balls (0 < p <
1, ¢ =1 —p). Similar to the Laplace’s scheme, by denoting probability that there are x
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white balls in the urn A after » draws by z, ,, Markov obtained the following difference
equation:
r+1 mg—np+xz+1 n—z+1 (n+n)p—z+1
Rg,r+1 = : * Zx41,r + : 2
n nq n ni
r n+n)p—x n—x ng—np+zx
n ( (n+n)p n g —np+ ) Zar.

n nq n nq

(5.7)

Next, Markov introduced new space variable p and new time variable p and obtained the

following relation:

n—+ng
2pgnn;’

x:np—l—/wi, r <1+1> = 2p, where Ay =
Ap no
demanding that the ratio of number of balls in urn A and urn B remains constant at all
times, i.e. nja = n for some a > 0. Obviously, for « = 1 and p = ¢ = % this model
reduces to the previously described Laplace’s urn scheme.
Finally, the difference equation (5.7) was, again by pure heuristics, approximated by
the corresponding Fokker-Planck equation. In order to do so, Markov defined the space

and time dependent function U (g, p) := 2, smooth enough for obtaining approximations

8U 1 , 02U
Zoi1,r = U(p+ Ap, p) = U+Aua (Au) o

3U , 02U
Zg—1,r = U(p— Ap, p) = U — Aﬂa (AH)T

1+« 1+ adU
Zgrp1 = U, p+——) = U 2n 87P7

2n

precise up to the order o(n™').
By combining these approximations with the new space and time transformations and

putting it into (5.7), Markov obtained the second order differential equation

oU ou  0°U
=2U + 2u— ,
o T T o
the Fokker-Planck equation for the OU process with infinitesimal mean u(x) = —2x
and infinitesimal variance o?(z) = 2, completely coinciding with Laplace’s result. In

Section 5.4 we formally establish this result. In fact, we extend the result to the generally
parametrized OU process.

We now briefly discuss the Wright-Fisher urn scheme, named after S. Wright and R.
Fisher. Wright-Fisher urn scheme is a model that describes gene mutations (in some genetic
pool) over time, strongly influencing selection and sampling forces in the corresponding
population. There are several different versions of this model, and we use the scheme
described in Karlin & Taylor (1981a).
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Suppose that in a population of size n each individual is either of type A or type a. Let
i be the number of A-types in the population. Therefore, the remaining (n —14) population
members are a-types. The next generation of a population is produced depending on the
influence of mutation, selection and sampling forces. Once born, individual of A-type can
mutate in a-type with probability o and individual of a-type can mutate in A-type with
probability 5. Taking into account parental population comprised of i A-types and (n — 1)
a-types, the expected fraction of A-types after mutation is

i(l—a)%—(l—i)ﬁ,

n

while the expected fraction of a-types is

i i
Lag <1—) (1-5).
n n

Survival ability of each type is modeled by parameter s so that the ratio of A-types
over a-types is equal to 1+ s, meaning that A-type is selectively superior to a-type. Then

the expected fraction of mature A-types before reproduction is

b= (14+9)[i(1—a)+ (n—1)p] ‘
o +s)[i(1—a)+ (n—1) B+ [ia+ (n—1i) (1= )]

(5.8)

The last assumption of this model is that the composition of the next generation is
determined through n binomial trials, where the probability of producing an A-type in
each trial is p;. This model, tracking the number of A-types in population over time,
can be described by the discrete-time Markov chain {G?, r € Ny} with the state space

{0,1,2,...,n} and binomial transition probabilities
n\ . e
P =, pi(1—p)". (5.9)

This model is parametrized by «, 3, and s € [0, 1]. Depending on their values, different
limiting diffusions could be obtained. In Section 5.5 we present two different settings that
lead to generally parametrized Jacobi and CIR diffusions. The procedures of constructing
these diffusions as limits of some suitably selected discrete-time Markov chain (urn-scheme)
are based on examples given in (Karlin & Taylor 19814, p. 176-183), where only heuristic
arguments are given for special cases of the limiting Jacobi and CIR diffusions.

From this review of historical facts, we see that the connection between discrete-
time Markov chains in urn-scheme models and some limiting continuous-time stochastic
processes has been brought up in the literature long time ago. Today, the conjectures
of Laplace and Markov could be rigorously proved by modern techniques of analysis

and probability theory, involving the convergence of evolution operators of discrete time
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Markov chains. In this thesis we derive such connections between several urn-scheme
models and the corresponding diffusions. More precisely, for appropriately chosen discrete
time Markov chains, we derive the corresponding limiting Pearson diffusions, and then

define the corresponding correlated CTRWs and their fractional Pearson diffusion limits.

5.3 General framework for construction of Markov
chains and related diffusions

In this section we explain the general idea on how to construct Markov chain which
will lead to the desired diffusion process in the limit. In Subsection 5.3.1 we explain
the necesarry technicalities, while in Subsection 5.3.2 we give concrete steps on how to

construct generally parametrized diffusion via Markov chain in our setting.

5.3.1 Transition operators of discrete-time Markov chains

General theory needed for diffusion approximation of discrete-time Markov chains
includes transition kernels and transition operators. Let p be an arbitrary probability

kernel on a measurable space (5,S). The associated transition operator 7" is defined as

Tf() = (T)@) = [ u(e.dpf), €S, (5.10)

where f: .S — R is assumed to be measurable and either bounded or nonnegative. From
the approximation of f by simple functions and the monotone convergence argument,
it follows that T'f is again a measurable function on S. Furthermore, T" is a positive
contraction operator: 0 < f <1 implies that 0 < T'f < 1. For more details on transition
operators and their importance to the study of Markov processes, we refer to (Kallenberg
2002, Chapter 19).

Consider the Banach space of bounded continuous functions on space S with the
supremum norm. For a closed operator A with domain D, a core for A is a linear subspace
D C D such that the restriction A|p has closure A. In that case, A is clearly uniquely
determined by its restriction A|p. Suitable core is important in order to technically
establish connection between desired Markov chains and their limiting diffusions. We
work with C3(S) as a core of the diffusion infinitesimal generator, but in general not all
diffusions have it as its core. Theorems 1.6 and 2.1 from (Ethier & Kurtz 2009, Section 8)
ensure that C2°(S) (and therefore C3(S) as well) can be referred to as the core for all six
Pearson diffusions for which we establish results regarding CTRWs limits. In particular,
Jacobi diffusion satisfies conditions of Theorem 1.6, while other Pearson diffusions satisfy
conditions of Theorem 2.1.

The main technical tool used for obtaining the non-fractional Pearson diffusion as the

scaling limit of a suitably chosen Markov chain with known transition operator is Theorem
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19.28 from Kallenberg (2002) which we now state.

Theorem 5.1 Let {Y™ n € N} be a sequence of discrete-time Markov chains on S with
transition operators {U,,, n € N}. Consider a Feller process X on S with semigroup 7;
and generator A. Fix a core D for the generator A, and assume that (h,, n € N) is the

sequence of positive reals tending to zero as n — oco. Let
A, =h U, = 1), Tn,=UMl X0 =vy"(|t/h,]).

Then the following statements are equivalent:
a) If f € D, there exist some f,, € Dom(A,,) with f, — fand A, f, = Af asn — c©
b) T, — T} strongly for each t > 0
¢) Thifn — T f for each f € Cp, uniformly for bounded ¢ > 0

d) if X (0) = X(0) in S, then X™ = X in the Skorokhod space D([0, +o0) ; S) with
the J; topology.

The proof can be found in (Kallenberg 2002, Theorem 19.28, page 387).

5.3.2 General approach to diffusion approximation via Markov
chains

We start with the sequence of Markov chains {N™(r), r € N, n € N}. For a fixed
n € N, {N®™(r), r € N} is a Markov chain with state space S, C Ny and transition
probabilities p;;, i,j € S,. On the other hand, let X = {X(¢), ¢ > 0} be the desired

diffusion process with state space 9, i.e. solution of the SDE

dX(t) = p(X(t))dt ++/o2(X(t))dW(t), t>0, z€S,
with the infinitesimal generator

1

Af (@) = p2) f'(z) + 50% (@) (@), | € CXS). (5.11)

First, one needs to connect starting points N (0) =i € S, with X(0) =z € S, i.e. we
want to connect state space of the starting Markov chain and the state space of the desired

diffusion process. Define strictly monotonic function g, : S — R, such that

i = [gn(z)] (5.12)

for n large enough and
Jim [lg i+ 1) =g =0,
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According to the state space S of the desired diffusion process X, one constructs new

Markov chain {H™(r), r € N} via state space transformation
H®(r) =g, (N(r) (5.13)

with state space g, ! (S,). The transition operator T}, of the Markov chain {H™(r), n €
N} is given by

Tt (6:16) = Z pisf (570)) (5.14)

Now we define the operator

Api=hY(To=1), fo € Dom(A,), fulz):=f(g,°(G)), feCXS), (5.15)

where (h,, n € N) is sequence of positive reals tending to zero as n — oo.
Finally, define continuous-time stochastic process {X™(t), t > 0} via time-change in the

Markov chain
XO(t) = H™ (|h,'t]). (5.16)

The next theorem gives sufficient conditions for obtaining the diffusion process { X (t), t >
0} as the limit of the time-changed stochastic process {X ™ (t), t > 0}.

Theorem 5.2 Let {H™(r), r € Ny}, for each n € N, be the Markov chain defined by
(5.13) with the transition operator (5.14). Let X™ = {X™(t), t > 0}, for each n € N, be

its corresponding time-changed process, with the time change (5.16). Let the operators
(A, n € N) be defined by (5.15). If

pn() 2 = Bt i}pz’j (92"G) = 9. (), o2(x) = hy,' S o (0" 0) — 92" ®)"

Ro(a) s =t 3oy I DI OV gy e gy <107 G) - g )] (517)

J=0

have uniform limits
Jim N = ploe = Jim o7 = o?_ = Jim 1Bl =0, (5.18)
where p and o2 are infinitesimal parameters given in (5.11), then
X" = X in D(]0, +00);95),

where X = {X(¢), ¢ > 0} is a diffusion process with state space S and infinitesimal
generator A given by (5.11).
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Proof. First, we prove statement a) of Theorem 5.1, i.e. we show that infinitesimal
generator (5.11) can be approximated by operator A, defined in (5.15). According to the

definition of function |-]

[9n(2)] < gn(2) < gn(2)] +1,

i.e.
i < gn(r) <i+l (5.19)

Now, let g, be monotone increasing function (monotone decreasing case is analogous).
Using this with (5.19) gives

g () < g, (gn(@)) < g, ' (i + 1)

so that
921 (6) = 2] < |g2" G+ 1) = g, ()]

Last inequality implies

lim ||g,," () — 2| < lim g, (i +1) = g, ') =0. (5.20)

n—o00 co T n—oo 00

Therefore, for f € C2(S5),

lim, £, = fll.o = Jlim sup (@) = @] = lim sup#(g;" (@) = F(@)] = 0.

n—oo

Since

A f () = bt |3 pif (97 )) — £ (97))

=0

e zp [ (5) = 1 (9 @)

Taylor formula for function f around g, '(i) with mean-value form of the remainder yields

At @) = S (5210) = 020 0) 7 (670) + " S N CX0)

J=0

—i—h;l ipij (951(]) _97;1(2')) f/// (C)’ (521)

= 3!

where ( is a real number such that [( — ¢, (i)] < |g,'(5) — g, (?)].
Therefore (5.21) reduces to

Auf (g1 @) = @) (972(0)) + 722
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Now, triangle inequality gives

14 fo = Af oo = sup | Anfu(2) = Af ()] = sup| A f(g;(3)) = Af(2)]

2 2
< suppun () (9"(2)) = () f'(2) | + sup "é“”f (9:1()) - Oéx)f”(w‘)
+su1§ |R,(x)]. (5.22)
For f € C2(9), (5.20) implies
Jim £ = flle = Jim £y = f"llo =0 (5.23)

and uniform limits (5.18) and (5.23) together with (5.22) yields
Tim [ Aufu — Af, = 0.
Therefore, we have proved statement a) of the Theorem 5.1, and since

XM(0) = X(0) < lim |g," () —=| =0,

n—oo

using equivalence of statements a) and d) in Theorem 5.1 immediately it follows
X" = X in D([0, +00);9).

]

Remark 5.1. The limiting diffusion process obtained this way is clearly not stationary,
since we demand the initial value X (0) = z of the diffusion process to be connected to
the initial value of the Markov chain by (5.12).

Remark 5.2. In all cases considered in this thesis, function g, : S — R, is affine function
of the form

gn(2) = anx + bn,
where (a,, n € N) and (b,, n € N) are sequences of real numbers such that

lim (g7 +1) = g, (5)] = lim Lo

0 n—oo q,,

and
i = |gn(7)]

for n large enough.
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Moreover, i, o2 and R, reduces to

h—ln hln

Mn(x) = 40/77‘ ZOpZ] (] - 7/) ) n - a2 Zopl_] j - Z ;
Rulo) = JZO L SO, =gt < ‘ — (5.24)

Remark 5.3. Some starting Markov chains considered in this thesis have transition proba-
bilities of the form

Diit1 >0, piic1 >0, pii=1—piiv1 —pii—1, 0 otherwise.

For such Markov chains, (5.24) further reduces to

ht 9 ht
() = ai (Pm’+1 - pi,i—l) ) Un(x) = aig (pi,i+1 +pi7i—1) )
ha' j—i
R,(z) = 647 (Piit1 — pii1) [ ‘C 9" ‘ ‘ . (5.25)

n

This procedure makes manipulations in the state space and time change easier in order

to obtain the desired diffusion.

5.4 Bernoulli-Laplace urn scheme: Markov chain for
the Ornstein-Uhlenbeck process

In this section, we define the Bernoulli-Laplace urn-scheme model regarding early ideas
of Laplace and Markov summarized in Section 5.2, with crucial changes in space and time
transformations in order to obtain OU diffusion with general parameters. The urn scheme
consists of two urns, A and B, each containing n balls. Furthermore, n out of total 2n
balls are black. At each step one ball is randomly chosen from each urn. The ball drawn
from urn A is then placed into urn B and the ball drawn from urn B is placed into urn
A. We are interested in the number of white balls in the urn A after r € N draws.

Let foreachn € N, {Z™ r € Ny} be the Markov chain with the state space {0,1,2,...,n},
where n is the number of balls in urn A, r is the number of draws and Z{™ is the number
of white balls in the urn A after r draws. The transition probabilities for this Markov

chain are as follows:

i\ i i i\’
Dii+1 = <1 — ) y  Pii = 2— (1 — ) y  Pii—1 = (> s 0 otherwise. (526)
n n n n
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Recall that the generally parametrized Ornstein-Uhlenbeck process X = {X(t), t > 0} is
defined as the solution of the SDE (3.32) with corresponding infinitesimal generator

Af(z) = —0(z — p)f'(x) + 00°f"(x), [ € CI(R), (5.27)
where § > 0, 1 € R and 0 > 0. Define the function g, : R — R,

gu(2) == (n+ (ax +0)vn), a#0, beR.

N[ =

We assume initial states of the Markov chain {Z™(r), r € Ny} and OU diffusion X =
{X(t), t > 0} are given by Z(™(0) =i and X (0) = x respectively, where

i = i(2) = |gu(z)]| = E (n+(ax+b)\/ﬁ)J 2€R
and n is always large enough so that i(z) is in the state space of Markov chain {Z™ (r), r €
No}. Moreover, we assume that the initial Markov chain {Z™(r), r € Ny} never starts
from states 0 and n. Notice that the initial state is a function of x, but we will use notation
¢ for simplicity.

For each n € N, we define the new Markov chain {H™(r), r € N} where

1
ay/n

with state space {ﬁ (—n—byn), 2= 2-n—-byn), - = (n— b\/ﬁ)} The transi-
tion operator T}, of the Markov chain {H™(r), n € N} is given by

o (PR = S (LR

it (B ) g (B )+
2(z’+1)—n—bﬁ>_
ay/n

HO() = g,/ (20(0) = —= (22(r) = n = by) (525)

+ Diji+1 [ < (5.29)

Now we define the operator

A, = gn(Tn — 1), fu€ Dom(Ay), falw):=f(g:'()) = f (W) (5.30)

where 6 > 0 and f € C? (R). By the following scaling of time in { H™(r), r € Ny}, for each

n € N we obtain the corresponding continuous-time stochastic process {X ™ (), t > 0}:

XM™(t) = H™ antD : (5.31)
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The next theorem states that the generally parametrized OU diffusion can be obtained as

the limiting process of the time-changed processes { X ™ (t), t > 0}.

Theorem 5.3 Let {H™(r), r € Ny}, for each n € N, be the Markov chain defined by
(5.28) with the transition operator (5.29). Let X™ = {X ™ (t), t > 0}, for each n € N, be

its corresponding time-changed process, with the time-change (5.31). Let the operators
(A, n € N) be defined by (5.30). Then

X" = X inD[0, +o00),

where X = {X(t), t > 0} is the OU diffusion with the infinitesimal generator A given by

(5.27), and
b 1
=——, 0" = —.
a a 2a?
Proof. First, notice that function g, satisfies conditions given in Section 5.3, i.e. function

gp is strictly monotonic and

2
a/n

Taking into account Remark 5.3, state space transformation (5.28) together with the time
scale h,! = On/2 yields

=0.

Jim o1+ 1) = @) = Jim

o n—00

0 20
() = 5\/5(]%,@'“ — Pii-1) Ui@) = pel (pii+1 + Piie1) ,

2 C2i—n—byn| | 2
"~ 3a3/n ay/n ay/n

Next, by substituting transition probabilities (5.26) in the above expressions it follows

Rn(x)

< (7 —1)|.

(pi,i+1 _pi,i—l) f”’(C), 'C

_ 0 (1-2i> _0<”_2i), (5.32)

R ()) o
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20 AN

. (=) (Y )k

[n () 3a3\/n (( n) (n) )’
20 21

. I

3a3\/n ( n)‘
|20 (n-2
"~ 13a3 \anyn
where K is a constant such that |f"(¢)| < K. Since i = | gn(x)], it follows

n=2 (4l 0, i
r+—]|=0, lim su
ar/n a T

Now, using (5.32), (5.33), (5.34) together with (5.35) and the fact that f € C?(R) yields

IN

K, (5.34)

7 1
———|=0. 5.35
n 2‘ ( )

lim sup
n—oo QTER

lim [l = plloe =0, Jim o — 0| =0, lm [[Rallo=0,  (5.36)

n—oo

where

j(z) = —0 <x + b) @)= 2

a

By re-parametrizing

b 9 1
it follows
wx) = —0(x—p), o(z)=200" (5.38)

Notice how this re-parametrization ensures that parameters of OU diffusion satisfy

>0, peR, o*>0,
since a # 0, b € R. Now, comparing the obtained limits (5.38) with (5.27) we see that the
limits coincide with the infinitesimal parameters of the OU diffusion. Since (5.36) holds,
as a direct consequence of Theorem 5.2 we obtain X" = X in D [0, +o00), where X is the
generally parametrized OU diffusion. m
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5.0 Wright-Fisher urn-scheme

In this section we present two different versions of the Wright-Fisher model that lead

to generally parametrized Jacobi and CIR diffusions.

5.5.1 Markov chain for the Cox-Ingersoll-Ross diffusion

Recall that the generally parametrized Cox-Ingersoll-Ross diffusion X = {X (¢), t > 0}

is defined as the solution of the SDE (3.42) with corresponding infinitesimal generator

Af(z) = -0 (x — Z) f(x)+ me"(m), f € C¥([0, +c0)), (5.39)

where 6 > 0, a > 0 and b > 0.
For the Wright-Fisher model, we assume there is only mutation of the order

a b
O{:ﬁ, 5:%, 0<d<1, 0<a,b<oo, S:O,

so that expected fraction of A-types (5.8) becomes

1 a i\ b
=L (1% -4 2 5.40
p n( 2nd>+< n>2n ( )

Define the function g, : [0, +o0) — R,

We assume initial states of the Markov chain {G™(r), r € Ny} and CIR diffusion X =
{X(t), t > 0} are given by G (0) = i and X (0) = x respectively, where

i =i(z) = |ga(2)] = |n'z|, 2 € [0, +00)

and n is always large enough so that () is in the state space of Markov chain {G™(r), r €
Np}. Notice that the initial state is a function of x, but we will use notation ¢ for simplicity.
For each n € N, we define the new Markov chain {H™(r), r € N} where

n 1o G™(r)
HO(r) = g, (G () = S 3 (5.41)
with state space {0, %, %, x -nlfd}. The transition operator 7, of the Markov chain

{H™(r), n € N} is given by
w2~ S ()
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where p;; is defined in (5.9) and p; in (5.40). Now we define the operator

A, = i@nd(Tn 1), fu€Dom(A), ful@) = f(50) = f <Z> (5.43)

nd
where § > 0 and f € C3 ([0, +00)). By the following scaling of time in {H™(r), r €

Np}, for each n € N we obtain the corresponding continuous-time stochastic process

{X™(t), t > 0}:
X () = 7™ QZ@ dtJ) (5.44)

a

The next theorem states that the generally parametrized CIR diffusion can be obtained

as the limiting process of the time-changed processes {X ™ (), t > 0}.

Theorem 5.4 Let {H™(r), r € Ny}, for each n € N, be the Markov chain defined by
(5.41) with the transition operator (5.42). Let X™ = {X ™ (t), t > 0}, for each n € N, be
its corresponding time-changed process, with the time change (5.44). Let the operators

(A, n € N) be defined by (5.43). Then
X" = X in D([0, +00); [0, +00)),

where X = {X(t), t > 0} is the CIR diffusion with the infinitesimal generator A given by
(5.39).

Proof. First, notice that function g, satisfies conditions given in Section 5.3, i.e. function
gp is strictly monotonic and

lim ||g"(i +1) — g, (3)]| _ = lim L

n—00 In In o0 n—oo nd o
Taking into account Remark 5.2, state space transformation (5.41) together with the time
scale h;t = 20n?/a yields

20 . 9

20 & o
ZPU ]_Z Un($): dzpij(]_l)27
an =0

0 & ‘ l

1
Ru(w) = o230y (G =0 /"(0), i
§=0

(j =)

nd

Next, by substituting transition probabilities (5.9) in the above expressions it follows

20 :
pn(2) = —E[GY = GG = 1]
i@ (np; — 1), (5.45)
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0 n mn n .
on(w) =~ SE((GY — G)* |Gy =
20 1
a n
20 1
~ and ( + (np; = 0)*). (5.46)
9 n n\« n .
|Rn(x)| < mE[(Gl — G0)3 |G0 — Z] K
0 | |
= |2 (i1 = 3pi 4 208) + By — )L = po) + (o — )| K
0 (npi (L= 3pi+207) | Bnps (nps — )1 —p) |, (npy —)°
~ |3a z K, (54
3a< nd + nd nd + nzd 5 (5 7)

where K is a constant such that |f"”(¢)| < K. Since ¢ = |g,(z)], it follows

(—ax +b)

lim sup 5

n—oo .- [0, +00)

—x|=0, lim sup p;=0.

n—00 2€[0, +o00)
(5.48)

Now, using (5.45), (5.46), (5.47) together with (5.48) and the fact that f € C3(]0, +oc))
yields

(npi — 1) —

; np;
=0, lim sup
n—oo ;EE[O, +oo> n

S =l =0, fim o~ =0, Jm IR =0, (349

where

w(x) = —0 <x - b) . oi(x) = %x. (5.50)

a a

Now, comparing the obtained limits (5.50) with (5.39) we see that the limits coincide
with the infinitesimal parameters of the CIR diffusion. Since (5.49) holds, as a direct
consequence of Theorem 5.2 we obtain X™ = X in D(]0, +00) ; [0, +00)), where X is the
generally parametrized CIR diffusion. m

5.5.2 Markov chain for the Jacobi diffusion

Recall that the generally parametrized Jacobi diffusion X = {X(t), ¢t > 0} is defined
as the solution of the SDE (3.54) with corresponding infinitesimal generator

Af@)= =0 (= =) fla) + —a(l=a)f'@), FeCi0.1). (G5

a+b a-+b

where 8 > 0, a > 0 and b > 0.
For the Wright-Fisher model we assume that there are no survival abilities (s = 0) and

that probability of mutation of each type (A to a and a to A) is proportional to the size
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of the population, i.e.

a=—, p[f=—, s=0, ab>0.

i b 1\ a
=1 ) (1)L 5.52
b= ( 271) * ( n) 2n (5.52)
Define the function g, : [0, 1] — R,

gn(z) = nz.

We assume initial states of the Markov chain {G™(r), » € Ny} and Jacobi diffusion
X ={X(t), t >0} are given by G™(0) =i and X(0) = z, respectively, where

i = Z(:L') = \_gn<x)J = I.n‘TJ ; TE [07 1]

and n is always large enough so that () is in the state space of Markov chain {G™ (r), r €
Np}. Notice that the initial state is a function of z, but we will use notation ¢ for simplicity.
For each n € N, we define the new Markov chain {H®™ (r), r € N}, where
(n) “1/ () G (r)
H™(r) = g, (G™(r)) = ———, (5.53)

n

with state space {0, 12

(H™(r), n € N) is given by

. ,1}. The transition operator T, of the Markov chain

i (3) S ()

where p;; is defined in (5.9) and p; in (5.52). Now we define the operator

20 o
a+b

n -

= (=D, fue DomlA), S = f (@) =/ (5)  65)

n

where 6 > 0 and f € C? ([0, 1]). By the following scaling of time in {H™ (r), r € Ny}, for

each n € N we obtain the corresponding continuous-time process {X™(t), t > 0}:

XMW (t) .= H™ (LZE bntJ) : (5.56)

The next theorem states that the generally parametrized Jacobi diffusion can be obtained

as the limiting process of the time-changed processes {X ™ (), t > 0}.
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Theorem 5.5 Let {H™(r), r € Ny}, for each n € N, be the Markov chain defined by
(5.53) with the transition operator (5.54). Let X™ = {X ™) (), t > 0}, for each n € N, be
its corresponding time-changed process, with the time change (5.56). Let the operators
(A, n € N) be defined by (5.55). Then

X" = X in D([0, +00); [0, 1)),

where X = {X(t), t > 0} is the Jacobi diffusion with the infinitesimal generator A given
by (5.66).

Proof. First, notice that function g, satisfies conditions given in Section 5.3, i.e. function

gn is strictly monotonic and

lim ‘ggl(z'—i—l)—g;l(i)H = lim 1‘—0.

n—00 00 n—oo | n,

Taking into account Remark 5.2, state space transformation (5.53) together with the time
scale h,' = 20n/(a + b) yields

20 &
Nn(x) = a—i_bzplj )7 J?L(m - (a+b Zplj )
/// i L. .
Rao) = g g o U= 0°07©, o= ] <[ -0

Next, by substituting transition probabilities (5.9) together with (5.52) in the above

expressions it follows

Mn($) = (a_i_b)E[Gl _GO|GO = Z]
26 :
= @) (np; — 1), (5.57)
on(w) = (a+ b)nEKGl - G0)2 |G = ]
20 , :
= (atbm (npi(l — i) +n’p} — 2nip; + 22)
20 i — )2
7

E[(G} - Gp) |Gy = i]| K
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‘3a+b npz(l 3p; + 2p?) + 3npi(np; — i)(1 — p;) + (np; — 0)? ’K

11_32 2 3z T 1_ 7 i — 1 3
p i + pz)+ pi(npi —9)(1 —pi) | (nps — i) K. (5.59)
3a+b 2

+
n n n

where K is a constant such that | f”(¢)| < K. Since i = | gn(x)], it follows

(—(a+b)x+a)
2

(np; — i)Z
n

lim sup

=0, lim sup
"0 a0, 1]

0 pel0,1]

=0, lim sup p;, =x.

0 el0,1)
(5.60)
Now, using (5.57), (5.58), (5.59) together with (5.60) and the fact that f € C3([0, 1])
yields

(np; — 1) —

lim = pllo =0, lim |02 —o®| =0, lim [Ra|, (5.61)
where 50
pu(x) = —0 (x - i b) , o%(x) = . bx(l — ). (5.62)

Now, comparing the obtained limits (5.62) with (5.51) we see that the limits coincide
with the infinitesimal parameters of the Jacobi diffusion. Since (5.61) holds, as a direct
consequence of Theorem 5.2 we obtain X" = X in D([0, +o0); [0, 1]), where X is the

generally parametrized Jacobi diffusion. O

5.6 Ehrenfest-Brillouin model

In this Section, motivated by applications in economics, particle physics and genetics,
we present the discrete-time birth-and-death Markov chain which have the Jacobi diffusion
as the scaling limit. Just like in Section 5.5, the limiting Jacobi diffusion is generally

parametrized, however it gives another model as possible interpretation.

5.6.1 Ehrenfest-Brillouin Markov chain

The dynamics of this model, in which n objects move within N categories according
to prescribed transition probabilities, could be viewed as the generalization of the famous

Ehrenfest’s model. In particular, Markov chain which describes the Ehrenfest model has

state space S = {—n,—n+1,...,n — 1,n} and transition probabilities
n—1 n-41 )
Diji+1 = , Diie1 = , 0 otherwise.
’ 2n ’ 2n

Interpretation of this model is as follows. Consider two boxes, A and B, where box A
has k balls, and box B has 2n — k balls. Of total 2n balls, one is randomly selected and
moved to the opposite box. Each selection represents a transition of a process which could
be used to model certain physical systems (see Karlin & Taylor (1981b), p. 51). In the

Ehrenfest-Brillouin model, the destruction mechanism is the same as in Ehrenfest’s model,
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but the creation mechanism is more general and more complex than in the Ehrenfest’s
case. Here we give a brief overview of the facts on model dynamics, according to Garibaldi
& Scalas (2010), inheriting the notation.

To explain the destruction-creation mechanism, consider a population of n objects that
could be interpreted as particles in a physical system, genes in applications in genetics or
agents in economics models. The state of the system is given by the occupation number

vector

N
n=(ny,...,n,...,ny), n >0, Vke{l,...N}, > ny=n.
k=1

Obviously, the state space is the set of N-tuples with non-negative components summing
up to n, denoted here as S3,. The dynamics of the system observed here is simple: the
state of the system in one step changes from initial state n = (nq,...,n;, ..., ng, ..., ny)
to the final state nf = (ny,...,m; —1,...,nx + 1,...,ny). This change of state could be

viewed as the two-component transition:

« the destruction of the object on the ith coordinate (category) in the initial state n

(the "Ehrenfest’s term"), resulting in the state vector
n,=my,...,n;—1,... .0, ...,nN),
which happens with probability

ny;
P(nyn) = "

o the creation of the object in the kth coordinate (category) given the state vector n;,

resulting in the final state vector n¥, with probability

ag + ny — Ok

P(n’n;) =
(07 n;) at+n-—1

9

N
where & = (ay, ..., ay) is the vector of parameters such that > oy = a and dy; is
k=1
the usual Kronecker’s delta symbol, taking value 1 when k£ = ¢ and zero otherwise.
Interpretation of parameter «; is related to the probability of accommodation on the
coordinate (category) i if it is empty. In Garibaldi & Scalas (2010) two interesting cases
are discussed. In the first case all a; are negative. Then the population size is limited by
|a| and categories by |a;|. In this case the transition probability is
n; o+ ng — 5]“
P(n*f|n) = P(n;|n) - P(n¥|n,) = = ———% ¢ 5.63
(nfln) = Plnifn) - Plutfn;) = 2 20 (5.6
In the second case, all a; > 0. Then, starting from initial state n by repeated appli-

cation of the previous transition probabilities, each state from the state space S% can
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be reached with positive probability, meaning that the Ehrenfest-Brillouin Markov chain
is irreducible. Finiteness of the state space together with the irreducibility implies that
Ehrenfest-Brillouin Markov chain is recurrent, and therefore it has a unique invariant
measure 7(n). Furthermore, the transition probability doesn’t exclude the case k = j,
so this Markov chain is aperiodic. It implies that the invariant measure 7(n) is the equi-

librium distribution as well. The standard procedure recovers the N-dimensional Pélya

distribution
N [m] N N
7m(n) = Polya(n; a) H LY m=n, Y o =a, (5.64)
= i=1 i=1
M =a. (a+1)-... (a+n-1),

as the equilibrium distribution (see (Garibaldi & Scalas 2010, page 175)). This distribution

comprises some famous multivariate distributions of quantum physics:

o if all oy > 0, the special case of equilibrium distribution (5.64) for ; = 1 and « = N

is the Bose-Einstein distribution;

o if all a; <0, (5.64) is the N-dimensional hypergeometric distribution whose special

case, for a; = —1 and a = —N is the Fermi-Dirac distribution;

e as |a| — oo, the limit of (5.64) is the multinomial distribution whose symmetric

case is known as the Maxwell-Boltzmann distribution.

An important observation, directly connecting one particular case of this model to Jacobi
diffusion, is that in case of two categories from the invariant Pélya distribution Pélya(k,n—
k;1/2,1/2) the distribution of the ratio k/n is the Beta distribution (3.55) with a = 1/2
and b = 1/2. For more details we refer to (Garibaldi & Scalas 2010, Section 7.3).

One example of the Ehrenfest-Brillouin Markov chain is the taxation-redistribution
economics model, see (Garibaldi & Scalas 2010, page 212), where n coins are redistributed
among N agents. A taxation is a step in which coin is randomly taken out of the set of
n coins (destruction) and a redistribution is a step in which the coin is given to one of
N agents (creation). The (destruction) probability of selecting one coin belonging to the
ith agent is n;/n, while in the redistribution step there are several possible schemes, e.g.
favoring the agents already having many coins or those having few coins. For example,
if it is assumed that the probability of giving the coin taken from agent 7 to agent j is
proportional to (w; +n;), where n; is the wealth of jth agent and w; is the corresponding
weight, then depending on the choice of the weight different equilibrium distributions could

be obtained. In this general framework one could assume that the transition probability
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is of the following form:

; n; w+n—5l7 N
P(n§|n):g~—zﬂ+2_1j’ w=>Y w;.
=1

If no agent is favored in this scheme, then w; = o for all j € {1,..., N}, and therefore

n; 0z+nj — 52'7]‘

P(nin) = n Na+n-—1’

(5.65)
which is exactly the Ehrenfest-Brillouin model with unary moves. For more details on the
taxation-redistribution model see (Garibaldi & Scalas 2010, Section 8.2), while (Garibaldi
& Scalas 2010, Section 8.3) contains more applications of the Ehrenfest-Brillouin model

to economics.

5.0.2 Markov chain for the Jacobi diffusion

In this subsection we use the margin of the two-dimensional Ehrenfest-Brillouin Markov
chain from Subsection 5.6.1 to construct a transformed and rescaled Markov chain con-
verging to the Jacobi diffusion.

Recall that the generally parametrized Jacobi diffusion X = {X(t), ¢t > 0} is defined

as the solution of the SDE (3.54) with corresponding infinitesimal generator

Af@) = =0 (= =5 ) @)+ —a(l =)' @), FeCi0.1). (560

a+b a-+b

where 6 > 0, a > 0 and b > 0. For each n € N, denote by {G™(r), r € Ny} the marginal
Ehrenfest-Brillouin Markov chain with the state space {0,1,2,...,n}. The transition
probabilities for this Markov chain are as follows:

n—1 a-+1 ¢ b+n—1

n atb+n—1 pm_l:ﬁa—i—b—i—n—l’

Pii+1 = Pii = 1=Dpiiv1—pii-1, (5.67)

0 otherwise, where a > 0, b > 0. In light of the taxation-redistribution model with uni-
formly weighted agents (with weight «v), these transition probabilities could be interpreted
in terms of the number of coins belonging to agent 1 in time ¢. If we start with ¢ coins, p; ;41
is the probability that a randomly chosen coin, out from the set of (n — i) coins belonging
to other agents, is redistributed to agent 1; p;;_; is the probability that a randomly chosen
coin, out of 7 coins belonging to agent 1, is redistributed to one of the other agents; p;; is
the probability that reflects agent 1 invariance to the coin "destruction-creation".
Define the function g, : [0, 1] — R,

gn(z) = nx.
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We assume initial states of the Markov chain {G(r), r € Ny} and Jacobi diffusion
X = {X(t), t > 0} are given by G (0) =i and X (0) = x, respectively, where

i=i(x) = |gn(z)] = |nx], z €0, 1]

and n is always large enough so that () is in the state space of Markov chain {G™(r), r €
Ng}. Moreover, we assume that the initial Markov chain {G™(r), r € Ny} never starts
from states 0 and n. Notice that the initial state is a function of z, but we will use notation
1 for simplicity.

For each n € N, we define the new Markov chain {H™ (r), r € N}, where

G
HO(r) = g (@) = S (5.68)
n
with state space {0, %, %, e ,1}. The transition operator T, of the Markov chain

{H™(r), n € N} is given by

T.f (;) = Znopijf (i) = Diji—1 / (Z 7_1 1) + Diyi / (Z> + Diji+1 / (Z Z 1) (569)
=

n
where p;; is defined in (5.67).

Now we define the operator

A= (G-, e Doml4), fu@) =1 (5 @) =5 (L) 60

where § > 0 and f € C2([0, 1]). By the following scaling of time in { H™(r), r € Ny}, for

each n € N we obtain the corresponding continuous-time stochastic process {X™(t), t >
0}:
0
XM(t) .= H™ Qn%D : (5.71)

a+b

The next theorem states that the generally parametrized Jacobi diffusion can be obtained

as the limiting process of the time-changed processes {X ™ (), t > 0}.

Theorem 5.6 Let {H™(r), r € Ny}, for each n € N, be the Markov chain defined by
(5.68) with the transition operator (5.69). Let X™ = {X®(t), ¢t > 0}, for each n € N, be
its corresponding time-changed process, with the time change (5.71). Let the operators
(A, n € N) be defined by (5.70). Then

X" = X in D(]0, 4+00); [0, 1]),

where X = {X(¢), t > 0} is the Jacobi diffusion with the infinitesimal generator A given
by (5.66).
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Proof. First, notice that function g, satisfies conditions given in Section 5.3, i.e. function

gn is strictly monotonic and

1

Jim [l 6+ 1) = g = fim | =0

Taking into account Remark 5.3, state space transformation (5.68) together with the time

scale h;' = On?/(a +b) yields

0 0
Nn(l') = mn (pi,i+1 - pi,z;l) ) ai(x) = m (pi,i+1 +pi,i71) )
Ru(#) = g (s~ s ) (O, o= 2 <L G-9
n\T) = 6(a+b)n pz,z+1 pz,zfl ) n n J r)| -

Next, by substituting transition probabilities (5.67) in the above expressions it follows

(z) = 0 " n—1i a+1 i b+n—u
Hn " (a+D) n a+b+n—1 n a+b+n-—1
0 a—*L(a+0)
= n 5.72
(a+®<g+z+1—i>’ (5:72)
0 n—1 a+1 i b+mn—i
o2(r) = : L N
" (a+b)\ n a+b+n—-1 n a+b+n-1

0 i 2+ ity
(a—i—b)<( n) %—F%—Q—l—%—i_n Z+Z+1_711>7 (5.73)
6 n—i a+1 i b+n—i
< . .- " " |IK
|Rn(9€)|—'6(a—|—b)n< n a+b+n—-1 n a+b—|—n—1>‘
0 1(a—Lt(a+b)
= - 3 K 5.74
’6(a+b)n<2+g+1—;>' ’ (5.74)

where K is a constant such that |f”(¢)| < K. Since i = | gn(x)], it follows

lim sup |- — | = 0. (5.75)
n

00 20, 1]

Now, using (5.72), (5.73), (5.74) together with (5.75) and the fact that f € C2([0, 1])

yields
Jimn = plle =0, Jim o7 —o®| =0, lm [Rall =0, (5.76)

where

u(z) = —6 (x - - i b) R aszxu _ ). (5.77)
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Now, comparing the obtained limits (5.77) with (5.66) we see that the limits coincide
with the infinitesimal parameters of the Jacobi diffusion. Since (5.76) holds, as a direct
consequence of Theorem 5.2 we obtain X™ = X in D([0, +00); [0, 1]), where X is the

generally parametrized Jacobi diffusion. [

5.7 Markov chains for heavy-tailed Pearson diffusions

In this section, we construct discrete-time Markov chains with scaling limits being

heavy-tailed Pearson diffusions.

5.7.1 Markov chain for the Student diffusion

Recall that the generally parametrized Student diffusion X = {X (¢), ¢ > 0} is defined

as the solution of the SDE (3.104) with corresponding infinitesimal generator

Aﬂwz—ﬂm—unww+ffl@+(xg“f)ﬂ@» feC®.  (573)

where § > 0, p € R, v > 1 and 6 > 0. Let {Z™(r), r € N} be the Markov chain with

state space {0, 1, 2, ..., n} and transition probabilities

Po1 = 17 Pnn-1 = 1a

1 2i\% 1 i\? 1 2i\% 1 /i\?
Diji+1 = o= (1 - *) + = (1 - *) » Pii-1 = 57 <1 - *) + - (*) s Dii=1—=Diit1 = Dii
2c n n 2c n n\n
(5.79)

and 0 otherwise, where 0 < d < 1, ¢ > 1 and n large enough, ensuring p; ;41 + p;i—1 < 1.
This Markov chain is clearly irreducible since each state can be reached with positive
probability. Finiteness of the state space {0, 1, 2, ..., n} with the irreducibility implies
that the Markov chain is also reccurent, which again implies it has a unique (up to a
constant) invariant measure. Furthermore, finiteness of the state space implies this Markov
chain has unique stationary distribution 7:

-1

ot T [0 = 2K)2 4+ 2¢(n — B2

2cn? 1
= =12 1
W(n) 71-(0) + n(n o 2)2 + 20 + ; ﬁ [n(n B 2]{:)2 + 20k2] )
k=2
st 1L [ = 20)? + 2c(n — )’
m(z) = 5 L= . -m(0), xze€{l,2,3,...,n—1}.
n(n —2)? +2c I1 [n(n — 2k)% + 2¢k?]
k=2

On the other hand, Markov chain is periodic, since states 0 and n have periods of 2.
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Define the function g, : R — R,

In(x) = (n+(am+b)\/ﬁ), a>0, beR.

N[ —

We assume initial states of the Markov chain {Z™(r), r € Ny} and Student diffusion
X ={X(t), t >0} are given by Z(™(0) =i and X (0) = z, respectively, where

i = i(2) = Lgn(z)] = B <n+(ax+b)\/ﬁ)J, sER.

and n is always large enough so that i(z) is in the state space of Markov chain {Z™ (r), r €
Ng}. Moreover, we assume that the initial Markov chain {Z™(r), r € Ny} never starts
from states 0 and n. Notice that the initial state is a function of z, but we will use notation
1 for simplicity.

For each n € N, we define the new Markov chain {H™(r), r € N} where

HOr) = g1 Z0() = — = (22(r) = n — bV/) (5.80)

ay/n

with state space {ﬁ (—n — by/n), ﬁ (2—=n—>byn), - ﬁ (n— b\/ﬁ)} The transi-
tion operator T}, of the Markov chain {H™(r), n € N} is given by

) g (2

=pii-1 [ (2(2 —-n- bﬁ) + pig f (% — = bﬁ) +

a/n av/n
2(i+1)—n—b\/ﬁ>
ay/n

+ Diit1 | < (5.81)
where p;; is defined in (5.79).

Now we define the operator

6

A= (T, = D).y Domd). £ule) = 1 (50) = 1

2 a/n

2z’—n—b\/ﬁ>

(5.82)
where > 0 and f € C3 (R). By the following scaling of time in { H™(r), » € Ny}, for each

n € N we obtain the corresponding continuous-time stochastic process {X ™ (t), t > 0}:

XMW (t) .= H™ an%J) : (5.83)

The next theorem states that the ST diffusion can be obtained as the limiting process of
the time-changed processes {X ™ (t), t > 0}.
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Theorem 5.7 Let {H™(r), r € Ny}, for each n € N, be the Markov chain defined by
(5.80) with the transition operator (5.81). Let X™ = {X (), t > 0}, for each n € N, be

its corresponding time-changed process, with the time change (5.83). Let the operators
(A, n € N) be defined by (5.82). Then

X"= X inD|0, +o0),

where X = {X(t), t > 0} is the ST diffusion with the infinitesimal generator A given by

(5.78), and

b 1
p=—— v=c+1l, d=- ¢
a aV 2

Proof. First, notice that function g, satisfies conditions given in Section 5.3, i.e. function

gn is strictly monotonic and

2
av/n

Taking into account Remark 5.3, state space transformation (5.80) together with the time
scale h,;! = On?/2 yields

=0.

Jim {lg 04+ 1) = 0G| = Jim

[e.9] n—00

0 20
#n(ff) = a”\/ﬁ (pz',i—l-l - pi,z'—l), ai(x) = ?n (pi,z'+1 +pz’,i—1) )

2

B _2i—n—byn 2
~ 3a3

ay/n ay/n

Next, by substituting transition probabilities (5.79) in the above expressions it follows

Rn(x)

<

N (Dijit1 — Piji-1) f"(Q), 'C

(=)

20 1 2i\% 1 iN? 1 2iN\% 1 /i\?
2 _ = = e - 7 - e I
U"(I>_a2n<2c (1 n) +n<1 n) +20 <1 n) +n<n>>

(i (o) ) () 59

m< e (5,03 + 3 (-2 -2 (-5 -1 ()
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IR
_ 32; <"n_;f> K, (5.86)

where K is a constant such that |f”(¢)| < K. Since i = | gn(x)], it follows

) 1
“- 2‘ 0. (5.87)

lim sup

n-2 +b 0, i
X — = 11m Su
ay/n a S

Now, using (5.84), (5.85), (5.86) together with (5.87) and the fact that f € C?(R) yields

lim ||, — ||, =0, lim Hai - UZHOO =0, lim ||R,], =0, (5.88)

n—o0 n—oo n—oo

where

b
p=—— v=c+1l, 0d=—y/= (5.89)

it follows

wx) = 0 —p), o) = 2 (1+ (g“)) (5.90)

v—1
Now, comparing the obtained limits (5.90) with (5.78) we see that the limits coincide with
the infinitesimal parameters of the ST diffusion. Since (5.88) holds, as a direct consequence
of Theorem 5.2 we obtain X" = X in D [0, +00), where X is the generally parametrized

ST diffusion.
]

Remark 5.4. Notice how re-parametrization (5.89) ensures parameters of ST diffusion
satisfy
>0, pelR, v>2 >0,

since a > 0, b € R and ¢ > 1. In general, parameter v can be any real number larger then
1, but the obtained v > 2 ensures that invariant Student distribution has finite second

moment.

Remark 5.5. 1t is well known that the Student distribution (3.105), for high degrees of
freedom v, can be approximated by the Normal distribution (3.33). In a similar manner, if
we let ¢ — oo in transition probabilities (5.79), they reduce to the transition probabilities
(5.26) of the famous Bernoulli-Laplace urn-scheme model which leads to the OU diffusion.
On the other hand, by taking into account (5.89), infinitesimal parameters (5.90) of ST

diffusion reduce to the infinitesimal parameters of OU process as ¢ — oo (and therefore
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v — 00, 6 — o0). Therefore, by letting ¢ — oo the correlated CTRW which leads to the
ST diffusion, reduces to the correlated CTRW which leads to the OU process.

5.7.2 Markov chains for the Fisher-Snedecor and reciprocal
gamma diffusion

First, we define starting Markov chain which will lead to FS and RG diffusion with
appropriately chosen parameters. Let {G™(r), r € N} be the Markov chain with state

space {0, 1, 2, ..., n} and transition probabilities

Po1 = 17 Pnn—1 = 17
i\?a* b* i a*i +d* i c*1
Dii+1 =

n

nd n2 n27 7,2 7,2 (2%3 Y

(5.91)

Dij—1 = ——5—— + —
n? nd  n?’

and 0 otherwise, where 0 < d <1, a* >0, b* >0, ¢* > 0, d* > 0. This Markov chain is
clearly irreducible since each state can be reached with positive probability. Finiteness
of the state space {0, 1, 2, ..., n} with the irreducibility implies that the Markov chain
is also reccurent, which again implies that it has a unique (up to a constant) invariant
measure. Furthermore, finiteness of the state space implies this Markov chain has unique

stationary distribution 7:

I1 {a*kQ + c*nik + b*nd}

d+2 -1 2 % d b* * -1 Ll
w0 = |1+ n ! 1+(n )?a +nd( + c*(n ))k_zl
ar+ b+ ntrs [T [a*k? + (c*nd + d*)K]
k=2

-1

1l le[l [a*kQ + c'nlk + b*nd}

i k=1
v=2 [[ [a*k? + (c¢*nd + d*)k]
k=2
z—1
dio I1 [a*kz + c*nk + b*nd}
n k=1

T(2) = .w(0), ze€{1,2,3,...,n—1}
a +b +cC nd H [a*k2+(0*nd+d*)k]
k=2

w(n) = w(n—1) - [(”_1)2“+f;+m_1)].

n nd n?

On the other hand, Markov chain is periodic, since states 0 and n have periods of 2.
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Fisher-Snedecor diffusion

Recall that the generally parametrized Fisher-Snedecor diffusion X = {X(¢), t > 0} is
defined as the solution of the SDE (3.71) with corresponding infinitesimal generator

Af(z) = —0 (x . 5) fllz) +

5—2 z(yz+ B)f"(x), feC0, +o0)), (5.92)

20
(6 —-2)
where § > 0, 3 > 2 and v > 0. Let {G™(r), r € N} be the Markov chain with state

space {0, 1, 2, ..., n} and transition probabilities (5.91) with parameters

ES

a“=a, b'=a+b =c¢ d'=b a>0b>0 ¢>0,

ie.
poa =1, pon-1 =1,
iN!a a+b ai+bi i
Dii+1 = | — nd 2 2 Pii-1= T2 pd o2 Pii =1 = Dpiit1 — pii-1,

(5.93)

and 0 otherwise, where n is large enough, ensuring p; ;11 + pi;—1 < 1. Define the function
gn @ [0, +00) = R,

gn(z) = nz.

We assume initial states of the Markov chain {G™(r), r € Ny} and Fisher-Snedecor
diffusion X = {X(t), t > 0} are given by G (0) =i and X (0) = =, respectively, where

i =i(z) = |gn(x)] = {nde , x €0, +00)

and n is always large enough so that i(x) is in the state space of Markov chain {G™(r), r €
Ng}. Moreover, we assume that the initial Markov chain {G™(r), r € Ng} never starts
from states 0 and n. Notice that the initial state is a function of x, but we will use notation
i for simplicity. For each n € N, we define the new Markov chain {H® (r), r € N} with
the state space {0,1/n¢, ..., 1/n"1}
H™(r) = 71 (G™ () = G™(r)
g (G 1) . (599

nd

The transition operator T}, of the Markov chain {H™(r), n € N} is given by

T.f <nld> :]Zn%)pz’jf (7:L]d> =Dpii-1f <i;d1> +pii f (;d) +piit f (i:dl) (5.95)
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where p;; is defined in (5.93).

Now we define the operator

Ay =T, = 1), fo€ Dom(An), ful@):=f(g,"()) = f (n’d) . (5.96)
where f € C? ([0, +00)) and by the following scaling of time in {H™ (), r € Ny}, for each

n € N we obtain the corresponding continuous-time stochastic process {X ™ (t), t > 0}:
XO(t) = H™ ([n*"%]) | (5.97)

The next theorem states that the F'S diffusion can be obtained as the limiting process of
the time-changed processes {X™(t), t > 0}.

Theorem 5.8 Let {H™(r), r € Ny}, for each n € N, be the Markov chain defined by
(5.94) with the transition operator (5.95). Let X™ = {X™(¢), t > 0}, for each n € N, be

its corresponding time-changed process, with the time change (5.97). Let the operators
(A, n € N) be defined by (5.96). Then

X" = X in D([0, +00) ; [0, +00)),

where X = {X(¢), t > 0} is the F'S diffusion with the infinitesimal generator A given by

(5.92), and
b 2 b
6—1b, 5_2<+1>, = 2etb)
a c
Proof. First, notice that function g, satisfies conditions given in Section 5.3, i.e. function

gn is strictly monotonic and

o n—oo

lim (g7t (i+1) = g, ()] = lim ’;d‘ = 0.

Taking into account Remark 5.3, state space transformation (5.94) together with the time

scale ht = n** yields
pin(x) = n? (Pisit1 — Disi—1) 5 ai(x) =n*1 (Pii+1 + Dii—1) 5

1. 1
R,.(z) = 6n2 2d (Piivr — piia1) f7(C), ’ ——| <

nd

nd '

Next, by substituting transition probabilities (5.93) in the above expressions it follows

o /i\>a a+b c ai+bi ct
ey = (B) kb o _aitbi_a

n n2 n2 n?2 nd n?

—a+b— b#, (5.98)
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B 1 a at+b ¢ ai+bi cl
az<x>=n2d(( ) Ll G Ei )

n2 n?2 nd n2

. 2 . b .
— 2 <> foel 10 L (5.99)
n n n

n?2 (7iN?* a a+b ¢ ai+bi ci
Ra(@)| < a_ 20t 2k
[ Bn()] < 6 ((n) nd n? n2 n2 nd n?
1/a+b 7

where K is a constant such that |f”(¢)| < K. Since i = | gn(x)], it follows

i
— =
n

lim sup = 0. (5.101)

n—r00 z€[0, +00)

Now, using (5.98), (5.99), (5.100) together with (5.101) and the fact that f € C3(]0, +oc))
yields

lim [|tn = pllo =0, lim [0 —0%| =0, lim ||R,[|,, =0, (5.102)

n—oo n—oo n—oo

where

wx) =a+b—>br, o*(x)=2az*+ 2cw.

By re-parametrizing

6—b, 5=2<b+1>, o 2lath) (5.103)
a c
it follows 8 10
pu(x) = —0 (:v - H) . o(r) = mx (v + B). (5.104)

Notice how re-parametrization (5.103) ensures the generality of parameters of F'S diffusion,
i.e.
0>0, >2, v>0

since a > 0, b > 0, ¢ > 0. Now, comparing the obtained limits (5.104) with (5.92) we see
that the limits coincide with the infinitesimal parameters of the F'S diffusion. Since (5.102)
holds, as a direct consequence of Theorem 5.2 we obtain X™ = X in D([0, +00) ; [0, +00)),
where X is the generally parametrized FS diffusion. m
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Reciprocal gamma diffusion

Recall that the generally parametrized reciprocal gamma diffusion X = {X(¢), t > 0}
is defined as the solution of the SDE (3.88) with corresponding infinitesimal generator

1 26
Af(z) = =0 (2 — —L—) (@) + ~———22f"(x), feC3(0, +o0)).  (5.105)
5-1 26 -1
Let {G™(r), r € N} be the Markov chain with state space {0, 1, 2, ..., n} and transition

probabilities (5.91) with parameters
a*=a, b'=c¢, =0 d=b a>0 b>0¢>0,
Le.

po1 =1, Ppn-1=1,

) a c ai+0b 1
Diji+1 = (n) o + 30 Piicr= g Pii = 1 = piis1 — Pii-1, (5.106)
and 0 otherwise, where n is large enough, ensuring p; ;41 + p;;—1 < 1. Define the function
Gn [0, +o0) = R,

We assume initial states of the Markov chain {G™(r), r € Ny} and reciprocal gamma
diffusion X = {X(t), t > 0} are given by G™(0) =i and X (0) = x, respectively, where

i =i(z) = |ga(2)] = |n'z|, 2 €0, +00)

and n is always large enough so that () is in the state space of Markov chain {G™ (r), r €
Ng}. Moreover, we assume that the initial Markov chain {G™(r), r € Ny} never starts
from states 0 and n. Notice that the initial state is a function of x, but we will use notation
i for simplicity. For each n € N, we define the new Markov chain { H™(r), r € N} with
the state space {0,1/n¢, ..., 1/n¢"1}

HO(r) = g7 (G™ (1)) = . (5.107)

The transition operator T}, of the Markov chain {H™(r), n € N} is given by

T.f (nld> —jz:)pijf (,jd) = Pii-1f (i;d1> +pii f <7zd) + Diit1 f (i:j)j (5.108)
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where p;; is defined in (5.106).

Now we define the operator

A =0T, = 1), fo € Dom(Ay), ful@):= f (9:'() = f (nzd) . (5.109)
where f € C? ([0, +00)) and by the following scaling of time in {H™ (), r € Ny}, for each

n € N we obtain the corresponding continuous-time stochastic process {X ™ (t), t > 0}:
XO(t) = H™ ([n*"%]) | (5.110)

The next theorem states that the RG diffusion can be obtained as the limiting process of
the time-changed processes {X™(t), t > 0}.

Theorem 5.9 Let {H™(r), r € Ny}, for each n € N, be the Markov chain defined by
(5.107) with the transition operator (5.108). Let X™ = {X (™ (), t > 0}, foreach n € N, be

its corresponding time-changed process, with the time change (5.110). Let the operators
(A, n € N) be defined by (5.109). Then

X" = X in D([0, 400) ; [0, +00)),

where X = {X(t), t > 0} is the RG diffusion with the infinitesimal generator A given by
(5.105), and

b c
0:b7 ﬁ:7+17 7=
a a
Proof. First, notice that function g, satisfies conditions given in Section 5.3, i.e. function

gn is strictly monotonic and

o n—oo

lim (g7t (i+1) = g, ()] = lim ’;d‘ = 0.

Taking into account Remark 5.3, state space transformation (5.107) together with the

time scale h ! = n?*? yields
pin(T) = n? (Disit1 — Disi—1) 5 ai(x) =n*1 (Pii+1 + Dii—1) 5

1. 1
R,.(z) = 6n2 2d (Piivr — piia1) f7(C), ’ ——| <

nd

nd '

Next, by substituting transition probabilities (5.106) in the above expressions it follows
(B & e _atbi
fn(2) =1 ((n) nd + n? n? nd>
(5.111)
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) <z>2 a ¢ az+b i
Un( - —d
n nd n2 pd
2 ¢
+

i

—+ b (5.112)

K| o 05((i\* a c ait+bi
[En(@)] < | <<n) wi T T
K 1
’ b ) | (5.113)
where K is a constant such that |f"(¢)| < K. Since i = | gn(x)], it follows
1

lim su ‘—x =0. 5.114
n—oo xE[O,—Eoo) nd ( )

Now, using (5.111), (5.112), (5.113) together with (5.114) and the fact that f € C3(]0, +oo))
yields

lim ||y, — |, =0, lim HU?L - UQHOO =0, lim | Rl =0, (5.115)

n—o0

where

w(r) =c—br, o*(z)=2ax>

By re-parametrizing

b
0=b f=_+1, 7:5 (5.116)

it follows

p-1 f-1

Notice how re-parametrization (5.116) ensures the generality of parameters of RG diffusion,

u(z) = —0 (x - 7) o(z) = =242, (5.117)

i.e.
0>0, f>1, v>0

since a > 0, b > 0, ¢ > 0. Now, comparing the obtained limits (5.117) with (5.105) we see
that the limits coincide with the infinitesimal parameters of the RG diffusion. Since (5.115)
holds, as a direct consequence of Theorem 5.2 we obtain X™ = X in D(]0, +00) ; [0, +00)),
where X is the generally parametrized RG diffusion.

O
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5.8 Fractional Pearson diffusions as the correlated
continuous time random walk limits

Suppose that {T'(r), r € Ng}, where T(0) =0, T'(r) = G1 + ... + G,, is the random
walk where GG, > 0 are iid waiting times between particle jumps that are independent of
the Markov chain {H™ (r), r € Ny} (see Section 5.3.2). We assume G is in the domain
of attraction of the a-stable distribution with index 0 < o < 1, and that the waiting time
of the Markov chain until its 7-th move is described by G(r). Let

N(t) = max{r > 0: T'(r) <t} (5.118)
be the number of jumps up to time ¢t > 0. Then the continuous time stochastic process
{HW(N()), t > 0},

where H™ (N (t)) is the state of the Markov chain at time ¢ > 0, is the correlated CTRW
process.
Next theorem is the main ingredient to connect our correlated CTRWs with their limits,

i.e. fractional Pearson diffusions.

Theorem 5.10 Let {A(t), t > 0} be the weak limit of {A™(¢), ¢ > 0}, where both

processes are cadlag, i.e. let
A™ = Ain D([0, +00);5)

with J; topology, where S is the state space for the process A. Let {N(t),t > 0} be
the renewal process defined in (5.118), and {E(t), t > 0} be the inverse of the standard
a-stable subordinator {D(t), t > 0} with 0 < o < 1. Then

A® (n7IN (ntot)) = A(E(t), n— oo (5.119)

in the Skorokhod space D([0, +00) ;) with J; topology.

Proof. From (Meerschaert & Sikorskii 2011, Section 4.4)
n~aT([nt]) = D(t), n — oo

in the sense of finite dimensional distributions, where {D(t), t > 0} is standard a-stable
subordinator. Since a-stable subordinator D(t) is a Lévy process, it follows that D(t) is

continuous in probability. Since the sample paths of the process T'([nt|) are monotone
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non-decreasing, (Bingham 1971, Theorem 3) yields
n~«T([nt]) = D(t), n— oo (5.120)

in the Skorokhod space D([0, +00); [0, +00)) with J; topology. Assumption (5.119)
together with (5.120) yields

(A™ (), n=aT([nt])) = (A(t), D(t)), n— oo, (5.121)

in the product space D([0, +00) X [0, +00); S % [0, +00)) with J; topology. Following
the notation from Straka & Henry (2011) let

« h=(v,0) € D([0, +00) x [0, +00); S x [0, +00)),
« v € D([0, +00); 5), o € D([0, +00); [0, +00)),

and D,, Dy and D4y be sets of all such h which have unbounded, non-decreasing and

increasing o, respectively. As shown in Straka & Henry (2011) sets
D;, = D+N Dy, Dy, =DyND,

are Borel measurable.

Introduce the function
U : Dy = D0, +00); S), ¥(h) =voo .

From (Straka & Henry 2011, Proposition 2.3) function V¥ is continuous in Dyt .
Note that (A(") (t),n=aT( (nﬂ)) , (A(t), D(t)) are in the domain of function ¥, i.e.

(A™ (), n=aT([nt])), (A(t), D(t)) € Dy

Also, since the standard a-stable subordinator {D(t), ¢ > 0} is strictly increasing, it
follows

(A(t), D(t)) € Dira. (5.122)

Observe that for the generalized inverses we have
(0= =T([nt]) ™" =0 N(net), (D) = E(@).
Since the function ¥ is continuous at Dy,

¥ (A™(t), n==T([nt])) = A" (0" N(not))
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and

using (5.121) and (5.122) it follows
AW (R IN(n=t)) = A(E(1)), n — 0o

in the space D([0, +00) ; S) with J; topology. ]

Remark 5.6. The proof of Theorem 5.10 uses the approach from the proof of (Straka &
Henry 2011, Theorem 3.6) but in our case the first component is a Markov chain, rather

then a random walk.

Corollary 5.11 Let {H™(r), r € Ny} be the Markov chain defined by (5.28). Let
{X™(t),t > 0} be the corresponding rescaled Markov chain given by (5.31). Let
{N(t),t > 0} be the renewal process defined in (5.118), and {E(t), t > 0} be the in-
verse of the standard a-stable subordinator {D(t), t > 0} with 0 < o < 1. Then

X (n_lN (nl/"‘t)) = X(E()), n— o

in the Skorokhod space D [0, +o0) with J; topology, where {X(t), ¢ > 0} is Ornstein-
Uhlenbeck diffusion with generator

Af(x) = —0(z — p)f'(x) + 0°f"(2), | € CIR).

Proof. Stochastic processes {X™(t), t > 0} and {X(t),t > 0} are both cadlag and
Theorem 5.3 implies
X" = X in D[0, +00).

Now, simply apply Theorem 5.10 to obtain the desired result. O

Corollary 5.12 Let {H™(r), r € Ny} be the Markov chain defined by (5.41). Let
{X™(t),t > 0} be the corresponding rescaled Markov chain given by (5.44). Let
{N(t),t > 0} be the renewal process defined in (5.118), and {E(t), t > 0} be the in-
verse of the standard a-stable subordinator {D(t), t > 0} with 0 < o < 1. Then

X (n_lN (nl/at)) = X(E(t)), n— o0

in the Skorokhod space ID([0, +00) ; [0, +00)) with J; topology, where {X(t), t > 0} is

Cox-Ingersoll-Ross diffusion with generator

Af@) =6 (2= ) @)+ Sage), £ € CEA0. v
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Proof. Stochastic processes {X™(¢), ¢+ > 0} and {X(t),t > 0} are both cadlag and
Theorem 5.4 implies
X™ = X in D([0, +00); [0, +00)).

Now, simply apply Theorem 5.10 to obtain the desired result. O

Corollary 5.13 Let {H™(r), r € Ny} be the Markov chain defined by (5.53). Let
{X™(t),t+ > 0} be the corresponding rescaled Markov chain given by (5.56). Let
{N(t), t > 0} be the renewal process defined in (5.118), and {E(¢), t > 0} be the in-
verse of the standard a-stable subordinator {D(t), t > 0} with 0 < o < 1. Then

X0 (n7'N (n'/o1)) = X(E(t), n— o0

in the Skorokhod space D([0, +00) ; [0, 1]) with J; topology, where { X (¢), ¢t > 0} is Jacobi

diffusion with generator

Af@)= =0 (v = —5) F@) + el =a)f" @), f e (0. 1),

a+b a-+b

Proof. Stochastic processes {X™(t), ¢+ > 0} and {X(t),t > 0} are both cadlag and
Theorem 5.5 implies

X™ = X in D([0, 400); [0, 1]).
Now, simply apply Theorem 5.10 to obtain the desired result. O]

Corollary 5.14 Let {H™(r), r € Ny} be the Markov chain defined by (5.68). Let
{X™(t),t+ > 0} be the corresponding rescaled Markov chain given by (5.71). Let
{N(t),t > 0} be the renewal process defined in (5.118), and {E(t), t > 0} be the in-
verse of the standard a-stable subordinator {D(t), t > 0} with 0 < o < 1. Then

X0 (n7'N (n'/o1)) = X(E(t), n— o0

in the Skorokhod space D([0, +o0) ; [0, 1]) with J; topology, where { X (¢), t > 0} is Jacobi

diffusion with generator

Af(z) = —6 (x _ a) F(e) + - O =)@, e, 1).

a+b +b

Proof. Stochastic processes {X™(t), ¢+ > 0} and {X(¢),t > 0} are both cadlag and
Theorem 5.6 implies
XM = X in D([0, +00); [0, 1]).

Now, simply apply Theorem 5.10 to obtain the desired result. O
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Corollary 5.15 Let {H™(r), r € Ny} be the Markov chain defined by (5.80). Let
{X®™ (), t > 0} be the corresponding rescaled Markov chain given by (5.83). Let
{N(t), t > 0} be the renewal process defined in (5.118), and {E(¢), t > 0} be the in-
verse of the standard a-stable subordinator {D(t), t > 0} with 0 < o < 1. Then

X (n_lN (n”%)) = X(E(), n— o

in the Skorokhod space D [0, +00) with .J; topology, where {X(¢), t > 0} is Student

diffusion with generator

Af@) = =(o =0 10+ 520 (14 (S5 ) o recim),

Proof. Stochastic processes {X™(t), t > 0} and {X(t),t > 0} are both cadlag and
Theorem 5.7 implies
X" = X in D[0, +00).

Now, simply apply Theorem 5.10 to obtain the desired result. O]

Corollary 5.16 Let {H™(r), r € Ny} be the Markov chain defined by (5.94). Let
{X™(t),t > 0} be the corresponding rescaled Markov chain given by (5.97). Let
{N(t), t > 0} be the renewal process defined in (5.118), and (E(t),t > 0) be the in-
verse of the standard a-stable subordinator {D(t), t > 0} with 0 < a < 1. Then

xXm (n_lN (nl/o‘t» = X(E(t)), n— o0

in the Skorokhod space ([0, +00) ; [0, +00)) with J; topology, where {X(t), t > 0} is

Fisher-Snedecor diffusion with generator

Af(x) = 6 ( _ ﬁfz) F)+ 3 et ). T € CH(0, +oc))

Proof. Stochastic processes {X™(t), t > 0} and {X(¢),t > 0} are both cadlag and
Theorem 5.8 implies
X™ = X in D([0, 400); [0, +00)).

Now, simply apply Theorem 5.10 to obtain the desired result. O

Corollary 5.17 Let {H™(r), r € Ny} be the Markov chain defined by (5.107). Let
{X™(t),t+ > 0} be the corresponding rescaled Markov chain given by (5.110). Let
{N(t), t > 0} be the renewal process defined in (5.118), and {E(t), t > 0} be the inverse
of the standard a-stable subordinator {D(t), t > 0} with 0 < @ < 1. Then

X0 (n7'N (n'/o1)) = X(E(t), n— o0
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in the Skorokhod space ([0, +00) ; [0, +00)) with J; topology, where {X (¢), t > 0} is

reciprocal gamma diffusion with generator

1 26

Af(a) =0 (2= 20 ) Fla) 4 5 ) 1 € CAD. o)

5—1

Proof. Stochastic processes {X™(t), ¢+ > 0} and {X(¢),t > 0} are both cadlag and
Theorem 5.9 implies
X™ = X in D([0, +00); [0, +-00)).

Now, simply apply Theorem 5.10 to obtain the desired result. O
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CHAPTER O

Delayed continuous-time
autoregressive processes

In this Section we define the Lévy-driven continuous-time autoregressive processes
delayed via inverse of the standard a-stable subordinator. Moreover, correlation struc-
ture and distributional properties of such processes are studied. Therefore, beside the
fractional Pearson diffusions, we give an alternative model for "trapping events', i.e. time
periods when observed process rests. Unlike in the case of fractional Pearson diffusions,
fractional model is not established here. In particular, Section 6.1 contains preliminary
facts regarding Lévy-driven continuous-time autoregressive processes with corresponding
definition of its delayed counterpart. In Section 6.2 we explicitly derive the correlation
structure for Lévy-driven continuous-time autoregressive processes of order p, with special
interest in low orders. Next, in Section 6.3 we show that these processes are long-range

dependent, while in Section 6.4 we examine their distributional properties.

0.1 Delayed Lévy-driven continuous-time
autoregressive processes

Continuous-time autoregressive process of order p, CAR(p) process, can be symbolically

represented in analogy to discrete case with equation:
dXPHE) + o XPH()dt + ..+ X (t)dt = odW (t), t >0,

where driving process {W(t), t > 0} is the standard Brownian motion.

In this thesis, we focus on Lévy-driven CAR(p) process, i.e. CAR(p) process with Lévy
process as the driving process. Reason for the usage of such processes is the rich class
of non-Gaussian and heavy-tailed marginal distributions of underlying process, due to
usage of Lévy process instead of Brownian motion as the driving process. Brockwell made
such extensions for the Lévy-driven CARMA (p,q) processes, giving necessary and sufficient
conditions for such process to be weakly and strictly stationary, as well as the explicit form

of the corresponding cumulant generating function with several examples (see Brockwell
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(2001b), Brockwell & Marquardt (2005)).

Moreover, we focus on dCAR(p) process, i.e. Lévy-driven CAR(p) process delayed by
the inverse of the standard stable subordinator for low degrees of p. We will be able
to give explicit calculations and formulas for the correlation structure and distributional
properties, which makes it a more trackable process then the general case.

Formal definition of the Lévy-driven CAR(p) process is as follows. Let us introduce
p-variate process

S(t) == [X(1), X'(t),..., X?"'(#)]T, peN (6.1)

which satisfies SDE
dS(t) — AS(t)dt = edL(t), t > 0, (6.2)

where {L(t), t > 0} is Lévy process such that EL(1)? < oo,

1 0
0
A= : . e=
0 0 0 1 0
|~ —Qp-1 —Qp_z - T L]
and
S(0) is independent of the driving Lévy process {L(t), t > 0}. (6.3)

In particular, if p =1 then A = —ay.
Moreover, solution of the SDE (6.2) satisfies

t
S(t) = A9 8(s) + / AV edL(w), t > 5> 0 (6.4)

(see Brockwell (2001b)). Then, Lévy-driven CAR(p) process is defined as {X (t), ¢t > 0},
the first component of the process (6.1). Here the process {S(t), t > 0} is the strictly
stationary solution of (6.4), and which satisfies (6.3).

Additionally, we will assume that the driving process {L(t), t > 0} in SDE (6.2) is the

second-order Lévy processes which satisfy
EL(t) = ut, Var(L(t)) = o*, t >0, for some real constants j, 0. (6.5)

Lévy-driven CAR(p) processes with this additional assumption are referred to as second-
order Lévy-driven CAR(p) processes by Brockwell (see Brockwell (2001b)). Since we
will only consider such processes, we will simply refer to them as Lévy-driven CAR(p)
processes.

Necessary and sufficient conditions for weak stationarity of Lévy-driven CAR(p) process
are given via Proposition 1. in Brockwell & Marquardt (2005). For process {S(t), ¢t > 0}
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to be weakly stationary it is both necessary and sufficient that all eigenvalues of matrix A

have strictly negative real parts and
S(0) has mean and covariance matrix of / eMedL(u).
0

On the other hand, necessary and sufficient conditions for strict stationarity of Lévy-
driven CAR(p) process are given via Proposition 2. in Brockwell & Marquardt (2005).
For process {S(t), t > 0} to be strictly stationary it is both necessary and sufficient that

all eigenvalues of matrix A have strictly negative real parts and
S(0) £ / eAtedL(u).
0

Now it follows that the same conditions are necessary and sufficient for Lévy-driven CAR(p)
processes { X (t), t > 0} to be weakly and strictly stationary.

Eigenvalues of matrix A are the roots of the characteristic equation
CA) =N+ WP+ a2+ o, A+ a, = 0. (6.6)

When p = 1 or p = 2, characteristic roots of equation (6.6) have negative real parts if
and only if all coefficients in the same equation are positive. From here we assume that
conditions for strict stationarity of process {X(t), t > 0} are fulfilled.

Since stationary Lévy-driven CAR/(p) process has the same autocovariance structure as
usual stationary CAR(p) process, it follows that autocovariance function of the stationary

Lévy-driven CAR(p) process is of the form

Cov(X(t),X(s)) = >

o2 dm—1 (Z _ A)mez|t—s|]
A:C(N)=0

(m—=1)! |dz""1 C(2)C(—=2)

FEDN

where m is the multiplicity of the root A of the equation (6.6). If the roots are distinct,
last formula simplifies to

0.26/\\1573\

Cov(X(1), X(s) = 3 T (6.7)

A:C(N)=0

For details, see e.g. Brockwell (2001a). We also use some ideas from Scalas & Viles (2014).
Therefore, stationary Lévy-driven CAR(1) process has autocorrelation function (ACF) of
the form

Corr(X (t), X (s)) = e-lt=sl, (6.8)
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where a1 > 0 in order to have the stationarity of the process.

In the case of stationary Lévy-driven CAR(2) process (6.6) becomes
Z4taz+as=0, (6.9)

where a7 > 0, ap > 0 again for the stationarity of the process. Depending on the sign of
the discriminant D = a2 — 4as of the equation (6.9), we will have three cases for the ACF

of the stationary Lévy-driven CAR(2) process:

e D >0 - the over-damped case

_)\26/\1 ‘tfs‘ + )\16)\2|t7$|

Corr(X (), X (s)) = , (6.10)
Al — g
where A1, Ay are two distinct real roots of the equation (6.9).
e D =0 - the critically-damped case
Corr(X (), X(s)) = (1 + Ly - s\> o Flisl, (6.11)
where A\; = Ay = —9 is the double real root of the equation (6.9).
e D <0 - the under-damped case
_5\ At—s| A t—s]|
Corr(X (1), X(s)) = 2T A¢ (6.12)

A—A ’

where A = a + bi, A\ = a — bi are two distinct complex roots of the equation (6.9)
and a < 0, b > 0. Notice that

ACF (6.12) can also be written in the following form
Corr(X(t), X (s)) = (cos (b(t — 5)) — % sin (blt s|)> il (6.13)

Let {X(t), t > 0} be the stationary Lévy-driven CAR(p) process. Then, the delayed
Lévy-driven CAR(p) process (dACAR(p) process) {X,(t), t > 0} is defined via a non-
Markovian time-change F(t) independent of X (¢):

where E(t) = inf{x > 0: D(z) > t} is the inverse of the standard a-stable subordinator.

Notice how this definition is fully analogous to that of fractional Pearson diffusion. In
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particular, they share the same time-change process, while the difference lies in the outer
process, which is Lévy-driven CAR(p) process in the case of dCAR(p) process, and Pearson
diffusion in the case of fPD (see Section 4). Therefore, the defined process is non-Markovian
and non-stationary.

Recall that the density f;(-) of E(t) is given by

fi(x) = —x iga(ta:_l/a), (6.14)

where g,(+) is probability density of standard stable subordinator D(1) (see Section 2.3),

while the corresponding Laplace transform is

E[e*E®] = /OOO e fi(x)dr = E,(—st*), s >0, (6.15)

where &,(-) is the Mittag-Leffler function (see (2.9)).
Unlike in previous sections, in order to establish some results regarding correlation
structure of dACAR(p) processes, we need (6.15) to be valid for complex s. To see that

(6.15) is indeed valid for any complex s, notice that for any 0 < o < 1 and any complex s

o0

aby(—s) = /e_smx_l_l/o‘ga(x_l/o‘)dx (6.16)

(see Theorem 2.10.2, Zolotarev (1986)). Now combining (6.14) and (6.16) we directly
obtain (6.15).
Moreover, in some cases in this section we use two-parametric Mittag-Leffler function,

which is defined as

where a, 5 € C, Re(a) > 0, Re(5) > 0.
This function was first studied by Wiman in 1905 (see Wiman (1905)). Notice when 5 = 1,
two-parametric Mittag-Leffler function reduces to classical Mittag-Leffler function &,(z).

For details regarding Mittag-Leffler functions we refer to Gorenflo et al. (2016), Popov &
Sedletskii (2011).
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0.2 Correlation structure of delayed Lévy-driven
continuous-time autoregressive processes

In this section we compute formulas for the correlation structure of dCAR(p) processes,
with special interest in low orders. The correlation function (CF) of the dCAR(p) process
{X4(t), t > 0} where 0 < a < 1 is of the form

Cort[ X, (1), Xa(s)] = Corr[ X (E(1)), X (E(s))] = / / Corr[X (u), X (0)] H (du, dv),
e (6.17)

where the last integral is the Lebesgue-Stieltjes integral with respect to the bivariate
distribution function H(u,v) :=P(E(t) < u, E(s) < v) of the process {E(t), t > 0}.

In order to compute the last integral we use the idea of bivariate integration by parts (see
Lemma 2.2, Gill et al. (1995))

77F (u, v)H(du, dv) ://H ])F(du,dv)+7OH([u, o0] % (0, 00]) F(du, 0)

+ /H((O,oo] % [v,00]) F (0, dv) + F(0,0)H((0, 0] x (0, 00)).
(6.18)

This approach was exploited for calculating the correlation structure of the fractional Pear-
son diffusions, i.e. time-changed (delayed) Pearson diffusions via inverse of the standard
a-stable subordinator (see Leonenko et al. (2013a)). Recall that the fractional Pearson
diffusion, i.e. the process {Y,(¢), ¢ > 0} has correlation structure of the form (see Section
4.4)

«a s/t —0t(1 — 2«
Corr(Y, (1), Ya(s)) = Ea(—6t%) + F((ig—it— ) /f,’a( br°(1 — 2) )dz, (6.19)

which we use in the following results.

Remark 6.1. Notice that the integral representation (6.17) for CF of the general delayed
stochastic process, depends only on the CF of the non-delayed process {X(¢), ¢t > 0}
(i.e. the outer stationary process) and the bivariate distribution H (u,v) of the process
{E(t), t > 0}. So if two non-delayed processes have the same CF, their delayed counter-

parts will have the same CF as well.

The next theorem provides a general formula for correlation structure of the dCAR(p)
process for which the corresponding characteristic equation (6.6) has distinct roots. In

the case of non-distinct roots, extended techniques must be used (see Theorem 6.5).
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Theorem 6.1 Let {X,(¢), ¢ > 0} be the stationary Lévy-driven CAR(p) process defined
in Section 6.1 with the autocovariance function given by (6.7). Then the correlation

function of the corresponding dCAR(p) process {X,(t), t > 0} is given by

s/t o o
S (C'NC(=A) 7 [Ea(Ate) — oM [ 2QEUZ20) g,

Corr(X,(t), Xa(s)) = A:C(N)=0 F(i+a) | Ta |
( (t) ( )) )\:C(E/\:):O (O/(/\)C(—)\))fl
(6.20)
where t > s > 0.
Proof.
Corr(Xa(t), Xa(s)) = Corr(X,(E(t)), Xp(E(s)))
_ / / Corr(X,(t), X, (s)) H (du, dv)
)\\t s|
: w%)zow’ 1/ / 5 OO T
= : ; Ji OOeA|u7U| w. dv
A.C%):O(C’(A)C(—A))*l A:C%ZO C'(N)C(=N) 0/0/ H{(du, dv),
(6.21)

where the integral after the first equality is a Lebesgue-Stieltjes integral with respect
to the bivariate distribution function H(u,v) = P(E(t) < u, E(s) < v) of the process
{E(t), t > 0}. Since integrands in (6.21) have the same form as the ACF of the stationary
Pearson diffusion, from (6.19) (i.e. Theorem 3.1., Leonenko et al. (2013a)) the result

immediately follows. O

Remark 6.2. The last theorem is also valid for complex eigenvalues. To see this, notice
that the Laplace transform of the density of random variable E(t) (6.15) is valid for
any complex number s and procedure from Leonenko et al. (2013a) is valid for complex

eigenvalues as well.

0.2.1 Delayed Lévy-driven continuous-time autoregressive
process of order p =1

Corollary 6.2 Let {X(t), t > 0} be the stationary Lévy-driven CAR(1) process defined

in Section 6.1 with the correlation function given by (6.8). Then the correlation function
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of the corresponding dCAR(1) process {X,(t), t > 0} is given by

o S/t (0% (0%
Corr(Xa(t), Xo(s)) = Ea(—ant®) + —2t )/5@“*“t(1_z)%u, (6.22)

Zl—a

where ¢t > s > 0.

Proof. In this case, characteristic equation is of the form
C(z)=z4a; =0,

where a; > 0. Now simply apply Theorem 6.1 and the result follows. O

Remark 6.3. If in the outer process, stationary Lévy-driven CAR(1) process is replaced with
the usual stationary CAR(1) process (i.e. if the driving process is Brownian motion), the
outer process becomes the Ornstein-Uhlenbeck process (one of the six Pearson diffusions),
while the corresponding dCAR(1) process becomes the fractional Ornstein-Uhlenbeck

process.

0.2.2 Delayed Lévy-driven continuous-time autoregressive
process of order p = 2

The over-damped case

Corollary 6.3 Let {X5(t), t > 0} be the stationary Lévy-driven CAR/(2) process defined
in section 6.1 with the correlation function given by (6.10). Then the correlation function
of the corresponding dCAR/(2) process {X,(t), t > 0} is given by

Corr(X,(t), Xo(s)) = MEa(Aat®) — Aa&a (M)

M=
AM ate e Ot (1 = 2)%) — Ea(Mat®(1 — 2)%)
/ dz,
)\1 1 + Oé -
(6.23)

where t > s > 0.

Proof. In this case, characteristic equation is of the form
Cz) =22 +aiz+ay=0,

where oy, as > 0, D = a? — 4ay > 0, while the corresponding roots are A\; and \y. Now

simply apply Theorem 6.1 and the result follows. O
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The under-damped case

Corollary 6.4 Let {X5(t), t > 0} be the stationary Lévy-driven CAR(2) process defined
in section 6.1 with the correlation function given by (6.12). Then the correlation function
of the corresponding dCAR(2) process { X,(t), t > 0} is given by

Con (X, (1), Xa(9) = 2= =263,
_ s/t _
A\ at® Ea( At (1 — 2)*) — Eo(Mt*(1 — 2)9)
+ e 5\ F(l n a) / o dZa (624>

where t > s > 0.

Proof. In this case, characteristic equation is of the form
C(z) =2*+ a1z +as =0,

where aj, ay > 0, D = a? — 4ay < 0, while the corresponding roots are A and A. Now

simply apply Theorem 6.1 and the result follows. O]

The critically-damped case

Theorem 6.5 Let {Xs(t), ¢ > 0} be the stationary Lévy-driven CAR(2) process defined
in section 6.1 with the correlation function given by (6.11). Then the correlation function
of the corresponding dCAR(2) process { X, (t), t > 0} is given by

Comr(Xa (1), Xa(s)) = 5117600 (=517) + &0 (= 57)
s/t

or £ / (1= 2)€ (—O‘ltau— )a)d (6.25)
4F1+a ) €aa (5 “) e '

where t > s > 0.

Proof.

Cort(Xa(t), Xa(s)) = Corr(Xs(E(t)), X )= / Corr(X (1), X (s)) H (du, dv)

0\8 0\8
0\8

(1 + %]u - v]) e~ T H (du, dv),
(6.26)
where the last integral is a Lebesgue-Stieltjes integral with respect to the bivariate distri-

bution function H(u,v) = P(E(t) < u, F(s) < v) of the process {E£(t), t > 0}.
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Let Fl(u,v) = (1+ %ju—v e~ 3 lu—vl, Following bivariate integration by parts approach
2

as in Leonenko et al. (2013a), i.e. bivariate integration by parts formula (6.18) we obtain

77F (u, v)H (du, dv) = 771@ E(s) > v)F(du, dv) +/IP’ > u)F(du, 0)+

80

v)F(0,dv) + 1

+

o
=
&

— L+ L+1+1. (6.27)

Since F'(du,v) = f,(u)du for v > 0 where

o) = =2 = e F O (> ) -

= S FUPED) 2 0| - [ G RED 2 ) - ufiw) du
0
= 7me‘5“Uft(U)du —~ 70q6_051“P(E(t) > u)du
2 2
0 0
= /%e*%“uft(wdu + &a (—O;Ita> -1 (6.28)
0
Similarly,
Iy = /IP’ ) > 0)F(0, do) /0‘1 e~ FUuf, (v)dv + €, ( O;sa) 1 (6.29)

Now, (6.27) reduces to

/F u, v)H (du,dv) = I —l—/—e 2y (fo(u) + fi(w)) du+ Ea (—%ta) + &, <—%sa) —1.
0
Since F'(du,dv) = h(u,v)dudv where

_ (% _ 5 )
h(u,v) = e 2 — 8(u—v)e 2 I(u > v)+
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and the process {E(t), t > 0} is nondecreasing it follows that for u < v

Write
L=1"+ 1" + 1y,

where

1 = / P(E(t) > u, E(s) > v)F(du, dv) = / P(E(s) > v)F(du, dv)

u<v u<v

Jrop. / P(E(t) > u, E(s) > 0)F(du, dv) = / P(E(s) > v)F(du, dv)

uU=v uU=v

19 = / P(E(t) > u, E(s) > v)F(du, dv).

u>v
Once again, using integration by parts and (6.15) we obtain

2 3

1= / / _71 v dudy — % / / (v— u)e_%(”_“)dudv
v=0u= v=0u=
02 7 .,
- / P(E(s) > v)ve™ 7 “dv
0
Oo041 — aj
—1 _/76 Foufy(v)dv — E, (—ﬁ) . (6.30)
/ 2 2

Notice that Il(a) = —1;.

Since function f,(u)du = F'(du,v) does not have a jump at v = v it follows

Jjop. / P(E(s) > v)F(du, dv) = 0. (6.31)
Next,
c) &% 7 T u—v
LY = 2 / P(E(t) > u, E(s) > v / dudv—

v=0 u=v

3 (o] o
. % / P(E(t) > u, E(s) > ) / (4 — v)e~F ) dud. (6.32)

v=0 U=v

From Leonenko et al. (2013a), page 741 we have

P(E(t) > u, B(s) > v) = / Z‘U £, () / %m — W) fulu — v)dady.
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Now using this expression together with Fubini theorem in (6.32) we obtain

9 8 t—y 00 00
19 . / e / e / v fy(v) /(u—U)fz(u—v)e_%(“_”)dudvdmdy
4 Y x
y=0 =0 v=0 U=v
ot ta' e T T
_ 1 /= - —_ )2 — )5 (u—v)
5 O/y _/0 . _/vay(v)u/v (u—v)*fe(u—wv)e du dv dzx dy.
Since
/(u—w)fx(u—v)e s )y = /zfg,,(z)e_%lzdz, (6.33)
uU=v 0
/ (u—v)? folu —v)e 2 WV dy = /szx(z)e’%lzdz (6.34)
u=v 0
and .
[ ottt ~ElB6)] = -
J o I'l+a)

(see Baeumer & Meerschaert (2007), Eq. (9)) it follows

s t

Y

(c): 05104 / 17 —%zd d d
! A1 + «) l-a x 2fal2 Farey
y=0 =0 0
t—y 1 00
2 2,
— - dz dz dy. 6.35
8F1+a/y1a_/a:/f Caardy (6.35)

As in Leonenko et al. (2013a), we proceed by expanding e~ 2% in (6.33) and (6.34) to

obtain _
00 o 2 Z ( al a)jj

¢S 1+aj)

and

de <_0‘1$a> _ Z‘i (_Qxa)jj (6.36)

dx 2 = 'l +aj)
and
PRI BE o ) RIS Yo i
dz? ™ 2 a? = T(1+aj) 22 T(1+aj)
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which implies

/zfx(z)e_%zdz _ —&a (—O;xa> (6.37)

ooy dx

and

00 N 4 x2 d2 o €T €T d «
2 -z _ _ S R _ M e
O/Z fo(z)e”27dz = 2 [oﬂ dl.zS‘Y( 9 " > + (a2 a) dxga ( 2" >] .

Using these expressions in (6.35) we obtain

&= / / <_0‘1 a)d d
(1 ta) ) yimo ) @\t )W

2 s = 2
oo 1 z d ( o > <1 1) d < oy )

Eo | ——2° — —— =& | ——=a%) | dxd
2F(1+a)_/0y1°‘ _/0 [aﬂdmz 2" i a? o/ dx 2 " vy

t—

v
. » Moo D (L s
(1 + / / [ da2™® ( 2" >+dx5a< 2 " )] de dy

Since , /

d o, d o L\ (. d ar g,
rgbe (-5 + e (F5) = (%ﬁa( 27 ))

(c) _ e
f / w5 (-5
! 1+a ZI

Using the definition of the two-parametric Mittag-Leffler function &, 5(-) together with

it follows

dy.

r=t—y

(6.36), after straightforward calculations we obtain

e37)

L / Tt —y)*E (—O‘l(t— )a>d
1 = 4F(1—|—a) Oy Yy a, o 9 Yy Y.
y:

Substituting y = ¢ z in the last integral it follows

. al SO _% «
=- Saa< 22) (6.38)

T=Z

so that

t2a s/t o
10— / 1= )6 <_21ta(1 _ Z)a) dz. (6.39)

On the other hand, (6.37) and (6.38) imply that (6.28) reduces to

(051 (65} aq
Iy = —t%Eq o | ——t° o | ——t%) — 1. A
7 20 g’( 2 )+5( 2 ) (6.40)
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Finally, combining together (6.29), (6.30), (6.31), (6.39) and (6.40) we obtain

Cort(Xo(t), Xa(s)) = L+ L+ Is+1=1" + I + I + L+ I3+ 1

aq aq &3]
= —t° a, o ——t" el ——1“
ol Enn (<510) vea (50

s/t

t20¢ o
N1 = 2)%8n 0 [~ 22491 — 2)*) .
4F1+a / 2)° ( 51 2)) :

Remark 6.4. When t = s, it must be true that Corr(X,(t), Xo(s)) = 1.
For t = s (6.39) becomes
I(c) _ O{% t20¢
=1
AT(1+a

1
Oélta 1 d ( (03] )
_ «a 780[ It P d
2I'(1 + «) / : [xd:p 2" :
2=0 z=t(1—=z)
o] 4O (3 j o
B o t®o jzali ( 5t (1-2) ) ]dz
2I°(1 +a)z:0 jrd ['(1+ ay)
RTAAE
at®a e ( 21t ) J / 1
_ a=1(1 aj g
2P(1+a)§0 P(i+aj) J ° (1—2)%dz

Since formula for the beta density yields

/y )"ty = B(a, b)zott!
where B(a, b) = FF(ZBJFFES), a>0,b>0,(6.42) reduces to
a0\
7O = Cagt® al(a) & (—775 ) J

2 T(1+a) jz()F(1+a(j+ 1))

7=0 1 + o j + 7=0 + ] + 1
td (651 631
St () g ()
adt 2 2 +
(e%] aq 1
g (<) g, (<)
2c0 2 2 +

(6.41)

(6.42)
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Now, from (6.41) it follows Corr(X,(t), Xa(s)) = 1.

Remark 6.5. For dCAR(p) process of order p > 2 such that the non-distinct roots of the
corresponding characteristic equation (6.6) have the highest multiplicity m = 2, one can
expect similar correlation structure as in Theorem 6.5. On the other hand, with higher
multiplicities (m > 2), higher derivatives of Mittag-Leffler function should appear in the

correlation structure, and case-by-case analysis is expected.

0.3 Long-range dependence property

In this section we show that dCAR(p) processes are long-range dependent processes,
emphasizing low orders.
Recall that for non-stationary stochastic process {X(t), t > 0} we say it has long-range
dependence property if

Corr(X(t), X(s)) ~ c(s)t™4, t — oo,

for a fixed s > 0, some constant ¢(s) > 0 and d € (0, 1) (see Section 4.4, where we first used
this definition to show that fractional Pearson diffusions exhibit long-range dependence
property).

Before we proceed, we need some technical results regarding Mittag-LefHler functions. First

notice that ]

Ea(Ot%) ~ T — a)e

t — o0, (6.43)

where 0 is a complex number such that Ref < 0 and 0 < a < 1 (see Theorem 1.4.,
Podlubny (1998)). Since

Ea a(0t*) ~ O(|0t*|72), t = o0

(again, see Theorem 1.4., Podlubny (1998)) from (6.38) and (6.43) immediately after
applying L’Hospital’s rule for complex valued functions (see Carter (1958)) it follows

«

E0al) ~ G gy

t — co. (6.44)

On the other hand, if # is a complex number such that Ref < 0, 0 < a < 1 and C a real
constant, then (see Theorem 1.6., Podlubny (1998))

‘ < Lj
1+ |6|te

1€ o (0Y)

1£.(6t%) t>0, (6.45)

< — t>0. 6.46
|—1+|9|t0<’ (6.46)
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Next, we prove two lemmas needed for the proof of the long-range dependence for dCAR(p)

processes.

Lemma 6.6 Let 6 be a complex number such that Ref < 0. f 0 <a<landt>s>0
then

t — o0.

S/“ea(etaa —) 1 s
J Zl-a fal(1 — «) t2’

Proof. By change of variable z = s/ty we have

S/“ga(etau —2) <8)0‘/1 Eal0r(1 = sy/t)")

Zlfa ; ylfa

Y.

From (6.45) we see that last integrand is bounded with g(y) = C/y'~* and [} g(y) < oo,

so by using Lebesgue’s dominated convergence theorem together with (6.43) we obtain

(s)ao/lea(eta(l 700 P (5>“10/1ya1dy, t — oo

t yl—« t

Lemma 6.7 Let 6 be a complex number such that Ref < 0. f 0 <a<landt>s>0
then

s/t

1 5%
a—1 @ @ a

Proof. Once again, by change of variable z = s/ty we have
s/t
/ 22N 1= 2)%E g 0 (0t*(1 — 2)*) dz = ( ) / YT (1= sy/t)" Ea.a (0t (1 — sy/t)*) dy

2=0

From (6.46) we see that last integrand is bounded with g(y) = Cy*~' and [; g(y) < oo,

so by using Lebesgue’s dominated convergence theorem together with (6.44) we obtain

() [t o= s e 00— sy ~(3) oy [ v (= s/

S\ ¢ a1
~(1) s b Y

1 s¢
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Theorem 6.8 Let {X,(t),t > 0} be the dCAR(p) process as in Theorem 6.1 with
corresponding correlation function (6.20). Then stochastic process { X, (t), ¢ > 0} has the

long-range dependence property, i.e. for a fixed s > 0

> (ACAC(=N)

t— XC(A)=0 Ch
Corr(Xa(t), Xa(s)) ~ Ti—a) |~ XC%\:):O(C’()\)C(—A))_I + Ti+a) | t — o0.

Proof. Since distinct roots A of equation (6.6) have negative real parts, using (6.43) to-

gether with Lemma 6.6 it follows

s/t o o
R (edPV @Oy [eawa) Wy | R >dz]

Corr(Xa(t), Xo(s)) = 2EX=0 I
e C'(N)C(=N)
A:C(ZA):O( (NC(=A)
(C'NCEN) T |~ St + Tiite) * Sar(ia) i
NA:C(/\):O { AT (1—a)t I'(l1+a) Aal(l-a)t } e
/ -1 ’
X (C'(NC(=A)
A:C(\)=0
L S (A=) .
_t _ AC(W)=0 + S £ oo
Il -a) Y (CNC(=N))TT T T +a) |’ ‘
A:C(A\)=0
O

Corollary 6.9 Let {X,(t),t > 0} be the dCAR(1) process as in Corollary 6.2 with
corresponding correlation function (6.22). Then stochastic process { X, (t), ¢ > 0} has the

long-range dependence property, i.e. for a fixed s > 0

Corr(X(t), Xa(s)) ~ I‘(f_—aoz) (Oi + I‘(lsj—a)> , t— 0.

Proof. In this case, characteristic equation is of the form
C(z)=z4a; =0,

where a; > 0. Now simply apply Theorem 6.8 and the result follows. O

Corollary 6.10 Let {X,(t), t > 0} be the dCAR(2) process in the over-damped case,
i.e. as in Corollary 6.3 with corresponding correlation function (6.23). Then stochastic

process {X,(t), t > 0} has the long-range dependence property, i.e. for a fixed s > 0

Corr(Xa(t), Xa(s)) ~ — <—A1“2 i

I —
Ta—a) U Ak +F(1—|—a)>’ o
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Proof. In this case, characteristic equation is of the form

Cz) =2 +a1z+ay =0,
where oy, ap > 0, D = a? — 4as > 0, while the corresponding roots are A\; and \y. Now
simply apply Theorem 6.8 and the result follows. O

Corollary 6.11 Let {X,(t), t > 0} be the dCAR(2) process in the under-damped case,
i.e. as in Corollary 6.4 with corresponding correlation function (6.24). Then stochastic

process {X,(t), t > 0} has the long-range dependence property, i.e. for a fixed s > 0

Corr(Xa(t), Xa(s)) ~ F(f‘_“ . (_A;\A N F(ﬁ a)) o o0

Proof. In this case, characteristic equation is of the form
Cz) =22 +aiz+ay =0,

where oy, ag > 0, D = a? — 4ay < 0, while the corresponding roots are A and M. Now

simply apply Theorem 6.8 and the result follows. O

Theorem 6.12 Let {X,(t), t > 0} be the dCAR(2) process in the critically-damped case,
i.e. as in Theorem 6.5 with corresponding correlation function (6.25). Then stochastic

process {X,(t), t > 0} has the long-range dependence property, i.e. for a fixed s > 0

Corr (X, (t), Xo(s)) ~ F(f—aoz) <Oil1 + l{j_@» , t— o0.

Proof. Since oy > 0, using (6.43), (6.44) together with Lemma 6.7 for 0 = —ay /2 it follows

Corr(Xa(t), Xa(s)) = S-t°Eua (= 517) + &a (= 57)
s/t

t2a
/ "1 —2)%, (—O;Ita(l — z)o‘> dz

Ao n 2 n a? 2 4 s
™ 2a 1F(l — a)tzo‘ al'(1—a)te A1+ a) o3r'(1 — «) 3

1 4 n s N
=+t = 0.
Fl—a)\ay T'(l1+a))’
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0.4 Distribution of delayed Lévy-driven
continuous-time autoregressive processes

Let J
t
pz,t) = -
denote the density of the Lévy-driven CAR(p) process {X (t), ¢ > 0}, and like in previous

sections, let

P (X (1) < )

d
fi(z) = dr

denote the density of the inverse of the standard a-stable subordinator {E(t), t > 0}.
Then for the density of the dCAR(p) process {X,(t), t > 0}

P(E(t) <x)

Lp(Xo(t) < 2) = LP(X(E() < 2)

t
alz, 1) := dx - dx

the following representation is valid

/pwsﬁ (6.47)
0

To see this, since X (t) and F(t) are independent, using conditional argument yields

After differentiating (which can be justified by the dominated convergence theorem) we
arrive at (6.47).

Since the density f;(z) of the process {E(t), t > 0} is given via (6.14), it is clear that once
we know the density p(z,t) of the process {X(t), ¢ > 0}, we can calculate the density
q(z,t) of the dCAR(p) process { X, (t), t > 0} via (6.47).

Example 6.1 Let us consider the non-stationary CAR(1) process with L(t) = W(t), i.e.
driven by the standard Brownian motion. SDE (6.2) reduces to

dX (t) + an X (t)dt = dW (1),

Therefore CAR(1) process reduces to the well known Ornstein-Uhlenbeck process (see
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Section 3.2) with transition density (cf. Karlin & Taylor (1981a), page 332)

1 xr — xoe” M
p(w,t;m0) = \/27r(2a1)—1(1 o) exp{ " o) (1= e } (6.48)

If we denote probability density of the initial distribution of CAR(1) process with pg, then
the density of CAR(1) process is given by

ple.t) = [ pola)p(e. i z0)da,

where the transition density p(z, t; zo) is given by (6.48). Now, density of the corresponding
dCAR(1) process, i.e. expression (6.47) becomes

a@.t) = [ polao) (7p<x, s;xo>ft<s>ds) o

where pg is the initial distribution of the non-stationary CAR(1) process, f; is the proba-
bility density of the inverse of the stable subordinator (6.14) and the transition density of
CAR(1) process p(x, s; o) is given by (6.48).

However, in this thesis, we consider only stationary Lévy-driven CAR(p) process
{X(t), t > 0}. If m(x) denotes its probability density, then from (6.47) it is clear that
the density of corresponding dCAR(p) process stays the same over all time, i.e. it has the
probability density m(z). Therefore, density of the dCAR(p) process is the same as the
density of the corresponding stationary Lévy-driven CAR(p) process.

Stationary Lévy-driven CAR(p) process {X(¢), ¢t > 0} has cumulant generating func-
tion (cgf) for {X(t1), X(t2), ..., X(tn), 0 <ty <ty <--- <t,} (see Brockwell (2001b),
Brockwell & Marquardt (2005))

[e’e] n t1 n
InE [exp(ibh X (t1) + - - - + 160, X ()] :/f <Z HibTeA(tiJr“)e) du + /{ (Z QibTeA(ti“)e> du
0 =1 0

= i=1

to n tn
+/§ (Z HibTeA(ti_“)e) + ...+ / £ (Q,LbTeA(t”_“)e> du,
=2 tn—1

t1

(6.49)

where b = [1,0,...0]”, b € RP, the characteristic function of the driving Lévy process
{L(t), t > 0} of the CAR(p) process

¢t(9) — [eieL(t)} _ et{(@)’
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where

. 1 wxT
£(0) = im — 59252 + o) ( o —1—ibx ]Ilz|<1) v(dz),

for some m € R, s > 0 and Lévy measure v. In particular, marginal distribution of X (t)
(and therefore of X, (t) as well) has cgf

InE [exp(i0X (t))] =

¢ (0b"ee) du. (6.50)

In our setting, (6.50) reduces to cases:

o stationary Lévy-driven CAR(1) process with the correlation function given by (6.8)

InE [exp(i0X (t /§ _aou
0

o stationary Lévy-driven CAR(2) process with the correlation function given by (6.10)
A2u
InE [exp(i0X (t /§ ( ) du

o stationary Lévy-driven CAR(2) process with the correlation function given by (6.11)

InE [exp(i0X (¢ /§ Que ) dy
0

o stationary Lévy-driven CAR(2) process with the correlation function given by (6.12)
InE [exp(i0 X (t /5 ( > du.

Example 6.2 Let us consider the stationary Lévy-driven CAR(1) process with the driving
process being compound Poisson process with finite jump-rate A and bilateral exponential
jump size distribution with probability density f(z) = (3/2e ?#l, while corresponding

characteristic exponent is of the form

A\G?

£(0) = R

Then, marginal distribution of the corresponding dCAR(1) process has cumulant generat-
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ing function of the form

InE [exp(i0X,(t))] = 7O§ (9 6_0‘°“> du = A In (1 + ZZ>,

2&0

which shows that corresponding dCAR(1) process has marginals distributed as the dif-
ference between two independent gamma distributed random variables with exponent

A/(2ap) and scale parameter f3.

Many examples regarding distribution of stationary Lévy-driven CAR(p) process can
be found in Barndorff-Nielsen & Shephard (2001), Brockwell (20015) and Brockwell &
Marquardt (2005).
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