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1 Introduction

Primordial gravitational wave backgrounds (GWBs) are a tantalizing probe of new physics
in the early universe that can complement searches for hints in cosmology or at particle
physics experiments. In particular, the prospective Laser Interferometer Space Antenna
(LISA) [1] will likely be sensitive to gravitational wave (GW) signatures of the strong first-order
phase transitions predicted in various popular new physics models [2–5]. The observation
of such backgrounds is a major physics motivation of LISA and various other proposed
GW detectors, such as the Einstein Telescope [6, 7], Deci-hertz Interferometer Gravitational
wave Observatory (DECIGO) [8, 9] and u-DECIGO [10, 11], and Big Bang Observer [12–14].
Recently, significant attention has also turned towards the possibility of detecting ultra
high-frequency GWs, see e.g. [15] and references therein for particular examples of proposed
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searches. One advantage of this kind of search is that the known sources of the astrophysical
GWB are not small enough to produce GWs at high frequencies above ∼ 104 Hz [15].

While strong first order phase transitions and other violent out-of-equilibrium phenomena
that may have occurred in the early universe are amongst the most promising sources of
primordial GWBs [16–21], a deviation from thermal equilibrium is not a strict requirement
for GW production: any viscous plasma produces GWs due to microscopic thermal fluctua-
tions [22–24]. The resulting background is generically expected to be much weaker than that
of out-of-equilibrium processes, but it is much harder to avoid since the mechanism does not
rely on any deviation from the standard cosmology. Thermal fluctuations are expected to be
a primary source of the Standard Model (SM) contribution to the primordial GWB [22, 23],
and it has been pointed out that this contribution effectively measures the largest temperature
of the early universe plasma after inflation [23, 25].

In general, thermal fluctuations produce a black-body-like GW spectrum that peaks at
momenta k ∼ πT and exhibits a long tail extending to much smaller frequencies. Close to the
peak, the fluctuations are best described as the result of particle collisions, but this description
breaks down for sufficiently small frequencies, where hydrodynamics becomes applicable
instead. In this domain, the production rate exhibits a universal ∝ k3 frequency scaling. Hy-
drodynamics is appropriate e.g. for computing the SM contribution to primordial GWBs with
frequencies in the LISA window 10−4 Hz < f < 10−1 Hz [5, 23, 25], and the same can be true
for contributions from many extensions of the SM. Since the size of the relevant hydrodynamic
fluctuations generically scales as the mean free path of the most weakly interacting plasma
constituent [22, 23, 26–28], GW production can be enhanced if these extensions contain
particles whose interactions are weaker than the SM U(1) hypercharge gauge interactions. The
existence of such feebly interacting particles [29] is predicted by various theoretical ideas to
address the shortcomings of the SM, either as a standalone or as a component of an extended
hidden sector that couples to the SM only via portal interactions, cf. e.g. [29–32] and references
therein. These particles can be produced thermally or via non-thermal processes such as
(p)reheating or the decay of heavier new particles. A similar enhancement of GWBs due to
the presence of feebly interacting particles has been pointed out in the context of strong first-
order phase-transitions [33], and the production of gravitational waves from hydrodynamic
fluctuations has also been considered in the context of axion-like warm inflation [34, 35].

In the present work, we focus on GWBs produced in thermal equilibrium during the
radiation dominated period of the early universe. The primary quantity determining the
production rate in the hydrodynamic regime is the shear viscosity η. The shear viscosities of
various generic U(N) and SU(N) gauge theories are well established in the literature [36–38],
and there also exist prior results for the viscosity of a single, feebly interacting (pseudo-
)scalar [34, 39]. We adapt the strategy in [34, 39] to compute the shear viscosity of a massive
feebly interacting fermion ψ, and combine this result with these prior computations to
study the GWB due to generic feebly interacting particles, pointing out the existence of a
model-independent upper bound. As specific examples, we then consider axion-like particles
(ALPs) and heavy neutral leptons (HNLs).

This article is structured as follows: in section 2, we briefly review the mechanism for
thermal GW production. We present the rates for GW production from hidden scalars
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and fermions in section 3, where the latter is based on the computation in appendix A.
In section 4, we then discuss the phenomenological implications for GWBs from feebly
interacting particles, including a model-independent upper bound (section 4.2) and useful
approximate formulae to compute the GWB in the high temperature regime (section 4.3).
We illustrate these for two popular hidden particles in section section 5, namely ALPs and
HNLs. Section 6 concludes the paper.

2 Gravitational waves from thermal fluctuations

GWs are traceless-transverse tensor perturbations to the metric. The relevant line-element
for a spatially flat FLRW background cosmology is

ds2 = dt2 − a2(δij + hij)dxidxj , hi
i = ∂ihij = 0 , (2.1)

where a = a(t) is the scale-factor of the universe and hij the graviton field. It evolves
according to the linearized wave-equation

ḧij + 3Hḣij − ∇2hij

a2 = 16π Tij

a2m2
Pl
, (2.2)

where mPl ≡ 1
/√

G ≈ 1.22 · 1019 GeV is the Planck mass, and Tij the traceless-transverse
contribution to the Einstein stress-energy tensor.

In the following, we focus on the production of gravitational waves at sub-horizon scales
due to microphysical fluctuations in a thermalized early universe plasma. In this case, the
Hubble rate H ≡ ȧ/a is small compared to the redshifted GW frequency 2πfa0/a = k, where
f is the frequency at present time, k the physical graviton momentum, and a0 the scale factor
at present time. It can be shown that the spectral energy density egw evolves according
to the equation of motion [22, 23, 25]

dėgw
d ln f + 4H degw

d ln f = 16π2
(
fa0
a

)3 Π(2πfa0/a)
m2

Pl
, egw ≡ m2

Pl
32π

〈
ḣij(t,0)ḣij(t,0)

〉
ρ
, (2.3)

where the production rate

Π(k) = 1
2

∫
dtd3x ei(kt−kx) Lij;kl ⟨{Tij(t,x), Tkl(0,0)}⟩ρ , kx = δijk

ixj , k2 = δijk
ikj

(2.4)

is computed in locally Minkowskian coordinates. Accordingly, the spatial Lorentz indices are
raised and lowered using the Kronecker delta δij , while the projector

Lij;kl = 1
2 (LikLjl + LilLjk − LijLkl) , Lij = δij − kikj

k2 , (2.5)

ensures that only the traceless-transverse components of Tij contribute. Working in the
Heisenberg picture, the quantum-statistical average ⟨O⟩ρ ≡ tr {ρ O}, where ρ is the von
Neumann density matrix, encodes information about the state of the early universe plasma,
including e.g. the temperature, at the time of production.
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2.1 Enhancement due to feeble interactions

The stress-energy tensor is a composite operator constructed from the various elementary
quantum fields in the theory. At sufficiently large distances, it is possible to capture the
dynamics of systems close to local thermal equilibrium in a model-independent way by
expanding the tensor around its perfect fluid ansatz. Choosing a frame in which the fluid
three-velocity vi is small, this defines the hydrodynamic stress-energy tensor

T 0
0 = e , T i

0 = (e+ p)vi , T j
i = [p− ζ(∇v)] δj

i − η

[
∂iv

j + ∂jvi − 2
3δ

j
i (∇v)

]
, (2.6)

where e is the local energy density, p the pressure, ζ the bulk viscosity, and η the shear
viscosity. The hydrodynamic ansatz (2.6) is consistent at energy scales ω ≫ Γ, where
Γ ∼ k2η/T 4 is the damping rate of sound waves with wavenumber k = ω/cs. Using that the
speed of sound cs ≈ 1/

√
3 is approximately independent of k, one finds the equivalent condition

ωη ≪ T 4. In this regime, the shear viscosity η measures the size of the traceless-transverse
contributions to the stress-energy tensor. Indeed, the production rate Π turns out to obey
the Kubo formula [22]

lim
k→0

Π = 8Tη . (2.7)

The shear viscosity is generically expected to scale as the mean free path lav of the most
weakly interacting plasma constituent [26–28],

η ∼ lavvavT
4 ∼ T 4/Υ , (2.8)

where vav is the average velocity associated with the relevant particle species and Υ is its
total width, which is connected to the mean free path via the optical theorem. In other
words, particles with feeble interactions, and therefore long free paths, tend to dominate
GW production in the regime ωη ≪ T 4, making GWs a potentially promising probe for
hidden sectors.

At first glance, the scaling of (2.8) also seems to imply that the shear viscosity, and with it
the GW production rate, diverges in the limit Υ → 0, where the particle is in fact completely
sterile. However, this scaling is only valid in the hydrodynamic limit k ≪ Υ. For smaller
widths Υ ≲ k, one instead recovers the naively expected scaling Π ∝ Υ, with no enhancement
for feebly interacting particles. Hence, as expected, feebly interacting particles dominate
primordial GW production in the hydrodynamic regime but not necessarily in other regimes.

2.2 Present day spectrum

To solve eq. (2.3), one has to fix the time-dependence of the scale factor a, which is connected
to the evolution of the early universe plasma via conservation of the comoving entropy
density, ∂t[a3(s + sh)] = 0, where s and sh respectively denote the SM and hidden sector
contributions to the entropy density. Neglecting entropy transfer between the two sectors,1

1This assumption is not always valid. In particular, heavy new particle decays, e.g. in conjunction with a
period of early matter domination [40–42], can inject entropy into the SM plasma. The net effect of such an
entropy injection would be an additional dilution of primordial GW signals, which we neglect.
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entropy conservation applies separately to s and sh, so that

∂t(a3s) = 0 , s = 2π2

45 gs(T )T 3 ,
aT

a0T0
=
[
gs(T0)
gs(T )

]1/3

, (2.9)

where T is the temperature of the SM plasma, gs = gs(T ) the effective number of radiation
degrees of freedom as measured by the SM entropy density, and T0 the temperature at present
time. We assume that the SM dominates the overall energy budget of the universe, so that
the temperature evolves according to the standard cosmology,

dT
dt = −gs

gc

T 3

m0
, m0 ≡ mPl

[
4π3gρ

45

]−1/2

, ρ = gρ
π2

30T
4 , c = gc

2π2

15 T
3 , (2.10)

where m0 tracks the comoving temperature, and gρ and gc denote the effective number of
radiation degrees of freedom as measured by the SM energy density ρ and heat capacity c.
This assumption is reasonable if the total number of hidden sector degrees of freedom is small
compared to the number of SM degrees of freedom. Combining eqs. (2.3), (2.9) and (2.10),
the present time stochastic GWB from thermal fluctuations is [23, 25]

h2Ωgw(f) ≡ h2

ecrit

degw
d ln f = 2880

√
5π

π2 h2Ωγ
f3

T 3
0

Tmax∫
Tmin

dT ′

mPl

gc(T ′) [gs(T0)]1/3

[gρ(T ′)]1/2 [gs(T ′)]4/3

Π (2πfa0/a′ )
8T ′4 ,

(2.11)

where

h2Ωγ = h2

ecrit

2ρ
gρ(T0) , ecrit = 3H2

0m
2
Pl

8π , H0 = 100 km s−1Mpc−1 · h (2.12)

is the present day photon energy density, normalized to the critical energy density ecrit, H0
the present day Hubble rate, and h the reduced Hubble rate. Assuming that the bulk of
the GWB is produced at temperatures well above the electroweak phase transition, one has
gc(T ′) = gs(T ′) = gρ(T ′) = 106.75. Also using [43–45]

h2Ωγ = 2.4728(21) · 10−5 , gs(T0) = 3.931(4) , T0 = 2.7255(6) K = 3.5682(7) · 1011 Hz ,
(2.13)

one obtains2

h2Ωgw(f) ≈ 2.02 · 10−38 ×
(
f

Hz

)3
×

Tmax∫
Tmin

dT ′

mPl

Π (2πfa0/a′ )
8T ′4 . (2.15)

This is the main expression we use in the remainder of this work. If the production rate
Π and the integration bounds Tmax and Tmin are independent of f , the prefactor results in

2The size of the final GWB can be expressed also in terms of the characteristic strain hc, which is defined as

h2
c = 3H2

0
2π2f2 Ωgw ∝ h2Ωgw

f2 . (2.14)

– 5 –
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the characteristic ∝ f3 frequency shape associated with backgrounds from hydrodynamic
fluctuations. This has also been observed e.g. within the context of GWs from post-inflationary
phases stiffer than radiation [46] and axion-like inflation [35].

Eq. (2.11) explicitly relies on our assumptions that the SM is in kinetic equilibrium and
dominates the overall energy budget, while expression (2.15) further assumes that its number
of radiation degrees of freedom also evolves according to standard cosmic history. This implies
that expression (2.15), and subsequently our results in section 4, only applies to GWBs
produced after inflation and after the plasma of inflaton decay products has equilibrated
cf. e.g. [47].3 While GWBs from earlier epochs can be important, and although, in principle,
the present formalism can be used to compute them, we stick to (2.11) and only briefly
comment on GW production during (p)reheating at the end. That being said, eqs. (2.11)
and (2.15) do not necessarily require the hidden sector to be in thermal equilibrium. In
fact, they contain no assumption about the hidden sector phase space distribution functions
except that their total energy density has to be small compared to the SM one. The
distribution functions only enter at the level of computing Π (2πfa0/a). For practical
purposes, we consider equilibrium distributions in most of section 3 (cf. (3.4) and (3.5)), but
we emphasize that this assumption is not crucial, and that the generalisation of our results to
non-equilibrium situations is straightforward (cf. (3.6)). In sections 4 and 5, we for simplicity
further assume that the SM and hidden sector temperatures are equal to each other.4 If the
hidden sector temperature deviates from that of the SM, our assumptions imply that their
ratio is approximately a model-dependent constant over the domain of integration in eq. (2.15).
Hence, the discussion can be generalized to other hidden sector temperatures by an appropriate
re-scaling of the production rate Π. Finally, in practice, we consider the contribution from
one hidden particle at a time. If there are several hidden particles, the signals are additive
in the enhanced regime as long as the total energy density is dominated by the SM.

3 Gravitational wave production rates

The GW production rate Π is the final ingredient needed to predict the GWB (2.15). In this
section, we first summarize some existing results for thermal equilibrium production due to the
SM and a generic feebly interacting (pseudo-)scalar, and then present the contribution due to a
generic feebly interacting fermion. We finally provide compact summary formulae that encom-
pass both the scalar and fermionic cases and are suitable for phenomenological applications.

In the LISA frequency window, and for sufficiently large maximal temperatures, the SM
contribution is dominated by hydrodynamic fluctuations of the right-handed leptons [36–38],
yielding the production rate [22]

ΠSM = 8ηSMT = 8π2gSM
225

T 5

ΥSM
≈ 16T 4

g4 ln
(

5T
mD

) ≈ 400T 4 , m2
D = 11

6 g
2T 2 , (3.1)

3See appendix D for formulae equivalent to (2.11) and (2.15) for more general expansion histories that e.g.
deviate from radiation domination.

4To satisfy observational constraints e.g. from big bang nucleosynthesis, thermalized hidden sectors are
generically expected to be colder than the SM plasma [48, 49], but it has been argued that larger temperatures
can be viable in certain cases [50, 51].

– 6 –
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where g ≈ 0.36 is the U(1) hypercharge gauge coupling, mD the associated Debye mass, and
gSM = 6 the degrees of freedom associated with the right-handed leptons. The width ΥSM is
defined consistent with our conventions in (3.11), which simplifies comparing the SM and
new physics contributions. Ignoring the running of the weak hypercharge coupling, (3.1)
yields energy density

h2ΩSM
gw (f) ≃ 1.03 · 10−36 ×

(
f

Hz

)3
× Tmax

mPl
, (3.2)

which depends only on Tmax. For modes that never leave the horizon, this temperature is
closely related to the reheating temperature after inflation, and can probe the dynamics
of reheating [23, 25]. Given a model of inflation, the CMB is sensitive to the reheating
epoch [52–54], and next-generation observatories can potentially independently determine
the reheating temperature [55, 56], highlighting the complementarity of multi-messenger
probes of the early universe.

3.1 Feebly interacting particles

The production rate due to hydrodynamic fluctuations of a single feebly interacting (pseudo-
)scalar is [34, 39]5

Π ≃
∫

dp p6 4nB(ϵ)(1 + nB(ϵ))
15π2ϵ2

1
2Υp

F

(
k

2Υp
,
p

ϵ

)
, F (x, v) =


1

1+x2 v ≪ 1
1 v = 1 ∧ x ≪ 1

5
2x2 v = 1 ∧ x ≫ 1

,

(3.4)

where Υp is the finite temperature width of the new particle, ϵ2 = p2+m2 is its energy squared,
and nB(ϵ) = [exp(βϵ) − 1]−1 is the usual Bose-Einstein distribution. The corresponding
expression for fermions is dominated by the resummed diagram shown in figure 1; it coincides
with (3.4) up to an overall factor 2cX that counts the internal degrees of freedom (cX = 1
for a Majorana fermion and cX = 2 for a Dirac fermion),

Π(k) k≪α2T≃ 2cX

∞∫
0

dp p6 4nF (ϵ)(1 − nF (ϵ))
15π2ϵ2

1
2Υp

F

(
k

2Υp
,
p

ϵ

)
, (3.5)

where F (x, v) is defined as in expression (3.3) and nF (ϵ) = [exp(βϵ) + 1]−1 is the Fermi-Dirac
distribution. Although our primary focus is the enhanced regime x ≪ 1, where F (x, v) → 1,
we note that expression (3.5) is also a valid approximation of the wave-function type diagram
in figure 1 for larger frequencies Υp < k ≪ T . As indicated by the Bose-Einstein and Fermi-
Dirac distributions nB(p0) and nF (p0), the expressions (3.4) and (3.5) assume that the hidden

5The complete expression for the function F (x, v) is

F (x, v) = 30(4x2 + 5x2(1 − v2) − 3)
48v4x4 + 30x(1 − x2(1 − v2))

16v5x5 ln 1 + x2(1 + v)2

1 + x2(1 − v)2

+ 15(1 − x2(1 − v2))2 − 60x2

16v5x5 arctan 2vx

1 + x2(1 − v2) . (3.3)

– 7 –
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hµν hµν
k k

−p

k − p

⊃ hµν hµν

−p

k k

k − p

Figure 1. To find the GW production due to a feebly interacting fermion, we compute the resummed
Feynman diagram shown on the left-hand side, where the straight double lines represent resummed ψ
propagators. Our result encompasses an infinite class of diagrams in fixed-order perturbation theory,
including the one depicted on the right-hand side, where the grey blob denotes a single self-energy
insertion. The dotted line signaling cut propagators, the optical theorem implies that it and other
diagrams we include together encode the rate of producing gravitons as bremsstrahlung.

sector is in thermal equilibrium. They can be generalised to non-equilibrium expressions in
which the distributions are replaced by general phase space distribution functions n(p0). We
present the derivation for the fermionic case in appendix A, finding the result

Π(k) ≃ cX

2

∫ d3p

(2π)3 p
4
⊥ [D(ϵ, ϵ) +D(−ϵ,−ϵ)] 2Υp

k2(ϵ− p∥)2 + 4ϵ2Υ2
p

, (3.6)

where

D(p0, q0) = (1 − n(p0))n(q0) + n(p0)(1 − n(q0)) . (3.7)

In thermal equilibrium, one has D(ϵ, ϵ) = 2nF (ϵ)(1 − nF (ϵ)). Inserting this expression and
evaluating the angular integral, we obtain (3.5) as a limit of (3.6).

3.2 Approximate formulae for phenomenology

The production rate (3.5) is remarkably similar to its (pseudo-)scalar equivalent (3.4). In
the high (m ≪ T ) and low temperature (m ≫ T ) cases, we can combine the two expressions
into a single, approximate formula by replacing the momentum-dependent width Υp with
its thermal average

Υav ≡ 1
2π2Neq

∞∫
0

dp p2nX(ϵ)Υp , Neq = 1
2π2

∞∫
0

dp p2nX(ϵ) , (3.8)

where nX ∈ {nB, nF } is either the Bose-Einstein or Fermi-Dirac distribution, depending on
the spin of the hidden particle. Using Υav and setting either v = p/ϵ → 0 or v = p/ϵ → 1, the
function F (x, v) becomes momentum-independent and can be pulled out of the integrals in
eqs. (3.4) and (3.5). In the low-temperature case, it takes on the very simple form

F (x, v) v→0= 1
1 + x2 , (3.9)

but the high-temperature case is more complicated. For phenomenological applications,
we can nevertheless approximate F (x, v) by interpolating the function between x ≪ 1 and
x ≫ 1, which gives

F (x, v) v→1≈ 5
5 + 2x2 . (3.10)
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We expect this approximation to be worst for x ≈ 1. Indeed, setting x = v = 1, the above
expression yields F (x, v) ≈ 0.71, while the exact expression (3.3) yields F (x, v) ≈ 0.56, so
that the approximation overestimates the gravitational wave production rate by roughly 30%.
However, this is still sufficient for an order of magnitude estimate of the gravitational wave
background. In addition, the extremal regimes x ≪ 1 and x ≫ 1 are generically expected
to be the most relevant for phenomenological applications.

Using Υav, and pulling out F (x, v), the remaining integrals in (3.5) and (3.4) can be
computed analytically. For high temperatures, one obtains

Π(k) m≪T≃ gX
16π2

225 T
5 5Υav
k2 + 10Υ2

av
, gX =

1 Spin 0
2 · cX Spin 1/2

, (3.11)

where we have neglected a relative factor of 7/8 in fermionic case that originates from the
distribution functions.

For low temperatures, one has to distinguish between particles that retain a relativistic
momentum distribution, e.g. because they undergo relativistic freeze-out at some tempera-
ture Tf ≫ m, and particles whose distribution function becomes non-relativistic. For the
relativistic case, one obtains

Π(k)
T≲m≪Tf≃ gX

64π4

315
T 7

m2
2Υav

k2 + 4Υ2
av
, (3.12)

where we have now neglected a relative factor of 31/32 in the fermionic case. Note that this
rate is independent of the freeze-out temperature. For particles that assume a non-relativistic
momentum distribution, freezing out at some temperature Tf ≲ m, one obtains the expression

Π(k)
T,Tf≲m

≃ gX

( 2
π

)3/2
[
T 7

m2

(
ξm

T

)7/2

e−ξm/T

]
2Υav

k2 + 4Υ2
av
, ξ =

1 T > Tf

T/Tf T < Tf

, (3.13)

which explicitly depends on Tf . Setting Tf → 0, this expression also captures particles
that never freeze-out but always remain in thermal equilibrium. This is the case e.g. for
unstable particles with a large width Υav > H, which remain in thermal equilibrium as they
decay. In contrast, we expect that unstable particles with a small width Υav ≪ H are better
captured by the relativistic formula (3.12), because the explicit ∝ T 7/k2 ∼ T 5 suppression
in (3.12) effectively cuts off GW production well before decays can significantly impact their
momentum distribution and number density.

Finally, we note that the rate for a relativistic distribution is strictly larger than the
one for a non-relativistic distribution, so that it can be used to obtain a model-independent
upper bound on GW production, cf. section 4.2.

4 Phenomenology

In this section, we apply the results of section 3 to study the phenomenology and the
prospects of detecting GWBs produced by feebly interacting particles. The full background
can be computed by numerically integrating the production rates in (3.4) and (3.5). To help
illustrate its qualitative features, we also derive analytical expressions that are applicable
in various GW production regimes.
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4.1 Generic features

The GW production rate is proportional to k3Π(k). In thermal equilibrium, it depends on
the physical graviton momentum k = 2πfa0/a, the temperature of the early universe plasma
T , and the properties of the particles driving production. The SM contribution (3.1) is
determined by the width ΥSM, which measures the free-streaming length of the right-handed
SM leptons. Likewise, the new physics contributions (3.4) and (3.5) due a single feebly
interacting particle mainly depend on its mass m and the width Υav, which characterizes
the free-streaming length of the new particle.

The new physics contribution dominates the SM contribution in the regime k < Υav ≪
ΥSM. In this regime, hydrodynamics governs both sectors. The new physics contribution (3.5)
scales as k3/Υav while the smaller SM contribution (3.1) scales as k3/ΥSM, so that both
contributions grow like k3. For larger momenta Υav < k < ΥSM, hydrodynamics still governs
the SM but not the hidden sector. It is no longer necessary to resum wave-function type
corrections to the hidden particle propagators, so that a more Boltzmann-like picture of the
hidden sector as a particle gas becomes appropriate. The new physics contribution now scales
as kΥav, growing like k. Since the SM contribution continues to grow like k3, it eventually
overtakes the hidden sector to dominate the overall production rate. For even larger momenta
ΥSM < k, the Boltzmann picture captures both the SM and the hidden sector. The overall
production rate still grows and finally peaks at momenta k ∼ πT . Beyond this peak, the
production rate is Boltzmann-suppressed and therefore effectively cut off.

The most important parameter determining the magnitude of the final background is
the maximal temperature T⋆ of the hidden sector plasma, which is a highly model dependent
and encodes e.g. the specific dynamics of reheating. Although we assume that the SM and
hidden sector plasmas share the same temperature T , it is possible for the SM to thermalize
well before or after the hidden sector, leading to different effective values of T⋆ for the two
contributions. Along this line of reasoning, one might worry that it is impossible to produce a
sufficient quantity of thermally distributed feebly interacting hidden particles early enough to
result in a significant contribution in the final GWB. However, if the SM is produced before
the hidden sector, the SM can produce thermalized hidden particles via freeze-in, which
puts an effective lower bound on T⋆. Explicitly, interactions between the SM and hidden
sectors equilibrate for temperatures Υav ∼ H ∝ T 2/mPl. One way to evade this worst-case
scenario, which can still result in a significant new physics contribution to the final GWB, is
to produce the hidden sector either via non-renormalizeable interactions (cf. section 4.3.2) or
non-thermally, e.g. via (p)reheating or the decay of heavy new particles.

Focusing on a fixed frequency f , the production rate changes over time as the temperature
of the early universe plasma decreases. Since the physical momentum k ∝ f/a redshifts the
same as the temperature T ∝ 1/a, the ratio k/T remains approximately constant, and the peak
of the production rate at k ∼ πT translates into the same temperature-independent frequency

fpeak ≡ T0
2

[
gs(T0)
gs(T )

]1/3

≈ 6 · 1010 Hz , (4.1)

which approximately determines the peak frequency of the final GWB. In the following, our
primary focus is on the phenomenology of direct detection experiments, which are typically

– 10 –



J
C
A
P
0
6
(
2
0
2
4
)
0
7
3

sensitive to much lower frequencies with redshifted momenta k ≪ T . These modes can be
outside the causal horizon (k < H) at the onset of GW production. Since super-horizon
modes of tensor perturbations are static (cf. e.g. section 5.4 in [57]), production of these
modes is delayed until they re-enter the horizon. Adopting the same standard cosmology as
in section 2.2, a given mode with frequency f re-enters the horizon at the entry temperature

Tentry(f) = m0
πf

fpeak
, H(T = Tentry) = k . (4.2)

Modes with Tentry > T⋆ enter the horizon before GW production begins, causing no delay,
while modes with Tentry < T⋆ start to be produced only upon re-entry, so that one has to
replace T⋆ → Tentry in the integral (2.15). Hence, the maximal temperature Tmax is

Tmax = min (Tentry, T⋆) = min (f, f⋆)
f⋆

T⋆ ≃ f

f + f⋆
T⋆ , (4.3)

where the horizon frequency f⋆ is the largest frequency for which production is delayed
by the causal horizon,

f⋆ = fpeak
π

T⋆

m0
≈ 3 · 1011 Hz T⋆

mPl
, Tentry(f⋆) = T⋆ . (4.4)

For sufficiently small frequencies, the entry temperature can drop below the mass of the
hidden particle, Tentry < m, so that GW production is restricted to the non-relativistic regime.
The frequency at which this happens is the non-relativistic frequency

fnr = fpeak
π

m

m0
≈ 3 · 1011 Hz m

mPl
, Tentry(fnr) = m. (4.5)

In principle, the entry temperature can even drop below the minimal temperature Tmin.
However, this effect is less relevant, since we generically expect to be able to consider
minimal temperatures e.g. in the TeV range or even lower. In this case, the frequency for
which Tentry drops below Tmin is less than 10−6 Hz and therefore well below the regime of
phenomenological interest.

In the regime f ≪ fpeak (or equivalently k ≪ T ), GW production is governed by the
phenomenological formulae we derived in section 3.2. At high temperatures T ≫ m, the new
physics contribution to the relevant production rate is independent of the mass m and can
be approximated using the phenomenological expression (3.11). Once the temperature falls
below the mass, T ≲ m, one has to distinguish between particles that retain their relativistic
momentum distribution, e.g. due to relativistic freeze-out, and particles which assume a
non-relativistic distribution. If the hidden particle remains in thermal equilibrium with the
SM plasma, its contribution to the production rate becomes Boltzmann suppressed and
becomes effectively irrelevant. However, if the particle freezes-out or if it is unstable but long
lived, with a width Υav ≪ H, GW production can continue in the low temperature regime
T < m for some time. The phenomenological expression (3.12) captures low-temperature
production in case of a relativistic freeze-out, while expression (3.13) captures the case of
a non-relativistic freeze-out.
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4.2 Model-independent upper bound

The phenomenological formulae (3.11) and (3.12) imply an upper bound on the GWB for
frequencies f ≪ fpeak that is saturated at the transition between the hydrodynamic and
Boltzmann regimes. Explicitly, the high- and low temperature expressions (3.12) and (3.11)
are maximal for widths

Υav =

k/
√

10 T > m

k/2 T < m
. (4.6)

Inserting these values into the formulae (3.11) and (3.12), one obtains two separate bounds
on the high-temperature contribution,

h2ΩT >m
gw (f) < 2.6 · 10−29 ×

(
f

Hz

)2
× gX

max(Tmax,m) − max(Tmin,m)
mPl

, (4.7)

and the low temperature contribution,

h2ΩT <m
gw (f) < 1.6 · 10−28 ×

(
f

Hz

)2
× gX

min(T 3
max,m

3) − min(T 3
min,m

3)
m2mPl

, (4.8)

to the final gravitational wave energy density. Maximizing the sum of both contributions,
we set Tmin → 0 and m → Tmax. Inserting expression (4.3), this gives

h2Ωgw(f) < 4.9 · 10−40 × gX

(
f

Hz

)2
min

(
f

Hz ,
f⋆

Hz

)
. (4.9)

This expression depends only on gX and T⋆. We can eliminate the T⋆ dependence by using
that min(f, f⋆) < f , finding the slightly weaker bound

h2Ωgw(f) < 4.9 · 10−40 × gX

(
f

Hz

)3
, (4.10)

where gX is now the only remaining model-dependent parameter. On the other hand,
considering feebly interacting particles with a given mass m, and focusing on frequencies
f < fnr, so that GW production is delayed until the particle is non-relativistic, we obtain
the much more stringent bound

h2Ωgw(f)
f<fnr
< 4.9 · 10−40 × gX

(
f

Hz

)3 f2

f2
nr
. (4.11)

The h2Ωgw ∝ f5 scaling of this bound shows that the final GW spectrum is effectively
cut off below f = fnr. If we require e.g. fnr < 10−1 Hz, such that the entire region of
phenomenological interest lies above this cut-off, one finds that the mass of the feebly
interacting particle responsible for GW production should be m < 1.1 · 108 GeV.

These bounds, of course, rely on a number of implicit assumptions. For example, we have
not included contributions to the production rate generated by vertex-type diagrams such as
the one shown in figure 2 or higher order diagrams. However, we expect that including such
diagrams will at most yield an order one correction to the overall GW production rate and
should not significantly modify the bounds. We also assumed that no entropy is transferred
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hµν hµν
k k

k − p

−p

Figure 2. Example of a vertex-type correction to the rate of GW production from feebly interacting
fermions.

from the SM to the hidden sector. If the SM plasma can dump a significant amount of
entropy into the hidden sector, this would cause the GWB to be diluted less than in standard
cosmology and therefore enhance it. Of course, it is also possible to transfer entropy from
the hidden sector to the SM plasma, but this does not impact the validity of our bounds,
since it would simply enhance the dilution of the GWB.

Finally, the bounds (4.7) and (4.8) only apply to GWs emitted by thermal equilibrium
fluctuations of the early universe plasma. They explicitly do not apply to GWBs from
out-of-equilibrium processes with very different underlying physics, such as strong first order
phase transitions, production during (cold) inflation, or turbulence during preheating (cf. [20]).
For example, a number of recent works have found that particle decays during reheating can
produce a background significantly in excess of these upper bounds [58–61]. However, these
works seem to compute the GW production rate without accounting for the resummation
of wave-function type corrections that is necessary in the hydrodynamic regime. We expect
that systematically incorporating these effects, using e.g. the approach we have employed
in section 3, which results in an expression for the production rate (3.5) that can already
accommodate out-of-equilibrium distribution functions, would yield a significant suppression
of the resulting GWB.

4.3 Analytic estimates of the high-temperature background

The width Υav determines the more detailed features of the spectrum. It generically becomes
smaller as the temperatures decreases and depends on the mass of the hidden particle m, the
temperature T , any number of coupling constants, and potentially some heavy new physics
scale Λ ≫ m,T . If the width is dominated by interactions with the same mass dimension d,
and neglecting the temperature dependence of running couplings, it is expected to scale as

Υav ≃ y T

(
T

Λ

)2(d−4)
1 T ≫ m

(m/T)n T ≲ m
, n ≤ 1 + 2(d− 4) , (4.12)

where y is some combination of coupling constants and other dimensionless parameters. The
integer n depends on the properties of the hidden particle and its interactions. For an unstable
particle, the width becomes temperature independent for T → 0, so that n = 1 + 2(d− 4),
but if the particle is stable n is a model-dependent parameter. If the low-temperature width
is dominated by 2 ↔ 2 scattering events involving relativistic particles in the plasma, it is
related to the thermal average of the total scattering cross section [62],

Υav ∝ ⟨vrelσ⟩N , (4.13)
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where σ is the relevant scattering cross-section, vrel the relative velocity of the two scattering
particles, and N the number density of the scattering partner (for SM particles this is
just N ∼ T 3).6

In the remainder of this section, we assume that m ≪ T⋆ and focus on frequencies f > fnr.
In this case, one has m ≪ Tmax, and we expect production at high temperatures (m ≪ T )
to dominate the overall GWB. Using the largely model-independent temperature scaling of
Υav at these temperatures, we can derive generic analytic approximations for the resulting
GWB. However, we caution that, in principle, one also has to account for the non-relativistic
contribution from temperatures T < m,which has to be evaluated on a case-by-case basis.

4.3.1 Renormalizable interactions

If the width is dominated by renormalizable interactions with d = 4, the physical momentum
k redshifts in the same way as the high-temperature width Υav. The ratio Υav/k is then fixed
for a given frequency f , and the relativistic contribution to the background is always either
in the Boltzmann (for f ≫ fc), hydrodynamic (f ≪ fc), or intermediate regime (for f ∼ fc).
The production rate saturates the upper bound (4.7) at the critical frequency fc, which is the
frequency at which the associated, redshifted graviton momentum satisfies condition (4.6),

k =
√

10Υav ⇔ f = fc ,
fc

y
≡

√
10
π

fpeak ≃ 6 · 1010 Hz . (4.14)

The effective coupling y is a combination of coupling constants and other model parameters.
Employing the same general assumptions as in section 2.2, it is the only remaining model-
dependent quantity, and the critical frequency fc directly probes its size. If one requires e.g.
fc ∼ 1 Hz, so that the GWB is maximal in the frequency window of the next-generation of
laser interferometers, this gives an optimal coupling parameter y ∼ 1.7 · 10−11.

We estimate the high-temperature background by inserting the average width (4.12)
into the relativistic GW production rate (3.11) in order to compute the integral in (2.15).
For f > fnr, this yields

h2ΩT >m
gw (f) d=4≃ 1.6 · 10−40 × gX

ffc

f2
c + f2

(
f

Hz

)2
min

(
f

Hz ,
f⋆

Hz

)
. (4.15)

As it should, this expression saturates the bound (4.7) for f = fc. T⋆ is the earliest
temperature at which hidden sector thermal fluctuations begin to produce GWs and, in
principle, a free parameter. As mentioned above, the hidden sector can thermalize well before
or after the SM, so that T⋆ may be significantly lower than the maximal temperature of
the SM plasma after reheating. However, the same processes that give rise to Υav ∼ yT

can also produce hidden particles via thermal freeze-in, which puts an effective lower bound
on T⋆. This production mode equilibrates when Υav > H = T 2/m0, which gives T⋆ > ym0
(or equivalently

√
10f⋆ > fc) as the temperature where freeze-in production alone starts to

be sufficient to thermalize the hidden sector.
6Note that the feebly interacting particle does not have interact with the SM at all, as the width Υav can

arise solely from interactions within the hidden sector.
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Figure 3. Cases of GW production for a width Υav dominated by non-renormalizable interactions. At
each temperature, modes are produced either in the hydrodynamic (k < Υav) or Boltzmann (k > Υav)
regime. They transition from the hydrodynamic to the Boltzmann regime as the temperature drops
below their respective critical temperature Tc. Modes with f > fbol are only produced in the Boltzmann
regime while modes with f < fhyd are only produced in the hydrodynamic regime. The purple shading
shows that GW production is suppressed because modes are outside the horizon. Modes with f > f⋆

are not affected by the horizon, while modes with f < fnr enter it only after the hidden particle
becomes non-relativistic. For T < m, the transition between the hydrodynamic and Boltzmann regimes
becomes more model-dependent, the line shown in the figure corresponds to n = 0 from eq. (4.12).

Expression (4.15) is generic and also captures the SM contribution to the final GWB.
Comparing the production rate (3.1) with the width parametrization (4.12), we find the
critical frequency

fSM
c ≈ 3.1 · 108 Hz . (4.16)

This implies that (3.1), which is accurate in the hydrodynamic limit, is not expected to
be valid for frequencies above 108 Hz. For smaller frequencies, and using gX = gSM = 6,
we find the SM background

h2ΩSM
gw (f)

f<fSM
c≃ 3.2 · 10−48 ×

(
f

Hz

)3
min

(
f

Hz ,
f⋆

Hz

)
. (4.17)

While this background was already estimated in [22, 23, 25], these references neglect that
GW emission is suppressed for super-horizon modes, delaying GW production until after
horizon re-entry. We phenomenologically incorporate this effect by rescaling the maximal
temperature according to eq. (4.3).

4.3.2 Non-renormalizable interactions

One way to enhance the production of the hidden particles at high temperatures is to include
non-renormalizable interactions with d > 4, which are more efficient at high temperature.
These interactions contribute to and potentially dominate the width in eq. (4.12), resulting in
more complicated temperature dependence compared to the renormalizable case. In this case,
the ratio Υav/k also depends on temperature, so that a given GW frequency f can receive
contributions from several different production regimes.

Figure 3 illustrates the interplay between these regimes and the horizon entry temperature,
leading to a variety of GW spectra. As the universe expands and cools down, the width
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generically decreases faster than the momentum, so that a GW mode that is initially
produced in the hydrodynamic regime can later transition to the Boltzmann regime. For a
given frequency f , and using the high-temperature scaling of the width Υav in (4.12), this
transition occurs at the critical temperature

Tc(f) = Λ
(
f

fc

)1/2(d−4)

, (4.18)

where fc is the same critical frequency as in eq. (4.14). The critical temperature increases
with frequency and is equal to the cutoff scale Λ for f = fc. Each other mass scale defines
its own characteristic frequency as the frequency for which Tc is equal to the mass scale. In
particular, the maximal temperature T⋆ corresponds to the Boltzmann frequency

fbol ≡ fc

(
T⋆

Λ

)2(d−4)
, Tc(fbol) = T⋆ . (4.19)

Above this frequency, Tc is larger than T⋆, and the high-temperature background is produced
entirely in the Boltzmann regime. If the hidden particle is massive, its mass m likewise
corresponds to the hydrodynamic frequency

fhyd ≡ fc

(
m

Λ

)2(d−4)
, Tc(fhyd) = m. (4.20)

Below this frequency, Tc is smaller than m, and the high-temperature background is produced
entirely in the hydrodynamic regime.

Since we focus on the case m ≪ T⋆, and since m ≪ Λ is necessary for a consistent
effective field theory (EFT) description, fhyd has to be much smaller than both fbol and
fc. Naively, one might assume that the EFT setup also requires T⋆ ≪ Λ, and therefore
fbol ≪ fc, but this is not entirely true. Considering larger maximal temperatures, the
setup can be salvaged for modes with frequency f < fc, where Tc is smaller than Λ. For
temperatures Tc < T < Λ, these modes are first produced in the hydrodynamic regime. Since
d > 4, the resulting GW production rate increases as the temperature decreases, so that the
GWB contribution at T ∼ Tc, where production transitions into the Boltzmann regime, is
more important than the contribution generated at temperatures T ≳ Λ, where the EFT
description breaks down. Unfortunately, the same reasoning does not extend to frequencies
f > fc, which, at temperatures suitable for the EFT description, are only produced in
the Boltzmann regime. Since the GW production rate in the Boltzmann regime becomes
smaller as the temperature decreases, the final background is dominated by the contribution
generated at the largest available temperature, i.e. Tmax. Hence, and in line with the naive
expectation for Tmax > Λ, the EFT description cannot be used to determine the size of the
overall background at these frequencies.

At intermediate frequencies fhyd < f < fbol, the high-temperature background can be
produced both in the hydrodynamic and Boltzmann regime, based on the precise relationship
between Tc and Tentry. Both characteristic temperatures are functions of f and equal to
each other at the crossing frequency

fx ≡ fc

(
fpeakΛ
π fcm0

)1+ 1
2(d−4)−1

, Tc(fx) = Tentry(fx) . (4.21)
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The ordering of the characteristic frequencies fx, fhyd, and fbol determines the spectrum of
the final GWB. Following the derivation outlined in appendix C, we find three physically
distinct spectra:

1. If fbol < fx, the horizon entry temperature is always smaller than the critical temperature.
Hence, GW production is always in the Boltzmann regime, as shown in the left panel
of figure 3. The resulting spectrum has two knees, one at f⋆, and another one at fnr. The
high-temperature contribution to the GWB is

h2ΩT >m
gw (f) fx>fbol≃ gX

1.6 · 10−40

2(d− 4) + 1

(
f

Hz

)2 fbol
Hz


0 for f < fnr ,(
f
f⋆

)2(d−4)
for fnr < f < f⋆ ,

f⋆

f for f⋆ < f .

(4.22)

The background produced at lower temperatures T < m contribution is highly suppressed
and bounded by the general upper bound (4.11).

2. If fhyd < fx < fbol, the high-temperature background receives contributions from both
the Boltzmann and hydrodynamic regimes. High frequencies f > fbol are produced in
the Boltzmann regime and directly probe T⋆. Intermediate frequencies fx < f < fbol are
produced in both regimes, since their critical temperature is smaller than the horizon entry
temperature. Since the critical temperature falls below the horizon entry temperature
for lower frequencis f < fx, these again only receive contributions from the Boltzmann
regime. Hence, the high-temperature contribution to the GWB is

h2ΩT >m
gw (f) f⋆≫fbol≃ gX

1.6 · 10−40

2(d− 4) + 1

(
f

Hz

)2 fbol
Hz



0 for f < fnr ,(
f
f⋆

)2(d−4)
for fnr < f < fx ,

β fx

fbol

(
f
fx

)1/2(d−4)
for fx < f < fbol ,

f⋆

f for fbol < f .

(4.23)

This expression coincides with eq. (4.22), except in the range fx < f < fbol that also
receives a contribution from the hydrodynamic regime. The numerical factor 1 ≲ β ≤ 4
arises due to the integration over T > Tc.

3. Finally, if fx < fhyd, the effects of the horizon can be almost completely neglected, leading
to a GWB with one knee at f = f⋆, one at f = fhyd, and a final one at fnr. The
high-temperature contribution to the GWB is

h2ΩT >m
gw (f)

fbol≫f⋆,fhyd≫fnr
≃ gX

1.6 · 10−40

2(d− 4) + 1

(
f

Hz

)2 fbol
Hz

×


0 for f < fhyd ,

β fx

fbol

(
f
fx

)1/2(d−4)
for fhyd < f < fbol ,

f⋆

f for fbol < f .

(4.24)
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Figure 4. Estimate of the GW background from non-renormalizable interactions with dimension
d > 4 for T⋆ = Λ = mPl (Left) and T⋆ = Λ = 1010 GeV (Right), cf. eqs. (4.22)–(4.24). The dashed
orange line shows the upper bound (4.10) and the red line shows the SM background resulting from
the same value of T⋆. The SM line has been computed using the production rate from [22] while
accounting for previously missed super-horizon effects, see also the last paragraph in section 4.3.1.
Although it appears to violate the upper bound, which does in principle apply to the SM contribution,
this occurs above the frequency (4.16), where the validity of (4.17) is questionable. For much larger
frequencies (beyond the visible gap) one enters the peak region, where vertex-type and other diagrams
should be included. This possibly also explains the apparent slight mismatch between the two parts
of the curve. In both plots, we consider a hidden particle mass m = 0 and coupling parameter y = 1,
cf. eq. (4.12). The signal can be enhanced and/or present additional features at low frequencies if
y ≪ 1, cf. e.g. figure 5. The smooth black lines are extracted from [63, 64] and show experimental
power-law integrated sensitivities [65] of various prospective laser interferometers. The black hatched
region highlights the already excluded parameter space from the third observing run of LIGO and
VIRGO [66]. Finally, the grey lines show the sensitivity of Planck [67] and its proposed successors,
CMB-S4 [68] and CMB-HD [69].

Figure 4 shows the GWB arising from a hidden particle whose width is dominated by
non-renormalizable interactions in comparison to the sensitivities of various prospective GW
detectors. Focusing on the most optimistic scenario, we choose Λ = T⋆ and consider the two
choices for the reheating temperature T⋆ = mPl and T⋆ = 1010 GeV. As benchmarks, we set
y = 1 and consider operators of dimensions 5, 6 and 8. While choosing smaller values for
the coupling y might enhance the signal, in general, virtual graviton exchanges constitute an
unavoidable contribution to the feebly interacting particles’ width and effectively lead to a
lower bound on the value of y. Conservatively, i.e. neglecting any quantum gravity effects
at the Planck scale, we expect that this should contribute to the width at the very least at
dimension 8, such that y ∼ O(1) for d ≳ 8, which is the value we consider in the figure.

The plot illustrates the frequency dependence of the signal in line with the estimates
in eqs. (4.22)–(4.24). For our choice of benchmarks, fbol ≈ 6 · 1010 Hz lies above the
range of validity of our approximation. For the first benchmark with T⋆ = mPl, one has
f⋆ ≈ 3 ·1011 Hz. Hence, f < fbol < fx in our region of interest, and the GW signal is captured
by eq. (4.22). As expected, the GWB in this scenario scales as f2(d−3) for all frequencies.
The fact that f < f⋆ also explains why the GWB is suppressed compared to our second
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scenario T⋆ = 1010 GeV. Indeed, while T⋆ = mPl, the maximal temperature Tmax for which
GWs can be produced is much lower than the Planck scale and, given that GWs are always
produced in the Boltzmann regime, GW production is suppressed by (Tentry/Λ)2(d−4). The
second benchmark T⋆ = 1010 GeV presents more interesting features. In that case, one has
f⋆ < fbol < fx. For d = 8, we observe that the crossing frequency fx lies in the LISA
frequency band. Hence, the GWB scales as f2(d−3) for f ≲ 100 Hz and f2+1/(2(d−4)) for larger
frequencies, as expected from eq. (4.23). A similar feature is present for d = 5 and d = 6 but
fx is pushed towards smaller frequencies. Therefore, a measurement of the slope of the GWB
can be used, in principle, to deduce the mass-dimension of the interaction generating the
width Υav. Moreover, depending on the value of T⋆, it is in theory possible to measure the
values of all the characteristic frequencies fnr, fhyd, fx, fbol and f⋆ by looking at variations
in the slope of the GWB. This way, one may be able to extract information on the mass of
the particle as well as the ultraviolet (UV) scale Λ and reheating temperature T⋆.

5 Explicit examples

In the following we illustrate our results for two popular extensions of the SM, namely
axion-like particles (ALP) and heavy neutral leptons (HNL).

5.1 Axion-like particles

First appearing as a solution to the strong CP-problem [70–73] (for a review see e.g. [74])7

axions and, more generically, ALPs, are also viable dark matter candidates [76–78] (for a review
see e.g. [79]), and can drive inflation [80], including realistic warm inflation scenarios [81, 82].
As a result, ALPs have become one of the most popular extension of the SM and are currently
searched for at a wide range of different experiments [29, 79, 83–86] and astrophysical
environments [29, 87].

While the GWB from ALPs was considered within the SMASH [95] model in [25], only
the impact on the reheating temperature8 T⋆ was accounted for; the enhancement due to the
feebly-interacting nature of ALPs as well as the suppression coming from the requirement
for modes to remain sub-horizon were missed.

In gauge theories, ALPs are generically expected to couple to the topological charge
density of the gauge sector,

L ⊃ 1
2
(
∂µϕ∂

µϕ−m2ϕ2
)

− ϕχ

fϕ
, χ = α

16π G̃µνG
µν , (5.1)

where ϕ is the axion-like particle, Gµν the gauge field strength tensor, and fϕ the axion decay
constant. In a minimal setup, Gµν can be e.g. identified with the SM gluon field strength
tensor, but one may also consider theories with hidden gauge fields that are not as strongly

7It has recently been pointed out that the phases from instanton effects and from the mass term are
systematically aligned if one reverses the order of the sum over topological sectors and the infinite volume
limit, i.e., if these limits are taken the other way around, there is no physical phase, suggesting that there is
actually no strong CP problem [75].

8Some of the most studied axion production mechanisms, cf. e.g. the misalignment mechanism [76–78], are
non-thermal, such that T⋆ effectively corresponds more to a thermalization temperature than the reheating
temperature.
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Figure 5. GWB due to thermal fluctuations of a massless ALP with axion decay constants
fϕ ∈ {1010GeV, 1015GeV,mPl}, as measured by the energy density h2Ωgw (Left) or strain hc (Right).
For each line, we choose T⋆ = fϕ and ΛIR ≈ 200 MeV, considering QCD-like gauge field. The
corresponding SM background for the same reheating temperature T⋆ is shown in a lighter version of
the same color (blue, green and red respectively). The orange dashed line shows the upper bound (4.10)
(for gX = 1). For details about the SM line and the various experimental constraints in the LISA
frequency band, see the caption below figure 4. Additionally, we display in the right plot the sensitivity
estimate of some recently proposed searches9 for high-frequency GWs [15, 25, 88–93] (cf. also [94]).

constrained by SM observations. In the following, we primarily focus on the case of very
light ALPs, with mass m ≪ T . In this case, non-perturbative effects are important for an
accurate estimate of the width Υav. For an asymptotically free theory, one obtains [96]

Υav
m≪T= κn3

c(n2
c − 1)α

5T 3

f2
ϕ

, κ ≈ 1.5 , 1
α

≈ 22nc

12π ln
(2πT

ΛIR

)
, (5.2)

where nc is the number of colours associated with the gauge fields and ΛIR the infrared
confinement scale at which the gauge coupling α exhibits a Landau pole. In contrast to the
generic discussion in section 4.3, we here also account for the running of α. For nc = 3, one finds

fbol ≈
(
T⋆

fϕ

)2 (
α(T⋆)
0.02

)5
× 6 · 104 Hz. (5.3)

fx can be obtained numerically but does not have an analytical expression. Indeed, the
logarithmic temperature dependence of the coupling α is not captured by eq. (4.12) rendering
the approximation (4.21) inadequate.

Figure 5 shows the GWB predicted by the approximate formula (3.11) for various values
of fϕ. We show the results for both the GW energy density fraction Ωgw per logarithmic wave
number interval and the characteristic strain (2.14). The reheating temperature T⋆ is, in
principle, an independent parameter. We consider the case T⋆ = fϕ, which is the maximal
reheating temperature for which our EFT approach remains valid over the entire frequency
range. Smaller reheating temperatures T⋆ ≪ fϕ result in a suppressed GWB.

9We caution that these searches rely on different sets of assumptions, e.g. about the strength of the cosmic
magnetic fields, and show different levels of maturity. Hence, the gray region might have to be slightly adapted
in the future.
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The figure reproduces the behaviour expected from the approximations (4.22) to (4.24),
up to small modifications due to the running of α. For the first two benchmarks T⋆ = mPl
and T⋆ = 1015 GeV, one has fx > fbol. In this case, the spectrum is determined solely by
the position of the horizon frequency f⋆, see eq. (4.22). For T⋆ = mPl, f⋆ lies above the
range of validity of our approximations, so that Ωgw approximately scales as f4. On the
other hand, for T⋆ = 1015 GeV, f⋆ ≈ 3 · 107 Hz lies well within our region of interest. In this
case, the GWB scales first as f4 for f < f⋆, and then as f for f > f⋆. The third benchmark
T⋆ = 1010 GeV is slightly more complex since fx < fbol, and is captured by eq. (4.23). Hence,
the spectrum exhibits two kinks at f = fx ≈ 0.1 Hz and f = fbol ≈ 9 · 104 Hz. Below fx, the
signal grows as f4, between fx and fbol, it grows as f5/2, and above fbol, it grows linearly.

Additionally, we observe that only the case T⋆ = 1010 GeV can overcome the equivalent
SM background with the same value of T⋆. Indeed, for T⋆ = 1015 GeV and T⋆ = mPl, we
always have Tentry < Tc and, hence, GWs are always produced in the Boltzmann regime.
For our third benchmark T⋆ = 1010 GeV, hydrodynamic contributions dominate the GW
production for f < 0.1 Hz and the ALP GWB can exceed the SM contribution by ∼ 10
orders of magnitude in the LISA frequency band. However, even though it can surpass the
SM signal (for the same value of Tmax) by several orders of magnitude, the ALP contribution
remains much too small for any hope of detection at proposed laser interferometer or high
frequency GW experiments. We also observe that constraints from Neff are much too weak
in that frequency band to constrain hidden sectors. The latter constraints become relevant
in the Boltzmann regime [23, 25], where the ALP contribution is subdominant compared
to the SM background [34].

5.2 Heavy neutral leptons

Heavy neutral leptons (HNL) are a well-motivated extension of the SM that can potentially
explain several of its shortcomings [97, 98], including cosmological puzzles, such as the origin
of the observed matter-antimatter asymmetry [99] through leptogenesis [100–102] or the dark
matter puzzle [103, 104], cf. [105, 106] and [107, 108] for summary articles. An HNL with
mass well below the GUT scale may interact only very feebly with the SM.

Its contribution to the cosmological GWB was estimated within the νMSM [102] in [25]
but, similarly to the axion case, the impact of the Hubble horizon and the enhancement of
its signal due its feeble interactions strength were not accounted for. In the minimal type-I
seesaw model, the only relevant interaction is

L ⊃ Fψ(ϕ̃†ℓ) + h.c. , (5.4)

where F is the HNL Yukawa coupling, ϕ the SM Higgs doublet, and ℓ a left-handed SM
fermion doublet. The optical theorem connects the HNL width Υp to its production rate
in the early universe plasma, which has been studied extensively, see e.g. [109]. One finds
that the momentum-averaged width is given as [110]

Υav = γ(z)F
2T

16π , (5.5)
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Figure 6. GWB due to thermal fluctuations of a relativistic HNL in the early universe plasma, as
measured by the energy density h2ΩGW (Left) and strain hc (Right). For details about the various
experimental constraints, see the captions of figures 4 and 5. The light red line shows the expected
SM background for Tmax = mPl, see also the caption below figure 4 for more details. The remaining
continuous coloured lines show the HNL contribution for various parameter choices. Finally, the
dashed orange line corresponds to the upper bound (4.10).

where γ is a dimensionless function of z ≡ m/T . The precise determination of γ is an involved
computation, but for our purposes it is sufficient to use the simple approximation

γ ≈ max
(

0.2, z − 3
2

)
. (5.6)

Evaluating the width in the high-temperature limit, this yields the critical frequency

fc = 2.4 · 108 Hz × F 2 . (5.7)

Figure 6 shows the GW spectrum for different Yukawa couplings and an optimistic
maximal temperature T⋆ = mPl,10 comparing it with excepted sensitivities of various prospec-
tive gravitational wave detectors. The hydrodynamic regime (f < fc), where the HNL
GWB exceeds the SM contribution by several orders of magnitude, is clearly distinct from
the Boltzmann regime (f > fc). Although we observe a strong enhancement compared to
the SM background, which can be exceeded by up to 10 orders of magnitude, the model
independent upper bound (4.10) forces the signal to lie much below any (currently proposed)
detector sensitivities.

6 Discussion and conclusion

In this work, we investigated GW production from thermal fluctuations of hidden particles in
the early universe. In contrast to more model-dependent GWBs from e.g. strong first order
phase transitions, reheating, or cosmic strings, this background does not rely on deviations
from standard cosmology and is therefore much harder to avoid.

10While the equilibration temperature in case of thermal production T⋆ ≈ 4 · 10−3m0F 2 tends to be much
lower than the Planck scale, HNLs can also be produced at much higher temperature from e.g. inflaton
decay [111, 112].
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To estimate the size of the background, we used the closed time-path (Schwinger-Keldysh)
formalism to compute the GW production rate due to fluctuations of a feebly interacting
fermion, and combined this rate with prior results for (pseudo-)scalar particles in section 3.
Given the striking similarity of eqs. (3.4) and (3.5), we expect that, up to an additional
spin multiplicity factor, GW production due to fluctuations of a vector particle is captured
by an expression analogous to eq. (3.4). We note in passing that the evaluation of the
fermionic production rate at zero energy gives the corresponding contribution to the shear
viscosity of the early universe plasma, a quantity that is of interest well beyond its application
to GW production.

Using these rates, we then derived phenomenological formulae for GWBs due to thermal
fluctuations of generic feebly interacting particles and obtained a model-independent upper
bound on such backgrounds in section 4. Our formulae incorporate the well-known fact
that super-horizon modes of tensor perturbations are static. This effectively delays the
onset of GW production until after horizon re-entry, modifying some prior results for the
GWB predicted by the SM [22, 23, 25] (cf. eq. (4.17) and the discussion thereafter). We
also investigated backgrounds generated by particles whose width is dominated by non-
renormalizeable interactions. In principle, these backgrounds encode a plethora of information
including the mass of the emitting particle, the dimension of the operator dominating its
width, the corresponding UV cutoff scale, and the maximal temperature of the hidden
sector plasma. Unfortunately, it seems impossible to observe such GWBs from thermal
fluctuations at LISA and other laser interferometers, as the strain induced by the upper
bound is still several orders of magnitude below the sensitivity of even beyond next generation
experiments such as u-DECIGO. The same applies to present efforts of detecting GWs
through electromagnetic conversion [113] (cf. also [114, 115]), but this is still a young and
very active field of research, and it is widely believed that the sensitivity can be increased
by several orders of magnitude.11

In section 5, we finally computed the thermal backgrounds from ALPs and HNLs and
discussed their properties. We found that, in principle, measuring the different features of
such backgrounds would give us access to various model parameters, including the mass of the
feebly interacting particle, its coupling strength, and the dimension of the operator dominating
its width. We also noticed that the resulting GWBs can be enhanced by 5–10 orders of
magnitude compared to the SM background for f ∼ O(1) Hz. Despite this enhancement,
these signals unfortunately remain orders of magnitude below the best sensitivity from
next-generation laser interferometers or high-frequency GW experiments, consistent with
the upper bound found in section 4.2.

Given the pessimistic implications of the upper bound, it is instructive to summarise
and question the assumptions under which it was derived, and to assess how it may be
avoided. As a general comment, we in practice consider each new particle individually,
meaning that our bound constrains the GWB contribution per particle. Its derivation relies
on the following assumptions:

11However, observing even GWBs that saturate our upper bound has only been shown possible assuming
that the interference term between signal and background field in a cavity can be measured at the same
accuracy as the signal itself [116], and no method or technology to do this is known (cf. [117] for a discussion).
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1. Standard Cosmic History. Our results apply for a standard cosmic history. This
amounts to two related but not identical assumptions. (i) In (2.9) and following we
assume that SM degrees of freedom dominate the effective number of radiation degrees
of freedom. Relaxing this assumption does not restrict the applicability of the method
used here. It would simply require tracking the entropy and temperature evolution
in both sectors separately.12 (ii) We assume that no entropy is transferred between
the two sectors. If entropy is transferred from the hidden sector to the SM, the GWB
is diluted. If entropy is transferred from the SM to the hidden sector, the GWB can
be enhanced, but the details depend on the thermal history of the hidden sector. We
sketch how the formulae in section 2 are generalised if these assumptions are relaxed in
appendix D.

2. Focus on the hidden-sector-dominated contribution. We assume that our computation
captures the dominant part of the GWB from hidden sectors. This amounts to two
separate assumptions, one of which is conceptual and the other technical in nature.
(i) We consider one hidden particle at a time. This is based on the observation that
the GWB at low frequencies tends to be dominated by the most weakly interacting
particle [22, 23, 25]. If there are several feebly coupled particles, the upper bound
in section 4.2 applies to each of them individually. (ii) In our computation of the
GW production rate due to a given hidden particle, we focused on contributions from
diagrams with a topology as in figure 1 (wave-function type diagrams) with resummed
propagators in the loop, which are subject to the enhancement discussed in section 2.1.
This enhancement is the largest for the particle with the weakest coupling, hence one
expects this contribution to dominate in hidden sectors. Our computation does not
capture vertex-type corrections such as the diagram in figure 2. Since the enhancement
is absent in the Boltzmann regime k ≫ Υav, one can expect contributions from vertex-
type diagrams to be of the same order of magnitude as the ones considered here. Hence,
we expect order one corrections to GW emission in the Boltzmann regime, the precise
computation of which in general may require further resummations (cf. e.g. [120]).

3. Equilibrium between the sectors. Throughout sections 4 and 5 (and in particular in
figures 4–6) we assumed that the hidden sector is in equilibrium with the SM at a
temperature T . When this is not the case, one can distinguish two possibilities. If
the hidden sector is in a thermodynamic state that can be described by an effective
temperature Th ̸= T , then all references to the temperature in the distribution functions
have to be replaced with the corresponding values for Th. For example, this can be
the case if hidden sector interactions are strong enough to maintain local thermal
equilibrium within each sector, but the portal interaction with the SM is too weak to
equilibrate the two sectors with each other. When the hidden sector is in a true non-
equilibrium state, our computation can still be applied when using (3.6) instead of (3.5),

12Note that increasing the number of degrees of freedom enhances the GW production rate, but this
enhancement is overcompensated by the subsequent dilution. As a result, models with more degrees of freedom
(such as Grand Unified Theories, GUTs) tend to produce a weaker signal than the SM unless the contribution
from new particles is enhanced by some mechanism, such as the weakness of their interaction in the present
work, cf. section 2.1. However, GUTs can produce GWBs in various other ways, cf. [118, 119].
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practically replacing the equilibrium distribution functions in the propagators with
general phase space distribution functions, provided that the loop integral computed
in appendix A is dominated by contributions from the dressed single (quasi)particle
poles. While this assumption can in principle be violated (e.g. when the phase space
distribution functions exhibit strong peaks, collective excitations play a role, or the
continuum contribution from branch-cuts dominates), it can be expected to hold for
a wide range of non-equilibrium situations. An immediate consequence of this is
that one expects an upper bound such as (4.9) to hold in non-equilibrium situations,
provided that the temperature is replaced by an effective parameter that characterises
the occupation numbers. Quantitatively this generalised upper bound can be weaker
than the result (4.9) obtained in equilibrium.

A detailed study on the impact of relaxing one or several of these assumption quantitatively
goes beyond the scope of this work. We shall nevertheless briefly comment on what one may
expect in two phenomenologically important situations.

Thermal freeze-in describes the incomplete equilibration of some particle species due
to a weak coupling and can be relevant for both dark matter production [103, 121] and
baryogenesis [101, 102, 106]. Freeze-in scenarios can involve a huge deviation from thermal
equilibrium. However, since this is an underabundance, the GWB from the concerned particle
is expected to be suppressed relative to our upper bound. Recall that the upper bound (4.9)
is the result of a trade-off between two effects that apply irrespective of whether the hidden
particle is in equilibrium or not: a smaller hidden particle width Υp leads to a stronger
enhancement of the GWB per mode, but reduces the range of modes that are enhanced.
During freeze-in (when the hidden particles are produced thermally) there is a third effect: a
lower Υp also implies a slower approach to equilibrium, hence lower occupation numbers. If
those can be characterised by an effective temperature Th < T , then it is straightforward to
quantify the resulting suppression of the GWB by replacing T → Th in (3.4) and (3.5); if
not, one has to use the equations in appendix A with the full nonequilibrium distribution
in (A.3) and following. At a qualitative level it is clear that an underabundance will suppress
the contribution to the GWB.

An overabundance, on the other hand, can potentially enhance the GWB. An extreme
case of this kind can be realised at the end of cosmic inflation. Indeed, the results obtained
in a number of recent works studying graviton emission during reheating [58–61] appear to
violate the upper bounds formulated in section 4.2. While the overabundance of inflaton
occupation numbers implies that the upper bound should be relaxed, these works appear to
compute the GW production rate without accounting for (i) the resummation of wave-function
type corrections that is necessary in the hydrodynamic regime (cf. appendix A), and (ii) the
suppression of GW emission for super-horizon modes that effectively delays the onset of GW
production until they re-enter the horizon.13 We expect that systematically incorporating
these effects would yield a significant suppression of the resulting GWB. However, it should
also be added that some of the assumptions mentioned in point 3 can be violated during
reheating. In particular, inflaton decays can produce peaked distribution functions. Moreover,
the oscillating inflaton condensate generates effective masses for all particles that couple to it,

13This was previously pointed out in [122, 123].
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which can not only lead to non-perturbative particle production due to a parametric resonance,
but also modify the perturbative production rate in a way that is not captured by the formulae
presented here. Finally, at the onset of reheating the density of particles is low, implying a
long mean free path and hence a smaller Υav than we used. Hence, while the GWB produced
from reheating may exceed the upper bound presented here, its quantitative computation
requires taking full account of all aforementioned effects and remains an open question.

In summary, we found that the thermal GWB emitted by hidden sectors can dominate
over the SM contribution by orders of magnitude in the low frequency regime. In spite of this,
the upper bound from section 4.2 and its potential non-equilibrium generalisations imply
that the background remains orders of magnitude below the sensitivity of any proposed
interferometer if the concerned particles are in thermal equilibrium or underabundant. This
pessimistic conclusion may be avoided in situations involving overabundances, such as cosmic
reheating, but an accurate formalism to quantify this is still lacking. Hence, while the thermal
GWB for a given extension of the SM in principle represents an unavoidable floor for GW
measurements, this floor is so low that probing hidden sectors with GWB measurements will
almost certainly rely on more model-dependent sources in the foreseeable future.
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A GW production rate from fermions

To compute the fermionic equivalent of rate (3.4), we start from the Kubo formula (2.7) and
adapt the strategy used in [34, 39]. The relevant contribution to the stress-energy tensor is

Tij(x) ⊃ cX

4 ψxiDijψx , iDij = γii∂j + γj i∂i , (A.1)

where ψx = ψ(x) is either a Dirac or Majorana spinor, evaluated at x = (t,x), and the
constant cX is cD = 2 for a Dirac spinor and cM = 1 for a Majorana spinor. In the
interest of full generality, we consider a setup in which the fermion is not necessarily in
thermal equilibrium, and use the Schwinger-Keldysh (In-In) formalism of non-equilibrium
quantum field theory to evaluate the correlator in (2.4). For reviews of this formalism, see
e.g. [105, 124–126]. The central idea is to evaluate the path-integral along a closed time-path
(CTP) running from an initial time t0 to a final time tf = +∞ and then back to t0. If the
state of the system at t = t0 is specified, the CTP path integral can then be used to compute
path-ordered, out-of-equilibrium correlation functions

⟨TC {Oa1
1 . . .Oan

n }⟩ , (A.2)

where TC is the time-path ordering operator and the Oa
i (xi) are local operators that depend

only on field operators evaluated at xi. Each field operator, and with it each composite
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operator Oai
i , picks up an index a = ±1 that specifies whether it is evaluated along forward

(“+”) or backward (“−”) section of the time path. Accordingly, there are four kinds of two-
point functions (“++”, “−−”, “+−”, and “−+”). The “++” and “−−” functions correspond
to the usual (anti-)time-ordered propagators, but the two Wightman functions

(iS>
xy)αβ = ⟨TC{ψ−

xαψ
+
yβ}⟩ , (iS<

xy)αβ = ⟨TC{ψ+
xαψ

−
yβ}⟩ (A.3)

are the most relevant for our present computation, since they determine the impact of finite
particle and antiparticle number densities. Working with the Fourier-transformed Wightman
functions, we use the ansatz

iS<
p = −2n(p0)SA

p , iS>
p = 2 (1 − n(p0))SA

p , SA
−p =

[
SA

p

]T
, (A.4)

where p = (p0,p) is the four-momentum and SA
p is the spectral function of ψ. In thermal

equilibrium, the Kubo-Martin-Schwinger relations imply that the ansatz (A.4) holds exactly,
if n(p0) is identified with the Fermi-Dirac distribution nF (p0) = [exp{βp0} + 1]−1. Allowing
the fermion ψ to be out-of-equilibrium, we replace nF with a generic distribution function,
nF → n(p0,p). In principle, ψ has two independent helicity states, each associated with its
own distribution function nh(p0), but we neglect this helicity dependence. This ansatz is
related to the so-called Kadanoff-Baym ansatz, cf. e.g. [127, 128] for an explicit discussion. We
emphasize that our computation does not depend on the precise shape of the non-equilibrium
distribution functions, provided that they are sufficiently smooth and that the assumptions
we make about the spectral function in appendix B hold. As a result, we expect upper
bounds akin to those derived in section 4.2 to hold in out-of-equilibrium scenarios, up to an
appropriate modification due to the different phase-space distribution.

We focus on the regime k ≲ Υ, where the leading contribution to Π is generated by
the diagram depicted in figure 1. One way to generate the diagram is to Wick contract the
correlator (2.4) without introducing any additional vertices. For a Dirac fermion, this yields( 4
cD

)2
⟨{Tij(x), Tkl(y)}⟩ = ⟨TC

{
ψ−

x (iDx ijψ
−
x )ψ+

y (iDy klψ
+
y ) + ψ+

x (iDx ijψ
+
x )ψ−

y (iDy klψ
−
y )
}

⟩

= − tr
[
(iDx ij iS>

xy)(iDy kliS<
yx) + (<,>↔>,<)

]
,

(A.5)
and therefore

Π(k) = −c2
D

8

∫ d3p

(2π)3

∫ dp0
2π Lij;klpipk tr

[
γj iS>

p γliS<
p−k + γj iS<

p γliS>
p−k

]
, (A.6)

where kµ = (k,k). If ψ is a Majorana fermion, one has to replace cD → cM = 1, but the
additional contractions result in a further overall prefactor of 2. In either case, using the
ansatz (A.4), one obtains the generic expression

Π(k) = cX

∫ d3p

(2π)3

∫ dp0
2π Lij;klpipk tr

[
γjS

A
p+γlS

A
p−

]
·D(p+

0 , p
−
0 ) , ps

µ = pµ + s

2kµ , (A.7)

where (3.7) encodes the out-of-equilibrium particle number densities,

D(p0, q0) = (1 − n(p0))n(q0) + n(p0)(1 − n(q0)).
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Using a tree-level or more generic zero-width expression for the spectral function, the integral
in (A.7) would vanish exactly for a finite value of k but diverge for k = 0. This divergence
is physically related to the fact that a free particle formally has an infinite mean free path,
and is regulated by the finite width of the spectral function, resulting in the lav ∝ 1/Υ scaling
of the shear viscosity. To capture this effect, it is necessary to resum wave-function type
corrections to the spectral function. Following the discussion in appendix B, we write the
resummed expression as

SA
p =

(
/p+m

) Γp

Ω2
p + Γ2

p

, Ωp = p2 −m2 , Γp ≡ Γ(p) = 1
2 tr

[
(/p+m)ΣA

p

]
, (A.8)

where ΣA,H
p denotes the (anti-)hermitian self-energy of ψ. The symmetry relation in (A.4)

implies that the width parameter Γp has to be odd, Γ−p = −Γp. The physical width of the
new particle is defined as its on-shell limit,

2ϵΥp = lim
p0→ϵ

Γp , Υ−p = Υp , ϵ2 = p2 +m2 . (A.9)

Inserting the ansatz (A.8) into eq. (A.7), one finds14

Lij;klpipk tr
[
γjS

A
p+γlS

A
p−

]
=

4p2
⊥(p+

0 p
−
0 − p+p− −m2 + p2

⊥)Γp+Γp−[
Ω2

p+ + Γ2
p+
][

Ω2
p− + Γ2

p−
] , p2

⊥ ≡ Lijp
ipj . (A.10)

To proceed, we use the residue theorem to evaluate the p0 integral in (A.7) in the hydrodynamic
regime. In general, the integral receives contributions from two classes of poles: (i) poles
associated with the product of distribution functions D = D(p+

0 , p
−
0 ), and (ii) poles associated

with the trace of spectral functions (A.10). The width parameter Γ is also expected to exhibit
a branch-cut at the light-cone p2 = 0. However, for sufficiently small frequencies k and width
parameter Γ, the integral (A.6) is dominated by the regime in which both propagators are
close to being on-shell, cf. figures 10 and 11 in [129],15 where p2 > 0.

As it is the finite width of the spectral function that regulates the integral, only the
residues associated with the spectral functions give rise to the enhanced ∝ 1/Υ contributions.
Since our primary aim is to extract these enhanced contributions, we neglect the poles of the
distribution functions as well as the branch cut of Γp, using an analytic continuation to extend
the p2 > 0 expression into the regime with p2 < 0. We then close the integration contour
along the upper half of the complex plane with Im p0 > 0. The enhanced contributions are
generated by the four poles located at

p0 → ϵs,t = −sk

2 + t
[
p2

s +m2 + {iΓps}p0→ϵs,t

] 1
2 , (A.11)

where s, t = ±1. The corresponding residues are

Res
p0→ϵs,t

(
Γp+Γp−[

Ω2
p+ +Γ2

p+
][

Ω2
p− +Γ2

p−
])= lim

p0→ϵs,t

Γ(ps−sk)

2i
(
2ϵs,t+sk−iΓ′

ps

)[
(2skµps

µ−iΓps)2+Γ2
(ps−sk)

] ,
(A.12)

14The gamma matrices and metric tensor are defined such that {γµ, γν} = 2ηµν with η00 = +1 and
ηij = −δij .

15While figures 10 and 11 in [129] are useful to illustrate the behaviour of the integral, there is an error in
the computation of the damping that was corrected in [130].
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where Γ′
p ≡ ∂p0Γp is an even function of p0. To evaluate eq. (A.12), we separately expand

both the numerator and denominator to leading order in k and Γp. Explicitly, this gives

Γps ≈ Γ(ps−sk) ≈ Γp , ϵs,t ≈ tϵ+ iΥp − sk
(ϵ− tp∥)

2ϵ , kµps
µ ≈ k(tϵ− p∥) , (A.13)

where p∥ = kp/k , and subsequently

Res
p0→ϵs,t

(
Γp+Γp−[

Ω2
p+ + Γ2

p+
][

Ω2
p− + Γ2

p−
]) ≈ 1

8i
Υp

[sk(tϵ− p∥) − itϵΥp]2 + ϵ2Υ2
p

. (A.14)

Hence, summing over the residues and setting k → 0 and ϵs,t → tϵ in the remainder of
the integrand in (A.7) gives (3.6).

The result (3.5) is a valid approximation of the wave-function type diagram in figure 1.
This should hold as long as the integral is dominated by the dressed single quasiparticle poles,
which can be expected for momenta k ≪ Υp, provided that the phase space distributions do
not feature pronounced peaks. We also expect it to work reasonably well for larger momenta
Υp < k ≪ T . The neglected contributions are generated by additional poles of the spectral
function (e.g. related to collective excitations [131, 132]), the poles of the distribution function
D(p+

0 , p
−
0 ), and the branch cut of the width parameter Γp. The residues of the distribution

function generically scale as Υ2
p, and are therefore in any case subleading compared to

the residues (A.12). We expect that a similar suppression is present for the branch cut
contribution at sufficiently small momenta, but this may no longer be the case for momenta
k ≫ Υp. Furthermore, for momenta k ∼ πT , we can no longer use the approximations (A.13)
or set k → 0 in the non-singular part of the integrand (A.7). It is then also necessary
to account for additional diagrams such as vertex-type corrections. Finally, we note that
the equations used here account for the production of single gravitons, and do no cover
the production of coherent multi-graviton states. Emission of multiple hard gravitons with
momenta k ∼ πT was studied in [24], while emission of multiple soft gravitons could e.g. be
included by studying the evolution of higher n-point functions.

B Finite temperature spectral function

We consider the spectral function of a massive Dirac or Majorana fermion ψ at finite
temperature,

SA
p ≡ 1

2

∫ d4p

(2π)4 e
ip(x−y)⟨ψx ⊗ ψy + ψy ⊗ ψx⟩ , (B.1)

where ⊗ denotes the tensor product in Dirac space. In thermal equilibrium, an exact, if
formal, expression is

SA
p = i

2
(
Sr

p − Sa
p

)
= i

2

(
1

/p−m− ΣH
p + iΣA

p

− 1
/p−m− ΣH

p − iΣA
p

)
, (B.2)

where Sr
p and Sa

p are the retarded and advanced propagators of ψ and ΣH
p and ΣA

p are its
(anti-)hermitian self-energies. Working in the plasma rest frame, they can be cast as

ΣX
p =

(
σX

1 /p+ σ̃X
1 /̃p
)
1+

(
σX

5 /p+ σ̃X
5 /̃p
)
γ5

p2 + δX
1 1+ δX

5 γ5 , p̃µ = (|p|, p0p/|p|) , (B.3)
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where X ∈ {A,H}. The quantity p̃µ is defined such that p̃2 = −p2 and p̃p = 0. This ensures
that pµ and p̃µ are linearly independent but span the space of four-vectors with spatial part
parallel to p. The scalar coefficients are

σX
i = 1

4 tr
[
Pi /pΣX

p

]
, σ̃X

i = −1
4 tr

[
Pi /̃pΣX

p

]
, δX

i = 1
4 tr

[
Pi ΣX

p

]
, P5 = γ5 , P1 = 1 .

(B.4)
Using the decomposition (B.3), we can recast the retarded and advanced propagators as

Sa,r
p =

(
/p+m− ΣH

p ∓ iΣA
p

) 1
Ωp ∓ iΓp

, ΣX
p = ΣX

p − 2δX
1 1 , (B.5)

where the functions Ωp and Γp are defined as

p2Ωp ≡ (p2 − σH
1 )2 − σA 2

1 − σ̃H 2
1 + σ̃A 2

1 − σH 2
5 + σA 2

5 + σ̃H 2
5 − σ̃A 2

5

− p2[(m+ δH
1 )2 − δA ,2

1 − δH 2
5 + δA 2

5 ] ,
(B.6a)

p2Γp ≡ 2
[
(p2 − σH

1 )σA
1 + σ̃H

1 σ̃
A
1 + σH

5 σ
A
5 − σ̃H

5 σ̃
A
5

]
+ 2p2[δA

1 (m+ δH
1 ) − δH

5 δ
A
5 ] . (B.6b)

The spectral function becomes

SA
p =

(
/p+m− ΣH

p

)
∆p − ΣA

p Πp , (B.7)

where

∆p = Γp

Ω2
p + Γ2

p

, Πp = Ωp

Ω2
p + Γ2

p

. (B.8)

The condition Ωp
!= 0 determines the location of the mass shell, while 4Γp = tr

[
(/p+m)ΣA

p

]
is

proportional to the finite temperature width of the particle. In the zero-width approximation,
where Γp → 0, one finds

∆p → πδ(Ωp) , Πp → P
(

1
Ωp

)
, (B.9)

where P (·) denotes the principal value. In this limit, the term ∝ ∆p encodes the propagation
of single-particle excitations, encompassing both pseudo-particle and hole modes, while the
term ∝ Πp encodes the impact of scatterings mediated by these modes. In our computation,
we can expand SA

p , Ω, and Γ to leading order in the coefficients (B.4),

SA
p = (/p+m)∆p + O

(
Σ2
)
, Ω = p2 −m2 , Γ = 2

(
σA

1 +mδA
1

)
+ O

(
Σ2
)
. (B.10)

It is worth pointing out that this approximation, neglecting loop corrections to Ω as well
as the Dirac structure of the spectral function, is not always valid. In particular, for soft
momenta |p| ≪ T , one has to at least keep track of the hard-thermal loop contributions
to Ω in order to regulate soft IR divergences and to reproduce the correct spectrum of the
fermion propagator, including both massive pseudoparticle and hole modes. In our case, the
integral (A.7) is dominated by hard momenta |p| ∼ πT that are close to the lightcone, such
that p2 ≪ T 2. In this regime, the residue associated with the hole-modes is exponentially
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suppressed, and they can be neglected as a result, but the pseudoparticle modes still obtain
a thermal mass ∝ gT that regulates IR divergences and can therefore result in certain
logarithmically enhanced contributions. This can be accounted for by promoting m to a
temperature dependent thermal mass, m → m(T ), but it does not impact the validity or
our computation. In addition, since there are no more IR divergences to regulate, keeping
track of the thermal mass barely modifies our final result (3.5).

C Supplementary formulae for backgrounds from non-renormalizable
interactions

To estimate the final GWB (3.2) from hidden particles with a width dominated by non-
renormalizable interactions, we decompose the high-temperature production rate (3.11) into
a hydrodynamic (T > Tc) and Boltzmann (T < Tc) contribution,

Π(k) m≪T≃ gX
16π2

225 T
5

1/2Υav T > Tc

5Υav/k2 T < Tc

. (C.1)

We extract the high-temperature background from the integral in (3.2) by replacing Tmin
with m. Using expression (4.12) for the width Υav and assuming d > 4, one obtains the
hydrodynamic contribution

h2ΩT >m
gw (f) Hydro

≃ g−
d

(
f

Hz

)2 [
min

(
f m

fhydmPl
,
Tc

mPl

)
− min

(
f Tmax
fmaxmPl

,
Tc

mPl

)]
(C.2)

and the Boltzmann contribution

h2ΩT >m
gw (f) Boltz.≃ g+

d

(
f

Hz

)2 [
min

(
fmax Tmax
f mPl

,
Tc

mPl

)
− min

(
fhydm

f mPl
,
Tc

mPl

)]
, (C.3)

where

g±
d = 5.3 gX · 10−29

2(d− 4) ± 1 , Tmax = max (m,min (Tentry, T⋆)) , fmax = fc

(
Tmax

Λ

)2(d−4)
. (C.4)

Adding these two contributions, one obtains the full background

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2


g−

d

g+
d

(
f m

fhydmPl
− f Tmax

fmax mPl

)
fhyd > f(

Tc
mPl

− fhyd m
f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f Tmax

fmax mPl

)
fhyd < f < fmax(

fmax Tmax
f mPl

− fhyd m
f mPl

)
fmax < f

. (C.5)

Keeping only the leading terms for each case, one has

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2


g−

d

g+
d

f m
fhydmPl

fhyd > f(
1 + g−

d

g+
d

)
Tc

mPl
fhyd < f < fmax

fmax Tmax
f mPl

fmax < f

. (C.6)
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In the following, we focus on the case m < T⋆ < Λ. From the definitions (4.4), (4.5), and (4.19)
to (4.21), it then follows that 0 < f⋆ − fnr < fbol − fhyd. From (C.4), we also find

fmax =


fhyd f < fnr

fint fnr < f < f⋆

fbol f⋆ < f

, fint ≡ fx

(
f

fx

)2(d−4)
, (C.7)

where fx is defined in (4.21), and

fhyd < fmax < fbol , fhyd = fx

(
fnr
fx

)2(d−4)
, fbol = fx

(
f⋆

fx

)2(d−4)
. (C.8)

For f < fnr, the temperature at horizon entry is below the mass of the hidden particle, so
that there is no high-temperature (T > m) contribution to the background. Focusing on
frequencies f > fnr, we now distinguish four cases:

• Case 1: fnr < fhyd < f⋆ < fbol, which gives

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2



g−
d

g+
d

(
f m

fhydmPl
− f Tentry

fint mPl

)
fnr < f < fhyd(

Tc
mPl

− fhyd m
f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f Tentry

fint mPl

)
fhyd < f < f⋆(

Tc
mPl

− fhyd m
f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f T⋆

fbol mPl

)
f⋆ < f < fbol(

fbol T⋆

f mPl
− fhyd m

f mPl

)
fbol < f

.

(C.9)

Keeping only the leading terms, one has

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2


g−

d

g+
d

f m
fhydmPl

fnr < f < fhyd(
1 + g−

d

g+
d

)
Tc

mPl
fhyd < f < fbol

fbol T⋆

f mPl
fbol < f

. (C.10)

• Case 2: fnr < f⋆ < fhyd < fbol, which gives

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2



g−
d

g+
d

(
f m

fhydmPl
− f Tentry

fint mPl

)
fnr < f < f⋆

g−
d

g+
d

(
f m

fhydmPl
− f T⋆

fbol mPl

)
f⋆ < f < fhyd(

Tc
mPl

− fhyd m
f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f T⋆

fbol mPl

)
fhyd < f < fbol(

fbol T⋆

f mPl
− fhyd m

f mPl

)
fbol < f

.

(C.11)

Keeping only the leading terms, one has

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2


g−

d

g+
d

f m
fhydmPl

fnr < f < fhyd(
1 + g−

d

g+
d

)
Tc

mPl
fhyd < f < fbol

fbol T⋆

f mPl
fbol < f

. (C.12)

Notice that this expression is the same as eq. (C.10).
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• Case 3: fhyd < fnr < f⋆ < fbol, which gives

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2



(
fint Tentry

f mPl
− fhyd m

f mPl

)
fnr < f < fx(

Tc
mPl

− fhyd m
f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f Tentry

fint mPl

)
fx < f < f⋆(

Tc
mPl

− fhyd m
f mPl

)
+ g−

d

g+
d

(
Tc

mPl
− f T⋆

fbol mPl

)
f⋆ < f < fbol(

fbol T⋆

f mPl
− fhyd m

f mPl

)
fbol < f

.

(C.13)

Keeping only the leading terms, one has

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2


fint Tentry

f mPl
fnr < f < fx(

1 + g−
d

g+
d

)
Tc

mPl
fx < f < fbol

fbol T⋆

f mPl
fbol < f

. (C.14)

• Case 4: fhyd < fnr, fbol < f⋆, which gives

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2

(

fint Tentry
f mPl

− fhyd m
f mPl

)
fnr < f < f⋆(

fbol T⋆

f mPl
− fhyd m

f mPl

)
f⋆ < f

. (C.15)

Keeping only the leading terms, one has

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2


fint Tentry
f mPl

fnr < f < f⋆

fbol T⋆

f mPl
f⋆ < f

. (C.16)

Considering the limit of a light hidden particle, where fhyd, fnr → 0, only two cases survive:

• Case 3, which gives

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2



fint Tentry
f mPl

f < fx

Tc
mPl

+ g−
d

g+
d

(
Tc

mPl
− f Tentry

fint mPl

)
fx < f < f⋆

Tc
mPl

+ g−
d

g+
d

(
Tc

mPl
− f T⋆

fbol mPl

)
f⋆ < f < fbol

fbol T⋆

f mPl
fbol < f

. (C.17)

• Case 4, which gives

h2ΩT >m
gw (f) ≃ g+

d

(
f

Hz

)2


fint Tentry
f mPl

f < f⋆

fbol T⋆

f mPl
f⋆ < f

. (C.18)

D More general cosmic histories

Integrating the graviton equation of motion (2.3), and using the numerical constants in (2.13),
one has

h2Ωgw(f) ≈ 1.31 · 10−37 ×
(
f

Hz

)3
tf∫

ti

dt a

a0T0

Π(2πfa0/a)
m2

Pl
, (D.1)
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where ti is the initial time at the onset and tf the final time at the end of GW production.
In order to evaluate the integral, one has to supply expressions for a and Π as functions of
time. In section 2.2, we assumed that the SM is in kinetic equilibrium, that it dominates
the overall energy budget of the universe, and that there is no entropy exchange with other
sectors. If the SM does not dominate the energy budget but the other two assumptions
do remain valid, one obtains

h2Ωgw(f) ≈ 2.02 · 10−38 ×
(
f

Hz

)3
×

Tmax∫
Tmin

dT ′

mPl

Π (2πfa0/a′ )
8T ′4

(
ρSM
ρtot

) 1
2
, (D.2)

generalizing eq. (2.15). This expression is strictly smaller than eq. (2.15), so that it does
not affect the upper bounds derived in section 4.2. Of course, this does not imply that the
GWB is always smaller than in cases where the SM dominates the energy budget, since
the impact of new particles may also enhance the production rate Π (2πfa0/a′ ), while still
respecting the upper bounds in section 4.2.

If significant amounts of entropy are transferred between the SM and other sectors, it
becomes necessary to solve the Friedmann equations in order to directly obtain the time-
evolution of the SM temperature T and the Hubble rate H. If T and H are known monotonous
functions of the scale-factor, one can rewrite eq. (D.1) as

h2Ωgw(f) ≈ 2.02 · 10−38 ×
(
f

Hz

)3 Tmax∫
Tmin

dT ′

mPl

Π(2πfa0/a)
8T ′4

∣∣∣∣ d ln a
d lnT ′

∣∣∣∣ (T ′

T
′

)(
ρSM
ρtot

) 1
2
, (D.3)

where

T ≡ a0T0
a

[
gSM

s (T0)
gSM

s (T )

]1/3

(D.4)

is what the SM temperature would be in the absence of entropy transfers. Using the SM
production rate (3.1), one obtains the final background from SM physics

h2ΩSM
gw (f) ≈ 1.03 · 10−36 ×

(
f

Hz

)3 Tmax∫
Tmin

dT ′

mPl

∣∣∣∣ d ln a
d lnT ′

∣∣∣∣ (T ′

T
′

)(
ρSM
ρtot

) 1
2
, (D.5)

which extends (3.2) to more general cosmic histories. Note that the product
∣∣∣ d ln a

d ln T ′

∣∣∣ T ′

T
′ in (D.3)

also makes it possible to describe GWB production without entropy transfer between sectors
during periods with an expansion history that deviated from radiation domination, which
can e.g. be realised during reheating.
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