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Summary

The main subject of this dissertation consists of studying the micropolar fluid model,
which represents a generalization of the well-known classical Navier-Stokes model, mainly
in the sense that it takes into account the microstructure of the fluid and effects such as

shrinking and rotation of the particles of the fluid.

Our first goal is to prove the existence and uniqueness of a generalized nonsteady micropolar
Poiseuille solution in an infinite cylinder. This is achieved by decomposing the problem into
two parts: the classical two—dimensional micropolar problem with known existence and
uniqueness results and the micropolar inverse problem, where we prove the corresponding

results using semidiscretization in time.

Next, we derive an asymptotic model for the nonsteady micropolar fluid flow in a thin
pipe assuming the solution has the uni—directional nonsteady micropolar Poiseuille form.
The problem is separated by linearity and we treat two problems by constructing two—
scale asymptotic approximations in powers of €, representing the pipe’s thickness. The
model is justified via error estimates in the appropriate norms. In the case of circular
cross—section and external force functions depending only on time, naturally appearing
in many applications, the asymptotic expansion is explicitly computed up to the second

order and numerical illustrations are provided to indicate the effect of the correctors.

Finally, a more complex model is proposed describing the nonsteady micropolar fluid flow
in a thin curved pipe, and the effects of flexion, torsion, micropolarity and time derivative
are studied. The asymptotic expansions are explicitly computed up to the second—order
and the model is justified by means of the error estimate in general as well as for special

cases.

Keywords: micropolar fluid; nonsteady flow; thin domain; curved pipe; micropolar

Poiseuille solution; asymptotic expansion; rigorous justification.
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Sazetak

Glavna tema ove disertacije je proucavanje modela mikropolarnog fluida, koji predstavlja
generalizaciju dobro poznatog klasicnog Navier—Stokesovog modela, prvenstveno u smislu
da uzima u obzir mikrostrukturu fluida i efekte kao sto su smanjivanje i rotacija cestica

fluida.

Nas prvi cilj je dokazati egzistenciju i jedinstvenost generaliziranog nestacionarnog mi-
kropolarnog Poiseuille rjesenja u beskonac¢nom cilindru. Ovo postizemo rastavljanjem
problema na dva dijela: klasi¢ni dvodimenzionalni mikropolarni problem s poznatim re-
zultatima egzistencije i jedinstvenosti te mikropolarni inverzni problem, gdje dokazujemo

odgovarajuce rezultate semidiskretizacijom u vremenu.

Nadalje, izvodimo asimptoticki model za nestacionarni tok mikropolarnog fluida u tankoj
cijevi pod pretpostavkom da rjesenje ima Poiseuilleov jednosmjerni nestacionarni mikro-
polarni oblik. Problem razdvajamo po linearnosti i tretiramo dva problema konstruirajuéi
dvoskalnu asimptoticku aproksimaciju u potencijama parametra e, koji predstavlja deb-
ljiinu cijevi. Model je opravdan koriste¢i ocjenu pogreske u odgovaraju¢im normama. U
slucaju kruznog popreénog presjeka i funkcija vanjskih sila koje ovise samo o vremenu, koji
se prirodno pojavljuju u raznim primjenama, asimptoticki razvoj je izracunat eksplicitno
do drugog reda i numericke ilustracije su prezentirane kako bi se jasnije naznacio utjecaj

korektora.

Napokon, na kraju predlazemo i slozeniji model koji opisuje nestacionarni tok mikropolar-
nog fluida u tankoj zakrivljenoj cijevi te se proucavaju efekti fleksije, torzije, mikropolar-
nosti kao i utjecaja vremenske derivacije. Asimptoticki razvoji su izracunati eksplicitno
do drugog reda i model je opravdan ocjenom pogreske u opéenitom kao i u specijalnim

sluc¢ajevima.

Kljuéne rijeci: mikropolarni fluid; nestacionaran tok; tanka domena; zakrivljena cijev;

mikropolarno Poiseuille rjesenje; asimptoticki razvoj; rigorozno opravdanje.

2010 Mathematics Subject Classification: 35C20; 35Q35; 76M45
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Prosireni sazetak

Glavna tema ove disertacije je proucavanje modela mikropolarnog fluida, koji predstavlja
generalizaciju dobro poznatog klasicnog Navier—Stokesovog modela, prvenstveno u smislu
da uzima u obzir mikrostrukturu fluida i efekte kao sto su smanjivanje i rotacija cestica
fluida. Mnogi ne-Newtonovski fluidi kao $to su tekudi kristali, krv, odredeni polimerni
fluidi te cak i voda na malenim skalama mogu se bolje i preciznije opisati ovim mode-
lom. Kako bi opisali rotaciju cestica, uvodimo novo vektorsko polje — mikrorotaciju, te
sukladno tome, novu jednadzbu koja dolazi od zakona sacuvanja angularnog momenta.
Na ovaj nacin, dobivamo upareni sustav parcijalnih diferencijalnih jednadzbi s c¢etiri nova

koeficijenta viskoznosti.

Nas prvi cilj je dokazati egzistenciju i jedinstvenost generaliziranog nestacionarnog mikro-
polarnog Poiseuille rjesenja u beskona¢nom cilindru. Ovo postizemo rastavljanjem problem
na dva dijela: klasi¢ni dvodimenzionalni mikropolarni problem s poznatim rezultatima
egzistencije i jedinstvenosti te mikropolarni inverzni problem. Egzistencija jedinstvenog
rjeSenja za mikropolarni inverzni problem je dokazana koristenjem semidiskretizacije u vre-
menu, dokazivanjem egzistencije rjesenja diskretnog problema, izvodenjem odgovarajuéih
apriornih ocjena za diskretne aproksimacije te tretirajuci zasebno slucaj T' = oco. Na ovaj
nacin, dokazujemo egzistenciju i jedinstvenost rjesenja originalnog uparenog problema za
T € (0, 00].

Nadalje, izvodimo asimptoticki model za nestacionarni tok mikropolarnog fluida u tan-
koj cijevi pod pretpostavkom da rjeSenje ima Poiseuilleov jednosmjerni nestacionarni
mikropolarni oblik. Problem razdvajamo po linearnosti i tretiramo dva problema konstru-
irajuc¢i dvoskalnu asimptoticku aproksimaciju po potencijama parametra €, koji predstavlja
debljinu cijevi. Nadalje, kako u procesu zanemarujemo inicijalne uvjete, konstruiramo
korektore rubnog sloja u vremenu i dokazujemo odgovarajucée rezultate za njih. Model
je opravdan ocjenom pogreske razlike rjesenja originalnog problema i dobivene asimpto-
ticke aproksimacije u odgovaraju¢im normama. U slucaju kruznog poprecnog presjeka
i funkcija vanjskih sila koje ovise samo o vremenu, koji se prirodno pojavljuje u raznim
primjenama, asimptoticki razvoj je izracunat u eksplicitnom obliku do drugog reda i

numericke ilustracije su prezentirane kako bi se jasnije naznacio utjecaj korektora.
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Prosireni sazetak

Napokon, na kraju predlazemo i slozeniji model koji opisuje nestacionarni tok mikropo-
larnog fluida u tankoj zakrivljenoj cijevi te se proucavaju efekti fleksije, torzije, mikro-
polarnosti kao i utjecaja vremenske derivacije. Uvodeé¢i Germanov referentni sustav i
krivolinijske koordinate, zapisujemo problem u nedeformiranoj domeni. Koriste¢i tehniku
dvoskalnog razvoja, racunamo asimptoticku aproksimaciju do drugog reda. Takoder, ana-
liziramo rubni sloj u prostoru te konstruiramo korektor divergencije kako bi poboljsali red
tocnosti predlozenog modela. Asimptoticki razvoji su eksplicitno izracunati do drugog

reda i model je opravdan ocjenom pogreske u opcéenitom kao i u specijalnim sluc¢ajevima.

Glavni rezultati ove disertacije objavljeni su u radovima [5], [6], [30] i [31].
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Introduction

In this dissertation, we study the micropolar fluid model. Our main contribution consists
in rigorous derivation of new asymptotic models describing the nonsteady flow of a micro-
polar fluid in thin domains such as an undeformed thin pipe and curved thin pipe. These
models are extremely relevant from the point of view of applications as they can describe

many processes, primarily that of the blood flow in biomedicine.

In preliminary Chapter 1, we derive the micropolar fluid field equations from the gene-
ral conservative laws, namely the principles of conservation of mass, linear and angular
momentum, as well as the first law of thermodynamics, following considerations in [22,
Chapter IJ.

In Chapter 2, following [5], we present the existence and uniqueness proof of the genera-
lized nonsteady micropolar Poiseuille solution. In order to achieve this, we decompose
our problem and obtain the classical 2D micropolar problem with well-known existence
and uniqueness results and the micropolar inverse problem. The existence of the unique
solution to the micropolar inverse problem is proved using semidiscretization in time,
establishing the existence of a solution to the discrete problem, deriving a—priori estimates
for the discrete approximation and then using the compactness method as well as treating
the case of T' = oo. In this way, we deduce the existence and uniqueness results for the

solution of the original problem for T € (0, o].

In Chapter 3, following results presented in [6], a new asymptotic model for the nonsteady
micropolar fluid flow in a thin undeformed pipe is derived. Assuming the solution has
the uni—directional micropolar Poiseuille form, we separate the problem by linearity and
obtain two problems: the micropolar heat and micropolar inverse problem. For each
problem, we rescale the domain, construct two—scale asymptotic expansions in powers of
€ up to an arbitrary order by simultaneously solving the boundary—value problem for the
velocity and microrotation. Since, in the process, the initial conditions have been neglec-
ted, the boundary—layers—in—time are considered and the corresponding results proved
for the boundary—layer—-in—time correctors. Finally, we derive error estimates in suitable
norms evaluating the difference between the original solution and our approximation, thus

justifying the proposed model.
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In Chapter 4, following [30], we propose an asymptotic model for the nonsteady flow
of micropolar fluid in a thin curved pipe. We introduce Germano’s frame of reference as
well as the curvilinear coordinates and rewrite the governing problem in an undeformed
pipe. Using the two—scale expansion technique, we compute the asymptotic approximation
up to the second—order in order to capture the effects of pipe’s geometry, micropolarity and
the time derivative. Furthermore, we provide the boundary layer analysis and construct
the divergence correctors in order to improve the order of accuracy of the effective model.
The error estimates in suitable norms are provided in the general case as well as in the

special cases.

In Appendix A, we explicitly compute and numerically visualize the zero—order approxima-
tion, first and second order correctors for the velocity and microrotation in the special case
of the straight thin pipe with circular cross—section and external force functions dependent

on time (see [31]).

In Appendix B, we provide explicit expressions for the operators in curvilinear coordinates

employed in the derivation of the model from Chapter 4.

Finally, in Appendix C, we provide the explicit expressions for the first and second order
correctors of the velocity and microrotation from Chapter 4, as well as the expressions for

the exponentially decaying functions appearing in the boundary layer correctors.



Function Spaces

Let T' € (0, 00] and let Q2 be a bounded subset of R", n = 2, 3.

We denote by W2(Q)", L*(0,T; L*(Q)™), L*(0, T; Wh2(Q)™), L*(0, T; W2*(Q)"),
Wh2(0,T; LA()"™), L>(0,T; L*(2)™) and L*°(0,T; W12(Q)") the spaces with the finite

norms:

(Ju(e. 1) +|Vu(z,t)P)dr) ",

1/2
||u||L2(0,T;L2(Q) ny = ( / lu(z,t)] dxdt) ,

T 9 ) 1/2
1l 2 zwi2@pm) = /0 / (la(z, )] +|Vu<x,t>|)dxdt) ,

2 T ) 1/2
]|z, rw22@)n) = Z/o /Q|D§u(as,t)|da:dt) ,

|a|=0

T ou(z,t)|? 1/2

- 2 |YEL )

w2 0.1522()m) = (/0 /Q<|u(x,t)| —l—‘ 5 )dxdt) ,

1/2
10l @riz2@yey = sup (/ |U(-7t)|2dw> :

t€[0,7]

1/2
lal[z=@zwr20)m) = sup (/Q(IU(-,t)\2+IVu(-,t)P)dx> :

te[0,T]

olel
Where Dg: O Aom ‘Oé‘ :CY1—|—"‘+CY”.
Ox,*..0xy

The spaces Wy*(Q)", L®(0,T; Wy *(Q)") and L*(0,T; W,*(Q)") are the subspaces of
Wh2(Q)n, L0, T; Wh2(Q)") and L*(0,T; W2(Q)™), respectively, consisting of functions
satisfying the condition u(z,t)]sq = 0.

Moreover, we define the space L*(0,T;V) as the space with the finite norm:

T 1/2
ul sz = ([ il at)

In particular, we can take V = HY?(9Q)" with

el = e,
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Chapter 1

Micropolar Fluid Model

The model of micropolar fluid was first introduced in 60’s by Eringen in his well-known
paper [12], providing a generalization of the classical Navier—Stokes model. The main
advantage of the micropolar fluid model is due to the fact that it takes into account the
microstructure of the fluid particles and effects such as rotation and shrinking. Consequen-
tly, numerous non—Newtonian fluids such as liquid crystals, blood, certain polymeric fluids
and even water in small scales can be described in a more precise and realistic manner.
In order to describe the rotation of the particles, a new vector field is introduced — the
angular velocity field of rotation (microrotation), and accordingly, a new equation coming
from the conservation of the angular momentum. In this way, we obtain a coupled system

of PDEs with four new viscosity coefficients.

In this Chapter, our goal is to derive the micropolar field equations from the general
conservative laws following the considerations in [22, Chapter I]. In Section 1.1, we in-
troduce the material and spatial coordinates and derive the continuity equation from the
principle of conservation of mass using the transport theorem. Furthermore, in Section
1.2, we derive the respective equations from the principles of conservation of linear and
angular momentum as well as the first law of thermodynamics. Finally, in Section 1.3, we

summarize the results and write the micropolar field equations.

1.1 Kinematics

1.1.1 Material and Spatial Coordinates

We introduce a fixed rectangular coordinate system (z1, z9, x3) and refer to the coordinate

triple (z1, x2, x3) as the position and denote it by x.

Let us consider a particle P moving with the fluid, occupying a position X = (X7, Xs, X3)

at time ¢ = 0 and the position x = (x1, z9, x3) at some other time ¢, —oco < t < co. Then
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x is determined as a function of X and ¢ in the following way:
r=x(X,1). (1.1)

We assume that the transformation (1.1) is continuous and invertible, thus having the
inverse in the form:
X = X(z,1).

Since the transformation (1.1) has a differentiable inverse, it follows that its Jacobian

0x;
= J(X,t) = det .
J=J(X,1) eg&)
is such that
0<J<o0. (1.2)

We describe the state of motion at a given point  and a given time ¢ by functions such
as p = p(x,t), 0 = 0(z,t) and u = u(zx,t) representing density, temperature and velocity,

respectively.

It now follows that due to the transformation (1.1), any such function f can be expressed

in terms of material coordinates as:

flz,t) = f(x(X),t) = F(X,t). (1.3)
The velocity u at time t of a particle with initial position X is given by

d
u(e,t) = UK, 1) = 50(X,0) (1.4)
where 2 = 2(X,t). We can now determine the transformation (1.1) by solving the ordinary

differential equation

d
%x(X, t) = u(x(X, t)v t)?

with 2(X,0) = X, where X is a parameter.
Let f and F be related with (1.3). Then there holds the following relation:

d d of dv;  Of
Now, using (1.4), we obtain
d D
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where

ll))tf(x,t) = 8af(sat) +u(@,t)- Vi),

is called the material derivative of f.

1.1.2 Transport Theorem

Let Q(t) denote an arbitrary volume moving with the fluid and let f(z,t) be a scalar or

vector function of position and time.

The transport theorem states that

o dwtde = [ (Tt +ue ) 9 + S divae ) )do (16)

To prove the identity (1.6), we consider the transformation
x: Q0) = Qt), z=uz(X,1),
as in (1.1). There holds the relation

/Q Tt = /Q o JEX DX, )X = / F(X,8)J(X,1)dX,

2(0)
implying
Dty = d/ F(X,0)J(X, 1)dX
dt Q(t()i dt Jo(o) ) )
-/ o (th(X, 0060 + FOXH 2 (X, t))dX.

Using identity (1.5), we now get

d
—F(X,t)J(X,t)dX
o DT

— /Q(O) (Z(IE(X)J)J) +u(x(X,t),t) - Vf(z(X, t),t))J(X, t)dX (1.8)

= » <?9{ (x,t) +u(z,t) - Vf(:v,t))d:v.

Identity (1.6) now follows from the relations (1.7)—(1.8) and Euler’s formula given by:

CiJ(X, £) = divu(z(X, £), £)J(X, 1). (1.9)

The fluid is incompressible if for any domain 2(0) and any time ¢, there holds the identity

vol(Q(t)) = vol((0)).
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Taking f(z,t) = 1 and using (1.7), we have

d d

d
Lol =2 [ d :/ 2 Iz dx
vol(©(1)) dt Ja(t) . Q(0) dt (z.1)

Now, using relations (1.2), (1.9), and the arbitrariness of the choice of the domain §(¢)

via €2(0), a necessary and sufficient condition for the fluid to be incompressible reads:

divu(z,t) = 0.

1.1.3 Continuity Equation

Let p = p(x,t) be the mass per unit of a fluid at point x and time ¢. Then the mass of

any finite volume (2 is given by
= t)dz.
m= | p(e,t)ds

The principle of conservation of mass states that the mass of a fluid in a material volume

2 does not change as () moves with the fluid, namely:

d
— t)dz = 0.

The transport theorem identity (1.6) now implies that

dp
— 4 di dr = 0. 1.1
/Q(t) (Gt + 1V(pu)) x =0 (1.10)
We now obtain from (1.10) the following identity:

9 B
a5 + div(pu) = 0. (1.11)

Let now € be a fixed volume. The principle of conservation of mass can also be expressed

in the following form:

d
4 )d :—/ -nds,
dt/szp(x Jd mpu n

meaning that the rate of change of mass in a fixed volume 2 is equal to the mass flux

through its surface.

Finally, we also note that there holds the more general identity:

d D
il d :/ = tdr, 1.12
dt /Q(t) pfd Q(t)thf v ( )

which will be useful in further considerations.
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1.2 Dynamics

1.2.1 Principle of Conservation of Linear Momentum

The external force per unit mass, denoted by f, acts on an element (2 as

/ pfda.
Q

Let now n be the unit outward normal at a point of the surface 0f2 and t,, the force per
unit area exerted there by the material volume outside 0€2. The surface force exerted on

the volume €2 can then be expressed as

t,dS.
09

The Cauchy principle states that t,, depends at any given time only on the position and

the orientation of the surface element dS, namely
t, = t,(x,t,n).

The principle of conservation of angular momentum claims that the rate of change of linear
momentum of a material volume equals to the resultant force on the volume, expressed

by the following identity:

d
e dz — / £d / t,,dS. 1.13
i /Q(t) pudx Q(t),o T + 200 ( )

where f is a given external force function.

Now, using (1.12) and the above identity (1.13), we obtain:

Du
Ui = / £d / t. dS. 1.14
/Q(t)th v Q(t)p v Gle} (1.14)

It now easily follows that the normal stress t,, can be expressed as a linear function of n:
to(z, t,n) =n(z, t)T(z,1),

where T' = {T%} is the stress tensor.

Therefore, using Green’s theorem in identity (1.14), we get

Du
2 :/ £+ divT)de,
/Q(t)th v Q(t)(p +dvT)de
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and, due to the arbitrariness of the domain of integration, it follows:

Du

P = pf + divT. (1.15)

The general Cauchy’s equation of motion (1.15) in differential form thus reads:

o0 . 3.0 . :
p(“’ + Zuﬂ“’) = pf'+ T, i=1,2,3.
at j=1 ij

It should be emphasized that, in classical fluid dynamics, it is assumed that the stress

tensor is symmetric, namely
TY =T,

1.2.2 Conservation of Angular Momentum

Ordinary Fluids

Let us now recall the equation of conservation of linear momentum (1.13):

d
4 / pude — / ofdz + / £,,dS.
dt Ja) Q(t) 20(t)

Now, using the definition of angular momentum in mechanics of mass points or rigid
particles, it is natural to assume the law of conservation of angular momentum in the

following form:

d
£ de = | £)d t,dS. 1.16
dt /Q(t) pla > u)d Q(t) pla x f)de + a0(1) v (1.16)

Theorem 1.1 (Symmetry of the stress tensor).
For an arbitrary continuous medium satisfying the continuity equation (1.11) and the

dynamical equation (1.15), the following statements are equivalent:

(i) The stress tensor T is symmetric.
(ii) Equation (1.16) holds.
Proof. Let us first assume (i) and deduce (7). Using identity (1.12) in (1.16), we obtain:

d D Du
dt /Q(t) pla x ujde Q(t)th (2 > w)dz Q(t) PR Dt )™

(1.17)
:/ p(iL‘Xf)dl’+/ x X t,dS.
Q(t) o0(t)
Applying Green’s theorem, we have the identity:
/ 7 X t,dS = / (& % (divT) + T,)dx, (1.18)
o9(t) Q(t)

10



1.2. Dynamics

where T}, is the vector €¥FTJ* (¢ is the alternating tensor of Levi-Civita, see [19]). Now,
from (1.17) and (1.18) there follows:

Du
— — pf —di T)d = T,dx.
/Q(t)x x (p pt " v v Q(t) v

The left-hand side vanishes as there holds the Cauchy equation (1.15). This implies that
the right-hand side vanishes for an arbitrary volume, and it follows that 7, = 0. Now,
since the components of T, are equal to T2 — 732 T3 — T3 T2 _ T2 the vanishing of

T, implies T% = T7¢ and T is symmetric.

It is now easy to check that (¢) implies (i7).

Polar Fluids

To describe polar fluids, in addition to the body force f and normal stress t,,, we must
introduce the body torque per unit mass g and couple stress c,,. The angular momentum
now consists of the external angular momentum (moment of linear momentum) px x u

and internal angular momentum pl.

The balance of total angular momentum now reads:

d

dt Jaw p(l4+ 2 x u)dr = /Q(t) p(g +x x f)dr + (cn +x x t,)dS. (1.19)

()

As with t,,, we can write ¢, in the form n x C' (where C'is the couple stress tensor). Using

Green’s theorem in (1.19), we obtain:
d : .
—/ p(l+z x u)dr = / (pg + pr x f +divC + = x divl' + T},)dx. (1.20)
dt Ja) Q(t)

Due to the arbitrariness of €2(¢), we can write equation (1.20) for the total angular

momentum in the following way:
D . .
pﬁ(l—l—xxu):pg—l—p:cxf—i—dlvc—i—:cx (divT") + T,. (1.21)
From Cauchy’s equation (1.15), we now obtain the identity

D D
p(xx Dltl> :pﬁt(a:xu):pxxfjtxxdivT. (1.22)

Now, subtracting (1.21) and (1.22), we obtain:

Dl
Pp; = PBHAVC + T (1.23)

11
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Employing the relation
divizx x T') = © x (div]) + T,

in (1.21) and (1.22), we get

D
th(x xu)=prxf+div(e xT)—-T,,
and D
th<l+a:><u>:p:pr+pg—|—div(x><T—|—C), (1.24)

where the law of conservation of (total) angular momentum in differential form is given

by the above equation (1.24).

In the sequel, we shall assume that the internal angular momentum per unit mass can
be written as a vector with components I* (i = 1,2,3), where ! = I**w*, and consider

isotropic fluids such that the following holds:

Here I is a scalar called the microinertia coefficient. Equation (1.23) for isotropic polar

fluids reduces to
Dw

Dt

where the vector field w is called the microrotation field representing the angular velocity

pl = pg + divC' + T, (1.25)

of the rotation of particles of the fluid.

1.2.3 Energy Equation

The first law of thermodynamics states that the increase in total energy in a material

volume is the sum of the transferred heat and the work done on the volume.

The balance expressed by the first law of thermodynamics is given by

1
d/ p(|u|2+E>dx:/ pf-udx—i—/ t,-udS— [ q-ndS,  (1.26)
dt Jow) " \2 Q(t) 29(t) a0(t)

where F is the specific internal energy and q is the heat flux. The first integral on the
right hand side in (1.26) is the rate at which the body force does work, the second integral
represents the work done by the stress and the third integral is the total heat flux into

the volume.

From the relation

7

zT]z ]ds — / <sz 2,7 % _ % z) ’
/BQ(t) wan Q) ue Dt pfu

12
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using transport theorem (1.6), we obtain the identity

2 do — / iid / Tiiyiig i(t,)dS.
dt/ p ’ | / '02D1t’U1| v pfiutde - Q(t) urar BQ(t)u< )
(1.27)

Now, from (1.26), (1.27), the transport theorem (1.6) and Green’s theorem, we have

DE
/()( ﬁ—f—dlvq T(Vu))dx:O,

where T:(Vu) is the dyadic notation for T77u*’ | the scalar product of T and Vu.

Finally, we obtain
DFE
’"Di

Now, assuming Fourier’s law for heat conduction

= —divq + 7:(Vu). (1.28)

q=—kVo, (1.29)

where k > 0, the energy equation (1.28) becomes

DE

P or = div(kV0) + T:(Vu).

In the case of isotropic polar fluids, we shall consider the first law of thermodynamics

given by

ul> |w]? )
e ™ LB :/ f - @)d
dt/ ( T “ Q(t)(pu +pw-g)d

+ t, - udS + c, wdS — q - ndS,
Q(t) Q(t) Q(t)

which can be written in the following way using (1.15) and (1.25):

DE

P = —divq + T:(Vu) + C:(Vw) = T}, - w.

13
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1.3 Micropolar fluids

1.3.1 Isotropic Polar Fluids

We now write the laws of conservation of mass, linear momentum, angular momentum

and energy derived in the previous sections for isotropic polar fluids as:

D D
Fi‘,) = —pdivu, pﬁltl = divT + pf,
D
pI?‘:’ = divC + pg + T, (1.30)
DE ) )

In classical hydrodynamics, there holds C'=0 and g = w = 0, so from (1.30), we obtain

the symmetry of the stress tensor T,. The system of equations (1.30) then reduces to:

D D
Fi — _pdiva, p?‘; = divT + pf,
DE .
T —divq + T:(Vu).

We conclude that the model of isotropic polar fluids contains as a particular case the
classical Navier—Stokes model, which can be obtained from (1.30) by putting C' = 0,

g = w = 0 and defining the stress tensor T" as
TV = (—p+ /\uk’k)éij + V(Ui’j + u”) (1.31)

The above identity (1.31) can be derived from a number of postulates concerning the

fundamental properties of fluids.

1.3.2 Constitutive Equations for Micropolar Fluids

A micropolar fluid is defined as a polar isotropic fluid with stress tensor T" and couple

stress tensor C' given by
T = (—=p + M"F)0y; + v(u™ + ') + v (W' — u) — 20,6 Tw™, (1.32)

and
CY = w3 + ca(w™ + w) + co(w' —w'). (1.33)

The symmetric part of the stress tensor 7" in (1.32) is

T(zi) = (—p + )\Uk’k>5ij + V(Ui’j + ’U/j’i>,

14
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which is the stress tensor of classical hydrodynamics, where A and v are the usual viscosity
coefficients (A is the second viscosity coefficient and v is the dynamic Newtonian viscosity)
satisfying v > 0 and 3\ + 2v > 0.

The positive constant v, in (1.32) represents the dynamic microrotation viscosity, while

the constants ¢, ¢, and ¢4 in (1.33) are called the coefficients of angular viscosities.

Substituting the stress tensor 7" and couple stress tensor C' given by (1.32) and (1.33) into
the system of equations (1.30), we obtain the following:

D
D—i = —pdivu,
Du .
P or = —Vp+ A+ v —r,)Vdivu + (v + v,)Au + 2v,rotw + pf,
(1.34)
D
plﬁ‘: = 2u,(rotu — 2w) + (co + cq — ¢o) VAivw + (¢q + c4) AW + pg,
DE

where

. 1 . .
pd = )\(divu)2+21/D:D+41/r(irotu—w)z—l—co(divw)2+(ca+cd)Vw:W+(cd—ca)VW:(Vw)t,
(1.35)

and D is the deformation tensor given as
Dl — }(ui,j ),
2

We observe that if g, w and v, ¢, ¢4, ¢q are equal to zero, the above system (1.34) reduces

to the system of field equations of classical hydrodynamics:

D
Fff) = —pdivu,
Du .
pﬁ =—-Vp+ A+ v —v,)Vdivua + (v + v,.)Au + 2v,rotw + pf,
DE
P or = —pdivup® — divq,

where
p® = A(divu)® + 2vD:D.

1.3.3 Micropolar Field Equations

We assume the fluid is viscous and incompressible, meaning that v > 0 and

divu = 0, (1.36)

15



Chapter 1. Micropolar Fluid Model

that the specific internal energy of the fluid is proportional to its temperature
E =c¢0, (1.37)

where ¢, is a positive constant and that there holds the Fourier’s law (1.29).

Now, taking into account (1.36), (1.37), (1.35) and (1.29), the system (1.34) becomes:

dp
or “Vp=0
o U Ve =0,
divua = 0,
OJu
p(at t(u- V)u) — —Vp+ (v + 1) Au + 2u,r0tw + pf,
pl(aa‘;v + (u- V)W) = 2v,(rotu — 2w) + (¢o + cq — o) Vdivw + (¢, + cq) AW + pg,

: 1 2
pCr (gi +u- V@) = 2vD:D + 4p, <21"0t11 - W) + co(divw)?

+ (Ca + cg) VWIVW + (cq — ) VWi(VW)".

It the rest of the dissertation, we will consider an isothermal micropolar fluid flow with

p =1 =1, that is, the system of equations:

8@‘; + (u-V)u=—-Vp+ (v+r,)Av + 2v,rotw + £,

diva = 0,

aavtv + (u- V)w = 2u,(rotu — 2w) + (co + cq — ¢o) Vdivw + (¢, + cg) AW + g,

endowed with the appropriate initial and boundary conditions.

16



Chapter 2

Existence and Uniqueness of the
Generalized Nonsteady Micropolar

Poiseuille Solution

In this Chapter, we consider the nonsteady flow of a micropolar fluid through an infinite
cylinder with a prescribed flux. The results on classical Newtonian flow are provided by
K. Pileckas (see [33]). More precisely, the existence of the standard nonsteady Poiseuille
solution in an infinite cylinder Q = {x = (21,2/) € R*: z; € R, 2’ = (x1,23) € o} has
been brought in [35] in Hélder spaces (see also [34] investigating the asymptotic behavior
of the Poiseuille solution as ¢t — c0). In [32], Pileckas has considered a generalized time-
dependent Poiseuille flow in © by assuming that the solution (u,p) has the following

form:

u(z,t) = (u'(2',t), v (2, 1), v’ (2, 1)),
p(x, t) = ﬁ(x/7 t) - q(t)xfi —i—p()(lf),

where py(t) is an arbitrary function of time. The solvability of such problem in Sobolev

spaces has been established by constructing the Galerkin approximations of the solution.

Following [5], we present the generalization of this result for the micropolar setting, i.e. we
prove the global existence and uniqueness result for the generalized nonsteady micropolar
Poiseuille solution. In view of that, this Chapter is organized as follows. First, in Section
2.1, we write the micropolar equations, suppose that the solution is of general micropolar
Poiseuille form and then decompose the problem, obtaining the classical 2D micropolar
problem and the micropolar inverse problem. The existence of the unique solution for
the 2D micropolar problem is addressed in Section 2.2, following [21]. In Section 2.3,
we deduce the existence of the micropolar inverse problem by semidiscretization in time,

proving the existence of the unique solution of the discrete problem, deriving a-priori

17
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estimates for the discrete approximations, using the compactness method and treating the
case T' = oo. In Section 2.4, we adress the existence and uniqueness of the solution to the
original coupled problem for T' € (0, oo]. Finally, in Section 2.5 we present a discussion

on the solvability of parabolic systems in Hilbert spaces.

Let us provide a few more bibliographic remarks. In [37], the author has proved the
existence of weak solutions to the initial boundary value problem for incompressible
micropolar fluids in the absence of body forces and moments and with homogeneous
Dirichlet boundary conditions. In [39], the existence and uniqueness of a global solution
for micropolar fluid equations has been established with periodic boundary conditions and
with external forces and moments independent of the longitudinal coordinate z;. Local-
in-time existence and uniqueness of strong solutions for the incompressible micropolar
fluid equations in bounded or unbounded domains of R? has been established in [7]. The
micropolar Poiseuille solution has been employed in [38] for the purpose of studying the

steady micropolar Leray problem.

2.1 Micropolar Equations

We consider an infinite cylinder Q = {z € R*: z; € R, 2/ = (29,23) € 0}, where o
is a bounded open set of class C? in R%2. We denote the Cartesian coordinates z =
(21, (x2,23)) = (21, 2"), with x1 being the direction coinciding with the axis of the cylinder.
We consider the initial boundary value problem for the nonsteady micropolar fluid flow in

an infinite cylinder :

‘2‘; — (4 v)Au+ (u- V)u+ Vp = 2urotw + £,
divu =0, (2.1)
0
87‘27 — (o +ca)Aw + (u- V)W — (¢o + ¢g — ¢o )V divw + 4, w = 2p,r0t u + g,

with the boundary and initial conditions
u|aQ = 0, W|@Q = 0, (2.2)

and
u(z,0) = a(z), w(z,0)=Db(z), (2.3)

along with the flux condition with the given flow rate F'(¢)

/U ul (@, 2, t)da’ = F(t). (2.4)

18



2.1. Micropolar Equations

Here u(zy,2',t) = (ul(zy, 2/, 1), u?(x, o', t), u®(z1, 2, 1)) stands for the velocity field,
w(zy, 2’ t) = (w (2, 2/, t), w(xy, 2/, t), w3 (xy, 2/, t)) is the angular velocity of rotation of
the fluid particles (the microrotation field), while p(x, 2’ t) is the pressure. The positive
constants are the Newtonian viscosity v, the microrotation viscosity v,., while ¢, ¢, and c¢q4
are coefficients of angular viscosities. The external sources of linear and angular momentum
are given with functions f = (f1, f2, f3) and g = (¢', ¢%, ¢°), respectively. We assume that
the nonsteady solution of the problem (2.1)—(2.4) has the generalized Poiseuille form

u(z,t) = (u'(2',t), v (2, ), u’ (2, 1)), (2.5)
w(x,t) = (w'(2',t), w?(2', 1), w* (2, 1)), (2.6)
p(I, t) = ]3(1’/, t) - Q(t)xl —I—pg(t), (27)

where py(t) is an arbitrary function in t. We also assume that

In order to formulate the resulting problem in a more compact form we introduce the
following notation: t(z/,t) = (u2(a',t),v®(2/,1)), a(z') = (a2(z'),d*(2")), T(a/,t) =
(f(",1), f2(2', 1)), w(a' 1) = w(2', 1), b(z) = b(a"), v(a',t) = u'(2',1), a(a’) = a'(2'),
f(@,t) = fH(st), W(a',t) = (wi(@,t), w’(@', 1)), b(z') = (b*(2'),b%(a")) and &(',1) =
g,

(g*(2',1), g3(2', 1)), g(a/,t) = t). Furthermore, from now on, we denote

Lo ot 0 06t . (99 0
rotx/¢_a—x2—8—x3, dlvx/gb_aixg—i_@ix;;’ Vie = 871;3_8752 :

02 02 0y 0
O e

for any sufficiently smooth scalar function ¢ and a vector function ¢ = (¢?, ¢?).
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Taking the generalized Poiseuille solution (2.5)—(2.7), plugging it into the system (2.1)-
(2.4), and decomposing the obtained system of equations we get the following two problems

set on the cross-section o:

881;1— (v + 1) At + (- Vo )l 4 Vop = 20, Viw + 1,
Ve -0=0,
?;; — (o +ca)Apw+ (0 - Vo )w + dv,w = 2v,10t, 0+ g, (2:8)
(2, t))os =0, w(@',t)]se =0,
a(2',0) = a(2’), w(@’,0)="0b(2"),
and
ov N a
Fri (v +v)Apv + (0- Vo )v — q(t) = 2vrot W + f,
88‘: — (Cq + ) ApW + (T1- Vo )W — (o + g — o) Vdivy W + 4% = 20, Vv + g,

U|80 - 07 W|80' = 07

v(2',0) = a(z'), W(z',0) = b(z').

The system (2.9) is completed with the flux condition
/ o t)da' = F(t). (2.10)

Let V := {¢ € CF(0)?; ¢ = (¢1,¢2), divp =0 in o}. Let the linear space V and H,
respectively, be closures of V' in the norm of W'2(¢)? and L?(0)?. To simplify mathematical

formulations we introduce the following notations:

a(é, ) = gj; ng , (2.11)
b(@, %, o) / in - a (2.12)
d(, . ) :Z/Ucbjaxjsodﬂs’, (2.13)
(¢, 7)) :z/gcwidx’, (2.14)

) Z/O_Wd:c’- (2.15)

In (2.11)—(2.15) all functions ¢, ¥, ¢, 1 and ¢ are smooth enough, such that all integrals

on the right-hand sides make sense.
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2.2  Solvability of Problem (2.8)

In this section we will recall some well-known results concerning the existence, regularity
and uniqueness for micropolar incompressible fluid flows in two-dimensional bounded

domains. First, we introduce notions of weak solutions to the problem (2.8).

Definition 2.1.
(i) Let T € (0,00) and suppose that

fe L*0,T;H), g L*0,T; L*(0)),
AcH, be L*o).

By a weak solution of the problem (2.8) on (0,T) we mean a pair [{i,w] such that

te L*0,T;V)nC(0,T); H),
w € L0, T; Wy (o)) N C([0,T); L*(0)),

and the following system

jt((ﬁ(t), ¥)) + (v + v)a(@(t), ) + b(at), 0(t), ¥) = 2 (Vaw(t), 9)) + (), ¥)),
(2.16)
and
;lt(w(t)’ ®) + (ca + ca)(Vw(t), Vi) + d(t(t),w(t), @) + 4, (w(?), ¢) (2.17)

= 2w, (rot, 1(t), @) + (g(1), @),

holds for every [, @] € V- x W, ?(0) in the sense of scalar distributions on (0,T) and

a(2',0) =a(z") ino, (2.18)
w(x',0) =b(z") ino. (2.19)

(ii) Let T = 400 and suppose that f € L*(0,00; H), g € L*(0,00; L*(0)), & € H and
b € L*(0). By a weak solution of the problem (2.8) on (0,+00) we mean a pair [, w]
such that € L*(0,00;V) N C([0,00); H), w € L*(0,00;W,?(c)) N C([0,00); L*(c)),
a(2’,0) = a(2'), w(a’,0) = b(z’) in Q and the system (2.16)—~(2.17) holds for every
[, 0] € V x Wy () in the sense of scalar distributions on (0, 4+00).

Theorem 2.2 ([21, 37]).

There exists a unique solution of the problem (2.8) in the sense of Definition 2.1.
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Theorem 2.3 ([40]).
LetT € (0, +o0] and [, w| be the solution of the problem (2.8) in the sense of Definition 2.1.
In addition, let & € V and b € Wy*(0). Then

o€ L*(0,T; H), e L*0,T;W**(0)*)NL>(0,T;V), (2.20)
dw € L*(0,T; L*(0)), w € L*(0,T;W**(0)) N L>®(0,T; Wy(0)). (2.21)

Proof. Let [, w] be the weak solution of the problem (2.8) in the sense of Definition 2.1.
Then for the right hand side of (2.16) we have

2, Viw 4+t e L*0,T; H).

Assuming & € V, (2.20) follows from [40, Chapter 3, Theorem 3.10]. Finally, (2.21) can

be proved by similar arguments.

[
2.3 Solvability of Problem (2.9)—(2.10)
Definition 2.4.
Let T € (0,00] and suppose that
e L*(0,T;W*%(0)?) N L>=(0,T; V), (2.22)
g€ L*(0,T; L*(0)%), f € L*(0,T; L*(0)), F € W((0,T)), (2.23)
b e Wy(0)?, ae Wyi(o). (2.24)
The weak solution of problem (2.9)—(2.10) is a triple [v, W, q] such that
v € L0, T; Wy?(0)) N W0, T; L*(0)),
W e L2(0,T; Wy (0)*) N WH2(0,T; L2 (0)?),
g € L*((0,T)),
v(2',0) = a(z'), W(z',0) = b(2'), (2.25)
and the following identities hold:
i(v(t) )+ v+ ) (Varv(t), Varp)) + d(0(t), u(t), @)
dt ) 90 T X Y xT SD ) Y 90 (2'26)

= q(t)(L, ) + 20 (rot w(t), o) + (f(2), ©),
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2.3. Solvability of Problem (2.9)-(2.10)

for all p € Wy (o),

(1), )+ (e + ca)al(2).26) + (A1), W(1) )
+ (co+ ca = ca) (divW(t), divip) + 4v (W(t), 1)) = 2v,((Vu(t), %)) + ((&(1). ),
(2.27)
for all 4 € Wy*(0)? and for almost every t € (0,T), and
/ v(2,t)dx' = F(t),  for almost every t € (0,T). (2.28)

Theorem 2.5.
There exists a solution of the problem (2.9)—(2.10) in the sense of Definition 2.4.

The detailed proof of Theorem 2.5 is split into several steps.

2.3.1 Discrete Approximations on (0,7

Let T € (0, +00), fix n € N and let h := T'/n be a time step. Furthermore, let us consider

fia) = %f(iih_l)h f(@' s)ds, i=1,...,n
gl (2) = %fé’il)h g(x',s)ds, i=1,...,n,
n
n

u,(2) = %jé}il)h (e, s)ds, i=1,...,

: 1 ih , a.e. in o.
Fy o= [, F(s)ds, i=1,...,n,
wo(z') := b(2'),
v2(2') = a(z)
First, note that, in view of (2.22), we have
ul, € W (0)” and by [[ul |32 < C, (2.29)

=1

where C'is independent of n (see [36, page 206, (8.28) and Lemma 8.7]) and by the Sobolev
embedding we have

HuiLHL‘I(U)Q < Cl”“iLHW(}’Q(Uy < ¢, (230)

with ¢; and ¢y independent of ¢ and n. Further, by the Sobolev embedding and (2.29) we
also have .
u; € LOO<0')2 and hz ||u;i,l/||%oo(a—)2 <C. (231)
i=1

Now we are ready to approximate the evolution problem by an implicit time discretization
scheme. Then we define, in each time step, [v!,w’, q’] as a solution of the following

steady problem: for a given couple [vi, w1 € Wy (o) x Wy*(0)? x R find a triple

n
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Chapter 2. Existence and Uniqueness of the Generalized Nonsteady Micropolar Poiseuille Solution

(i, Wi, ¢ € Wy?(o) x Wy?(0)2 xR, i=1,...,n, such that

1 . . . . .
2 (o =) + v+ ) (Vo) Vi) + d(w;, 0}, )

| | | (2.32)
= @u(1, ) + 20, (vote Wi, @) + (fr, #),
for all € Wy*(0),
3 (Wh = Wi ) + (ca + ca)a(wy,, ) + b(W,,, W, ) (233
+ (co + ca — ca) (divew,, diveth) + 4. (W, 9)) = 20, (Vv 4)) + (87, %)),
for all ¢ € W,*(o)?, and
/v; dr' = F. (2.34)

Theorem 2.6 (Existence of the solution to (2.32)—(2.34)).
Let [vi=1 wiml] € Wy ?(0) x Wy*(0)? and w, € V' be given. Then there exists the triple
(Wi wi ] € WyP(o) x Wy2(0)? x R, the solution to the discrete problem (2.32)-(2.34).

Proof. Denote U = (v,w) and V' = (¢, 1) and define

BU, V) =+ v.)((Vev, V) — 2v.(rotyw, 9) + (co + cq)a(w, 1)
+ (o 4 ¢cq — ¢2)(divew, divetp) + 4v, (W, 1)) — 2v.(Viv, ).

In [38] it is shown that
B(U, V) < C“UHWL?(U)?’||V||W172(a)3>

and
clU 120y < BU,U), (2.35)

for all U,V € Wh2(0)3. Now, it is easy to show that the form A, defined by the equation

AU V) = BUV) + 3 0,9) + d(u, 0,0) + 1 ((w,9) + b, w, ), (2.36)

is continuous. Moreover, applying the interpolation and Young’s inequality we have

/U(u;-Vx/)v vde'| < elul s lollwree vl (2.37)

CENunlzay 1011720 + ellv e,

IN
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2.3. Solvability of Problem (2.9)-(2.10)

and

/U(uil-Vx/)w-de’ < el s Wl 22 [ Wl 2o oy (2.38)

IA

0(5)”‘12“%4(0)2||WH%2(0)2 + 5HW||124/172(0)2-

Taking V' = U in (2.36), using (2.30), (2.35), (2.37) and (2.38) and taking h and ¢ “small

enough” we can write
1 1
AU U) > B(U,U)+ EHUH%?(J) + EHWH%%)? (2.39)

/(uf1 -V )v v da'
1

1 2 2
B(U,U) + EHUHL?(J) + EHWHLQ(U)Q

/(ui -V )w - w da

n

v

—0(5)”11;”%4(0)2||U||%2(a) - €||U||I2/V1’2(a')
~C @)yl 2aop2 [WlZap — el Wl

> clU][f12(0s-

Hence, there exists hg > 0 (“small enough”) such that for all h < hg, the form A, defined
by the equation (2.36) is continuous and coercive. By the Lax-Milgram theorem, there

exists (vg, Wg) such that

1 1, .

E(URa QO) + (V + V’I‘)((VIE'UR7 vI'@)) + d(u:w UR, SO) - 2Vr(r0t27’WR7 90) - E(U; ) 90) + ( 77;17 gp)7

for all ¢ € W, (), and

2((“’1%’ Y)) + (ca + ca)a(Wg, ) + (co + ca — ¢,)(divywg, divyp)

b, Wi ) + (Wi ) — 20 (Viom ) = 3 (Wi 90) + (g )

for all 4 € W,*(o)2. Similarly, there exists (0p, Wg) such that

1 ~ —
3B 9) + (4 1) (VarBip, Vi) + d(w;, O, ) (2.40)

— 2u,(rotw Wi, ) = (1, ),

for all ¢ € Wy*(0), and

}1l((v~VF7 ¢)) + (Ca + Cd)a(ﬁro ¢> + (CO +cqg— Ca)(divr’VNVFa leﬂ’l,b)

+b(uy, W, ) + 4 (W, ) — 20 (Vi Up, ) = 0,

(2.41)

for all ¢ € W,?(0)%. Using ¢ = 0p and ¢ = W in (2.40) and (2.41), respectively, we
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Chapter 2. Existence and Uniqueness of the Generalized Nonsteady Micropolar Poiseuille Solution

verify (in view of coercivity of A) that

Now, let
Cr :z/ﬁp dr’ and Cp ::/UR dz’.

Furthermore, by the same arguments (Lax-Milgram) we have [vp, wg], the solution to the

problem
1
F0p ) + (0 4 1) (Vo Vo)
4 (2.42)
, F'—C ’
+d(u),, vp, p) — 2v(rot W, ) = "~73(1, ©),
Cr
for all ¢ € Wy*(0), and
1 . .
5 (Wr 1)) + (ca + ca)a(Wr, 1) + (o + ca — o) (divwr, dive)) (2.43)

+ b(u'zrm Wr, ¢) + 4VT((WF7 'lvb)) - QVT((VLUFa ’ljj)) = 07
for all 1 € W, (o). Now, comparing (2.40)(2.41) and (2.42)(2.43) we can write

vp = Up—2=—— and Wwp=wWp—=——

CF CF

Fi — Cg _ Fi—Cp

Finally, let us set

n

Fi—Cp
Cr

v, =VUp + Vg, W,=Wp+wp and g, =

It is easy to see that v’ ¢/, and w’ solve (2.32) and (2.33) and v’, has the correct net flux

which can be verified as

) Fi— Ft_ ~ )
/U; dx’:/vp—l—vgda:’:”(ch/T)F dx’+CR:"(jCRCF+CR:F;L.

F F
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2.3. Solvability of Problem (2.9)-(2.10)

2.3.2 Apriori Estimates

Using ¢ = (vi — v:1)/h as a test function in (2.32) we obtain

i i—1]2

vy, — Uy, (v + ) i||? (V—Hj’" i1

- h L?(o) 2h ’vm’vn 202 9h HV n 2oy (2:44)
. . 20, o -

+(Vi ’Vr/v vx/U:z_l L2(0)2 S Z (rOtz/W:wU;L - UZ:L 1) o hd(umvmvn - U 1)
i i—112 7 i—1 |2
N Lo ol N [ s

+5|qn| h TE h L2(0') + 5||fn||L2(J)

For the second term on the right-hand side in (2.44) we can write using (2.30)—(2.31):

1 A -
*|d( w,, vl vl — v ) SEHUZHL‘%U)?HUZ«L — 0 Hlwrzgyllvh — vi Hlpag)

7 i—1
Up — Uy

h

A . (2.45)
+ |l [z @2 l[vr (w2 o)

12(0)
For the first term on the right-hand side in (2.45), we have

1

sy llvn = v w1l = o7 e

i— 1||3/2

< Sl a0 — v R a0 — v

£ C(e)

< —lvy, = vy e N 1[0z vy, = o5 720

||L2(O'

>

For the second term on the right-hand side in (2.45), we have

i i—1 i i—1 |2
vy, — v, — U,

I [z o2 o ez h

L2(o) L%(o) (2.46)

+C(e)u |z

(0)2 o, ! HIQ/VL?(U)'

Now, combining (2.45), (2.46), (2.46) together with (2.44), we get

i i—11|2
Up — U, (v +vy) i |2 (V+Vr i—1)2
T R X T
(V+ vr) i—1]|? r i i € i i
+ — Hv ’U -V, 'Up, ! L2(0)2 < T(TOtZ”WmUn - v, 1) + *HU - v, 1”%/[/172(0)
)y i i i F,—F i
A ||un||4L4(a)2HUn—Un 1||%2( +elg,)? + T

Ci pi i i
+ ngnH%Q(J) + C(g)HunH%“(a)z”vn 1H%/V1’2(0')'

(2.47)
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Chapter 2. Existence and Uniqueness of the Generalized Nonsteady Micropolar Poiseuille Solution

Likewise, using 1 = (w', — w’!)/h in (2.33), we arrive at

n

2

i el A .
P ) = e g )
h 12(0y? 2h 2h
(ca + ca) i -1 i i1y, (cot+ca—ca) . i |2
+ Ta(wn — W, W, — W)+ ST ’dlvxlwn 2(0)
— . 2 — . . 2
— —(CO + 1~ ) ’divmlwib_l —(CO ) ‘divxxwz — djVIIW:,L_l
2h L2(0) 2h L2(0) (2.48)
. dv, 1 12 dve | g2 4 dve 112
— W —w
2h "MlL2(o)? 2h "L (o 2h " ™o L2(0)?
2V wt —wil 2
= T((vm/anW _W >>+€ = ~
h h 12(0)?
Cll 2 Lo i—1
T2 1By = P00 W W = W ).

Adding first terms on the right hand sides in (2.44) and (2.48), we deduce

2u,

2u,
4 V(b wh —wi)
2v; i vl i 2v, . VA 2 i i—1 vl i i1 (249)
= L ((Wn7vz/vn))_7(( V ))—i_T((Wn_Wn 7v:1:’(vn_vn )))

(roterw,, v, — v, ) +

By Young’s inequality we have

W 0 i—1 ol il 2Vr —1\|? 20 1 i—1||?
h ((Wn_Wn 7vx’(vn_vn ))) < va, (U - U ) L2(0)2 + h W, — W, L2(0)2 '
(2.50)
For the last term on the right-hand side in (2.48) we can write
il ol 1 i—1
b, Wi, W = W] < El e W, = wi lwe ez lws, = Wi ()2
wi — wi-1 (2.51)
+ ||ll ||Loo U)2||W ||W12 (0)2 z h = .
L2(0)2
For the first term on the right-hand side in (2.51) we have
1 i—1
—||u ||L4 U)2||W — W ||W12 U)2||W — W ||L4 0)2
i— 3/2 71— 1/2
< I e W5, = Wi 5 el — Wi e (2:52)
£ Wi Cle),
<l Wi oo+ ol W
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2.3. Solvability of Problem (2.9)-(2.10)

For the second term on the right-hand side in (2.51) we have

w: — w!
n

h

. - Wi _ Wi—l
1 |z (o2 W, w202 —n_—n_

h

<e

12(0)? L2(o)? (2.53)
+ O @)l | Fe oy Wi 22

Now, summing (2.47) together with (2.48) and using (2.49)—(2.53) we arrive at

i i—12 i i—1
vl — v W, —w (v —i— Vr
(1—2e) || —>2 + (1 —2¢) ||—=2 L Vv,
h L2(0) h L2(0)? ‘ L2(0)?
(v + Vr (ca + ca) i (ca + Cd) i—1 _ i—1
- Vot s ) = g
; 2 Ca t ¢ i i1 i i
o Hvx/v; — Vvl ! L2 (e + (2hd)a(wn —witwl —wih
—<CO + G~ Ca W — —(CO t Ca) ’div wit 2
2h RAIC 2h ooz ()
(co+ cqg—cq) ; _ 112 A 112 A | 112
2h W = AV Wy o Vel e ™ 9 W e
€ i Cle), i i € i i
< vy, — v o) + THun”%‘l(a)Q“vn — vy T2y + EHWn — Wi e
C(e) . Fi-F'f e
3 Jay, || 74 0)2||W —w, |7 a)2+5|qn|2 T +g||fn|‘%2(0)

+ CE, e o210 iy + C ) I [1Ze

(0)2 szjl H%/Vl’2 (0)2
2v,

Ch g2 aVr il _% i—1 7L ,i-1
+ 8”g11HL2(0')2 + h ((Wn7v:c’vn)) h (( V ))

(2.54)
Summing (2.54) fori =1,2,...,k we get
k i i—12 k i—1
vt — v w! —w (v + 1) L2
(1—2)> |—= +(1—-2¢)) | ——"— + ——||Vyu,
i=1 h L2(0) i=1 h L2(0)? 2h ’ L2(0)?
k
v i i—1||2 (Ca + Cd) k ok
+ o ; Hvx/vn — Vv, o) + —an a(w,,w,)
(Ca + Ca) & i i1 i1y, AWy g?
(CO + Cq — Ca) . k 2 (CO + Cq — Ca) . i . i—1
2h diverw) 2e) ' 2h ; [divrw, = divarw, 12(0)
k k
€ 0(5) i
< EZ Uy = Uy ||w12a)+ leunlliax 2[|vy, — vi 20
€ o i—1 i i—1)(2
EZHW —w,, e ZH W (|22 l[W5, = Wi 7202

2

4 i
g ; ”fn”%z(o)

le

+62|qn|2
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Chapter 2. Existence and Uniqueness of the Generalized Nonsteady Micropolar Poiseuille Solution

k

k
&) Y I lFee oz llvn iz + C€) Do gl Zoe (el Whr I 202
i=1 =1

2,

C& i 2 ok oLk 0 wl,0 2Vp 02
+ g Z ||gnHL2(cr)2 + h ((Wn7vx’vn)> - L ((Wn7vx/vn)) + b HWTL||L2(O')2
=1

(v+uvr) (Ca + ca) (co+ca—ca)y ;.
+ THVJ»"U?LH%Q(J)Q + Ta(wg,wg) + TlldlvaWQII%%)-
(2.55)
Again, applying Young’s inequality we can write
2v, 2V,, 2yr
. (Wi, Varvn)) < == 21 VarnllZag)e + . —IwWillEe o2 (2.56)
By the Friedrichs inequality we have
2k = v ey < O 3 190h = Vo (2.57)
and
£ & i i—1)12 X i i-1 i i1
ﬁ Z ||Wn - W, ||W1,2(0)2 S OE Za(wn -—w, W, — W, ) (258)
Finally, in view of (2.30), we have
C () k E |yt — pi—1|?
Z 0l Zs e llvn, = v 2oy < heCle) Y | =" , (2.59)
i=1 i=1 h L2(c)
and
Cle) & 4 , Follwi — wi—1]?
(€) W [| a2 Wy, — Wi [ Z2gye < heCle) Y || ———2 : (2.60)
=1 h L2(0)2
Hence, using (2.56)—(2.60), the inequality (2.55) can be further simplified as
k|lyi — it 2
(1—2e— th’(s)); T v HV ok L2(0)?
1 /v k A 5 Elwi — wi—t|?
_0) SV — Vil 1 — 2 — heC B
+ (2 € ;HV vl — Vvl Lo + ( e — he (5)); ; .
. 1 /¢, k _ . ‘ ‘
Lt by (S 00) S - Wi w, - wi)
2h h 2 P

<8Z\qn\2+0 ZHunHLoo 2 (I vz + Wi 312(092)
=1

k 2

Fi— F;;l

k
& i c i

+ - Z ||fnl|%2(0) + - Z ||gn||%2(0)2
£ia i1
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2.3. Solvability of Problem (2.9)-(2.10)

2 o <1 o 2Up 11 o112 (v + 1) oll2
- h (Wn7 Vm’vn) + h n LQ(U)Q 2h ’vm’vn LQ(U)Q
(Ca + Cd) 0 0 (CO + Cq — Ca) . 0 2
+ g alwa W) + = [divew [

(2.61)

What remains is to handle the first term on the right hand side in (2.61). Here we follow
the ideas used in [33]. Let V° be the solution of the following Dirichlet problem for the

Poisson equation:

—(v41)ALVY =1 ino,
VO=0 on do.

Using ¢ = V? as a test function in (2.32) we obtain

n)» ' n?

E(U; — 0L VO + (v 4 ) (Vath, Ve V) + d(ul, vl VO)

=q" (1, V%) + 2u.(rotpw', V) + (fL, V).
From (2.62)—(2.63) and (2.34) we have
(v + 1) (Vv Vo VO)) = / Vi di! = F.

Hence, combining (2.64) with (2.65), we get

1

h
= qfl/ VO da' + 2u,(rotyw', VO) + (L, VO).

(0!, — oL VO + B+ d(ul, vl V)

n’» - n?

Furthermore, we have

d(u’, vt V0 < C||UZHL4(U)2HUfLHWLQ(U)HVOHL“(U)'

From (2.66) we have

2 i—1 |2

(2.64)

(2.65)

(2.66)

i v, — 2 i i i
MNLWM'S,lmﬂwm@+MW+wwaMmmwmwm@
2 i ||? o||? i |2 0|2
+c(20y) Hrotz/wn 12(0) L2(0) + C‘ L2 (o) H L2(o)

Using Friedrichs’ inequality

/]Vo(z dr' < C/ Vv aa,

(2.67)
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and (2.62)—(2.63), we deduce

v

where 1o = [, V? dx’. Moreover, by the Sobolev embedding theorem (see [17]), we can

C Cko

oy /UVO W= s (2.68)

VO Ao’ < c/ ]vm,vo da —

write

2 CKJO
IV lise) < allV Wi < € [ [Vov?] o' = 250, (260
Now, combining (2.67) with (2.68)—(2.69), we deduce
: c|FL? C vl — o112 - -
g, |? <=5 + ( " + lag 732 o [z
(’%O) ’f()(V + Vr) h L2(0) (270)
c 2 %
* ko(V + 1) <(2VT) Hrotz,w L%(0) + ’ I LQ(G)
Note that there holds
Hrotzlwfl ’ :
LQ(O' wi, 2( )2
Combining (2.61) with (2.70), we arrive at the estimate
C k i1 2
1 —2e—heCl(e) — Z U = U ‘V vk
ko(v + 1) — L2(0) L?(0)?
L P i wi
o ( - 05) Z [V, = Vi, L+ (1= 26— heCE) Y |22
=1 L2(0)2

k
+<Ca+cd/ VoW |2 dr' + — X (Ca+cd —Ce)Z/ |Vx'WiL—Vx’WZ_1|2d$/
=177

2
Ch - i 2 Q2 2
< 5m; <||unHL4(a)2HUnHWL2 + Co? wllwigo )2)
u i—1 i—1 ec
+C(&) Y il oz (105 12y + 1w fieg:) + 22|
i=1
k i i—1 |2 k
c F—F c C in2 c i 2
BB (e O ) S Al + Z I8
2, 2v, (v+v,)

T(( , V) + 3 ||W2||%2(a)2 + Tllvwﬁllizmz

Ca + Caq) Co+Cd—Ca)y ;.
P [Tt e+ O e

Finally, taking ¢ > 0 “small enough” such that

1% Cq + C4
(2—05>>0, ( 5 —Ce>>0
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2.3. Solvability of Problem (2.9)-(2.10)

and then taking ho > 0 small enough such that (for all A < hy)

C
1 -2 —heCle) —2e——— | >0, and (1—2e—heC(e)) >0,
Ko(v + vy)
we arrive at, for k=1,2,...,n,
k||, i—1]|2 k i i—1]|2
vl — vl w! — wh
||U7,§||%/V1v2(0) + ||W]:L||€V1,2(g)2 +h)y o +h)y —
i=1 120) il 12(0)?
k
<Ci+ C’Qh; k13 oy (103 200y + 195 12002 ) (2.71)

k
+ O3 Y (I sy + 95 Braoye)
i=1

From the latter estimate we can write

(1 —hCs) (||Uﬁ||124/172(o) + ||W113,H%/V172(o)2)
< C1 + Cohllw e o (100 11n20) + I1WHlls20y2)

k—1
+h Y (Collai ™ F oy + C5) (Va1 + IWhllfiewe) -
=1

Now, assuming hy > 0 small enough such that hg < 1/C3 we can write (for all h < hg)

k—1

||U:§||%4/1,2(g) + ||WZ||I2/‘/112(0')2 <t eh) A <||U;||12A/1,2(U) + ||Wf§||%v1,2(a)2) ;
=1

where
A; = Oollu [T o2 + Cs.
Note that, in view of (2.31), we have
k-1
hy A <C,

i=1

where C'is independent of h. Now, applying the discrete version of the Gronwall inequality
(see [36, Theorem 1.46]) and obtain

||U'r]z||12/V1v2(a) S O? k= 17 - N, (272)
||WZ||%/[/L2(U)2 < C, k= 1,... , T, (273)
and from (2.71) we obtain
k i =12
)i <C k=1,...n, (2.74)
=l I VO
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k
<C, k=1,...,n. (2.75)

L2 (0.)2

2.3.3 Temporal Interpolants and Uniform Estimates

We define the piecewise constant interpolants
©n (t) = @;v

for t € ((i —1)h,ih] and, in addition, we extend ¢, for t < 0 by @, (t) = ¢, for t € (—h,0].

Furthermore, we define the piecewise linear time interpolants (i = 1,2,...,n) with

ouft) =i+ LD g,

for t € ((i — 1)h,ih]. From (2.72)—(2.75) we have

100 (t) [f12(0) < €, forall t € [0, 7], (2.76)
[Wo () 1202 < €, forall t € (0,77, (2.77)
T
| (@) it < C. (278)
T
/O 10:Wn () |22 2t < C. (2.79)

Now, in view of (2.70), we have
T
/ |gn(t)[2dt < C. (2.80)
0

2.3.4 Passage to the Limit

Following (2.32)-(2.34), the time interpolants @, € L>(0,T; W,"*(c)),
W, € L®(0,T; Wy (0)?), v, € WH(0,T; L?(0)), w, € WH2(0,T; L*(0)?),
Gn € L>((0,T)) satisfy the equations

p i o
Z1(0n(0),0) + (4 1) (Vara (1), Var ) + d(Wa(1), 0 (8), 0) (2.81)

= qn(t)(lv 90) + 2Vr(r0t:c’wn(t)’ 90) + (fN(t)a 90)7

for all ¢ € Wy (o),

jt((wn(t)? Qp)) + (Ca + Cd)a(wn(t), T,b) + b(ﬁn(t), Wn(t), ¢)
+ (co + cq — co)(divyw, (1), dive ) + 4v,. (W, (t), 7)) (2.82)

= 20, ((V0a (1), %)) + ((8a(1), ),
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2.3. Solvability of Problem (2.9)-(2.10)

for all 9 € W,?(¢)? and for almost every t € (0,7, and the flux condition

/ () do’ = Fo(t)  for all t € (0,T). (2.83)

The apriori estimates (2.76)—(2.80) allow us to conclude that there exist
v e L20,T; Wy (o)), W € L*0,T; W, *()?) and ¢ € L*((0,T)) such that,

letting n — +oo (along a selected subsequence),

Uy — v weakly* in L>®(0,T; Wy (0)), (2.84)
W, — W weakly* in L>(0,T; Wy*(0)?), (2.85)
Opvy, — Opv weakly in L*(0,T; L*(0)), (2.86)
oW, — oW weakly in L*(0,T; L*(0)?), (2.87)
In — q weakly in L*({0,T)). (2.88)

The above established convergences (2.84)—(2.88) are sufficient for taking the limit n — oo
n (2.81), (2.82) and (2.83) (along a selected subsequence) to get the weak solution of the
system (2.9)—(2.10) in the sense of Definition 2.4 on (0,7"), T € (0, +00).

2.3.5 Solvability of Problem (2.9)—(2.10) on (0, co)

Using ¢ = v as a test function in equation (2.26), ¥» = W as a test function in equation

(2.27) and integrating from 0 to s we obtain, in particular,

1 s s
4w@w; %—V+mnAHVfMMﬁ%aﬁ+/ﬂdﬁwﬂ@LM®Mt

. (2.89)
|a||L2(U) +/ t)dt + 21/,~/ (rotyW(t),v(t))dt —i—/
0
and
]_ s R R s R . R
S (5) a0+ (ca ) [ alW(t). W(@)dt + [ b(a(t), (), wit))at
+ (Co + Cq — Ca)/ Hdlvwszv(t)H%z (o) dt + 4Vr/ ||W(t>||%2(g 2dt (290)
1 A
— S IBl32(0y +2yT/ (Vo dt+/ dt.
We recall that
[ (rotarst), vt = [ (VEu(e),%(®)dt, (2.91)
0 0
and that there also holds
s R 1 s s R
[ (i, v < | [ 19000t + [ 16O pdt. (292
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Chapter 2. Existence and Uniqueness of the Generalized Nonsteady Micropolar Poiseuille Solution

Furthermore, we have

[ d@). o), o)) < e [T o lo®llwracllo) st

< C(e) [ a1 zs@pllv@®za@dt + e [ wt)lF 2 dt,
0 0
(2.93)

and

[ @00, 0), %) dt] < ¢ [ IR a0 W0 oo 50 opoc
< CE) [ IO o W) ot + = [ I19(8) ot
(2.94)
Combining (2.89)—(2.94) we obtain

1 2 1 A 2
5 o) 72¢0) + B W ()] 7202

Y+ /0 Vot (t) |22t + (o + ca) /0 a(W(t), W(t))dt
¥ (co + cq — ca) /0 v W ()| [22(dt + 40, /0 8(8) |22 2t

< 5 lallZa + 5B

e+ [ IVt opedt + v, [ IS0 (oot
& [ MOzt +eal€) [ IO 0@ et + € [ IOlffraoyedt
+e2() [ IO s WO apdt +€ [ a0t +esle) [ 1F (1) a
€ ([ 19Oy dt+ [Nl )
s es(®) ([ 18Oy e+ [ 17Oy ).

» N | —

where ¢ is an “arbitrarily small” positive real number. Applying the Friedrichs inequality,

the latter estimate can be further simplified as

2 N 2 5 ¥l
[0(5) ) + () G+ [ I0Ornaioydt + [ W0 aopedt
A 2 S ~
< 1) (Jlalao) + [0 ) +2©) [ IO (10 ey + 50 (O)E2r1) e

& [TaOPdt + col) [TIFOPdt+ eal€) ([ 1RO de+ [ 1£E)sdt)
(2.95)
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2.3. Solvability of Problem (2.9)-(2.10)

Moreover, in view of [33, Theorem 2.7, eq. (2.74)], we have

2 2 2
18501120, 5:22(0y) F N0l Eoe 0,120y + 101 20,522 (00) + ll72((0,0))
2
<o (nrot Wl2aomrion + 18 Va)olZaozrion) (2.96)
2
+c (HfHL?(o,S;L?(g)) + ||F||W1,2((075)) + ||a’||W112(o')) ’

where ¢ does not depend on s.

Using the Sobolev embedding and the interpolation inequality [17, 20] we have

1/2 1/2
[ollwrse) < crllvllwsrzag < cllvlift o vllaeg-

Furthermore, we can write
N 2 S A
18- Vo)l 20,5020y < 01(0)/O 122 0O .00 dt

< a1(0) [ 180 e (@Il + 000 vassy)

A 2
< ci(0)e2(0) ||u||L°°(OsL4 o)2) ||U||i2(o 5W12(a))

+ 1 (0)d [|]]7 (0,5L4(c ||U||L2(03W22( )k
(2.97)
Note that
12 12 "
10z 0,521 (0y2) < Mo 0, 6w1.2(012) < €[l 700 0 005w12(0)2) = €
where C' is independent of s.
Therefore, using (2.97) in (2.96) and taking § small enough we deduce
-2
||q||%2((0,s)) <c (HWHL?(QS;WLQ(J)?) + “’UH%Q(O,S;WlQ(U))) (2.99)
2 2 2 ’
+ e (1 Ma0mm2ion + IE B, + lallivag))
Now, substituting (2.98) into (2.95) and taking £ “small” enough we obtain
2 A 2 2 kel 2
[0() 220y + W () 2012 + N0lZ20,5m120)) + 1W 200,612 (002)
< (Halai + lalnacey + [B] )
(2.99)

+ 2 (1 £ 220 02200 + 18l320.0220002) + IF 20,0
+ o3 /0 18 a0y (@) 20) + W (B)][2012 ) .
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Chapter 2. Existence and Uniqueness of the Generalized Nonsteady Micropolar Poiseuille Solution

Note that (2.99) holds for all s > 0. Furthermore, introducing the notation

2) )
X(8) = 2 (I1F 1320200y 1813200220002 + 1F pi20.y)
Co=0C + X("‘OO)a

2 2 N[k
€1 =1 (Jlallag) + lalfna) + B[

the inequality (2.99) can be simplified as

2 o 2 s ~ A
[v() 720y + W () 72(0)2 < Co +/0 csl|0(t) || 110y (Hv(t)Hiz(a) + HW(t)H%z(a)z) dt.

Applying the Gronwall inequality we arrive at
2 A 2 oA
[0() 22 () + W ()] L20y2 < Co eXp/O cs[[a(t)]|7s(p 2t (2.100)

Recall that we assume @ € L?(0, 0o; W22(0)?) N L>(0,00; V) (see (2.22)). Raising and
integrating the interpolation inequality [1, Theorem 5.8]

A 1/2 A 1 2
16(8) [ 10y < )[4 202 A1 o,

from 0 to s we get

s y 1/4 s , , 1/4
([ 100N sede) < ([ 1RO 12100 Braedt)

c“u”L2 0,s;L2 J)Q)HUHLOO 0,5;Wh2(0)2)
1/2
< el Kl 2oy 181 0 s 2oy

where ¢ = ¢(0). Now, letting s — oo we get & € L*(0, 00; L*(¢)?) and from (2.100) we
have
2 PN
o) 72(0) + W () [[72(002 < €,
for all s and ¢ does not depend on s. Hence, from (2.99) we further deduce
01320 00 200 + 1 a0 sawiomey < Co e [ IO NIEsopdt,

and, finally, letting s — 400,

v <c. (2.101)

HL200<>W +HW”L20<>OW 2(5)2)
Now, in view of (2.20) (with 7" = 4o00) and (2.101) we have

v, (rot W, ) + (f,+) — d(t,v,-) € L*(0, 00; L*(0)).
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2.3. Solvability of Problem (2.9)-(2.10)

Moreover, using [33, Theorem 2.7, eq. (2.74)], we deduce

HatUHQm(o,oo;m(o)) + Hszoo(opo;Wow(a)) + HQ(T)H%%(O,OO))
2 12
<c (||f||L2(0,oo;L2(a)) + ||r0t$lw||L2(0,oo;L2(U)))

A 2 2 2
+c (||d(u, U, M 220.002200) T 1E 120,00 + HaHW(}’Q(O’)) '

On the other hand, with v € L*(0, 00; W,*(0)) and W € L?(0, co; W, *(¢)?) in hand, we
rewrite (2.27) as

(), )+ 0+ ca)alW(2), ) + (co + e — ) (divardv(t) divareh)
= W ((Vaelt), 9) + (80, 9)) — A ((¥(0), ) — (A, W), ),

for all ¥ € Wi*(c)? and for almost every ¢t € (0,T) and W(a’,0) = b(z).

In view of (2.20), (2.23) and (2.101) we have
20, ((Vv, ) + (8, ) — 4 (W, ) = b(&, W, ) € L*(0, 005 L*(0)?).
Note that the bilinear form ~(-,), defined by the equation
(,9) 1= (6 + ca)alh, ) + (o + a — ) (divargp, divo),
for all ¢, € Wy*(0)2, is symmetric and positive definite. Hence, we have
W € L2(0,00; L} (0)?), W e L®(0,00; W,72(0)?),

such that

2 o112
L2(07OO;L2(0')2) _'_ ”WHLQ(O,OO,L2(O')2))

B 1e) <
Wy (0)?

1068 01202+ 91 i oy < ([ V0

tc (”b(u(t)J W<t)7 .)”LZ(O,OO;L2(0')2) + Hg||L2(0,oo;L2(cr)2) +

see Theorem 2.8. The proof of Theorem 2.5 is thus complete.
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Chapter 2. Existence and Uniqueness of the Generalized Nonsteady Micropolar Poiseuille Solution

2.4 Existence and Uniqueness Result for the Coupled

Problem (2.8)—(2.10)

Here we present the existence and uniqueness result for the solution of the coupled pro-

blem (2.8)~(2.10).

Theorem 2.7. Let T € (0, 00| and suppose that

feL’0,T;H), g€ L*(0,T;L*(0)),
acV, beWy(o),

and

g€ L*(0,T; L*(0)%), f € L*(0,T; L*(0)), F € W((0,T)),
b e Wyk(o)?, a € Wi2(0).

Then there exist the pair [Q1,w|, such that

tie L0, T;V)NnWh(0,T; H),
we L=(0,T;Wy2(0)) N WH(0,T; L*(0))

and the triple [v, W, q|, such that

ve L®0,T; Wy?(0)) N WH2(0,T; L*(0)),
W e L2(0,T; Wy*(0)*) N WH2(0,T; L2 (0)?),
g € L*((0,T)),

(2.102)
(2.103)

satisfying (2.16)—(2.19) and (2.25)-(2.28), respectively, for almost every t € (0,T). The

solution to the coupled problem (2.8)—(2.10) is also globally unique.

Proof. The existence of [@i,w] satisfying (2.102) and (2.103) follows directly from The-

orem 2.2 and Theorem 2.3. With [{i,w| in hand, the existence of [v, W, ¢| follows from

Theorem 2.5.

Note that the uniqueness result for the two-dimensional system of Navier-Stokes equations

is a classical result (see e.g. [40]). The uniqueness of the weak solution [{i,w] to the pro-

blem (2.8) can be found in [21]. Now, suppose that there are two solutions [vy, W1, ¢;] and

[vg, W, o] of the problem (2.25)—(2.28) on (0, +00). Denote v1y = vy — vy, Wiy = Wi — Wy

and q12 = ¢1 — ¢2. Then there holds vi3(2’,0) = 0 and Wi5(2’,0) = 0, with vy, Wi and
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2.4. Existence and Uniqueness Result for the Coupled Problem (2.8)—(2.10)

¢12 satisfying the equations

jt(vm(t), )+ (v + ) (Varona(t), Varp)) + d(@(t), v12(2), )

= Q12(t)(17 90) + 2VT(r0tl"w12(t>7 90)7

(2.104)

for all ¢ € Wy?(0),

d, . R ~ N
H(W1a(t), ) + (€ + ca)a(fria(), ) + b(a(E), Wra(t), ) (2.105)

+ (co + ca — ) (diveWa(t), divetp) + dv, (W12(1), ) = 20 ((Vavia(t), ),
for all ¢ € Wy*(0)? and for a.e. t € (0, +00); as well as the flux condition
/vlg(az/,t) dr' =0  on (0, 00).

Hence substituting ¢ = vy and ¥ = W5 in relations (2.104)—(2.105) and integrating from

0 to s, we obtain

1 s s R
5 ||U12(t)\|i2(g) + v+ Vr)/o va'vu(t)H;(ay dt +/0 d((t), v12(t), vi2(t))dt

1 s s R 2.106
= o0y + [ an2®) [ i do'dt + 20, [ otusia(e), vaenar, 310
- =0
and
L. Lo 2 s A 129 1
S IO = 5 112(0) e+ (catca) [ [ [Varivrafda
+/ ), Wia(£), Waa(£))dt + (o + ca — ca) / Jdiva i)l ppdt (2107)

+ 4y, /O [0 (O] 222 dt = 20, /0 (Vs (t), §r1a(1)))dt.
Now, combining (2.106) and (2.107) and using (2.39), we obtain
\|U12(t)||iz(a) +/0 ||Ul2(t)||3vgv2(a)dt+ ’|Wl2(t)||i2(g)2 +/0 ||W12(t)||@3,2(0)2dt
< € (lora(0) (o) + IW12(0) By, )

n (0, 4+00). Now the uniqueness follows from the fact that v13(0) = 0 and Wy5(0) = 0.

The proof is thus complete.
O
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Chapter 2. Existence and Uniqueness of the Generalized Nonsteady Micropolar Poiseuille Solution

2.5 Solvability of Parabolic Systems in Hilbert Spa-

ces

In the following, we present the well-known result concerning the solvability and L?2-

regularity of parabolic problems.

Theorem 2.8.

Let o be a bounded domain in R*, ¢ € C%', T € (0,+00]. Let £ € L*(0,T; L*(c)?*) and

1,2 . . . .. 1.2
a € Wy~ (0)?. Let a be a continuous, coercive and symmetric bilinear form on Wy*(o)?.

Let the form ((-,-)) be defined by (2.14).
There exists the unique v € L®(0,T; Wy (0)?) N W2(0,T; L*(0)?) such that

(V'(1), %)) + a(v(t),¥) = ((£(t), ), (2.108)
for every 4 € Wy *(0)? and for almost every t € (0,T), and
v(0) = a.
Moreover, the following estimate holds

HVHLoo(O,T;WOl,?(U)z) + HV,HLQ(O,T;L?(J)?) S C<||f||L2(O,T;L2(J)2) + ||a||W01‘2(a)2>7 (2.109)

where ¢ is independent of T

Proof. Here we follow [40, Chapter III] (see also [4, Section 3, Theorem 3.4]). It can be
shown as in [40, Chapter I] that there exist functions ¢, @y, ..., ¢y, ... € Wy?(0)? C

L*(0)? and real positive numbers A, Ay, ... A, ... — oo for k — oo, such that

a (¢k’ ¢) = /\k((d)kzv ’lﬁ)),

for every 9 € Wy*(0)% ¢y, P,, ... is a system which is complete in both L?(¢)? and
Wy?(0)?, orthonormal in L?(¢)? and orthogonal in W, (c)2.
Since f € L2(0,T; L*(0)?) and a € W, *(0)2, we have
f= Zak(t)¢k7 a= Zak¢k7
k=1 k=1
where o -
Z/ ar(t)?dt + ) ap < .
k=170 k=1
Let y; be a solution of the ordinary differential equation
Y () + My () = an(t), (2.110)
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2.5. Solvability of Parabolic Systems in Hilbert Spaces

(which holds for almost every ¢ € (0,7")) with the initial condition
yi(0) = ax,
for k =1,2,.... Then there holds
yr(t) = /Ot Moy (s)ds + ape M,

for every t € (0,T). Hence y, € WH2((0,t)). Multiplying (2.110) by 2y, and integrating
over (0,t) we get

t t
2/0 y,’f(s)ds + Meyi(t) = My(0) + 2/0 ar(s)yx'(s)ds
t t
< Mz (0) +/O yk’2(s)ds+/0 az(s)ds
for k =1,2,... and for every ¢ € (0,T), and therefore
t t
/0 V2 (8)ds + M2 (1) < My2(0) + /0 a2(s)ds. (2.111)
Thus (2.111) yields
00
Z/o il (s ds+2)\kyk Z/ ds—l—Z)\kyk
k=1
<2 Z Meyi(0) + 2 Z / ai(s)ds
k=1 k=170
for every ¢t € (0,7) and therefore we have
v = Zyk )y, € L=(0,T;Wy*(0)?), v/ € L*(0,T; L*(0)?),

and v, the solution of (2.108), satisfies the estimate (2.109).

Finally, suppose that v; and v, are solutions of this problem for given data f and a.

Denote vis = vi{ — vo. Then

((via(t), %)) +a(via(t),9) = 0, (2.112)
for every 1 € W,?(¢)? and for almost every t € (0,T) and

vi2(0) = 0.
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Chapter 2. Existence and Uniqueness of the Generalized Nonsteady Micropolar Poiseuille Solution

Using ¥ = vio(t) in (2.112) and integrating over (0,7), we obtain

M) e + [ a(via(t),viaft)) = 0.

Therefore, we get vio = 0 and consequently v; = v,. This completes the proof.
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Chapter 3

Asymptotic Analysis of the
Nonsteady Micropolar Fluid Flow in
a Thin Undeformed Pipe

In this Chapter, following [6], we propose an asymptotic model for the nonsteady micro-
polar fluid flow in a thin pipe. Motivated by the various applications where pipes that
are either thin or long naturally appear, we introduce a small parameter € in the problem
(representing the pipe’s thickness) and aim to construct the approximate solution. We
start from the assumption that the solution of the governing problem has the so-called
micropolar Poiseulle form, introduced in Chapter 2. Before further asymptotic analysis,
we first need to establish the solvability of the so obtained system endowed with the
appropriate initial and boundary conditions. It should be noted that, this has already
been done in a more general form in Chapter 2. Then, we employ the idea from [27] where
the nonsteady flow of a Newtonian fluid has been studied (see also [25]-[26] for multiple
pipe system) and separate the problem by linearity. As a result, we obtain two problems,
and call them micropolar heat and micropolar inverse problem. For each problem, we
construct the two-scale asymptotic expansion in powers of € up to an arbitrary order by
simultaneously solving the boundary—value problems for the velocity and microrotation.
Since, in the process, the initial conditions are not taken into account, boundary—layer—
in—time correctors need to be introduced and corresponding results for their exponential
decay proved. We accomplish that by extending the known results from the classical
Navier-Stokes theory. Finally, using functional analysis tools, we derive satisfactory error
estimates in the appropriate rescaled norms. By doing that, we justify the usage of the
formally derived asymptotic model, provide its order of accuracy and determine the range
of its applicability. It is important to note that an asymptotic model for the steady flow

of a micropolar fluid in a thin three-dimensional pipe has been derived in [29].
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Chapter 3. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe

The Chapter is organized as follows. In Section 3.1, we describe the governing system
of equations, introduce the micropolar Poiseuille form of the solution and separate the
problem by linearity. In Section 3.2, we study the micropolar heat problem, existence and
uniqueness issues for the regular part of the asymptotic expansion and the boundary—layer—
in—time (along with the exponential decay in time). In Section 3.3, we do the same for the
micropolar inverse problem, where we additionally deal with the time—dependent pressure
appearing in the equations. In Section 3.4, we rigorously justify the proposed model by
proving the error estimates in the appropriate norms. Let us note that in Appendix A,
we have provided the explicit expressions with numerical illustrations for the zero—order
approximation, first and second—order correctors in the case of circular cross—section and

external force functions dependent only on time.

3.1 Setting of the Problem

Let € be a small positive parameter. We consider a thin pipe
Qe ={z eR’: z; € R, 2’ = (13,73) € 0. = €0},
where 0 C R? is the bounded cross—section. We denote by (x1, 5, z3) the Cartesian

coordinates, where x; is the direction coinciding with the longitudinal axis of the pipe.

We consider the initial boundary value problem for the nonsteady flow of a micropolar

fluid in a thin straight pipe:

ou,
ot

— (v + 1) Aue + (u. - V)ue + Vp, = 2u,rotw, + £,

divu, =0, z € €,

ow,
gz — (Ca + ca) AW, + (u. - V)W, — (co + ¢q — ¢o)Vdivw, + 4v,w, = 2v,r0tu, + g,
(3.1)
endowed with the initial and boundary conditions
ue|BQ€ = 07 W€|aQ€ = 07 (32)
u.(z,0) = a(x), we(z,0)=b./z),
and the flux condition with the given flow rate
/ ul(zy, 2, t)dx’ = F(t). (3.3)

Here u (1, 2',t) = (ul(xy, 2/, t), u?(xy, 2, t), ud(x1, 2, 1)) represents the velocity field,

1

w(ry, 2/, t) = (wl(zy, 2, t), w?(xy, 2, t), w?(zy,2',t)) stands for the microrotation field,
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3.1. Setting of the Problem

while p.(z1,2’,t) is the pressure. The positive constants in the system are the Newtonian
viscosity v, the microrotation viscosity v,, while ¢, ¢, and ¢, are coefficients of angular
viscosities.

To simplify the notation, we introduce: y=v +v,, @« =c, +cq, = co+ cq — Cq

and a = 2v,. The external sources of linear and angular momentum are given by the
functions f.(zy 2/, t) = (fH (a1 2, 1), f2(x1,2',1), f2(21,2, 1)) and g (z1,2',t) = (g} (21 2/, 1),

G2 (12", 1), g} (02", 1)), Tespectively.

We now assume that the solution of (3.1)—(3.3) has the micropolar Poiseuile form:

u (z,t) = (v(2',1),0,0), w(x,t) = (0,w*(2', 1), w?(2', 1)), pc(x,t) = —q(t)z1 + po(t),
(3.4)
where po(t) is an arbitrary function in ¢. Furthermore, we assume that the initial
data a.(2') = (a.(2),0,0), b(z") = (0,b*(2'),b2(z')) are independent of the longitudi-
nal variable z; € R and the time variable ¢ > 0, while the external force functions

f.(2',t) = (f(2/,1),0,0), g(a',t) = (0,9%(2', 1), g (', t)) are independent of z;.

Let there also hold the necessary compatibility condition

/0 aa')d’ = F(0). (3.5)

Plugging the micropolar Poiseuille solution (3.4) into the governing system of equations

(3.1)—(3.3), we get the following problem posed on the cross—section o:

v, ow?  w?
ot _MAI’UG_Q(t>_a<ax2 - ax3> +f67
ow? 0 [O0w? Ow? Ov
€ Aw’ 2 ( € 5> 2 2 — € 2 36
o e g oy T by ) T T Y, T (36)
ow? o [ow? Oouw? ov
[ Ax/ 3 ( € 6) 2 3 — € 3
ot « We 68%3 @:132 + 8$3 + Ate aa.TQ + Je>

where we introduced the Laplace operator with respect to the cross—section variables:

— v 4 %
Axlv ~ Oxl + ox3"

The system is completed with the following initial and boundary conditions

Ue|805 = 07 wezlacfe = 07 w?|8ge = 07

(3.7)
U€<J],, O) = ae(x’), wf(ac’, 0) = bg(l’/), wg(‘r/’ 0) = b?(l’,),

and the flux condition

/g e )’ = F (1) (3.8)

In the sequel, we assume that f., g2, ¢> € L*(0,00; L*(0.)), ac,b?,b? € Wy?*(o.) and
F e Wh2((0, 00)).
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Chapter 3. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe

The weak solution of problem (3.6)-(3.8) is a triple (v, W, q) € (L*(0,00; Wy*(ac)) N
Wh2(0, 00; L2(0.))) x (L*(0, 00; Wy * (0)2) NW2(0, 00; L2 (0)?)) x L2((0, 00)) satistisfying
for all ¢ € [0, 00) the following relations:

t t t
/ %80 d.T,dT + /’L/ vm’ve : Vz/SO dI/dT — / q(T)/ (2 dl‘ld’r
0 Jo. OT 0 Jo. 0 e

t 3 2 t
+ a/ / (aw€ B aw€>90 dx'dr "‘/ / fep dx/dT, Vo € L2<O? oQ; W0172<J€))’
0 o 0 Oe¢

OJry  Oxs
t oW, t
/ / o de'dr + a / VW, - Vb di'dr (3.9)
0 O¢ 87— 0 Oe

t t
8 / diviw.divep da'dr + 2a / / W, - de'dr
0 O¢ 0 Oe¢

t t
- a/ / Vo, o da'dr +/ & - da'dr, Vb € L2(0, 00, WE2(0.)?).
0 Joe 0 Joe

Here we introduced the operators Vv = (—a” —3”) and Viv = (—8” ——a”> and de-
Oxo? Ox3 ox3’ Oxo
3

note W, = (w?,w?), g = (¢2,9°) and ¥ = (¢b9,v3). The initial conditions v(z/,0) =

ac(z), wi(2',0) = b2(2'), w(x’,0) = b5(x’) are to be satisfied along with the flux condition

/U (e )’ = F(1).

The result on the existence and uniqueness of the weak solution to the problem (3.6)—(3.8)

can be formulated as follows:

Theorem 3.1 (Existence and uniqueness — micropolar Poiseuille solution).
There exists an unique weak solution (ve, w? w?,q) € (L*(0, 00; Wy (0.)?)
NW12(0, 00; L*(0¢)?)) x L*({0,00)) of the problem (3.6)-(3.8).

The detailed proof of Theorem 3.1 in a more general setting can be found in Chapter 2.

Following [27], we represent the solution (v(z',t), We(z',t)) in the following way:
v t) = VI t) + V(2 1), W2, t) = W2, t) + Wo(a/ 1),

where (V1(2/ 1), Wa(2/, t)) = (VX (2!, t), WAL (2! t), W31 (2 t)) is the solution of the initial

boundary value problem for the micropolar heat problem on the cross—section o.:

oV oW gl
ot p Ve = a( Oxy  Oxs ) e
2,1 2,1 3,1 1
312/'; —aly W2~ ﬁ@i (8;[;6 + 5";;6 ) + 2aW2' = ag‘;; + g7,
2 2 3 3
oWt o oWzt w3l ov! 3.10
g~ LW =B ( 90a T om > +20WH = —ams + gl (3.10)
3 2 3 2
VY oo=o0, w2 =0, W3 =0,
doc Ooe doe

‘/el (Ilv O) - CLE(CL’/), Wz,l (IL’/, 0) - bz(l’/>, WS’I(I/v O) - b§($/),
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3.1. Setting of the Problem

whereas (VZ(2', 1), Wi(a', 1), q(t)) = (V2(2', 1), W2 (2’ 1), WP (2, 1), q(t)) is the solution
of the micropolar inverse problem with the homogeneous initial condition and given flux

rate posed on o:

ov? ow32 w22
[ Am/V2 — ( € € ) t 7
0t a ¢ “ 8!172 01‘3 + Q( )
oW 22 o (OW22 W32 ov?
e AI/WQ,Z o ( € € ) 2 W2,2 €
A i W T IR
oW32 0 (OW22 W32 ov?
€ Az’ 3,2 ( € € ) 2 32 _ _ €
ot~ W g Tany T ey ) T T Ty (3:11)
Ve2 =0, W€2,2‘ =0, W€3’2‘ =0,
Do doe Ooe
V2(2',0)=0, W2*',0)=0, W>*(2',0)=0,
/ V2!, t)da! = H(t)
Here we denote
H(t) = F(t) — / Vi t)da. (3.12)
Note that from (3.5) it follows
H(0) = 0. (3.13)

In view of the problem to be considered, we assume the following scaling of the given
functions with respect to the small parameter e:

Qe b?7 b§N€27 feNla 92N17 93’“1, FN€4'

€

Let J € N. We assume that ﬁ-,gj?,g;?’ € L?*(0,00; L*(0)), dj,?)?,i)? e W,%(o), FI €
W +112((0, 00)) are independent of € functions such that f;, 3,9} have derivatives in
time up to the order [ZZ + 1] belonging to L?(0, 0o; L*(0)) for all j = 0,1,..., N, where

[-] stands for the integer part of the number.

In the following, we expand:

J J J
aly') = > éPa;(y), V(y) =D d0(y), By) =D iy,
=0 =0 7=0

FW. 0 => €., FW.t) =Y 5., W, 6)=> g\, t), (3.14)
i i=0 =0
F(t) = EJ: TEI(t),
=0
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Chapter 3. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe

and consider the problem (3.6)—(3.8) with

/

o) =a( L), 1) =7 (L), i =1(2),
fet) = F(50), gt = 2 (50), gt =3 (So0).

3.2 Micropolar Heat Problem (MHP)

To do our analysis, we first need to rescale the domain, that is, to write the governing
problem on ¢ instead of .. We thus introduce the change of variables 3/ = %/ and obtain

the following system of micropolar heat equations posed on the e-independent domain o:

Wa(ft) — AV = Z(awzf’” - aWay(y ”) + [0,
= ZW + 7Y, 1),
W — %Ay/W3’1(y’,t) - g(fyg@wz(?y’, t 8W21y(3y’,t)> 4 2l ()
= —Z(W;(yi/’t) +3°(y, 1),

(3.15)

where V(y', 1) = V(ey',t), W»'(y/,t) = W2'(ey/,t), W' (y/,t) = W2'(ey',t). The

following boundary and initial conditions are satisfied:

Vi ], =0, WAy, |, =0, WA, n| =0,

Vl(y/’ O) _ d(y’), W2,1(y/’ O) _ 62(3//), W?),l(y/’ 0) _ 63(y/)'
We rewrite problem (3.15) in the following way:

T73,1(, 1 T72,1(,.1 B Y2y
8W (y 7t) _ 8W (y 7t)> + ezf(y',t) _ EQaV (y >t)’
dys Y3 ot
172,10, 173,10,/ (71(, 0
WPy t) oW (y,t)) _ VWY

—uA V(Y 1) = ae(

—an Wy ) - o

ayz ay2 8y3 (9y3
T72,1(,/ _
+E7 (Y1) — EQW — 2aeW>(y/ 1), (3.16)
~ o aWZl(y/ t) aW:S,l(y/ t) 8‘71@’ t)
—al, Wy t) - ( — + 7 ):—ae’
Yy (y',t) -8 Dus B v 90,
173,1(,/ ~
+ 3y t) — GQW —2a2W3(y/, t).

50



3.2. Micropolar Heat Problem (MHP)

We construct the formal asymptotic expansion of the solution (\761[ J](y’ 1), Wzv&] (v, 1),
Wes,f}I} (¢/,t)) up to the order J € N in powers € as:

‘N/[J] y t Z€J+2V y t)
(3.17)

<
<

Due to the appearance of the boundary layers in time, we are going to fix our approximation

by introducing

J
Ve W' m) =22V 7).
. =0 ; t (3.18)
Wan',m) =22 Wi m), W m) = 2 PWin), =5

j=0 Jj=0
3.2.1 Regular Part of the Asymptotic Expansion

Plugging the asymptotic expansions (3.17) into the micropolar heat problem (3.16), we
obtain the recursive sequence of the problems for (‘7]1 (v, 1), W]-Q’l(y’ 1), Wf”l(y’ 1))
(j=0,1,...,J).

The equations on o for the zero-order approximation (Vi (y/,t), Wg''(y/,t), Wo' (v, 1))

read:

- :uA 'Vl(ylu t) = f~0(y/7 t>7
oWy ) WS (y t o
( 0 (y ) + 0 (y )) 92( ,t),

_ @A /Wz,l /’ _ —
Yy 0 ( ) ﬁayQ ayQ ayB 0 y (3 19)
< a1, o (OWS (Y, t)  OWP (Yt ~, ‘
B e ) e U}

‘701(3/775)‘30 =0, Wg7l(y/’ t)‘ag =0, Wg’l(y/,t)’% =0

The first-order corrector (Vi'(y/,t), W' (i, 1), W' (y/, 1)) satisfies the following:

, WS O
— uA. VL /,t _ < 0 ) 0 ) ) n /,t 7
pAy Vi (y' 1) =a By s [y, 1)
i 0 (WP(.1)  OW (Y1) Viy )
— oA, WPy 1) — ( B )z a—0 T2 G2y 4,
Y 1 (y ) ﬁay2 ay2 ay3 a Vs 91 (y )
= oW (v, 1) oW (Y t) V(Y1)
— ol ( o T o >—_0’+~3 1),
aly Wi (y' 1) = B Em B s a s gy, t)
VY|, =0, WH, 0|, =0, WM., =0
(3.20)
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Chapter 3. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe

For the higher—order correctors (‘7j1(y’, t), Wf’l(y’, t), Wf’l(y’, t)) (j =2,...,J) we obtain:

. WLy, 1) OWPL (1) | OV 1)

— pA, VY ) = ( e A AR A ) () — =22

/’l’ yryg (y7 ) a 8y2 ay?) +f](y7 ) at ’
0 <8W]~2’1(y’,t) +3W]~3’1(y’,t)>

— el W 1) - BGTJQ Oy dys3

WL ('t -
w0 - 2D gy )

0 <8Wf’l<y’,t) +6W]3’1<y’,t>>

- &Ay/Wj&l(y/7 t) - (971/3 ay2 ay3

aa‘N/jl—l (y,7 t)
y3

oV (vt oW (y -
—q—-? 61y(2y ) + g;’,(y/’ t) _ J 82t(y ) . QaW;’fQ(y/, t),

Vi |, =0, WP, =0, Wy, |, =0 (3.21)

Notice that, at this stage, the initial conditions have been ignored.

We observe that the problems (3.19)—(3.21) are, in fact, decoupled in the sense that we can
: T . . 521 73,1
consider the problem for the velocity V}'(y/,t) and microrotation (W.> (v, t), W;" (¢/,1))
(j = 0,1,...,J) separately. This is because the right hand sides of the equations are
known either as given in advance external force functions fo(y/,1), ..., f;(y/,1), gy, 1),
g5, gy t), ..., g3 (Y, t) or the velocity and microrotation components deduced
in the previous steps. This means that, in fact, we have standard Poisson equations for
the velocity zero—order approximation, first and higher—order correctors \7j1(y’ ) (=
0,1,...,J), where the existence and uniqueness of the solutions follows from the well—

known results (see [13], [18]).

On the other hand, the equations for the microrotation zero—order approximation, first

and higher order correctors are linear second order PDEs of a more complex structure.

The following theorem is a direct consequence of [22, Chapter II, Section 1.2, Lemma
1.2.1].

Theorem 3.2 (Existence and uniqueness — MHP microrotation regular part).
Let h; € L*(0,00; L*(0)?) (j = 0,1,...,J). Then there exists a unique weak solution
VV;‘ = (I/T/f’l,ﬁ/f’l) € L2(0,00; Wy?(0)?) of the problem

—aly Wiy 1) — BV, (divy Wiy, 1)) = hy(y', 1),
Wiy, t)]as = 0,

satisfying for all t € [0, 00) the integral identity:
t . t -
a / / V, WV, dydr + 3 / / divW? divey dy'dr
0 Jo 0 Jo
t
:/ /hj-n dy'dr, ¥ € L0, 00; W2 (a)?).
0 Jo
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3.2. Micropolar Heat Problem (MHP)

Moreover, there holds the estimate

W2 0,00 2(0)2) < €l |22 (0.00s2(0)2) -

Remark 3.3. The explicit formulae for the zero—order approrimation, first and second—
order correctors (f/lj(y’,t),Wil(y’,t),Wg,l(y’,t)), Jj =0,1,2 can be obtained if the cross
section o is assumed to be circular and the external force functions f, g, §s are supposed

to depend only on the time variable t (see Appendiz A).

3.2.2 Boundary Layer in Time

In the case of vanishing initial data (a(y’),b*(y),b*(y')) = (0,0,0) and external force

functions fj, 57]2, 95? being equal to zero in a neighborhood of the point ¢ = 0, the solutions

(‘7j1 (v, 1), I/T/f’l(y’, t), I/AV;”I(y’, t)) of problems (3.19)-(3.21) satisfy the initial conditions
1 72,1 73,1 _ L .

(Vi (y',0), W, (¢, 0), W: (¢, 0)) = (0,0,0). However, the initial conditions are generally

not met by the asymptotic expansions (3.17). We thus have to construct boundary—layer

correctors near ¢t = 0 to fix our approximation.

Making the change of variable 7 = % in (3.15) and putting (f(y/, 1), 3*(v/, 1), 3*(y', 1)) =

(0,0,0), we get the following system on the cross—section o:

1,0 3,1(, 21(,/
TPD B iy = (DT OVURT)
e  or €2 € 0ys ys
21(,/ 21(, 1 3,10,/
laW (y 77—) o gAy/WQ,l(y/ﬂ_) . Ba(aw (y 7T> + aW (y 7T)>
€2 or €2 €2 Oy 0y Jys3
Wy, 7)
2 21/, _ g )
+ CLW (y ) ) € ayg Y
3,1(,/ 2,1(,/ 3,1(,/
law (y 77—) o gAy/WS’l(y’,T) - Ba<aw (y 77_> + 8W (y 77—)>
€2 or €2 €2 Jys o Jys
(Y, )
9 3,17,/ __aonly,
+ GW (y 7T) € 83/2 Y
Vi), =0, Wy, T, =0, Wy, )|, =0,

Vl(ylv O) = d(y,)a W271(y/7 O) = BQ(y,)v W3,1(y,7 0) = 53(?/)’

where VI(y/,7) = V(ey, 1), WLy, 1) = W2 (ey, 1), W3(y', 1) = W (ey, €°T).
The asymptotic expansion for (V!(y/, 7), W*L(y/, 7), W3 (y/, 7)) is given in the form (3.18).
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Chapter 3. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe

The zero-order approximation (V2 (y/,7), Wy (v/,7), Wo (i, 7)) is given by:

VLY, T /
(é;y-) - IUAy’V(]JL(y ,7) =0,
WG (v, 7) 2 0 (VW) N (Y )
—aA/W’(y’,T)—5< = —) =0
or y' 7o Yo Oys ,
oWy, 7) 3,1 W (Y, m) | O (Y T)
2 M 7oA., ’ Y : 7 -
87‘ any, WO ( 3 ) 50?/3 ( 8y2 + ayg > O,

Vity', )|, =0, Wity 7)|, =0, Wity 7)|, =0
)

Vo', 0) = ao(y') — Vi (y',0) = Ag(y/
Wity 0) =b3(y) — Wa' (v, 0) = Bi(y), Wy'(y',0) =b3(y) — Wy (v, 0) = Bi(y/).
(3.22)

)

The first-order corrector (V(y/,7), Wi (i, 7), Wi (i, 7)) satisfies the following system:

Wiy, 7) W' (v, 7) 3W§’1(y’,7)>
8 )

— pAVI (Y, T) = a(

T 8y2 6’?/3
2,1 / 2,1 / 3,1 / 1
ML) s, Wi om) - (8Wlay(y’7) +8W18y<y’7)> G
2 2 3 3
oWy, T) 51, 0 WPy, T) oW (Y, TN OV, T)

Vll(y’,T)’UZO Wil 7|, =0, Wy, m)|,, =0,
Viy',0) =a(y) - Vi'(y,0) = Ai(y),

WEL Y, 0) = Bi(y) — Wiy, 0) = Bi(y), Wi'(y,0) =bi(y) — Wi (v, 0) = BY(Y).
(3.23)

Finally, the higher-order correctors (V;(y/',7), W]z’l(y’, 7), Wf’l(y’, 7)) (j=2,...,J), are
given with the following:

Vi (y',7) WY 1) WY T)
ST AV, ) = ( J = )
or HAy Vil 7) = Ay Dys ’
oW} (Y. 7) 21 o (WY T) oW (T
— 2 2 AW (Y T) — B— J ’ j ; >
or “ yWJ W) 5892( ya " Y3
V(Y. 7)
=a—5— 81y3 —2a W 2(y 7),
oWy, 7) y o (OWH.T) | WY, 7)
77 _ A , % / _ 7 Vi ) 7 9 >
or “ yW v7) 5392’,( Yo - y3
V(Y 7)
PRI iy ),
le(y', T)’ag =0, Wf’l(y', 7')‘80 =0, W?’l(y’,T)‘aa =0, (3.24)
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3.2. Micropolar Heat Problem (MHP)

Vi, 0) =a,(y') = VY, 0) = 4;(y),
Wi (Y,0) = bi(y) =Wy, 0) = Bi(y), W' (y,0) =B(y) = W'(y,0) = B}(y).
(3.25)

The existence and uniqueness results related to the problems (3.22)—(3.25) are formulated

in the sequel.

The following theorem may be proved in much the same way as in [13, Chapter VII,
Section 7.1, Theorem 3 and Theorem 4].

Theorem 3.4 (Existence and uniqueness — MHP velocity boundary layer).
Let A; € Wy (o) and by € L*(0,00; L*(0)) (j = 0,1,...,.J). Then there exists a unique
weak solution Vj € L*(0, 00; Wy (o)) N W20, 00; L*(0)) of the problem

- IU’Ay'le (y/’ T) = hj<y/> 7—)7
Vi, )oo =0, Vi(y,0) = A;(y)),

V(Y 7)
or (3.26)

satisfying for all t € [0, 00) the integral identity:
t avjl ! t 1 ! t ! 2 1,2
/O /UWU dy d7+u/0 /va/vj-vy,n dy'dr :/O /Uhjn dy'dr, e L0, 00; W2(0)).

Moreover, there holds the estimate

oV}
V110,002 + V] 2200,00m1:20) + H(%j

L2(0,00;L2(0))

< (|| Al w2y + 1] £2(0,00:22(0)))-

The following theorem is a consequence of the result that can be found in [22, Chapter
III, Section 2.3, Lemma 2.3.1].

Theorem 3.5 (Existence and uniqueness — MHP microrotation boundary layer).

Let ]:33» = (BJQ,B?) € Wy?(0)? and h; € L*(0,00; L*(0)?) (j = 0,1,...,J). Then there
exists a unique weak solution W§ = (Wf’l, le) € L2(0, 00, Wy (o)) NIW2(0, 00; L2(0)?)
of the problem

oWs(y', 7)

or - aAy'W?(y/> T) - va/(dwy/wg(yly T)) = hj (y/a 7-)7

(3.27)
Wiy, m)lac =0, Wiy, 0) =B,(y),
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Chapter 3. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe

satisfying for all t € [0, 00) the integral identity:

t 3W;% , t , t ) ) ,
/ /i.n dyd7+a/ /vy,W@-vy,n dyd¢+6/ /deq divny dy'dr
0 Jo (97' 0 Jo J 0 Jo J
t
:/ /hj.r, dy'dr, ¥n € L*(0, 00, Wh2(o)?).
0 Jo
Furthermore, there holds the estimate

“ a oW
[IW5ll 0,001 2(0)2) + Wl L20,00012(0)2) + H 87’]

L2(0,00;L%(0)?)

< C(||Bj||W1»2(o)2 + ||hj||L2(0,oo;L2(o)2))~

Now we provide the results guaranteeing the exponential decay to zero (as 7 — o0) for
the boundary layer functions (V}(y',7), Wf’l(y’, T), W;”l(y’, 7)) (j=0,1,...,J).

Theorem 3.6 (Exponential decay as 7 — oo — MHP velocity boundary layer).
Let A; € Wy*(0) and h; € L*(0,00; L*(0)) (j = 0,1,...,J) be functions exponentially
decaying to zero as T — oo . Then the solution V! € L2(0, 00; Wy (o)) NW(0, 00; L*(07))
of the problem (3.26) satisfies the following estimate:
Ve
max | exp (57) ([ VWP dy 0 [ 19,9000 dy )|

T€[0,00)

[e's] E 8V;(y/,7')
v e (57) [

(10 B2y + 1 x0TI 7 0 ez )

2
F VAP + [V R )dydr (328)

where 7, = min{\y, 1, u}, 0, = L= and Ay is the first eigenvalue of the Dirichlet problem

for the Laplace equation

_MAy’u(y/) = )‘u(y/)v y/ € o,

. (3.29)
U(y )’80 = 0.
Proof. The result is proved by extending Theorem 2.2 from [27] for h; # 0.
First, let us note that the Poincaré inequality holds:
1
[Py < - [,k (3.:30)

valid for every function V! € L2(0,00; Wy*(0)) N W2(0, 00; L%(0)) (see [33, Chapter I,
Section 1.1.2., Lemma 1.1]).
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3.2. Micropolar Heat Problem (MHP)

We multiply (3.26); with Vj and integrate by parts to derive the following:

1d

55/0IV}(y’,T)Izdy”ru/UIVy'V}(y’,T)de/:th(y’7T)V}(y/7T)dy/- (3.31)
Applying Young’s inequality in equation (3.31) with 6 = )\% and using the Poincaré
inequality (3.30) we get:

1d

1 2 2 1 2 1 2
s [ DRy + 5 [0,V Py < o [ It nPay. (332

oVi(y'm)

Multiplying (3.26); by —4—— and integrating by parts, we derive the relation:

Wy, T NV,
[T gy g v oy = [ 0P Dy (s
o 87' T
Applying Young’s inequality with § = 1 in (3.33) we get:
1 [ |0Vi(y,7))? ) )
[P B [ pvi P < L [InWonPay. (330

Combining (3.32) and (3.34), we have:

d / / / / /
= [ B+ iV VI DY + [ V) Py
OVHy', T) 2 , ,
+ [ | [ sty )y

or
Applying the Poincaré inequality (3.30) to the above equation and setting

v = min{ A, 1, u}, we obtain the following inequality:

d / / / / / / /
= [ DR+l B ([ P [ 19,V Py )

dr
av}(?//ﬂ') 2 / 24
= [ sty )Ry
(3.35)
We now multiply (3.35) by exp(%-7) and integrate over 7 to obtain:
exp (S7)( [ VWP 4 [ 19,000 7))
IV (Yt
-I—/ exp< >/ W) y'dt
Aot (3.36)

+ 75/0 °xp <2t></ Vi (' )Py’ +u/ \Vy/V}(y’,t)de’)dt

~ T ’y*
<yl + ¢ [ exp (St) [ gty O dy'ar
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Finally, taking the maximum over 7 in (3.36), we get the estimate (3.28).

Using the same arguments as above, one can straightforwardly prove:

Theorem 3.7 (Exponential decay as 7 — oo — MHP microrotation boundary layer).
Let B; = (B2, B?) € Wy*(0)? and h; € L*(0,00; L*(0)?) (j = 0,1,...,J) be functions
exponentially decaying to zero as 7 — oo. Then the solution W = (WJ-Q’l,W?’I) €
L2(0, 00; Wy*(0)?) N W12(0, 00; L*(0)?) of the problem (8.27) satisfies the following esti-
mate:

& a/. /! 2 / , a / 2 /
max> {exp(27>(/|w-(y77)| dy +Oé/alvywj<ya7')| dy)}

T€[0,00

e () [(P557

(1B )N vy + 1l exp(Brs (s Dl B )

W)+ IV Wi, 7 )dyfdr

where v, = min{\i,1,a}, d, = % and A is the first eigenvalue of the problem

—aA,U(y) = AU(Y), ¢ €o,
U(y)|os = 0.

3.3 Micropolar Inverse Problem (MIP)

Now we turn our attention to the micropolar inverse problem (3.11). The solution of the
micropolar heat problem (3.10) is given with (3.17)—(3.18). Therefore, from (3.12) and
(3.14)3, we have the following:

J J

O =3 r0 -3 [ o2 (VL) 4L 5))r

—0 V0 € 6

J=0 J
€]+4( 31 v, t)—i—Vl(y, 2>>dy

J J
= Z€j+4F Z

—

-3 (o +(3)

where we denote

|
—

i) =Bt = [V 0y, Hilr) == [ Vi mdy
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3.3. Micropolar Inverse Problem (MIP)

The compatibility condition
H;(0) +H;(0) =0, j=0,1,...,J,

now follows directly from (3.13). We can rewrite the above condition as:
Fi(0) = /Udj(y’)dy’, =01,

Making the change of variables y' = %’ and putting the pressure as ¢(t) = 6%s(t), from

(3.11) we deduce the following problem posed on o:

32(q) T72.2(,0 ~o
- MAy/f/Q(y/,t) = CL€<8W <y ’t) . ow (y ,t>> + S<t) . 62M

0y ) Oys N ot 7
— QA 2y 1) — 5%<3W26’;(2y’, t) N 3W?;2ygy’,t)>
= aeavg(yz/’ b_ € 8W27(;§y’, b_ 202 W2(y' | 1),
—aly W32y t) — 6623 ( 8sz(2y/’ J - awzlyf, ﬂ) (3.37)
= _&68‘7;(;/2’,25) — EQW — 22’ W (y/, 1),

VAy, 1)), =0, W2y, b)), =0, Wy, 0| =0,
‘~/2<yl7 O) _ 0, W2,2(y/7 0) — 0, W&Q(y/’ 0) _ 07
[V ndy = H ).

As for the micropolar heat problem, we expand in the following way:

V 1l (v, 1) Ze]+2V2 (', 1), st Ze]+2
=0 (3.38)

J
W2E (/1) =D WAy 1), W25t 26”2%3’2(?/@,
=0 =0

with the boundary-layer-correctors in time (after change of variable 7 = E%)

J J
VEQ,[J] (y,7 T) = Z €J+2Vj2(y/a T)a Sg[J] (7—) - Z €j+28j<7-)7
= 7= (3.39)

J J
W2/, 1) =Y WA 1), WL 7) =Y WA 7).
=0 =0
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Chapter 3. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe

3.3.1 Regular Part of the Asymptotic Expansion

We now substitute the regular part (3.38) of the expansion into the micropolar inverse

problem (3.37) and collect the terms with the same powers of e.

Zero—order approximation

For the zero-order approximation (V2(y/,t), Wi (y/,t), Wo(y/, 1), so(t)) we get:

— uAG V(Y 1) = so(t),

- d (OWA(y,t)  OWSA(y,t)
— Al W 1) — ( 0 ) W : ):07
v &%) Bayz ys ys
. O (OW (Y, t)  OWS (Y t)
—alA, Wy t) — ( SERLAALANTLALS\ SR, ):0,
v (y ) B8y3 ys Y3
Vi), =0, Wy, n|, =0, WPt =0

[V 0dy = Hot).
Let x°(y') be the solution of the Dirichlet problem for the Poisson equation

—uA, X)) =1, y €o,

O/, 7/ _
X ()|, =0

As in [27], we seek for the velocity zero—order approximation in the following form:
V(') = X°(y)so(t),
where we choose sq(t) to satisfy the flux condition:
olt) = i Holt), w0 = [ X'(4/)dy'

Consequently, we obtain
V', 1) = rg  Ho(h)X"(y/). (3.40)

The zero—order approximation for the microrotation can now easily be verified as

(We2(y', 1), W52 (y', 1) = (0,0). (3.41)
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3.3. Micropolar Inverse Problem (MIP)

First—order corrector

Let us now consider the system of equations on o for the first—order corrector
(V20 0, W2 (', ), W2 (', 1), 51(1)):

IWe (y',t) W5 (' 1)

i V1) = o )+ 10

ya 0ys3

" o (W, t) oWy 1) OV2(y' 1)

—OCA /W272 lat - ( : ’ + : : > =a 0 ’ )
W) 6392 Iya Y3 dys

% o (OWP(y 1) | OWPA(Y,t) V(1) (3.42)

— al, WPy ) — ( Lo L ):_ A At AA
QL 1 (y ) Bayg ay2 @yg a 8y2
V20|, =0, WP, 0)|, =0, Wy, |, =0

| VR 0y = Ha).

As for the zero—order approximation, we can explicitly compute the first—order corrector
of the velocity. Plugging (3.41) into (3.42);, we get the equation of the same structure as
for the zero—order approximation. In view of that, we have the explicit expression for the

first—order corrector:
V2 t) = kg "Hi(t)xo(y),

while the pressure is given by
s1(t) = kg T Hy ().

Plugging (3.40) into (3.42),—(3.42)3, we get the following system of equations for the

microrotation first—order corrector:

z / o [OWH(y ¢t OW2(y/ | aH(1) /
—O‘Ay’Wf’z(y,t)—@’( 1y )+ 1 (y )>: o(t) Oxo(y')

s 0y 0ys3 Ko 0ys ’
. o (OWPA(y,t)  OWPR(y 1) aHo(t) Ox0(y)
—O./A/W?”Q /,t . < 1 ) + 1 ) >:_
y V1 (y ) B ayg 6y2 8y3 Ko ay2
W ), =0, WP, 0|, =o.

Since the structure of the above system is far more complex than for the velocity and
since the right—hand side is not independent of the cross—section variable ¢/, it is not likely
that the above system can be explicitly solved. However, such a problem admits a unique

solution (see Theorem 3.2).
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Chapter 3. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe

Higher—order correctors

The system satisfied by the higher—order correctors (‘7]-2(3/ 1), VVf’z(y’ 1), I/T/f’z(y’ 1), 55(t))
(j=2,...,J) is given by:

anLQl (y,7 t) . aI/T/]2L21 (yla t)) + (t) . 8‘73'2—2(?/7 t)
8y2 8y3 ! ot ’
. o (OWP(y t)  OWP(y, 1)
. - g (PN 0T 0)
A (y ) 6392 Yo y3

a(‘?f/f_l(y', t) B 3V~Vj2fQ(y’, t)

— ud VR 1) = af

- QCLW]?;QQ (y/7 t)v

dys ot
) o (OWPy.1) oWy 1)
—alA, Wy t) — ( ’ — j | )
y W2 (Y1) ﬁﬁyg G Jys
OVE,(y 1) OW(y.t i
_ j_aly(;y ) _ J—gt(y7 ) _ QQW]?’fQ(y’,t),

f}}?(y/’tﬂag — O’ W7272(y/’t>‘ U — 07 vaQ(y/’t)‘ — O,

0 do

| Vi tay = (o).

o

The existence and uniqueness result for the velocity and pressure is formulated in the

following theorem.

Theorem 3.8 (Existence and uniqueness — MIP velocity /pressure regular part).
Let H; € W%((0,00)) and h; € L*(0,00; L*(0)) (j = 2,...,J). Let there also hold the
compatibility condition

H,(0) = F(0) = [ V}(s/,0)dy"

Then there exists a unique weak solution (‘N/]Z, s;) € L*(0,00; Wy ?(0)) x L*({0,00)) of the

problem

— A V(Y 1) = s;(t) + hy(y, 1),
‘7;‘2<y/7t)’30‘ = 07
| VR Dy’ = Hy(o),

satisfying for all t € [0, 00) the integral identity:

t - t t
u/ /vy/v]?-vy,n dz'dr :/ sj(T)/ndx’dT+/ /hjn dr'dr, Wi € L2(0, 00 WE2(0)),
0 Jo 0 o 0 Jo

Furthermore, there holds the estimate

V21 r20001:2(0)) + 11551 | 200,00 < (1 H; w2000 + 1511 £2(0,00:22(0) )- (3.43)
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3.3. Micropolar Inverse Problem (MIP)

Proof. To prove the above assertions, we follow the ideas from [33, Chapter II, Sec-
tion 2.1.2] and look for the solution %Q(y’,t) in the form \7j2(y’,t) = V(y,t) + V(1)
Here V (v, t) satisfies the problem

_MAy’V(y/7 t) - hj(ylv t)?

~ (3.44)
V(y 7t)|30' = 07
whereas V (/1) = s;(t)V°(y/), with V°(y/) being the solution of the problem
—uA, VO (y) =1,
nAyVE(y') (3.45)

VO(y)lor = 0.

s7(t) is computed from the equation
s(0) [ V)dy = Hy0) ~ [ Vi )dy'
This can be done because
[V Wy = [ VU Py = ey > 0.

It is worth noting that both problems, (3.44) and (3.45), are uniquely solvable for almost
every t > (. Taking

50 = —— () - [ Vi, 0ay). (3.46)

ok

the prescribed flux condition can be verified as

~

L V2(y/ t)dy' = /U (Vv 1)+ V(. 0) dy = [, (s;OVay) + V(¥ 1)) dy' = H;(t).

The following estimate now follows from the well-known results for the Poisson equation
and (3.46):

V20w 20) + 5501 < e ()] + 180|220 (3.47)
for a.e. ¢t > 0 (¢ does not depend on t). Finally, raising (3.47) and integrating with respect

to time we get (3.43).
[l

On the other hand, the equations for the higher order correctors for the microrotation
are linear second—order parabolic partial differential equations of a more general form.
Nevertheless, the existence and uniqueness of the corresponding solution can be established

using Theorem 3.2.

Remark 3.9. The explicit formulae for (V3 (y/,t), WQJ"Q(y’, t), WiQ(y’,t), si(t)) (7 =0,1,2)

can be derived in the case when the cross section o is circular (see Appendiz A).
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Chapter 3. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe

3.3.2 Boundary Layer in Time

We now construct the boundary layer in time for the micropolar inverse problem to correct

our approximation. Making change of variables 7 = 6% in the system of equations (3.37),

we get:
81/2(%’,7) AN = aE(@W?’;y(j/,T) - aWQ;;;JI,T)) +5(0),
GWQSiy’,T) b W) B 8ay2 (awzj(s/,f) . awzy(gy'm)>
)
8W3;(—y’,7) b W) B a@yg <6W2;y(3',7) . 8W3;y(j’,r)>
— —aeavz(:j; ) 20wy, 1),
Va(y' 1), =0, W*(.7)|, =0, Wy, 7)|, =0,

VA(y',0) =0, W>*(y,0)=0, W*(y,0) =0,
J
/ VA, T)dy' = ¢ H; (7).
An asymptotic solution for (V2(y/, 7), W?2(y/, 1), W32(y/, 7),S(7)) is sought in the form
given with (3.39).

The zero-order approximation (V2(y/,7), Wy (y', 1), Wa> (v, 7), So(7)) is the solution of

the following system:

N2, T ,
UT) () = o),
WY, 7) .o 0 (OWEYT) | OWERY.7)
70 NI ) A , s / o ( 0 ) 0 ) > _
or any WO (y 7T) 68?;2 8y2 + 8y3 07
) 32 o (V. T) | V(YT
_ v T A , > / - ) ) _
G = Al W) — (SR T SR T ) —
Vg(y/vT)‘aa - 07 W(%Q(y/a 7—)‘80 - 07 W372(y/7 T)‘ag = 07
Vg(yl70> = _‘702(3/70)7 W§72<yla 0) = _Wg’2<y/70)7 ng(y/vo) = = ~(§’2<y/70)7

[ VR mdy = Ho(r).
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3.3. Micropolar Inverse Problem (MIP)

The first-order corrector (Vi(y', 1), Wi (y/, 7), Wi (i, 7), S1(7)) is given by:

Vi, , V(Y1) W (Y,
LT Vi) = o PRET BT s ),
2 3

oWy, 7) 2 o (OWPy. 1) O, T) OVi(y' . 7)
L N O[A /W 5 l7 ) — ( I + 9 > =q 9

or y W) Bayz Ya Y3 dys3
Wy, 7) 3. o (WY, 1) O, T) N3y, 7)
—— = —aA W (Y, T) — ( — + ’ >:—a’

or y W) Bayz’) Yo Jy3 Yo

VlQ(y,7 7—)’30 - 0’ W1272<y,’ T)‘Ba- - O’ W?’Q(y/’ 7—)‘80 - 07
VR 0) = —V2(5,0), W2(/,0) = —WR(Y,0), WE(y,0) = —E(/,0),
/ V%(yla T)dy/ - Hl(T).

Finally, the higher—order correctors (V} (', 7), WJZ’Q(y', T), Wf’Q(y’, 7),S;(1) (7 =2,...,J)

obey the following system of equations:

V2(y,T) W (1) OWA (Y, 7)
VAL V2 (q) — J—1\J > B j—1\Y > '
5y pAY; (y',7) a( o 0 > + S;(7),
W 7) 2 0 (W) OW(YT)
7’ _ A , 2 / _ 7 Vi ) 7 9 )
or ady W v.7) 683/2 < Y2 * y3

av2—1(yl> T) 22/
= aij ayg — QGWJ’_Q(y ,7_),

, 0 (V1) | WY 7)

- osz/W?Q(y ,T) — 58%( j@yg + J@yg )

_ _aavjz—l(yla T)
ys

V.7, =0 W), =0 W), =0
V;(y/7 O) = —‘7]'2(?/7 0)7 Wj2’2<y/7 0) = _VT/.]‘ZZ(Z/C 0)7 W?’Z(yx 0) = _WJ&Z(QI, 0)7
[V )y = Hy(r).

oWy 7)
or

- 2CLW]37_22 (y/7 T)a

The compatibility condition

H;(0) = — /0_ VP, 0)dy’ (3.48)

is necessary to be satisfied to assure the solvability of the above problems.

We can study the existence, uniqueness and exponential decay as 7 — oo for the velo-
city /pressure and microrotation separately. In view of that, we introduce the space of

functions W!?2((0, 00)) with the finite norm:

oo oo 1/2
HFHW;,Q“OM)Z( /0 exp(2ut)| F(t)[2dt + /0 exp(zyt)\F'(m?dt) .
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Chapter 3. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe

Theorem 3.10. (Existence, uniqueness and exponential decay as 7 — oo — MIP velo-
city/pressure boundary layer)

Let Vf(y',O) € Wy (o), H; € WH2((0,00)) and h; € L*(0,00; L*(0)) (j =0,1,...,J) be
the functions exponentially decaying to zero as T — oo. Let there also hold the compatibility

condition
H;(0) = — [ V(. 0)dy’

Then there exists a unique weak solution (V?,87) € (L*(0, oo; Wo* (o)) NW2(0, 00; L2(0)))
x L*({0,00)) of the following problem:

8]}2('3/77) ! /
](977' - ,UAy’VJZ(y 77—) = Sj(T) + hj(y 77—)a

Vi loa =0, Vi(y/,0) = ~V7(y/,0). (3.49)
/JVf(y’,T)dy’ = H,;(7),

satisfying for all t € [0, 00) the integral identity:

t aVJQ / t 2 /
/0 /UW" dydT—I—,u/O /va,vj Y, dydr
t t
= [ S) [wayar+ [ [ nn dyar, v e 120,00, Wi (o).
0 o 0 Jo
Moreover, there holds the estimate:

oV?
HVJZHLOO(O,OO§W1’2(U)) + |‘VJ2|‘L2(0700§W1’2(U)) * HaTJ

+ 1Sl £2(00.00
L2(0,00;L2(0)) I ]HL ({0.00))

< (| Hillwragoeon + VG, O lwrego) + (]| 2(0,00:2200))-

If 1P € W5 *((0,00)), there also holds the following estimate:

"}/* ! / /
rnax> [exp <27> (/a |Vj2(y TP+ ,u/a |Vy/V]2(y )2 dy ﬂ

T€[0,00

o Y 8Vg2(yla 7)
—i—/ exp (7’)/ <’
0 2 o 8’7’
< (| Mgy + T2 O Brago) + 11 X075 (0 )220 0122000

(3.50)

2
F VRGP + VA7) 18,7 )dy'dr

where 7y, = min{\, 1, u}, 0, = L and Ay is the first eigenvalue of the problem (38.29).

Proof. The existence and uniqueness of the solution of the problem (3.49) is established
in [33, Chapter II, Section 2.2.4., Theorem 2.7].

The proof of the exponential decay as 7 — oo of the solution follows by extending the
result from [33, Chapter II, Section 2.4, Theorem 2.12] for h; # 0.
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3.3. Micropolar Inverse Problem (MIP)

We provide details in the sequel.
Step 1. We multiply (3.49); by Vf, integrate by parts in o to get:

d / / / /
= [ APy + 20 [ 19,V ) Py
= 28,(r) [ VA )y + 2 [ sty TV )y

Using Young’s inequality in the first and second term on the right hand side of the above

equation, we have:

d / / / /
= [ )Py + 2 [ 19,V ) Py

1 / / 1 / /
SOS P+ 5P 0 [ I )Py + 5 [ V) Py

Using the Poincaré inequality (3.30) and fixing 0o = /\1—1, we have:

d
= [ )Ry [ 19,V ) Ry

2 1 2 1 / 2.7/ (351)
< 0S(T)]7 + = H(7)] +*/ hi(y', TPy’
01 A Jo

200/ T
Step 2. We now multiply (3.49); by %

relation:

and integrate by parts in o to get the following

)2
a( y+*df/|Vnyy ) dy’

/ / hy( av? y T)dy’.

Again, using Young’s inequality on the right—hand side of the equation (3.52) yields

),

1
SIS, + 1)+ [ sty Py + 5 [

(3.52)

V(Y 7) 12 d
ng 2 dy’+udf/ Vy Vi m)Pdy

8V2 (y,7)2
or

Fixing 3 = 1, we now have

d
/U dy’+u%/alvyfvf(y’ﬁ)l2dy’

1 /
< ilS;(n)I” + 5—11(%(7))’|2 + /U (', T)Pdy’.

V(Y 7))?
or

(3.53)
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Step 3. Let U° be the solution of

—uA,yU(y) =1, o €o,
Uy =0, v € 0o.

We now multiply (3.49); by U°(y’) and integrate by parts in o to get

/ WV (y',7)

07,/ o 20,/ 179, /
5y U(y')dy u/UVj(y,T)AyU(y)dy

T)/UU“(y’)dy’+/Ghj(y’,T)U°(y’)dy’-
We have
/ U(y')dy'| =
Using the Cauchy—Schwarz and Poincaré inequalities, from (3.54) we deduce:
318 () < 2( / (8”;“ h 7))y ) +2( [ vl )
S )( [0 @)y ) + 213,

=5
< o | D) (v )Py ) + 21

where we denote ro = [, U(y")dy' = p [, [V, U(y)2dy’.

(P25 )i [ 20 07|
(3.54)

2
- hj(y’, 7)| dy’

(3.55)

Step 4. From inequalities (3.51) and (3.53) we now have:

d / / / /
[ Ry [ 19,V ) Ry

Ve, 7)1
+ /a or

< 201|8;(7)|* + (Sll(l%‘(f)l2 +I(H; (1)) +

d
dy’+u%/glvyfvf(y’ﬁ)l2dy’

A+ 1
: /alhj(y’,T)IQdy’~

Plugging (3.55) into the above equation, we get:

(/IV2 !dyﬂb/lvVQyT)!dy>+u/|VV2y ) dy’
GVJ( s ) 8 8V]2(y,7) ! / 29,/
+/g P —Amoél(/a or dy+/g|hj<y’7)’dy>

+e([H(T)]* + (M j(T))’|2+/O_|hj(y’m)l2dy’)-
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3.3. Micropolar Inverse Problem (MIP)

A1ko

152, we have:

Fixing 6; =

d / / / /
([0 Py + o [ 19,020, 7)Pdy)

1 [ |0VE(Y,T) 2
o [ 92 Ry 5 [ [Ty (3.50

< c(|H;(n)IP + 1 () + /U iy, T)[Pdy).

Applying the Poincaré inequality to equation (3.56), we get:

d / / / /
dT(/ Vi 7)*dy +u/ Vy Vi, T)IQdy>
V(Y 7) 12
2 2 2 AR / 3.57
+ (/\wyww/\vvwndy) S [P ey @)
< e[y + ()Y + [ Inly ),

where v, = min{\y, 1, u}.

Step 5. Multiplying equation (3.57) by exp(% 7) and integrating over 7 we have
exp (T7) ([ Vi Py + [ Vv )Py )

o e (5 )/g(\a‘ﬁéi’ 2

VR OF + 9,V OF ) dy'ds

(3.58)
<o [Tew (T) (08 + |01t
+c(||A< Mg + [ exp (5t) [ sty 0Pdyat),
where J, = v./4. Estimate (3.55) now yields:
[ exo (St )ISar < e [Tex (T) (R0 + 1340 et .

—l—c(HA ||W1 +/ /exp( ) (Y, t)]%iydt)
Step 6. Finally, taking the maximum over time in (3.58) and (3.59), we get the estimate
max [eXp (727> (/ IVf(y’,T)IQdy’+u/ IVy'Vf(y’,T)IQdy’ﬂ

© (% Vi 7)?
+/0 eXp(f)L(‘ or

< eI -5 (M) 120,00y + 1AW r120) + T exp(0m) b (5", TIZ20,00122(0))):
5. ((0,00))

VAT + |V VR T + ysjw?)dy'df

thus obtaining the estimate (3.50).
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The corresponding results for the microrotation boundary—layer correctors are formulated

in Theorem 3.5 and Theorem 3.7.

3.4 Rigorous Justification of the Model

Collecting the asymptotic expansions constructed for the micropolar heat and micropolar

inverse problem given with (3.17)—(3.18) and (3.38)—(3.39), we obtain:

W2 (' 1) = Zej“ (VVf’l(x’ t) + Wy (i :2>>
j=0

W2, t) = > o (VT/f”l(g:a t) Wy (i ;))
=0

Wi = S (W () 1w (7))
=0

Woi (1) = i)ej+2< ~332(3:’t " Wf?(f ;>>
p

Ve, [J] ($,, t) = ‘/:[J] (l‘/, t) + ‘/e?[ﬂ (93/, t)v

weQ,[J] ('CE,? t) = W2L17 (x/ t) + W272 ('T/ t)v w3 ] (mla t) = Wji}]} (x/7 t) + Wi,[QJ] ('T/> t),
1
Sel(t ZEM(SJ +3< >>7 G (t) = 5 Sen(t),

ue,[]]<x,t) = (Ue,[J] ($ 7t)707 0>7 We,[J] (.I',t) (0 w ] (:U t) [J] (:C t))

Lemma 3.11 (Poincaré’s inequality).

(3.60)

Let T € (0,00] and t € [0,T]. There then exists a positive constant C' > 0, independent

of €, such that there holds:

10(, )l 22002 < Cel[VO( | L2(003

2a svaki ¢(-,t) € Wy (o).

70

(3.61)



3.4. Rigorous Justification of the Model

Theorem 3.12 (Rigorous justification of the asymptotic model).
Let u (g1, We 1], Ge[g) defined with (3.60). There then hold the following estimates:

max ||ue( vt) U [J( >||W1 2(g.)3 T ||ue ua[J]||L2(0,00;W1*2(05)3)

te[0,00)
e - 0(), (3.62)
ot L2(0,00;L2(0)3)
tg[%)ao}é ||W5< 5 t) — W [J] ('7 t)||W172(05)3 + ||We — W¢,[J] | |L2(O,oo;W1v2(ae)3)
|| et — 0(72), (3.63)
ot L2(0,003L2()3)
g = qenllr20,00) = O(e77?). (3.64)
Proof. The function w, | satisfies the following estimate:
OWe (1 .
e — ()CA:E/WE7[J] - valdwwam + 2CLW€7[J] = arotuej-1) + 8 + h,, (3.65)

where |[he|| 120,000 (00 )3 = O(e”T), that is, ||hel|12(0,00:02(00)7) = O(e772). We introduce
Se = We — We ],

as the difference between the original solution and our asymptotic approximation.

Substracting equations (3.6) 3 and (3.65) yields

0s.
ot

— aAys. — BV ydivs, + 2as, = arot(u — ue ) — he in o. (3.66)

Multiplying equations (3.66) with s, and integrating over o, we have:

th/ |SE\2—|-oz/ |Vars|? —i—ﬁ/ (divs,) +2a/ AR —a/rot( uev[‘]_l])se—/hese.
"(3.67)

Estimating each term on the right—hand side of (3.67) using Poincaré’s inequality (3.61),

we obtain:

< OV (ue = ue-1)lle2(003 8l [ 22(00)

/ I"Ot(lle — ue,[J—l])86
< ClIVar (e = w2, Isel| 2o
+ ClIVar (v = e p-i)llzen
< OV (0 = ue )l 22003 I Vrsel |20
i O€J+3HVI,UJHLQ(UE)3Hvx’SEHLQ(Ue)B’

S€||L2(0'€)3

(3.68)

< [hellz2ooslIsel 22003 < Celhe]|L2(00)3 | VarSel L2000

/ h.s,
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where u; = 6J%(uevm — U [7-1))-

Taking into account estimates (3.68), from (3.67) we get:

1d

5 77|15l E2e0e + Al Varsd[zae < CellVar(ae = uein)llz2osl [ Varsel 2o

+ CeP |V oy 1202 [Varsel | 200
+ Celh||L2(53 || VarSel | L2 (00)3-

Applying Young’s inequality, we obtain:

1d

C
gﬁllselliz(gas+a||V$fselliz<oe (2!|V( IRl AW [

- 5
Hh 12205 + CENVarsl[ 125, 3-

Taking ¢ such that o — C'¢ > 0, and integrating over ¢, we get:

t t
el + [ 1V B < O [ 11V (0 = ey

t (3.69)
-+ C/O <€2||hEH%2(U€)3 + €2J+6HV:B’UJH%2(UE)3>’

Multiplying equation (3.66) with %S;, integrating over o, and estimating the right-hand

side yields:

0s, ||2 0S.
/ <
2’ L2(UE)3 Hv SEHLQ 3 CHV ( uE [J)HL2 06)3 at L2(0'5
+C<||h|| 2 3—|—€J+2||V /UJ|| 2 3> Osc
€l|L2(0¢) T L2(o¢) 8t 12 05)3

Applying Young’s inequality and integrating over ¢, we obtain:

0s. ||2

Vs + [ |5

t
v S (It =)y + 1T )

t
+C [ b2
(3.70)
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Summing the obtained inequalities (3.69) and (3.70) and using Poincaré’s inequality, we

obtain the estimate:

2

0S.
ot

t
[Isel[fi1.2(0098 + |18l 2200, 6w1.2(00)9) + ‘ : < C/O IV (ue = ue )l 72(,8

L2(0,;L%(0¢)3

t
+C [ Ty

t
+C [ b2

(3.71)
The problem satisfied by (u s}, pe[s) on o¢ is the following:
M) _ A Vpes = arot f.+E
ot — Mz U] + De,[g] = GrOVWe [71] + I + B,
uE,[J]|5Ue = 07 U [J] (Ilf/, 0) = (aﬁ(x/)7 07 0)7
divue,m = O,
/U uejmdx’ = F(t),
Where ||E€||L2(O,OO;L2(U€)3) = O(€J+2).
Denoting
Re = Ue — U]y, Te = Pe = DelJ)>
we obtain
OR.,
i pAy R+ Vre = arot(w, — w, [j_1]) — Ec in o,
R’E‘(()O'E = 07 Re(x/7 0) = 07 (372)

R.=0.

Multiplying equation (3.72); with R, and integrating over o., we obtain:

1d
5%/ |R€|2 +M/ |V$/Re|2 = CL/ rOt(WE - Wa[J—l})Re _/ EeRe +/ q€R€7 (373)

where qc(t) = (¢(t) — qe1s1(t),0,0). Notice that the last term on the right-hand side is

equal to zero due to (3.72)3 and because q. is dependent only on the time variable ¢.
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We estimate the terms on the right—hand side of (3.73) in the following way:

/ rot(we — We [7—1)Re| < C||[Var(We = We 1) || 120003 [Re| | 200y

RE| |L2(0'e)3
R|

< C||Var(We = wWen)llz2(o0)

+ OV (We ) = We -1l 22 (00)
< C€Hvx’56"L2(06)3|‘V$’R6|’L2(05)
+ Ce"3||[Vowy | 2002 || Vo Rl

L2(0'6)3

L2(0e)3>

Bl 22003 [ Rel | 2(00)3 < Cel|Eel|L2(00)3] | Var Rel| 12(003

| BR.

where W = 5 (W) — Wes_1]), implying

1d
§%||R€H%2(O’E)3 + /“LHV-T/R5H%2(UE)3 < CE‘|Vx’SE||L2(05)3||VI’R6HL2(05)3
+ Ce" | Vows | 2002 | Vo Rel [ 12(0.)2
+ Ce||Ee||2(00)3 || Vo Rel| L2(0.)3-

Applying Young’s inequality and integrating over ¢, we obtain
t t
HREH%Q(Ue)S +/0 va’ReH%Q(gé)S < C/O (€2HVI/SEH%2(U€)3 + 62J+6|‘Vx/WJ’|%2(JS)3>
t
+C [ SB[
Taking into consideration (3.69), we obtain:
t t
||R€H%2(OE)3 +/0 ||Vz/R€||i2(ge)3 < 062/0 <€2||V$/RE||%2(UE)3 + €2J+6||vr’uJH%2(og)3>
t t
+ 0 [ B[ + O [ IVaw s
t
+C€ [ 1B Faep
For sufficiently small €, we have:
t t
IR0+ [ VR < C [ (51Val oo + Vol )

t
+ C/O (E4Hh€’|%2(ae)3 + €2||Ee||%2(06)3>‘
(3.74)
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We now obtain from (3.69) and (3.74) the following estimate:

t t
sl + [ I8l € [ (0 NT0m o + VoWl )

t
4O [ (U + B s )
(3.75)

a;e and integrating over o., we obtain:

Multiplying equation (3.72); with

o
211 ot

2 d
— / 2 -
L2(0¢)3 + MdtHvx REHLQ(%)S

OR.
< O<||V$,s€||L2(U€)3 + €J+2||V$/WJ||L2(UG) + ||E€||L2(Ue)3> Hé’t

L2(a'e)3.
Applying Young’s inequality, integrating over ¢ and using estimate (3.75), we have:

2

IR,
ot

t t
V2 Rel s + <O [ (N ay + Vol e

L2(U€)3

t
+ c/o <e2||h€||ig(,,€)3 + IIEE||%2(U€>3)>
(3.76)

Summing the inequalities (3.74) and (3.76), we have:

2

OR,
ot

t
S C/O <€2J+6||Vz/llj‘|§,2(ge)3 + €2J+4||V1/WJ||%2(05)3 -+ €2||h6||i2(06)3 + ||E5||i2(06)3>

2 2
HREHWI’Q(Ue)S + HReHLQ(O,t;Wl,Q(UE))?’ + H LQ(O,t;LZ(UE)S)

and now from (3.71) and (3.74):

9 9 0sc||?
[18ellwr2o) + lIsellzz ey + Ot |L2(0,12(00%)
t
< C/O (€2J+4|’vaUJ’|%2(UE)3 + €2J+6HV:L'/WJ||%2(O.E)3 + ||he||%2(ge)3 + €2HEEH%2(U€)3)'
(3.77)

The estimates for velocity (3.62) and (3.63) now follow directly taking the maximum over

time.
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We again consider the equation

OR.
ot

— AR = qc + arot(we — we 1)) — E,
:R‘e|(90E - 07 Re(xlv 0) - 07

/Rgzo.

Using the estimate [33, Chapter II, Section 2.2.4., Theorem 2.7, eq. (2.74)]) yields:
||q€|‘%2(<0,t))3 < C(HEEH%Q(O,t;LQ(Je)?’) + [|rot(w. — We,[Jfl])|’%2(0,t;L2(as)3)>
< C(“EGH%Q(O,t;Lz(oe)?’) + ||S€||%2(O,t;W1*2(a€)3) + €2J+4||WJ||%2(0¢;L2(06)3))

Finally, taking the maximum over time in the above equation and using estimate (3.77),
we obtain the pressure estimate (3.64), thus finishing the proof.
O
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Chapter 4

Asymptotic Analysis of the
Nonsteady Micropolar Fluid Flow in
a Thin Curved Pipe

In the last two decades, one can find a number of papers providing a rigorous derivation
of new asymptotic models for steady-state flows in thin curved domains. The model des-
cribing the steady flow of a Newtonian fluid in a three-dimensional curved pipe has been
formally derived and justified via error estimate by Marusi¢-Paloka [24]. The steady flow
of a micropolar fluid has been investigated by Dupuy, Panasenko and Stavre [10]-[11] in
two—dimensional domains such as a periodically constricted tubes and curvilinear channels.
A three-dimensional setting for a curved pipe has been addressed by Pazanin in [28]. The
asymptotic behaviour of nonsteady Newtonian fluid flow in a curved three-dimensional
thin pipe with moving walls has been considered by Castineira et al. (see [8], [9]). In
view of that and inspired by the applications, in this Chapter, following [30], we present
the rigorous derivation of an asymptotic model describing the nonsteady micropolar fluid

flow through a thin pipe with an arbitrary (generic) central curve.

The Chapter is organized as follows. In Section 4.1, we formally describe the geometry of
the curved pipe using Germano’s frame of reference (introduced in [15]-[16]) and consider
the equations describing the nonsteady micropolar fluid flow. In Section 4.2, we introduce
the curvilinear coordinates and rewrite the governing problem in an undeformed pipe. In
Section 4.3, using two-scale expansion technique, we compute the asymptotic approxi-
mation up to the second—order in order to capture the effects of the pipe’s geometry,
micropolarity as well as the time derivative. It should be emphasized that the asymptotic
solution is provided in the form of the explicit formulae, which is particularly important
with regards to numerical simulations. We also conduct a detailed boundary layer analysis
in the vicinity of pipe’s ends and construct the divergence correction to improve the order

of accuracy of our model. In Section 4.4, we prove the error estimates in suitable norms
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Chapter 4. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Curved Pipe

evaluating the difference between the exact solution of the problem (which cannot be found
due to the complexity of the flow domain and the equations) and our second—order asymp-
totic approximation. By doing that, we justify the usage of the proposed effective model
and that represents the main contribution. Finally, in Appendix B and C, we provide
the expressions for the operators in curvilinear coordinates as well as explicit expressions
computed for the higher-order regular part correctors and for the exponentially decreasing

functions appearing in the boundary layers problems, respectively.

4.1 Setting of the Problem

4.1.1 Description of the Domain

In the following we define our thin (or long) curved pipe Q¢ with a smooth central curve
~ and a circular cross—section. We suppose that the curve 7 is a generic curve in R?
parameterized by its arc length z; € [0,1]. We denote by w € C3([0,1]; R?) its natural
parametrization such that #'(x;) # 0, for every z; € [0,{]. At each point 7(x;) of the
curve v we define its curvature (flexion) as x(x1) = |7”(x1)| and introduce Frenet’s basis
by

1
t=7m, n=—-t, b=t xn,

where t is the tangent, n the normal and b the binormal. The torsion of 7 is denoted by
7(x1) = —|b'(x1)| . It is known that the Frenet’s basis (t,n, b) satisfies the system

t'=kn, n=—-kt+7b, b =—7n.

Let 0 < € < 1 be a small parameter and B = B(0,1) C R? a unit circle. We define the

undeformed thin pipe as
Q. = {z = (21,29, 23) €R®: 21 €(0,1), 2’ = (19,73) € B. = eB} = (0,1) x B..
Next, we introduce the mapping ®%: Q. — R? by
O (x) = 7w(1) + wang (1) + x3by(21),

where

n, (1) = cosa(xi)n(zy) + sin a(xy)b(xy),

b, (1) = —sina(zy)n(xy) + cos a(zq)b(xq),
and

a(er) = = [ 7(€)dg +a,

0
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4.1. Setting of the Problem

b Ny

Figure 4.1: Germano’s frame of reference.

with z¢ and ap being arbitrary constants. The local injectivity of ®¢ can be easily

established assuming e is sufficiently small (see [28, Section 3.1] for details).

We can now define the curved pipe with the central curve v and circular cross—section B¢
by putting
Q8 = o ().

We also denote by X! = ®%({i} x B,), i = 0,l the ends of the pipe and by I'* =
®((0,1) x 0B,) its lateral boundary.

4.1.2 Micropolar Equations

The equations describing the nonsteady flow of a micropolar fluid in a thin curved pipe

Q% read:

ou,
81; — pAu, + Vp, = arotw, + F,
divu, =0, in QF, (4.1)
oW, )
5 0Aw, — fVdivw, 4+ 2aw, = arotu, + G.

Here u, is the velocity field, p. is the pressure and w, is the microrotation field. The
external sources of linear and angular momentum are given by the functions F(Z,t) =
f(z1,t) and G(Z,t) = g(x1,t), where £ = ®¢(x). We employ the notation u = v + v,

a =2, 0 =cq+cqgand B = cy+ cqg — cq, where v is the Newtonian viscosity, v, is the
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microrotation viscosity, while ¢, ¢, and ¢4 are the coefficients of angular viscosities.

We prescribe the following boundary and initial condition:

u=0onl? u = 62h§ on ¥, i=0,l,
w, = 0 on 00, (4.2)
u.(z,0) =0, w(z,0)=0,

where we suppose that the prescribed velocities h, hj are given in the form

/ /

he (7, t) = hé(i, t)t(O) 4 hg(‘i, t)n(()) 4 hg(“;/, t)b(O), (4.3)

for = (0, 2'), and

/ /

hi(z,t) = hf(i, t)t(l) +ny (i t)n(l) + h?(g:, t)b(l), (4.4)

for & = ®%(1,2'). To assure the well-posedness of the governing problem, the following

compatibility condition needs to be fulfilled:

F(t) = /B hg(‘”/,t> _ 62/Bh§(y',t) — EFN1), i = 0,1, (4.5)

€

where ¢ = %/ Since the initial velocity equals to zero, there also needs to hold
F(0) =0. (4.6)

In the following, we suppose that h§, hj, F and G vanish in the neighborhood of ¢ = 0,
that is

hi(-,t), hi(-,t), F(-,t), G(-,t), Vt € [0, T*], T* > 0. (4.7)
0"hj 2 1/2(51013 &’hj 2 1/2 (52013 ;
Let T L2(0,T; HY?(%9)%) and T L2(0,T; HY2(X4)?) for 5 = 0,1 and let
h
h, € L?(0,T; W2(Q%)?) with a@tﬁ e L*(0,T; W'2(Q*)?) be the solution of the following

problem (see Lemma 4.3):

divh, = 0 in QF,
h,=0onTIY,
h, = ¢h{ on X!, i = 0,1,

A weak solution of our problem (4.1)—(4.7) is a pair (u.,w.) = (v, + h, w,) such that
divve = 0, v (Z,0) = 0, w(Z,0) = 0, v, we € L2(0,T; Wy *(Q%)%) N L0, T; Wy (Q%)?)
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AWL2(0,T; L?(2)3), and (v, w,) satisfy the integral identities

AL
/ V(,o—l—u/ VVEVgo:a/ rotw.p + Fep
Qe Ot Qo Qo Qo
Oh,

a Qo Ot
0w,

P+ 5/ Vw. Vi + ﬁ/ divw.divep + 2a/ W)
ot Qo Qo Qe

= OL/Q rot(ve + he )y +/Q Gy, VY € W&’2(Q?)3'

€

©— /Q Vh Ve, Ve Wy?(Q)?, dive =0,

Qe

Let F, G € L*(0,T; L*(2%)3). There then exists a unique weak solution (v, w,) satisfying
(4.8) for a.e. t € [0,T]. The proof follows the same arguments as the proof of Theorem 2.1.1
from [22, Chapter III, Section 2] which can be straighforwardly adapted to our setting.

4.2 Curvilinear Coordinates

4.2.1 Geometric Tools

We need to study the inverse mapping of the change of variables ®& and write our problem

in the reference domain. We consider the mapping:

d: Q. x [0,T] = Q2 x [0,7T],
OF (x,1) = (2.0) = (9 (2),1),

and the associated Jacobian is given with

(0T, 0% 0%, 071]
6x1 81’2 8%3 6t

Oiy 0%y OFy Oy ) i 0
g |om On m o | VT G| | v 0
Oxy Ory Ows Ol Ory Oxs Oxs Otl o o o 1

ot ot ot ot
_(%1 81'2 81E3 (9t-

where V,z = V,®¢. We introduce the covariant basis as the gradient of the mapping ¢

consisting of vectors
00%(x) O
az(x) - axz - 8.CUZ‘7

with

T = ®%(z) = w(x1) + x2(cos a(zy)n(zq) + sin a(zy)b(z1))
+ z3(—sin a(z1)n(xq) + cos a(x)b(zy)).
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We easily obtain

o7
a, = —ax = (1 —k(eq-2))t — (& +7)(ef - 2" )+ (o/ +7)(eq - 2')b,
T
oz .
a, = — = cosan + sin ab,
8.1'2
0T .
a3 = — = —sinan + cos ab,
8x3

where

1

eo = (cosa, —sina), e, = (sina, cosa). (4.9)

We remind that o = —7 so that
a; = (1 —k(eq - 2))t.

The vectors of the covariant basis represent the columns of V,®%, namely

1—k(eq-2") 0 0
V.®¢ =[a; ay ag] = [t n b] 0 cosa —sina
0 sina  cosa
1 —k(eq-2') 0 0 trom bl 11— k(ey-2) 0 0
=B 0 cosa —sina| = [ta ng by 0 cosa —sina
0 sina cosa ts n3 by 0 sina cosa
[0z, 011 011
(1 — k(eq - 2'))t1 mycosa+bysina —ngsina + by cosa Or, Oxy Oxs
0Ty 0Ty OTs
= (1 - k(e, - 2"))t by si —ng si b = ,
( K(eq - 2'))ty mgcosa + bysina —ngsina + by cosa 01, 01 014
(1 — k(eq - @'))ts mzcosa + bysina —ngsina + by cos 0T3 0Tz 03
_81'1 81'2 81'3_

where B = [t n b] and we have

det(V,7) = det(V,P7) = det(J50) = 1 — ri(eq - 7).
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The inverse mapping (®*)~': Q¥ — [0,T] x Q.: [0,T] is such that its Jacobian, denoted
by (Jse)~", is given by

'8901 8271 81'1 8x1'
Of; 0%, 0Fz Ot

Ory Oxy Ox9 0o - ox
(Joe) ' = |01 072 Oiy O | _ ¥ ot
o B 81'3 8x3 85(73 8.1‘3 o ot ot ot @
0%, 0%y, 03 Ot 0%, 0%y 03 Ot

ot ot ot ot
0%, 0%y 03 Ot |

Therefore, /IS &;1 = I, and we find the following relations:

ij = (vzf)*l — (VJECI)S‘>*17
ox 0T

The contravariant basis is the dual basis to the covariant basis, i.e. it is defined by the

relation

ai . aj = (51]
It can be easily verified that

1
al = ——t, a’ = cosan +sinab, a® = —sinan + cosab.
1 — k(eq - )

The vectors of the contravariant basis represent the rows of (V,®%)™! namely

- 1
o a: B 1 — k(eq - ') 0 0 )
(Vo @)™ = |a%| = 0 cosa  sina [t n b]
_a3 0 —sina cosa
r 1
1 —k(eq - a') 0 0 bt
- 0 cosa  sina| |1 T2 T3
i 0 —sina cosa bi by b3
r 1 ‘ 1 I 1 y
1 — k(eq - ') 1 — k(eq - ') 1 — k(eq - ')
| njcosa+bysinae ngcosa+bysina ngcosa + bssina
|—npsina +bycosa —ngsina + bycosa —ngsina + bz cos a
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_8.1'1 &"L'l 8%1_
85:1 8@2 (9533
. 8x2 8x2 8%2
| 0% 0%, 073
8;1:3 8%’3 8.173
ﬁjl 852‘2 afg_

4.2.2 Christoffel Symbols
Christoffel’s symbols are given with the relation

8ak

Fli = aZ - —_
7k al’j )

and there holds I' ;k = F};j (they are symmetric in lower indices). We obtain

1 (K (eq - @) + KT(ex - ")) 1 1 K COS (v
Iy =- / , =Ty =——7—1,
1 —k(eq - 2') 1 —k(eq - 2)
K sin o
Ty =T = T,y Tl = wlL = (e a)cosa,
2 = k(1 — k(eq-2'))sina,

with all other I'’; being equal to zero.

4.2.3 Asymptotic Behaviour

We take into account that xo = O(€) and x3 = O(e) and determine the asymptotic
behaviour of (V®*)~! and I'%.

We have
r 1
B — Y 0 0
1 1 —ek(eq - ') .

(Vo)™ = 0 cosa  sinal|DB
i 0 —sina  cos o
1+ enlea - ) + 262 (eq - ¢/ 0 0

= 0 cosa sina| B' 4+ O(e%).
—sina  cos o

The Christoffel’s symbol are given with

I} = —(K(eq ')+ r7(ey - a") + O(?), Ty =Ty =—(1+k(eq-2'))rcosa+ O(e),
[, =T3 = (1 +5(eq-2))ksina + O(?), T2, =k(l - k(eq-2"))cosa,

I = —k(1 — k(eq - 2')) sina.
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4.2.4 Differential Operators

The derivation of the differential operators in curvilinear coordinates can be found in [2].

The operators are given with the following expressions:

(Vse) o @2 = (V) T(VS.)",

3 k

(foe) o P = v(pa t( a(:j;l — UJF]>(VCI>?)_1, I‘Z( ) [ij]J ks
- aUk . oUk N\ A

~ a\—t 1TV _ — €| _ ITV X
(%) 0 02 = (VL) (6’:1:1 ( Ox; kil -Ur > < ox; ver )Fz

([

((rotv,) 0 %) x ¢ = (V) L (rotV, x (VO)"lc), ceR3,

U ) )V el Bi(a) = [
kL

where
F o
Se = 5.0 DY,

V.=V, 00" =Ula' + U2a® + U’a®.

The explicit expressions are computed in Appendix B.

4.2.5 Equations in the Reference Domain

Let us denote the scalar field
S, =s.0 (f‘:,
where ®%: Q, x [0,T] — Q: [0,T], s5c: Q2 x [0,T] — R and S,: Q x [0,7] — R.
We also introduce the vector fields
V.= 0 = Ulal + U2a® + Ula®,

Z. <i>g Ztal + 7%a% + 7%a®,

where V,z.: Q2 x[0,7] - R* and V., Z.: Q. x [0,T] = R?. By U! = V. -a;, Z! = Z. - a,

we denote the corresponding covariant components.

Using the expressions for the differential operators in curvilinear coordinates derived in

Appendix B, we can write the equations (4.1) on the reference domain ..
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The equation (4.1); expressing the balance of momentum in the reference domain €, takes
the following form:

6U1
1
815( + k(eq - 2') + )

2

ouU3 oul  oU?
2 € a3 1 € €
8t + 5 a ;L(AU6 —|—/€COSCX( >)t

833'2 8961
3 1
- ,u(nsinoz(aaU6 - (;;Ue) - 86 (Ufffcosa - USFJSiHO&))t
I €T3 I
1 1
+ u(nQUel — k(eq - x’)(AU — /-@cosaaﬂ + /*flsmozal + k(e - ") AU, > . .>t
81‘2 8.:53
OU? ouU? oU? ouU?
“uart (- )
M( Ue 81’2 8x3 (e o ) S Y o, 81’2 al’g a
2
,u<<2/<o <+ KU~ 2U3> cosa + kTUlsina + & cosoz(ea-a:')U€>a2
8I1 81'2
2 3 3
+ u(mQ sin (e, - x')g% +... >a2 — u(msmag[] — /ﬁcosoaT + k7U} Cosa>a3
3 T3 T2
3 3 1
- ,u(AUE3 + 2k(eq - ') </<d sin aal — K COS a@U) (2;@6(] + KUl - 2U€2) sin a>a3
8x3 6372 85(71
ouU? ou?
_ 2 LN e 2 AR 3
,u</£ cos a(eq x)ax2 K- sin a(e, :1:)6963 +...)a
0S.

1+ k(eq o) + .. )t+aS€ 2+ax63.3_ (aZg—aZS>t
8x1 “ 8x2 8x3 N 8x2 8x3
) ozl oz3\ 072 0z ,
+a(1+li(€a'$)+.-.>(<a$3 8$1)a +<85B1 8$2>a>
fit+ (fPcosa+ fisina)a® + (f?cosa — f?sina)a’.

(4.10)

The equation (4.1), expressing the balance of mass can be written in the reference domain
Q. as:

1 270U} )
(1—H(ea~x’)> (89{:1 — (U cosa -

)U;
+ k(eq - &) (K (eq - ') + kT(et - ")) U + K?(eq - 2') cos aU? — k2(eq - 2') sin aUg)
ouz oud Ul
€ € _ € U2 _
+ Fos + ors = Dmi K(UZ cos a

Ulsina) + (K'(eq - ') + k(e

U?sin ) + (K (eq - 2') + k7(ey - 2')) U}
-+ /<L<€a : x/)(’il(ea : .13/) + KT(ei_ '

NUL + k*(eq - 7') cos aU? — k(e - ') sin aU?
ouz  oU?

oU; 2 5
oz, | 0z (a-x )<8m1 (UZcosa — U?sina)
+ (K (eq - @) + KT(e

1 1
+ 3K (eq - 2)? <8U€ — k(U?cosa — U? sin a)) + 4k3(eq - x’)3a£ + O(e*) = 0.
8131 85(?1

(4.11)

NUL 4 k% (eq - 2') cos aU? — K2 (eq - 2') sinaU3>



4.2. Curvilinear Coordinates

Finally, the equation (4.1)3 describing the balance of angular momentum in the reference

domain €2, reads:

07! 07? 073 ozl 072
€(1 o / t 2 e 3—5<AZ1 < € 5> 221>t
('%( + k(e ')+ )t + —= oy + (%a .+ rcosa 9z Oms + K°Z;
0z3 0z} 0
— ' e Y2 _ 72 e ))
5<f§sma<a$l (91:3) 8:1:1( ‘kcosa— ZZksina | |t
Z! zZ!
+5(—n(ea.x/)<Azl_ncosagx2—i—fismozgxngi(ea x)AZ) >t
07? 07? 072 07?
AZ? — kcosa s (e ') - ))a?
5< /ﬂCOSOéax2 +/<smaax3 + 2k(eq - ') /~£cosaagl72 —i—/-ssmc»zax3 a
zZ! Z>
—5(( 0 2Z§>COSO&+/€TZGISinOé+I<J2COSOé(€a'I/)a E)a2
81:1 aIQ
ZQ
+ 5(/@2 sin a(e, - x’)ga:; . .)a2
7Z3 7z}
—5(AZ3+/£smag—/icosag—l—m-Zlcosa)aB
3 L2
z3 z3 zZ!
—5<2ﬁ(ea-$,) </fs1nagx3 - HCOSQZ@) (2/{2$1 + K Z — 2252) sina>a3
073 073
_ 2 L\ 2 s e 3
(5(& cos a(eq :L’)(%C2 K~ sin a(e, a:)axg —i—...)a
/ 82Zel 172 6252
—B((l—i—/{(ea-x)—l—...)(ax% — (kcosa)'Z: 8x1)>t
0z  9*Z? 0?73
ety s (a7 el OB PR,
B(l1+ k(e-z') + )((HSIDO&) : —|—/<asmoza£1 + 021023 + 92102, +
2zl Z2 ZS
<8i18;2 - /{(gl’g ng ) + (K Z! + k* cosaZ? — K? sinosz)cosoz)a2
Zl 2
—6(2;@(:0504((%1 2r%(Z% cosa — Z2sin ) cos o + K2 (eq - x)ax2 )a2
07! 073 0*z? 0273
. / e I e .2 . € € 2
(W) e ) 00— msinas e e )
2zl Z2 Z3
—6(2m(ea~x/)<aila;2 - m(?@ cos o — 2@311104)) + KkTZsina + ...>a2
ﬁ( 027! <8Z2 9z} >)a3
— L - in
0x10x5 & 0xs cosa Oxs i

— B( — (K Z! + K? cosaZ? — k?sinaZ?) sin a) a’

8261 2 3 o : / / aZel L azl 3
—6(2,‘1(&]01 —R(ZE cosa — 7 smoz)) sma—kﬁz(ea-x)axg kT(e, - @ )axg)a

07> 073 0?7? 0?73
— 5(52(% -2') cos Oza—mg — k% (eq - ') 83:; i 83528;3 + o2 + kT Z} cos a) a’
2zl Z2 Z3
- 5(2/{(% . x’)<aila;3 — li<gx3 cos o — (233:3811104)) +.. .>33

ou3  oU? )
- t

+2a(l+ kley - 2') 4+ ..)Z + 2a2%a% + 2aZ3a = (
a(l+ k(eq - 2') V2. aZ-a aZia’ =a Ors  Oms
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+ a((l + k(eq - 2') + ...)(aUel — 8U€3)>32

8933 8.CE1
ou?  oU}
ey o (20O
—l—a(( + K(eq - 2') +...) o ome))?
+ g't + (g% cosa + g* sina)a® + (g° cosa — g* sin a)a®. (4.12)

Note that
f= flt + f2n + f3b, g= glt + gzn +93b.

4.3 Asymptotic Expansion

4.3.1 Regular Part

In this section, we construct the regular part of the asymptotic approximation of the

solution (ue, w, pe). In view of that, let us introduce

Ue =u, o Cb? _ ‘/elal + ‘/62&2 + ‘/;3337
W,=w.o0 (i)? = W51a1 + VVfa2 + W63a3,
P = DPe © (5?7

and formally expand (for i = 1,2, 3)

‘/ez(xat) = 62‘/(;(9:17 727 37t> + E3‘/17‘(5617 72) 37t) + 64‘/2Z (xh 727 37t> + .. )
€ € € € € €

T2 I3

Wei(x,t) = €2W8<x1, —, ,t) —|—63Wf<x1, @, xg,t) —|—64W2i<$1, E, xg,t) +...,
€ € € € € €
Pe(l'?t) = Po(.’lfl,t) + 6P1(£L’1, @, m:&,t) + €2P2<£L'1, g, xg,t) + €3P3<$1, @, xg,t) 4+ ...,
€ € € € € €
(4.13)

Zero—order approximation

We first compute the zero-order approximation for the velocity Vo = (V3 ViZ, Vi) and the
microrotation Wy = (W3, W, W¢). Plugging the expansions (4.13) into the equations
(4.10)—(4.11) and collecting the €® terms, we obtain the following:

OFy, 0P o, 0P 4
t+ a“ + a
0z, Y2 y3
= f'% + (cosaf? +sinaf?)a® + (—sinaf? + cosaf?)a?,
diVy/VO == O,

— M(Ay,volt + A, Via® + Ay%?’a?’) +
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4.3. Asymptotic Expansion

where we have introduced the operators with respect to the cross—section variables 3/ = %/:
PV 0V ov? n ov3

AV =22 + 70 div, V= o
Y oy3 - oz Oy Oys’

for a scalar function V' and vector function V = (V1 V2 V3).

In this way, we obtain the problem for the velocity and pressure zero—order approximation
posed in ©Q = (0,1) x B:

0Py, 0P, OP
_M(Ay/%lvAy’%ZaAy"/()g)‘i‘( . - 1)

dxy’ Oya’ Oys
= (f, fPcosa+ fisina, fPcosa — f?sina) in ©, (4.14)
div, Vo = 0 in ,
Vo=0onI = (0,1) x 0B.
The system (4.14) can be solved by taking

, 1 , 0Py (z1,1
Wond's0) = (= (7 ) - 250

Pi(z1,y,t) = fP(z1,t)(eal@1) - ) + [P (21, 1) (en (21) - i),

, V=V =0,
) o0 (4.15)

where e, (1) and el (x;) are given by (4.9).

To determine the zero-order pressure approximation, we collect the €2 terms in the diver-

gence equation to obtain:
1

Vi
i;;)+—divy/\71:: 0 in Q. (4.16)
1

Integrating (4.16) over B and using the divergence theorem yields

o [ .
axl/BVO—O‘

The boundary conditions give

[ V0w = [ iyt = i),
B B

(justified in Section 4.2) implying

szﬁ@. (4.17)

From (4.15) and (4.17) we now get

;O%%@_a%>:ﬁ@,
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to obtain
Po(wr,t) = =L Fa+ [ £1€, 08 + po(t) (4.18)

where po(t) is an arbitrary function of time. It now follows from (4.15); and (4.18) that

V0 = 20 - PIE () (119)

We now turn our attention to computing the microrotation zero—order approximation
W, = (Wg, Wg, W2). Plugging the expansions (4.13) into (4.12), we arrive at the following

problem:

— 6A, Wy — BV, (div, Wy) = (¢', > cosa + g’ sina, ¢° cosa — g*sin ) in Q,
Wy=0onT,

where we have introduced the gradient operator with respect to the cross—section variables

oW aw
v, W= ( )
Y yz " Oys

for a scalar function W. This leads to

, 1
Wol(ffl7y7t) 46(1_|y| ) (x17t)7

Wg(l‘l,yl,i) = (1 - |y,| )(g (x1=t> COSO‘(II) —|—g3(l‘1,t) Sina<x1))7 (420)

1
2(20 + )
1
Wz, ¢, t) = ———(1 — |Y/|*)(¢3(z1,t) cos a(z1) — ¢ (21, 1) sina(z)).
o (21, 9/,1) 2(25+5)( ' [7)(g” (w1, 1) cos 1) — g7(21, 1) sin (1))
As expected, the zero—order velocity and microrotation approximation given by (4.19) and
(4.20) do not feel the effects of curvature, torsion, micropolarity or the time derivative so
we need to compute the first and second—order correctors to capture those effects.
First—order corrector

Again, substituting (4.13) into the equation (4.10) and collecting the terms of order €, we

get the following equation for the first component of the velocity first—order corrector V;!:

1 1
- ,u(AyfVl + K cos oz% — Kksin ozal + Kk(eq - y’)Ay/Vol)
+ fi(eq - ,)fm)+3131_a<8W§’ _8W02) in Q |
Ve, T oy dya Oy '
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4.3. Asymptotic Expansion

Substituting the expressions for V!, Py, P;, W§ and W§ derived in the previous section
and given by (4.15), (4.18), (4.19) and (4.20) into (4.21), we obtain the following problem
for Vi:

- :U’Ay"/ll = y2H1($1; t) + y3H2(I17 t) in QJ

(4.22)
Vi=0onT,

where the functions H'(xy,t) and H?(xy,t) are provided in the Appendix (see (C.1)).

It can be easily shown that the solution of problem (4.22) is given by
1
Vi(an,y' t) = @(1 — 1Y) (el (21,1) + ysH (21, 1)). (4.23)

In a similar manner, we obtain the equations for the two other velocity components

Vi= (V2 17):

OV V2 oV oV
— (A, VE — — — AV —2 _ —
(A, V; /fcosaa2 +/~csma83 A +/~csmoz83 Kcosaayz)
P, 0P, oWy IWg .
+ <, ) = ( ) in €2, 4.24
Jy2 " Jys Oys * Oys (4:24)
oV ovE oV
0 VP L4+ L =0inQ, Vi=0onTl.
9z, KVy + B + s m {2, 1 on

Applying the expressions for V!, V2, V@ and Wy given by (4.15), (4.19) and (4.20) into

the equation (4.24), we arrive at:

—pAy Vi + VP = g" (21, 1) (ys, —y2) in Q,

25 (4.25)
divyVi=0in 2, Vi=0onT.

The solution of the problem (4.25) reads:

a
Vi(zn,y 1) = ———g" (21, )1 = |y |P)ys, Vi (21,9, t) = mgl(:vl,t)(l —1Y'1?)ye,

p*(t) —p'(t)
)

4

1610
1

Pyfan,0) = wap(0) + 523

(4.26)

where p'(t) and p*(t) will be determined in Section 4.3.2 from the compatibility conditions

related to the second—order boundary layer correctors for the velocity and pressure.
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We will now determine the expressions for the microrotation first—order corrector. Plugging
(4.13) into the equation (4.12), and collecting the terms of order €, we obtain:

oW oW

— Kksina

Y , 1
ay2 ayg + ’i(ea Yy )Ay WO)
B <82W02 N PWg ) B (@VO?’ 8\/02)

8x13y2 axlays 3792 B aiy?:

- 5<Ay/W11 + Kcosa
(4.27)

Employing the expressions for Vi, Vi}, Wy, W¢ and W given by (4.15) and (4.20) in the
equation (4.27), we get the following problem for W :

— 0N, W = o H? (21, t) + ys H' (1, 1) in €,

(4.28)
W!=0onT,
where H3(xy,t) and H*(xy,t) are given in the Appendix (see (C.2)).
It follows )
Wi(z,y't) = (1= [y ) (y2HP (1, 8) + ys H' (21, 1)) (4.29)

81
Substituting the expansions (4.13) into the equation (4.12), we deduce the equations for
(WE, WP):

2 2
- 5(Ay/W12 — K COS aaWO + /isinozaWO )

ys Y3
— ( aQWOl — ,‘icos&avv02 + /ﬁsinaawg + gallly + allli ) = oWy
Ox10ys dys dy,  Oys  Oy20ys dys’
ow?3 oW3
—5(A V3 + ksina—2 — Kcosa 0)
v 0ys3 0y
— ( Wy — /icosozavvo2 + /{Sinaawg + Wy + Wi ) = _a%
Ox10y; dys dys ~ 0y3  O0y20y3 Yz

In view of the expressions for Vi', W, W2 and W given by (4.15), (4.19) and (4.20), we
obtain the following problem for (W3, W3):

PW2  PWR
8y§ " 0y20y3
PWE  PW?
31/32, 0y20y3
WE=W}=0onT,

_5Aylwl2_ﬁ< > :y2H5(x17t>+y6H6(x17t) in QJ

(4.30)

_5Ay/W13_ﬁ< ) :y2H7(x1;t>+y3H8(fU17t) in Qu

where H?(x1,t),..., H®(x1,t) can be found in the Appendix (see (C.3)).
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4.3. Asymptotic Expansion

The solution of the problem (4.30) can be written as:

Wiz, y',t) = (1= |y )*) (y2H? (21, ) + ys H' (21, 1)),

(4.31)
Wi,y t) = (1= [y |*) (v H (21, t) + ys H (21, 1)),

where H?(z1,t),..., H?(z,t) are given in the Appendix (see (C.4)).

Looking at the obtained expressions for the velocity and microrotation first—order correctors
(see (4.23), (4.26), (4.29), (4.31) with (C.1)—-(C.4)), we can clearly see the effects of the
curvature, torsion and micropolarity, as in the steady case (see [28, Section 4.2]). In order
to capture the effects of the time derivative as well, we need to continue the computation

and construct the second—order correctors.

Second—order corrector

Plugging the expansions (4.13) into the equation (4.10)—(4.11) and collecting the terms of
order €2, we get the equation for the first component of the velocity second-order corrector

1 2 1 1
aavto — M(@@VO + Ay Vg + /icosozaa‘;2 — /fsmozaa‘; — 12Vy + K(eq - y’)Ay/Vf)
1 1
— ,u(m(ea : y’)( — K COS a%‘y/? + K sin a(?;g) + k% (eq - ')2Ay/V01)
, OF, oP, 0P oW oW}
2 el v vr2 1 1
e (6 ) ox 1 +H( )81’1 8x1 ( 83/2 83/3 )

(4.32)

Inserting the expressions for V!, VI, Py, Py, Py, W and W3 given by (4.15) (4.18), (4.19),
(4.23), (4.26) and (4.31) into (4.32) yields

Ay Vg = Alyd + A?yays + APys + A% in Q,

(4.33)
Vi =0onT,

where the functions A'(zy,t),..., A%(x,t)) are provided in the Appendix (see (C.5)).

The solution of (4.33) is given in the form
Vo (2, t) = (ly']* = 1) <Bly§ + Byays + BYy3 + B4>,

where
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It is important to notice that the effects of the time derivative appear in the second—order

corrector as the derivative of the flux function F{(t) (see (C.5)).

In a similar way, we now obtain the equations for the second and third component of the

velocity second—order corrector Vi = (Vi2, V3):

V2 2 V D
— M(Ay/VQ — m:osozi)92 + /<asmo¢aav3 + (2 ?9 o + K Vo > cos o + H,T‘/Ol sina> + gy;s
oWl oW awg> .
=a + Kk(eq — in Q
( 8y3 ( ) 03/3 8x1
3 3 P
(A V3+’€S1na8‘/1_/iCOSOéa‘/—|—/<;Tvl(josoé_(2 8% +/€V>Sin0¢) 0 3
ys Y O, s
8W2 8W11 awl)
- — Kl€q - n Q
( Oy 9ys (€a-4) Y

oy vy on

k(VZicosa — Visina) — (k' (eq - y) + KT Vi#£0in Q,
ay2 8y3 81'1 ( 1 1 ) ( ( y) ( y)) 0 7é

Vi=Vy=0onT. (4.34)

The system of equations (4.34) admits a unique solution since
_ oV 2 3 o / Loyl _
5 + k(Vicosa — Visina) — (k'(eq - ') + k7(ey - y)Vy )dB = 0,
B I

(see [14]). The explicit solution is constructed below.

Inserting the expressions for V!, Wg, Wz, W, VIV V3 W] given by (4.19), (4.20), (4.23),
(4.26) and (4.29) into (4.34), we get:

OP;

— uA, Vi + I = APys + ASyoys + ATys + AS,
2
A aP AQ AlO All 2 A12
— pAyVy + —= = A%y5 + A5 + AMy5 + A,
9ys (4.35)
8‘/22 8‘/’23 133 14 3 13 2 14 2 13 14
s +7ay3 = A"y + A7ys + ACyays + A yays — Aya — Ays,

Vi=VS=0onT,

where A°(zy,t),..., A (xy,t) are given in the Appendix (see (C.6)).

We seek the solution of (4.35) in the following form:

Vi(zy,y 1) = (1= [y P) (B3 + B®yays + B'ys + B®),
Vi (z1, 9 t) = (1= |y ) (B3 + B yoys + By + B'?), (4.36)
P3(z1,y,t) = Mlyi’ + MQ?J% + M?’y2y§ + M4y§y3 + MPyy 4+ MCys.
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4.3. Asymptotic Expansion

Plugging (4.36) into the system (4.35), we obtain a system of equations relating
B5(xy,t),..., B¥(x,t) and M (zy,t),..., MOz, t) with A%(xq,t),..., AY¥(z1,t). Solving
this system, we deduce B®(xy,t),..., B?(zy,t) and M'(zy,t),..., M%(zy,t) (see (C.7)-
(C.8) in the Appendix).

In this way, we have obtained the explicit expressions for the velocity second order corrector

(V2 V33) and pressure third—order corrector P3 and we now compute the microrotation

second—order corrector in the following.

Substituting (4.13) into (4.12) and collecting the €? terms, we obtain the following problem

for the first component of the microrotation second-order corrector W, :

1 27171 1 2 3 1
Wy _ 5(8 Vo + Ay Wy + ﬁcosa(awl aWO) + /fsina(aWO oW, ))

ot 0x? Oy 0x; 0xy Oy
- 5i (WOZK cosa — Wik sin 04) + §K2W,y
8x1
1 1
—dr(eq - y) (Ay/WII — K COS aaWD + K sin ozaWO ) — 0k (eq - Y )P AW,
o dys

0*Wy , oW Y
- 6( 8x%0 — (kcosa)'W§ — kcosa (%f + (K sin «) Wg’)
. OWE 0PWE O*W}
a 6(H A oxq + 01103 + (93:18313)

oW oW L ovE oV
— Bl kleq -y +rleq -y )—}—QaW :a(1—1>inQ,
B< ( y)axlﬁyz ( y)(?xl@yg 0 Oy Oys
Wy=0onT

(4.37)

Inserting the expressions for W, W W3, V2 V3 WL W2 W3 given by (4.20), (4.26),
(4.29) and (4.31) into (4.37) yields

AyWy = Clyd + CPyays + C3y3 + C* in Q,

(4.38)
W) =0onT,
where the functions C(xy,t),...,C%x1,t) are given in the Appendix (see (C.9)).
We find the solution of the problem (4.38) in the form
Wy (21,9, ) = (I = 1)(D'ys + D’yays + Dy + DY), (4.39)
where
Ct - C? 1 7C% - C1 1 1
D' = D*=—C? D*= D' ==C'+ —(C"+C%). (440
9%6 127 9%6 4 * 32( +C) ( )
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Plugging expansions (4.13) into equation (4.12) and collecting the €* terms, we finally
obtain the problem for the second and third component of the microrotation second—order
corector (W3, W3) as:

oW OPW¢ OW? . OW? owWe
8750 — 6( 895%0 + Ay W5 — kcosa 8y21 + Kksina 8y31 —2K%(eq - y') cos a 3y20)
2 1
— 5(2/@2(% ) s.inozavv0 + (QKaWO + KWy — /<;2W02> cos a + kW, sin a)
y3 Oz,
oW oW o*wi
—5(/@200804 eo ) —2 — K2sinale, - Y 0)— !
( v) Y2 (€a¥) dys 0x10ys
2 3
— B( — m(aWI cosa — oW sin a) + (K'Wy + k* cos aW — k? sin aW;) cos a)
dys dy»
1 1
- ZBn(aWO — k(Wg cosa — W sin a)) cos o — 6</€TW01 sina + K/ (eq - y’)m/vo>
81’1 ayQ
oWy oW oW PwWE - OPW3
— Brr(er -y 0 _ I{26a-/< 0 cosar — Osina>— ( z 4 2>
prr(ea ) 9ys Prtea 4/) o dys y A3 9y20y3
O*Wy oW oW
— 2Bk(eqy -y ( 0 —Ii( 0 cosa — Osina>)+2aW2
Brea V) rys Oya Oya °
ovy n Vo c’W&”) :
=a|l =+ k(eq y)—=— — =) in Q,
( Jys (€a-y/) Oys  Oxy
oW *W oW oW owg
o 5( 0 A /W3 : 1 1 2) 2 o AP 0)
BT 2 + Ay W5 + ksina o K COS (v o + 2K%(eq - ¥') sin o
w3 W4
— (5( — 2k%(eq - yf') cos aa O 4 kW, cosa — (2/@a O+ KWy — 52W§> sina>
ya O
oW oW O*W}
—5(/{200504%- ! 0 _ kZsinale, -y O)— !
( v) Y2 ( V) dys 0x10y3
2 3
— ﬁ( - f@(aWI cosa — oW sin a) + kTW, cos a)
9ys dys
+ 5<I€IW01 + k% cos aW§ — k?sin aWé’)
1 1 1
— 2ﬁﬁ<%vazo — k(W§ cosa — W sin a)) sin o — B(/@’(ea : y’)a;;;o + w7 (ex - y')a;;/; )
oW oW *W3  OPWE
— BKr?(e, - ’(Cosa 0 _sina 0)— < 2z 4 2)
prteav) dys Y3 Y3 0y20y3
O*Wy oW oW
— 2Bk(eqy -y ( 0 —Ii( 0 cosa — Osina>)+2aW3
Brtea V) orndys ys ys ’
vy oVt : 8%1)
=al=— — — — k(eqy - in Q,
<3I1 9ys ( v) dys
W2=W3;=0onT. (4.41)
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4.3. Asymptotic Expansion

Plugging the expressions for V', V2, V&, Vit, W, Wg, W, W, W2 W3 given by (4.15),
(4.19), (4.20), (4.23), (4.29) and (4.31) into (4.41) yields:

B 5<a2wg . a?wg) iy <a2W22 oW
Y3 Y3 dys  0y20ys

B 5<a2wg . a?vv;) B (82W§ PalE
Y3 Y3 y0ys — Oy3
WZ=W3=0onT.

) = O%3 + COyys + CTy3 + C® in Q,

) — %2 + Cyys + O + C'2 in

(4.42)

The functions C5(xy,t),...,C*(xy,t) are given in the Appendix (see (C.10)—(C.11)).

The solution of the problem (4.42) takes the following form

W22(x17 y/7 t)
WQ?)(:L‘I) y/7 t)

(Iy'|> = 1)(D°y3 + DPyoys + D"y3 + D),

N2 1) (D%2 + DY D2 4 D12 (4'43)
(Iy'[* = D)(D%y; + DV yays + D ys + D),

where D5(z1,t),..., D?(z;,t) can be found in the Appendix (see (C.12)).

To conclude this subsection, we notice that the expressions for (W.), W2, W3) given by
(4.39)—(4.40) and (4.43) contain the effects of the time derivative of the external force

function g.

4.3.2 Boundary Layer

The regular part of our expansion

2 @ z’ 4 @’
U;e[g](x,t) =€ V0<€,t) + V), <m1, €,t> +e€ V2<$1, Eat>a

V; = Vial 4 Viat+ Via® j=0,1,2,
/ / '

W:ig}(ﬂf, t) = €2W0 (Q?l, %, t) + 63W1 (l'l, %, t) + €4W2 (513'1, %, t), (444)

W, = V[/jla1 + sza2 + Wf’a?’, j=0,1,2,
/ / /

I t) = Fuarot) 4B (0, 2ot) o o) + @Ry (0 Tt

has been computed to satisfy the governing equations and the lateral boundary conditions,

while the boundary conditions at the ends of the pipe have been neglected in the process.
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To fix that, we introduce the boundary layer correctors at x; = 0:

g = (£ (22 ()
V'=V1a1+v?a2+v3 ’ §=012

Wbl[g](w t) = €Wo < - t> +EW, <6 - t) +e4wg<€ - t), (4.45)
VV-:l/\ﬂ("jll—|—1/\/2512—|—1/V‘-3 3, §=0,1,2,
Pbl[ﬁ(x t) = 6,PO( - t) + Py (6 — t) +€3'P2(€ — t)

and the boundary layer correctors on the opposite side z; = I:

l l =1l a
U = Do (DL T ) wew (BT ) v em (ML),
€ 6 € 6 € €
Y, =Yia' +Yia®+Ya® j=0,12,

_l / _ / _ /
W (x, t)—eQZo(z1 ,i7t)+e3zl<$1 l,i,t)ﬂ“zg(“ lfinf), (4.46)

€ € €

Z;,=Zja' +Za’+ Z}a’, j=0,1,2,
x — 1 x— 1 o . —l a:
Pbl[Ql}(l',t):EQ0< ! ,,t) +62Q1( ! ,,t>+€3Q2< ! t)
€ € € € €

€

The boundary layer correctors at x; = 0 given by (4.45) are defined on the semi-infinite
cylinder Gy = (0, 00) x B, whereas the boundary layer correctors at x; = [ given by (4.46)
are defined on G, = (—o0,0) x B.

It should be emphasized that, due to (4.7), the homogeneous initial conditions (4.2)3 are

automatically satisfied and for this reason the boundary layer in time does not appear.

Boundary Layer for Velocity and Pressure

Zero—order Approximation

Substituting the boundary layer correctors (4.45) into the equations (4.10)—(4.11) and
collecting the €® terms, we obtain the problem for the velocity and pressure zero—order

boundary layer approximation at z; = 0:

— uAVo+ VPy=0 in G,
div¥Vy=0in Gy, Vo =0 on w = (0,00) x 0B,
(Vi (0,-,4),V3(0, -, 1), Va(0, -, 1)) = (h — ViH(0, -, 1), hf cos al(0) + hfsin a(0),
hj cos a(0) — h& sin a(0)).

(4.47)
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4.3. Asymptotic Expansion

System (4.47) admits a unique (up to an additive constant in the pressure) solution
Vol(-, 1) € WH2(Gy)3, Po(-,t) € L2 .(Go) since the necessary compatibility conditions holds

loc

A (hf) G wt>> = F3(t) = Fy () = 0.

It is also well known that these functions in some sense exponentially decay as y; — oo
(see e.g. [14]).

The problem for the velocity and pressure zero—order boundary layer approximations at

x1 = [ given by (4.46) is analogous as for (Vg, Py) :

—uAYo+VQy=0 in G,
divyYo=0in G, Yo=0ono=(—00,0) x IB,
(V5(0,-8), Y5(0,-,), Y5(0,,1)) = (hi = Vi (I, ,t), b cos a(l) + Iy sin (1),
h! cos a(l) — h}'sin a(l)).

(4.48)

The well-posedness and the exponential decay of the solution (Yo, Q) follow analogously
as for (Vo, Po).

First—order corrector

The first-order boundary layer correctors at x; = 0 for the velocity and pressure (V1,P;)

are given as the solution of the following problem:

— MAV1 + Vpl == E(O,t, V(), W(),Po) in go,
divV; = k(0) cos a(0)V3 — k(0) sin a(0) Vi
A Vi
— (2x(0 00—20'()0),
( £(0) cos a(0)ys 0, £(0) sin a(0)ys3 i
V1 =0o0nw=(0,00) X 0B,
(Vll(()? Y t)> V%(O, K t)a me? ) t)) = _(V11(07 " t)» V12(07 ) t)v Vlg(oa "y t))

- (K(Oxea(o) ' y’)Vol(O, K t)v 0, O) - (K(O)@a(()) ’ y’)Vé(O, ) t)? 0, O)a

(4.49)

where =Z(z1,t,J, K, j) is an exponentially decreasing function provided in the Appendix
(see (C.13)).

To ensure the well-posedness of the problem (4.49), we need to verify the compatibility
condition

. _ 1 .
[ aivy, = /B VY0, -, t). (4.50)

Since

diV(?hvo) = V(?, diV(ysvo) = Vg7
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we obtain

yielding

divV; = k(0) cos a(0) Vo — £(0) sin (0) VO

Go

1
— 2£(0) cos a(0 /y2—+2/<; sin (0 /ygav
oI

= —£k(0) cos a(0) /yzh + x(0) sin r(0) /yght

B

8V1 Vg,
—2 —2 42 !
x(0) cosa(O) 8 m + 2k(0) sin (0 / Yz—— s

On the other hand, we have

[ V0t == [ V0.0 = k(0) cosa(0) [ 130, 1)

+ 1(0) sin a(0) /B YVl (0, - 1) — #(0) cos a(0) /B 1, (hg — VX0, t))
+ x(0) sin «(0) /B Y3 (hf) — Vi (o, t))

= —£(0) cos a(O)/Byghf) + £(0) sin 04<O)/By3h67

and, in order to satisfy the compatibility condition (4.50), we need to verify the following
identity:

1
— 2k(0) cos ar(0) ygal + 2k(0) sin a(O) (9))0
oy 83!1 (4.51)

= 2k(0) cos a(0 / yahty — 2r(0) sin a(0) / yshy.
B B

Using the fact that V} exponentially decays as y; — oo, we have:

8V )
-0 —/Byg lim ——/ Yo lim ( VO 1) = Vo(0,-, 1))

ayl a—00 a—00

:_/y2 ht ‘/0 )7 /y2h07

8VO
S ht
G Ys—o— Ay, /B Yshy,

thus verifying the compatibility condition (4.51). Consequently, the well-posedness of the

and

problem (4.49) is established. Notice that (V1,P;) exponentially decay as y; — oo since
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4.3. Asymptotic Expansion

= is an exponentially decreasing function in y; (see [14]).

The existence of the exponentially decaying unique solution corresponding to the problem
on the opposite side z; = [ for the first-order boundary layer correctors (Y, Q1) follows

in a similar manner.

Second—order corrector

The second-order boundary layer correctors at x; = 0 for the velocity and pressure (Vsq, Ps)

are given by:

— AV, + VP, =11(0,t, Vo, Vi, Wo, W1, Po, P1) in G,
divVy = £(0) cos a(0)V? — £(0) sin a(0)V} — ('(0)(ea(0) - i) + £(0)7(0)(e2(0) - /) V3
— £%(0)(ea(0) - y') cos a(0)V7 + k2(0)(eq(0) - /) sin a(0) Vi
+ 2k(0) (e (0) - ¥')(k(0) cos a(0) Vs — x(0) sin a(0) V)

-~ 26(0)(cal0) )G -

V=0 inw = (0,00) x 0B,
(V2(0,+,8),V5(0,,1),V3(0, -, ) = —(V3(0,,1), V3(0,,1), V5(0, -, 1))
— (#(0)(ea(0) - ) V1'(0,-,£),0,0) — (5%(0)(ea(0) - ¥/)*V5 (0, -, 1), 0,0)
— (#(0)(ea(0) - ¥)V1(0,-,1),0,0) — (k*(0)(ea(0) - ¥')*V5 (0, -, 1), 0,0),

36%(0) (e (0) - 1 )* = in G,

€a

(4.52)

where T1(zq,t,Jo,J1, Ko, K1, jo, j1) is an exponentially decreasing function given in the
Appendix (see (C.14)).

To ensure the well-posedness of (4.52), we check the compatibility condition

[ divv, = - /B VIO, -, t). (4.53)

Using the relations

Vi = div(aV1) — £(0) cos a(0)y2 V5 + £(0) sin o(0)2 Vg
L0V 8V5
+<2/<:0 cos a(0)y2—Y — 2k(0) sin (0
(0) cos a(0)u3 5> — 2(0)sin (0} 5.
Vi = div(ysV1) — £(0) cos a(0)y3 V5 + #(0) sin a(0)ys V3
oV 28V&>

4 <2/<:(0) cosa(O)yaysy > = 20(0) sina(0)yiy

and integrating (4.52), over Gy, the first two terms can be written as:
k(0)cosa(0) [ Vi —k(0)sina(0) [ V3
Go Yo

101



Chapter 4. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Curved Pipe

= —/ ( cos a(0)y2 — £(0) sina(O)y3> Vll(ov o t)

, OV}

1 1
+ 2£2(0) cos® a(())/ ya—2 — 4#(0) sin a cos a(0) LO ygyg??jf + 2k2(0) sin(0) 2y

281 y3ay1

_ / (K cos a(0)ys — (0) sina(O)y3> (vf(o, 1) + 1(0) (e (0) - y’)hg)
/ < ) cos® a(0)ys — 4r(0) sin a(0) cos a(O)yzyg) <V01(0, ) — hé)
/ 2k2(0) sin®(0)y3 (Vol((), 1) — hg),

while other terms in the divergence equation can be written in the following way:
=/, ((/{’(0) cos a(0) + £(0)7(0) sin oz(())>y2> Vs
0
—/ ((—/@(O)sma(())—{—/f( )7(0) cos a 0))y3)V

:—/ (( ) cos a(0) 4+ £(0)7(0) sin (0 )yg/OOOV)
/B<(—/<;(O)sma(0)+fi ) cos a O))yg/oool))

/g (FLQ(O) cos? a(O)ygvg — k%(0) sin acos a(0) (y3 Vs + 12V3) + x*(0) sin? a(O)yng)
0

)+
(0
_/ < COS a )yg—HQ(O) sina COSOé ygy3> 6)

_/ sm a <V01(0,-,t)—h6>.

Using the fact that V3, V! exponentially decay to zero as y; — oo, we get:

oV}

_ 25(0)(005 a(0)y, — sin a(0)y ) Oy

Go
oV}
En
<_/(_gmmammmm+aamanwmm)04wu>+%®X%@Wym@

+/ ( ) cos? a(0)y2 + 62 sin a(0) cos a(O)yzyg) (V&(O, t) — hf))
— / 3K%(0) sin?(0)y3 <V01(O, ) — hf)).

On the other hand, we have

— [ 3k%(0) ( cos? a(0)ys — 2sin a(0) cos a(0)yays + sinz(O)y§>
Go

~ [ Vi = [ Vi,

~ 1
= [ = (B 0,153 + B0, + B(0. 008 + BY0.0) + ')

102



4.3. Asymptotic Expansion

To ensure that the compatibility condition (4.53), we choose

p(0) =2 (= [ aiwar (1P~ D( B 0.0 + B0, s+ B0.053 + B0.1)) ).

where B*(zy,t) = 1( 4 Fy— “g‘faHlJr“;;aH?JrfoF;—Z(H”—Hlo)> + 55 (Al 4+ A%).

pm dt

The existence of the exponentially decaying unique solution corresponding to the problem
on the opposite side for the second—order boundary layer correctors (s, Q) follows

analogously, choosing the corresponding p?(t) such that the compatibility condition holds.

Remark 4.1 (Simplified model). Let us consider a simplified model by assuming the
following: k,a are constants, f,g wvanish in the neighborhood of xr1 = 0 and z; = I,

fé g = 0 and there hold the following relations:

21t 21t t t 21t 21t
h_/ h,/ h_/ h,/ h_/ ht.
/ByQ 0 Byz 1 By21/3 0 By2y3 I Byzs 0 By3 l

We also take Py(xy,t) = 21p%(t) + p¥(x1,t), where p*(t) will be obtained from the compa-

tibility conditions for the second—order boundary layer correctors and p™ will be chosen

such that the €* term in the divergence equation vanishes, thus improving our final estimate

(see Section 4.53.3 and Section 4.4).

The following compatibility conditions needs to be fulfilled:

[ iy, = /v2 1),

/dwyg—/y2 oyt

One can easily verify that the equations (4.54); and (4.54)y are equivalent due to the

(4.54)

assumptions of the simplified model, so choosing

8 ) , ~
PO = (= [ aat [ (7= 1)( B0 + B0, O+ B0 003+ B0, ),

where B* (x1,t) = i(iﬁth*_ m;sciaH1+ HSSiECXH2+27I*:2F6k_Z(H11_H10)> +3%(A1+A3),

both the compatibility conditions (4.54) are satisfied.

We will address these considerations in Section 4.3.3 as they are essential in order to

improve the divergence estimate.

Boundary Layer for Microrotation

As for the velocity and pressure, we need to correct the microrotation approximation to

satisfy the conditions on the ends of the pipe X, i = 0, 1.
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Plugging the boundary layer correctors given by (4.45) into the angular momentum equ-
ation (4.12) and collecting the € terms, we obtain the problem for the microrotation

zero—order boundary layer approximation at z; = 0:

— 5AWO - /BVdiVWO =01in QO,
Wy =0 on w = (0,00) x 0B,
(WR(0, -, 1), W2(0, -, 1), W3 (0, -, 1)) = —(W3(0,-, 1), WZ(0,-,t), W(0, -, 1)).

The existence of a unique solution Wy(-,t) € WH2(G,) exponentially decaying to zero as

y1 — 0o can be easily proven (see [14]).

The first-order boundary layer microrotation corrector YW is the solution of the following

system:

— 0AW, — pVdivIWW, = O(0,t, Vo, Wy) in Gy,
Wi =0onw=(0,00) X IB,
W0, ), W (0, +,8), Wi (0, -, 1)) = —(W (0, ,8), W (0, -, 1), WF(0, -, 1))
— (K(0)(ea(0) - )Wy (0, -, 1), 0,0) = (£(0)(ea(0) - "YWy (0, -, 1), 0,0),

(4.55)

where O(z1,t,J,K) is an exponentially decreasing function given in the Appendix (see
(C.15)). The existence of the unique exponentially decreasing solution W1 (-, t) € Wh2(Gy)

is established in the same manner as for W .

Finally, the system for the second—order boundary layer microrotation corrector W is

given by:

— 0AW, — VdivIW,e = A(0,t, Vo, V1, Wo, W) in Gy,
Wy =0 on w = (0,00) x 0B,
(W2 (0, 1), W3 (0, 1), W5 (0, -, 1)) = —(W5 (0, -, 1), W5 (0, -, 1), W5 (0, -, 1)) (4.56)
— (5(0)(ea(0) - )Wy (0, +,1),0,0) — (k(0) (ea(0) -

0,0) = (+°(0)(ea(0)
— (k(0)(ea(0) - ¥ )W (0. +,1),0,0) — (k*(0)(ea(0) -
where O(z1,t,Jo,J1, Ko, K1) is an exponentially decreasing function given in the Appendix
(see (C.16)). The existence of a unique exponentially decreasing solution Ws(-,t) €

Wh2(Gy) is established as for Wy and W;.

The construction of the boundary layer correctors Z;, 7 = 0,1,2 on the opposite side

x1 = [ can be done in the same way and the exponential decay easily follows.
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4.3. Asymptotic Expansion

4.3.3 Divergence Correction

Collecting the regular part of the approximation given by (4.44) and the boundary layer

correctors at x; = 0 and x; = [ given by (4.45)—(4.46), we define our approximation as:
U, (2, t) =ULE (x, 1) + UG (,8) + ULy (1)

/ / _ l
=(Valt) () ()

¢/ e €’ / € € (457)

1 7 .
+e3(V1 1, it) +v1<x1,i7t) +y1<x1 mt))
/

c €

x x 7 xp—1 o
+€4(V2<$1,,t>+VQ<17,t>+y2< . 7at>>7

€ € € € €

re bl, bl,l
Wiz, t) = WG (2, 1) + W (,1) + Wiy (2,1)

/ /
= EQ(W[)(:L‘l) i7t) + W()(xlv %a

7 N\

Popy(,t) = Pl (w, 1) + Pl (,t) + Py (e, 1)
/ / /
:Po(l'h )+E(P1(£C1,x,t> +'P0<x1,x,t> +QU( ,,If))
€ € € € €

U [9) (53, t) = Ue,[Q] (CL’, t), WQ[Q}(i” t) = WQ[Q} (SL‘, t), De,[2] (i’, t) = P57[2} (JJ, t), T = @?(m),
(4.60)
where, for j = 0,1, 2:

\/‘7 — ‘/}lal + ‘/}232 + ‘/;'33.3, vj — V]lal _|_ VanQ + Vjsaiﬁ’
_ i1 2.2 343
Yy, —yja +yja +yja )
W, =Wja' + Wia? + Wa®, W;=Wja' + Wia® + Wa’,
Z;= Z}a1 + Zfa2 + Zfa:g.

(4.61)

It is well-known that the incompresibility equation needs one more corrector than the

momentum and angular momentum equation (see e.g. [24]). Therefore, we need to correct
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the residual in the divergence equation. Plugging the expansion (4.57) into the divergence

equation (4.11), we obtain:

3 2 3
divU, ) — E(81/0 Vi ) (GVO n )% N 6V0>

0yo 0y oy Oys Oys
((‘9)/0 Vs ayo) n 62(8‘/01 n vy n 8‘/13)
oy 0ya 0ys3 Oy 0ya Oys
&2 <8V11 N 8V12 N 8]/1
o 0y Y3
( oV} oV, ) )
2k | yo cos a — Yz sina——

oy
o ( OV 33’1 33’13

— k(V3cosa — Vi sin a)>

+ € —/fy2cosa—ygsina>
ayl ayg ( 0 0 )
8 1 oA
+ €22k <y2 cos 04—0 — 13 sin Oz%))
oy o

—L —k(VEcosa —Visina)+ (K (eq - y) + wr(el - y/))vol)
3 8V2 (9V3 8V21 oV 8V§3>
+ 224
8y2 8y1 Oys  Oys
k(Vicosa — Visina) + (k' (eq - ¥) + kr(es - y)Vs

+ k% (eq - 9) cosaVi — k2(eq - ') sinaVy

1
+2k(eq -y )(22 — k(Vicosa — Vi sin a)) + 3K (eq - y’)z?;;i)>
oYy 0Y: Vs :
63<0yf + 0y22 + 8y§ — k(Y?cosa — Y¥sina)
+ (K (e - y) + w7(er -y ) Vs + K2 (eq - ) cos i — K*(eq - 9/) sin a3
MOVE s a0
+ 2k(eq - Y) k(Y5 cosa — Yysina) ) + 3k%(eq - ¥)
(’9 U1 ayl
% _ 2 V3 / L/l
o k(Vy cosa— Vysina) + (K (eq - y') + w7(ey - y'))Vy
1
+hilea - y) (K (ea - y) + KT(eq - y))Vy + K (eq - ) (cosaly — sinaly’)
1
+2k(eq -y )((?; — k(Vicosa — V sin a))

+26(ea -y ) (K (ea ) + w7(ey y))‘/o)
+64<—/{(Vgcosoz—V;sina)+(/<( )+ wr(es - Y)WV

+ K2 (eq - y') cosaVi + k(eq - ) (K(ea - ¥) + KT(et - y') Vs
— K (eq - y) sinaV; + 2k(eq - y )(?;}2 — k(V}cosa — V}sin a))
Y1

+2k(ea - ) (K (ea - ¥') + KT(eq - ¥)) Vo
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+2k(eq - y') (/432(6(1 -y ) cos aVi — K*(eq - ) sin an)

1 1
+3k%(eq - ¥)? <88]gji — k(V2cosa — Vi sin a)> + 4K>(eq - y’)?’(?y/[l)>
+ e4< — K(Yicosa — YVisina) + (K (eq - y) + w1t -y )V}
+h(ea y)(K(ea o) + KT(ey - y)Vy + K (ea - y) cos ad}
1
— K (eq - y) sinad} + 2k(eq - ) (%;2 — k(Y?cosa — Y} sin a))
1
+26(eq ) (8 (ca-y') + (et -y )} + K2(ea-y') cosad)
3 N2 o 3 2 ne (O 2 3
—2r%(eq - y') sinaly + 37 (eq - ) (33/1 — k(Y5 cosa — Vg sma))
Vs
4 diB(e, - 30>
wleay) g,
+ O(€). (4.62)

Taking into account (4.14),, (4.25)2, (4.34)3, (4.47)9, (4.48)a, (4.49)s, (4.52),, we get from
(4.62) the following equation:

divU, ) = € (ﬁ(O)(Vg cos a(0) — Vi sin a(0)) — k(1) (Vi cosa(z;) — Vi sin a(xl))>

+ e —2x(0) (y2 cos a(0) — y3 sina(0)> ?ﬁ)

+ €*( 2k(1) <y2 cos (1) = Y3 sinoz(h)) ?’f)

+ (RO cosa(l) - Y sina(l)) - xlz) (V3 cosaler) — W sinala)))
+ 2 — 2k(1) (yz cosa(l) — ys sina(l)> %ﬁ)

oV}
)
k(0) (V3 cos a(0) — Vi sin a(0)) — x(z1)(VE cos a(zy) — Vi sin a(xﬁ))

(—k'(0)(y2 cos a(0) — y3 sin a(0)) — x(0)7(0)(sin (0)ys + cos a(O)yQ)V&)

K(x1)T (1) (sin a(zq)ys + cos @(xl)yg)Vé)
— k%(0) (12 cos a(0) — y3 sin a(0))(cos a(0)V3 — sin a(O)Vg’))
k2 (x1)(y2 cos a(xy) — yz sin a(xq)) cos oz(xﬁVS)

— k2(z1)(y2 cos a(x1) — yssin a(x)) sin a(ml)Vg)
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n 63( — 2k(0) (y2 cos a(0) — yzsina(0 )> ?;;i )

( Y2 cos ax1) — ys sin a(ml)) (?y}l)
1

vy

+ 3K2(1) (cos a(w1) — sin a(1))? i

a3/1

(2t
+ €3< 3k%(0)(cos a(0) — sin ar(0))? 2o
4<0V21

+ et =2 — k(Vicosa — Vyisina

e (¥ (eay') + (et - 1)V

) +
+ k(eq - Y) (K (ea - ) + wT(et -y ))Vi + K% (eq - 9/) (cos @V — sinaVP)

+ 2k(eq - Y') (g‘x/l — k(VZcosa — V;* sin a))
+20(ea ) (4 (ea o)) + wr(ed OV )
+ Teres (4.63)

where ||Te res||20,1:02(00)) = O(e'/2). We write the above equation as
Te = Te,1 + Te,2 + Te,3 + Te,ress (464)

where 7.1 is €* term (first six lines), w5 the €® term (seventh to sixteenth line) and 73

the €* term (last four lines) in equation (4.63).

We now obtain for 7 ;:

Tep = € (FL(O)(COS a(0) — cosa(zy)) + (k(0) — K(x1)) cos oz )>V2

e (,f(())(sma(()) — sina(z1)) + (5(0) — k(z1)) sina(x1>)vg

— e (26(0)(cosa(0) ~ cosar)) + (26(0)  26(z1)) coso ))yf;y’
+€(26(0)(sin a(0) — sina(e) + 2(5(0) ~ (o) sma(xn)ysgf
4 (n(D)cosal) — cosam)) + (1) — wlmn)) cosa(r) )33

— () sina(h) —sinaten)) + (1) — () sinae) )38

—é (%(l)(cosa(l) — cosa(zr)) + (26(1) — 26(z1)) cos alx )>y2 2’?
+ € (2&(1)(sin a(l) = sina(zy)) + 2(k(1) — k(z1)) sin a(xl)) %y?

Using a simple change of variables and the fact that V), is concentrated near y; = 0 and

Yo near x1 = [, we deduce the estimate
17eallzzo.rsz2 0y = O(E?), (4.65)
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4.3. Asymptotic Expansion

and it easily follows from (4.63)(4.64) that ||m||r20..r2(0)) = O(e”/?). It is important
to observe that, since m;, ¢ = 1,2, 3 do not vanish when integrated over the cross—section
B, we cannot define the divergence corrector in the general case. For that reason, we look
at the simplified model (see Remark 4.1) and complete the construction of the divergence

correction in the following.

If we assume that x and « are constants, it easily follows from (4.63) that 7.1, w2 =0
so we have
Te = Te3 + Teres- (466)

As in the general case, [z 73 # 0, so we obtain ||7e|| 1207 12(00)) = O(€°).

If we additionally assume that f, g vanish in the neighborhood of z; = 0 and x; = [ and

fé g = 0, the following relations hold

/Byghéz/ByShf, /Byzyghf):/Byzyahf, /By:?hB:/By?hf, (4.67)

and taking Py(zy,t) = x1p"(t) + p¥(z1,t), we can choose p™ such that the [pm. 3 =0
(note that we have obtained p” from the compatibility conditions for the second—order

velocity and pressure boundary layer correctors).

The € divergence term that needs to be corrected reads:

ovy

Te3 =5~ k(VZcosa — Viisina) 4+ k*(eq - i) (cos aV? — sin aV}?)
11 oV , | (4.68)
+ 2k(eq - Y )(8:(:1 — k(V2cosa — V¥ sin a)),
while
p" (w1, t) = B/ (/ / (gilyi + gi?ygyg - gff%))dﬁ)dé
i 1 3
T dB/ (/ e - 1>(i§ff #3350, * G ))6)¢
( <cosa/ Vf—sina/BV;’>d§)d§
(/ | ¥ (ea 1) cos aVit = sinaVi)de )¢
([ 2t ) (o0 = PG+ ) )deac
</ / 2k (eq - (—/f(VfCOSOz—VfSiHOz))df)dC,
(4.69)
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. 5 5 div .
with Ay = 24 — meosa gyl msina pra_ a(pril _ fl0y - Ohgerve that 2120 vanishes
pm dt™ 0 8u 8u m 0z

at x1 = 0 and z; = [ due to our assumptions, and does not appear in the compatibility
conditions for the velocity and pressure second—order boundary layer correctors at x; = 0

and x; = [.
Finally, we can now define our divergence corrector as
3 ) x .
U (z,t) =€ W (:pl, >az, (4.70)
i=2 €
where WU, is the solution of the problem

divy ¥, = 73,

(4.71)
U, =0 on (0,1) x OB.

In this case, we define G 9 (Z,t) = INJE,[Q] (x,t), T = (), where INJ'Q[Q] =U.y — V.

In this way, the divergence estimate is improved, namely:

diVﬁE’[Q} = 7~T€, ||7~T€HL2(O,T;L2(QS‘)) = O<€11/2). (472)

4.4 Rigorous Justification of the Model

4.4.1 Apriori Estimates

To derive the apriori estimates, we first provide two technical results, namely the Poincaré’s

inequality and the estimates for the divergence equation.

The following result is a direct consequence of [24, Lemma 7).

Lemma 4.2 (Poincaré’s inequality).
Let T € (0,00) and t € [0,T]. There then ezists a constant C' > 0, independent of €, such
that

(0l r20eys < Cel[Vep (-5 |29, (4.73)

for any @ (-, t) € WH2(Q%)3 such that ¢, = 0 on T'*.

We will also need to consider the following result on the divergence equation, which can

be straightforwardly deduced from [24, Lemma 9].

Lemma 4.3 (Divergence equation).

K o’
Let T € (0,00) and t € [0,T]. Futhermore, let 5 © L*(0,T; L*(Q2)), atgjo
o7
L2(0,T; HY?(20)3), ngl € L*(0,T; H'V?2(X1)?) for j = 0,1,2. There then exists @, €

110



4.4. Rigorous Justification of the Model

Ve
—T° e L*0, T; Wh2(Q>)3), j = 1,2 satisfying

L2(0, T: Wh2(Qo)3 h that
(07 ) ( 6) ) S'U,C CL at']

div o, = K in QF,
p.=0onTlY,
p=goon, =g onEle,

/Q?K——/Eggo-ta))—k/zégl.t(l)

gi=(git)t g’'=(I-t®t)g;, i=0,1

where

Moreover, if

then . satisfies the following estimate

1
HVQOEHLZOTLQ(QQ <C€HKHL2 0,T:L2(Q2))

+C(Z2 (I lzaansn + gl ranae) )
+ (Hgo HL2 (0,T;H/2(x0)3) T+ [Eskalr® (0,T;H/2(5L)3 ))
[ P C - B
L2(0,T;L2(02)3) L2(0,T;L2(Q))
N c( ( 8go Jgi )
L2(0,T;H/2(x9)3) L2(0,T;H/2(L)3)
~o(| %8 |78 )
L2(0,T;H/2(x0)3) L2(0,T;HY/2(x1)3)
2
& <ot )
ot? L2(0,T;L2%(Q2)3) € (?tQ L2(0,T;L2(Q2))
(% |58 )
\/_ 3152 L2(0,T;H/2(0)3) 0t? |lr20,1;H1/2(1)3)
32 82 nb
C(‘ ;’ ‘ S ) (4.74)
0t N2y 1108 Nz

where the constant C' > 0 is independent of €.

Remark 4.4.
It can be easily shown that we need higher time regularity conditions for the given data to en-

i K J J
aatj & 12(0,T; 12(02)), 28 € 12(0, 7 H'2(50)), aatg € L2(0,T; H'*(50)?),

oty

sure that

J=20,1,2, namely:

OF 9'G ohg Ohs
ot ot ot Ov

€ L*(0,T; L*(Q%)%), 7 =0,1,2,3.

The next step is to derive the a priori estimates for the velocity, pressure and microrotation.
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Proposition 4.5 (Apriori estimates).
Let T € (0,00) and let (ue,We,pe) = (Ve + he, W, pe) be the solution of the problem
(4.1)-(4.7). Then there exists a constant C' > 0, independent of €, such that

Vel £ (0.7:02(0013) + ||V Vel | 1200, 7:12(00y3) < C€,
Hé?v6 H ov, <o,
Lo°(0,T;L2(Q2)3) Ot 1lr2(0,1;02(02)3)
||W6HL°°(O,T;L2(Q°‘ —+ HVWEHL2 0TL2 Qa < CE (475)
2
‘ oW, H oW, <ce
Ot |lre(0,1;02(00)?) Ot |lr2(0,1;2(00)3)

[1Pell 2 0.1v22(02)) < C
Proof. Using w, as a test function in the integral identity (4.8), yields

1d

- \w6]2+a/ \Vw€\2+ﬁ/ (divw,)? —|—2a/ [w.”

(4.76)
= a/ rotv.w, + a/ roth.w, + Gw,,
& & Qg

Using inequality (4.73), we estimate the terms on the right-hand side of (4.76) to obtain:

/Q rotv.w,
@

€

/ roth . w,
Qa

/ Gw,
Qg

Using estimates (4.77), Young’s inequality, integrating over ¢ in equation (4.76) and

< ||r0tve||L2(QE)3‘|W6HL2(§23)3 < C’e|]Vv€||L2(Qg)3\|VWEHL2(Qg)3

< |[rothe|| 22 ey [|Wel|L2(eys < Cel|Vhe||p2(qe)s [VWel[L2eys,  (4.77)

< |G| 2oy [[Wel [ L2 (02)s < CE[VWe|12(00)3

applying estimate (4.74); we have:

T T
sup ||W€(',t)||%2(gg)3 +/0 ||VW€||%2(QEQ)3 < 062/0 ||VV5||%2(Q3)3 + Ce*. (4.78)

t€[0,T]

We

as a test function, we obtain:

Differentiating the integral identity (4.8), and taking %
1d (9WE

oW\ 2 ow, |2
- s 2
2dt Ja O‘/ o | TP (dwat) * “/g ot

—a/ rotav6 GWE +a/ ah ow, N 8£8w6
N ot ot ot ot Qx Ot Ot

ow, |2

(4.79)

Again, estimating the terms on the right—hand side as above, using Young’s inequality,

integrating over ¢ in (4.79) and using (4.74)2, we obtain :

2 T
) +/
gy Jo

ov,||?
ot

ow,||?

Cé? !
<
ot L2(Q2)3 6/0

ow,

4
BT +Ce*. (4.80)

sup (7t

t€[0,T]

L2(Qg)?
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4.4. Rigorous Justification of the Model

We now multiply the integral identity (4.8); with v, and integrate over ¢ to obtain

1d

3% |VE|2+M/ Vv |* = a/Qe rotw v,

_ /Q Vh.Vv,. (4.81)

We carefully estimate the terms on the right-hand side of (4.81) as follows:

/ rotw,.v,
/Qa

Qa

/ Vh. Vv,
Qo

S C€| |vve||L2(Qg)3 | |VW€| |L2(Qg)3a

< [P 2003 [Vel [ z200ys < CE[|VVel|12(0)s,

‘ oh,

ot
S ||Vh6||L2(Qg)3||VV€||L2(Q€a)3.

(4.82)

||VeHL2(Qg)3 < Ce||\ V7=~ HVVeHm(m

6

Applying (4.82) and Young’s inequality on the right-hand side of (4.81), integrating over
t and using estimates (4.74);—-(4.74),, we have

T T
sup HVE(7t>H%2(QS)3 +/0 HVVGH%Q(QQ‘)3 < 062/0 HVWEH%Q(Q?)S + 064. (483)

te[0,7

Finally, combining the estimates (4.78) and (4.83), for sufficiently small €, we obtain:

T
sup [Vl Dl Bagagn + [ 11Vl Eagp < O, (4.84)

t€[0,T] 0

and ,
sup [[wel,)lFzcazye + | I9VWellFaqgpye < O, (4.85)

t€[0,T] 0

proving (4.75); and (4.74)s.

Differentiating the integral identity (4.8); and using ‘9"6 as a test function, we get
1d 8VE 8v6 / tawe ov, n OF Ov,
2 dt Jos ot ot ' Jas 0t Ot

(4.86)

the (9V6 ahe ave
~Jae 02 Ot _/ngat ot

In much the same way as for (4.81), estimating the terms on right-hand side using Young’s

inequality in equation (4.86), integrating over ¢ and using (4.74),—(4.74)3, we arrive at:

t
\Y%
L2(Q2)3 /0

2

ov,
ot

ow, ||2

< Cé? 9

Hav€ L O (4.87)

L2(Q2)3 L2(Q0)3
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Combining the estimates (4.80) and (4.87), for sufficiently small ¢ we have:

ov 2 T Ov. |2
su (-t + / ‘ < Cé, 4.88
te olgr] ot ( ) L2(Q2)3 0 ot |2 (Qo)3 ( )
and 5 3
sup We( +/ WE < Cet (4.89)
t€[0,T] ot L2(Q)3 L2(Q9)3

leading to (4.75)s and (4.75)4.
We now need to estimate the pressure. Let d. be the solution of the problem:

divd, = p.,

(4.90)
d. = 0 on 00

Supposing ng pe = 0, for all ¢, it follows from Lemma 4.3 that (4.90) has at least one

solution satisfying

C
[IVAe]| 20, 02(00)3) < ?||pe||L2(o,T;L2(Qg)3)- (4.91)

Multiplying the momentum equation (4.1); with d. and integrating over Q¢ yields

OV, oh,
Inlliae < [, Grdet [, Grdesn [ Vv,

(4.92)
—I—,u/ Vth—a/ rotw.d, — / f.d..

We estimate the terms on the right-hand side of (4.92) using Poincaré’s inequality (4.73)

to obtain
i aa\:; 6 Have el < €€ vé’avte IV dlzagy
- 82& ’ o el @2 < Ce v%}r | Vel 2@
[, v < HvVengm|Vdeumg>3,
[ BT < 1l Ve,
/Qg rotwed| < C€||[Vw||r2(00)3||Vde|| 12003,
/Qg de| < Cllfe]| 2oy ldel[2(0)s < C€[|Vde||L2(ag)e. (4.93)
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4.4. Rigorous Justification of the Model

Using the estimates (4.93) and Young’s inequality on the right-hand side of equation
(4.92), integrating over ¢ and using (4.74);—(4.74)a, (4.84)—(4.85), (4.88) and (4.91), we

deduce
|1Pel| 20,1 L2(00)) < Ce (4.94)

completing the proof.

4.4.2 FError Estimates

In the following, we provide the main result of this Section.

Theorem 4.6 (Error estimate).
Let T € (0,00) and let (Uc [, We (2], De,21); be the asymptotic solution defined by (4.57)-
(4.61) and (u., w, p.) the solution of the governing problem (4.1)—(4.7). Then the following

estimates hold:

[[ue — v o ||z 02002 + ||V (0 — o)l 20m522 002y < Ce'/?,
ou, B du, g Hv<8uE B 8ue,[2]) < O
ot ot L (0,T;L2(2¢)3 ot L2(0,T;L2(02)3) - ’
[[We — We | Lo o,22(00)3) + [V (We = We )] 20,7 22(003) < Ce?, (4.95)
8W5 . an[Q + H (aWe o 8W57[2]> < 069/2
ot ot Lo (0,T5L2(Q22)3) ot ot L2(0,T;L2(Q2)3) - ’
Hpe (Q9)) < 065/2

where the constant C > 0 is independent of €.

Proof. The asymptotic approximation w, 9 for the microrotation satisfies the following

equation:

8W6’[2

5t I _ 0AW, o) — BVdivw, 9 + 2aw, |3 = arotu. ;) + G + &£, in QF,

Ve = 0 on T, (4.96)
We,2] = ?76 on 227 We 2] = ,r’le on ZZE,

WE,[Q](‘, O) = 0.

where H&eHLz(O,T;L?(QSP) = 0(64) and anE'HLQ(O7T;H1/2(E§)3)> = 0(611/2), 1= O, l.

Denoting

Se = We — We,[Q]y
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and subtracting (4.1)s, (4.2)2, (4.2)3- and (4.96), we obtain

a;; — aAs, — fVdivs, + 2as, = arot(u, — u. ) — &,
se=0on 'Y, (4.97)
se=-n5on %’ s.=-nfonX,
s¢(+,0) = 0.

It follows from Lemma 4.3 that we can construct a function D, with the same trace as s,
on 0Q¢ such that

0D,
ot

9*D.
ot

<O, (4.98)

I9Ddlsiriazasyy + ||V
L2(0,T;L%(2)3)

+v

L(0Ti2(2)?)

Multiplying the equation (4.97); by s* = s, — D, and integrating over Q¢ yields

1d
2 Jop 5 0 [ VI [ (s 420 [P
oD
—= t e € - < *_5 V*VDe 499
a/ﬂg rot(ue — ue))s; oo 01 s! e s! ( )

— 5[ divDddivs’ — 2a / D, — / g5t
Qg Qg Qg

We now estimate the terms on the right-hand side of (4.99) using Poincaré’s inequality

(4.73) in the following way:

< Cl|V(ue = ue)llrz@e)elIsel 2 (ae)s

/Qg rot(u, — u.)s?

< (119 (e = wegllzzons + 119 (e = egn)lz2gors )l z2conys

< Cel|V(ue = ue)l] 2003 |[V8{ | 200 + OV | L2003,

oD oD oD
“sfl < : r2(ey < €|Vt Vst |r2 02,
Qo Ot Se| = H ot Lz(Qg)s“SEHm(QE)3 =€ ot LQ(Q?)BH S€HL2(96)3
/Qa Vs VD, | < |V ||z (002 VD200,
diVDEdiVS: S ||VDE||L2(Qg)3|’vs:HL2(Q?)37
Qe

< |Ist|lz2(00)[Dell2(02) < C|IVSi 12020 [ VD? | 22(02)3,

*
/ s, D
Qa

€

*
[, e

€

< &l 2223l [8el L2 a3 < Cell€ ]| L2003 || VSEl L2003

(4.100)
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Applying the estimates (4.100) and Young’s inequality on the right hand-side of equation
(4.99), integrating over ¢ and using (4.98), we get

T t
tSB%} ||S:(',t)||%2(g6a)3 +/0 ||VS:||%2(QQ¢)3 S 062/0 ||V(ue—ue7[g])||%2(9g)3+C€10. (4101)
€0,

0! Ose 0D,

Differentiating identity (4.97); with respect to ¢ and using C,,St = %¢ — % as a test
function leads to:
1d 0s¥|? Os* |? s\ 2 os*|?
_ e s [ v (d' ) 2 [ |
st Joo |3t T Joe Vot | TP S \ W ) T2
ou.  Oup) Os; 9°D, Os* Os’ _ 0D,
_ . _ duep\0se < v B v 4.102
a/ﬂgro <8t ot )at 0 02 ot O‘/Qg ot o (4.102)
oD, .. Os* Os’ 0D, 0. 0s’
. div e div®® _ o e _ e IS¢
9 o W W =20 o Bt ot oo 0t 0t

Similarly as above, estimating the terms on the right—-hand side of (4.102), applying

Young’s inequality and integrating over ¢ we obtain:

Os* 2 T || _0Osk|? T ou.  Oucp)||?
su (.t —|—/ V== §C62/ V( < : ) + Cell,
o || 0t &) 2(02)3 o Ot 1l1200)3 0 ot ot/ llLz@e)s
(4.103)
The problem satisfied by the asymptotic approximation u, ) reads:
Oucp) A - oa
BT — pAU 9 + Vpe,[g] = arotwe 1) + F+ E. in QE ,
divu, 9 = 7 in QF,
ue,[g] =0on F‘:, (4'104)

U, 2] = ¢hg + 1 on XY, U = ¢*h; + 1, on XL,

u.z(-,0) =0,
where we have [|E[|z2,r:12(02)3) = O(e), |7l L2 0.7;02(00)3) = O(*?) and
Hrze‘HLz(O,T;Hl/?(Eé)ZS) = @(611/2), 1=0,1.

Denoting Re = uc — u, g, 7e = pe — D¢ and subtracting (4.1)1, (4.1)2, (4.21), (4.2)3,1 and
(4.104), we obtain:

a;? — pAR, + Vr, = arot(w, — w 1)) — Ec in QF,
divR, = —m, in QF,
R, =0onI?, (4.105)
R.=-rgon ES R.=-r;on Ei,
R.(-,0) = 0.
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It is important to emphasize that the divergence estimate ||7||z20. 12200y = O(€”?)
cannot be improved in the general case, due to its structure (see (4.62)-(4.65)). However,
under certain assumptions on x, @ and h§, hj, F and G, this estimate can, in fact, be
improved providing better overall estimates. These considerations are addressed in (4.66)—
(4.72) in Section 4.3.3 and Remark 4.7 at the end of this Section.

Let us define ¢, as the solution of the problem

e . a
div¢, = —m, in QF,

o a
¢.=0onTl¢,
¢.=-roonX? ¢, =-r,onx
€ 0 € e l €

satisfying the following estimates (see Lemma 4.3):

< Ce?. (4.106)

L2(0,TL2(02)3)

v

V¢ 20m:z2 \

8t2

L2(0,T;L2(Qe)3

Multiplying the equation (4.105); with function R} = R, — ¢, and integrating over Q2

we obtain:

1d, ., . ¢,
5 77| 172000y + HIVR|[2(00 < — e Ot

+ a/ rot(we — we ) RE —/ ER;.
Qo Qe

€

R +u [ VCVR!
e (4.107)

Estimating the terms on the right-hand side of equation (4.107) using Poincaré’s inequality
(4.73) yields

< \\VCEHLQ(%PHVR:”LQ(Q?V’

v
62&

|R*||L2 Qo) 3 < CG

[IVR |2 (0093

Qo E)t R. L2(Q)3

/’VQVR:

Qe

/ I‘Ot(W6 — We,m)
< (119w = wegllzz(@eys + 1V (W = Wogn)llzzions ) IRz

< Ce||Vst|| 1200y [[VRE || 1200y + CE|VRE| 1200 )3

ol S OlV(we = we ) l|z2 03[R || 2 (003

Len
Qg

< Eel|z2e)s| IR ] 2(00ys < Ce||Ec|[ 200y [[ VR || L2223
(4.108)
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Applying the estimates (4.108) and Young’s inequality on the right-hand side of (4.107),
integrating over ¢ and using (4.101), (4.106), for sufficiently small € we get:

T
sup |IR: (0l Bz + [ VR B < O, (4.109)
te0,T] 0

and from (4.101) we now easily get

T
sup (157, O3y + [ 115 Bagaeys < O, (4.110)
te[0,T] 0

implying (4.95); and (4.95)s.

Differentiating equation (4.105); with respect to ¢, multiplying by ag: = ‘931? — % and
integrating over 2, we get:
1d OR’|? N / V@Rj 2
2dt Jao | 0t | TH s Y a1
ow. 0w\ OR; OE. OR} 0%¢. OR; o¢, _ OR?
=a / rot( — : ) — — -« / \% .
o« ot ot ot Qe Ot Ot Qo Ot Ot Qe Ot ot
(4.111)

In much the same way, using Poincaré’s and Young’s inequality to estimate the terms on
the right—hand side of (4.111), integrating with respect to ¢ and using (4.103), (4.106), for

sufficiently small € we obtain:

oR} 2 || OR!||?
sup <(-,1) +/ V—= < O, (4.112)
tefo,) 11 Ot 23 Jo ot |lr2(ae)s
From (4.103), it follows
a * 2 T a * 112
sup || (1) +/ v <cé, (4.113)
refo.r] Il O 20g)s Jo Il O llrz(0g)s
thus obtaining the estimates (4.95)s and (4.95)4.
Let now d. be the solution of the problem
divd, = r. in QF,
(4.114)

d. = 0 on 0Q).

Supposing that [o. 7c = 0, for all ¢, it follows from Lemma (4.3) that the problem (4.114)

has at least one solution satisfying the estimate

C
IV L2 0mi2200)9) < —IlrellL20.i2(00))- (4.115)
€
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Multiplying the equation (4.105); by d. and integrating over Q¢ yields

aRE *
HTEH%Q(Qg) = Jon a1 d, —i—u/ VR:Vd, —a/ rot(we — we 1) de

@
€

(4.116)

+/ E6d€+/ ede—l—,u/ V¢ V..
o Qe Ot Qo

Estimating the terms on the right—hand of (4.116) and using Poincaré’s inequality yields:

(9R* OR; OR?
d. oys < C?|V—"5 vd. a3,
Qo H L? Qg)3|’ HLQ(Q€ )= ¢ 6?15 LQ(Qe)SH HLQ(Q€ )?
| VRV < [[VR 12026l Ve |20z
/& rot(w, — wihd.| < €|V(we — we )| 2002 | [ Ve 2200y

S OE(HV(We - We,[2])||L2(Qg)3 + ||V(W57[2] We (1] )||L2 Q)3 >||Vd ||L2(Qa)3

< C€||VS:||L2(QS‘)3||Vd6||L2(QS‘)3 + C€5||Vd€||L2(Qg)3,

o| < Eellr2(0eysl|del| 2002 < Cel[Eel[ L2023l Ve[ 120293,
oV¢,
‘ HdﬁHLz(Qg):a S 062
L2(Q¢)3

ot
| < ||VC6||L2(Q?)3 | |vd| |L2(Q?)3'

L2(02)? IVddlzz@eys,

6

Qe 8t

(4.117)

Applying (4.117) and Young’s inequality on the right—hand side of (4.116), integrating
over ¢ and using (4.106), (4.109), (4.110), (4.112) and (4.115), we finally obtain:

HTeHLQ(O,T;H(Qg)) < 065/2, (4.118)

completing the proof.
m

Remark 4.7. If we assume k and « to be constant, due to consideration in Section 4.53.3
(see (4.66)), following the proof of Theorem 4.6, we can improve the estimates (4.95)

to obtain:

[lue = ez Loe 0,702 0y + ||V (Ue = v )| 20,102 (00)3) < C€t,
du.  Jugp) Hv(a“e - aue’m) < e,
ot Ot Nl mr2(e)3 ot/ llr201iL2(02)%)
||We - We [2]||L°°(0TL2 Qe)3) + ||V( - We,[2})||L2(0,T;L2(Qg)3) < CES,
Owe _ OWepy +HV(8WE _awu> <ce.
ot Ot lpee(o,r;L2(00)3 ot Jllr20,r;202)

|[Pe = Peallr20mr200)) < Cé.
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4.4. Rigorous Justification of the Model

If we, additionally, assume that £, g vanish in the neighborhood of 1 =0 and x; =,
Jig =0, the relations (4.67) hold and take Py(x1,t) = x1p"(t) + p¥* (21, 1), following the
procedure given in Section 4.3.3 (see (4.68)-(4.72)), we can even further improve the error

estimates. Namely, we get:

[ue — vl 202002 + ||V (e — )|l 20m502 002y < Ce¥?,

8ue _ aue,[g] Hv<0ue B aue,m) < 069/27
ot ot Lo (0,T;L2(22 ot L2(0,T;L2(Q2)3)
HWe - We,[2]HLo<>(0,T-L2(Qa 3y + HV(We [2])HL2 0,T;L2 ()3 < CE
8W5 . 3WE,[2 Hv(awe _ 8W67[2]> < 065’
ot ot L (0,T;L?(Q%)3 ot L2(0,T;L2(Q2)3)

Hpe - pe,[2]||L2(o,T;L2(Qg)) < 067/2.
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Chapter 4. Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Curved Pipe
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Appendix A

Asymptotic Approximation for the
Straight Circular Pipe

Following the results from [31], in this Appendix we consider the nonsteady flow of a
micropolar fluid in a thin pipe with circular cross—section and external force functions de-
pendent only on time. We derive the explicit expressions for the asymptotic approximation

of order J = 2 and provide the numerical examples.

A.1 Setting of the Problem

Let € be a small positive parameter. We consider a thin straight pipe
Q. ={r R’ 21 €R, 2/ = (13,73) € B. = B},
where
B = {2’ € R*: |2/| < R},

is the circular cross—section of the pipe with constant diameter R > 0. We denote by
(21, (x2,x3)) = (21,2") the Cartesian coordinates, with z; being the direction coinciding

with the axis of the pipe (see Figure A.1).

We consider the following system of equations describing the nonsteady micropolar fluid

flow:
ou,
5 (v 4+ v.)Au, + (ue - V)u, + Vp, = 2y,rotw, + £,
divu, =0, x € €.,
0w, .
5 (co + i) AW, + (ue - V)W, — (¢o + ¢q — ¢o)Vdivw, + 4p, W, = 2v,rotu, + g.

(A1)
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Appendix A. Asymptotic Approximation for the Straight Circular Pipe

Figure A.1: The considered flow problem.

To complete the problem, we impose the following boundary and initial conditions

u =0, we=0 on 99,

(A.2)
ve(x,0) = a(x), we(z,0)=b.(x),

along with the flux condition

/ ul(z, 2, t)yda’ = F(t). (A.3)

€

The positive constants are the Newtonian viscosity v, the microrotation viscosity v,., while
o, ¢, and ¢y represent the coefficients of the angular viscosities. To simplify the notation,
we abbreviate: y = v+ v, a = ¢, +¢cq, f = co + cqg — cq, a = 2v,. The external
sources of linear and angular momentum are given by the functions f, = (f2, f2, f3) and

g = (gel, gf , gf’), respectively.

We assume that the solution of the problem (A.1)—(A.3) has the micropolar Poiseuille

form, namely:

116(37, t) = (UE(ZE,, t)v 0, 0)7 W€({E, t) = (07 wf(x’, t)? w?(x/7 t))v pg(l‘, t) = _Q<t)$1 + pO(t)v
(A4)
where py(t) is an arbitrary function of t. We also assume that a, = (al,0,0), b, = (0,5%,03),

f. = ( elvoa 0)7 8 = (07962793)7 with ai = CLE($/), bg = b?(f), bg = b§($/), fel = f6($/7t)7
g2(2',t) and ¢g?(2',t) being independent of the longitudinal variable z; € R.
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A.1. Setting of the Problem

Substituting the micropolar Poiseuille solution (A.4) into the system (A.1)—(A.3), we

obtain the following initial boundary value problem for ' € B.:

ol il
i a(t) = a G - S ) 4 .
.

2 2 . o
where A, v = % + %. The corresponding boundary conditions read:
2 3
_ 2 _ 3 _
U€|8B€ - 07 W, |(9B6 - 07 We ‘835 — 07

U€<I,7 O) - CLE(CL’/), wez(x/7 0) - b§<xl)v wf(m’, 0) - brf(a;,)v
with given flux rate:

/ ve(2! t)dx' = F(t).

€

Following the idea from [26]—[27], we represent the solution
(ve(2' 1), W (2, 1)) = (ve(2, ), w? (2, t), wi(2', 1)),

as:

ve(a! 1) = VI 1) + V2 1), W2/, t) = W2/, t) + W(2',t).

Here (V!(2/,t), We(z', t)) = (VI (2',t), W2 (2', 1), W (2', 1)) is the solution of the initial

boundary value problem for the micropolar heat equation:

ov! oWt oWl
€ Am/vl — ( € o € ) .
0t a € “ 83@2 8x3 + f
oW1 g (oWl w3l oVl
€ A$/W2,1 . < € € > 2 W2,1 — € 2
ot @ ¢ 56372 8I2 + (91'3 +ea ¢ “ 81‘3 + Je>
oW1 9 (oWt w3l ov!
[ Ax/WS,l _ ( € € ) 9 W3’1 —_ € 3
o W g oy T o, ) TR T g, e
VY oo=0, w2 =0, WH| =0
€ 1oB. ’ ¢ laB. ’ ¢ 1oB. ’

‘/;1 (xlv 0) - aﬁ(l’/), Wf’l (ZE,, 0) = bz(I/), We?)(xl’ 0) = b?(l’,)

(A.8)
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Appendix A. Asymptotic Approximation for the Straight Circular Pipe

On the other hand, (VZ(a/,t), Wl(2',1), (t)) = (V2 (2', 1), W2*(', 1), W22 (a', 1), q(t)) de-
notes the solution of the micropolar inverse problem endowed with the homogeneous initial

condition and the given flux rate on the cross—section B,:

oV? oW 32 GW“
€ Am’VQ _ ( € ) t ’
8t H ¢ 81‘2 8ZE3 * Q( )
oW 22 o [OW22 W32 oV?
[ AI/W2’2 . < € € ) 2 W2,2 g€
LY e U M o L e
oW3:2 o (OW22 W32 V2
€ Am’ 3,2 ( € € ) 2a 32 _ e
ot @ We 681’3 (7:162 + 01’3 + W aal‘g (Ag)
V2 o=0, w2 =0, W =0
€ 19B¢ ’ € 8B, ’ ¢ loB. ’
V2(2',0) =0, W2*(2',0)=0, W>*(z,0)=0,
| v, e = H),
where
H(t) = F(t) — / VI ) da!
From (A.7) we deduce
H(0)=0. (A.10)

Taking into account the problem under consideration, it is plausible to consider the

following scaling with respect to small parameter e:

Qe, bzv b§N€2a f6N17 92N17 QSNLFN54-

€

In view of that, we expand

a(y') = Eaoly') + Eary’) + e'as(y'),
)+ V) + €B(Y), B(Y) = EB(y) + DY) + DY),
F.t) = foly ) +efily . t) + €y, 1),
Tt =g )+, )+ €300, 3P0 =301+ ey ) + €5y 1),
F(t)= €4F0(t) + e5F1( )+ eGFg( ),

() = ARy

(A.11)

and consider the problem (A.5)—(A.7) with

ot -a(2) t-5(2), o -0(2),
fw = 1(50), 2= (L00), @t =2 (%.0)

and F(t) defined by (A.11)s.
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A.2. Micropolar Heat Problem

A.2 Micropolar Heat Problem

To perform the asymptotic analysis, we first need to rescale the domain, that is, to write
the problem on B instead of B.. We introduce the change of variables y' = % and obtain

the following system of equations deduced from (A.8):

71 3,1 V21 (y N
~ ava(im_ V1) = e(avfay(zy : 8V~Vay(3y’t)> + 10
- Wa(;/” 1),
MWD gy - 5 0 (WD OW0Y ooy
=R g,

(A.12)

where V1(y/,t) = Viey',t), W>'(y,t) = W2 (ey',t), W3 (y',t) = W3 (ey',t). The
boundary and initial conditions are the following:
72 _ 172,17, 1 _ 13,10,/ .
V(y7t>’63_0’ W (y)t)‘83_07 W (yvt)‘aB_Oa
Wiy, 0) =aly), W2y, 00 =0(y), W*(y,0) =0y
We rewrite the problem (A.12) as

OVi(y',t)

173,1(, /1 172,1(, 1 B
aW (yat) _aW (y’t))—FEQf(y/,t)—EZ at ’

— uA, V(Y t) = ae(

692 8y3
- aWZ,l(y/ t) 8W3,1<y/ t) 8‘71(y/ t)
—ady ! ° L2 DY) = o W0
any, ( t)—p Em B s ae Bus
72,10,/ ~
+EF (Y1) — €2W —2ae W (y/ 1), (A.13)
- aWQ’l(y' t) 8W3’1(y’ t) 3‘71(y’ )
—ald, W < — + : )Z—a’
aay ( ) 581/3 81/2 83/3 € ay2
773,10,/ ~
+ €2§3(y/,t) _ Qavvat(y’t) _ 2&€2W3’1(y/, t) .
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Appendix A. Asymptotic Approximation for the Straight Circular Pipe

Now, we construct the formal asymptotic expansion of the solution (V! oY1), W (Y1),

W3[2] (v/,t)) in powers of small parameter ¢ up to € in the following way:

Vi t) = EVi(y 1) + VY 1) + €V (Y, 1),

W2y 1) = WG (Y1) + EWPH Y 1) + €W (1), (A.14)
Wi t) = EWPH (Y 8) + EWP (Y 1) + W32 (Y 1)

Due to the small thickness of the pipe, it reasonable to assume that the functions f (v, 1),
G*(y',t), 3*(y/,t) are independent of the the cross—section variables y' = (y2,y3). Consequ-
ently, we are going to be in position to explicitly compute both the zero-order approxima-

tion and the correctors.

A.2.1 Zero—Order Approximation
Plugging (A.14) and (A.11)3—(A.11), into the system (A.13) and collecting the terms by
the same power of €, we get:
— By V3 (v 1) = folt),
T2l 4 773,10 1
8(8WO (y 7t) + 8WO (y >t)> _ ~2(t),

— ol W (v 1) —

s 8y2 ys ( Al 5)
. o (OWS (1) OWP (W t)\ '
. A IW3,1 / < ) 0 3 > — 3 t
Q Y 0 (y ) ) ayg 8y2 + ayg 90( )’
Va0, =0, W', |, =0, W', =0.

Note that the problems for the velocity and microrotation are decoupled at this particular

stage. The equation (A.15); with the boundary condition (A.15), can be solved by taking

- 1
Voyst) = X" (W) fol0)
where x°(y/) denotes the solution of the auxiliary problem posed on B:

-AyxX'(y) =1, ¥ € B,

(A.16)
0/, / o
X ()|, =0
Since we assumed the pipe has a circular cross—section, namely
B={y ecR* || <R}, R>0, (A.17)

we can pass to polar coordinates (r,60) and compute x° explicitly from (A.16):
X'(y) = (B = 1y']%).
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A.2. Micropolar Heat Problem

The explicit expression for the zero-order velocity approximation V' (y/,t) now reads:
Yayow; 1 2 12\ £
Vo (v, 1) = @(R = Y'17) fo(?). (A.18)

Similarly, it can be straightforwardly verified that the problem (A.15)s, (A.15)3 with the

boundary conditions (A.15)42, (A.15)4 5 for microrotation will be satisfied for:

W) = 3oy B0 = 55575 (7 = PO, o
73,1/ 1 O0/.1\~3 1 2 112\ ~3 '
Wy (y',t) = 501 5 (¥)do(t) = m(R = Y'1%)do(t).

A.2.2 First—Order Corrector

Now, we compute the first-order corrector (Vi!(y/,t), W' (y/,t), W' (i, t)). Inserting
(A.14) and (A.11)3—(A.11), into the system of equations (A.13), after collecting the terms

by the same power of ¢, we obtain

- OWSH (Y 1) OW (v, 1)\ &
— ul\,, 1,1 — ( 0 ) o 0 y >
HAyVily. 1) =a s By + fi(t),
BN PR Ll V2 0 N 1 TR
alA, Wi (y',t) 58y2 0 - s a O + 32 (1), (420
7 o OV, ) oWy, o)

—alA, WP (Y1) - ﬁ%( 1(9y(2y ) + 1ay(3y )) = —a%(yi) + @),

Wy D), =0 Wiy o],, =0, Wi, 0|, =0

The system is not decoupled anymore, so the effects of the microstructure on the fluid
velocity will be present. Using the expressions (A.19) for the microrotation zero—order

approximation (ng(y',t), ng(y’, t)), we get:

Let us introduce x*(y'), i = 1,2 as the solutions of the following problems:

Ay/Xi<y/) = Yit+1, y/ € Ba

Yo o
XY, =0

Taking into account (A.17), and passing to the polar coordinates easily gives

Xl(y/> _ ;(’ylP N RQ)QZ, X2<y/) _ ;Oy/‘Q N RZ)yg.
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Appendix A. Asymptotic Approximation for the Straight Circular Pipe

We seek for the solution of the system (A.20) in the form

VY, t) = ;(;j‘f)ﬁxl(y’) — gjofgxz(y/) +xX° W) A (t)>,

leading to

. 1 i3 73 _
.0 = o = 1) (20 - 2B afw). (a

Now we compute the corrector for the microrotation. Plugging the expression (A.18) for
Vil (y/,t) into (A.20)5(A.20)s yields:

. Wy t) af
A2 0 1) + ( 1 ; ) 0 _ 20
08, W (5 1) Bayz - ay3 ),
. Wiy t) af
AT (o ( 1 ; ) 0 _ B
« Yy 1 ( >+ﬁay3 ay2 gl( )7
Wy 1), =0, Wf”( ', >\BB

Similarly as for Vi!(y/,t), we obtain explicit expression for (W' (y/, ), W' (y/, 1)), namely:

T2100 0 N (112 P2 a  zoN 1 ~2
i W) = (- R >(y316ﬂaaf0<t~> s ), .
W0 = (/P = B (= o Folt) = 5505

A.2.3 Second—Order Corrector

To capture the effects of the time derivative as well, we have to look for the second—order
corrector. Substituting (A.14) and (A.11)3—(A.11)4 into the system (A.13) and collecting

the terms by the same power of € yields:

- oWy t) oW (Y t) < OV (y/ ,t)
_ A , 1/ 7 _ ( 1 ) . 1 ) ) . 0 9
nAyVy (Y, t) = a 0 o +fat) - —5
. o (OW (Y, t)  OW (Y, t)
—aA, WL ) — ( 2 \W,t)  IWa W, )
Yy 2 (y ) ﬁayQ ayQ ayg
8‘N/ll (y/’ t) ~2 an’l(y/7 t) 72,1/
—gqg—2 7 -0 WY _9 :
a ay3 + 92 (t) at aWO (y ) t)?
. o (OWS (' t) oWy t)
_ A /W?”l l7 t - ( 2 ) + 2 ) )
A5 &%) 58% Oyo y3
SOV WG
=gy, TR T
VY1), =0, W0, =0, Wy, p)|, =0 (A.23)

— 2aW5”1(y’, t),
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A.2. Micropolar Heat Problem

Taking into account (A.18) and (A.22), we get the following problem for V! (y/,1):

~ r R2 ~3 -9
s =o = ) =5 5 )
~ d -
+ folt) = (R* —y3 — yg)éjudtfo(t)’

Vi (1), = 0.

We rewrite

- —a?f, d =3 ~2
“nA V) = = f0<t31:aadtf0(t) (42 +3) - ;jﬁt; 2 ;jf; ’
T,
—|—f2(t) + (a®fo(t) Sio(;dtf()(t))R2’ (A.24)

71/ 1 -
V.0, =0,
and introduce x3(y’) as the solution of the following problem:

AyxPY) =ys+y;5 v € B,

X)), =0
Passing to the polar coordinates provides
) = (I~ 7Y
16

We seek for the solution of (A.24) in the form

o 1=af®) +afot) 4, 1agit) .,
‘/21(9,15)——; T d Xd(y)+;2a+ﬂx1(y)
o ) R a2 (1) — 20l F
" ;fff)ﬁx%y') + ;Xo(y/)fg(t) +ot folt) madtfo(t) 2,
implying
N 2F _d ¥
%l(yl,t) _ a fO(t234M?;tf0(t>(’y/’4 . R4)
ag; (t) ag?(t) )
* <8u(2; Tat 8u(2; n 5)y3> (' = r?) (A.25)

n (fzif) . (a®fo(t) ;ioészo(t))R )(Rz — ).
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Appendix A. Asymptotic Approximation for the Straight Circular Pipe

Plugging (A.19) and (A.21) into the equations (A.23), and (A.23)3, we get the following

system for the second-order microrotation corrector (W3 (i, ), ws 1))

- 0 (OWS' (Y t) oW (Y1)
— a2y ) — ( 2 Y.t oWy W, )
by Wy 1) 601/2 9ys . 9ys

_ agg(t) ago(t) fi(?) aR*g5(t) <9
N a< 81(2a +5)( 2+ 3y )+ A2 +5)y2y3 * H vs + 8p(2a—|—ﬁ)> + ()

d i
)(yi +y5 — Rz)dtgo( ) + (5 +y5 — R)g5 (1),

T 20a+ s 200 + 6
. o (OW (' t) oW (Y t)
A Wy ) — ( 2 W,t)  OWs W, )
A (y ) ﬁay:a Yo y3
~3 ~2 3 2~3
agy(t ags(t fi(t aR*gy(t
N a( N Su(zgé(ﬁ 3) (392 +) + 5 (2;(43 gyt ;jy? i 8M(2a(:£ ;)>
1 d a
~3 2 2 2 2 2 2\ ~3
+ G5(1) + 30015 (o tys — R )dtgo( )t 5a 13 5(y2 +y; — R7)go (1),
Wl p),, =0, Wb, =0

After rewriting, we obtain

. o (OWI (Y )  OWI (Y1)
A, Wy ) — < 2 \W,t)  IWa W, >
v &%) 53?/2 Oya ys
_ —aG3(t) + Apggo(t) + 8apgs (t) 2
8u(2a + f) ’
—3a°g5(t) +4p g5 (t) + 8au§§(t)y2 a’gg (t) - afi(t)
8u(2a + B) ST 4pa+ 5)7 T 2
@ R*G3(t) + 8u(2a + B)g5(t) — AR 1G5 () — BapR*G5(t)
81(2a + 3) ’
0 <8W§1(y ), 8W§”1(y’,t)>
Jys Yo Jys
—3a? go( )+ 4#%93(75) + 8au§1€’(t) y2
8u(2a+ p) ?
—a?Gy(t) +4p .90 (t) + Baugs () 2 a’gs(t) - afi(t)
8u(2a + f3) o+ 5)"P T "o
a®R*Go(t) + 8p(2a + B)g3(t) — 4R’ g g8 (t) — SapRG3(t)
8u(2a + ) ’
Wty 1),, =0, W' 1), =0.

Y3

—aAy/W§71(y’, t)— B

+

Yo

Tedious but straightforward calculation gives:

Wl (y',t) = (|y']* — R?) (Clyg + C%yays + C3y2 4 Clyy + Cys + CG>,
) (A.26)
W', t) = (ly'|? — )((17 + CPyays + O3 + C Py + CMys + C”)
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A.2. Micropolar Heat Problem

where

ol — (2a — 155565)03 +A- 12?fﬁgg o2 _ —4B(C"+C%) - C
’ 120 + 603 ’

—1404 _ 126+ 12ﬂ2
(B — mges) (- 140 — 125 + 5255) — (—20— 26 + 52755)(A — o)

120468

B — 12a+60) 120+68 B2a+66) 1 _
(20 =26+ 1210%5-65)(204 - 1zljieﬁ> + (14 =26 + 121¢3§65>2
s I+ Ba+23)C% o 2aR*(C'+C3) +2BR*C + BR2C® — F
O - y C — y
—20 da + 20
38C 1232
o7 _ = 12a6+65 + (2a +26 - 12a+65)09 o8 _ —4p(C* +C?) - H
—1lda — 28 + 22 ’ 120 +68
36C 232 1262 36C
0 — (G - 12aﬁ+65)(_14a —26+ 12104—?-65) + (QO‘ - 12a§6ﬁ)(F - m)
= co 7
oo _ 2DB - I(8ar+20) oo o= 2aR*(C7 + C?) + 2BR?C? + pR*C* — J
(8a+28)2 — 452 ’ da+ 20 ’
(A.27)
where

A= TP + GaE) +8apgi(t) o —3a’G5(H) + g Gi(t) + Sapgi(t)

B

8u(2a + B) C 81u(2a + B) ’
_ @R, ah()
C4u2a+B) T 2u
5 CRGE) +8u(2a + B)FE (1) — 4R 3(t) — 8apR*F (1)
B 8u(2a+ ) 7
5 23050 + Apga(t) + 8apgo(t) -, _ —a’Go(t) + 4ugg5(t) + 8apgy(t)
- 8u(2a + ) ’ 8u(2a + B) ’
_ @Gl ah()
C4pa+B) T 2u ]
a®R*G3(t) + 8p(2a + B)g5(t) — AR ggi(t) — SapR*Gs(t)
J = )
8u(2ce + )

and

0;:(—2a+125f265>(2a+2ﬁ—1255266)

+(—14o¢—125+12(112_?_2%>(_14a_26+12(11252%’).
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Appendix A. Asymptotic Approximation for the Straight Circular Pipe

A.3 Micropolar Inverse Problem

Now, we turn our attention to micropolar inverse problem (A.9). First, we notice that

2

2 !
_ JHA jrep (L ’
H(t) =Y & E (1) ]ZO/Be Vj<€,t)dx

Denoting
Hi(t) = Fi(t) — [ Vi ndy', j=0.1,2

we have the compatibility condition (due to (A.10))
H](O) =0, y=0,1,2,

or
F0) = [ a0y, =012
B

Performing the change of variables 3y’ = %, and putting ¢(t) = 5s(t), from (A.9) we deduce

V3:2(e/ 572,20, ~o
— uA V(L) = a€<aW (y,t) oWy ,t)) 4 sty - 2270

dys dys3 ot 7
o 8 (OW22(y 1) OW32(y,t
o OéAy/WQ’Z(y ,t) o ﬂay2< ay(zy ) + ay(gy ))

72/ 72,20,/
OV Oy t)
(9y3 ot
—al, W2 (y 1) — 68(817[/2’2(3/,75) + WVS’Q(yl’t))
! 7 dys Y2 dys3
(72 173,2( 0/
ae@V (v, 628W (v, 1)
8y2 ot
VA )|, =0, W8], =0, W(y,1)| =0,

0B 0B 0B

V3(y/,0) =0, W>2(y,0)=0, W*?(y,0)=0,

~ 1
V(' t)dy' = S H(t
| VA hdy = SH(),

— 20 W*2(y, 1),

(A.28)

— 2y 1),
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A.3. Micropolar Inverse Problem

where V2(y/,t) = V2(ey/,t), W22(y/,t) = W22(ey/,t), W32(y',t) = W3(ey',t). In the
sequel, we look for the asymptotic approximation in the form
Vi 0) = Ve, 1) + EVEY 1) + V(Y 1),
W2 ) = EWF2 (1) + WP (Y, 1) + W2 (Y 1),
W2/ 1) = EWGA (1) + EWPA (1) + €W (o 1),
Sep)(t) = €2s0(t) + €2s1(t) + e*sa(t).

A.3.1 Zero—Order Approximation

For the zero-order approximation (VZ(y/,t), Wa (v, t), Wy (3/,t), 50(t)), we obtain the

following problem:

— Ay V(' 1) = so(t),

. OWF(y' 1) oW (Yt
A, Ty ) — 5( o (Y, )+ o (Y, )) ~0.

Yo yo ys
- ) 0 (OWEA(y,t)  OW (Y, t
by Wty 1) - B@yz),( 6y(2y ) " aniy )) =0 42

Va0, =0, Woty, 0|, =0, Wit =0,

LV dy = Ho(t),
B
where Hy(t) is given by

Hoft) = Fot) = V3 0/, )00’ = Fo(t) = L7 o) (A.30)

The equation (A.29); with the boundary condition (A.29),; and the flux rate (A.29); can
be solved by taking

Www:;mtm%mw (A31)

Here we choose sy(t) to satisfy the flux condition:

so(t) = ko Ho(t),

where

R47r

We now look at the system (A.29)2,(A.29)3, (A.29)42, (A.29)43 and observe it has the
same structure as the system (A.15)2,(A.15)3, (A.15)49, (A.15),3 for the zero—order ap-
proximation of the micropolar heat problem with (g2(y/, 1), go(v/,t)) = (0,0). Thus, we
conclude

(W™ (' £), W5 (¢, 1)) = (0,0). (A.32)
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Appendix A. Asymptotic Approximation for the Straight Circular Pipe

A.3.2 First—Order Corrector

The first-order corrector (V2(y/,t), W2 (y/,t), W2 (y/,t), s1(t)) is given by the following
problem:

0 oWy, 1)
— A VR 1) ( . >+s 1),
s y ! Jy2 Jys 1( )
ATy 1) 5( oW (y', 1) 8Wf”2(y’,t)> _ %W
0y2 8y2 a3/3 dys
/ 72 (1) A.33
ATy 1) (’3( (v, 1) f‘?W (v, )>:_a0Vo(y,t)7 (A.33)
ys Y2

el =, ] T 0],

0B
| VR hdy = H@),
B

where H;(t) is given by

()= )~ [ V00 = R - T2 0, (A34)

We notice that the system is not decoupled anymore. Inserting the expression for (1702(3/ 1),
Wy, t), Wi (y/,t)) given by (A.31) and (A.32), we obtain

— Ay V2 ) = 51(t),

- aWQ,Q(y/ t) 8W3,2(y/ t) a
— / 220/ N 1 ’ 1 ) __ v
OéAy Wl ( ) ) 683/2 ( ay2 + 8y3 ) 2My380<t),
. o (OWEHyY t)  OW(y,t a
—aA WY 1) — B ayg( ay(Qy ) | 18y(3y )> = s-mslt) (A.35)
‘712(3/’ t)‘aB =0, Wf’z(y/’t)’aB =0, Wf”2(y’,t)‘83 = 0.

W Dy’ = H(@).

As above, the equation (A.33); with the boundary condition (A.33),; and flux rate (A.33)s
can be solved by taking:

V1) = 3 (R = )0, (4.36)
with s1(t) obeying the flux condition:
s'(t) = w7 Ha(1),
with

1 Rir
= [ Sy = >0
B4 It
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A.3. Micropolar Inverse Problem

One can easily verify that the system (A.35)s, (A.35)3 for the microrotation corrector with
the boundary conditions (A.35)49, (A.35)43 is satisfied for:

- aHy(t
W12’2<y/,t> _ (‘y/‘Z o RZ) 0( ) Y,
16pakg
o Ho(t) (A.37)
773,27 1 2 2\ 0
Py t) = — RY) "y,
Wiy t) = (ly'|° — R%) T6710em0 2

A.3.3 Second—Order Corrector

To conclude the analysis for the micropolar inverse problem (A.28), we identify the terms by
the same power of € to get the system for the second-order corrector (VZ(y/,t), W3 (y/, t),
Wy (4, t), s2(t)). Tt reads:

OV2(y
52(25) _ 08<t>’

173,27 172,27 4
a(awl (y,t)_an (yat))+

— uA VAt
1% Y 2(y ) ayQ ays

. o (OW (Y t)  OWS(y,t)
aly W3 (y', 1) 5ay2 D1 o
V2, t)  OWF (Y1) s
= - — 2aW % (Y t
a ayg 8'[} akvy (y7 )7
- 0 (OW(y,t) | oWy (y,t)
—al, Wi? ’715 _ ( 2 A 2 ) >
QL Wo (y ) 58y3 ay2 ayg
OVP(y,t) W (y,t) .
= — _ _ 2 s
a 5’3/2 8t aWO (y ) t)?
%Q(y,’t)’aB =0, W;Z(y/’ﬂ‘aB =0 Wj?(y/’ t)’aB =0,
/Bfff(y’,t)dy’ = Hy(t), (A.38)

where Hs(t) is given by

69 f _ 6,2 F
Hy(t) = Fa(t) = [ Vi, t)y = Fat) - T adtfogféMQ;rR a2 fo(t)
a2 fo(t) + mR% a2 (1) — 20 (1)

- 264,50 :

(A.39)

137



Appendix A. Asymptotic Approximation for the Straight Circular Pipe

Employing the expressions for the zero—order approximation given by (A.31) and (A.32)
and for the first-order corrector given by (A.36) and (A.37), from (A.38) we get the

following;:

- a?Hy(t) L Hy(t R%a?Hy(t) — 20cR?Hy(t
sy T30 0) = (= S0y B ) sy ST = 20T,
. 0 (OW2(y,t)  OWR2(y,t) —aH(t)
A WA 1) - (T SR ) .
W20 583/2 ya y3 24Ky v
. O (OWFP(y,t)  OWSR(y,t)\  aHi(t)
—aA W 1) — ( 2 b) O, ; )_ ’
W2 0) 583/3 Y2 Jy3 2k

‘722(y,7t)|83 = 07 W2272(y/’ t)|8B = 07 Wg’z(ylvtMaB = Oa
[V by = Hat)
B

We can now explicitly compute the velocity corrector V2 (y/,t) as

1 a’Hy(t) < H(t)
020 0) = o~ Sl Oy e g
164 dpakg 4K (A.40)
1 RZCLZH()(t) - 20[R2H0(t) 712 2
(5200 )y = R,
4p Spuakg
where we choose ss(t) to satisfy the flux condition:
1 a?Ho(t) |, < Ho(t) 27 R6 1 R2a2Hy(t)—2aR?Ho(t) ; R*n
ao(t) = 2O+ g5 (e e )T ) T e ()
1 Rirm
—@(—?)
Similarly, we can explicitly compute the corrector for the microrotation:
~ aHq(t
W20 = (o - B,
16paky (A1)
. —aH(t) ‘
W2y 1) = (Jy? — R?) =ty

A.4 Asymptotic Approximation

The asymptotic approximation related to the micropolar heat problem (A.8) has the

following form:
~ ! ! o
Vo) =V (D0) + @0 (Z.) + e (L),
/ / ’
W2 ) =W (o) + W (o) i (T

Wi (@' t) =W! il t) + St :137’ t) + et x—/ t
€,[2] ’ - 0 ¢’ 1 . 2 . .
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A.4. Asymptotic Approximation

Note we have calculated all the terms explicitly, i.e. (Vl(’” t), W21(9” t), W31( t)),
j =0,1,2 are given by (A.18)-(A.19), (A.21), (A.22), (A.25) and (A.26)-(A.27).

For the micropolar inverse problem (A.9), we obtain the following:

/ / /
Viglal,t) = e2f/02<x,t) + 63‘712<x, t) + 64‘722(x7t>>
) € € €
/ /
W2 (' 1) = EWg < >+63W12’2<x,t) —|—64W22’2<x,t),
€ €

W3 (') t) = E2W3’2(x/ t> + W2 (91;’ t) —|—€4V~V3’2<x, t)
[2] - 0 € ) 1 € ) 2 € ) )

Sepg(t) = ezso(t) + 6351(t) + 6432(t),

where (V2(z t), W2 2(”” t), W3 2(”” t),s;(t)), 7 =0,1,2 are given by the explicit formulae
(A.31)-(A.32), (A.36)-(A.37) and (A.40)-(A.41).

Collecting the above results, we arrive at the asymptotic approximation (v g(2’, 1),
wim (', ), wzm (@',1),qe,2(t)) for the problem (A.5)—~(A.7):

Ve g (@, t) = V;p] («',t) + ‘/2[2] (2, 1),

w? (@', 1) = Wf,[;} (2',t) + Wfé 2t), wly (@ t) =W, 2 }(m t) + Wg[g] (2", 1),

i
1
q€7[2] (t) = ?867[2] (t) .

It should be noted that the above asymptotic approximation was computed to satisfy the
equations (A.5), the boundary conditions (A.6); and the flux condition (A.7). The initial
conditions (A.6), were not taken into account in the process due to the fact that the time
derivative appears only in the system for the second—order corrector (namely, as the time
derivative of the zero—order approximation for the velocity and microrotation which is a
known function on the right-hand side). Thus, taking into account the initial conditions
while computing the correctors would yield an over-determined system for the unknown
terms in the asymptotic expansion. This essentially means that a boundary-layer-in-time
phenomena appears, i.e. near t = 0, we have some influence of the initial conditions
that cannot be captured by the regular expansion. We can fix that by introducing the
appropriate boundary-layer correctors. Detailed analysis of the boundary layers together
with the rigorous justification of the complete asymptotic expansion is presented in Chapter
3.
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Appendix A. Asymptotic Approximation for the Straight Circular Pipe

A.5 Numerical Example

Finally, in this section, we aim to to visually present the derived asymptotic solution for

the problem (A.5)-(A.7). We take the following values for the viscosity constants (see
e.g. [3], [23]):

r=29x10"% 1,=232x10"" a=2v, =4.64x107",
W=v+v., a=c,+cqg= 107%, B=cop+cg—cy=1075.

The domain is circular with radius R = 10. Furthermore, all the visualizations are done for
fixed time ¢ = 10 and given flow rates Fy(t) =t +50, Fy(t) = t* and Fy(t) = 3. The linear
and angular momentum force functions are neglected, namely f.(t) = §2(t) = §3(t) =
0. Therefore, it follows that (‘7:[2} (a,t), Wj’é](x’,t), Wf’é} (',t)) = 0 (see (A.18)—(A.19),
(A.21), (A.22), (A.25) and (A.26)—(A.27)) and Fi(t) = HI(t), 7 = 0,1,2 (see (A.30),
(A.34) and (A.39)). As a result, the asymptotic solution reads:

/

/ /
U@[Q}(I/J t) = 62%2 (x’t) T 63V12<aj’ t) + 54‘/22 (x7t>7
€ € €
2 I 277r2,2 ' 377 72,2 2’ air (7
Wi (@) = EWgS{ =t ) + €W =t ) + W5y —t), (A.42)
, 2\

/
w? (2, t) = W < ,t) < ) + WP (“T,t),
: €

where (‘N/f(%/,t),wjz’z(%’,t) W?’z(% t)) 7 = 0,1,2 have been explicitly computed in
(A.31)-(A.32), (A.36)-(A.37) and (A.40)-(A.41).

In Section A.5.1, we depict the second—order correctors for the velocity and microrotation
(see Figs. A.2-A.3). The whole asymptotic approximation for the velocity and microro-
tation for € = 0.1, given by (A.42), is presented in Section A.5.2 (see Figs A.4-A.5). We
omit the visualizations for the zero-order approximations and first-order correctors since
they are of the classical Poiseuille form (for the velocity) and of the same form as the

second order corrector for the microrotation.

A.5.1 Second—Order Corrector

We notice that the velocity second—order corrector is of shape and scale that will affect
our asymptotic approximation if € is not too small (e.g. ¢ = 0.1). This has been visually
verified in Section A.5.2. The microrotation second—order corrector does not affect the
asymptotic approximation in a significant way as the first—order corrector is of the same
shape and similar scale. Note that the second—order correctors are scaled with the small

parameter €* in the asymptotic approximation (A.42).
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A.5. Numerical Example

%1073

Figure A.2: Second-order velocity corrector 64‘722.
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(a) Second—order microrotation corrector (b) Second—order microrotation corrector
72,2 73,2
64‘/V27 . 64W2’ )

Figure A.3: Second-order microrotation correctors.

A.5.2 Asymptotic Approximation

In Fig. A.4, we compare our asymptotic approximation v, o) and the zero-order approxima-
tion 1720. The second order corrector for the velocity affects the approximation in the whole
domain, with a clear impact near the boundary of the domain, correcting the Poiseuille
zero-order approximation, and we can clearly observe the effect visually. The microrota-
tion approximation is the scaled sum of the first and second order corrector, thus having

the same form as the first and second-order correctors (see Fig. A.5).
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Appendix A. Asymptotic Approximation for the Straight Circular Pipe

(a) Zero-order approximation ¢2V;2. (b) Velocity approximation v, (o).

Figure A.4: Comparison of velocity zero—order and asymptotic approximation.

0.2 5

0.1

(a) Asymptotic approximation w? 2 (b) Asymptotic approximation w? B3]

Figure A.5: Microrotation asymptotic approximation.
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Appendix B

Differential Operators in Curvilinear

Coordinates

In this Appendix, we provide the explicit expressions for the differential operators in
curvilinear coordinates which we employed in Chapter 4. The detailed proofs of the

formulae can be found in [2].

B.1 Time Derivative Operator

The time derivative operator in curvilinear coordinates is given by:

(00! I 1 oul 7
ot 1—r(eq o) Ot
Ve & o0 | & U2 oU?
— O = clod* =B € € g .
<8t>o ¢ o ¢ Y cosa—ﬁsma
0¢ U2 oy OU2
o7 |5 Sina+ .= cosa
B.2 Gradient Operator
The gradient operator in curvilinear coordinates reads:
[Os, ] I 1 0S¢ 7
071 1 — k(eq - a') Oxy
(Vs.)t o ®° @fs 0 0% = (V&) ~{(VS,)! = B |cos 04% — sin a@Se
8112 01'2 3:163
05 sin a% + cos aaSe
_8[2’3_ L 8x2 8x3_
and
~ F o a\—t aUek T a\—1
(Ve o b2 = (vor) (|55 - v ) (e,
0xy 1k,
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Appendix B. Differential Operators in Curvilinear Coordinates

which we rewrite as

(V¥.) o ®* = BAB!,

where
[A]y = ( )2<8U1 k(U2 cosa — Ulsina) + (K (eq - o) + k7(ex -x'))U1>
U\ = k(eq )/ \ o ¢ “ “ ‘
2
- (1—/{ en ) ) (Fo (eq - ') (K (eq - ZE)+I€T(€§-JJ’))U€1)
2
—l—(l ,)> (/i2 o 7')cosalU? — k*(eq - x)smaU3>
— Kk(eq -
1
[A]12:1 (1 /)<?}Z€ cosa + U, l{COS2a—aa;]Slna/+U ksin® o + . >
— R{€q - T 2 3
= ! <8Uelcosa—aUelsina+/£U1+ )
1 —kleq - 2') \ Oxy 0x3 ‘ )’
1 oul . e ou}
[A]lg_l—/@(ea-x’)<8x2 . oz, U/-@smozcosoz—i—...)
= ! <8U€1 s1na+aiUlcosoz+ )
1 —k(eq - 2') \ Oy 0x3
1 oU? ou?
(Al = 1 —k(eq ) (COS 0z 0xq )’
oU? ouU? oU? ou?
[A]y = —< cos® sin o cos v — —< cos asin o + —< sin® o
81'2 8ZE2 €T3 €T3
_ou? ou? . 1 (8U§ N 8U3)
a 8x2 8133 2 8x2 8133
(Al :8U2 ou? oU? ouU?
23 61’2 8ZE2 61’3 8:703
oz ouU3 1 ouz U3
" or D P 20‘( vy Oy >
3
1 oU? ou?
[Als1 = 1 —k(eq-2') ( 0xy 0xy )’
[A] oue + ou; cos” v ou: sin® o ou; sin v cos o
= _—Scosasina+ —< -— -—
52 83:2 01’2 S 8333 8953
_ 9 . OU: sin® o + 1sin 204(8[]2 3U3>
n 8x2 81’3 2 8x2 81’3
(Al — 2 3 Uz 3
53 81’2 81‘2 6:153 81‘3
ou? 3 +1_ ) (an aUE)
N 81’2 8.1’3 cos 2 St 2 8x2 8;1:3 .
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B.3. Divergence Operator

B.3 Divergence Operator

The divergence operator in curvilinear coordinates is given by:

(dive,) 0 % = tr((Vv,) 0 %),

leading to
~ 2 5‘
divv. o ¢ = ( ) ( k(U2 cosa — U? sin )
1 — k(eq - ) 8x1
+ (K (eq - @) + KT(et - DU + k(eq - ') (K (eq - ') + w7 (el - 2'))UL
2 U3
+ K% (eq - 1) cos aU? — K*(e, - ') sin an) + (ZZ; a@x;
oU; 2 3 / 1
=3 — k(U2cosa — Ulsina) + (K'(eq - 2') + k7(ey - 2'))U.
X1
+ K(eq - ) (K (€ - ) + kT (ey - 2)) U}
2 3
+ K2 (eq - ') cos aU? — K*(eq - ') sin aU? + aa(:i; + gg;
/ aUel 2 3 o / / 1 / 1
+2k(eqy - x )(8 — k(UZ cosa — U sina) + (K'(eq - ') + K7 (e, -x))Ue)
T

+ 2k(eq - ') (mz(ea -2') cosaU? — k*(e, - o') sin aUE’)

oU!

+ 3/‘@2(604 . .CUI)Q (8;{}1

B.4 Gradient Divergence Operator

— k(U?cosa — U? sin a)) + 4K°(eq - 1)

oul
a:L’l

The gradient divergence operator in curvilinear coordinates reads:

(V(divv,))t o 2 = (Vo) ~(VdivV,)!
) 3 _

(1 —l—g(ea ~x') + . )axla(de ¢
=B |cosa—(divV,) — sina—(divV,)| = BD,
33702 83863
sin aa—xz(de ¢) + cos aa—%(dlvV )
where
0*U! ouU?

[D]lz(l—i—/{(ea-x')—k...)(

—i—%sinozaU63 + il + O + )
8ZE1 61’161’2 8ZE18ZE3 )
02U} _ 02U}

83518952 — 81’181'3

(kcosa)U? — k cos a

— /"iCOSO./(alj2 CcCos v — 8U3
833'2 8352

[D]; = cos «

. € : /U3
o h e + (ksina)'Us;

—< sin a)
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Appendix B. Differential Operators in Curvilinear Coordinates

i oUe vé 1 oU! oul
+Ksma<8x3 O3 >+KU +r(ea x)(aiﬁg Oz
+ K7(es - 2) <8U1 U sin a) + k? cos aU? — k? sin aU?
8:62 8x3
) , ouU? oU?
+ kK (ea~x)cosa<cosoz— smoz)
L2 T3
— K (eq - ') sin&(cos.a&U3 — si 8U§)
“ 8:162 8:173
0*U? 0*U3 . O*U? . 0*U?
+ cos 022 + cos aaxg&xg — sin aang)xg —sin « 02
1 2771 2771
+ 2K (ggl k(U2 cos v — U? sin a)) + 2k(eq - a:’)(cos aailg;Q — sin aailg;3
oU? ou? , ouU? ou?
—HCOS&(axz B >—|—m51na<8$3 Dy >>—|—...,
2U1 82U61 ' 2 8U3
[D]; = sin a(%lax2 + cos a@xl&cg — Kzsma(az cos o — e sin a)

— ,‘-@cosa(aU2 cosa — ou. 51na> + K (eq - x’)(smaaUl + cosozaUl> + kTU}
8903 8x3 “ 61’2 (91‘3
_|_,.W(€L.3;)< ou; 8U1)+/<c (e -x')cosa(aUQ51na+aU2cosa
@ 8952 8.1'3 “ 81‘2 (9.1'3

9 n 3 ou? , o 0U?
— K7 (eq uc)smoz(am s ) + sin @ o2 +Smaax28x3
2U2 2 3 ] 2U1 aQUel
+ cos aal’gal’g + cos 8x3 +2k(eq - @ )(sm aaxla@ + cos O‘axlaxg
—fasina(aU2 Ul )—RCOSO&(aU? U ))—l—
81’2 8:1:2 8$3 al’g

B.5 Laplace Operator

The Laplace operator in curvilinear coordinates is given by:

oty (2] -oee) - (2], e

89@ a'El k.l a’El

s

which can be rewriten as
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B.5. Laplace Operator

where
1 1 1 2 3
B = e oo, 7 it~ g oo~ Ve aﬂfi ne)
1 1 1 1 )
11— k(eq - 2) 1 — 25(eq - 2) ( Ullrsina) 8:62 83:3 Ue )
1 1 oul ou}
T e T T (e T (—m cos ae, - x)axQ + k% sin a(eq - x)ax?))
N 1 1 < ou? 2U1>
1 —k(eq-2') 1 —2k(e, - 8331 O0xy
1 02U} 8U1
Tz K(eq - 2') ( 03 * 0o HCOSO&)
+ L ( oU: 8U1/~@ cosafeq - ') + OV _ a—Uel/i sin a)
1 —k(eq - ') Oxy O “ o} Oxs
1 out ou}
+1—/<c(ea-x’)< axgnsma—i-/i sin a(eq - x)8x3>’

[E]; = ! (6U3 cos v — : SSIHOK—i-IiUl—FIiaUl—/1(30820(6(]3)
T 11— 2k(eq - @) 2 0z} 01 0y

1 K ou?r ou?
+ 1 —2k(eqy - ') (2 sin 20‘073 + 8:162)
1 ouU3 ouU?
1_21%(604.I,)<—f<;s.1n ag - s + k% cos® afe, - x)8x2>
+ 1( — k?sinacosa(e, - 7’ )6—(]2 — k¥sinacosale, - T )8U63>
1 —2k(eq - ') “ Oxs “ Oy
3 1
+ W </<;2(e(l - 2') sin? agU; +kK 88[951 k*(U? cosa — U? sin )
0*U? 0*U?  0*U? 0*U?
+ 02 cosa — sin o 02 + 02 cos o — 022 sin o,
1 0?U? 0*U3 ouU? , OU?
[Els = 1 —2k(eq - ') ( ox? sin.a 0x? cosa+ kTl 0xs 8x3>
P S 1 ( , OU3 LB kOU3 (eu -1 )8U3>
1 —2k(eq - ) Ory 2 Oxs “ 0T
+ ! (—n sin? a(e x)8U2~|—/<a cos® a(e z)ﬁUg)
1 — 2k(eq - ') ¢ 0xs “ 0T
1 ou?3 0*U? . ouU?
+1_2/{(6 (—FL sin a cos (e, - x)ax3>+ o2 8x§
0*U? .
* 03 8303
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Appendix B. Differential Operators in Curvilinear Coordinates

B.6 Rotation Operator

The rotation operator in curvilinear coordinates is given reads:

((rot¥,) o ®%) x ¢ = (V&) ! (rotV, x (V&) lc), ceR?,

leading to
[ ou? B oU?
8332 (9%3
- =0 1 oul  oU? . ou?  oU!
(rot¥e) o & =B 1—n(ea-:c’)<coso‘(ax3 N 3x1> _Sma<8x1 ~ By
1(sma<aU3 - an) N cosa(anQ _ou!
L1 — k(eq - ) Ors  Ory ory  Oxy
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Appendix C

Correctors and Boundary Layer

Functions for the Curved-Pipe Flow

C.1 Regular Part of the Expansion

In the following, we write down the functions (depending on z; and t ) appearing in the
computations for the first and second—order correctors (see (4.22), (4.28), (4.30), (4.31),
(4.33), (4.35), (4.36), (4.38), (4.42) and (4.43)).

C.1.1 First—Order Corrector

The functions H'(z1,t) and H?(xy,t) in the problem (4.22) for the first component of the

velocity first-order corrector Vi! are given by:

4k of? a
Hl — (_F*_ 1 Y 3 3)
(r1,t) =cosa gl kf 8x1+Tf 25+ﬁg
of3 a
. 2 9]7 2
+s1na( Tf 8x1+25+ﬁg>’ .
H*(x t):SiHC((%F*+/€f1+af2—Tf3— ¢ g3> |
b ™ 0 (91:1 25+6
of3 a
B 2 2
COS&(Tf +83:1 +25+6‘q)'

The functions H?(x1,t) and H*(z1,t) in the problem (4.28) for the first component of the

microrotation first—order corrector W} are given by:

3K I6] 0g* g*

o t) = =59 (( 3_) _<2 ) )
(x1,1) 59 cos a + %5+ 3 T o cosa— | 7g +8x1 sina |,

3 dg> dg?
H*(z1,t) = ggl sin o — 25iﬁ(<7g2 + &i) cosa + <793 - ai) sinoz).
1 1

(C.2)
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Appendix C. Correctors and Boundary Layer Functions for the Curved-Pipe Flow

The functions H®(zy,t),..., H%(x1,t) in the problem (4.30) for the second and third

component of the microrotation first-order corrector (W7, W) are given by:

0K cos v ) Bk B dg'
H°(21,t) = ( 2 3 > 2_ 299
(x1,1) %1 5 g“cosa + g°sina +25+Bg 2% 500"
Sk si
HS(z,t) = — Hsma(g%osoc + ¢’sina) — —aF(;",
20+ T (©3)
o 4 :
H(x1,t) = 25:0_85 (93 cos @ — g*sin a) + ?GFJ,
Ok si dal
H®(x,t) = 2/28—1;;4 <92 sina — ¢ cosasina) - 2;_/:592 - 2%85:1

The functions H?(zy,t), ..., H'?(x1,t) in the expressions (4.31) for the second and third

component of the microrotation first-order corrector (W32, W) are given by:

BHS® — (46 + 3B8)H"

H9(x1,t) = 2[62_(45+36)2] )
10 _ BHT— (46 + B)HS
H™(x,t) = 2032 — (40 + 5)7 o
Hn(;c t)—iH6_45+55H7—(45+@)H6 .
BEE B 2[B2—(45+p)7
_ Ly W BBHY - (404 BHT
H" (4, 1) _ﬁHE’— 5 2P —(+p)7

C.1.2 Second—Order Corrector

The functions A'(z1,t),..., A*(z1,t) in the problem (4.33) for the first component of the

velocity second-order corrector V! are given as follows:

K sin a 2k 4K2 cos? a

2 d 3K CoS & K
Az, t) = — ——F; H' — H*> - Fr+ -~ H'+ —— —F}
(x1,1) di 0 + 8 Su — 1y —i—lucosa + - 0
2 8 8 2
— /{COSQCJ./(MFJ — f1> + KJ(COSZ ai —Sinacosozf2>
L T I 0xy
o3
+K(cosasinaf+0082af3> —a(—BH“—i—HlO),
It Oy It
A2(zy, 1) _RCOSQ ﬁsinaHl n KCOSQ ppy /ﬁsinaHl - 8/12cosasinaFg
Ap Ap Iz I m
2K si 8 df?
+ /fsmacosa(,qu —f-fl) + H(Qsinacosaf + (cos® o — sin® oz)f2>
1 ™ I 0x1
0 3
—K(<0082a—sin2a>f—2f3sinacosoz>+a(2H12—2H9),
It Oy It
A3 1) = — 2d "y RCOSQr 3/€sin&H2 B 27/£2F6k _ liSinC(Hz
mdt 8u 8 s !
A2 gin? 2¢in2q /8 o2
+Hﬂmcwg_ﬁﬂna(Pg_ﬂ>+ﬁ(fﬁﬁa_ﬁmm%aﬁ)
™ 1 T 1\ 0xy
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C.1. Regular Part of the Expansion

o 3
+H(fsinacosoz+f3sin2a> —a(—HH—I—?)HlO),
I

8331 2
2 d K COS (v K sin « 22 1
Al 8) =— S — H H? + = Fr + —p'(t
1 2(t) — p(¢
N $1<29<>p<>> _ G(Hn _ Hm). (C.5)
p ! X

The functions A%(xy,t), ..., A¥(x1,t) in the problem (4.35) for the second and third compo-
nent of the velocity second—order corrector and third-order pressure corrector (V2 V33, P3)

are given as follows:

_ag'prsina | 2u(k cosa + kT sina) Fy

a g3 3 g2 )
* 2(20 + B) <3$1 cosa+ g Tsina — TmSina + 79 cosoz),
Ay 1) = — W ourl® cmg;gosa
1
AT(a,8) = — 3agll/é/<a(ssinoz _ 2u(K' cosa + KTsina) saH + Cmsggagl
2 T
a dg® 5 dg? ,
* 2(26 + ) <ax1 cosa+gTsmo — aTclsina—l—w Cosoz)y
A8<x1’ ) :aglitg S(;noz 2u(k' cos a + kT sin o) Fy o
2 T
oq> 2
N 2(25a+ 3) <8i1 cos o + g7 sin v — (951 sin a + 7¢ cos Oé>>
A9<x1 0 :3a/<¢ cos agt B 2u(kT cos o — K’ sin o) Fy
’ 1640 T
0¢> 3
1
ag'k cos o
3aH? + 24— —
+ 3a + 25 ’
A1) = = LI g e 09T S0
1
ANt ) _ (KOs ag! B 2u(kT cosav — K’ sin o) Fy
a I ) g , ,
T 2(20+ B) (8951 cosa + g 7 sin o +- a—mlsina -9 Tsina> +aH?,
A (g1, 1) = — agtprcosa 2u(kT cosa — K sina)
’ 166 T
0g? 94
+ 2(25a+ 3) (aggcl cosa + g*Tsina + 8i1 sina — ¢g*7 sin oz) —aH?,
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A13 1) =— F*’
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1 9H? N akg' cos o N —2k' sin a + 2K7 cos
8y Oy 166 ™

A (2y,t) Fy. (C.6)

The functions M'(zy,t),..., M%(zy,t) and B®(zy,t),..., B?(x1,t) in the expressions
(4.36) for the second and third component of the velocity second-order corrector and

third—order pressure corrector (Vi2, V3, P3) are given by:

1 1 1
Ml — A13 *AE’ o 7A7 7A10
('rlat) H + 12 + 24 )

3
144 4 8 8
M2 t:7A14 7A6—7A9 71411
(21, t) = 174+ 107 Tt
1 3
Mg(xl,t) — IuAli’) + 7147 . 7A10’
M*(zy,t) = o6 pAM — Sy 2y 17 4 |
b 105 21 21 1057 7
4 1 5
M5 )= —= A13 7A7_A8_7A10
(‘rh ) 3:“’ + 6 24 )
998 191 79 5491
MG t) = — A14 . A6 AQ All A12
(w1, 8) = =735 A" — g i T aen” A
and
21 1 7 1 1 1
B(xy,t) = —— M+ — M+ — A" — — A", B%wx,t) = ——M*"+ —A°
961 964 96 96 61 12p
1
B (x,t) = S - T g + LAZ
964 961 96 964
9 3 3 3 1 1
Bs(xl,t) = M'— M3 AP — AT — — MO — A8,
9614 964 96 9614 4 4
9 3 2 7 4 (Y I 10 | L o
B'(x1,t) = —M* — —M"+ —A"— —A", B (r,t) = ——M"+ —A",
961 961 961 964 61 12u
11 21 1 4 [RT! I
B (x,t) = ——M*"+ —M" "+ —A" — —A°,
9614 964 96 96
1 1
B”(xl,t) = — ) M? — 3 M* + i149 + iA” — — M+ — A2
961 964 96 9611 4 um
(C.8)

The functions C'(xy,t),...,C*(zy,t) in the problem (4.38) for the first component of the

microrotation second-order corrector Wy are given as follows:

1 9¢g8 1 0%¢" 3rcosa
ct t)=——— — — H3
) ==Tmor " mar T s

L (8g2 cosa + T¢*sin o + 09’ si 3 cos )
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. a 3 a 2 .
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1
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1 0
T2+ ) on (KJ cos a(g® cos a + g° sin a))
1 0 : 3 2
- 2(25-1-5)3961( — ksina(g° cosa — g 81na)>
K? gt 8 g s

T T 02 T %25+ )
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6 dr, 6 Oy 8ud? 202
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(C.9)

+ Kk sin a(g® cosa — g° sin a)')

The functions C°(zy,t),...,C"(z,t) in the problem (4.42) for the second and third

component of the microrotation second—order corrector (W3, W3) read:

1 dg? g3 o 0% g* dg?
C?(x1,t) = 26+5<gcosa+agtsma> - 2(25+ﬁ)<8a392 cosoz—l—angsma
+ Tg +7—|sina—T71°g°cosa + —5- sma——Tcosa
0z, ox? Oy
9d®
— (Tg —i—T@g )COSO&—T2g381HOé> + 30k cosaH? — dksin a H
Zq
2062 5 5 1 dg* 20k,
: 10 (5,99
+26+6COS a(g”cosa + g sin ar) 4(( H@xl + K¢t — 254‘59 Cos
25/4}23, ) + 1 . > 2 (5/{2(2 +3' )
— g sina ) cosa + KTg sina | — cos” « g-cosa+ g°sina
204+ 3 20+ 3
33 0H?
_sﬁa + 3Bk cos aH? — 3Bk sinaH'
K Oxy
kK | Klcosa , 5 .
Bcosoz(45 +2(25+6>(g cos o + ¢° sin a)
K2 sin .
—72(25_'_6)(93511104—9200804)
1 0g* 1
2&(45(%1 m(cosaw(g%osa+g3sina)
— sin Ozé(g:3 cos o — g2 sina)))) — @sm ag'
2(29 + B) 40
5"4 Bkt 2 3 o
55 cosag' — 55 sin agt — K% cos a25+5(g cosa + g°sin «)
1 0g* 1 9 3 .
—6/4:(:0804(5&61 <2§+ﬁcosa(g cosa + ¢° sin )
1 . 2 a rr2 a 2 3
— - —H
+26+551no¢(g cosa — g sma))) 3 +25+ﬁ<g cosa + g°sin ),
20k2 OH*
CO(t,x1) =20k cosaH™ — 20k sin aHY — 2(S_T_&Bsinomosa(fcosoz—|—g?’sino¢) — fu o
/
+ 28k cos aH'"® — 28k sin aH'? + sin aﬂ;(j 52/?

154



C.1. Regular Part of the Expansion

(g% cos a + ¢g*sin )

1
2 .
K sin a cos «
+0 26+ 3
+ Br?sin a cos a(g® cos a — g*sin a)
g!
— Bk cos == + 2Bk? sin v cos a

1
5 O, 2+

— 2BK*sin’® a

(g% cos a + g*sin )

1 4
25%_6(93(30504 — ¢’sina) — ZLHl — %COSO&FO*,
1 (892 N og® . > ) (8292 N dg® .
= cosa+ ——sina | — cosa + ——rsina
26 + 3 2(20 + f3)

7 PR
¢, t) ot ot 022 o

82 3 agS
sin o — =——7 COS «

8x% 8131

r 2 9g*\ . 2 2
+ |79 +T@7 sinx — 7°g° cos o +
1

a 3
— <7'/93 + Tag> cos o — 72g3 sin a> + 6k cosaH® — 38k sin a H'
T

20K> 1 !
+ 55 _t 5 sin® a(g® cosa + g sina) — 4((2;@9 + K¢t

20K

2 3 : 1 .-
—_ COSO["’ SN &« COSO&"‘/‘Q S1n &«
2%+ 5 g )) 9 )

OH3
(g% cosa + g*sina) — E%ﬁu(?:cl + Bk cos aH®

+ Kk?sin® «

26 + 3
— BrsinaH! —ﬁcosa(

I€2 COS &

Koy, Keosa
157 T 2201 B)
k*sina , 5 . 1 9g' 1
_m(g cosa — g sma)+2m<458xl—/i<cosa2(25+6)

1
(g% cos a + ¢g° sin @) — sin am(g3 cos o — g2 sin a)))) — sin ail?—gl

(g cosa + g°sin )

3 4
26+6(g3cosoz—g2sinoz) - SZHZ—FZKSinaFg

— Br%sin® a

(g% cos a + ¢*sin @),

(¢° cosa — g*sin ) +

p— 1 2 a/
2[k sin a25+5 %5+

1 dg* og® . ) 0?g? dg* .
8 - _ - —_ .
C®(z1,t) = 25+5< o cosa + o sma> +2(25—|—5)<8$% COS(X—I—axlTSIDOz

a ) 82 3 a 3
+ (T/g2 + Tg> sina — 7%g” cos ar + —%sina ~ T reosa
8131 axl 1

a 3
— <T/93 + Tag) cos o — 7293 sin a> — Sk cosaH? + Ok sin a H'™
T
1 dg' 20K
+ 1 ((Qf-cail + K¢t — 55 _I:ﬁ(g2 cos a + ¢° sin a)) cosa + KTg' sina)
B OH?

@ dzy

— BrcosaH® + Brsin aHM

+Bcosa</€, Ly /i2cosa¥
157 2(26 + f)

2 i 1
— K sino
2

(20 + 1)

(g% cos a + ¢g*sin a)

(g? cosa + g*sin a)

155



Appendix C. Correctors and Boundary Layer Functions for the Curved-Pipe Flow
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The functions D?(zy,t),..., D*(xy,t) in the expressions (4.43) for the second and third

component of the microrotation second-order corrector (W3, W3) are given as follows:

1252 38010
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e 1232 = ;
—146 — 126 + 570 126 + 63
35010 1942 1257 -
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(C.12)
where
123 1232
D! tz(—% >(25 2 _)
12B2 1252
— 146 — 12 )(—145—2 )
+< 7 25468 P+ 125+ 65

C.2 Boundary Layers

In the following, we write down the exponentially decreasing functions »,1I,© and A
appearing in the equations for the velocity, pressure and microrotation first and second
order boundary layers correctors in Section 4.3.2 (see (4.49), (4.52), (4.55) and (4.56)).

C.2.1 Boundary Layers for Velocity and Pressure
The function =(xy,t,J, K, j) appearing in the equation (4.49) is given as

1 2 3 1
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——cosa— —sina |, —kcosa—— + kKSino—— + 2K COS v ——
(ayl Oy ) 0y 0ys o
oo 0.J3 (’9J1>
KSinoe—— — Kcosa—— — 2K Sin oo——
Oys Y oy
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( ( ,)ﬁ 0 0>+ <8K3 OK* 0K' OK’® 8K2_8K1>
e gy oy, ~ 0ys Oys Oy oy o)
(C.13)

where J = (J',J% J3), K = (K, K?, K?) are vector functions, j is a scalar function,
xy € [0,] and t € [0,T].

The function I1(z4,t,Jo, J1, Ko, K1, jo, j1) from the equation (4.52) reads:

1 aJZ 8J3 ajl aJQ
[(21,t,Jo, J1, Ko, Ky, jo, j1) = — (8J0 0 0) —I—M(KJCOS&(l — 1>
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where Jo = (J3,J2, J3), Iy = (JE,J3, J3) Ko = (K}, K2, KD, Ky = (K|, K2 K}) are

vector functions, jg,j; are scalar functions, x; € [0,[] and ¢ € [0, 7).

C.2.2 Boundary Layers for Microrotation

The function O(z4,t,J, K) in the equation (4.55) takes the following form:

oK' OK? . OK? OK!
) —i—nsma(

@(xl,t,J,K):(S(/icosa< > + k(e -y )AK!

2 B o o a Y3
<8K2 0K? . > 8K2+ . OK?
— K cos o — sina |, —k cos a K Sin a
oy oy ys Oys
0K . O0K3 0K3
+ 2K Ccos « , ksin o — K COS &
Y1 ys Yo
o i 1>+5< 8K2+ . OK?
— 2Kksina — K COS & K sin o ,
oy oy o
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8y2 3y2 Y1
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ys Y3 Oy
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dys  Oys Oys  Oyr Oyr Oy /)’
(C.15)

where J = (J', J2, J3), ,K = (K, K? K?3) are vector functions, z; € [0,] and ¢ € [0,T].

The function A(xy,t,Jo, J1, Ko, Ki) from the equation (4.56) reads:
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where Jo = (J3,J2, J3), J1 = (J3,JE, J3) Ko = (K}, KE, KJ), Ki = (K|, K?, K3}) are
vector functions, z; € [0,!] and t € [0, 7.

161



Appendix C. Correctors and Boundary Layer Functions for the Curved-Pipe Flow

162



Bibliography

1]

[10]

A. Adams and J. F. Fournier. Sobolev Spaces. Pure and Applied Mathematics 140,
Academic Press, 1992.

I. Aganovi¢. An Introduction to Boundary Value Problems in Continuum Mechanics.
Element, Zagreb, 2003.

T. Ameel, A. B. Frazier, I. Papautsky, and J. Brazzle. Laminar fluid behaviour in
microchannels using micropolar fluid theory. Sens. Actuators A Phys. 73 (1999),
101-108.

M. Benes and P. Kucera. Solutions to the Navier—Stokes equations with mized
boundary conditions in two—dimensional bounded domains. Math. Nachr. 289 (2016),
194-212.

M. Benes, I. Pazanin, and M. Radulovi¢. Fxistence and uniqueness of the generalized
Poiseuille soluton for nonstationary micropolar flow in an infinite cylinder. Electron.
J. Differ. Eq. 148 (2018), issn:1072-6691, 1-26.

M. Benes, I. Pazanin, and M. Radulovi¢. Rigorous derivation of the asymptotic model
describing a nonsteady micropolar fluid flow through a thin pipe. Comput. Math.
Appl. 76 (9) (2018), 2035-2060.

J. L. Boldrini, M. Duran, and M. A. Rojas-Medar. Fuxistence and uniqueness of
strong solution for the incompressible micropolar fluid equations in domains of R3.
Ann. Univ. Ferrara 56 (2010), 37-51.

G. Castineira, E. Marusi¢-Paloka, I. Pazanin, and J. M. Rodriguez. Rigorous

justification of the asymptotic model describing a curved-pipe flow in a time-dependent
domain. 7. Angew. Math. Mech. 99 (1) (2018), 1-39.

G. Castineira and J. M. Rodriguez. Asymptotic Analysis of a Viscous Flow in a
Curved Pipe with Elastic Walls. Trends in Differential Equations and Applications
(2016), doi:10.1007/978-3-319-32013-75, 73-87.

D. Dupuy, G. Panasenko, and R. Stavre. Asymptotic methods for micropolar fluids
in a tube structure. Math. Models Methods Appl. Sci. 14 (2004), 735-758.

163



Appendix C. Bibliography

[11]

[12]
[13]

[14]

[15]

[20]

[21]

[22]

[23]

[26]

164

D. Dupuy, G. Panasenko, and R. Stavre. Asymptotic Solution for a Micropolar Flow
in a Curvilinear Channel. Z. Angew. Math. Mech. 88 (2008), 793-807.

A. C. Eringen. Theory of Micropolar Fluids. J. Appl. Math. Mech. 16 (1966), 1-18.
L. Evans. Partial Differential FEquations. AMS, Providence, 1998.

G. P. Galdi. An Introduction to the Mathematical Theory of the Navier-Stokes
equations, vol. I. Springer, Berlin, 1994.

M. Germano. On the effect of torsion on a helical pipe flow. J. Fluid Mech. 125
(1982), 1-8.

M. Germano. The Dean equations extended to a helical pipe flow. J. Fluid Mech.
203 (1989), 289-305.

A. Kufner, O. John, and S. Fu¢ik. Function Spaces. Academia, 1977.

O. A. Ladyzhenskaya. The Boundary Value Problems of Mathematical Physics.
Springer-Verlag, New York, 1985.

T. Levi-Civita. The Absolute Differential Calculus. Blackie and Son, London and
Glasgow, 1927.

J. L. Lions and E. Magenes. Non-Homogeneous Boundary Value Problems and

Applications. Springer—Verlag, Berlin, I and II edition, 1972.

G. Lukaszewicz. Long time behaviour of 2D micropolar fluid flows. Math. Comput.
Model. 34 (2001), 487-509.

G. Lukaszewicz. Micropolar fluids: Theory and Applications. Birkhauser, Boston,
2nd edition, 1999.

K.P. Madasu and M. K. Gurdatta. Steady Rotation of Micropolar Fluid Sphere in
Concetric Spherical Container. Procedia Eng. 127 (2015), 469-475.

E. Marusi¢-Paloka. The Effects of Flexion and Torsion on a Fluid Flow Through a
Curved Pipe. Appl. Math. Optim. 44 (2001), 245-272.

G. Panasenko and K. Pileckas. Asymptotic analysis of the non—steady Navier—Stokes
equations in a tube structure. I. The case without boundary layer-in-time. Nonlinear

Anal-Theor 122 (2015), 125-168.

G. Panasenko and K. Pileckas. Asymptotic analysis of the non—steady Navier—Stokes
equations in a tube structure. II . General case. Nonlinear Anal-Theor 125 (2015),
582-607.



[27] G. Panasenko and K. Pileckas. Asymptotic analysis of the nonsteady viscous flow
with a given flow rate in a thin pipe. Appl. Anal. 91 (2012), 559-574.

[28] 1. Pazanin. Asymptotic Behaviour of Micropolar Fluid Flow Through a Curved Pipe.
Acta Appl. Math. 116 (2011), 1-25.

[29] 1. Pazanin. Effective flow of Micropolar Fluid through a Thin or Long Pipe. Math.
Probl. Eng. 2011 (2011), doi:10.1155/2011/127070, 1-18.

[30] I. Pazanin and M. Radulovié¢. Asymptotic analysis of the nonsteady micropolar fluid
flow through a curved pipe. Appl. Anal. (2018), doi:10.1080,/00036811.2018.1553036,
1-48.

[31] I. Pazanin and M. Radulovi¢.  Asymptotic approzimation of the nonsteady mi-
cropolar fluid flow through a circular pipe. ~ Math. Probl. Eng. 2018 (2018),
doi:10.1155/2018/6759876, 1-16.

[32] K. Pileckas. FEuwistence of Solutions with the Prescribed Flux of the Navier-Stokes
System in an Infinite Cylinder. J. Math. Fluid Mech. 8 (2006), 542-563.

[33] K. Pileckas. Navier-Stokes system in domains with cylindrical outlets to infinity.
Leray’s problem. Handbook of Mathematical Fluid Dynamics 4 (2007), 445-667.

[34] K. Pileckas. On the behavior of a nonstationary Poiseuille solution ast — oco. Sib.
Math. J. 46 (2005), 707-716.

[35] K. Pileckas and V. Keblikas. FEzistence of a nonstationary Poiseuille solution. Sib.
Math. J. 46 (2005), 514-526.

[36] T. Roubicek. Nonlinear Partial Differential Equations with Applications. Birkhauser,
2005.

[37] V. A. Sava. The Initial-Boundary-Value Problems in the Theory of Micropolar Fluids.
Z. Angew. Math. Mech. 56 (1978), 511-518.

[38] F. V. Silva. Leray’s problem for a viscous incompressible micropolar fluid. J. Math.

Anal. Appl. 306 (2005), 692-713.

[39] P. Szopa. On existence and regularity of solutions for 2-D micropolar fluid equations

with periodic boundary conditions. Math. Method Appl. Sci. 30 (2007), 331-346.

[40] R. Temam. Navier-Stokes Equations: Theory and Numerical Analysis. North-Holland
Publishing edition, Company, Amsterdam, New York, Oxford. Revis, 1979.

165



Appendix C. Bibliography

166



Curriculum Vitae

Marko Radulovi¢ was born on 14th of July 1990 in Zagreb, Croatia. He received his
primary and secondary education in Zagreb. In 2014, he graduated at the Department of
Mathematics, Faculty of Science, University of Zagreb, with the thesis title Mathematical
formulations of the uncertainty principle, under the supervision of prof. Vjekoslav Kovac.

He worked as a teacher of mathematics from 2014 to 2015 at the Second gymnasium in
Zagreb. In 2015, he enrolled in the doctoral program in mathematics at the Department
of Mathematics under the supervision of prof. Igor Pazanin and became a member of the
Seminar for differential equations and numerical analysis. In 2016, he started working as
a research and teaching assistant at the Department of Mathematics, Faculty of Science,
University of Zagreb, within the project Mathematical modeling and numerical simulations
of processes in thin or porous domains (PI: prof. Eduard Marusi¢—Paloka) financed by
the Croatian Science Foundation (3955, 2014-2018). He is currently a member of the
project Asymptotic analysis of boundary value problems in continuum mechanics (PI: prof.
Eduard Marusi¢-Paloka) financed by the Croatian Science Foundation (2735, 2018-2022).

He was a teaching assistant for several courses including Applied mathematical analysis,
Ordinary differential equations, Fundamentals of mathematical analysis and Fundamentals
of algorithms.

He attended a number of conferences and workshops, where he gave three talks and one
poster presentation. He had two short scientific visits during which he gave one seminar

talk. He co—authored nine papers, six of which are published:

1. E. Marusi¢-Paloka, I. Pazanin, and M. Radulovi¢. Flow of a micropolar fluid
through a channel with small boundary perturbation. Z. Naturforsch. A 71 (7)
(2016), 607-619.

2. U. S. Mahabaleshwar, I. Pazanin, M. Radulovi¢, and F. J. Suarez—Grau. Effects
of small boundary perturbation on the MHD duct flow. Theor. Appl. Mech. 44 (1)
(2017), 83-101.

3. L. Pazanin and M. Radulovi¢. Asymptotic approzimation of the nonsteady micropolar
fluid flow through a circular pipe. Math. Probl. Eng. 2018 (2018),
doi:10.1155/2018 /6759876, 1-16.

167



Appendix C. Curriculum Vitae

4. M. Benes, I. Pazanin, and M. Radulovi¢. FEzistence and uniqueness of the gene-
ralized Poiseuille solution for nonstationary micropolar flow in an infinite cylinder.
Electron. J. Differ. Eq. 148 (2018), issn:1072-6691, 1-26.

5. M. Benes, I. Pazanin, and M. Radulovi¢. Rigorous derivation of the asymptotic
model describing a nonsteady micropolar fluid flow through a thin pipe. Comput.
Math. Appl. 76 (9) (2018), 2035-2060.

6. 1. Pazanin and M. Radulovi¢. Asymptotic anaylsis of the nonsteady micropolar fluid
flow through a curved pipe. Appl. Anal. (2018), doi:10.1080/00036811.2018.1553036,

1-48.

168



	Introduction
	Function Spaces
	Micropolar Fluid Model
	Kinematics
	Material and Spatial Coordinates
	Transport Theorem
	Continuity Equation

	Dynamics
	Principle of Conservation of Linear Momentum
	Conservation of Angular Momentum
	Energy Equation

	Micropolar fluids
	Isotropic Polar Fluids
	Constitutive Equations for Micropolar Fluids
	Micropolar Field Equations


	Existence and Uniqueness of the Generalized Nonsteady Micropolar Poiseuille Solution
	Micropolar Equations
	Solvability of Problem (2.8)
	Solvability of Problem (2.9)–(2.10)
	Discrete Approximations on "426830A 0, T "526930B 
	Apriori Estimates
	Temporal Interpolants and Uniform Estimates
	Passage to the Limit
	Solvability of Problem (2.9)–(2.10) on "426830A 0,"526930B 

	Existence and Uniqueness Result for the Coupled Problem (2.8)–(2.10)
	Solvability of Parabolic Systems in Hilbert Spaces

	Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Undeformed Pipe
	Setting of the Problem
	Micropolar Heat Problem (MHP)
	Regular Part of the Asymptotic Expansion
	Boundary Layer in Time

	Micropolar Inverse Problem (MIP)
	Regular Part of the Asymptotic Expansion
	Boundary Layer in Time

	Rigorous Justification of the Model

	Asymptotic Analysis of the Nonsteady Micropolar Fluid Flow in a Thin Curved Pipe
	Setting of the Problem
	Description of the Domain
	Micropolar Equations

	Curvilinear Coordinates
	Geometric Tools
	Christoffel Symbols
	Asymptotic Behaviour
	Differential Operators
	Equations in the Reference Domain

	Asymptotic Expansion
	Regular Part
	Boundary Layer
	Divergence Correction

	Rigorous Justification of the Model
	Apriori Estimates
	Error Estimates


	Asymptotic Approximation for the Straight Circular Pipe
	Setting of the Problem
	Micropolar Heat Problem
	Zero–Order Approximation
	First–Order Corrector
	Second–Order Corrector

	Micropolar Inverse Problem
	Zero–Order Approximation
	First–Order Corrector
	Second–Order Corrector

	Asymptotic Approximation
	Numerical Example
	Second–Order Corrector
	Asymptotic Approximation


	Differential Operators in Curvilinear Coordinates
	Time Derivative Operator
	Gradient Operator
	Divergence Operator
	Gradient Divergence Operator
	Laplace Operator
	Rotation Operator

	Correctors and Boundary Layer Functions for the Curved-Pipe Flow
	Regular Part of the Expansion
	First–Order Corrector
	Second–Order Corrector

	Boundary Layers
	Boundary Layers for Velocity and Pressure
	Boundary Layers for Microrotation


	Bibliography
	Curriculum Vitae

