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We study the fluctuation properties of 0F levels in rotational nuclei using the framework of SU(3)
dynamical symmetry of the interacting boson model. Computations of Poincaré sections for SU(3)
dynamical symmetry and its breaking confirm the expected relation between dynamical symmetry and
classical chaos. On the other hand, the quantal energy level statistics in the realistic case of rotational
nuclei is close to Gaussian-orthogonal-ensemble statistics, contrary to expectations. The conjectured re-

lation between energy fluctuations and chaos is approached asymptotically.

Several predictions for

chaotic behavior of normally deformed and superdeformed rotational nuclei are given.

PACS numbers: 05.45.+b, 02.20.+b, 03.65.—w, 21.60.Fw

Several recent papers have treated the intriguing prob-
lem of the connection between dynamical symmetry and
quantum chaos [1,2], using coherent states based on a
fixed chain of irreducible representations of a Lie group
to define a dynamical symmetry through Casimir opera-
tors. In that approach, the existence of dynamical sym-
metry was taken to specify the absence of chaos. Con-
versely, the breaking of a dynamical symmetry was taken
to be associated with chaos. These conclusions were illus-
trated [1] with some examples with the SU(3) dynamical
group, such as the Elliott SU(3) mode! [3] for light nu-
clei and the quark model [4] in particle physics. Alhassid
et al. have investigated [2] the chaotic properties of the
interacting boson model [5] (IBM), which is character-
ized by the U(6) group structure. They have concluded
[2] that near the SU(3) and O(6) dynamical symmetries
of the IBM the fluctuation behavior of the states with an-
gular momentum L = 2 is close to the Poisson statistics,
changing gradually to the Gaussian-orthogonal-ensemble
[6] (GOE) statistics as the interaction strength moves
away from these dynamical symmetries. This was found
to be consistent with the study [2] of the underlying clas-
sical motion using Monte Carlo calculations applied to
boson condensates.

Here we investigate the collective states of zero angular
momentum and positive parity (J*=07) in rotational nu-
clei, described in the framework of the interacting boson
model [5] of Tachello and Arima, and we find some new
chaotic features. In the IBM one considers a system of V

|

bosons that occupy an s (J=0) level and a fivefold de-
generate d, (J=2) level, interacting through a Hamil-
tonian that can be expressed in terms of 36 generators
s's, dls, s'd,, and d,d, of U(6). This model is of partic-
ular interest for the studies of regular and chaotic motion
since it corresponds to a real physical system, provides a
framework for algebraic description of states with three
dynamical symmetries, has a microscopic basis, and suc-
cessfully describes the low-lying nuclear phenomenology
accounting for collectivity. In particular the SU(3)
dynamical symmetry [5] of the IBM corresponds to rota-
tional nuclei. The corresponding Hamiltonian can be
presented in the form [7]

2K K
HSUG) = ’VL 21 Q(Z)'Qm“{»\’ ! IJ(H,J(]) (1)
yp Ng —

with the SU(3) quadrupole operator Q,\>) =d}s+s'd,
+ +/7(d7d) P and the angular momentum operator
J‘f')=\/E(d+c?)w Here, x; and «, are the interaction
strengths, Ng is the total number of bosons, and the =+
signs correspond to a prolate (oblate) shape.

The classical limit of the IBM Hamiltonian was con-
structed [7,8]. in accordance with the general procedure
[9], as an expectation value of the Hamiltonian, with the
group realization for the coherent state. We limit our in-
vestigation to zero angular momentum and positive parity
(J*=0%), in analogy to the limitation to L =0 in the
study of the hydrogen atom in a uniform magnetic field
[10]. The classical Hamiltonian corresponding to the
quantal Hamiltonian (1) for J7=07% is [7]

HEYD =iy (= PY/AB*+ P (SB2— P§)/2B% — 4> +287(B2+ P3) — (B> + P§) /4

+ 201 = P2/28%>— B2+ P3)/21 VP2 /B— B(B*+ Pi ) Icos3y+ EPP,sin3 )

with £=2. A simple way to break the SU(3) dynamical
symmetry is to take £#2.

The classical Hamiltonian (2) depends on two coordi-
nates (shape parameters) 8 and y and their conjugate
momenta Pg and P,, respectively. The advantage of con-
sidering the classical Hamiltonian (2) is that the corre-
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(2)

sponding Poincaré sections are of dimension two and can
be used to illustrate the onset of classical chaos. We
compute the (B,Ps) Poincaré surfaces of section defined
by y=0, P,=0. Contrary to this case, in the study [2]
by Alhassid er al. in a twelve-dimensional space, the

© 1992 The American Physical Society



VOLUME 69, NUMBER 15

PHYSICAL REVIEW LETTERS

12 OCTOBER 1992

Poincaré sections have higher dimension and cannot be
shown in any simple graphical way. Therefore, Alhassid
et al. used [2] Monte Carlo techniques to calculate the
fraction of chaotic volume, characterizing chaotic trajec-
tories by a positive maximal Lyapunov exponent.

Let us first investigate the case when the SU(3)
dynamical symmetry is broken (£%2). Characteristic re-
sults are presented in Figs. 1(a)-1(d) for £ =8, showing a
gradual change from regular behavior at low energies to
chaotic at high energies. Such a gradual transition from
regular to chaotic motion with increasing energy is a gen-
eral feature, characteristic for the low-dimensional non-
integrable Hamiltonian systems like for example, the
hydrogen atom in a uniform magnetic field [10], the
Henon-Heiles system [11], and the planar motion [12] of
a particle in an idealized nuclear potential.

On the other hand, in the case of SU(3) dynamical
symmetry (£=2), the Poincaré surfaces of section are
regular at all energies [Figs. 1(e) and 1(f)]. These re-
sults are in accordance with the symmetry paradigm [1]
and with the calculations [2] using the Monte Carlo tech-
nique.

Does the above regular classical behavior in the limit of
SU(3) dynamical symmetry show up on the quantal
properties of the model for J*=0" states? To answer
that we have studied the corresponding quantal system
(1) using two standard measures [13] of chaos: the
nearest-neighbor level-spacing distribution P(S) and the
Dyson-Mehta statistics A3(L). The energy level statistics
are expected [13] to be the Poisson statistics or the GOE
statistics when the corresponding classical system is regu-
lar or chaotic, respectively. This conjecture [13] on the
relation between the quantal energy level statistics and
the regularity or chaos of the corresponding classical dy-
namics was confirmed in a number of studies of low-
dimensional systems [10,13-16], although some excep-
tions have been found [17]. There are also semiclassical
arguments [18] that support this conjecture.

In the SU(3) scheme the IBM states are labeled [5]
IN,(A,u),K,J,M), where N is the total number of bosons,
J the total angular momentum, and M the z projection of
the angular momentum J. The labels A,u specify the
SU(3)-irreducible representation; the allowed values of
(A,u) are [5] given by 0 <A =2N —2u —6,,, with m an

1.05 1.10 1.18 1.20 1.25
beta

0.8 0.9 1.0 1.1 1.2 1.3
beta

FIG. 1. (B,Ps) Poincaré surfaces of section for (a) £=8, E/x;=—23.90, (b) £=8, E/k2=—3.70, (c) £=8, E/xy=—3.50, (d)
E=8, E/ky=—12.50, (e) £=2, E/xka=—3.70, and (f) £=2, E/x;=—2.50. Panels (e) and (f) correspond to the SU(3) dynamical

symmetry and panels (a)-(d) to broken dynamical symmetry.
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integer = 0, u an even interger = 0. K is an extra label
one needs to distinguish between different states with the
same spin that can occur in a single SU(3) representa-
tion; it is closely related [5] to the K quantum number in
the geometrical description where it measures the projec-
tion of angular momentum J along the symmetry axis.
Within each (A,u) representation there is only one J =0
state; thus, the K quantum number is not needed for J =0
states.

In Figs. 2(a) and 2(b) we present the calculated
nearest-neighbor spacing (NNS) distribution and the
Dyson-Mehta Aj statistics for a realistic case: The in-
teraction strengths in the Hamiltonian (1) correspond to
the '"®*Er nucleus (x;=—0.1978, k»=0.0452) and the
boson number Ng =20 is the same as used in Ref. [2].
Our calculation shows that the energy level statistics for
the J*=071 states with Ng =20 are close to GOE statis-
tics. The calculated value of the Brody parameter for the
NNS distribution is @ =0.80 (w=1 for GOE and =0
for Poisson). This result for the energy level statistics of
07 states appears in contrast to the conjecture on the re-
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FIG. 2. Statistical fluctuations of the J*=0% energy spec-
trum for the quantal IBM Hamiltonian (1). Shown are the
nearest-neighbor level-spacing distributions [histograms in
panels (a), (c), and (e)] and the Dyson-Mehta Aj statistics
[panels (b), (d), (f), and (g)]. The solid lines are the GOE lim-
it and the dashed lines are the Poisson limit. The boson number
is (a),(b) Ng=20, (c),(d),(g) Ng=70, and (e),(f) Ng=200.
Panel (g) displays A; statistics for each of the three subsets of
levels in the case Ng=70: for the 144 levels with lowest ener-
gies (dots), for the next 144 levels (open circles), and for the
144 levels with highest energies (crosses).

5 L

2186

lation between the quantal energy level statistics and the
underlying classical dynamics, because the corresponding
classical system (2) is regular. Furthermore, our results
for the energy level statistics of 0 states, which are close
to GOE predictions, appear in sharp contrast to the previ-
ous results obtained by Alhassid et al. [2] for the J*=2",
4%, 6%, and 87 states. For these states the results were
close to Poissonian, with the Brody parameter w =0.03.

What causes a pronounced difference between the re-
sults for J*=0% and J*= 27 states? This is an effect of
the previously mentioned additional quantum number K.
For the J*=0" states the K quantum number has only
one value, K =0, and it does not influence the calculation
of fluctuation measures. On the other hand, for J*>2*
there are several possible values of K. Therefore, each set
of all states of a given spin J and positive parity is a com-
bination of several subsets of levels which differ in the
value of the K quantum number. For example, the

=27 levels consist of two superposing sequences of lev-
els, with (J*=2% K =0) and (J*=2% K =2). For each
of these two sequences, taken separately [19], the energy
level statistics are close to GOE, while for their superpo-
sition, i.e., for the set of all 2% levels, they are shifted to-
wards Poissonian. Similarly, Alhassid et al. have ob-
tained near the SU(3) limit of the IBM the near-
Poissonian energy level statistics for the J*=87%
states because their calculation was performed for the
superposition of sequences (J*™=8% K=0), (J"=8% K
=2),...,(J7=8% K =8). Thus the Poisson statistics
found by Alhassid er al. is not a signature of chaos; in-
stead, it is a consequence of superposing several se-
quences of levels, each having a single value of the addi-
tional quantum number K. We note that the problem of
energy level statistics for combined sequences of levels
with different values of an additional quantum number
has been investigated in the case of the isospin quantum
number [20,21].

Thus, it is seen that the J*=07 states are particularly
suitable for investigations of chaotic behavior. We note
that the available experimental data on 07 states, al-
though scarce, give some support [22] for the GOE-type
of statistics.

As shown above, the 0% states in a realistic nuclear
case present a counterexample to the symmetry paradigm
[1,2] for the relation between energy level statistics and
dynamical symmetry, and to the conjecture [13] on the
relation between the energy level statistics and classical
dynamics. However, the IBM framework provides an op-
portunity to study what happens with the energy level
statistics of the model when the boson number Ng in-
creases above the value which corresponds to the realistic
case of rotational nuclei. Namely, the boson number Np
plays the role of a control parameter for the semiclassical
approximation, with Ng— oo corresponding to the classi-
cal limit [5,7]. This can be viewed in analogy to the
three-level schematic shell model, investigated by Mere-
dith, Koonin, and Zirnbauer [14] and Leboeuf and Sara-
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ceno [23], in which case the total number of fermions
plays the role of A ™' in conventional quantum mechan-
ics. The behavior of fluctuation measures with an in-
crease of the boson number Ng beyond the value ap-
propriate for rotational nuclei is illustrated in Figs. 2(c)
and 2(d) for Ng=70 and in Figs. 2(e) and 2(f) for
Ng=200. We see that the increase of Np in the direction
of the classical limit is accompanied by a change of the
energy level statistics away from GOE in the direction of
Poisson statistics. Only in the asymptotic limit of large
Ng, far above the physical range of Ng for rotational nu-
clei (where Ng <20), are the energy level statistics close
to Poissonian.

There are three interesting predictions coming from the
present IBM investigations, which should be tested in fur-
ther studies: (i) The energy level statistics of 0" states in
rotational nuclei should be close to GOE, although the
underlying classical motion is regular. (ii) For superde-
formed nuclei described [24] by the IBM (where Np
might be as large as Ng == 50), the energy level statistics
should be shifted away from GOE towards Poissonian, in
comparison to normally deformed nuclei (where Ng
<20). (ii) In the cases with sufficiently large values of
Npg the energy level statistics should gradually change
from the one which is closer to Poissonian at low energies
toward GOE at higher energies.

Concluding, we have investigated the Poincaré sections
for the 0% states described by the classical Hamiltonian
(2) which corresponds to SU(3) dynamical symmetry of
the interacting boson model for rotational nuclei. In ac-
cordance with the symmetry paradigm, the dynamical
symmetry is associated with classical regularity and the
breaking of dynamical symmetry with the onset of classi-
cal chaos. On the other hand, contrary to the conjecture
on the relation between quantum fluctuations and classi-
cal dynamics, we find that the quantal energy level statis-
tics of O states in the realistic case are near GOE, al-
though the underlying classical motion is regular. With
an increase of the value of the total boson number Ng
above the realistic values, however, the quantal energy
level statistics approach the Poisson statistics. Thus, the
above-mentioned conjecture is satisfied in the asymptotic
limit, which, however, lies outside of the realistic parame-
ter range. Thus, the chaotic behavior of the interacting
boson model is richer in phenomena than was previously
thought, offering some interesting predictions for future
studies.

We thank D. Paar for computational assistance and F.
M. Izrailev for a very useful discussion.

(11 W. M. Zhang, C. C. Martens, D. H. Feng, and J. M.
Yuan, Phys. Rev. Lett. 61, 2167 (1988); W. M. Zhang,
D. H. Feng, J. M. Yuan, and S. J. Wang, Phys. Rev. A
40, 438 (1989).

[2] Y. Alhassid, A. Novoselsky, and N. Whelan, Phys. Rev.

Lett. 65, 2971 (1990); Y. Alhassid and N. Whelan, Phys.
Rev. C 43, 2637 (1991).

[3] J. P. Elliott, Proc. R. Soc. London A 245, 1254 (1958).

[41 M. Gell-Mann and Y. Neeman, The Eightfold Way
(Benjamin, New York, 1964).

[5] F. lachello and A. Arima, Phys. Rev. Lett. 35, 1069
(1975); The Interacting Boson Model (Cambridge Univ.
Press, Cambridge, 1987).

[6] T. A. Brody, J. Flores, J. B. French, P. A. Mello, A. Pan-
dey, and S. M. Wong, Rev. Mod. Phys. 53, 385 (1981).

[7] A. E. L. Dieperink, Prog. Part. Nucl. Phys. 9, 121 (1982).

[8] J. N. Ginocchio and M. W. Kirson, Phys. Rev. Lett. 44,
1744 (1980); A. E. L. Dieperink, O. Scholten, and F.
lachello, Phys. Rev. Lett. 44, 1747 (1980); R. L. Hatch
and S. Levit, Phys. Rev. C 25, 614 (1982).

[9] A. Perelomov, Generalized Coherent States (Springer-
Verlag, Berlin, 1986); W. M. Zhang, D. H. Feng, and R.
Gilmore, Rev. Mod. Phys. 68, 867 (1990); J. Kurchan, P.
Leboeuf, and M. Saraceno, Phys. Rev. A 40, 6800
(1989); L. G. Yaffe, Rev. Mod. Phys. 54, 407 (1982).

[10] H. Friedrich and D. Wintgen, Phys. Rep. 183, 37 (1989);
D. Wintgen and H. Friedrich, Phys. Rev. A 35, 1464
(1987); D. Delande and J. Gay, Phys. Rev. Lett. 57, 2006
(1986).

[11] M. Henon and C. Heiles, Astron. J. 69, 73 (1964); M.
Henon, in Chaotic Behavior of Deterministic Systems,
edited by G. looss et al. (North-Holland, Amsterdam,
1983).

[12] R. Arvieu, F. Brut, J. Carbonell, and J. Touchard, Phys.
Rev. A 35, 2389 (1987).

[13] O. Bohigas, M. J. Giannoni, and C. Schmit, Phys. Rev.
Lett. 52, 1 (1984); O. Bohigas, M. J. Giannoni, and C.
Schmit, in Chaotic Behavior in Quantum Systems:
Theory and Applications, edited by G. Casati (Plenum,
New York, 1985).

[14] D. C. Meredith, S. E. Koonin, and M. R. Zirnbauer,
Phys. Rev. A 37, 3499 (1988).

[15] T. H. Seligman, J. J. M. Verbaarschot, and M. R. Zirn-
bauer, Phys. Rev. Lett. 53, 215 (1984).

[16] M. V. Berry, Ann. Phys. (N.Y.) 131, 163 (1981).

[17]1 T. Cheon and T. D. Cohen, Phys. Rev. Lett. 62, 2769
(1989); N. L. Balazs and A. Voros, Phys. Rep. 143, 109
(1986); G. Casati, B. V. Chirikov, and I. Guarneri, Phys.
Rev. Lett. 54, 1350 (1985).

[18] M. V. Berry and M. Tabor, Proc. R. Soc. London A 365,
375 (1977); M. V. Berry and M. Robnik, J. Phys. A 17,
2413 (1984); M. V. Berry, Proc. R. Soc. London A 400,
229 (1985).

[19] V. Paar and D. Vorkapi¢, Phys. Lett. B 205, 7 (1988);
Phys. Rev. C 41, 2397 (1990).

[20] T. Guhr and H. A. Weidenmiiller, Ann. Phys. (N.Y.)
199, 412 (1990).

[21]1 V. Paar, D. Vorkapi¢, K. Heyde, A. G. M. van Hees, and
A. A. Wolters, Phys. Lett. B 271, 1 (1991).

[22] A. Y. Abul-Magd and H. A. Weidenmiiller, Phys. Lett.
162B, 223 (1985).

[23]1 P. Leboeuf and M. Saraceno, Phys. Rev. A 41, 4614
(1990).

[24] F. lachello, Nucl. Phys. A522, 13 (1991); A. Gelberg, P.
von Brentano, and R. F. Casten, J. Phys. G 16, L143
(1990).

2187



