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We presenta self-consistentquantum-mechanicalformulationof thenonlocaldynamical
potentialnearthesurfaceof a solid describablein a coordinatesystemin which Laplace
equationis separable.We apply the formulationto calculateimagepotentialon surfaces
with uniform curvature,i.e. planar, sphericalandcylindrical surfaces.We alsocalculate
thedielectricfunctionε

�
ω � anddispersionrelationsof surfacemodesin thesesystems.
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1. Introduction

Knowledgeof the self-consistentdynamicalresponseof solidsof variousshapesto
anexternalchargedparticleis importantin understandingmany physicalphenomena,e.g.
potentialenergiesof chargedparticlesnearsurfaces,boundor resonantstatesof suchpar-
ticles andoptical transitionsbetweenthem, energy lossesof electronsin EELS experi-
ments,electrontunnelingin metal-insulator-metalsystems,semiconductorheterojunctions
andsystemslike STM, BEEM, etc.Theseproblemshave beenextensively studiedmostly
within thelong-wavelengthlimit, i.e. by neglectingthedispersionin solids.First calcula-
tionshavebeenperformedin thelocal limit, i.e.by treatingachargedparticleasaclassical
staticchargeatapoint �r interactingwith surfaceexcitations(phonons,plasmons),andthat

FIZIKA A 7 (1998)3, 145–156 145
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wasdonefor a numberof differentgeometries[1–3]. In the nonlocalcase,the induced
potentialbetweenthe two chargesat points �r and �r � neara solid surface,dueto their in-
teractionwith surfaceexcitations,hasbeencalculatedusingseveraldifferentformalisms,
for planarandsphericalsurfaces[4–8].Mostaccuratecalculationsof imagepotentialwere
donefor planarjellium surface.They werefirst performedwithin the framework of DFT
andLDA [9], but recentlythey usediagrammaticmethodsto correctLDA results[10–12].
More detailedab initio calculations,which would take into accountthebandstructureof
themetal,still donotexist.

We usethemethodof Newns[4] andgeneralizeit to any coordinatesystemin which
the Laplaceequationis separable.In this paperwe specificallytreat the solids invari-
ant to transformations(translationsand/orrotations)in two coordinates,i.e. with planar,
sphericaland cylindrical boundarysurfaces.The definition of our model,and the two-
dimensionalFouriertransformsof all quantitiesinvolvedis givenin Sect.2. In Sect.3, we
calculatethe self-consistentnonlocalpotentialW , surfacedielectricfunction εQ � ω � and
the dispersionrelationsof surfacemodes,andfinally, in Sect.5, we apply our general
resultsto discussexplicitly thethreespecialcases.Thesystemswith lowersymmetry, i.e.
invariantto transformationin only onecoordinate,arediscussedin Sect.4, andwe show
thatsymmetryof thesesystemsis insufficient to completeall thecalculationsanalytically.

2. Formulation of the problem

We describethe solid by its responsefunction R � �r � �r � � ω � . Coordinatesarechosenso
that thesurface(andthereforeboundaryconditions)is definedin oneof them,which we
call broken or, in analogywith thesphericalsolid,radial coordinate,andtheothertwo we
call angular coordinates.In the radial direction,thesolid is finite in all systemsconsid-
ered,andin theangular directionthesolid is finite for sphericalcoordinates,andinfinite
in othercases.Weassumethatelectroncannotpenetrateinto thesolid,whichmeansthatit
will interactonly with surfaceexcitations,becausewithin thelongwavelimit, bulk excita-
tionsdo not produceany field outsidethesolid, i.e. they arefully screenedby thesurface
excitations.

DynamicallyscreenedpotentialW betweenthepoints �r and �r � is givenby:

W � �r � �r � � ω �	� V � �r � �r � � 
 W ind � �r � �r � � ω � � (1)

where

W ind � �r � �r � � ω �	� �
τ

d3r1d3r2V � �r � �r1 � R � �r1 � �r2 � ω � W � �r2 � �r � � ω � � (2)

Hereτ is thevolumeof thesolid,V thedirectCoulombinteraction,R theresponsefunc-
tion [13] describingthechargefluctuationsin thesolid, andW ind the inducedpartof the
nonlocalpotentialW .

Dueto thesymmetryof thesystem,weexpandall thesequantitiesusingthesolutions
gQ � Ω � of theangular partof theLaplaceequation �

Ω 
 λQ � r � � gQ � Ω �	� 0 (3)
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in theappropriategeometry. ThefunctionsgQ � Ω � form acompleteandorthonormalset

∑
Q

g �Q � Ω � gQ � Ω� �	� δ � Ω � Ω � � � (4)�
g �Q � Ω � gQ� � Ω � ρ � Ω � dΩ � δQQ� � (5)

The index Q denotesthe conservedquantumnumbers,Ω aretheassociatedcoordinates,
or degreesof freedom,andρ � Ω � dΩ is theangular partof thevolumedifferentiald3r. In
particular, wecanexpandV , W andR as:

V � �r � �r � ��� ∑
Q

g �Q � Ω � gQ � Ω� � VQ � r� r � � � (6)

W � �r � �r � ��� ∑
Q

g �Q � Ω � gQ � Ω� � WQ � r� r � � � (7)

R � �r � �r � ��� ∑
Q

g �Q � Ω � gQ � Ω� � RQ � r� r � � � (8)

Inserting(2), (6), (7) and(8) into (1), weget:

WQ � r� r � � ω ��� VQ � r� r � � � � f � r1 � dr1 f � r2 � dr2

VQ � r� r1 � RQ � r1 � r2 � ω � WQ � r2 � r � � ω � � (9)

where f � r � dr is radial partof thevolumedifferentialin aparticulargeometry.
This procedureis valid only for planar, cylindrical and sphericalgeometries.Other

geometriesrequirea slightly differentderivation,andwill betreatedseparately.
The Poissonequationfor the Fourier componentsof the Coulombpotentialnow be-

comes: � �
r � λQ � r �  VQ � r� r � ��� 4πe2

f � r � δ � r � r � � � (10)

andthesolutionis:

VQ � r� r � �	� υQ

�
φ !Q � r � φ "Q � r � � θ � r � r � � � φ "Q � r � φ !Q � r � � θ � r � � r �  � (11)

whereφ "Q andφ !Qarethetwo solutionsof radial partof theLaplaceequation:� �
r � λQ � r �  φ !#"Q � 0 � (12)

chosenso that φ "Q convergesfor r $ 0 � and φ !Q for r $ ∞. V � �r � �r � � is direct Coulomb
interactione2%'& �r � �r � & which canbe expandedin termsof the solutionsof the Laplace
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equation[14]:

e2( )
r * )r + (#, * 4πe2 h+1

h+2h+3 ∑
Q

g -Q . Ω+ / gQ . Ω / ρ . Ω+ /
W0

φ 1Q . r / φ 2Q . r + / θ . r * r + /43 φ 2Q . r / φ 1Q . r + / θ . r + * r / 5 6 (13)

whereW is theWronskian.Comparingthatwith (6) and(11),weget

υQ , * 4πe2 h+1
h+2h+3 ρ . Ω+ /

W 7 (14)

Table1 containsall the quantitiesmentionedabove for planar, sphericalandcylindrical
geometries.

TABLE 1. Coordinates,boundarysurfaces,quantumnumbersandotherquantitiesneeded
for thecalculationof thenonlocalpotentialin planar, sphericalandcylindrical systems.

Coordinatesystem Planar Spherical Cylindrical
Angular coordinates(Ω) x 6 y ϑ 6 ϕ z 6 ϕ
Quantumnumbers(Q) kx 6 ky 8 6 m k 6 m
gQ . Ω / ei 9k 9ρ : . 2π / Y; m . Ω / eikzeimϕ : . 2π /
Radial coordinate(r) z r ρ
Boundarysurface z , 0 r , a ρ , a
λQ . r / k2 , k2

x 3 k2
y 8 . 8 3 1/ : r2 k2 3 m2 : ρ2

Densityfunctionρ . Ω / 1 sinϑ 1
Wronskian * 2k * . 28 3 1/ : r2 * 1: ρ
h1
: . h2h3 / 1 1: . r2sinϑ / 1: ρ

υQ 2πe2 : k 4πe2 : . 28 3 1/ 4πe2

f . r / dr dz r2dr ρdρ
φ 2Q . r / ekz r ; Im . kρ /
φ 1Q . r / e < kz r < ; < 1 Km . kρ /
λq * k2 * n2π2 : a2 * x2; n : a2 = 1> * k2 * x2

mn
: a2 = 2>

hq . r / cos. nπz : a / j; . x; nr : a / Jm . xmnρ : a /
(1) x ; n arezeroesof derivativesof sphericalBesselfunctions.
(2) xmn arezeroesof derivativesof cylindrical Besselfunctions.

3. Derivation of the non-local electrostatic potential

Now, we introducea completeorthonormalsetof functionshQq . r / , which aretheso-
lutionsof theequation: 0 ?

r * λQ . r / 5 hQq . r / , λqhQq . r / 6 (15)
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with theboundarycondition:
∂hQq @ r A

∂r BBBB r C a D 0 E (16)

Thisconditionis muchmoreconvenientto use(comparedto hQq @ r D a A D 0), becausethe
functionshQq aregoingto beusedfor Fouriertransformationof thequantities,suchasW
andR, whichdonotvanishon thesurface.

FunctionshQq for varioussystemsarelistedin Table1.
Acting on (9) from the left with f @ r A hQq @ r A F G r H λQ @ r A I , integratinginsidethesolid,

andusingthefactthatthepotentialV satisfiesthePoissonequation(10),wefind:J
f @ r A dr hQq @ r A F G r H λQ @ r A I WQ @ rK r L K ω A DD H 4πe2
J

f @ r A drhQq @ r A J f @ r1 A dr1RQ @ rK r1 K ω A WQ @ r1 K r L K ω A E (17)

Thefirst termon ther.h.s.of (9) vanishedbecauser L is outsidethesolid.
We introducesingleanddoubleFouriertransformsin termsof thefunctionshQq:

WQq @ r L K ω A D J f @ r A drhQq @ r A WQ @ rK r L K ω A K (18)

RQqqM @ ω A D J f @ r A dr f @ r L A dr L hQq @ r A hQqM @ r A RQ @ rK r L K ω A E (19)

Ther.h.s.of (17)canbeFouriertransformedinto:H 4πe2∑
qM RQqqM @ ω A WQqM @ r L K ω A K (20)

andthel.h.s.canberewrittenas[4,7]:J
WQ @ rK r L K ω A F G r H λQ @ r A I hQq @ r A f @ r A dr NJ
∇r F @ ∇rWQ @ rK r L K ω A A hQq @ r A I f @ r A dr HJ
∇r F @ ∇rhQq @ r A A WQ @ rK r L K ω A I f @ r A drE (21)

The first term in (21), accordingto (15) and(18), is equalto λqWQq @ r L K ω A . The second
termis:

f @ a A F ∇rWQ @ rK r L K ω A hQq @ r A I r C a D f @ a A hQq @ a A W LQ @ a K r L K ω A K
wheretheprimedenotesthedifferentiationwith respectto r.

FIZIKA A 7 (1998)3, 145–156 149
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And finally, thelasttermin (21)vanishesbecauseof (16),sothat(17)becomes

∑
q O EQqqO P ω Q WQqO P r R S ω Q�TVU f P a Q hQq P a Q W RQ P a S r R S ω Q S (22)

wherewehave introducedthematrix:

EQqqO P ω Q�T 4πe2RQqqO P ω Q W λqδqqO X (23)

Multiplying (22)by theinversematrixE weget:

WQq P r R S ω Q	TYU f P a Q ∑
qO E Z 1

QqqO P ω Q W RQ P a S r R S ω Q hQqO P a Q S (24)

or
WQ P rS r R S ω Q	TYU f P a Q ∑

qq O E Z 1
QqqO P ω Q W RQ P a S r R S ω Q hQqO P a Q hQq P r Q X (25)

We still have to calculateW RQ P a S r R S ω Q from thesolutionWQ P rS r R S ω Q outsidethesolid,
whereVQ is givenby (11),andtheinducedpotentialW ind

Q satisfiestheequation:[ \
r U λQ P r Q ]W ind

Q P rS r R S ω Q	T 0 X (26)

Thesolutionfor rS r R ^ a (i.e.outsidethesolid) is:

W ind
Q P rS r R S ω Q	T φ _Q P r Q

φ _Q P a Q W ind
Q P a S r R S ω Q X (27)

Therefore,differentiatingtheequation:

WQ P rS r R S ω Q�T VQ P rS r R Q W W ind
Q P rS r R S ω Q (28)

in theregiona ` r ` r R , andusing(11)and(27)wefind:

W RQ P a S r R S ω Q	T φ a OQ P a Q
φ aQ P a Q VQ P a S r R Q W φ _ OQ P a Q

φ _Q P a Q W ind
Q P a S r R S ω Q S (29)

whichmaybewrittenas:

W RQ P a S r R S ω Q	T α _QWQ P a S r R S ω Q W P α aQ U α _Q Q VQ P a S r R Q S (30)

where

α _ aQ T d
dr

lnφ _ aQ bbbb r c a
X (31)
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Inserting(30) into (25) for r d a (i.e.at theboundarysurface),andsolvingfor W weget:

WQ e a f r g f ω h�d 1 i αQ

εQ e ω h#i αQ
VQ e a f r g h f (32)

where

αQ d α jQ
α kQ d φ kQφ j lQ

φ jQφ k lQ

f (33)

andwehave introducedthedielectricfunctionεQ e ω h , definedby:

ε m 1
Q e ω h	dYi α kQ f e a h ∑

qq l E m 1
Qqql e ω h hQq e a h hQql e a h n (34)

Fromthis expressionand(23),we seethattheinversedielectricfunctionfor all threesys-
temscouldbeexpressedin termsof theresponsefunctionRQqql e ω h in thesamemanneras
for theplanarsystem[4]. Thisallowsthecalculationε m 1

Q e ω h by makinganappropriateap-
proximation(e.g.therandomphaseapproximation[7], or includingthelocalexchangeand
correlation[15]) for the responsefunction. Also, it becomesstraightforwardto calculate
ε m 1

Q e ω h from (34) in a semiclassicallimit by neglectingnon-diagonaltermsof EQqql e ω h ,
as,e.g.,in thesemi-classicalinfinite barriermodel(SCIBM) [4,16].

From(27), (28)and(32),wenow obtain:

W ind
Q e rf r g f ω h	dYi εQ e ω h#i 1

εQ e ω i αQ

φ jQ e r h
φ jQ e a h VQ e a f r g h f (35)

or, using(11),

W ind
Q e a f r g f ω h	dYi υQ

φ kQ e a h
φ jQ e a h φ jQ e r h φ jQ e r g h εQ e ω h#i 1

εQ e ω i αQ
n (36)

This expressionis the centralresultof this paper, representingthe nonlocalelectrostatic
potentialneara solid surfacein a simpleform. Fromthedenominatorof thatexpression,
weseethatdispersionrelationsfor SPmodesaregivenby:

εQ e ω hod αQ n (37)

4. Surfaces with nonuniform curvature

As wementionedbefore,proceduredescribedin Sect.2 is valid only for surfaceswith
uniformcurvature,i.e. for planar, sphericalandcylindrical surfaces,becausein thesecases
thesystemis translationallyinvariantin directionparallelto thesurface.Therefore,wecan
useexpansions(6)–(8).In all othercases,only theexpansion(6) is correct(becausedirect

FIZIKA A 7 (1998)3, 145–156 151
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CoulombpotentialV p qr r qr s t dependsonly onpoints qr and qr s , andhasnothingto dowith the
surfaceandits shape).But for W andR theexpansionsare:

W p qr r qr s r ω tvu ∑
QQw g xQ p Ω t gQw p Ωs t WQQw p rr r s r ω t r (38)

R p qr r qr s r ω tvu ∑
QQw g xQ p Ω t gQw p Ωs t RQw p rr r s r ω t y (39)

Usingthatinsteadof (9), weget:

WQQw p rr r s r ω t	u VQ p rr r s t δQQw z|{ f p r1 t dr1 f p r2 t dr2

∑
Q1

VQ p rr r1 t RQQ1 p r1 r r2 r ω t WQ1Qw p r2 r r s r ω t r (40)

or, in matrixnotation: }
W p rr r s r ω t�u }V p rr r s t z|{ f p r1 t dr1 f p r2 t dr2

}
V p rr r1 t }R p r1 r r2 r ω t }W p r2 r r s r ω t r (41)

wherematrix

}
V is diagonal,which meansthat in the product

}
V

}
R

}
W , only multiplication

}
R

}
W is matrixmultiplication,but multiplicationof

}
V with any othermatrix is justordinary

multiplication. Troubleis thatour procedureis basedon theassumptionthat differential
d3r couldbefactorizedin radial andangular partsi.e.:

d3r u f p r t drρ p Ω t dΩ r (42)

whereρ p Ω t is the densityfunction for normalizationof functionsg p Ω t (aswe cansee
from (5)), which allows to eliminateρ p Ω t from (1), andgetequation(9) dependentonly
on radial coordinate.Unfortunately, theassumption(42) is valid only in planar, spherical
andcylindrical coordinates.As a consequence,vQ cannot be evaluatedanalyticallyand
written in a simpleform suchas(11).

However, the formal proceduredescribedin Sect.3 is completelygeneral,andusing
it, wecanfind a solutionanalogousto (35):}

W ind p a r r s r ω t�uV~ φ �Q p r t
φ �Q p a t

}
V p a r r s t � }ε p ω t#~ 1� � }ε p ω t#~ }α� � 1 y (43)

This expressionis valid for all systemsin which the Laplaceequationis separable,but
VQ p a r r s t hasto be calculatednumerically, except,of course,for systemswith uniform
curvature,wheresymmetryof thesystemallowsto calculateit analytically.
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5. Discussion and conclusion

Generalsolution(36) couldbecomequitecomplicatedwhenappliedto somespecial
systembecause,if functionsφQ areBesselorLegendrefunctions,αQ will beacombination
of thesefunctionsandtheir derivatives.Theexceptionsareplanarandsphericalsystems
whereφQ’s, and,thereforeαQ’s, arevery simple.In particular, for a planarsystemαQ �� 1, andfor asphericalsystemα� � � � � 1� , but for a cylindrical system

αkm � Im � ka � K �m � ka �
I �m � ka � Km � ka � � (44)

Usingquantitiesfrom Table1, wecanevaluatetheinversedielectricfunctionfor aplanar
system:

ε � 1
k � ω � � k

a ∑
nn� � 4πe2Rknn � � ω � � � k2 � n2π2

a2 � δnn� � � 1 � nn� � 1
2 � (45)

for a spherical system:

ε � 1��� ω � � 2�
a2 ∑

nn� � 4πe2Rknn� � ω � � x2� n
a2 δnn� ��

1 � � � � � 1�
x2� n � � 1

2 �
1 � � � � � 1�

x2� n��� � 1
2 � (46)

andfor a cylindrical system:

ε � 1
km � ω � � 2

a2

I �m � ka �
Im � ka � ∑

nn� � 4πe2Rmknn� � ω � � � k2 � x2
mn

a2 � δnn � � � 1�
1 � m2

x2
mn � � 1

2 �
1 � m2

x2
mn� � � 1

2 � (47)

whereI �m � x � � d
dx Im � x � .

From (36), we cancalculatethe potentialenergy of an electronin the vicinity of a
surface:

V � �r � ω � � 1
2

W ind � �r � �r � ω � � (48)

V � �r � ω � � � 1
2 ∑

Q � υQ
φ �Q � a �
φ �Q � a � � φ �Q � r � � 2 εQ � ω � � 1

εQ � ω � � αQ � � gQ � Ω � � 2 � (49)
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For a planarsystem,αQ doesnot dependon Q. If we neglect dispersion,assumingthat
εQ ¡ ω ¢ doesnot dependon Q, the seriesin (49) is analyticallysummable,leadingto the
well known classicalresult[17]:

V ¡ z £ ω ¢�¤Y¥ ε ¡ ω ¢#¥ 1
ε ¡ ω ¢ ¦ 1

e2

4z § (50)

In a sphericalsystem,for anelectronon thez-axis,weget[8,18]:

V ¡ r£ ω ¢�¤V¥ e2

2a ∑̈ª© a
r « 2̈
¬

1 ε̈ ¡ ω ¢#¥ 1

ε̈ ¡ ω ¢ ¦ 1 ¦ 1̈ § (51)

The  -summationcannotbe carriedout analytically except for a metal surfacewhere
ε ¡ ω ¢	® ∞, which leadsto theclassicalimagepotential[17].

For a cylindrical system,for anelectronon thex-axis(ϕ ¤ 0), wehave:

V ¡ ρ £ ω ¢�¤V¥ e2

2πa ∑
km

Im̄ ¡ ka ¢
Km ¡ ka ¢ K2

m ¡ kρ ¢ εkm ¡ ω ¢#¥ 1
εkm ¡ ω ¢#¥ αkm

£ (52)

with αkm givenby (44).
As an illustration, Fig. 1 shows the imagepotentialsfor an electronnearplanarand

sphericalmetal(ε ® ∞) surface.Units on thex-axisarescaledwith respectto theradius
of thesphere(i.e. a ¤ 1), andthe origin for the planarpotentialis shiftedto z ¤ a. It is
obviousthatverycloseto thesurface,thereis practicallynodifferencebetweentheplanar
andsphericalsurfacesbecause,if the electronis so close,the sphericalsurfaceappears
planar. Far away from thesurface,the differencebetweenthosetwo potentialsincreases
andat a distancea ° 2 from thesurface,potentialfor thesphericalsurfaceis already20%
larger.

1.1 1.2 1.3 1.4 1.5
z,r

-5

-4

-3

-2

-1

0

V
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Fig. 1. Imagepotentialfor planarandsphericalsurfaces.Solid line: planarsurface,dashed
line: sphericalsurface.

Notethat the functionsφQ alwaysappearin ratios,so they do not have to benormal-
ized,while the functionsgQ andhQq areusedfor Fourier transformationsandhave to be
normalized.

In conclusion,wehave formulateda self-consistentnonlocaldynamicalpotentialnear
a solid surfacedescribablein separablecoordinates,assuminga uniform curvature.From
thatgeneralresult,we have evaluatedthepotentialenergy of anelectronin thevicinity of
acurvedsurface,generallyandin threespecialcases,andalsothesurfacemodedispersion
relations.We have shown how the inversedielectricfunction of the solid with a curved
surfacecouldbeexpressedin termsof theresponsefunction.We alsoshowedthata sim-
ilar procedurecouldbeperformedfor systemswith nonuniformcurvature,but only up to
certainpoint becauseof a reducedsymmetryof thesystems,so that theanalyticmethod
hasto becontinuednumerically. Our resultsarenotveryhelpful for practicalcalculations,
becauseit is probablyeasierto treateachcaseby themethodappropriatefor thatparticu-
lar geometryinsteadof thegeneraltreatmentwepresentedhere(andalsobecausethetwo
mostimportantcases,planarandspherical,werealreadysolved).But they areinteresting
from theformalpointof view becauseof theirgenerality.
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NELOKALNI DINAMI ČKI POTENCIJALI UZ ZAKRIVLJENE POVRŠINE

Razmatrase samosuglasnakvantno-mehanička formulacija nelokalnogdinamǐckog po-
tencijalauz površinučvrsninekoja semožeopisatiu koordinatnomsustavu u kojemuje
Laplaceovajednaďzbaseparabilna.Taseformulacijaprimjenjujezaprorǎcunzrcalnogpo-
tencijalauzpovršinejednolikezakrivljenosti,tj. uzplanarne,sfernei cilindričnepovršine.
Izračunali smo takod–er dielektrǐcnu funkciju ε ² ω ³ i disperzijske relacije za površinske
modoveu tim sustavima.
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