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Meanorbital distances� � of planetsfrom theSunandof majorsatellitesfrom theparent
planetsJupiter, SaturnandUranusaredescribedby thesquarelaw � ����� � �	� , wherethe
valuesof � areconsecutive integers,and � � is themeanorbitaldistanceexpectedat ����

for aparticularsystem.TerrestrialplanetsandJovianplanetsareanalysedasseparatesys-
tems.Thus,five independentsolar-like systemsareconsidered.Thebasicassumptionis
thatspecificorbital angularmomentumis ”quantized”.Consequently, all orbital parame-
tersarealsodiscrete.The number� relatesto the law of orbital spacing.An additional
discretization,relatedto � � , i.e. to thescaleof orbits,accountsfor thedetailedstructureof
planargravitationalsystems.Consequently, it is alsofoundthatorbital velocity � � multi-
pliedby � is equalto themultipleof a fundamentalvelocity � ���� � km s� � , valid for all
subsystemsin theSolarSystem.Thisvelocity is equalto oneof the“velocity” increments
of quantizedredshiftsof galaxies.

PACSnumbers:95.10.Ce,95.10.Fh,96.30.-t UDC 523.2,531.35

Keywords:planetaryandsatelliteorbits,law of squaresof integernumbers,discretevaluesof orbital
velocities

1. Introduction

Recently, AgneseandFesta[1] publishedtheir approachin explainingdiscreteorbital
spacingof planetsin theSolarSystem.They usedBohr-Sommerfeldquantizationrulesand
obtainedthesquarelaw for orbital radii of planetsin theform � ����� � �	� �	����
 � � � ��� � �
All planetshave beentreatedasonegroup.Thatassumptionleadsto many vacantorbits.
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For example,JupiterandSaturnoccupy the orbits at ����� � and �����  , respectively,
leaving threevacantorbitsin between.Likewise,therearefive vacantorbitsbetweenSat-
urn and Uranus.However, accordingto the currentviews [2], the planetsareaboutas
closelyspacedasthey couldpossiblybe.Lessmassive planetsareexpectedto bein more
tightly packedorbitsthanthelargerones.

Recently, OliveiraNeto [3] usedthesquarelaw in the form ! " # $%��! & ' �	(*),+-( . / 0 ,
where � and + are integers.Only for Venus,Earth,Mars andVesta + is not equalto� , while ���1+ for all otherplanets,asteroidCamilla, Chiron andan unknown planet
betweenUranusandNeptune.Moreover, anaveragemassof all planetsandasteroidsequal
to about35Earthmassesis assumedin thecalculation,which is notphysicallyjustified.

In ourearlierwork [4,5], wehaveshown thatasquarelaw couldbeappliedto planetary
orbitalmeandistances,aswell asto thoseof majorsatellitesof Jupiter, SaturnandUranus.
The leadingassumptionwas that vacantorbits shouldbe avoided. A radical changein
treatingthe planetaryorbits hasbeenmadeby the separationof terrestrialplanetsfrom
theJovianones.It meansthatterrestrialplanetsareconsideredasanindependentsystem,
enjoying thesamestatusastheJovian groupof planetsaswell asthesatellitesystemof
Jupiter, SaturnandUranus.The division of planetsinto two groupsis justified by their
differentphysical,chemicalanddynamicalproperties[4,6,7].Froma cosmogonicalpoint
of view, anexplanationcouldbethefollowing: thecentresof aggregationof futureplanets
havebeengovernedby thesimplesquarelaw. After theaccretionprocess,Jupiterhasbeen
formedin the orbit at �%��0 , Saturnat �%��2 , endingwith Pluto at �%�43 . The first
Jovian protoplanetcloseto the Sunat �%�5� , hasnever beenformeddue to the Sun’s
thermonuclearreactions.Thehigh-melting-pointmaterialshave survivedandaccretedas
thesystemof terrestrialplanets,while thegaseouscomponentshavebeendisperseddueto
thesolarwind. Only beyondthe”temperaturelimit” of about200K, whichcorrespondsto
about 76 � 8 9 9 m, couldthegiantJovianplanetsexist [4].

The division of planets into two groups appearedalso in solving the modified
Schr̈odingerradial equationof the hydrogen-like atomintroducing,of course,the grav-
itationalpotential[8] andcoefficientof diffusionof Brownianmotionwhichcharacterizes
theeffect of chaoson largetime scales[9a,10].Froma dynamicalpoint of view, thefive
systems:terrestrialplanets,Jovianplanets,andsatellitesof Jupiter, SaturnandUranusare
to a considerabledegreeadiabatic.Therefore,therelevantequationsin thepresentmodel
includecharacteristicparametersof theparticularsystem,but they alsohave a necessary
physicalgeneralityandconsistency. However, many authors[7,11,12]have preferedto
treatthespacingof all planetswith asingleformula,like theTitius-Bodelaw or its numer-
ousmodifications.Theauthorsof this work considerthesquarelaw, like thatdiscovered
by Bohr in his planetarymodelof thehydrogenatom,morefavourablefor ananalysisof
theplanargravitationalsystems.Moreover, it hasbeenproposed[13] that thesquarelaw
of orbital spacing,couldbe termedthe fourth Kepler’s law, in thehonourof Keplerwho
searchedfor a ruleof planetaryspacingaboutfour centuriesago.

An applicationof thesquarelaw to theextra-solarplanetarysystemswill certainlybe
examinedin thenearfuture.Recently, first attempts[5,10]weremadefor thethreeplanets
of pulsarPSRB 1257+12.
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2. Themodel

A discretedistributionof planetaryorbitsmaybeobtainedby the”quantization”of an-
gularmomentum: ; . Let anorbitingmassbedenotedby <-; , andmassof thecentralbody
by = . Then,usingNewton’s equationof motion for circularorbits,angularmomentum
(supposingthat <�;�>�>,= ) is givenby

: ;�?,<�; @ ; A ;B?C<-;ED F�=�A ;EG H I J
whereF is thegravitationalconstant,A ; is theradiusof the K -th orbit and @ ; is theorbital
velocity. We assumethatangularmomentumis ”quantized”,

<-;ED F7=�A ;B?CKBLM N G H M J
where L maybetreatedasaneffective ” Planck’s gravitationalconstant”,dependingon
the particularsystemandeven on the particularorbiting body. Equation(2) is not very
useful.Whatonecando is to divide L-O M N by themassof theorbiting bodyto obtainthe
”specificPlanck’sconstant”L�P ? L�O H M N <�; J whichyieldsfor theorbital radius

A ;B? K	Q L�P QF�=SR H T J
L�P is alsosystemdependent,but thequantity L�P O = is of thesameorderof magnitudefor
all systems(seeTable1, andalsoRef. 4). Variability of L�P O = is describedby a dimen-
sionlessfactorU multipliedby auniversalconstantV , i.e., L�O H M N <�; =�JW? L�P O =X?CUEV .
Then,Eq.(3) takestheform A ;B? IF H UEV*J Q =�K Q R H Y J
Wehaveshown [4] thatby comparingelectrostaticandgravitationalforces,asonepossible
approach,theconstantV maybedefinedby thefundamentalphysicalconstantsasfollows:

V�? M N�FZ	[ ?�I R \ I ] ^�_ I ` a	b cWd QWe fga	bih a	b G H ] J
where Z ? M N	j Q O H Y N	k l m [ J is the fine-structureconstant,

j
thechargeof anelectron,

k l
thepermitivity of vacuum,

m
thePlanckconstantand[ thevelocityof light. Thedimension

of theconstantV is thatof angularmomentumpersquaremass,and,in accordancewith
Eq.(5), thesimpleproportionalitybetweenV andthePlanckconstantpersquarePlanck’s
mass<-no?�H m [ O H M N F�J J b p Q7? M R I ^ ^�_ I ` aEq kg [9b] is givenby

V�? mZ < Qn Gsr tuV�? m< Ql G H v J
where <�Ql ? Z <�Qn . A constantanalogousto V hasbeendefinedas w,?%` R x _ I ` a	b c mQ
kga	b sa	b by Wesson[14] in searchingfor aclueto aunificationof gravitationandparticle
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RUBČI Ć AND RUBČI Ć: THE QUANTIZATION OF THE SOLAR-L IKE

physics.Suchaconstantappearedalsoin Ref.1 with thevalue y z { |�} ~ � �	� � m� kg�	� s�	� .
Slightly differentvaluesof thesameconstantaredueto differentinitial assumptions.
TABLE 1. Meanvaluesof constants� � , ��� � � and � , with theassignedvaluesof integers� , for planetaryandsatellitesystems.

System � � � ��� � � �
(m) (m� s�	� kg�	� )

Terrestrial � � z � { ���o� z � ~ � � ~ � � � 3,4,5,6, � � z � � y��o� z � � � � ~ � �	� � y z �g~W�,� z � {
planets 8
Jovian � ~ z � | ~W�o� z � � � � ~ � � � 2,3,4,5, � y z �g~ ���o� z � { � � ~ � �	� � ~ y z � ~W�,� z ~ �
planets 6
Jupiter’s � �gz | � �*�o� z ~ � � � ~ � � 2,3,4,5, � ~ z y � ���o� z � y | � ~ � �	� � � z � y��,� z ~ {
satellites 6
Saturn’s � � z { � �*�o� z � ~ y � ~ � � 6,7,8,9, � � z � � ���o� z � ~ � � ~ � �	� � { z | {��,� z � |
satellites 10,11
Uranus’ � � z � � {*�o� z � ~ � � ~ � � 3,4,5,6, � y z | � y��o� z � y � � ~ � �	� � ~ { z y ���,� z y �
satellites 7,8

UsingEqs.(4) and(5), someimportantparametersof thesolarsubsystems,theorbital
radii � �o��� � � � , specificangularmomenta� �g� �-� , orbital periods�E� andvelocities� �
aregivenby � �B�4� y �	��i B¡ �E¢ � � � £ � � �

� ��-� � � y �	��	 B¡ ¢ � � � � � £
�E�B��y � � y �	��i B¡7¤ ¢ � � ¤ � � � £

� �B� ~y �	� �	 � z � ~ � �
In Eq. (10), �	  � � ��� � ¥ is the orbital velocity of an electronat the � -th orbit in the
Bohr’s modelof the hydrogenatom,andthe term ~ � � y �	�E� is a gravitational correction
factor. This term is systemdependentandit demonstratesthat gravitational systemsare
lessregularthananalogouselectrodynamicalsystems.

3. Resultsanddiscussion

Distributionsof specificangularmomentaof planetsandmajorsatellitesaccordingto
thelinearrelationship(Eq.(8)) areillustratedin Fig. 1.
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Fig. 1 Specificangularmomentumú û ü ý�û�þ1ÿ ����� û versusthe integernumber� for
Jovian andterrestrialplanets(left scale)andfor themajorsatellitesof Jupiter, Saturnand
Uranus(right scale).

Discretevaluesof ú ûgü ý�û areobtainedfrom Eq. (1) usingthe observedvaluesof semi-
majoraxesasthemeandistancesof planetsfrom theSun,or of satellitesfrom theparent
planet,which aretakenasthe orbital radii � û of approximatecircularorbits. This intro-
ducessmallerrorsof � û [4], andof ú ûgü ý-û for MercuryandPluto,dueto theeccentricities
of theirorbitsof 0.206and0.255,respectively [15]. Theapproximationof circularorbitsis
verygoodfor otherplanetsandall majorsatellites.Theintegernumbers� areunambigu-
ouslydeterminedby therequirementof Eq. (8) thatangularmomentaarezeroat �Cþ�� ,
resultingin the straightlines shown in Fig. 1, with no intercepts,as the bestfits to the
deducedvaluesof ú ûgü ý-û . The left scalecorrespondsto Jovian and terrestrialplanets,
while the right scaleis valid for major satellitesof Jupiter, SaturnandUranus.We have
also includedin our calculationsthe satellitesAmalthea,JanusandPuck(the largestof
thesmall ones),which arenearthe Rochelimit of theparentplanetsJupiter, Saturnand
Uranus,respectively, andalsothelargestasteroidCeres.Therefore,thevaluesof � � in the
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squarelaw 	 
��	 � ��� for spacingof planetaryorbitsin accordancewith Eq. (7), andalso
of ��� � � and � , which arelisted in Table1, differ slightly from thevaluesgiven in our
earlierwork [4]. Notethat theorbit of theasteroidCeresis at ����� , which is nearlythe
centerof theMain Belt, whoseextentionis from ����� to ���� .

Thereis oneexceptionin treatingthe spacingof major satellites.Titan, the largest
satelliteof Saturn,is not includedin thesystemof smallersatellitesfrom Janusto Rhea.
Titanwouldhavetheorbitat ����� � if it wereamemberof thatsystem.Sevenvacantorbits
betweenRheaandTitansuggestthatTitancouldbeamemberof amoreextensivesystem,
similarly to Jupiterin theJoviangroupof planetsin relationto theterrestrialplanets.Titan
andsmallsatellitesHyperionandJapetusdonot form acompletesystem.

Note that asteroids(exceptfor the largest,Ceres),comets,planetaryrings andouter
small satellitesof planetscannot be treatedby Eqs.(7-10) because,due to their small
masses,a varietyof otherphysicalprocesses(scattering,capture,impacts,planetaryper-
turbations)prevail over thesimplelaw. Moreover, it wasrecentlyshown in modelingthe
massiveextrasolarplanets,thatorbitalevolutionandsignificantmigrationof planetscould
take place,dueto theinteractionof a planetwith circumstellardisk,with theparentspin-
ning starandalsodueto theRochelobeoverflow [16]. A planetmaymove very far from
its initial positionof formationaccompaniedalsowith the lossof mass.However, under
certainconditions,planetsmaintaintheirpositionof formation.Onemaysupposethatini-
tial positionsaregovernedby thesquarelaw accordingto the”quantum-mechanicallaws”,
but possiblelaterevolutionmightbesubjectedto numerous“effectsof classicalphysics”.

We have tried to correlatethefactor � with theratio of thetotal mass(��
 of orbiting
bodiesto themass� of thecentralbody [5], moreprecisely, of � with (  !�"
#� ��$ � % & .
Thevaluesof � for terrestrialplanets,Jovian planetsandsatellitesof Jupiterfit very well
a straightline, but therearestrongdeviationsof � for satellitesof Saturn,andparticularly
for thoseof Uranus.Notethattheplanesof planetaryorbitsarecloseto theecliptic(except
thoseof MercuryandPluto)which is alsovalid for satellitesof Jupiter, dueto thesmall
inclinationof Jupiter’s spinaxis. However, thesatellitesof Saturnhave an inclinationof
27' andthoseof Uranus98' . Theirsatelliteshavesupposedlybeenformedin theequatorial
planesafter the protoplanets,within the planetaryenvelopes,andobtainedan additional
angularmomentumof yet unknown origin. We believe that thedeviation of the factor �
from theintroducedcorrelation[5] hasthesamecauseasthechangeof inclination.

In our later investigation,we have found that reciprocalvaluesof the factor � take
discretevaluesthatmaybedescribedby anotherintegernumber( , i.e.,

��) � ��* + , + - � . /10�+ , + + + � . $ (32* + , + � � .10�+ , + + 4 � $ 5 * � � $
asmaybeseenin Fig. 2. Therefore,Eq.(10)maybewritten in theform

�76 
���6 �98�: * 4 / , .90�+ , / $ (�2* ;#, +90<� , + $ = > ?�@ ) � , * � 4 $
The productof �76 
 , i.e. the orbital speed6 � at ���A� for a particularsystem,vs. � is
shown in Fig. 3. The valuesof � aretaken from Table1, andthe meanvelocitiesfrom
observedsemimajoraxesas 6 
B��* C��� 	 
 $ � % � (see
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Fig. 2. Correlationof thereciprocalvalueof thefactor � with integernumber� .
Horizontal lines represent”velocity levels” with spacingdefinedby � ����� � � � km s���
(Eq.(12)).Theintegernumber� is relatedto thescaleof orbitsin a system.It meansthat
a givensystemcanhave a seriesof discretepossibleorbital distributions.That is hardly
understandablefrom the standpointsof classicalphysics,becauseonecanonly expecta
continuouschangeof orbitalspacing.For example,Uraniansatellitesarecharacterizedby����� . Neglectingthevalueof ����� at �B�� in Eq.(11),theorbitalradii areapproximately
describedby � �B�� � ��� ��� ����� � � � . If �B�� , theorbitswouldbecontractedby thefactor
four, i.e. contractionof orbitsoccursin jumps.Consequently, reducedorbital radii � � � �
become

� �� � �� ��
���� � ��� � � � �1��� � �   ¡�� � � ��� ¢ ���� ��£ � � � ¡

where
� � � �� maybecalleda characteristiclengthwith a dimensionmkg��� . Thevalueof� � in Eq. (13), equalto � � � � �3��� � � ¡ km s��� wasobtainedfrom thefit of � ��� vs. � with

zerointerceptat ����� , andneglectinga constanttermof velocity � � at ����� (i.e., 4.0
km s��� in Eq. (12)). That causesa largererror in the calculationof � � , � � andof other
quantities,but theformulaearesimplerin illustratingthemain
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Fig. 3. The product ý7þ ÿ of meanorbital velocity þ ÿ�� � ����� � ÿ andinteger numberý versusý for Jovian andterrestrialplanetsandfor themajorsatellitesof Jupiter, Saturn
andUranus.Integernumber� (right scale)is relatedto thescalingof orbits.The”velocity
levels” aregivenby Eq.(12).
Theorbital integersý and � determinethedetailsof possiblediscretegravitationalstruc-
tures.

The valueof þ 	�
� � km s��� hasbeenfound asoneof incrementsof the intrinsic
galacticredshiftsderivedfrom their ”quantized”values[17-21].Onemaysuspectthat þ 	
is importantnot only for theSolarSystem,but thatit hasa deeperphysicalmeaningto be
revealed.

Equation(13)mayberewritten in anotherimportant,symmetricalform� ÿ� þ �	 � ��� �� � � � ý�� � � � � �
The term

��� � � is equalto the ratio of the Planck’s length ������� � ��� � �  � ! � � � " � and
Planck’smass#$�%�&� � � � � �  � � � � " � , i.e.,

��� � � ����� � #'� . Hence,Eq.(14) takesaform� ÿ� � � þ 	 � ��� ���#$� � ý � � � � � � ( �
8 FIZIKA B 7 (1998)1, 1–13
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Equation(15) givesa remarkableconnectionbetweenmacroscopicandmicroscopicpa-
rametersof gravitationalsystems.

Consideragaintheinitial assumptionin our model.Thediscretizationof angularmo-
menta,using the approximationof circular orbits, is given by Eq. (2), i.e., )$* + * , *.-/�0'1 2 3 . Thepresentmodelpermitsto write a proper”quantumcondition” in accordance
with Bohras )'* + * , *'465 )$*)$78 2 3�9;:=<�> - /@?2 3�A B C D E
An approachto proveEq.(16),usingthetheoryof similarity, is givenin Appendix.Equa-
tion (16)canbeinterpretedasfollows: angularmomentumof anorbitingbodyin aplanar
gravitational systemis proportionalto the mass5 of the centralbody andto the mass)$* of the orbiting body. Therefore,angularmomentumper squaremassis of special
importance.Furthermultiplication by ) 78 -GF�) 7H scalesa gravitational macroscopic
systemto the microscopic(atomic) one. However, the ratio 5 )$* 1 ) 78 must be multi-
plied by the factor 2 3�9 , which hasto be determinedfrom observationaldata.Dynamic
propertiesof gravitational systemsreach,in the limit, the electrodynamicalones.If the
quantities, *@-JI 5 1 + 7* and ) 78 - ? 1 K areintroducedin Eq. (16), oneeasilyobtains+ *@- B 2 3�9 E <�> FML 1 / for the velocity at the / -th orbit, in accordancewith Eq. (10). For2 3�9 - C , theorbital velocity distribution of theelectronin Bohr’s hydrogenatomis ob-
tained.It hasalreadybeenshown that / + *N-O+ > -�FML 1 B 2 3�9 E -JP + 8 (seeFig. 3). ForP�- C , oneobtains+ 8 - 2 Q A R km s<�> , andconsequently, from + 8 -SFML 1 B 2 3�9 8 E follows
thatthemaximumvalueof 2 3�9 is 2 3�9 8 -�T U A DWV 2 A Q . Orbital radii arethensimply given
by , *�-OI 5 1 + 7* - B 2 3�9 8 1 B FML E E 7 I 5 / 7 1 P 7 , which is just Eq. (13). FromEq. (16), an
effective ”Planck’s gravitational constant”appearsto be 0 - B 2 3�9 5 )$* 1 ) 78 E ? . Then,
theSchr̈odinger’sradialwaveequationfor agravitationalsystemgeneratesthefirst orbital
radius, > in agreementwith Eq.(7), asit is shown in Appendix.

Thepresentmodeldescribesthestructuresof planargravitationalsystems.It includes
threeparameters:two integernumbers,/ and P , anda factor 9 8 or velocity + 8 . Eqs.(7-10)
maybewritten in anapproximateform as

, *X- C+ 78 I 5 / 7P 7MY B C U EZ *)$* - C+ 8 I 5 / P Y B C T E
[ *�- 2 3�C+ \8 I 5 / \P \ Y B C ] E
+ *^-@+ 8 P/�A B 2 R E

Accordingto Eq. (12), / + *�_ B 2 ` A Q P�aNb A R E km s<�> . Therefore,Eq. (20) deviatesfrom
thebestfit (Eq.(12))by thefactor B CMc 2 Q P 1 B 2 ` A Q P6a'b A R E E , i.e.by about9%if P^- C , and
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by about-3% if dXe.f , while observationalmeanvaluesof gih jXe@g6k l�m�n o j p q r s deviate
from thebestfit (Eq.(12)) lessthan2%on theaverage.

Onemay criticize the useof many parametersin the model. However, they seemto
be necessary, becauseg is relatedto the principal spacingof orbits, d takescareof the
packingof orbits,while h t (or u t ) characterizesseveralsubsystemswithin a givensystem
(likeourown SolarSystem).Oneshouldnotbesurprisedif in anotherextra-solarsystem,
the quantity h t would take a differentvaluecomparedwith the SolarSystem.It could
possiblybe72,36,24,or 18 km sv�q , asobtainedin ananalysisof thequantizedredshifts
of thegalaxies[17–20].For example,thepulsarPSRB 1257+12hasthreeplanetsin orbits
for g equalto 5, 7 and8 [5,10]. Fromtheobservationaldata,oneobtainsgih j$e.w;x y km
sv�q , which gives d%ex z for h t'e�{ w km sv�q . However, if oneassumesh t'e�| z } | km
sv�q (in accordancewith Ref.21,wheretheinterval for redshiftperiodicityis 37.2to 37.7
km sv�q ~ , then d will beequalto 11. Hopefully, thefutureinvestigationof otherplanetary
systemswill confirmtheideasproposedin thepresentmodel.

4. Conclusion

Thebasisof thesquarelaw for thespacingof orbitsof planetsandof majorsatellitesis
thediscretizationof angularmomenta,similarlyasin theold Bohr’stheoryof thehydrogen
atom. However, the angularmomentumof an orbiting body hasto be reducedby the
massof orbiting body andalsoby the massof the centralbody. Moreover, the product
of thesetwo massesmustalsobe reducedby squareof Planck’s massmultiplied by the
fine-structureconstant� , in order to scalethe macroscopicgravitational systemto the
microscopiclevel,wherethePlanck’sreducedconstant��e��in { � representsaquantumof
angularmomentum.As a resultof suchanapproach,two ”quantumnumbers”appear, the
first oneg for describingthelaw of orbitalspacingandthesecondone d for the”packing”
of the orbits. Onefurtherparameteris necessary, that is equalfor all systemswithin the
SolarSystem.It is the characteristiclength l�n h st e�k x } y z��.y } y f p x y v�q � m kgv�q . But
equallywell, the third parametermaybea universalvelocity h t^�S{ w km sv�q . Thethree
parametersandthemassof thecentralbody(seeEqs.(17-20))definepossiblethediscrete
structuresof a planargravitationalsystemwithin theapproximationof thecircularorbits.

Velocity h t is equalto thevelocity incrementsof thequantizedredshiftsof galaxies.A
greatpuzzleis how theplanetaryorbitalvelocitiescanobey thesamequantizationperiods
astheintrinsic redshiftsof thegalaxies.

It is known thatsomeresearchesdo not believe that ”quantumphenomena”play any
role, both in the formationandin theevolution of theSolarSystem.They rathersuppose
that many macroscopiceffectshave hada predominantinfluenceon planetaryspacing.
However, in our opinion, the derived resultsshown in Figs. 1 to 3 stronglysuggestthe
necessityfor a certain”quantummechanical”treatment.As thefirst approach,themodel
analogousto thesimplestoneof the”old quantummechanics”hasbeenelaboratedin the
presentwork. Of course,furtherobservationalandtheoreticalinvestigationsarenecessary
for thedevelopmentof moresophisticatedmodels.
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Appendix

Thesimilarity betweenthegravitationalandCoulombforcebetweentwo particlesof
mass�'� andcharge � is well known.Moreover, onecanimaginethatthesetwo forcesbe-
comeidenticalfor adequatelychosenmass�'� . From �=�'�� � � ���.� � � � � ��� � � � � , it follows
that �X��� � � � � � � ��� � �=� � � � �=� � ��� �i� � � � ��� � � � � , independentlyof themutualdistanceof
particles.Themass�X� is relatedto thePlanck’smass�'� by �'�=� � � � � �'�%�&� � � � � � � �i 
kg. It is reasonableto assumethatfor sucha micro-gravitationalsystem,aquantizationof
angularmomentumof theorbitingbodyshouldbethesameastheonepostulatedby Bohr
for theelectrodynamicalsystem,i.e.,

�X� ¡ ¢ � � ¢ �=�@£ �� � � � ¤ � �
For a realmacro-gravitationalsystemananalogousdiscretizationcouldbe

�$¢ ¡ ¢ � ¢X�@£�¥� � � � ¤�� �
To reacha completesimilarity betweenthereferencemicro-modelanda realplanetaryor
satellitesystem,analogousquantitiesmustbein aconstantratio.Theseratios,theso-called
similarity constants,suchas ¦�§.�@�$¢ � �'� , ¦�¨=�@¡ ¢ � ¡ £i� and ¦�©�� � ¢ � � £i� , mustbein
definitemutualrelationships,whichcanbegenerallydeterminedfromanalogousequations
[22]. Thus,Eq.(A1) will transforminto Eq.(A2) only with thecorrelation

¦�§�¦�¨ ¦�©W��¦�ª��O¥ �$« � ¤�¬ �
which is an indicatorof similarity, satisfiedfor every orbit and for any valueof £ . To
determine¥ , anadditionalindicatorof similarity mustbetakeninto account,which fol-
lows from analogouscorrelationsfor theforcescorrespondingto themicro-modelandto
a systemof a body(of mass�$¢ ) orbiting thecentralone(of mass ):

¡ �¢ � � ¢ �=���=�X� « � ¤W� �
¡ �¢ � ¢X�@�� «¯® °;± � ¤ � �
¦ �¨ ¦�©�� �X� � � ¤�² �

Introducingthe secondindicator of similarity (A6) into the first one (A3), one obtains¥ � � ��.�'¢ � �'�� ¦�¨ . Further, from Eqs.(A1) and(A4) for �X�'� � � � � �'� , it follows
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³ ´ µ'¶�·M¸ ¹ º , andaccordingto Eq. (10), »�¼ ¶O³ ´;¹ ³ ´ µ$¶½ ¾ ¿�ÀiÁ Â�Ã . Thus,the effective
”Planck’sgravitationalconstant”Ä is givenby

Ä ¶�Å�½ ¾ ¿�ÀWÆ.Ç ´Ç$Èµ Á É ½ Ê=Ë Á
wherethefactor À (seeTable1), determinedfrom astronomicaldata,is included.

Finally, by introducingEq. (A7) into Eq. (A2), the scaled”quantumcondition” pre-
sentedby Eq.(16) is proved.

Consequently, Eq.(A7) shouldbeused,e.g.,todefineamacroscopic”deBrogliewave-
length” Ì ´'¶ Ä ¹ Ç ´ ³ ´ . Introducing³ ´ from Eq. (10),oneobtainsÌ ´'¶&¾ ¿iÍ ´;¹ º , whereÍ ´ is givenby Eq. (7). This is anexpectedresultin thepresentmodel. Ì ´ maybetrans-
formedinto a form dependenton º and Î as Ì ´�¶J½ ¾ ¿M¹ ³ Èµ Á Ï Æ ºM¹ Î È by usingEq. (17).
Onemay also write Ì ´.¶ Ì Ã º , which is an equivalentsimple form of the squarelawÍ ´^¶@Í Ã º È .

Equation(A7) allowstheuseof theSchr̈odinger’sradialwaveequation[8] toobtainthe
orbital spacing.If thegravitationalpotential Ð ½ Í Á�¶JÑ�Ï Æ.Ç ¹ Í andeffective ”Planck’s
gravitationalconstant”Ä areintroducedinto theradialequation,it takestheformÒ ÓÒ Í È^Ô ¾Í

Ò ÓÒ Í Ô&Õ ¿ È Ç'È Ö�×Ä È Ó Ô ¾ÍWØ ¿ È Ï Æ.Ç'ÈÄ È Ó Ñ.Ù ½ Ù Ô�Ú ÁÍ È Ó ¶�Û ÉÜ½ Ê Õ Á
where Ö�× ¶ Ö ¹ Ç is the energy per unit massof the orbiting body,

Ó ½ Í Á is the radial
wavefunctionand Ù is theangularquantumnumber. Fromthefourthterm,”the first Bohr’s
radius”is Í Ã ¶ Ä ÈØ ¿ È Ï Æ.Ç È�Ý ½ Ê�Þ Á
IntroducingÄ definedby Eq.(A7), with Ç ´^¶ Ç É oneobtains

Í Ã ¶ß ¾ ¿�À·M¸^à È Ï Æ É ½ Ê Ú Û Á
which is in agreementwith Eq. (7) for º@¶ Ú . If theangularquantumnumberis limited
only to thevaluesÙ ¶�º'Ñ Ú , thentheprobabilitymaximaof themassdistributionwill be
atpositionsgivenby Í ´^¶@Í Ã º È . Suchanapproximationhasbeenrecentlyusedby Nottale
et al. [23]. If all wave functionsup to º@¶ Ú Û , with all possiblevaluesof Ù areused[8],
thenthepositionsof probabilitymaximaslightly deviate from the squarelaw. However,
it wasalreadypointedout that thesimpleapproach,relatedto theold quantumtheoryis
moreappropriatefor an understandingof gravitational phenomena[24]. Therefore,the
completeunderstandingof the ratherformal applicationof theSchr̈odinger’s equationto
theSolarSystemneedsfurtherresearch.
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13) A. Rub̌cić andJ.Rub̌cić, EPS10Trendsin Physics,September9-13,1996,Sevilla, Spain;
14) P. S.Wesson,Phys.Rev. D 23 (1981)1730;
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KVANTIZACIJA GRAVITACIJSKIHSUSTAVA SLIČNIH PLANETARNOM
SUSTAVU SUNCA

SrednjeorbitalneudaljenostiplanetaodSuncai glavnih satelitaodplanetaJupitra,Saturna
i Uranaopisanesukvadratnimzakonomá â^ã@á ä å�æ , gdjeje å sukcesivnorastúci cijeli broj,
a á ä je srednjaorbitalnaudaljenostza å�ãSç . Terestrǐcki i jovijanskiplanetirazmatranisu
kao nezavisni sustavi, pa zajednosasatelitimatriju spomenutihplanetadaju pet sličnih
planarnihgravitacijskih sustava. Polaznapretpostavka je ”kvantiziranost”specifǐcnogor-
bitalnogmomentaimpulsa.Sukladnotomei svi ostalidinamǐcki parametrisustava popri-
majudiskretnevrijednosti.Broj å odredujezakonitostporastaorbitalnihudaljenostiplan-
etaili satelita,noporedtogauočenoje dai veličina á ä , nezavisnood å , poprimadiskretne
vrijednosti.To znǎci dapojedinisustav može imati niz strukturarazličite gustóceorbita.
Jednaod posljedicatogaje da produktorbitalnih brzina è â i pripadnogbroja å postaje
konstantanza dani sustav i ujednoje višekratnikosnovne brzine è é�êë ì kmsí ä . Ova
brzinajednakaje jednojod ”brzina” izvedenihiz kvantiziranihcrvenihpomakagalaksija,
paonamoždaima i neko dubljefizičko kozmolǒsko znǎcenje.
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