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We develop a theory describing propagation of spatially and temporally incoherent light in noninstantaneous
nonlinear media, and predict the existence of modulation instability of “white” light. We find that the modu-
lation instability of white light is fundamentally a collective effect, where all the temporal frequencies partici-
pate in the formation of a pattern, and self-adjust their respective contributions.

DOI: 10.1103/PhysReVvE.66.035601 PACS nunierd2.65.Tg, 42.65.Sf

Optical wave packets in linear media have a natural tenaffects the strength of the instabilityonlinear gain and
dency to broaden as they propagate. In nonlinear media, th&an destabilize or stabilize the beam. We find that Ml of
broadening in spac@iffraction), or time(dispersion, can be  white light is fundamentally a coIIeptive effect, vyhere all the
balanced by self-focusing effects. Consequently, solitons—temporal frequencies participate in the formation of a pat-
waves that do not change their shape during propagation-tern, and self-adjust their respective contributions.
can form[1]. Another phenomenon closely related to soliton ~ Light propagates in the nonlinear medium that responds
formation is modulation instabilityMI): the spontaneous Only to the time-averaged intensity The time average is
breaking of a uniform wave followed by the formation of a taken with respect to the response time of the matetial
pattern(a train of solitonlike beamlets/pulsesvhich occurs ~ Which, in photorefractives, can be as long as 0[T]s The
due to the interplay between diffraction/dispersion and nonwave equation for the electric fiel(x,y,z,t) is
linearity [2—5]. ,o 1 32

Until recently, all experiments on solitons and Ml in any V(V-E)-VE+— ?D=0, 1)
known system were performed with fully coherent wave ¢
pai[(ets. I;!onvever,t_mulg_% sr?lltonts lmﬁ?e of qléa5|m0ntocthr§,-\,hereD:[n(z)+ 2nydn(1)]E. The linear and nonlinear parts
H;? '8 partia yI stpa 1a ?ano .erenf '9 h}/tvelrg hteénons ra(_at of the refractive index ar@eg and én(l), respectively. For
i d ; ne year ia er(,j sel- r?%p'lggt% ?.W ;e '9 ea:mlleml '%implicity, we assume that both, and én(l) do not depend
tgm rggllarilnlggr?greeric:onurcg \;vasaotl)z’ergl%g 'I?thlflelarg_an n the frequency of the light. We analyze the case where the

uirgmen)t/ for self-trappin 01L a random- he(simaoohe?/enl nonlinearity is in temporal steady statajn(1)/gt=0.
q : ppIng 9 P .. Consider a light beam from an incoherent source, which is
wave packet is that the nonlinear response of the medium i . N
DS Sropagatlng along the direction[7]. Let wy be the central
slow compared to the characteristic time of the random flucs 5 1 )
. . frequency of the spectrurmy~ 10'° s~ 1. The corresponding
tuations upon the beam. The medium must be unable to fol- - . T
oo wave number(wavelength in the medium isky=wgng/c
low the fast variationgin time and spageof the random No=27ko). If the relative increment obn(l) is smal
speckled patterns, but respond only to the time-averaged i%vgr_a?ewov;/avelen ths,, then|V (V -E)| is negligible in
tensity patterri8]. 9ih%o, (V-E) g9

i i -2/ 2 2
Several theories formulating the propagation of incoher_cck)‘r.npanson_to t.he .nonllne.arl terr’lqa(%&n(_l)c h|a E/ote]. q
ent light in noninstantaneous nonlinear media have been prc;[ Is approximation is certainly valid for incoherent MI an
posed[9-12. There are three formally equivalent theoriesSOI'tonS' Assuming the “ght is linearly polarizdd], the_
that capture all the essential physics involved: the cohererﬁlemrIC field can bﬁ described by the complex amplitude
density function theory9], the modal theory10], and the  E(X,Y,2,t)=(1/27) [gdwE,(x,y,2)e"* !, ~ where Kk,
mutual coherence function thedry]. However, these theo- = MNow/c. The coherence properties of the light are described
ries analyze quasimonochromatic light, i.e., beams that arBy the mutual coherence functi¢f4]

temporally coherent9—11,13, and cannot describe “white” I'(Ry,Ry;7)=(E*(Ry,t,)E(Ry 1))
light solitons, such as those generated with the light emitted 1
from a bulb[7]. _ _fx “iwr
In this paper, we develop a theory describing propagation 27 ) dol'o(Ry,Rz)e ", @

of spatially and temporally incoherent light in noninstanta-

neous nonlinear media; a general theory that accounts for thehere 7=t;—t,. I', denotes the mutual spectral density.
evolution of both temporal and spatial incoherence propertiegsertingE in Eq. (1) [V(V - E)=0, andasn(l)/at=0], and

of the light. In particular, we utilize the theory to investigate approximating ¢°E , / 9z°| <|k,,9E,, / 9z|, leads to

the stability of a temporally and spatially incoherent beam of JE. 26n(1)K2
uniform intensity, and predict the modulation instability of V2E,+2ik,—— + ——-2E,=0. (3)
white light. We show that the frequency spectrum directly Iz No
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Let us defineE,,=E,e'*?~ Y and the correlation function mut(%?l spegzlt)ral density ex(%r)essing it aB,(r.p.2)
wa/:1/277(~EZ,(r2,z,t)NEw(rl,z,t)>, wherer,, andr, de- =B,,(p)+B,’(r.,p,z), whereB,’(p) denotes the incoher-

: : - : : 1) e
note two points from the same cross section of the beanf"t P€am of a uniform intensity, ari{}(r,p,2) describing
Equation (3), rewritten for the correlation functiod,,,, ~ Small perturbations. The coordinates in itie-1)D system

reads arer =(x;+X,)/2, andp=x;—X,. At the onset of the insta-
_ _ bility, and as long as perturbations are smmg)(r,p,z)|
(7\]‘”’”'—i(k Ko)I - '_Vz ! v2. 1y, <|B%(p)|. The nonlinear index change isin(r,z)
9z o TerTeet 2k, ok, MR =6n[1©7+ 9(r,z), wherel @=1/27[5dwB{?(0). 7(r,z)
) denotes small changes in the refractive index corresponding
| : _ o (1)
= (K, Sn[1(r1,2)]— Ky SN[ (12, 2) W0 - 4) to small perturbations, 7(r,z) —OK/27rf0 B_w (r,02)dw,
No wherek=a46n(1)/4l evaluated at®). Equation(5) can be
| | linearized
Clearly, if |o—o'|/wy> 1wy, thenJ,,(ri,r»,2)=0. (1) C2n(1)
. : o B (r,p,z 9B
Since wy is of order 16°Hz, and 7,=0.1s, 1lbg7ny o (hp2) 178,
~10"%, Hence,J,, (r1,r,,2) differs from zero only if 0z Ko drdp
lo—w'|lwg is extremely small, e.g., of order 1& and ik « " o
smaller. Therefore, ifry>w,*, EQ. (4) can be integrated = — Bf’(p)f (B(l,) r+—,O,z>
’ . 277”0 0 w 2
overw’ to yield
aB,, i (1) p ,
=7 Z—kw[vfl_vfz]Bw B, - 5'01)]%’ : 6)

At z=0, the initial perturbations can be Fourier decomposed
into a set of modes, 5(r,0)=1/27f” dae"*7(a)
+c.c. From the structure of Eq.(6) it follows
where B, (ry,r»,2)=fdw’J,, (r1,r»,z). Note that the that each of these modes grows exponentiatir,z)
termi(k,—K,)J,, Vanishes upon integration. By compar- =1/27(* daed®%"*5(a)+c.c., whereg(a)=gr+ig,

ing the definition of B, with Eq. (2), it follows that  denotes the complex-valued growth rd@4]. If gs>0,
Bu(r1,r2,2)=I,(r1+zk,r,+2zk), i.e., B,(ry,r»,2) is the  small perturbations get amplified while propagating alang
mutual spectral density evaluated at two points from theand the beam becomes unstable. From the connection be-
same cross section of the beam. Since the time-averaged ifiyeen 5(r,z) and BM(r,p,2z), we construct the solution of
tensity isl(r,z)=1/2m [ dwB,(r,r,z), Equation(5) is an Eq.  6): BY(r,p,2)=MD(r,p,2) +MD*(r —p,2),
integrodifferential equation describing the evolutiamthez  \\here Mg}l)(r,plz):J‘ijeg(a)zeiarLg(p)Aw(a)da_ Here

direction, of the mutual spectral density. o A o ) .
Up to this point, the treatment is general and applicable g od@A.(a)=n(a), Li(p) [A(a)] describes the spatial

the analysis of a variety of problems associated with thecoherc—;-nce proper.t|e(spower ;pectrum, 'respecjuvelycorre—
propagation of white light in noninstantaneous nonlinear meSPONding to afartlcular spatial modulation definedihyand
dia, from white light solitong7] to interaction collisions Y def.|n|t|or?Lw(Ol)=.1. _

among such solitonvhich have not been explored yeand By insertingB}) in Eq. (6), and after Fourier transform-
to the exciting possibility of coherence control and “cool- Ing from the ¢,p) space, to the inversex(K) space, Eq(6)
ing” driven by interactions among multiple incoherent soli- takes the form

tons. This formalism can also be used to study the possibilit faK)

of pattern formation upon an incoherent beam of white Iight{g_ k_) Lo(K)A,(a)

in either single-pass systentagain, never observed as of ¢

"
zln_o{ﬁn[l(rl,z)]—5n[|(r2,2)]}5w(r1,r2,2), (5)

yet) or in cavities[15]. All of these cases cannot be studied kK | o ) al o a =

with any of the established incoherent soliton theories. A ™ 27n/ B, | K+ 2 B, K= 2 fo do'A, (a).
general conclusion arising from evolution equat{dpis that

the combined spatial and temporal coherence properties of (7)

light determine the evolution of the beam. This has an im- . " " ] ]
portant implication on the self-trapping of white light; it im- Here, F(K)=(1/2m)[~.F(p)e"*dp. Equation(7) is now
plies that a particular intensity profile of a soliton can bedivided by @—iaK/k,), then integrated ove, andw. The
achieved only with proper spatiotemporal correlation statishoundary conditionf”_L%(K)dK=L:(0)=1 is applied,
tics of the light. This idea is underpinned by the impact ofand implicit integral relation fog(«) is obtained

spatiotemporal coherence properties of a uniform beam on K, K
the MI process, which can be regarded as a precursor to dodK ——
. . % [ 27Tno ~ o ~ o
soliton formation. 1= f f —[ O k4 —|= B(O)< K— _”
In the rest of this paper, we study the stability of an inco- 0 ) akK [ 2 ¢ 2
herent beam of a uniform intensity. We consider a+() 9 Kk,
dimensionalD) system, and investigate the evolution of the (8)
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Physically, B)(K) is a real, symmetric bell-like shaped [ i ' ' . ]
function [e.g., a Gaussian, or a LorentzigB|] with some N
characteristic widthK(w), which may depend on the fre- / \ 5 >

quencyw. Further analysis of Eq8) shows thag is either BV N Y s ) .
pure real or pure imaginary, and thatgf g is a solution, 3l v \ 4
theng= —gg is a solution as well. Thus, if E¢8) has a real
solutiong=gg for at least one value af, the beam will be
unstable.

Analyzing (numerically the functional dependence of
g(«) for white light, we first observe that the most important
result from the temporally coherent Ml analy$&4] is re- 1~ sl

. - . o 22 01 0 01 02
produced, with a similar logic. For white light Ml to occur,
the nonlinearity must exceed a threshold imposed by the de . | . | . |
gree of spatial coherence. Decreasing the spatial correlatio 0 001 0.02 0.03
distancel ((w) =27/Ky(w) [e.g., by multiplyingl {(w) with o/k
some constant smaller than 1], makes the beam more stable.
Eventually, when the spatial correlation distance becomes FIG. 1. The nonlinear gain coefficiegtas a function of spatial
smaller than a specifigthreshold value, the input beam be- wave numbew. The plots correspond to widths of the power spec-
comes stable and all perturbations are suppressed in a fagfimAw/w=2%, 5%, and 10%. The arrows indicate the increase

ion similar to incoherent Ml in temporally coherent systems©f Aw. The lower inset shows the spatial correlation lerigin),
[3,4]. the solid(dashedl curves correspond te=1.2 (s=—1.2), respec-

tively.

-1

g(o)) [mm ']

30

25
20

©-ap/a,

o
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However, incorporating the spectral denditfw) into in-
coherent Ml also adds several, new, very important features. From the studies on incoherent Ml in temporally coherent
The first finding is that the stability properties directly de- systems, we know that each temporal frequency has its own
pend on the(tempora) spectral width of the light. This is maximally destabilizing perturbatiof8,4]. Simply project-
significantly different from all previous studies of incoherenting this result to temporally and spatially incoherent MI may
MI [3,4], where the spectrum of the light had no effect on theefroneously lead to the thought that each frequency would
MI process. To introduce a more convenient parametrizationé'n”e"?)‘?1 "Qiizlr'zrgglirte9;?9539;@#;?‘]{25%?;%?9 B%J_thg‘ l]aICti’n
Bﬁ)o)(K? Is written as'Bff)(K)= 271 OB(w)b((K), where tempor)r;lly and spgtially incoherent wave systems is a funda-
B(w) is the normalized power spectrum of the uniform mentally fully collective effectall frequencies participate in
beam, and!?)(K) is the normalized function describing the all spatial modulations, thereby determining the growth rate
spatial coherence properties for each frequencylo facili- ~ 9(«) corresponding to each spatial modulation. Conse-
tate meaningful predictions, we use the parameters figm  quently, they collectively determine the perturbation with the
ne=2.3, x1©=0.0006, a central wavelength of 500 nm in highest gain,g(amay, and collectively participate in this

vacuum. To model the dependence of spatial correlation diﬁ%ﬁrtgrrbtﬁgzn’(awm:):h1pr_|?r\]/i2'|;¥?]esnthbaetczr\?:r? iﬁﬂfgglﬁgggr—
tance on the frequency, considefq(w)=Ky[1+s(w g I Xmad - '

. ized regime,all frequencies exhibithe sameMI pattern.

— o)/ wo], where the slopes determines whetheKq(w)  physically, this occurs because the propagation of all tempo-
increases or decreases with the constanK,=0.0k,. The g frequency constituents of the light is entangled by the
spatial coherence is  described by b,(K)  unique index of refraction “seen” by all of them. Mathemati-
=[ 27K ()] texd —K%2Ko(w)?], and the spectral den- cally, this is embedded in Ed6), since this equation, al-
sity is chosen to be B(w)=[\27Aw] texgi—(o though linear, is an integrodifferential equation, and en-

— wp)22A w?]. Figure 1 shows the gain coefficiegta) as a tangles all frequency constituents. This leads to another

function of transverse wave number, for three different spec'—ntrlgulng consequence. Since different temporal frequencies

) . tend to be modulated at different spatial periodic perturba-
. =20, 0, 0, -

]'Eral V\g?ths'A‘;’/wo dZ/O' ‘ZA)’ andTﬁO/-o, apd fl(:).r tv;o g'f tions, the spectral densit@,(a) of a particular spatial
erent types of () depen ences. The INset In F1g. 1 SNOWS,4qyjation isnot a simple replica of the spectral density
the dependence of the spatial correlation distdgaen the B(w) of the incident beam, but is determined also by the
(Fempora) frgqu_encyw. _Fors= 1.2 (s=-1.2),1; dec.reases. dependence of the spatial correlation distancevorg(w).
(increaseBwith Increasing frequency, and the maX|ma_1| 98N £rom Eq.(7), we find the relative spectral density of a par-
Omax decreaseéincreaseswith the increase oA w. We find ticular spatial modulation, defined as,(a)/A, (), to be
(numerically that there exists a critical valug,;;>0, such ’ A @or T
that for s>s.,i; (S<S¢it), the beam is stabilize@estabi- Jw B(w)aKh,(K,a)
lized) by the increase of its spectral widthw. Thus, the Agla) I g§+a2K2/kfu

spectral width directly affects the MI threshold, although the = _ (9)
impact of the temporal coherence of the beam on(imsta- A(uo(a) » B(wg)aK th(K,a)

bility is not as critical as the influence of the spatial coher- J 755 5 dK

ence. — GrtatKIk,

035601-3
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[~ r - r - 1 1 1 - ] All of these theoretical predictions can be observed ex-
perimentally. These experiments should use light from an
incandescent bulb passed through a spectral filter to control
the frequency bandwidth, and through an adjustable spatial
filter (to control the spatial coherencd& he incoherent beam
should be collimated, sent through a polarizer to keep one
polarization only, and launched into a noninstantaneous non-
linear medium(a photorefractive crystal, or a nematic liquid
crysta). The output should be spatially high-pass filte(ta
remove the nonmodulated portion of the be@aand moni-
- tored simultaneously by a camera and a spectrum analyzer.
Then, the nonlinearity should be varied from zero to the
maximum available value, while the modulation depth of the
monitored pattern, and the reading of the spectrum analyzer
should be sampled for a series of values, below and above
the MI threshold. More specifically, the reading of the spec-
[P I B S | trum analyzer at zero nonlinearity and at higtbove thresh-
-0.04 -0.02 0 002 0.04 old) nonlinearity should be compared, to reveal the results of
(0-w)/wv, Fig. 2: that the MI process determines the spectral density of
exponentially growing perturbations.

FIG. 2. Relative spectral densit,,(amad/A, (amad) evalu- In conclusion, we have formulated the theory of white
ated at the spatial wave number of highest gajp.. Different  light propagation in noninstantaneous nonlinear media, and
graphs correspond to different dependences of the spatial correltayed out the scope and general findings of the theory. More
tion distancd s on the frequency, shown in the inset. The param- specifically, we predicted the existence of modulation insta-
eters that defined(w) is s=—1.2, 0.0, 1.55, and 1.@ottomto  pjlity of white light, and extracted its features. We have
top). shown that the temporal spectrum directly affects the

R R R strength of the instabilitfnonlinear gain and that the in-
where h,(K,a)=b9[K+ (/2)]-b[K—(a/2)]. This crease of its width can destabilize or stabilize the beam. We
feature is shown in Fig. 2, which displays the ratio from Eq.have shown that the MI of such a wave packet is fundamen-
(9) for the spatial wave number that is most unstahkes the  tally a collective effect in which all the temporal frequencies
highest gail, a,ay. Here, the spectral density of the input together participate in determining the spatial modulation of
beam is rectanguldrB(w)/B(we)=1], and different plots the highest gain. Consequently, the spectral density of the
correspond to different dependendgtw) (see the inset in perturbation adjusts itself in a true collective fashion.

Fig. 2). To summarize this important result, we find that the This research was supported by the Niedersachsen-Israel
spectral density of any periodic perturbation adjusts itself irResearch Co-operation Program, the Croatian Ministry of
such a way that it is commensurate with the periodicity.  Science, and the Israeli Science Foundation.
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