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We point out that the momentum distribution is not a proper observable for a system of anyons in two dimensions.
In view of anyons as Wilczek’s composite charged flux tubes, this is a consequence of the fact that the orthogonal
components of the kinetic momentum operator do not commute at the position of a flux tube, and thus cannot be
diagonalized in the same basis. As a substitute for the momentum distribution of an anyonic (spatially localized)
state, we propose to use the asymptotic single-particle density after the expansion of anyons in free space from
the state. This definition is identical to the standard one when the statistical parameter approaches that for bosons
or fermions. Exact examples which underpin our proposal are shown. They reveal that the quasimomentum
distribution can be used to identify anyonic statistics in standard time-of-flight measurements.

DOI: 10.1103/PhysRevA.97.011601

Anyons are quantum particles residing in two dimen-
sions (2D), obeying fractional statistics interpolating between
bosons and fermions [1,2]. The archetypal physical realization
of anyons is found in the fractional quantum Hall effect
(FQHE) [3,4], where localized quasiparticle excitations have a
fractional elementary charge [4] and statistics [5,6]. While the
fundamental motivation for exploring anyons is self-evident,
the so-called non-Abelian anyonic excitations hold the po-
tential for technological advances, as they could be used for
robust topological quantum computation [7] (for a review, see
Ref. [8]).

Some of the intriguing quantum mechanical implications
of fractional statistics were pointed out decades ago [1,2].
Experiments with ultracold atomic gases seem to be a per-
fect playground for exploring anyonic physics, because of
the quality in the preparation, manipulation, and detection
of numerous intriguing quantum states [9], and because of
the possibility to explore 2D systems [10], with synthetic
magnetic fields [11], which could be used to tinker with the
statistics. In an early paper, Paredes et al., inspired by the
FQHE, proposed the realization of a 1/2-Laughlin state in a
bulk rotating gas [12]. Different schemes were later proposed
with atoms in optical lattices [13–15]. Ultracold atoms with
two hyperfine levels in non-Abelian potentials could yield
ground states with non-Abelian anyonic excitations [16],
while bosons in Floquet-driven optical lattices may effectively
exhibit fermionic statistics [17]. The one-dimensional (1D)
version of anyons [18–26] has also aroused interest, especially
in 1D optical lattices [23–26]. Such particles were proposed
to emerge from occupation-dependent hopping amplitudes,
which could be realized with laser-assisted tunneling [23,25],
or Floquet modulations [26]. Other proposals include lattices
of polar molecules [27], photonic lattices [28], and circuit-
QED systems [29]. An undoubtedly important ingredient that
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needs to be investigated in this context is the detection of
the anyonic quantum state. The studied detection schemes
rely on braiding [12,14,30,31], the pair-correlation function
[15], and precision spectroscopy [32]. Free expansion, or
the time-of-flight method, is among the most used detection
techniques from the atomic physics toolbox [9], which could be
of interest for systems where bosons are converted into anyons
by manipulating with their interaction (as in Ref. [23]), or by
introducing them as impurities in a background of topological
states (e.g., Refs. [14,15,33]). We are aware of expansion
studies only in 1D systems [21], but not for 2D anyons.

Here, we study the expansion of (Abelian) anyons in 2D
space. For a system of ultracold bosons or fermions, free
expansion provides the momentum distribution of the initial
quantum state [9], which is defined as the diagonal of the
reduced single-particle density matrix (RSPDM) represented
in a basis of kinetic momentum eigenstates. The momentum
distribution was of paramount importance as a signature of
Bose-Einstein condensation [34], and the onset of Fermi
degeneracy in a trapped atomic gas [35]. The key message of
this Rapid Communication is that the momentum distribution
is not a proper observable for anyons. If we think of anyons
as charged flux tubes [1], then this follows from the fact that
orthogonal components of the kinetic momentum operator do
not commute at the position of a flux tube, and cannot be
diagonalized in the same basis. However, this can be remedied
by turning the definitions around: We define the quasimo-
mentum distribution for anyons as the asymptotic limit of
the single-particle density of an anyonic gas freely expanding
from an initially localized state, which reduces to the standard
definition in the case of bosons or fermions. As an example,
we calculate an exact time-dependent wave function which
for t < 0 describes an eigenstate of N anyons in a harmonic
trap, and for t > 0 describes the expansion of anyons after the
trap is suddenly turned off at t = 0. The solution is found by
employing a scaling transformation, and the quasimomentum
distribution is calculated via Monte Carlo integration. For
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DUBČEK, KLAJN, PEZER, BULJAN, AND JUKIĆ PHYSICAL REVIEW A 97, 011601(R) (2018)

N = 2 particles, we find that the asymptotic single-particle
density corresponds to the projection coefficients of the initial
state onto two-anyon eigenstates in free space, which underpins
our conjecture. In addition, we point out that anyonic statistics
can be extracted from the pair-correlation function: The two-
particle correlations at short interparticle distances scale as a
power law with the statistical parameter α in the exponent.

An anyonic wave function ψ describing expansion from an
eigenstate in a harmonic trap obeys the Schrödinger’s equation
i ∂

∂t
ψ = Hψ , with the Hamiltonian

H =
N∑

i=1

[
−1

2
∇2

i + 1

2
ω(t)2r2

i

]
. (1)

Here, ω(t < 0) = 1 and ω(t � 0) = 0. The symmetry of
the wave function is anyonic, i.e., ψ(. . . ,ri , . . . ,rj , . . . ,t) =
eimπαψ(. . . ,rj , . . . ,ri , . . . ,t), where ri = xi x̂ + yi ŷ are the
particle positions, and m ∈ Z depends on how they are
braided during the exchange. The anyonic wave function is a
multivalued function of the positions {ri} (e.g., see Ref. [6] for a
discussion). For bosons and fermions, the RSPDM, ρ(r,r′,t) =
N

∫
ψ∗(r,r2, . . . ,rN,t)ψ(r′,r2, . . . ,rN,t)dr2 · · · drN ,

furnishes one-body observables such as the momentum
distribution, which is given by its Fourier transform
n(k,t) = (2π )−2

∫
ρ(r,r′,t)eik·(r−r′)drdr′. For anyons, the

single-particle density, i.e., the diagonal ρ(r,r,t) of the
RSPDM, is uniquely defined, as it is not phase dependent;
therefore, ρD(r,t) ≡ ρ(r,r,t) is a legitimate observable.
However, the off-diagonal elements of the anyonic RSPDM
depend on the wave-function phase and are not single valued.
Consequently, n(k,t) is not single valued and therefore it
cannot be used as a definition of momentum distribution for
anyons. We note in passing that for 1D anyons this problem
does not exist as the wave function and consequently the
RSPDM are single valued [19–23].

A more physical insight into the question of anyonic
momentum distribution is obtained if we think of anyons
as Wilczek’s composite particles (CPs) consisting of a point
chargeq and an infinitely thin magnetic flux tube with magnetic
flux �, so that α = −q�/2π [1]. The Hamiltonian describing
such composite particles includes pairwise vector potential
interactions,

HCP =
N∑

i=1

⎡
⎣−1

2

⎛
⎝∇i + iα

∑
j �=i

ẑ × rij

r2
ij

⎞
⎠

2

+ 1

2
ω2(t)r2

i

⎤
⎦,

(2)

where rij = ri−rj . In the Hamiltonian HCP, we have neglected
the Coulomb repulsion between the charges. The correspond-
ing wave function ψCP(r1, . . . ,rN,t) is bosonic or fermionic
(here we assume bosonic symmetry for ψCP). The vector
potential interactions can be gauged out from the Hamiltonian
HCP to obtain H [1,36], that is, the wave function ψCP is related
to the anyonic wave function ψ by a gauge transformation

ψ(r1, . . . ,rN,t) =
N∏

i<j

eiαφij ψCP(r1, . . . ,rN,t), (3)

where φij is the relative angle between two particles in the
xy plane. The RSPDM ρCP(r,r′,t) of the wave function ψCP

is uniquely defined, and it can be used to obtain one-body
observables, by properly accounting for the gauge. For exam-
ple, the Fourier transform of ρCP(r,r′,t) yields the canonical
rather than the kinetic momentum distribution because of the
presence of vector potential interactions. In order to obtain the
kinetic momentum distribution, one should first find a basis
of eigenstates of the kinetic momentum operators. However,
this is not possible because the x and y components of these
operators do not commute at the positions of the particles where
the flux is present,

[
pa

x,i ,p
a
y,i

] = −i2πα
∑
j �=i

δ(ri−rj ), (4)

where pa
x,i x̂ + pa

y,i ŷ ≡ −i∇i + α
∑

j �=i ẑ×rij /r2
ij . Therefore,

unlike the case for bosons or fermions, the kinetic momentum
distribution for anyons is not a proper observable. In order to
remedy this situation, we study the expansion of anyons from
an initially localized state, to find an appropriate observable
that corresponds to the momentum distribution, which reduces
to the usual definitions when the statistical parameter α

approaches 0 for bosons or 1 for fermions.
For clarity, we first discuss the free expansion of two anyons

released from a harmonic trap. When N = 2, the Schrödinger
equation i ∂

∂t
ψ = Hψ can be rewritten in center-of-mass

R = (r1 + r2)/2 ≡ (R,θ ) and the relative r = r1−r2 ≡ (r,φ)
coordinates. The ground state for two anyons in a harmonic
potential is given by [1,2,36]

ψ(R,r,t = 0) = N2r
|α|eiαφe−R2− r2

4 , (5)

where N2 is the normalization constant. Equation (5) already
shows two important characteristics of fractional statistics
(0 < |α| < 1), with all their implications: The wave function
cannot be written as a product of single-particle wave func-
tions, and it is not single valued. At t = 0, the trap is turned off
and two anyons start expanding. The expansion dynamics can
be found by decomposing the wave function (5) into two-anyon
eigenstates in free space, which are given by [37]

φKkMm(R,r) = eiMθJ|M|(KR)ei(m+α)φJ|m+α|(kr), (6)

up to normalization, with the corresponding energy EKk =
K2/4 + k2. The principal quantum numbers are {K,k} ∈
[0,∞〉, and the angular quantum numbers are {M,m} ∈ Z.
Because the initial ground state is rotationally invariant, only
eigenstates with M = m = 0 are present in the expansion;
therefore, we omit M and m in further notation. The time-
dependent wave function during the free expansion of two
anyons is

ψ(R,r,t > 0) =
∫

dKdkKkaKkφKke
−iEKkt

∝ 1

(1 + it)2

(
r

1 + it

)|α|

× exp

[
−R2 + r2/4

1 + it
+ iαφ

]
, (7)
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where the coefficients aKk are the projection coefficients of the
initial wave function (5) on eigenstates in free space (6),

aKk ∝ k|α|e− K2

4 −k2
. (8)

We identify |aKk|2 with the quasimomentum distribution of
two anyons.

That this definition is natural is underpinned by the follow-
ing observations: (i) The quasimomentum distribution does not
change during free expansion; (ii) this definition reduces to the
standard one when the statistical parameter α approaches 0 for
bosons or 1 for fermions; (iii) the asymptotic form of the single-
particle density ρD(r,t→∞) has the same shape as |aKk|2.
Observation (i) is evidently true, observation (ii) follows from
the fact that eigenstates for bosons and fermions in free space
are built from plane waves (properly symmetrized), and we
have verified (iii) to hold explicitly. The generalization of
Eq. (7) to the case of N anyons would read ψ(t > 0) =∫

dβaβφβe−iEβ t . However, a definition of the single-particle
quasimomentum distribution from the projection coefficients
aβ is unclear, as we do not know which quantum numbers
β define eigenstates φβ of N anyons in free space. These
eigenstates are complex many-body wave functions, because
a system of anyons is a genuine many-body problem with
all its inherent difficulties, even though the Hamiltonian H

appears to describe noninteracting particles. The fact is that
vector potential interactions between particles from HCP, when
gauged out to obtain H , remain hidden in the anyonic symme-
try of the wave function ψ . Nevertheless, we can define the
quasimomentum distribution for N anyons as the asymptotic
single-particle density, after expansion in free space. This
definition obviously obeys observation (ii) above, although the
connection with projection coefficients aβ is not yet clear.

Let us now consider the expansion of N anyons from the
harmonic trap. The generalization of wave function (5) for
N > 2 does not yield the ground state in a harmonic oscillator.
In order to gain understanding of the expansion dynamics of
anyons, we assume that initially the system is in its eigenstate,
given by [36]

ψ({ri},t = 0) = NN

∏
i<j

r
|α|
ij eiαφij e− ∑N

k=1
|rk |2

2 . (9)

We can obtain the dynamics of the system for t � 0 by
employing the scaling transformation [38,39],

ψ({ri},t > 0) = 1

bN
ψ

({
ri

b

}
,0

)
ei ḃ

2b

∑N
k |rk |2e−iEN τ (t). (10)

Here, b = √
1 + t2 is the time-dependent scaling factor, EN =

N + αN (N−1)/2 the eigenstate energy, and τ (t) = ∫ t dt ′
b2(t ′) a

scaled time. The evolution of the single-particle density is self-
similar, ρD(r,t) = b−2ρD(r/b,0). Consequently, the shape of
the asymptotic single-particle density is the same as the initial
single-particle density. In Fig. 1 we plot its profile for N = 20,
for different values of the statistical parameter α. We see that
on the bosonic side, the form is narrower and sharper, and
it gets flatter and broader on the fermionic side, as one would
expect from the quasimomentum distribution. Therefore, time-
of-flight measurements of the quasimomentum distribution can
be used to identify anyonic statistics.

FIG. 1. The profile of the single-particle density ρD(xx̂,0) of
the wave function (10), which we identify with quasimomentum
distribution (see text), for N = 20 and different values of α, obtained
via Monte Carlo integration. The inset shows the peak of the bosonic
density at α = 0. The single-particle density at any time t > 0 is given
by ρD(r,t) = b−2ρD(r/b,0).

Another observable that depends on the statistical pa-
rameter α, and can be used to obtain information on the
anyonic character of the system, is the pair-correlation func-
tion [15]. The pair-correlation function g(r1,r2,t) = N (N −
1)

∫ |ψ(r1,r2, . . . ,rN,t)|2dr3 · · · drN is illustrated in Fig. 2 for
different values of α and N , at t = 0 (it changes trivially
with time due to the self-similarity of the evolution). One
particle is fixed at r2 = x̂, and we show g as a function of
the position of the second particle, r1. In Fig. 2(a) we show g

for N = 5: Two particles are uncorrelated only in the bosonic
limit (α = 0), coinciding with the case with no repulsive
statistical interactions at any distances [40,41]. In Fig. 2(b),
the angle φ1 parametrizes the position of the moving particle,
r1 = cos φ1x̂ + sin φ1ŷ. Suppose that we perform an expansion
of two anyons from a harmonic trap. If we detect one anyon
at an angle φ2 = 0, one may ask what is the probability of
detecting the second anyon at some other angle φ1? The plot
in Fig. 2(b) for N = 2 provides information on what we may
expect from such an experiment. Bosons would be completely
uncorrelated with probability independent of φ1, fermions
anticorrelated with the peak of the probability at φ1 = π , and
anyons ranging in between these two cases, depending on α.
From the structure of the wave function (10) it follows that
for small interparticle distances, the pair-correlation function
scales as g ∝ |r1 − r2|2|α| (the same scaling law holds for
t > 0); this can be seen from the plot in Fig. 2(b). It was
recently pointed out that in topologically ordered states, the
low-energy onset of spectral functions scales as a power law
with the statistical parameter in the exponent [42].

One possible route to implement free expansion of anyons
in ultracold atomic gases is by building upon the proposals
in Refs. [12,15,33]. Suppose that one implements a system
proposed in Ref. [12], where one first introduces a system
of hard-core bosons in a synthetic magnetic field, which is
represented by a bosonic version of the Laughlin wave function
for electrons in the quantum Hall regime [12]. Next, instead
of creating quasihole fractionalized excitations with lasers
[12], suppose that one introduces a few bosonic atoms of
another species, which have hard-core repulsive interactions

011601-3
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FIG. 2. Pair correlations of anyons. (a) Pair-correlation function g(r1,r2 = x̂) for different values of the statistical parameter α. (b)
Dependence of g on the distance between particles |r1 − r2| = |(cos φ1 − 1)x̂ + sin φ1ŷ| as a function of N and α. The pair-correlation function
scales as g ∝ |r1 − r2|2|α| (the same scaling law holds for t > 0). The base of the logarithm is natural. See text for details.

with the original bosons. These newly introduced bosons
would behave as anyons, and their expansion in the presence
of the background of the original bosons would reveal the
quasimomentum distribution discussed here. Such a system
of test particles immersed in a fractional quantum Hall-like
state was discussed in Refs. [15,33].

In conclusion, we have shown that the momentum distribu-
tion, which played a key role in demonstrating Bose-Einstein
condensation [34] and Fermi degeneracy [35], is not a proper
observable for a system of 2D anyons. Instead, we pointed
out that the asymptotic single-particle density following the
expansion of anyons from an initially localized state has all
the characteristics of the quasimomentum distribution, and
it reduces to the standard definitions when the statistical
parameter approaches 0 for bosons and 1 for fermions. Thus,
such a quasimomentum distribution obtained from time-of-
flight measurements can be used to measure anyonic statis-
tics in experiments. We have obtained the quasimomentum

distribution for N anyons expanding from an eigenstate in a
harmonic trap. We demonstrated that two-particle correlations
of this state scale as a power law with the statistical param-
eter in the exponent. Finally, we have proposed a possible
implementation of this system with ultracold atomic gases.
Our work points at intriguing aspects associated with extracting
observables from anyonic wave functions that are still awaiting
to be explored. An interesting problem to consider next is the
expansion of non-Abelian anyons.
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Trombettoni, P. Calabrese, J. Goold, and B. Buča. This work
was supported by the Croatian Science Foundation Grant No.
IP-2016-06-5885 SynthMagIA, and in part by the QuantiXLie
Center of Excellence, a project co-financed by the Croatian
Government and European Union through the European Re-
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