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Mikroskopski opis oblika i kolektivnih
pobudenja atomske jezgre

Sazetak

U ovom radu primijenjen je model srednjeg polja baziran na relativistickim energi-
jskim funkcionalima gusto¢e (REDF) na parno-parne izotope kriptona, barija i ksenona.
Pomocu relativistickog Hartree-Bogoliubovljevog (RHB) modela i DD-PC1 funkcionala,
ispitane su kvadrupolne i oktupolne deformacije danih izotopa u osnovnom stanju.
Oktupolne deformacije u osnovnom stanju izracunate su za jedan izotop kriptona,
jedan izotop ksenona i sedam izotopa barija. Za izracun energija pobudenja i snaga
prijelaza koriStena je metoda kvadrupolno-oktupolnog kolektivnog Hamiltonijana
(QOCH). Izracunate energije pobudenja i snage prijelaza usporedene su s dostupnim
eksperimentalnim podacima. Utvrdeno je da rezultati za teze jezgre, poput barija
i ksenona, pokazuju puno bolje slaganje s eksperimentalnim podacima od rezultata
za lakse jezgre kao Sto je kripton. Takoder je pokazano da su izracunate energije
pobudenja za stanja s pozitivnim paritetom u puno boljem slaganju s eksperimental-

nim podacima od energija za stanja s negativnim paritetom.

Kljucne rijec¢i: kvadropolne deformacije, oktupolne deformacije, relativisticki energi-

jski funkcional gustoce, kvadrupolno-oktupolni kolektivni hamiltonijan



Microscopic description of nuclear shapes and
collective excitations

Abstract

In this work, a mean-field model based on relativistic energy density functionals
(REDF) was applied to even-even isotopes of krypton, barium and xenon. Quadrupole
and octupole deformations of given isotopes in the ground-state were examined us-
ing a relativistic Hartree-Bogoliubov (RHB) model and a DD-PC1 functional. It was
calculated that one krypton isotope, one xenon isotope and seven barium isotopes are
octupole-deformed in the ground-state. A calculation of excitation energies and tran-
sition strengths was performed using a quadrupole-octupole collective Hamiltonian
(QOCH). The results for the excitation energies and transition strengths were com-
pared with the available experimental data. It is shown that the results for heavier
nuclei, like barium and xenon, are in much better agreement with the experimental
data than the results for lighter nuclei, like krypton. It is also shown that the calcu-
lated excitation energies of states with positive parity are in much better agreement

with experimental data than energies of states with negative parity.

Keywords: quadrupole deformations, octupole deformations, relativistic energy den-

sity functional, quadrupole-octupole collective Hamiltonian
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1 Introduction

The problem with describing the properties of a nucleus is that it is a many-body
quantum system comprised of protons and neutrons which interact mainly via the
nuclear force, which has a much more complicated form than the Coulomb force
or gravity. In order to describe properties of a nucleus, models are developed that
avoid explicitly modelling the nuclear force. According to the nuclear shell model,
a nucleus might be viewed as a system of independent nucleons moving in an aver-
age potential [1]. The energies of nucleons are quantized and each nucleon fills a
particular nuclear orbital (shell). Those nuclei that only have completely filled shells
are more tightly bound than the neighbouring nuclei and are spherically shaped in
the ground-state. If a nucleus is excited from the ground-state, or more nucleons are
added, deformations of the spherical shape may occur due to long-range correlations
between valence nucleons [2]. In this work, quadrupole and octupole shapes are
examined. Nuclei with axially symmetric quadrupole deformations are characterized
by an ellipsoidal shape, which can be prolate (rugby ball shape) or oblate (discus
shape). Nuclei with octupole deformations are characterized by a pear-like shape.
Octupole deformations are rarer and occur when there are interacting shells of op-
posite parity whose angular momentum differs by 3% [3]. These interactions usually
occur for nuclei with specific nucleon numbers, which will be discussed in the sec-
ond chapter. The octuple deformation breaks reflection symmetry, and a nucleus
with strong octupole deformation has large electric dipole and octupole transition
strength. In particular, measurement of a very large E1 transition would imply the
time-reversal (T) or Charge-Parity (CP) violation [4], and thus point to a testing
ground for a new physics beyond the Standard Model of elementary particle physics
in the context of low-energy nuclear physics. Given this general interest, the study
of octupole shape is among the most prominent topics in nuclear physics, and the
relevant experiments have been planned and already running at the radioactive-ion
beams facilities around the world, e.g., at HIE-ISOLDE facility at CERN, Argonne Na-
tional Laboratory, etc. Some of the recent experimental and theoretical advances in
the research of octupole collectivity in nuclei can be found in [5, 6].

A model used in this work is a self-consistent mean field model (SCMF), where

a nucleus is represented as a many-body system of independent nucleons moving



in a self-consistent potential that corresponds to the actual density distribution of
a given nucleus [7-9]. SCMF model is analogous to Kohn-Sham density functional
theory (DFT) [10], which describes a quantum many-body system in terms of a uni-
versal energy-density functional, effectively mapping a many-body problem onto a
one-body problem [11]. The exact energy-density functional is approximated with
powers and gradients of ground-state nucleon densities and is not necessarily re-
lated to any given nucleon-nucleon (NN) potential [11]. One of the most important
classes of mean-field models are the relativistic mean-field (RMF) models which use
a relativistic energy-density functional (REDF) to describe properties of a nucleus.
A formalism of REDFs currently provides the most complete and precise theoreti-
cal framework for describing properties of the ground-state and collective excitations
and is successfully applied to nuclei ranging from light to superheavy nuclei, from the
nuclei in the valley of 3-stability to the nuclei on the boundaries of the valley [12].

Mean-field models do not include pairing correlations that come into effect for
nuclei with partially-filled shells. In order to fix this problem, a relativistic Hartree-
Bogoliubov (RHB) model [9,13] is used, a relativistic extension of the Hartree-Fock-
Bogoliubov model, which takes into account these correlations. The RHB model
provides a unified description of particle-hole (ph-) and particle-particle (pp-) cor-
relations on a mean-field level by using two average potentials: the self-consistent
mean-field potential and a pairing field [11]. Introducing Bogoliubov quasiparticle
operators enables a ground state of a nucleus to be described by a Slater determinant
that represents a vacuum with respect to independent quasiparticle operators. More
detailed description of the RHB model will be given in the second chapter.

Another issue with the mean-field model is that a SCMF wave function necessarily
breaks several symmetries of the nuclear Hamiltonian, e.g. translational and rota-
tional. This means that the SCMF model alone cannot be used to compute excitation
energy spectra and transition strengths between nuclear states. In order to compute
them, a REDF framework has to be extended to take into account the restoration of
broken symmetries and fluctuation of collective coordinates [13]. One of the most
common methods used is the generator coordinate method (GCM) which uses RHB
wave functions and weight functions to build the approximate eigenstates of the
Hamiltonian of the nucleus. This method is very successful, but the calculations are

very time-consuming. In this work, a REDF-based quadrupole-octupole Hamiltonian



(QOCH) [14,15] is employed. In this method, vibrational and rotational kinetic en-
ergies are expressed in terms of the gqadrupole and octupole deformation parameters
P2 and (3 and the moments of inertia. The biggest advantage of this method, in
comparison to GCM, is that the calculations are far less time-consuming, it takes only
a few minutes for the QOCH calculations to finish. The QOCH method will also be
discussed more in detail in the second chapter.

The octupole deformations in the rare-earth [16,17] to lanthanides (Z ~ 56, N =~
88) [18,19], and actinides (7 ~ 88, N =~ 136) [17,20-23] regions are well studied
both theoretically and experimentally. However, the regions with (7 ~ 34, N ~ 34),
(Z =~ 34, N = 56), and (Z ~ 56, N =~ 56) have been much less explored theoretically.
So, it is a principal aim of this work to address whether the theory predicts octupole
deformation occurs in these mass regions as well. Furthermore, the evolution of de-
formations (quadrupole and octupole shapes, and shape coexistence) in the neutron-
rich krypton isotopes is a theme of great interest, and has recently been extensively
investigated by experiments such as at CERN [24] and RIKEN in Japan [25]. In this
work, a DD-PC1 functional, in combination with the RHB model, was applied to even-
even isotopes of krypton (Z = 36, 30 < N < 66), xenon (Z = 54, 54 < N < 118)
and barium (Z = 56, 54 < N < 98). A potential energy surface (PES) was plot-
ted in the -3 plane and, for some of these isotopes, octupole deformations were
observed. Special attention was given to isotopes with nucleon numbers for which
static octupole deformations are expected. Low-lying excitation spectra, ground-state
energies and transition strengths were calculated using the QOCH with parameters
determined by SCMF calculations based on the DD-PC1 functional. The excitation
energies were calculated for states up to J™ = 7~ and the transition strengths were
calculated for transitions between the first 1-, 2% and 3~ states and the ground-state
0*. All of the results were compared to the available experimental data, mostly found
on the website of the National Nuclear Data Center (NNDC) [26].

This work is organised in the following way. In chapter 2, theoretical framework
is explained. In the first subchapter, the theory behind quadrupole and octupole
deformations is presented. The DFT, the RMF model with REDF and the QOCH
are explained in the rest of the chapter. Results of the calculations are presented
in chapter 3. PES is plotted in the f; — (5 plane and static octupole deformations

in the ground-state are shown for certain isotopes of krypton, xenon and barium.



Binding energy per nucleon number is plotted as a function of the neutron number
for all three elements and the results are compared with experimental data. In the
rest of the chapter, excitation energies and transition strengths are also plotted as a
function of the neutron number and the results are also compared with the available
experimental data. The last chapter contains the summary of the results and the

outlook.



2 Theoretical framework

2.1 Quadrupole and octupole deformations

In order to describe nuclear deformations, the surface of the nucleus needs to be
parameterized in some way. One possibility is to describe it by the length of the

radius vector, which can be expanded in terms of a spherical harmonic expansion [3]

Amaz  +A

R(0,6) = c(a)Ry |1+ Y > anY5,(0.0)| . (2.1)

A=2 p=—\
Deformation parameters «,, describe the length of the vector pointing from the ori-
gin to the surface, R, is the radius of a sphere with the same volume and c(«) is
determined from the volume conservation condition. Since the radius needs to be

real, this leads to a condition
(an)™ = (=1) ax_. (2.2)

For A\ = 1, three dipole deformation parameters .1, ;o are given by fixing a center

of mass (c.m.) at the origin of the body-fixed frame, which leads to a condition

/ rd’r = 0, (2.3)
v

where V represents the volume of the enclosed surface in Eq. (2.1).

Parameters with A\ = 2 represent quadrupole and parameters with A = 3 rep-
resent octupole deformations. Including more deformations in the expansion in
Eq. (2.1) leads to a more complicated picture with many deformation parameters.
If quadrupole and octupole deformations are included, there are two independent
quadrupole deformation parameters and seven octupole deformation parameters.
However, when examining axially-symmetric nuclei, the picture is simplified because
all 4 # 0 parameters vanish. The non-vanishing deformation parameters «,, are
usually called g,.

Octupole deformations occur when there are ph-interactions between shells (I +
3,7+ 3) and (I, j) of opposite parity. These deformations are expected for nucleon
numbers 34(g% < ps coupling), 56(h% > dg coupling), 88(1% > fg coupling) and

134(]'% 8 coupling) [3], as is shown in Fig. 2.1. Nuclear deformations have
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Figure 2.1: Nuclear spherical single-particle levels with indicated octupole couplings.
The figure is taken from [3].

an effect on the low-lying excitation spectra. Lowering of the 2 state is character-
istic for quadrupole deformations [1]. For nuclei with octupole deformations, odd-
parity states 1~ and 3~ states exist in the low-lying excitation spectra, with transition
strengths B(E1) and B(E3) from those states to the ground-state 0*. The values for
B(E1) are usually < 102 Weiskopff units (W.u.). The transition strengths B(E3) can
be > 10 W.u., and are easier to observe. In recent years, octupole deformations were

confirmed in ??*Ra by successfully measuring B(E3;3~ — 01) transition strength [2].



2.2 Density functional theory (DFT)

The basic concept of the DFT in nuclear physics is that the ground-state properties of
the nucleus can be represented in terms of the ground-state density alone. This way,
solving a Schrodinger equation with 3N coordinates is avoided, because the density
p(r) depends only on three spatial coordinates. This enables the DFT to be applied to
large systems, such as heavy and superheavy nuclei, which makes it one of the most
successful methods in nuclear physics. Most applications of the DFT use the effective
single-particle Kohn-Sham (KS) equations [10]. The Hohenberg-Kohn theorem [27]

states that there is a unique energy functional

E.p = Tuld] + / & v, (1)p(r) (2.4)

for which the variational equation yields the exact ground state density ps(r). Ts(p)
is the universal kinetic energy functional of the non-interacting system and v,(r) is a
unique local single-particle potential. According to the KS scheme, this potential is
unique for every interacting system and is such that the exact ground-state density

equals the ground-state density of the auxiliary non-interacting system:

) = pu(x) = 3 ) (25)

where ¢;(r) represent wave-functions for N lowest occupied single-particle orbitals

that satisfy the KS equations:
[—V2/2m -+ vs(r)]qﬁi(r) = el(bl(r) (2.6)

For a bound system, like the nucleus, the energy functional can be written as a

sum of three separate functionals
Flp] = T[p] + Eulp] + Euclp], (2.7)

where T, is a kinetic energy functional of a non-interacting system, Fy is a Hartree
energy functional and F,. is an exchange-correlation energy functional. The latter

contains all other many-body effects. The local exchange potential is defined by the



relation:

_ 0 Eqe|p]
Vzelp](r) = Sp(r) (2.8)
This way, the potential v,[p|(r) can be written as
vslpl(r) = valpl(r) + vae[p)(r). (2.9)

The effective potential depends on the ground-state density, so equations (2.5),
(2.6) and (2.9) need to be solved self-consistently and this is the KS scheme. The ef-
fectiveness of the KS scheme depends on the ability to construct a universal exchange-
correlation energy functional F,.. One approach is to construct F,. from the first
principles by incorporating exact constraints. The other approach is empirical, where
parameters of the functional are optimized by fitting them to empirical data. The

latter approach is the one used in constructing REDFs.

2.3 Relativistic mean-field model (RMF)

Most relativistic models in nuclear physics view a nucleus as a system of Dirac par-
ticles that interact via the meson- and photon-exchange. The minimal set of meson
fields that is necessary to build the RMF model includes the isoscalar-scalar ¢ me-
son, the isoscalar-vector w meson and the isovector-vector p meson [11]. There
are many advantages to using a relativistic model than a non-relativistic one. For
start, relativistic models include the nucleon spin degree of freedom, so the result-
ing nuclear spin-orbit potential emerges automatically. Also, RMF models enable a
unique parameterization of nucleon currents and other time-odd components of the
nuclear mean-field and they offer an explanation for phenomena like the empirical
pseudospin symmetry [28]. In this work, the REDF used is the one constructed by
adjusting parameters to empirical data on nuclear ground-states.

In the Dirac spinor field ¢, nucleon densities and currents are bilinear in that field

@EOTF@Z}? OT € {1vTi}a ['e {17’7/1’75’757#70#'/}‘ (210)

Operators 7; represent isospin Pauli matrices and operators I' represent Dirac ma-
trices. In order to calculate the ground-state density and energy, relativistic linear

single-nucleon KS equations need to be solved. These equations can be derived by



constructing an interaction Langrangian with four-fermion interaction terms: isoscalar-
scalar: (y1))?, isoscalar-vector: (yy,1)(1y*1), isovector-scalar: (y7%) - (172) and
isovector-vector: (¢7y,1)-(17y"1)), where arrows are used to denote vectors in isospin
space. Vectors in coordinate space will be denoted with bold letters. A general Lan-
grangian could be written as a power series in the currents {)OI'/) and their deriva-
tives, where higher-order terms represent in-medium many-body correlations. How-
ever, experimental data can constrain only a small number of parameters. Because
of this, an effective Lagrangian containing only second-order interaction terms can
be constructed. Analogous to meson exchange RMF phenomenology, in which the
minimal set is built using o, w and p meson, an effective Lagrangian that includes
isoscalar-scalar, isoscalar-vector and isovector-vector four-fermion interactions can

be constructed and written in the following form:

L=ip(iy-0—m)

~ 5as(D)F)F4) — 5ov(B)Iv) ) — arv (BN GP) FT)

1 (1 —7'3)

— 555(&/%@@/})(8%51/)) — ety - AT@/)-

(2.11)
What can be seen in Eq. (2.11) is that the Lagrangian, aside from the free-nucleon
term and the point-coupling interaction terms, also includes the coupling of protons
to the electromagnetic field. The derivative term in the equation takes into consid-
eration finite-range interactions that are necessary for a quantitative description of
nuclear density distribution, e.g. radii [11]. Similar interactions can be included
in each space-isospin channel, but in practice only a single derivative term is con-
strained by the experimental data, and it is the one in isoscalar-scalar channel, which
is consistent with conventional meson-exchange RMF models, in which the mass of
the o meson is adjusted to nuclear matter and ground-state properties of finite nu-
clei [11], while the values for the masses of the w and p mesons are free. Also, in
order to reduce the number of parameters, the isovector-scalar channel is left out of
the REDF.
Strength parameters ag, oy and apy from the Eq. (2.11) are functions of the

nucleon 4-current:

J* =yt = put, (2.12)



where u# represents a 4-velocity defined by the relation (1 — v~/?)(1,v). In the rest-
frame of the homogeneous nuclear matter v = 0 By varying the Lagrangian with
respect to 1, the relativistic analogue to KS equation, called the single-nucleon Dirac

equation, is obtained:
(i — £ — ) — (m + g)] v = 0, (2.13)

where ¥#, ¥, ¥¢ and ¥¥.,, are nucleon self-energies defined as:

1
St =ay(p,)j" +e T3 pn (2.14)
1j* [ Oag Oay . ., Oary - -
s = I )9S o TV L g 2.15
Ys = as(py)ps — dsUps (2.16)
Shy = arv (o). (2.17)

Energies ¥, ¥# and /., are isoscalar-scalar, isoscalar-vector and isovector-vector
nucleon self-energies and ¥#, is a term that arises by varying strength parameters
with respect to the density operator. The isosclarar 4-current j,, the isovector 4-
current fﬂ and the scalar density p, are defined as expectation values of the following

operators in the ground-state |¢y):

ju = <¢O }@E%ﬂﬂ ¢O> = Zvi&k%ﬂﬂk (218)
k

"= {0 |V, 7| po) = ngi/_)k%ﬁﬁk (2.19)
k

ps = (o [U| ¢o) = Zviﬁk%- (2.20)

k
Density p, is the zeroth component of the 4-current j,. Wave function v, is the
Dirac spinor and the summation runs over occupied positive-energy single-nucleon

orbitals, with v} representing occupation factors. This is called a “no-sea” approx-

10



imation where contributions of negative-energy solutions to currents and densities
are omitted and the vacuum polarization effects are implicitly included in the ad-
justable density parameters of the theory. Equations (2.13)-(2.20) are solved self-
consistently by iteration. A form of potentials in Eq. 2.13 is assumed. By solving the
equation, single-particle wave functions are constructed. These wave functions are
used in equations (2.18)-(2.20) to construct a new set of potentials. The procedure
is repeated until the convergence happens. From the results, a total energy of the
system [12]

E- / Har (2.21)

can be calculated, where H represents the Hamiltonian density, a (0,0) component

of the impulse and energy tensor:

H=T" — 8—62 _ L (2.22)
oY

Strength parameters are parameterized in the following way:

as(p) = as + (bs + cgx)e ** (2.23)
av(p) = ay + bye V" (2.24)
arv(p) = bpye TV (2.25)

where © = p/psa; and psy is the nucleon density at saturation in symmetric nuclear
matter. Together, these 9 parameters are used to construct a DD-PC1 functional.
These parameters are adjusted to experimental data on binding energies for different

nuclei [29].

2.4 Relativistic Hartree-Bogoliubov (RHB) model

As was said earlier in the Introduction, the RMF model does not take into account
pairing correlations, that play an important role in the description of open-shell
nuclei. One way to incorporate pairing correlations into RMF model is by using a

Bardeen-Cooper-Schrieffer (BCS) approximation, or a Hartree-Fock-Bogoliubov (HFB)

11



model. The HFB model is a generalization of the BCS approximation that includes
the description of long-ranged ph- and short-ranged pp-correlations on the mean-
field level. In order to construct the HFB model, a concept of Bogoliubov quasi-
particle needs to be introduced. Quasiparticle operators /3 are defined by a unitary
Bogoliubov transformation of the single-nucleon creation and annihilation operators

cand ¢:

Bl =" (Unc] + Vixar). (2.26)
l

The sum runs over the entire configuration space. The operator S is given by the
Hermitian conjugation of Eq. (2.26). A generalized Bogoliubov transformation can

be written in a matrix form:

15} B ur vt c\ c
(6T>_ VT yT (C*)_WT<CT)' (227)

In order for B,Z and [ to satisfy standard fermion commutation relations, the W

matrix;

u ve
W= (2.28)
vV U

needs to be unitary. The ground-state of a nucleus |®) is represented by a quasipar-

ticle vacuum that satisfies the condition:
Br |®) =0 (2.29)

for every k in the configuration space. A function that satisfies the condition from
Eq. (2.29), for a given set of quasiparticle operators, is called a HFB wave function.

The density matrix p and the pairing tensor « are defined as:

pu; = <q) ’CLCZ) q)> = V'V ) = py (2.30)

ki = (P |era| @) = (VU )i = —ka. (2.31)

12



The energy density functional F[p,x,x*] is defined as an expectation value of a

Hamiltonian in the ground-state of a nucleus:
(® )H‘ o). (2.32)

By varying the energy density functional with respect to p, x and «*, a single-particle

HFB equations can be obtained:

h—x A
_ (Uk> e (U’“) (2.33)

where h represents a Hartree-Fock Hamiltonian:

OEp, Kk, k*
hlk[p7 K, I{*] = [g R } (234)
Pkl
and A represents a pairing field:
OEp, K, k"
Aulp, ] = %. (2.35)
Ik

The quasiparticle vacuum is not an eigenstate of the particle number operator, which
means that in the HFB formalism, the number of particles is not conserved. For
that reason, Eq. (2.33) contains a chemical potential A\, which can be determined
from the condition that the expectation value of the particle number operator in the
ground-state equals the total number of particles in the system.

The RHB model represents a relativistic extension of the HFB formalism. RHB

equations can be written in the following form:

hD—m—)\ A Uk(r>) ( Ukl‘)
_ , 2.36
—A* —hp+m+ A (Vk(r) RANATY (2:36)

where hp is a single-nucleon Dirac Hamiltonian from the Eq. 2.13, m is a mass of a
nucleon and A is a pairing field.
Since there is no experimental evidence on relativistic effects in pairing correla-

tions, a model of RHB with a non-relativistic pairing field can be employed. A general

13



relativistic two-body pairing field can be written as:

N 1
Aa1p1,a2p2 == 5 Z <a1p1, a2p2|vpp’a3p3> a4p4>/{a3p37a4p47 (237)

a3p3,a4p4
where py, p2, p3, p4s = [, g are indices that refer to large and small components of the

quasiparticle Dirac spinors:

Ulr,s,t) = (fU(r’S’t>), V(r,s,t) = (fV(r’s’t)) (2.38)

igU(r,s,t) 2.gV(rasat)

with s and ¢ representing spin and isospin. An approximation is used that takes
into account only large components of spinors U(r) and V(r) when building a non-

relativistic pairing tensor . The pairing field can then be written as:

~ ~

1
Aff = At11f7a2f - E Z <a1f’ azf ‘Vpp| az f, a4f> Kasf.aaf> (2.39)
a3 f,asf

while other components Ay, A s, A,, are omitted. In the pp-channel, interaction

can be described by using the Gogny force:

VPP(1,2) = Y e (v (W4 BT — HiPT — M;PPT), (2.40)
i=1,2
with a set of parameters p;, W;, B;, H; and M; (i = 1,2) determined from the D1S
parameterization [30]. An advantage of this method is that the Gogny force has
a finite range, but the problem is that solving equations (2.36) can be very time-
consuming.

Another way to describe the pairing field is to introduce a form of the pairing
force that is separable in the momentum space and completely determined by two
parameters that are adjusted to reproduce pairing properties of the Gogny force in
nuclear matter [29]. The pairing gap in the singlet 'S, channel can be written as:

Alk) = — /Ooo i (k|v's

272

N\ AR)
K) SE (2.41)

Since the force is separable in the momentum space, the expectation value of the

14



potential can be written as:

<k; ‘vlso k> — —Gplk)p(K), (2.42)

where p(k) is assumed to have a Gaussian form p(k) = e~***", with two parameters G
and a determined from D1S parameterization [30]. The Eq. (2.42) can be transferred

from the momentum space to the coordinate space:
1
V(ry,re,r'y, 1) = GO(R — R’P(r)P(r')§(1 — P%)), (2.43)

where R = %(rl +ry) and r = r; — ry are center of mass and relative coordinates.

P(r) is the Fourier transform of p(k):

1 —r2 /402

The factor (R — R’) preserves translational invariance.

Equations 2.36 can be solved by expanding the nucleon spinors U(r,s,t) and
V(r, s,t) in the basis of a 3D harmonic oscillator (HO) in Cartesian coordinates [29].
Since axial symmetry is assumed in this work, equations 2.36 can be solved in cylin-
drical coordinates [12,31]. This will be done in Appendix A.

By solving RHB equations in the previously described way, only a local minimum
on the energy surface can be calculated. In order to calculate the energy as a func-
tion of the collective coordinate ¢, a constraint on the expectation value of a given
operator needs to be imposed. A wave function |¢(¢)) needs to be constructed so that
the total energy is minimized and that an operator () has a fixed expectation value
q= <<I> ‘Q‘ (I>>. This can be done by using a quadratic constraint method that uses a

variation:

(H) + g (<Q> - q)Q, (2.45)

where (H) represents a total energy, <Q> is an expectation value of a quadrupole
or octupole operator, ¢ is the constrained value of the multiple moment and C' is
the stiffness constant. In this way, the plotting of the potential energy surface in the

B9 — B3 deformation plane is enabled.

15



2.5 Quadrupole-octupole collective Hamiltonian (QOCH)

Since mean-field models break certain symmetries, e.g. translational and rotational,
other methods need to be combined with those models, so that low-lying excitation
spectra and transition rates can be calculated. One of the commonly used methods
is the generating coordinate method (GCM) [13], but using that method can lead
to very time-consuming calculations. In this work, a quadropole-octupole collective
Hamiltonian (QOCH) is used. The radius from the Eq. (2.1) is expanded up to A =
3 and excitations are described by considering quadrupole and octupole collective
coordinates. When axial symmetry is imposed, in order to collective coordinates can
be parameterized in terms of two deformation parameters 3, and (53 and three Euler
angles (2 = ¢, 6,1) [14]. Three Euler angles determine the orientations of the main
axes in the laboratory frame [12], while parameters a, , are expressed in terms of
deformation parameters [3:

ax, = Dy (2.46)

O

where D), is a Wigner function. The classical collective Hamiltonian can be ex-
pressed as a sum of the vibrational and rotational kinetic energy and the collective

potential. The vibrational kinetic energy can be written as:
1 2 e 1 )2
Teib = 532252 + Bas 233 + 533353, (2.47)

where parameters B,,, Bos and Bss are called mass parameters and are functions of

deformation parameters (3, and (3. The rotational kinetic energy can be written as:
13
T = 5 > T, (2.48)
k=1

where 7, represents a moment of inertia, which is also a function of deformation

parameters. After quantization, the collective Hamiltonian can be written in the
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following form:

R 72 a\/f 0 a\/f 0
Hco =———= |37\ = Bsszz — 57\ ~Basz
L oeZ |08V w P08 0BV w P 0ps
a\/? 0 a\/f %, (2.49)
— =/ =Bus + 21/ =Baar '
885V w 8B, 05V w T 0ps
j2
+ ﬁ- + ‘/COH(BZ? 53)7

where w = By Bsz — B3, and the corresponding volume element in the collective

space is expressed as

/ ATeonl = / VW dBedB3dSQ. (2.50)

To solve the eigenvalue problem of the collective Hamiltonian in Eq. (2.49), eigen-
functions are expanded in terms of a complete set of basis functions. For each value

of the angular momentum /, the basis is defined as:
InansI MK = (W)™ Gy (B2) by (B3) | IMK) (2.51)

where ¢,, and ¢,, denote the one-dimensional HO wave functions of 3, and f;.
For axially deformed shapes, the intrinsic projection of the total angular momentum

K = 0. The collective wave function can be written as:
WM™ () B, Q) = 67“2/32/27??(52, B3) |[IMO) , (2.52)

where the factor e #*#*/2 ensures that the wave functions will vanish at large defor-
mations (8 — oo) [32]. The dimensionless parameter 1 is called the basis parameter

and will be discussed in the third chapter. The probability density distribution is

written as:
PET(Ba, Bs) = € PPV W17 (Ba, Bs)] (2.53)
with the normalization:
/Péﬂ(ﬁza B3)dBadfs = 1. (2.54)

The reduced transition rates are calculated from the relation:

2
B(EX; I; — I5) = (I,0\0|10) / dB2d B3V wI;Mp(Ba, B3) V5| (2.55)
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where Mg, (02, 53) is the electric moment of order A. The electric moment is calcu-
lated in microscopic models as <¢(ﬁ2, Bs) ‘j\/l EA’ O (s, B3)>, with ®(f,, 53) represent-
ing the nuclear wave function. The corresponding operators for dipole, quadrupole

and octupole transitions read:

D, = ie (ﬁz — gzn) , (2.56)

Q5= \/%e(% — a2 — ), (2.57)
Q= ,/12 228~ 32, (a2 + 42)] (2.58)

There are five parameters from Eq. (2.49) that need to be determined. These
are the three mass parameters By, Bo3 and Bssz, the collective potential Vo and
the moment of inertia Z. They are determined by constrained SCMF calculations
for the chosen DD-PC1 functional and the chosen pairing interaction. Deformation

parameters are determined from following relations:

Bo = 3\1/4;2 <Q2> (2.59)
B3 = 3\2; <Q3> (2.60)

where R, = ryA'Y? and ry = 1.2fm. Moments of inertia are calculated according to

the Inglis-Belyaev formula [13]:

A

(wiv; — viuy) ‘<
1= Z E:+E; au

i)

where J is the angular momentum along the axis perpendicular to the symmetric

, (2.61)

axis, u; and v; are occupation probabilities and E; are quasiparticle energies. The
summation runs over the proton and neutron quasiparticle states. The single-nucleon
wave functions 1); are determined from the solutions of the constrained RMF+BCS

equations. Mass parameters are calculated by using the perturbative cranking ap-
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proximation:

By (q2,43) = %2 [M@%M(s)/\/l@ﬂw, (2.62)
with S
My (a2, q3) = Z <2 )QEJ; >+<;J)€X‘ Z> (wv; + UZ'Uj)Q. (2.63)

i?j
The potential energy surface (PES) includes the energy of zero-point motion that
needs to be subtracted. The vibrational and rotational zero-point energies (ZPE) are

subtracted by calculating corrections on these energies using the cranking approxi-

mation:
1
AVias(Ba: Bs) = T [MMe)| (2.64)
32>
AViot(S2, B3) = o7 (2.65)

Subtracting the ZPE corrections from the total mean-field energy, gives the potential
Veon:
Veoll (B2, B3) = Eror(Ba, B3) — AViin (B2, 83) — AVior(B2, B3)- (2.66)

Combined with the RMF model based on a DD-PC1 functional, the QOCH model
is used to calculate the low-lying excitation spectra and transition rates. Together,
these two methods enable a complete theoretical calculation of the nuclear shapes,
collective excitations and transition strengths of transitions between excited states

and the ground-state.
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3 Results

The calculation was performed using two codes, the DIRHB code [33], which calcu-
lates deformation parameters and the PES in the ground-state of a nucleus, and the
QOCH code, which was used to calculate excitation energies and transition rates up
to J = 7~. In order to plot the PES, energies were calculated for all combinations of
deformation parameters —0.8 < 3, < 0.8, —0.8 < 33 < 0.8, with a step of 0.05. This
means there are 1089 combinations of deformation parameters and that energies
should be calculated at each of these 1089 configurations. Before the calculations
are performed, the number of oscillator shells for nucleons, denoted by nOf, needs
to be set. For most nuclei, calculations can be performed with n0Of=10. For heavier
nuclei, calculations had to be performed with nOf=12, because the number n0f=10
was not large enough for RHB calculations to converge. Raising the number of os-
cillator shells leads to more precise results, but the calculations become extremely
time-consuming and the results do not strikingly differ between the calculations with
n0f=10 and n0f=12. The calculations were performed on the even-even isotopes of
krypton (Kr) (Z = 36, 30 < N < 66), xenon (Xe) (Z = 54, 54 < N < 118) and
barium (Ba) (Z = 56, 54 < N < 96). All of these nuclei have a ground-state J = 0*.
Quadrupole deformations in the ground-state are very common and were expected
to be observed in many of the examined isotopes. Octupole deformations are much
rarer, and are expected only for certain nucleon numbers, as was explained. For this
reason, it was expected that more octupole deformations in the ground-state would
be found among the isotopes of Ba, because the proton number of these isotopes is
Z = 56. In the first part of this chapter, deformations in the ground-state were ex-
amined. Contour plots of the PESs are shown for nuclei with octupole deformations
in the ground-state. Also, 5, and (33 deformations in the ground-state are plotted as
a function of the neutron number N. In the second subchapter, binding energies and
deformation energies are plotted as a function of the nucleon number A. Deforma-
tion energies E,.; are defined as Ey; = Eyin — Egpn, Where E,;, is the energy of
the global minimum and E,, is the energy of a spherical nucleus (3, = 3 = 0).
In the third and fourth subchapter, results for the excitation energies and transition
strengths are presented. Calculated binding energies, excitation energies and transi-

tion strengths were compared to the experimental data [26].
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3.1 Quadrupole and octupole deformations in Kr, Xe and Ba

Qaudrupole deformations were observed in many nuclei. An example is given of an
isotope 1%6Xe in Fig. 3.1. The PES shows an existence of a quadrupole deformation
in the ground-state of a given isotope. No octupole deformation is present. Energies
shown in the colorbar are given in MeV, which is also true for other figures. Another
example of a quadrupole-deformed nuclei is ™Kr (Fig. 3.2), while ™®Kr (Fig. 3.3) is

an example of a nucleus that is spherical in the ground-state.

0.3
18
0.21 16
0.1 14
12
& 0.0 10
'8
_O.l_ 6
—0.21 4
.‘ 2
—0.3 0

—0.50 —-025 0.00 0.25 0.50
B20

Figure 3.1: The PES of '*5Xe. The global minimum (red dot) is at 5, = 0.2, 35 = 0.0.

Octupole deformations in the ground-state were observed in "°Kr (Fig. 3.4), 4?Xe
(Fig. 3.5) and in 7 Ba isotopes. In Fig 3.6, the PES for '*Ba is presented. Octupole
deformations were also calculated for Ba isotopes ''?Ba (Fig. 3.7) and ''“Ba (Fig.
3.8). The data on all isotopes for which 53 # 0 in the ground-state is given in Table
3.1.

The fact that more octupole deformations were observed in Ba isotopes than Kr
and Xe isotopes is in agreement with what is empirically suggested [3]. A symme-
try of octupole deformation parameters was assumed in the calculations, which is
why the same energy was calculated for both (5., 53) and (52, —f3). It was also
observed that at least one Kr and at least one Xe isotopes are octupole-deformed in
the ground-state. The fact that in other nuclei 53 = 0 in the ground-state, does not

mean that these nuclei are not octupole vibrational and that there is no effect of oc-
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Figure 3.2: ™Kr, Z = 36, N = 38. 3y = —0.15, 33 = 0.0
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Figure 3.3: ™Kr, Z = 36, N = 42. 3, = 0.0, 85 = 0.0

tupole correlation on the vibrational and rotational spectra [3]. It can be shown that
if the nuclear potential becomes very soft with respect to the octupole deformation,
the equilibrium deformation becomes a measure of frequency, mass and inertia pa-
rameters and not of the deformation parameter [34]. 13%14°Xe and !4:14?Ba isotopes,
for example, are 3, and (33 soft and become reflection asymmetric at medium spins.
146Xe was calculated to have a well-developed quadrupole ground-state deformation,

but is 33 soft [3]. At low rotational frequencies, negative-parity states of this nucleus
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Figure 3.4: ™Kr, Z = 36, N = 40. 3, = 0.0, 83 = £0.05
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Figure 3.5: ?Xe, Z = 54, N = 88. 3, = 0.2, 33 = £0.05

can be described in terms of very collective octupole deformations.

The values of both 3, and (35 in the ground-state were plotted as functions of the
neutron number for Kr, Xe and Ba isotopes, as is shown in Fig. 3.9. The red line with
red dots represents the calculated values of (35, while the green line with green dots
represents the calculated values of ;. The black line represents a § = 0 position
and it is plotted so that isotopes with zero quadrupole g, = 0 or octupole 33 = 0

deformation in the ground-state can be seen. As was already shown in Table 3.1, and
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Figure 3.6: **Ba, Z = 56, N = 88. 3, = 0.2, 33 = 0.1
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Figure 3.7: 12Ba, Z = 56, N = 56. 3, = 0.25, B3 = +0.15

can be seen in Fig. 3.9, octupole deformations can be found in one Kr isotope, one Xe
isotope and 7 Ba isotopes. The Kr isotope with the biggest quadrupole deformation
is ™Kr with 8, = —0.35. Two Kr isotopes are spherical in the ground-state, *Kr and
8Kr. The most quadrupole-deformed Xe isotope is **Xe with 3, = 0.35 and only one
Xe isotope, 1%6Xe, is spherical in the ground-state. Most octupole-deformed isotopes
were found in Ba isotopes, which confirms the empirical knowledge. Also, the ex-

istence of octupole-deformed nuclei was calculated for regions (7 ~ 34, N ~ 34)
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Figure 3.8: '“Ba, Z = 56, N = 58. 3, = 0.25, 33 = £0.15

Isotope | Z | N | (5 53
oKr 36 40| 0.0 | +0.05
142Xe 54|88 |0.2 |+£0.05
H2Ba 56 | 56 | 0.25 | £ 0.15
H4Ba 56 | 58 | 0.25 | = 0.15
144Bg 56 18802 | +0.1
146Ba 56 |90 | 0.25 | +£0.15
148Ba 56 |92 ]0.25 | +0.15
150Ba 5694103 | +£0.15
152Ba 56 |96 | 0.3 | £0.05

Table 3.1: Deformation parameters of the nuclei with observed octupole deforma-
tions in the ground-state

("°Kr) and (Z ~ 56, N =~ 56) (}'*>!14Ba). The Ba isotope with the biggest quadrupole
deformation is ''%Ba, with 8, = 0.4, which makes this isotope the most quadrupole-
deformed isotope out of all the examined isotopes. The only Ba isotope that is spheri-
cal in the ground-state is 13®Ba. What can be observed is that isotopes with N = 50, 82
are spherical in the ground state. These N are magic numbers [1]. For these num-
bers, neutron shells are completely filled and, as a result, these nuclei are more stable
than other nuclei. Isotopes with NV in the vicinity of the magic number have lower
values of deformation parameters and are sometimes spherical, as is the case with
Kr. From Fig. 3.9 it can be seen that quadrupole deformation parameter increases

as N becomes more distant from the magic number and decreases as it gets closer to
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Figure 3.9: Parameters of deformation [, and f; in the ground-state as functions of
the neutron number for isotopes of Kr, Xe and Ba. The black line indicates g = 0.
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the next magic number. The next known magic number after 82 is 126, which is why

3, starts decreasing for Xe isotopes above %*Xe (N = 100).

3.2 Binding energies and deformation energies

Binding energies E'p were calculated and compared with the available experimental
data [26]. It should be noted that even-even Kr isotopes with N < 34 and N > 64,
Xe isotopes with N > 94 and Ba isotopes with N < 56 have not been experimentally
observed yet [26], so there is no available experimental data for these isotopes. In
Fig. 3.10, binding energy per nucleon number A is plotted as a function of A for
Kr, Xe and Ba isotopes. Red line with red dots represents the calculated values of
Ep/A, while the unconnected dots with the red edge represent the experimentally
observed values of Ez/A. Error bars are not shown on these graphs because they
are too small to be visible on such a large scale. What can be seen from Fig. 3.10
is that the calculated values of E3/A are in an extremely good agreement with the
experimentally measured values.

Deformation energies E,.; represent the energy difference between energies in
the global minimum of a nucleus F,,;,, and energies of the spherical nuclear shape
Eg,n. These energies are also plotted as a function of A in Fig. 3.11. Similarly to
Fig. 3.10, red lines with red dots represent the calculated E,.; values, while the
black line represents a E,.; = 0 position, which corresponds to a spherical nucleus.
As expected, Ez; = 0 for nuclei with magic neutron number, since it was already
calculated that these nuclei are spherical in the ground-state. There are two spher-
ical nuclei among Kr isotopes and one spherical nucleus among Xe and Ba isotopes.
Nuclei with neutron numbers next to the magic number have a very low deformation
energy. For “°Kr (N = 40), a subshell closure occurs. For this nuclei, the last two
neutrons occupy the p,/, subshell, making it completely filled. This can be seen in
Fig. 2.1. For this reason, "®Kr has 3, = 0 in the ground-state and has a low octupole
deformation 53 = +0.05. For this reason, the deformation energy of this nuclei is very
low, E4; = 0.003685 MeV. Next to "OKr isotope is "®Kr isotope, which also has 85 = 0
and is not octupole-deformed, so E;; = 0. As is the case with , parameters, higher
values of E,.; are found among isotopes that are at a larger distance from isotopes

with magic neutron number on a graph. The Kr isotope with the largest E,,; is “°Kr.
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Figure 3.10: Binding energy per nucleon number E5/A as a function of the nucleon
number A for Kr, Xe and Ba isotopes.
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For Xe and Ba isotopes, the largest E,.; values were calculated for **Xe and '*?Ba.
For another type of deformation energy, we define octupole deformation en-
ergy, Foct = Emin(52, 83) — Equad(B2, 3 = 0), where E,.;, (52, 83) is the energy of
the global minimum and E,,.q(52, 53 = 0) is the energy of the state that has the
same quadrupole deformation as the global minimum, but no octupole deformation.
From this definition, it follows that F, . # 0 only for those isotopes that show an
octupole deformation in the ground-state. For “°Kr, E,., = 0.003685 MeV, and for
142%e, E,; = 0.031573 MeV. Both of these energies have very small values and the
reason for that is the low value of 53 = +0.05. For Ba isotopes, E,.; was plotted as a

function of A, which can be seen in Fig. 3.12. The Ba isotope with the smallest value

1 T T T T T T T T T T T T T 1T T T T T T T T T
=)

0.8
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Figure 3.12: The octupole deformation energy FE,. as a function of the nucleon
number A for Ba isotopes. The black line indicates E,.; = 0

of £, is 1%?Ba with E,.; = 0.001307 MeV and 33 = 4:0.05, while the largest value
Ey; = 0.967133 MeV is found in “°Ba (83 = £0.15). The general rule, with some

exceptions, is that F,.; becomes higher for nuclei with larger g5 in the ground-state.

3.3 Setting the basis parameter

Before the QOCH code is used to calculate low-lying excitation spectra and transition
strengths, the basis parameter p from equations (2.52) and (2.53) needs to be set.
The condition for setting the value of x is that the ground-state energy and excitation
energies need to remain constant with respect to the value of x. From this condition,

a range of i, values, for which the ground-state energy and excitation energies remain
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Figure 3.13: Ground-state energy E(0") as a function of the basis parameter ;. for
isotopes "?Kr and "°Kr.

constant, can be determined. From this range, a value of p can be taken and set
for future calculations. In order to determine this range, the ground-state energy
and excitation energies of "?Kr and "Kr were plotted as a function of ;. The basis
parameter ; was varied from p = 9 to ¢ = 20 with a step of 1. Fig. 3.13 shows
the calculated ground-state energy of ™?Kr and "“Kr plotted as a function of p. It
can be seen that for both isotopes, the ground-state energy is stable in the interval
9 < p < 14. For i > 14, the ground-state energy of "?Kr rises approximately 2 MeV.
For "®Kr, the ground-state energy rises for ;. > 15, but the rise is much lower than the
rise in "Kr. For . = 20, E(0") is less than 0.2 MeV higher than £(0") for u = 9.

For both ™Kr and "®Kr, excitation energies of the first 2*, 4* and 6 positive-
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Figure 3.14: Excitation energies of 2, 476" and 05 states as functions of the basis
parameter /4 for isotopes “*Kr and "°Kr.

parity states and the second 0™ positive-parity state (0;) were plotted as a function
of ;1 in Fig. 3.14. For "Kr, excitation energies of all states are stable in the interval
9 < u < 15, except for 05, which is stable for 9 < p < 14. The situation is different
for "*Kr. The excitation energy of 2™ and 0; states remain constant in the interval
9 < p < 14. The excitation energy of the 47 state is stable for all values of j that
were taken into consideration , while the excitation energy of the 6* state remains
stable for p > 10.

Excitation energies of the first 17, 37, 5~ and 7~ negative-parity states were also

plotted as a function of y for isotopes "?Kr and "®Kr. The results are shown in Fig.
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Figure 3.15: Excitation energies of 17, 37,5~ and 7~ states as functions of the basis
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3.15. For "Kr, all excitation energies remain constant in the interval 9 < u < 14.
For Kr, energies of states 1~ and 7~ remain a constant for ;4 < 18 and the change
is relatively small outside this interval. Excitation energies of 3~ and 5~ states are
stable for ; < 16 and the change outside the interval is larger than the change
for two other states. If all results are taken into account, the interval in which all
calculated energies remain stable is 11 < p < 14. According to another calculation
[32], energies remain stable in the interval 8 < u < 15. The basis parameter was set

to ;. = 13, because this value belongs to both of the calculated intervals.
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3.4 Low-lying excitation energy spectra

Excitation energies of the low-lying states were calculated for positive-parity states
2%, 47, 6% and 03, and for negative-parity states 1=, 3=, 5~ and 7~. Calculated ener-
gies were plotted as a function of V for isotopes of Kr, Xe and Ba. Both the positive-
and negative-parity states were plotted in the following figures, each showing the
results for two states. All results were compared with the available experimental
data [26], which is represented with unconnected dots on a graph. The scale of
graphs was too large for error bars to be visible, so experimental results are shown
without error bars. Results for positive-parity states 05, 2+ and 4T, 6* are shown in
figures 3.16 and 3.17.

Calculated excitation energies of the first 27, 47 and 6™ states are in good agree-
ment with experimental values of those energies for Xe and Ba isotopes, with the
exception for isotopes with N near or equal to the magic number 82. This was
expected because for magic numbers, single-particle excitations contribute more to
low-lying excitation spectra than collective excitations. The results for 05 state for all
isotopes do not show a good agreement with experimental results, with the exception
of some isotopes. This shows that, in general, the QOCH code, as was used in this
work, does not give good results for 0] state. For Kr, calculated excitation energies
of 2%, 4% and 6" states show a good agreement with the results mostly for heavier
nuclei with N > 56 and for "?Kr. Most of the calculated excitation energies for Kr
isotopes have higher values than the experimental ones. This was expected for nuclei
around “°Kr due to the neutron subshell closure N = 40 and around ®°Kr, because
N = 50 is a magic number. Isotopes between "°Kr and 8¢Kr are characterised by either
P2 = 0 or by lower values of f,, as can be seen from Fig. 3.9. The positive-parity
states are mostly accounted for by the quadrupole correlations. If the nucleus is not
sufficiently quadrupole deformed in the SCMF calculations, it is expected that the
QOCH model also does not give a very good result for positive-parity excited states.
Highest quadrupole deformations in Kr isotopes occur for N = 36 and N > 56, which
is why for those isotopes there is good agreement between theory and experiment.
Ba and Xe isotopes, on the other hand, are characterised by larger 3, values and
the potentials are more rigid in (,, with the exception of isotopes with N near or
equal to 82. For this reason, the QOCH method gives better results for Xe and Ba

isotopes. Also, another reason why the QOCH method might not give good results
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for Kr isotopes is because in all of the calculations axial symmetry is assumed and the
triaxial deformation parameter ~ is ignored [32]. If the potential energy surfaces for
these Kr nuclei are soft in ¥ deformation, the triaxial degree of freedom is considered
a non-negligible effect and the axially-symmetric QOCH approach may not be good
enough.

Results for negative-parity states are shown in figures 3.18 and 3.19. Experimen-
tal results for energies of 1~ state are rarer than the results for other states, there are
only two results for Kr, one for Xe and seven for Ba isotopes. For the same N, calcu-
lated energies are always higher for states with higher angular momentum. That is
not always the case for experimental results. For example, the 1~ state is often higher
than the 3~ state. This means that for some nuclei, a low-lying excitation spectra can-
not be completely accounted for by the collective model. It can be observed that the
results for negative-parity states, with the exception of the 1~ state, are mostly not in
a good agreement with experimental results, with the calculated values of excitation
energies being much higher than experimental values. The results are in good agree-
ment with experimental data for the heaviest Xe and Ba isotopes, with N > 86. For Kr
isotopes there is a large difference between calculated and experimental results, by
more than 2 MeV for many nuclei. While quadrupole correlations are responsible for
the existence of low-lying positive-parity states, octupole correlations are responsible
for the existence of low-lying negative-parity states. As can be seen in Fig. 3.9, the
only Kr isotope with 33 # 0 is "°Kr, which has a low octupole deformation parameter
value 53 = +0.05. Because of this, calculated excitation energies are not in good
agreement with experimental values. While it is true that octupole deformation in
the ground-state was only found in one Xe isotope, “Xe, some of the Xe isotopes are
Ps-soft in the ground-state, so the QOCH method gives good results. This explains
why the results are in good agreement with experimental data for Xe isotopes with
N > 86. Most octupole deformations in the ground-state were observed among Ba
isotopes. All N > 86 Ba isotopes were found to be octupole-deformed in the ground-
state. Some of the Ba isotopes are also [33-soft in the ground-state. For this reason,
the QOCH method gives good results for the heaviest examined Ba isotopes. These
results could also be improved by including the triaxial degree of freedom ~. This

would improve the results for nuclei that are y-soft in the ground-state.
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3.5 Transition strengths

Transition strengths were calculated for £1 (1= — 0%), E2 (2% — 0%) and E3
(3= — 07) transitions from the first 17, 2* and 3~ excited states to the 0" ground-
state. Calculated transition strengths were expressed in Weiskopff units (W.u.).
All transition strengths were plotted as functions of N for Kr, Xe and Ba isotopes.
No experimental data was found for B(E1) transition strengths, which is expected
since these values are very small, usually B(E1) < 1072 W.u., and not many 1~
states were experimentally observed. Some data was found for B(E3) transition
strengths [35, 36], while most of the available experimental data was found for
B(E?2) transition strengths [26]. Experimental results are shown on graphs with
error bars.

Results for E'1 transitions are shown in Fig. 3.20. It can be seen from Fig. 3.20
that B(E1) values are very small. Among Kr isotopes, *!Kr has the largest calculated
value B(E1) = 0.008917 W.u., which means that all transition strengths of Kr isotopes
are < 1072 W.u.Xe isotopes have larger B(F1) values than Kr isotopes, with '**Xe
having the largest calculated value B(E1) = 0.040887 W.u. among Xe isotopes. Ba
isotopes have the largest B(E1) values among all the isotopes. The Ba isotope with
the largest B(E1) value is '?*Ba, with B(E1) = 0.1208 W.u.

Results for F2 transitions are shown in Fig. 3.21. Calculated transition strengths
for Kr are in better agreement with experimental results for larger values of N > 48
and for N = 36, than for values 38 < N < 48. This was expected since the calculated
excitation energies of the 2" state for Kr were mostly not in good agreement with ex-
perimental values of those energies, with exceptions for N = 36 and N > 54. Results
for Xe isotopes are in better agreement with experimental results, with some excep-
tions. The best agreement between calculated transition strengths and experimental
values can be found among Ba isotopes, which was expected because the best results
for excitation energies were found among Ba isotopes.

Results for E3 transitions are shown in Fig. 3.22. There are six experimentally
determined transition strengths for Kr isotopes, one for Xe isotopes and six for Ba
isotopes. None of the experimental values are not in good agreement with calculated
results, with the exception of *‘Ba and '“Ba, which have a very large margin of
error. The fact that there is no good agreement between theory and experiment for

these transitions was expected because the available experimental data is for those
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nuclei with N close or equal to the magic number 50 or 82, for which the calculated
energies of the 3~ state did not show good agreement with experimental results.
For those nuclei that are nearly spherical, there is no octupole deformation or oc-
tupole softness in the ground-state, so the collective model will not give good results
for transition strengths. Octupole deformations were found in '4*Ba and %Ba, so it
can be expected that using the collective model will yield good results for transition
strengths. While it is true that both of the calculated results are within the margins
of error of experimental results, the margins of error of those two isotopes are very
large, and more precise measurements in the future will show if there is good agree-
ment between theoretical and experimental results. By including more degrees of

freedom, like the triaxial degree of freedom -, results would be better.

44



4 Summary and outlook

4.1 Summary

In this work, a formalism of relativistic energy density functionals was used in order
to explore quadrupole and octupole correlations in even-even Kr, Xe and Ba isotopes.
The DD-PC1 functional was used together with a relativistic Hartree-Bogoliubov
model, while low-lying excitation energies and transition strengths were calculated
by constructing a quadrupole-octupole collective Hamiltonian. Quadrupole defor-
mations in the ground-state were observed for most nuclei, with the exceptions for
nuclei with the magic neutron number 50 or 82 or with the neutron number near
the magic number. Octupole deformations were observed in one Kr isotope, one Xe
isotope and seven Ba isotopes. Since for Ba isotopes Z = 56, this confirmed the em-
pirical knowledge that octupole deformations in the ground-state will be observed
more often in nuclei with N = 34,56, 88, 134. Experimental values of binding ener-
gies were reproduced with high precision. This confirms that the DD-PC1 functional
can be successfully applied to both heavier and lighter nuclei. Calculations were per-
formed for the interval —0.8 < (53 < 0.8 with a step of 0.05. If the step was lower,
e.g. 0.01 or 0.02, calculations would be much more time-consuming, but probably
more octupole deformations in the ground-state would be observed.

Calculated excitation energies of low-lying 2%, 4™ and 6" positive-parity states
were in good agreement with experimental results for Xe and Ba isotopes, except for
nuclei that have a low or no quadrupole deformation in the ground-state, mostly the
nuclei with N around or equal to the magic number. The QOCH method did not
give good results for Kr isotopes, with some exceptions. One of the reasons for that
might be the subshell closure that occurs in °Kr. Because of that, Kr isotopes with
40 < N < 50 have low quadrupole deformations in the ground-state, so the collective
model cannot be successfully applied to them. The QOCH method mostly did not
give good results for 17, 37, 5~ and 7~ negative-parity states. This happened because
octupole deformations in the ground-state were observed only for some nuclei and
many nuclei are not even fs-soft in the ground-state. This means that for those
nuclei, octupole correlations alone cannot be used to describe low-lying negative-
parity states and that the energies calculated by the QOCH method will be higher

than the experimental ones. Calculated B(E2) transition strengths were in good
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agreement with experimental results for Xe and Ba isotopes, while for Kr isotopes,
the QOCH method gave good results for isotopes with larger N. Calculated B(E3)
transition strengths mostly did not show good agreement with the experimental data,
which was expected since the calculated energies of the 3~ state also did not show
good agreement with the data. More precise results could be calculated if more
degrees of freedom are included. Including the triaxial degree of freedom might

improve the results of positive-parity states for Kr isotopes.

4.2 Outlook

Possible further research could be done along the lines presented in this work. The
DD-PC1 functional and the QOCH method can be applied to other even-even iso-
topes. Octupole correlations and deformations in the ground-state could be observed
in even-even isotopes of selenium (Se), since it has a proton number Z = 34, and
in the neighbouring even-even isotopes of germanium (Ge, Z = 32). Octupole col-
lectivity could also be observed in even-even isotopes of cerium (Ce, Z = 58). A
possible improvement of the mean-field calculations and the collective Hamiltonian
could be achieved by including the triaxial degree of freedom ~ in both the DD-PC1
functional and in the collective Hamiltonian. These new calculations could be ap-
plied to even-even isotopes of Kr and, in future research, to even-even isotopes of Se

and Ge.
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Appendices

Appendix A RHB equations in cylindrical coordinates

In the case of axially symmetric shapes, rotational symmetry is broken and j is no
longer a good quantum number, but the densities are still invariant with respect to the
rotation around the symmetry axis, here assumed to be the z-axis [31]. Cylindrical

coordinates are defined as:
T =Tr1co8p, Yy =r,8Inyp, 2. (A.1)

The single-particle Dirac spinors U(r) and V' (r) are characterized by quantum num-
bers (2, 7 and ¢, where (2 is the eigenvalue of the symmetry operator .J,, 7 is the parity

and ¢ is the isospin. Spinors can be written as:

Ulr,58) = —— | | () (A.2)

and

fi (e, ri)e@ 12

1 f— (Z, T‘L>€Z(Q+1/2)¢
Ve, s,t) = — t (A.3)
)= 5 e o, | X0

igy (2,7, )e+1/2)e
For each solution with positive €:
there is a time-reversed solution with the same energy:
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Spinors f and g;° are expanded in terms of eigenfunctions of a deformed axially

symmetric harmonic oscillator potential:

1 1
Vose(z,71) = §Mw§z2 + §Mwiri. (A.6)

Because of volume conservation, oscillator frequencies /w. and Aw, can be expressed

in terms of a deformation parameter /3, and oscillator frequency hwy:
hw, = hwee VO/47Po py | = huge2V /Ao, (A7)

The corresponding oscillator lengths are defined as:

bZ:\/h/sz, bszh/MwL (A8)

and because of volume conservation b7 b, = b3. The constants 3, and hiw, determine
the basis and the eigenfunctions of the deformed harmonic oscillator potential are

characterized by quantum numbers:
|Oé> = ‘nunlamlams>a (A9)

where n, and n, represent the number of knots of the wave function in z and r;
direction, and m; and m, are projections of the orbital angular momentum and spin
along the symmetry axis. The eigenvalue of J,, which is conserved in these calcula-
tions is:

Q =m; +ms. (A.10)

The parity is determined from the equation:
mo=(—1)"=tm (A.11)

The eigenfunctions of the deformed harmonic oscillator potential are written as:

1 )
(I)a(za r,e,s, t) = ¢nz (Z) ?ll (TJ_) \/%ezmlgoxms (S), (A]_Z)
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with

Pn.(2) = ]j’;—anz (£)e €72 (A.13)
and
wi(ry) = ” =Ny 2L (e (A.14)
J_

Parameters £ and 7 are given as £ = z/b, and = ] /b3, while H,,_({) and L7? ; are
Hermite and Laguerre polynomials defined in [37]. The normalization constants V,,_
and NV, are given as:

Ny = N ny!

Va2 "\ (e Im)E

Spinor components from equations A.2 and A.3 are expanded in the basis of the

(A.15)

deformed harmonic oscillator in the following way:

Omazx

A(r,s,1) Zf(l) (r,s)xe, (), i = U,V (A.16)

and

Qmaz

Z GLde(r, 8)xi, (1), i = U, V. (A.17)

In order to avoid spurious solutions, quantum numbers «,,,, and &,,,, are chosen
in such a way that the major quantum numbers N = n, + 2n, + m; are not larger
than N, + 1 for the expansion of small components and not larger than N, for the

expansion of large components [31].
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5 Prosireni sazetak

5.1 Uvod

Atomska jezgra je kvantni sustav mnostva Cestica sastavljen od protona i neutrona
koji medudjeluju uglavnom putem nuklearne sile, ¢iji je oblik kompliciraniji od Coulom-
bove sile i gravitacije. Da bi se izbjeglo eksplicitno modeliranje nuklearne sile, razvi-
jeni su razlic¢iti modeli. Prema modelu ljusaka, jezgra se moze promatrati kao sus-
tav nezavisnih nukleona koji se gibaju u srednjem potencijalu [1]. Energije nuk-
leona su kvantizirane i svaki nukleon popunjava odredenu orbitalu (ljusku). Jez-
gre koje sadrzavaju isklju¢ivo potpuno popunjene protonske i neutronske ljuske su
jace vezane od susjednih jezgara te u osnovnom stanju imaju oblik sfere. Ako je
jezgra pobudena iz osnovnog stanja ili joj je dodano jos nukleona, mogu se do-
goditi deformacije sferi¢nog oblika zbog dugodoseznih korelacija izmedu valentnih
nukleona [2]. U ovom radu proucavane su kvadrupolne i oktupolne deformacije.
Jezgre s osno simetricnom kvadrupolnom deformacijom imaju oblik elipsoida, koji
moze biti izduzen (oblik lopte za rugby) ili spljosten (oblik diskusa). Jezgre s aksi-
jalno simetricnom oktupolnom deformacijom imaju kruskolik oblik. Oktupolne de-
formacije su rijede od kvadrupolnih i javljaju se kada postoje interagirajuce ljuske
suprotnog pariteta Ciji se angularni momenti razlikuju za 34 [3]. Takve interakcije
se uglavnom dogadaju kod jezgara sa specificnim protonskim i neutronskim bro-
jevima. Oktupolne deformacije uzrokuju lom refleksijske simetrije. Kod jezgara s
jakim oktupolnim deformacijama, javljaju se jake dipolne i oktupolne snage prijelaza.
Mjerenje velikih vrijednosti B(F1) snaga prijelaza podrazumijevalo bi narusSenje T i
CP simetrije [4]. Zbog toga postoji veliki interes za proucavanjem oktupolnih defor-
macija, te se provode brojni eksperimenti na CERN-u i drugim ustanovama. Pregled
najnovijih istrazivanja iz tog podruc¢ja mogu se pronaci u [5, 6].

U ovom radu koristen je samokonzistentni model srednjeg polja (SCMF), u ko-
jem se jezgra promatra kao sustav mnoStva nezavisnih nukleona koji se gibaju u
samokonzistentnom potencijalu koji odgovara gusto¢i raspodjele te jezgre [7-9].
Ovakav model analogan je Kohn-Shamovoj teoriji funkcionala gustoce [10], a jedna
od njegovih prednosti je ta problem mnostva Cestica svodi na problem jednog ti-
jela [11]. U modele srednjeg polja spadaju i relativisticki modeli srednjeg polja

(RMF), u kojima se koriste relativisticki energijski funkcionali gusto¢e (REDF) pri
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izraCunavanju svojstva jezgre. Formalizam REDF-ova trenutno daje najpotpuniji i na-
jprecizniji okvir za opis svojstava osnovnog stanja jezgara i kolektivnih pobudenja,
te je uspjeSno primijenjen na jezgre od lakih do superteskih, od jezgara u dolini 5-
stabilnosti do jezgara na granicama doline [12].

Modeli srednjeg polja ne ukljucuju korelacije sparivanja koje igraju vaznu ulogu
u jezgrama s otvorenim ljuskama. Pri rjeSavanju ovog problema primjenjuje se rela-
tivisticki Hartree-Bogoljubovljev (RHB) model [9,13]. RHB model pruZa jedinstveni
opis Cestica-Supljina (ph-) i Cestica-Cestica (pp-) korelacija na razini srednjeg polja
koriste¢i pritom dva srednja potencijala: SCMF potencijal i polje sparivanja [11].
Uvodenjem Bogoljubovljevih kvazicesticnih operatora, osnovno stanje jezgre moze
se opisati Slaterovom determinantom koja predstavlja vakuum u odnosu na nezav-
isne kvaziCesticne operatore.

Jos jedan od problema sa SCMF modelom je da dolazi do sloma odredenih simetrija,
npr. translacijske i rotacijske, zbog ¢ega sam SCMF model ne moze biti iskoristen
u racunu energija pobudenja i snaga prijelaza. Da bi taj problem bio rijeSen, SCMF
model mora biti prosiren, tako da ukljucuje ponovno uspostavljanje slomljenih simetrija
[13]. najcesce koristena metoda je metoda generiraju¢ih koordinata (GCM), koja
je veoma uspjesna, ali vrlo dugotrajna metoda. U ovom radu koristena je metoda
kvadrupolno-oktupolnog kolektivnog hamiltonijana (QOCH) [14, 15], bazirana na
REDF formalizmu. U ovoj metodi, vibracijske i rotacijske kineticke energije su izrazene
preko parametara deformacije f; i f3 i momenata inercije. Velika prednost ove
metode je da izracuni traju svega nekoliko minuta.

Oktupolne deformacije su ve¢ dobro proucene za podruéja od rijetkih zemnih
elemenata [16, 17] do lantanoida (Z ~ 56, N ~ 88) [18,19] i aktinoida (7 =~
88, N ~ 136) [17,20-23]. Podrutja s (Z ~ 34, N ~ 34), (Z ~ 34, N ~ 56)
i (Z =~ 56, N =~ 56) su manje proucavana pa se u ovom radu posebna pozornost
posvecuje upravo njima te se istrazuje predvida li SCMF model oktupolne deformacije
za jezgre u tim podrucjima. Takoder, istrazivanje deformacija u izotopima kriptona
bogatim neutronima jos je jedna od bitnih tema koja se u novije vrijeme istrazuje na
CERN-u [24] i RIKEN-u u Japanu [25]. U ovom radu koristen je DD-PC1 funkcional
u kombinaciji s RHB modelom. Takav model primijenjen je na parno-pare izotope
kriptona (Z = 56, 30 < N < 66), ksenona (Z = 54, 54 < N < 118) i barija (Z =

56, 564 < N < 98). Izracunate su i prikazane povrSine potencijalnih energija (PES)
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u f — 3 ravnini te su proucavane kvadrupolne i oktupolne deformacije u osnovnim
stanjima jezgara, s naglaskom na oktupolne, s obzirom da su one rjede. Izracnate
su i energije vezanja. Niskolezece energije pobudenja su izracunate za stanja do
J™ =T~ te su izraCunate snage prijelaza izmedu stanja 1~, 2% i 37 i osnovnog stanja
0". Rezultati su usporedeni s eksperimentalnim podacima, uglavnom sa stranice
National Nuclear Data Centera (NNDC) [26]. Rad je organiziran tako da je u drugom

poglavlju predstavljen teorijski okvir, u tre¢em rezultati, a u ¢etvrtom zakljucak.

5.2 Teorijski okvir
5.2.1 Kvadrupolne i oktupolne deformacije

Da bi se deformacije jezgre mogle opisati, povrSina jezgre mora biti parametrizirana
na odreden nacin. Jedan od nacina je da se povrSinu opise razvojem radijvektora u
red kuglinih funkcija [3]:

Amaz  +A

R(6,6) = c(a)Ry |1+ ) > anY5,(0,0)| . (5.18)
A=2 pu=—2X
R, predstavlja radijus sferi¢ne jezgre, a «,, parametre deformacije. Parametar c(«)
odreden je iz uvjeta sacuvanja volumena. Da bi radijus bio realan, potrebno je us-
postaviti uvjet:

(axe)* = (1) ar_. (5.19)

Dipolni parametri (A = 1) odredeni su fiksiranjem centra mase tako da za integral po
ukupnom volumenu V vrijedi:

/ rd’r = 0. (5.20)
1%

Parametri s A = 2 su parametri kvadrupolne deformacije, a parametri s A\ = 3 su
parametri oktupolne deformacije. Pretpostavljanjem aksijalne simetrije, iS¢ezavaju
svi parametri osim onih s ;1 = 0. Preostali parametri oo uobicajeno su zapisani kao
deformacijski parametri . Oktupolne deformacije nastaju kada postoji interakcija
izmedu (I + 3,7 +3) i ({, 5) ljuski suprotnog pariteta. Ovakve interakcije dogadaju se
najcesce kod protonskih i neutronskih brojeva 34, 56, 88 i 134, kao Sto je prikazano
na Slici 2.1.

Kvadrupolne i oktupolne korelacije utjeCu na izgled niskolezeceg energijskog spek-
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tra. Kvadrupolne korelacije uzrokuju spustanje 2% stanja [1], dok su oktupolne ko-
relacije odgovorne za pojavu niskoleze¢ih 1~ i 3~ stanja. Oktupolne korelacije su
eksperimentalno potvrdene kod izotopa ??*Ra tako §to je izmjerena B(E3;3~ — 0T)

snaga prijelaza [2].

5.2.2 Teorija funkcionala gustoce (DFT)

Temeljni postulat DFT racuna je taj da se svojstva osnovnog stanja jezgre mogu izraz-
iti preko samo gustoce osnovnog stanja. Time se izbjegava rjeSavanje Schrodingerove
jednadZzbe s 3N koordinata jer gustoca p(r) ovisi iskljucivo o tri prostorne koordinate,
Sto jako olaksava racun. Vec¢ina DFT racuna koristi jednocesticne Kohn-Shamove (KS)
jednadzbe [10]. Prema Hohenberg-Kohnovom teoremu [27], postoji jedinstveni en-

ergijski funkcional:

Elp] = Ti[p] + / d’r vy(r)p(r), (5.21)

takav da je rjeSenje varijacijske jednadzbe gusto¢a osnovnog stanja p(r), pri cemu
je Ti[p] univerzalni funkcional kineticke energije neinteragirajuceg sustava, a v,(r)
jedinstveni lokalni jednocesti¢ni potencijal. Prema KS shemi, potencijal je takav da
se gustota osnovnog stanja moze opisati gusto¢om osnovnog stanja neinteragirajuceg

sustava:

p(r) = ps(r) = Z |6i(r)], (5.22)

pri ¢emu svaka valna funkcija ¢;(r) takvog sustava za N najnizih popunjenih orbitala

zadovoljava KS jednadzbe:
[—V?2/2m + v,(r)]ps(r) = €:04(r). (5.23)

Za vezani sustav kao Sto je jezgra, energijski funkcional F'[p] mozZe se prikazati kao
suma kinetickog funkcionala T, [p|, Hartreejevog funkcionala Fy i funkcionala izm-
jene E,. u kojem su sadrzane meducesticne interakcije. Potencijal izmjene v,.[p]
odgovara parcijalnoj derivaciji funkcionala izmjene po gusto¢i. Na ovaj nacin, poten-

cijal vs[p](r) moze biti zapisan na sljede¢i nacin:

0, lp)(r) = valp)(x) + vaclpl(x): (5.24)
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Jednadzbe (5.22), (5.23) i (5.24) rjesavaju se samokonzistentno. Funkcional izmjene
moze se odrediti iz prvih principa nametanjem odredenih ogranicenja ili prilagodbom

na eksperimentalne podatke.

5.2.3 Relativisticki model srednjeg polja (RMF)

U RMF modelima, jezgra se promatra kao sustav Diracovih nukleona koji medudjeluju
izmjenama mezona i fotona. REDF u ovom radu je konstruiran prilagodbom param-
etara na empirijske podatke o osnovnim stanjima. Za rjeSavanje KS jednadzbi, potrebno
je konstruirati lagranZijan. Postoje 4 tipa interakcija: izoskalar-skalar: (y1))2, izoskalar-
vektor: (1y,1)(y*1)), izovektor-skalar: (7)) - (172) i izovektor-vektor: ()7y,1)) -
(¢ 7y"4). Lagranzijan je konstruiran pomocu tri tipa interakcije, bez izovektor-skalar

interakcije:

L =(iy -9 —m)

— Sas(D) ) () — sav (5) () () — 50y (B (BFY) ($7)

2
1 (].—7'3)

- 555(&/@@(3”@@ — ey - ATW

(5.25)
Parametri o zovu se konstante vezanja. Variranjem lagranZijana po 1, dobije se

jednonukleonska Diracova jednadzba, koja je relativisticki analogna jednadzba KS

jednadzbi:

[y, (10" —3XH — X)) — (m+Xg)| ¢ =0, (5.26)

pri cemu parametri
S = ay(p)j + e~ A (5.27)

1j* [ Oag oay ., Oagy - ~

wo_ ZJ JTES 2 TRV L H 5.28
Ys = as(py)ps — dsUps (5.29)
S = apy (p) 7" (5.30)
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predstavljaju vlastite energije nukleona. Izoskalarna Cetverostruja j,, izovekstorska
cetverostruja fu i skalarna gustoca p, definirani su kao ocekivane vrijednosti sljede¢ih

operatora u osnovnom stanju |¢o):

du = {0 [bmtb| Do) =D vty (5.31)
k

7" = (0 [0 T d0) = ) vRtryuTebn (5.32)
k

pe = (S0 |[00] do) = > vivhity. (5.33)
k

Gustoca p, je nulta komponenta Cetverostruje j,. Valna funkcija ¢, predstavlja Dira-
cov spinor. Sumiranje se vrsi po svim jednocesti¢nim stanjima pozitivne energije, pri
¢emu v} predstavljaju faktore zaposjednuca. Jednadzbe (5.26) - (5.33) rjeSavaju se
samokonzistentno i iterativno. U jednadzbi (5.26) pretpostavi se odreden oblik po-
tencijala te se rjeSavanjem dane jednadzbe dobiju jednocesticne valne funkcije. Te
funkcije koriste se u jednadzbama (5.31)-(5.33) za konstrukciju novog seta potenci-
jala. Dani postupak ponavlja se dok ne dode do konvergencije.

Konstante vezanja su parametrizirane preko 9 parametara:

as(p) = as + (bg + cgx)e 5" (5.34)
av(p) = ay + bye W® (5.35)
arv(p) = bpye TV (5.36)

gdje je x = p/psat, @ psar Nukleonska gustoca u podrudju saturacije za simetri¢nu
nuklearnu materiju. Parametri su odredeni iz prilagodbe na eksperimentalne podatke

[29] te je preko njih konstruiran DD-PC1 funkcional.
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5.2.4 Relativisticki Hartree-Bogoljubovljev model (RHB)

RMF modeli ne uzimaju u obzir korelacije sparivanja koje igraju vaznu ulogu pri
opisu jezgara s otvorenim ljuskama. Hartree-Fock-Bogoljubovljev (HFB) model pruza
dobar opis takvih korelacija uvodenjem koncepta kvazicestica. KvaziCesti¢ni opera-

tori 3 definirani su preko operatora stvaranja i unistenja c' i c:

Al = Z(Umc} + Viker). (5.37)

I
Sumiranje se vrSi preko cijelog konfiguracijskog prostora. Osnovno stanje jezgre |P)
predstavljeno je kvazicesticnim vakuumom koji zadovoljava uvjet 3. |®) = 0 za svaki
k u konfiguracijskom prostoru. Matrica gustoce p i tenzor sparivanja ~ definirani su

kao:

i = (@ |ele| @) = (V¥ = i (5.38)

ki = (P |cper| @) = (VU i = —Fima- (5.39)

Energijski funkcional gustoce E|p, k, x*| definiran je kao ocekivana vrijednost hamil-
tonijana u osnovnom stanju jezgre. Hartree-Fockov hamiltonijan 4 i polje sparivanja

A definirani su kao:

OFE|p, k, K*
hlk’[pa K, K’*] = % (540)
OFE|p, k, K*
Aulp, K] = %. (5.41)
1k

RHB model predstavlja relativisticko prosirenje HFB modela. RHB jednadzbe za-

pisane su u sljede¢em obliku:

hD—m—)\ A Uk(r)> ( Ukl‘)
— , 5.42
A hpemen (ier) =it (642

pri cemu je hp jednonukleonski Diracov hamiltonijan, m masa nukleona, a A polje
sparivanja. U ph kanalu koriSten je DD-PC1 funkcional, a u pp-kanalu modelirana
je sila kona¢nog dosega. Jednadzbe 5.42 rjeSavane su u cilindricnom koordinat-
nom sustavu [12,31]. Rjesavanjem RHB jednadzbi moze se izracunati samo lokalni

minimum na energijskoj povr$ini. Da bi se energija mogla izraziti kao funkcija kolek-
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tivne koordinate ¢, koristi se metoda kvadraticnog ogranicenja, koja koristi varijaciju

funkcije:

(H) + g (<Q> - q)2 , (5.43)

gdje (H) predstavlja ukupnu energiju sustava, <Q> je ocekivana vrijednost kvadrupolnog
ili oktupolnog operatora, a C' konstanta krutosti. Na ovaj nacin, omoguceno je

prikazivanje energijske povrsine u 5, — (33 ravnini.

5.2.5 Kvadrupolno-oktupolni kolektivni hamiltonijan (QOCH)

QOCH metoda koristi se za izraCunavanje energija niskolezeceg spektra i snaga pri-
jelaza. Radijus iz jednadzbe 5.18 razvijen je u red do A = 3. Pobudenja iz osnovnog
stanja opisuju se pomocu kvadrupolnih i oktupolnih kolektivnih koordinata. Vibraci-
jska i rotacijska kineticka energija mogu se izraziti preko parametara (3, i 3 i mome-

nata inercije Zj:

1 . .o 1 .

Toib = 53225% + B3 B235 + 53335:37 (5.44)
=

Tt = 5 ;Ikwi. (5.45)

Parametri By, Bag i Bss zovu se maseni parametri i funkcije su deformacijskih param-

etara [, i 3. Nakon kvantizacije, kolektivni hamiltonijan glasi:

. h2 0 T 0 19) T 0
Hco =———= |52\ " Bsszz — 57\ ~Bagz
T T |08V w P08, 9B,V w 2B,
0 T 0 0 A 0 (5.46)
— — A/ ZBoa— 4+ — 4| ZByy——
8ﬁ3\/; %98, 08,V w205,
jz
+ ﬁ + choll(ﬁ% BS)?

gdje je w = ByyBsz — B3,. Da bi se rijeSio problem svojstvenih vrijednosti u jed-
nadzbi 5.46, svojstvene funkcije su razvijene u kompletnoj bazi kvadratno integrabil-

nih funkcija. Za svaki Z, baza je definirana kao:

Inans IMK) = (W)™ ¢, (B2) by (B3) IMK) (5.47)
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pri ¢emu su ¢,, i ¢,, jednodimenzionalne funkcije harmonickog oscilatora (HO) koje
ovise 0 35 i f3. Za aksijalno deformirane oblike K = 0. Kolektivna valna funkcija

moze se napisati kao:
WM (B, B3, Q) = e MY (B, By) [TMO), (5.48)

pri ¢emu faktor e #*#*/2 osigurava da ée valna funkcija i$¢eznuti za (8 — oo) [32].
Parametar y zove se parametar baze. Snage multipolnih prijelaza izmedu stanja s
razli¢itim angularnim momentima izracunate su prema sljedecoj relaciji:

2
B(E)\, Iz — If) = <IZO)\O|If0>2 /dﬁgdﬁg\/ﬁwlME)\<ﬁg,ﬁg)¢; , (549)

gdje Mgy (52, f3) oznacava elektri¢ni multipolni prijelaz reda \.

Dinamika kolektivnog hamiltonijana odredena je sa sedam parametara: tri masena
parametra B, tri momenta inercije Z,, (k = 1, 2, 3) i kolektivni potencijal V,.;. Maseni
parametri i kolektivni potencijal odreduju se preko tzv. ”cranking” aproksimacije,

dok je za izracun V., potrebno napraviti korekcije na nulto gibanje (ZPE).

5.3 Regultati

Izracuni su izvrSeni uz pomo¢ dva koda: DIRHB koda [33] i QOCH koda. Pomocu
DIRHB koda izracunate su energijske povrsine u 5, — 3 ravnini. Energijske povrSine
izracunate su za sve kombinacije deformacijskih parametara —0.8 < ; < 0.8, —0.8 <
Ps < 0.8 s razlikom od 0.05, ¢ime je uspostavljen izrac¢un 1089 energija za razlicite
kombinacije 5 i 3. Promatrane su kvadrupolne i oktupolne deformacije u osnovnom
stanju parno-parnih izotopa kriptona (Kr), ksenona (Xe) i barija (Ba) s naglaskom na
oktupolne deformacije s obzirom da su one rjede. Izracunate su i energije vezanja i
energije deformacije. Energije pobudenja izracunate su za stanja pozitivnog pariteta
2, 4%, 67 i drugo 0T stanje (05) te za stanja negativnog pariteta 1=, 37, 5~ i 7.
Izracunate su i snage prijelaza B(E1;1~ — 0%), B(E2;2% — 0%) i B(E3;3~ —
07). Svi dobiveni rezultati usporedeni su s dostupnim eksperimentalnim podacima,

uglavnom sa stranice NNDC-a [26].
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5.3.1 Kvadrupolne i oktupolne deformacije u Kr, Xe i Ba izotopima

Kvadrupolne deformacije u osnovnom stanju primije¢ene su kod vecine izotopa. Prim-
jer izotopa s kvadrupolnom deformacijom i bez oktupolne deformacije u osnovnom
stanju je '“6Xe, ¢iji je PES prikazan na Slici 3.1. Energije na skali su dane u MeV-
ima. Jo$ jedan primjer kvadrupolno deformirane jezgre u osnovnom stanju je “Kr
(Slika 3.2), dok je "®Kr (Slika 3.3) primjer jezgre koja je sferi¢na u osnovnom stanju.
Oktupolne deformacije u osnovnom stanju uocene su u izotopima "Kr (Slika 3.4),
142¥e (Slika 3.5) i u 7 izotopa Ba. Primjeri su dani za '*'Ba (Slika 3.6), '!?Ba (Slika
3.7) i '™Ba (Slika 3.8). Podaci o svim jezgrama s uotenim oktupolnim deforma-
cijama u osnovnom stanju dani su u Tablici 3.1. Cinjenica da je najvise oktupol-
nih deformacija u osnovnom stanju uoc¢eno u izotopima Ba (Z = 56), poklapa se
s dostupnim eksperimentalnim podacima, prema kojima su oktupolne deformacije
ceS¢e za specificne protonske i neutronske brojeve, medu kojima je i broj 56 [3].
S obzirom da su oktupolne deformacije u osnovnom stanju izracunate za izotope
112,114B4  potvrdeno je da SCMF model predvida postojanje oktupolnih deformacija u
podrudju (Z ~ 56, N = 56).

Parametri deformacije [, i 5 prikazani su na slici 3.9 u ovisnosti o neutronskom
broju N za izotope Kr, Xe i Ba. Zbog efekta zatvorene neutronske podljuske kod "*Kr,
gdje posljednja dva neutrona u potpunosti popunjavaju ljusku p, /2, Kr izotopi izmedu
N = 40 i magi¢nog broja N = 50 imaju manje deformacije i dva sferi¢na izotopa u
osnovnom stanju ("*Kr i 8°Kr). Xe i Ba izotopi imaju samo po jedan sferi¢an izotop i

u oba slucaja vrijedi N = 82, Sto je magicni broj.

5.3.2 Energije vezanja i deformacijske energije

Energije vezanja po nukleonu (Ez/A) prikazane su na Slici 3.10 kao funkcija nuk-
leonskog broja A. Rezultati su usporedeni s eksperimentalnim podacima [26]. Pokazano
je izvrsno slaganje izratunatih Fz/A s eksperimentalnim podacima.

Energija deformacije E,.; definirana je kao energijska razlika izmedu energije
globalnog minimuma i energije sferi¢ne jezgre Ej.; = E; — Espn. Za jezgre koje
su sfericne u osnovnom stanju E,.; = 0. Na Slici 3.11 prikazane su E,; u ovisnosti
o A za izotope Kr, Xe i Ba. Moze se vidjeti da su energije deformacije u pravilu

manje za jezgre s manjim kvadrupolnim i oktupolnim deformacijama u osnovnom
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stanju. JoS jedan oblik energije deformacije je energija oktupolne deformacije F,.
definirana kao energijska razlika energije globalnog minimuma energije i energije
stanja s istim B2 i 83 = 0, Eoet = Emin(B2, B3) — E(B2, B3 = 0) 1z definicije, vidljivo je
da E,. # 0 samo za izotope s 53 # 0 u osnovnom stanju. Napravljen je graf ovisnosti
E,.; 0 A za izotope Ba i prikazan na Slici 3.12. Sli¢no kao i kod energija deformacija,
energije oktupolne deformacije su u pravilu manje za jezgre s manjim oktupolnim

deformacijama u osnovnom stanju.

5.3.3 Postavljanje parametra baze

Parametar baze u iz jednadzbe 5.48 odreden je tako da su uzeta dva izotopa, "?Kr
i Kr, te su njihove energije osnovnog stanja i energije pobudenja promatrane u
ovisnosti o veli¢ini parametra p. Interval iz kojeg se moZe uzeti vrijednost parametra
baze je onaj unutar kojeg su energije konstantne, tj. neovisne o vrijednosti parametra
1. Energije osnovnog stanja prikazane su na slici 3.13. Stabilnost energije vidljiva je
za interval 9 < ;1 < 14. Proucavane su i energije pobudenja u ovisnosti o y. Energije
stanja pozitivhog pariteta prikazane su na Slici 3.14, a energije stanja negativnog
pariteta na Slici 3.15. Usporedbom svih rezultata uspostavljeno da je interval u kojem
su energije stabilne 11 < p < 14. Uzeta je vrijednost i = 13, koja pripada i intervalu

8 < u < 15 koji je izracunat u [32].

5.3.4 Niskoleze(¢i energijski spektar

Osnovno stanje svih proucavanih izotopa je 0. Proulavane su energije za stanja
pozitivnog pariteta 2+, 4%, 67 i 0] te energije stanja negativnog pariteta 1=, 37, 5~ i
7~. Sve energije prikazane su na grafovima u ovisnosti o neutronskom broju N.
Energije stanja 2* i 0] prikazane su na Slici 3.16, a energije stanja 4™ i 6™ na
Slici 3.17. MozZe se vidjeti da kolektivni model ne daje dobre rezultate za stanje
05 . Za ostala stanja pozitivnog pariteta, rezultati su dobri za sve izotope Xe i Ba,
osim za one s N u blizini magi¢nog broja N = 82. z Kr izotope, rezultati su dobri
za N = 361 N > 56. Jedan od razloga tomu je zatvaranje neutronske podljuske
kod "*Kr (N = 40). Kvadrupolne korelacije odgovorne su za nastanak niskolezeé¢ih
stanja pozitivnog pariteta. Za izotope bez ili s malim kvadrupolnim deformacijama u

osnovnom stanju, Sto vrijedi za Kr izotope s 40 < N < 50, kolektivni model nece dati
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dobar opis energija stanja pozitivnog pariteta.

Energije stanja 1~ i 3~ prikazane su na Slici 3.18, a na Slici 3.19 prikazane su
energije stanja 5~ i 7~. Eksperimentalni podaci za 1~ stanja su rijetki, no za one
koji su izmjereni, slaganje izracunatih i eksperimentalnih podataka je dobro za sve
izotope. Energije preostalih stanja negativnog pariteta se kod Xe i Ba izotopa dobro
slazu s eksperimentalnim podacima za izotope s N > 86. Za Kr izotope nema dobrog
slaganja izmedu teorije i eksperimenta. Na spektar stanja negativnog pariteta utjecu
oktupolne korelacije. To znaci da ¢e kolektivni model davati dobre rezultate za one
izotope s (33 # 0 ili za one izotope (¢iji je potencijal mekan u (3 u osnovnom stanju.
To se javlja kod tezih Xe i Ba izotopa, ali ne i kod Kr izotopa. Takoder, moguce je
da za Kr izotope, aksijalna simetrija nije dobra pretpostavka te da bi uklju¢ivanjem

parametra triaksijalne deformacije ~ rezultati bili bolji.

5.3.5 Snage prijelaza

Snage prijelaza B(E1), B(E2) i B(E3) prikazane su u ovisnosti o NV za sve izotope.
Eksperimentalni podaci pronadeni su za E2 prijelaze [26] i za neke FE3 prijelaze
[35,36]. Sve snage prijelaza izrazene su u Weiskopffovim jedinicama (W.u.).

B(E1) snage prijelaza prikazane su na Slici 3.20, B(£2) na Slici 3.21 i B(E3) na
Slici 3.22. Za E1 prijelaze snage su male, uglavnom < 10~2 W.u. te za njih nisu dos-
tupni eksperimentalni podaci za usporedbu. Najvise eksperimentalnih podataka bilo
je dostupno za E2 prijelaze. Rezultati pokazuju dobro slaganje s eksperimentalnim
podacima za Xe i Ba izotope. Za Kr izotope, slaganje je loSije, Sto je i ocekivano s
obzirom da se ni energije 2" stanja za vecinu Kr izotopa nisu dobro slagale s eksperi-
mentalnim podacima. Rezultati za £'3 prijelaze nisu pokazali dobro slaganje s eksper-
imentalnim podacima. Jedan od razloga je to sto su uglavnom dostupni podaci samo
za izotope s N u blizini magi¢nog broja 50 ili 82, a za te izotope kolektivni model ne
daje dobre rezultate. Iznimka su podaci za izotope **Ba i 1*%Ba, za koje se izracunate
snage nalaze unutar srednje pogreske eksperimentalnih rezultata, no problem je u
tome Sto su pogreske prevelike te su potrebna preciznija mjerenja koja bi pokazala

slazu li se izracunate snage dobro s izmjerenim snagama.
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5.4 Zakljuéak

U ovom radu, formalizam relativistickih funkcionala gusto¢e primijenjen je da bi
se ispitale kvadrupolne i oktupolne korelacije u parno-parnim jezgrama Kr, Xe i Ba
izotopa. Funkcional DD-PC1 iskoriSten je u kombinaciji s relativistickim Hartree-
Bogoljubljevim modelom, a za izracun energija niskolezeceg spektra konstruiran
je kvadrupolno-oktupolni kolektivni hamiltonijan. Kvadrupolne deformacije u os-
novnom stanju opazene su kod vecine ispitivanih jezgara. Iznimka su bili izotopi s
magi¢nim neutronskim brojem ili jezgre s neutronskim brojem u blizini magi¢nog.
Oktupolne deformacije opazene su kod jednog Kr izotopa, jednog Xe izotopa i sedam
Ba izotopa. S obzirom da za Ba izotope vrijedi Z = 56, Cinjenica da je najvise ok-
tupolnih deformacija u osnovnom stanju opazeno upravo kod tih izotopa je u skladu
s dostupnim eksperimentalnim podacima, prema kojima su oktupolne deformacije
¢eSc¢e kod jezgara s protonskim ili neutronskim brojevima 34,56,88 i 134. Eksper-
imentalne vrijednosti energija vezanja reproducirane su s izvrsnom toc¢noscu, Sto
potvrduje primjenjivost DD-PC1 funkcionala na veliki broj jezgara. Izracuni su radeni
za intervale —0.8 < 3535 < 0.8 s razlikom od 0.05. Da je razlika u intervalima manja,
npr. 0.01 ili 0.02, izracuni bi trajali puno duze, ali bi vjerojatno bilo opazeno vise
oktupolnih deformacija u osnovnom stanju.

IzraCunate energije stanja pozitivhog pariteta 2*, 47 i 6* dobro su se slagale s izm-
jerenim vrijednostima za Xe i Ba izotope, osim za izotope s malim ili nepostoje¢im
kvadrupolnim deformacijama u osnovnom stanju. To su uglavnom bile jezgre s N u
blizini magic¢nih brojeva ili jezgre kojima je N magi¢ni broj. QOCH metoda, uz neke
iznimke, nije dala dobre rezultate za izotope Kr. Jedan od razloga za to moglo bi biti
zatvaranje podljuske kod "Kr, zbog ¢ega Kr izotopi s 40 < N < 50 imaju vrlo niske
kvadrupolne deformacije u osnovnom stanju. QOCH metoda uglavnom nije dala
dobre rezultate za energije stanja negativnog pariteta. Razlog tomu je to sto su ok-
tupolne deformacije u osnovnom stanju zabiljezene samo za nekoliko jezgri. Za one
jezgre koje nisu oktupolno deformirane u osnovnom stanju niti imaju mekan potenci-
jal u B3, kolektivni model nece dati dobre rezultate pri opisivanju niskolezec¢ih stanja
negativnog pariteta. Za Xe i Ba izotope, izratunate B(FE?2) snage prijelaza dobro su
se slagale s eksperimentalnim vrijednostima, dok su za Kr izotope rezultati uglavnom
bili dobri za izotope s ve¢im N. Izracunate B(F3) snage prijelaza uglavnom nisu bile

u dobrom slaganju s eksperimentalnim podacima, sto je bilo i ocekivano, s obzirom
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da isto vrijedi i za izraCunate energije 3~ stanja. Precizniji rezultati bili bi dobiveni
da je ukljuceno viSe stupnjeva slobode, poput triaksijalnog.

Daljnja istrazivanja mogla bi se provesti tako da se DD-PC1 funkcional i QOCH
metoda primijene na druge parno-parne izotope. Oktupolne deformacije u osnovnom
stanju mogu se ispitati kod izotopa selenija (Se), protonskog broja Z = 34, kao
i kod susjednih parno-parnih izotopa germanija (Ge, Z = 32). Sto se ti¢e tezih
jezgara, dani formalizam mogao bi biti primijenjen i na izotope cerija (Ce, Z = 58).
Takoder, izracuni za Kr mogli bi biti ponovljeni s uklju¢ivanjem parametra triaksijalne

deformacije ~. Takav formalizam mogao bi biti primijenjen i na Se i Ge izotope.
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