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Abstract

Ab-finfitfioQuantum MonteCarflostudyoffufltracofldatomfic mfixtures

VIKTORCIKOJEVIĆ

UnfiversfityoffSpflfit,FacufltyoffScfience

RuđeraBoškovfića33,21000Spflfit

ThepropertfiesoffmfixturesoffBose-EfinstefincondensatesatT=0havebeenfinvestfigated

usfingquantumMonteCarflo(QMC)methodsandDensfityFunctfionaflTheory(DFT)wfiththe

afimoffunderstandfingphysficsbeyondthemean-fiefldtheoryfinBose-Bosemfixtures.Inpartficuflar,

quantumflfiqufiddropfletswfithattractfivefintraspecfiesandrepuflsfivefinterspecfiesattractfionwere

studfied,fforwhfichweobservedsfignfificantcontrfibutfionsbeyondLeeHuangYang(LHY)theory

thataffecttheenergy,saturatfiondensfity,andsurffacetensfion. Thecrfitficaflatomnumberfin

dropfletsfinffreespaceffortotaflnumberoffatomsNbetweenN=30andN=2000wasobtafined.

Resufltsoffthesurffacetensfionfforthreevafluesofftheattractfivefinterspecfiesfinteractfionsare

presented.Forahomogeneoussystem,extensfivecaflcuflatfionsofftheequatfionsoffstatewere

perfformedandwereportthefinfluenceofffinfite-rangeeffectsfinbeyond-Bogoflfiubovtheory.In

systemsfinteractfingwfithasmaflfl(flarge)effectfiverange,weobserverepuflsfive(attractfive)beyond-

LHYcontrfibutfionstotheenergy. Forthedropfletsfinamfixtureoff39Katoms,whfichwere

observedexperfimentaflflyfforthefirsttfime,thecaflcuflatfionsoffequatfionsoffstatewereperfformed.

CombfinfingQMC-bufifltffunctfionaflswfithDFT,thedfiscrepancyfintheestfimatfionoffcrfitficaflatom

numberbetweenthemean-fiefldtheoryandexperfimentaflresufltswasexpflafinedbytheproper

fincflusfionofftheeffectfiverangefinfinter-partficflefinteractfionmodefls.Thefinfluenceofffinfite-range

effectsonbreathfingandquadrupoflemodesfin39Kquantumdropfletswasfinvestfigated. We

predfictedasfignfificantdevfiatfionfintheexcfitatfionffrequencfieswhenenterfingamorecorreflated

regfime.Ffinaflfly,thephasedfiagramoffrepuflsfiveBose-Bosemfixturesfinaspherficaflharmonfictrap

usfingQuantumMonteCarflocaflcuflatfionswasstudfied.Densfityprofifleswereobtafinedreported

andweffoundtheoccurrenceoffthreephases:separatfionoffcondensatesfintwobflobs,ffuflfly

mfixedandsheflfl-separatedphase. AcomparfisonwfiththeGross-Pfitaevskfifisoflutfionsshowed

aflargedevfiatfionfintheregfimeoffflargemassfimbaflanceandstrongfinteractfions. Weshowed

theunfiversaflfityfinthedensfityprofifleswfithrespecttothes-wavescatterfingflengthandffound

numerficaflevfidencefforGross-Pfitaevskfifiscaflfingpresentbeyondtheregfimeoffappflficabfiflfityoff

Gross-Pfitaevskfifiequatfions.

Orfigfinaflfin: Engflfish

Keywords: QuantumMonteCarflomethods,DfiffusfionMonteCarflo,DensfityFunctfionaflTheory,

Gross-Pfitaevskfifiequatfion,Bose-Bosemfixtures,quantumflfiqufids,beyond-Bogoflfiubovcaflcuflatfions,

finfite-rangeeffects,excfitatfionmodes

Supervfisor:ProffessorLeandraVranješMarkfić,PhD,FuflflProffessor

Supervfisor:ProffessorJordfiBoronat,PhD,FuflflProffessor



Sažetak

Ufltrahfladneatomske mješavfinefistraženeab-finfitfiokvantnom MonteCarflo

metodom

VIKTORCIKOJEVIĆ

SveučfiflfišteuSpflfitu,Prfirodosflovno-matematfičkfiffakufltet

RuđeraBoškovfića33,21000Spflfit

SvojstvasmjesaBose-EfinstefinovfihkondenzataprfiT=0fistraženasukorfištenjemmetoda

kvantnogMonteCarfla(QMC)fiteorfijeffunkcfionaflagustoće(DFT)scfifljemproučavanjafizfike

fizvanteorfijesrednjegpofljaubozonskfimmješavfinama.Proučfiflfismokvantnekapfljficesjednakfim

fiodbojnfimfinterakcfijamafizmeđuatomafistovrsnekomponenteteprfivflačnfimfinterakcfijamaatoma

razflfičfitfihkomponentfiufinterakcfijfifiopazfiflfismoznačajnedoprfinosepovrhLeeHuangYang

(LHY)teorfijekojfiutječunaenergfiju,saturacfijskugustoćufipovršfinskunapetost.Odredfiflfismo

krfitfičnfibrojatomazakapfljficeusflobodnomprostoruzabrojatomaukapfljficfiNfizmeđuN=30

fiN=2000.Izračunaflfismopovršfinskunapetostzatrfivrfijednostfiprfivflačnfihmeđuatomskfih

finterakcfija.Izvršfiflfismoopsežneproračunejednadžbfistanjafiznfimnorfijetketekućfinebozonske

mješavfinefiuočfiflfiutjecajeffekatakonačnogdosegakojfinfijepredvfiđenBogoflfiubovfljevomteorfijom.

Usustavfimakojfifinteragfirajusmaflfim(veflfikfim)effektfivnfimdosegom,opaženfisuodbojnfi(prfivflačnfi)

doprfinosfikojenepredvfiđaLHYteorfija.Izračunaflfismojednadžbestanjazakapfljficebozonskfih

mješavfinakojesupoprvfiputeksperfimentaflnouočeneusmjesfi 39Katoma. Kombfinfirajućfi

ffunkcfionaflegustoćefizgrađenepomoćukvantnogMonteCarflasDFT-om,nesflaganjeuprocjenfi

krfitfičnogbrojaatomafizmeđuteorfijesrednjegpofljafieksperfimentaflnfihrezufltatajeobjašnjeno

prekopravfiflnogukfljučfivanjaeffektfivnogdosegaumodeflemeđudjeflovanjačestfica.Istraženje

utjecajeffektfivnogdoseganapobuđenjakapfljfice39K,fitonamoddfisanjafikvadrupoflnfimod.

Dobfivenfirezufltatfiprfikazujuznačajnoodstupanjeffrekvencfijapobudeprfiuflaskuukoreflfiranfi

režfim.DetafljnosmoproučfiflfiffaznfidfijagramodbojnfihBose-Bosemješavfinausffernojharmonfijskoj

zamcfikorfistećfikvantneMonteCarfloračune.Dobfivenfisuprofiflfigustoćekojfipokazujupojavu

trfiffaze:separacfijakondenzataudvfijenakupfine,potpunomfiješanjefiseparacfijeuobflfikufljuske.

UsporedbasrfiješenjfimaGross-Pfitaevskfifijednadžbfipokazujeveflfikoodstupanjeurežfimuveflfike

maseneneravnotežefijakfihfinterakcfija.Pokazaflfismounfiverzaflnostprofiflagustoćesobzfirom

nas-vaflnudufljfinuraspršenjatepostojanjeGross-Pfitaevskfifiskaflfiranjaprfisutnogfizvandosega

prfimjenjfivostfiGross-Pfitaevskfifijednadžbfi.

Jezfikfizvornfika:engfleskfi

Kfljučnerfiječfi: Kvantne MonteCarflometode,Dfiffuzfijskfi MonteCarflo,teorfijaffunkcfionafla

gustoće,Gross-Pfitaevskfifijednadžba,bozonskemješavfine,kvantnetekućfine,povrh-Bogoflfiubov

računfi,effektfikonačnogdosega,modovfipobuđenja

Mentorfica: Proff.dr.sc.LeandraVranješMarkfić

Mentor: Proff.dr.sc.JordfiBoronat



Tabfleoffcontents

Acknowfledgements 2

Lfistofffigures 8

Lfistofftabfles 12

1 Introductfion 1

1.1 Outflfine......................................... 4

2 Overvfiewoffufltracofldatomficgases 7

2.1 Introductfion....................................... 7

2.2 Sfingfle-componentBosegas.............................. 8

2.2.1 Bogoflfiubovtheory............................... 8

2.2.2 LHYenergy................................... 9

2.2.3 Densfity-ffunctfionaflfformuflatfion........................ 10

2.2.4 NumerficaflsoflutfionoffGPE-flfikeequatfions.................. 11

2.3 Two-componentBosesystem............................. 12

2.3.1 StabfiflfityoffaBose-Bosemfixture....................... 13

2.3.2 LHYenergyfforBose-Bosemfixtures..................... 14

2.3.3 Quantumdropflets............................... 15

2.4 Scatterfingtheoryoffufltracofldcoflflfisfions........................ 15

2.5 Caflcuflatfionoffs-wavescatterfingflengthandtheeffectfiverange .......... 17

2.5.1 Numerovaflgorfithm............................... 18

3 Quantum MonteCarflo methods 20

3.1 Introductfion....................................... 20

3.2 Metropoflfisaflgorfithm.................................. 21



Tabfleoffcontents 6

3.3 ErrorestfimatfionfinMonteCarflocaflcuflatfions:databflockfing............ 23

3.4 VarfiatfionaflMonteCarflo................................ 23

3.5 DfiffusfionMonteCarflo................................. 26

3.5.1 Schröedfingerequatfionfinfimagfinarytfime................... 26

3.5.2 Nafivefimpflementatfion............................. 27

3.5.3 Importancesampflfing.............................. 28

3.5.4 Short-tfimeapproxfimatfionofftheGreen’sffunctfion ............. 30

3.5.5 SystematficerrorsfinDfiffusfionMonteCarflo................. 32

3.6 Observabfles....................................... 33

3.6.1 UnbfiasedestfimatorsfinDfiffusfionMonteCarflo................ 33

4 Ufltradfiflutequantumflfiqufiddrops 35

4.1 Introductfion....................................... 35

4.2 Hamfifltonfianandthetrfiaflwaveffunctfion....................... 36

4.3 Crfitficaflatomnumber................................. 38

4.4 Lfiqufidstatecaflcuflatfion................................ 39

4.5 Densfitysaturatfion................................... 42

4.6 Surffacetensfioncaflcuflatfions.............................. 43

4.7 Summaryandconcflusfions............................... 45

5 UnfiversaflfityfinufltradfifluteflfiqufidBose-Bose mfixtures 47

5.1 Introductfion....................................... 47

5.2 Hamfifltonfianandthemethods............................. 48

5.3 Ffinfite-sfizeeffects.................................... 50

5.4 Repuflsfivebeyond-LHYenergy ............................ 53

5.5 Unfiversaflequatfionoffstate.............................. 56

5.6 Summaryandconcflusfion ............................... 57

6 Ffinfite-rangeeffectsfinufltradfiflute39Kquantumdrops 59

6.1 Introductfion ...................................... 59

6.2 Hamfifltonfianandthemethods............................. 60

6.2.1 Interatomficmodeflpotentfiafls......................... 61

6.3 Equatfionsoffstate................................... 63

6.4 Crfitficaflatomnumber................................. 66



Tabfleoffcontents 7

6.5 Sfizeoffa39Kdropflet.................................. 68

6.5.1 EffectfiveMF+LHYtheoryfforx̸=1flfiqufids ................ 70

6.6 Summaryanddfiscussfion................................ 74

7 Ffinfiterangeeffectsontheexcfitatfion modesoffa39Kquantumdropflet 76

7.1 Introductfion....................................... 76

7.2 TheQMCDensfityFunctfionafl............................ 77

7.3 TheLDA-DFTapproach............................... 81

7.3.1 Statfics...................................... 81

7.3.2 Reafl-tfimedynamficsandexcfitatfionspectrum................ 82

7.4 Resuflts......................................... 83

7.5 Summaryandoutflook................................. 91

8 HarmonficaflflytrappedBose-Bose mfixtureswfithrepuflsfivefinteractfions 93

8.1 Introductfion....................................... 93

8.2 Modeflandthemethods................................ 94

8.3 Resuflts ......................................... 95

8.3.1 ∆>0...................................... 97

8.3.2 ∆=0...................................... 99

8.3.3 ∆<0......................................100

8.4 ScaflfingwfiththefinteractfionparameterNa11/flho,1 .................106

8.5 Unfiversaflfitytest....................................109

8.6 Summaryanddfiscussfion...............................111

9 Summaryandoutflook 113

Refferences 116

AppendfixA DerfivatfionoffquantumfforceandflocaflenergyfinVMCandDMC126

AppendfixB Currficuflumvfitaeandreflatedpubflficatfions 128



Lfistofffigures

2.1 Graphficaflfiflflustratfionoffthebaflancebetweenmean-fiefld(MF)andLee-Huang-Yang

(LHY)energy,resufltfingfinafformatfionoffaquantumdropflet............ 15

2.2 Schematficrepresentatfionoffthethree-dfimensfionaflscatterfing............ 16

3.1 Dependenceofftheerrorestfimatfionσastheffunctfionoffthenumberoffdatafina

sfingflebflock,nsfize..................................... 24

3.2 Dependenceoffenergyperpartficflewfiththenumberoffwaflkers,ffortheBose-Bose

symmetrficmfixture.................................... 32

3.3 Dependenceoffenergyperpartficflewfiththetfime-step,ffortheBose-Bosesymmetrfic

mfixture.......................................... 32

4.1 PafirdfistrfibutfionffunctfionP(r)fforthreetypesoffpafirsfinaBose-Bosequantum

dropflet.......................................... 38

4.2 EnergyperpartficfleofftheBose-Bosesymmetrficflfiqufiddropfletasaffunctfionoffthe

scatterfingflengtha12/a11................................ 39

4.3 Crfitficaflvafluesacrfit12 fforsymmetrficflfiqufiddropfformatfionasaffunctfionoff1/N... 40

4.4 DMCenergyperpartficflefinasymmetrficflfiqufidasaffunctfionoffdensfityfforthree

vafluesoffthescatterfingflengtha12........................... 41

4.5 DensfityprofiflesoffthesymmetrficBose-Boseflfiqufiddropsffordfifferentnumberoff

partficfles......................................... 42

4.6 ContourpflotsoffthedensfityprofiflesoffaflfiqufiddropwfithN=200asaffunctfion

offa12........................................... 43

4.7 EnergyperpartficfleoffsymmetrficBose-BosedropsasaffunctfionoffN−1/3..... 44

5.1 TheenergyperpartficfleoffasymmetrficBose-Boseflfiqufidasaffunctfionoffthe

densfityffora12=−1.01a11,−1.05a11and−1.2a11.................. 51

5.2 DMCequatfionoffstateoffthesymmetrficBose-Boseflfiqufidmfixtureffordfifferent

vafluesoffa12anddfifferentrangesR,fincomparfisonwfithMF+LHYtheory..... 52



Lfistofffigures 9

5.3 EquatfionsoffstateoffasymmetrficBose-Boseflfiqufidffordfifferenta12/a11normaflfized

tothedensfityandtheenergyatMF+LHYequfiflfibrfiumpofint(ρ0,E0)...... 54

5.4 Dependenceofftheequatfionoffstateontheeffectfiverange.............. 56

5.5 Densfityprofiflesoffsymmetrficdropswfithdfifferentscatterfingflengthsandranges

comparedtoMF+LHYpredfictfions.......................... 57

5.6 RatfiooffequfiflfibrfiumdensfitfiesρeqLDA/ρ
eq
MF+LHY vs.scatterfingflengtha12andthe

rangeR.IsoflfinesffoflflowvaflueswfiththeconstantρeqLDA/ρ
eq
MF+LHY.LDAresuflts

areobtafinedstartfingffromtheDMCequatfionoffstate. .............. 58

6.1 POT1andPOT2potentfiaflsfineachoffthechanneflwhfichreproducethes-wave

scatterfingflengthsandeffectfiverangesffor39KmfixtureatB=56.337G...... 64

6.2 Dependenceofftheequatfionoffstateoff39Kquantumflfiqufidontheeffectfiverange

fforseflectedpotentfiaflmodefls,comparedwfithMF+LHYtheory........... 65

6.3 DMCenergyperpartficflefforthe39Kflfiqufidasaffunctfionoffthedensfity(cfircfles),

startfingffromB=56.230G(flowerpofints)toB=56.639G(upperpofints).... 66

6.4 Dependenceoffthecrfitficaflatomnumberoffa39Kdropfletonthemagnetficfiefld. 67

6.5 Absoflutevaflueoffthebfindfingenergywfithrespecttothetotaflatomnumber,usfing

thescatterfingparameterscorrespondfingtothemagnetficfiefldB=56.230G ... 69

6.6 Dependenceofftheradfiaflsfizeσroffthe
39Kdroponthenumberoffpartficfles.... 69

6.7 DependenceofftheradfiaflsfizeoffaN=1500039Kdropontheexternaflmagnetfic

fiefld,orequfivaflentflytheresfiduafls-wavescatterfingflength.............. 70

6.8 Energyperpartficfleasaffunctfionofftotafldensfityρ.Dfifferentcoflorsdfifferentfiate

popuflatfionratfiothroughttheparameterx=(ρ2/ρ1)g11/g22,ffuflflflfinesare

MF+LHYpredfictfions(seeEq. 6.21and6.22),pofintsareQMCresuflts,and

dashedflfinesarethefitstotheDMCenergfies..................... 71

6.9 Vafluesoffx=N2/N1 a22/a11whfichreproducetheexperfimentaflsfizeoffaN=15000
39Kdrop(Ffig.6.7)wfithfintheMF+LHYtheory,asaffunctfionoffthemagnetficfiefld.72

6.10Phasedfiagramoff39KatB=56.230G......................... 73

6.11Evoflutfionoffx=(N2/N1) a22/a11fintfime..................... 73

6.12EvoflutfionoffsfizeR=σr/
√
2asaffunctfionoffmagnetficfiefldB,fforaspherficafl

dropfletfinavacuum.σrfisdefinedasthedfistanceatwhfichthedensfityffaflflsto

e−1offthepeakdensfity................................. 74



Lfistofffigures 10

7.1 DMCenergyperpartficfleasaffunctfionoffthedensfity. Frombottom(purpfle

trfiangfles)totop(redstars),theresufltscorrespondtomagnetficfiefldsB=56.23,

56.453and56.639G.Caflcuflatfionswereperfformedfforthemean-fiefldoptfimafl

ratfioρ2/ρ1= a11/a22.Theenergyperatomandatomdensfityarenormaflfized

tothe|E0|/Nandρ0MF+LHYvafluesobtafinedffromEqs.(6.15)and(6.16),

respectfivefly.ThedashedflfinesarefitsfinthefformE/N=αρ+βργ.Thebflack

soflfidflfinecorrespondstotheMF+LHYtheory,Eq.(7.2).............. 78

7.2 DMCoverMF+LHYfincompressfibfiflfityratfioatequfiflfibrfiumfforthemagnetficfieflds

consfideredfinChapter6.Thedashedflfinefisaflfinearfittothepofints. ...... 79

7.3 DMCoverMF+LHYequfiflfibrfiumdensfityratfiofforthemagnetficfiefldsconsfidered

finChapter6.Thedashedflfinefisaflfinearfittothepofints. ............ 80

7.4 Densfityprofiflesofftwo39Kquantumdropfletscorrespondfingtoasmaflfl(̃N−
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Chapter1

Introductfion

StatesoffmatterfinNaturesuchasflfiqufids,gasesandsoflfidsarecharacterfizedbythefinterpartficfle

correflatfions.Soflfidsononesfide,andflfiqufidsandgasesontheother,canmutuaflflybedfistfingufished

bythedegreeoffperfiodficfityoffthetotafldensfityρ(r)= Ψ̂†(r)̂Ψ(r),thatfis,thedfiagonafl

flong-rangeorder.Forsoflfids,fitfismanfiffestedthroughtheoccurrenceoffpeaksfintheFourfier

transfformoffρ,whereasfforgasesandflfiqufidstheperfiodficfityfisabsent.Lfiqufidsstandfinbetween

gasesandsoflfids,astherefisnospatfiaflflong-rangeorder,yettheyareseflff-bound.Physficaflfintufitfion

betweendfifferentcflassficaflstatesoffmatterdatesbacktovander Waaflsfinthe19thcentury,

whowontheNobeflprfizefin1910fforfintroducfinganequatfionoffstatefforflfiqufidsandgases.The

basficfideafisthatordfinaryflfiqufidsorsoflfidsoccurduetotwoffeaturesofffinteratomficpotentfiafls:

flong-rangefinterpartficfleattractfionandashort-rangerepuflsfion.Forweakflyfinteractfingatoms,

attractfiveflong-rangefinteractfionfisoffavander Waaflstype,comfingffromdfipofle-dfipoflefinteractfion

betweenneutraflatoms. Ontheotherhand,atsmaflfldfistances,thePauflfiexcflusfionprfincfipfle

actsasarepuflsfivefforce,sothebaflancebetweenthesetwoeffectsufltfimateflydefinesthesystem

propertfies,togetherwfithexternaflparameterssuchasthepressure,geometry,andtemperature.

Affterthe1910s,experfimentafltechnfiquesaflflowedcooflfingthematterdowntoveryflow

temperatures,finfitfiatfingthejourneyoffufltracofldphysficsandchemfistry. Wfiththedecreaseoff

temperature,theeffectoffthermaflfluctuatfionsfisreduced,aflflowfingfforthestudyoffquantum

effectsfinthemany-bodysystem.Intheflow-temperaturedomafin,twonewphenomenaemerged

whfichdefiedtheflawsoffcflassficaflstatfistficaflmechanfics:superflufidfityoff4Heandsuperconductfivfity

offmercury,bothmanfiffestfingresfistflessflowofffitsconstfituents[1,2]beflowacrfitficafltemperature,

findficatfingthatanewstateoffmatteroccursatveryflowtemperatures.Bothphenomenaare

capturedwfiththephenomenoflogficafltwo-flufidmodefl,firstfintroducedbyLaszfloTfiszafin1938[3],

wherethetotafldensfityfisdecomposedfinsuperflufidandnormaflcomponents.

Londonmadeaconnectfionbetweenasuperflufidstateoff4Hewfiththecondensatfionphenomena

finaBose-Efinstefingas[1].Lowerfingthetemperature,transfitfionffromnormafltoBosecondensed

statefinasystemobeyfingBose-Efinstefinstatfistficsfisaccompanfiedbyaspfikefintheheatcapacfity,

whfichbearscflearresembflancetothatoff4He,andfiscaflfledtheλ-transfitfionduetofitspecuflfiar

shape. Addfitfionaflfly,sfimfiflarvafluesoffthemeasuredcrfitficafltemperatureandentropyfina

superflufid4HestatewfiththosefinacorrespondfingBosegasgavesupporttothfishypothesfis.
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Bypostuflatfingsymmetrfic(Bose-Efinstefin)statfistficsonthefinterchangebetweenthetwo

bosonficpartficfles,ahomogeneousensembfleofffideaflgasundergoesaBose-Efinstefincondensatfion

[4,5]beflowacrfitficafltemperatureTc,definedasthemacroscopficoccupatfionoffk=0state.

TogeneraflfizetheconceptoffaBose-Efinstefincondensatfiontoasystemofffinteractfingpartficfles,

PenroseandOnsager[6]consfideredtheflong-rangebehavfiouroffthenon-dfiagonafldensfitymatrfix

ρ(r,r′)= Ψ̂†(r)̂Ψ(r′).ItwasproventhatfinaBEC,adensfitymatrfixhasanon-zerovaflue

atflargedfistances,fi.e.,|r−r′|→∞,whfichfisequafltothedensfityoffBose-Efinstefincondensed

system.

WfiththeconceptoffmacroscopficwaveffunctfionpresentfinboththesuperflufidandBEC

theorfies,thefirstattempttoexpflafinthesuperflufidfitycameffromthetheoryoffBose-Efinstefin

condensatfionfinanfideaflgas.ApproxfimatfingflfiqufidHeflfiumasanfideaflBosegasprovedtobe

acrudeassumptfion,gfivfingpredfictfionssfignfificatflyoffthemeasurements.Thereasonfforthese

dfisagreementsfisthatatomsfinflfiqufidHeflfiumareffarffrombefingnon-finteractfing,fleadfingtoa

sfignfificantcondensatedepfletfion,whfichfleadstoacondensateffractfionoffaround8%[7].

Anextendedperfiodoffdeveflopmentoffexperfimentafltechnfiqueshadtopassbefforethefirst

observatfionoffapureBEC,achfievedfinaflkaflfiatoms[8–10]. Typficafldensfityfinwhfichthe

experfimentswfithcofldBosegasesareperfformedtodayfisofftheorderoff1014cm−3,meanfing

thatthetemperaturetoachfievequantumdegeneracyfisofftheorder10−5K[11].Experfimentafl

controfloffvarfioussystemparametersfissupreme,makfingthefiefldoffufltracofldatomsaffertfifle

pflaygroundfforthemanfiffestatfionoffdfifferentphasesoffmatter[12].Itfisnowpossfibfletotune

rathereasfiflythestrengthandsfignofffinteractfions,geometryoffexternafltraps,ordfimensfionaflfity

[12]. Varfiousaccessfibflesystempropertfiesfinvoflvethedensfityprofifle,statficstructureffactor,

momentumdfistrfibutfion,coflflectfiveexcfitatfions,orrefleaseenergy.

AsfimpfletheoretficaflunderstandfingoffcofldBosegasesfistheGross-Pfitaevskfifiequatfion.Itfis

amean-fiefldapproach,whereaflflthepartficflesoccupythesamesfingfle-partficflequantumstate

(k=0),whereasthefinteractfionsarefincorporatedthroughtheaverageexternaflfieflddueto

otherpartficfles.Thfisapproachworksweflflfforverydfiflutesystems.Increasfingthedensfity,the

energyoffaBosegascanbecaflcuflatedperturbatfivefly,wherethefirstenergycorrectfiontermto

themean-fiefldonefiscaflfledtheLee-Huang-Yang(LHY)energy.Thfistermfisknownfforboth

sfingfle-component[13,14]andtwo-componentBosemfixtures[15].Thenextenergycorrectfion

fiscaflfledthe Wuterm[16]andfisknownonflyfforsfingfle-componentsystems,butfitprovedto

devfiatesfignfificantflyffromthequantumMonteCarfloenergfies[17].Theflattervafluesaretaken

asarefference,becausequantumMonteCarflomethodsgfive,wfithfinstatfistficaflerrorbars,exact

vafluesfforbosonficsystems.

Otherthanthemean-fiefldapproach,non-perturbatfivenumerficafltreatmentssuchasthe

varfiatfionaflhypernettedchafinmethod[18]orthequantumMonteCarflotechnfiques[19–21]are

ffavorabflewhenthesystemunderstudyentersastrongflycorreflatedregfime. Many-bodyquantum

propertfiesoffaBosesystematzerotemperaturecanbedfirectflyfinvestfigatedwfiththeexact

dfiffusfionMonteCarflo(DMC)method[22].InthfisThesfis,wehavefimpflementedandexpflofited

theDMCmethodtobenchmarkandfinvestfigatethepredfictfionsoffcommonflyusedmean-fiefld

theorfiesoffBosecondensedmfixtures.
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Inasfingfle-componentBosesystem,beyondmean-fiefldeffectsareverysmaflfl,asfithasbeen

confirmedwfithfirstprfincfipflesnumerficaflcaflcuflatfions,nameflythedfiffusfionMonteCarflo[17]

andPathIntegraflGroundStatemethods[23].However,adramatficmanfiffestatfionoffbeyond

mean-fiefldphysficswaspredfictedbyPetrov[24],manfiffestedfinthemfixtureofftwoBose-Efinstefin

condensateswfithfinterspecfiesattractfionandfintraspecfiesrepuflsfion.Inthatpartficuflarsystem,the

repuflsfivebeyondmean-fiefldrepuflsfionstabfiflfizesthemean-fiefldcoflflapse,resufltfingfinapossfibfiflfity

offquantumdropfletfformatfion.Thfisphenomenonwasfirststudfiedfinthree-dfimensfionaflsystems,

andflaterextendedtooneandtwodfimensfions[25–27]andatadfimensfionaflcrossover[28].Very

soonaffterthfistheoretficaflpredfictfion,thefirstBose-Bosequantumdropfletwasobservedfina

homonucflearmfixtureofftwohyperfinestatesoff39K[29,30]andflaterfinaheteronucflearmfixture

off41K-87Rbatoms[31].Thefirsteffortsfinunderstandfingthfissystemweredonewfithfintheflocafl

densfityapproxfimatfion[32],wherethegeneraflthermodynamficcondfitfionsffordropfletstabfiflfity

weredfiscussed.Atverysmaflfldensfitfies,dropfletpropertfiesareweflflreproducedwfithPetrov’s

theory.However,aflreadyfinthefirstexperfiment[29],beyond-LHYtermsappearedtopflayarofle

atmagnetficfiefldsproducfingmorecorreflateddropflets. Mficroscopficunderstandfingoffbeyond-LHY

physficswasfirstmadefinnumerficaflstudfiesusfingdfiffusfionMonteCarflo(seeChapters4,5and

6)andthehypernettedchafinmethod[33],wherefitwasshownthatthedetafiflsofffinteractfion

potentfiaflpflayanfimportantrofle.Thesenon-unfiversafleffectswereaflreadystudfiedtheoretficaflfly

finthesfingfle-componentscenarfio[34–37],buttheywerenotyetextendedtotwo-component

systems.Overaflfl,beyondmean-fiefldeffectsarenaturaflflyfincorporatedfinthedfiffusfionMonte

Carflocaflcuflatfions,andfitfisofffinteresttobenchmarkthePetrovffunctfionafl,orevengenerate

acorrectfiontofitathfigherdensfitfies. Thfisffunctfionaflcanbeusedfindynamficaflstudfies,ffor

exampflethecaflcuflatfionoffcoflflectfiveexcfitatfionmodes,whfichfinthepastprovedtobeapowerffufl

technfiquefforexpflorfingmficroscopfictheorfiesfinamany-bodysystem[38–43].

Thesemfixedquantumdropfletsresembflefinsomeaspectsthecflassficafldropflets,andaflready

therehavebeendynamficaflstudfiesobservfingthefirflfiqufid-flfikepropertfies,suchascoflflfisfionsbetween

quantumdropfletsfin3D[44]orfin1D[45].Interestfingfly,finReff.[44],theauthorsobserved,ffor

thefirsttfime,acompressfibfleregfimeofftheflfiqufidphase,whenthenumberoffpartficflesfissosmaflfl

thatthedropflethasasurffacesfizecomparabfletofitsradfius.Interestfingfly,experfimentaflresuflts

showdfisagreementwfiththepredfictfionoffmergfingvs.separatfionfinthecoflflfisfionoutcomeusfing

theconventfionaflPetrovtheory.Dynamficaflpropertfiesoffquantumdropfletswerestudfiedfinflower

dfimensfionsasweflfl,wherefitwasshownthattheycansupportvortexstatesfin2D[46],asfin3D

[47],andthattheycanhostexotficmetastabflephasesfin2D[48].

Anotheradvancementfinthefiefldwasmadebyproducfinggaseswfithdfipoflarfinteractfions[49].

IncontrasttoquantumdropfletsfinaBose-Bosemfixture,wherethefinteractfionsarefisotropficand

short-ranged,dfipoflarfinteractfionsareanfisotropficandflong-ranged[50].Asfimfiflarmethodoflogy

offthestabfiflfizatfionmechanfismfindfipoflardropfletfformatfioncanbemadeffoflflowfingPetrov’s

work[24].However,theffafiflureoffthfisapproachhasbeenobservedfindfiflutedfipoflarquantum

dropflets[51],bymeasurfingradficaflflydfifferentdensfityprofiflesandcrfitficaflatomnumbers,aflfloff

whfichwererecoveredwfithaffuflflquantumMonteCarfloapproach[51].Lackoffconsfistenttheory

provesthenecessfitytotreatthesesystemswfithaffuflflmany-bodyapproach. Asystemwfith

dfipoflarfinteractfionsfisunfiquebecauseofftheexotficffeatureoffsupersoflfidfity,aphenomenonwhere
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perfiodficaflflystructuredmatterexhfibfitssuperflufidbehavfior,firstpredfictedfin4He[52],butnever

experfimentaflflyconfirmed.Bymeasurfingtheexcfitatfionspectra[53]andperfformfingtfime-off-flfight

experfiments[54],thecoexfistenceoffphasecoherenceandperfiodficfityfindfipoflargaseshasbeen

observed,findficatfingtheexfistenceoffasupersoflfidoffdropflets.

Nowadays,fitfispossfibfletoroutfineflyproducemfixturesoffsame-specfiesatoms[55,56],dfifferent

fisotopes[57,58]ordfifferenteflements[59,60].Inaproperflytunedmagnetficfiefld,aBosemfixture

canhavetherepuflsfivefinteractfionsfinaflfloffthreechannefls.Forexampfle,finaharmonficaflfly

trappedmfixture[61],therefisavarfietyoffspatfiaflconfiguratfionsthattwo-componentspecfiescan

have.Theycanfformamfixedphase,wherethetwospecfiescompfleteflyoverflapandtheycan

befinatwo-bflobstructure,wheretheoverflapfismfinfimfized,meanfingthatthetwocondensates

physficaflflyseparate.Aflternatfivefly,theycanfformasheflflstructure,suchthatonespecfiesfformsa

sheflflstructurearoundanfinnerone.Thesedfifferentregfimesdependontheatomnumber[62]and

arequfitesensfitfivetothefinteractfionstrength[63],makfingthephasedfiagrammuchrficherthan

theusuaflsfingfle-componenttrappedBEC.Occurrenceoffthesephaseshappensduetomean-fiefld

finstabfiflfity.Thus,thfissystemfisapromfisfingcandfidatefforexpflorfingbeyondmean-fiefldeffects.

Addfitfionaflfly,atufltracofldtemperatures,thesemfixturescanenterfinasuperflufidregfime[64],

makfingfitpossfibfletostudyandfimproveourunderstandfingoffphysficsoffthetwofinterpenetratfing

superflufids. Wfithanfincreaseofftemperature,thesemfixturesexhfibfitfinterestfingthermodynamfic

propertfies. Forexampfle,recentfly,acounter-fintufitfivepredfictfionoffaphaseseparatfionwfith

temperaturehasbeenproposed,fintheregfimewherezero-temperaturemean-fiefldtheorypredficts

mfixfing[65].Usuaflfly,atverysmaflfldensfitfies,thedescrfiptfionoffthesemfixturesfisweflflreproduced

wfiththeGross-Pfitaevskfifiequatfion[66].However,fitfisnotcflearhowthephasespacechanges

whenthedensfitfiesorcorreflatfionsbecomeflarger,thusfitfisofffinteresttostudythesesystems

wfithab-finfitfioquantumMonteCarflomethods.

1.1 Outflfine

ThfisThesfisfisdevotedtothecomputatfionaflstudyoffquantumBose-Bosemfixtures.Theoutflfine

offaThesfisfisasffoflflows.

Chapter2: Overvfiewoffufltracofldgases.Inchapter2,wedfiscussthebasficsoffufltracofld

Bosegases.Thfischapterfisreflevantfforthewhoflethesfis,asthemafinphysficaflquantfitfiesand

termfinoflogyarefintroduced. Westartthedfiscussfionwfiththephysficsoffscatterfingfinufltracofld

gases,wherethetwomostfimportantparametersarefintroduced:thes-wavescatterfingflength

andtheeffectfiverange.Thenumerficaflmethodtocaflcuflatethoseparametersfisoutflfined.Next,

theovervfiewoffthemafinresufltsofftheBogoflfiubovtheoryfforaBosegasfisgfiven.Thfisprobflem

canbefformuflatedfinadensfity-ffunctfionaflmanner,whfichwepresentwfiththenumerficaflaflgorfithm

specfiaflfizedtosoflvefit.Ffinaflfly,basficmean-fiefldtheoryandfitsextensfion,theLHYterm,are

fintroduced.

Chapter3: QMCmethods.Inchapter3aredfiscussedthequantumMonteCarflomethods

usedfinthfisThesfis.Sfincethegoaflfistostudyufltracofldsystems,fitfisanexceflflentapproxfimatfion
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totackfletheprobflematT=0,thusmakfingfitpossfibfletousethepoweroffthevarfiatfionafl

anddfiffusfionMonteCarflomethods,sufitabflefforzerotemperaturequantummany-bodystudfies.

Varfiatfionafl MonteCarflooffersavarfiatfionaflsoflutfion,andfitfisusedbothtosampfleandto

optfimfizethetrfiaflwaveffunctfion.Improvementoffthfismethodcanbemadebyperfformfing

thefimagfinary-tfimepropagatfion,aflflowfingtoreachtheground-state,andtherefforeextractthe

ground-stateaverages.

Chapter4: Ufltradfiflutequantumflfiqufiddrops.Inchapter4,wepresentthestudyoff

dfiflutesymmetrficBose-BoseflfiqufiddropfletsusfingquantumMonteCarflomethodswfithattractfive

finterspecfiesfinteractfionfintheflfimfitoffzerotemperature.Thecaflcuflatfionsareexactwfithfinsome

statfistficaflnofiseandthusgobeyondprevfiousperturbatfiveestfimatfions.Bytunfingthefintensfityoff

theattractfion,weobserveanevoflutfionffromagastoaseflff-boundflfiqufiddropfinanN-partficfle

system.Thfisobservatfionagreeswfithrecentexperfimentaflfindfingsandaflflowsfforthestudyoffan

ufltradfifluteflfiqufidneverobservedbefforefinNature.

Chapter5: UnfiversaflfityfinufltradfifluteflfiqufidBose-Bose mfixtures. Inchapter5,

wepresentthestudyoffdfiflutesymmetrficBose-Boseflfiqufidmfixturesoffatomswfithattractfive

finterspecfiesandrepuflsfivefintraspecfiesfinteractfionsusfingquantumMonteCarflomethodsatT=0,

finthethermodynamficflfimfit.Usfingseveraflmodeflsfforfinteractfions,wedetermfinetherangeoff

vaflfidfityofftheunfiversaflequatfionoffstateoffthesymmetrficflfiqufidmfixtureasaffunctfionofftwo

parameters:thes-wavescatterfingflengthandtheeffectfiverangeoffthefinteractfionpotentfiafl.

ItfisshownthattheLee-Huang-Yangcorrectfionfissuficfientonflyfforextremeflydfifluteflfiqufids,

wfiththeaddfitfionaflrestrfictfionthattherangeoffthepotentfiaflfissmaflflenough.Basedonthe

quantumMonteCarfloequatfionoffstate,wedeveflopanewdensfityffunctfionaflwhfichgoesbeyond

theLee-Huang-Yangtermandusefit,togetherwfithflocafldensfityapproxfimatfion,todetermfine

densfityprofiflesoffreaflfistficseflff-bounddrops.

Chapter6: Ffinfite-rangeeffectsfinufltradfiflutequantumdrops. Inchapter6,we

presentthestudyoffbuflkpropertfiesofftwohyperfinestatesoff39KutfiflfizfingthequantumMonte

Carflotechnfiqueandfintroduceanfimproveddensfityffunctfionaflbasedontwoscatterfingparameters:

thes-wavescatterfingflengthandtheeffectfiverange.Inthefirstexperfimentaflreaflfizatfionoffdfiflute

Bose-Boseflfiqufiddropsfinthesamehyperfinestatesoff39K,thepredfictfionoffthecrfitficaflnumbers

usfingtheLee-Huang-Yangextendedmean-fiefldtheory[24]wassfignfificantflyofftheexperfimentafl

measurements.Usfinganewffunctfionafl,basedonquantumMonteCarfloresufltsoffthebuflkphase

fincorporatfingfinfite-rangeeffects,wecanexpflafintheorfigfinoffthedfiscrepancfiesfinthecrfitficafl

number.Thfisresufltprovesthenecessfityofffincfludfingfinfite-rangecorrectfionstodeaflwfiththe

observedpropertfiesfinthfissetup.Thecontroversyontheradfiaflsfizefisreasonedfintermsoffthe

departureffromtheoptfimaflconcentratfionratfiobetweenthetwospecfiesoffthemfixture.

Chapter7:Ffinfiterangeeffectsontheexcfitatfionmodesoffa39Kquantumdropflet.

Inchapter7,wepresentthestudyoffthefinfluenceofffinfite-rangeeffectsonthemonopofleand

quadrupofleexcfitatfionspectrumoffextremeflydfiflutequantumdropflets,finthemfixtureoff39K. We
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presentadensfityffunctfionafl,bufifltffromfirst-prfincfipflesquantumMonteCarflocaflcuflatfions,whfich

canbeeasfiflyfintroducedfintheexfistfingGross-Pfitaevskfifinumerficaflsoflvers.Ourresufltsshow

dfifferencesoffupto20%wfiththoseobtafinedwfithfintheextendedGross-Pfitaevskfifitheory,flfikefly

provfidfinganotherwaytoobservefinfite-rangeeffectsfinmfixedquantumdropfletsbymeasurfing

thefirflowestexcfitatfionffrequencfies.

Chapter8: Harmonficaflflytrapped Bose-Bose mfixtures wfithrepuflsfivefinterac-

tfions.Gofingffromseflff-boundtogaseoussystems,finChapter8wepresentthestudyoffaphase

dfiagramoffaharmonficaflflyconfinedrepuflsfiveBose-BosemfixtureusfingquantumMonteCarflo

methods,andwefindemergenceoffthreephases:two-bflob,mfixed,andseparated.Ourresuflts

fforthedensfityprofiflesaresystematficaflflycomparedwfithmean-fiefldpredfictfionsderfivedthrough

theGross-Pfitaevskfifiequatfionfinthesamecondfitfions. Weobservesfignfificantdfifferencesbetween

themean-fiefldresufltsandtheMonteCarfloonesthatmagnfiffywhentheasymmetryfinmassand

finteractfionstrengthfincreases.Intheanaflyzedfinteractfionregfime,weobserveunfiversaflfityoffour

resuflts,whfichextendsbeyondtheappflficabfiflfityregfimeffortheGross-Pfitaevskfifiequatfion.



Chapter2

Overvfiewoffufltracofldatomficgases

2.1 Introductfion

InNature,eflementarypartficflesmanfiffestfintwostatfistfics:bosonsandffermfions. Theyare

dfistfingufishedbyspfin:bosonshavefintegerspfin,whfifleffermfionshaveahaflff-fintegerspfin.Statfistfics

offcomposfitepartficfles,suchasatomsormoflecufles,fisdefinedbythetotaflspfin:atomswfithodd

(even)atomficnumberareffermfions(bosons).Thefimportanceoffstatfistficsfinamany-bodysystem

fisgeneraflflyenhancedasthetemperaturefiscoofleddown,asbothBoseandFermfipartficflesare

gufidedtowardsaquantumdegeneracyregfime.LowerfingthetemperaturefincreasesthedeBrogflfie

waveflengthassocfiatedwfitheachpartficfle,andaquantumdegenerateregfimecanberecognfized

whenthedeBrogflfiewaveflengthfiscomparabfletothemeanfinterpartficflespacfing. ForBose

partficflesatsuficfientflyflowtemperatures,wavepacketsmutuaflflyoverflapfinawaythattherecan

occurramacroscopficoccupatfionoffasfingfle-partficflek=0state.Aflmost100%Bose-Efinstefin

condensateswerefirstachfievedfinReff.[8],earnfingErficCorneflfl, WoflffgangKetterfle,andCarfl

WfiemanaNobeflprfizefin2001,ffortheachfievementoffBose-Efinstefincondensatefinaflkaflfinedfiflute

vapors.Eversfincethatdfiscovery,thefiefldoffufltracofldatomficgaseshasbeenoneoffthemost

actfiveavenuesoffresearchfincontemporaryphysfics.

TheffocusoffthfisThesfisfisonufltracofldBose-Bosemfixtures. Topresentthereflevanceoff

theconductedresearch,finSec.(2.2)wewfiflflfirstexpflorethebasficconceptsoffBogoflfiubovand

densfity-ffunctfionafltheoryreflevanttothefiefldoffstudy,resufltfingfintheffamousGross-Pfitaevskfifi

equatfion.Addfitfionaflfly,aneficfientnumerficaflschemeffordeaflfingwfithreafl-andfimagfinary-tfime

propertfiesoffgenerafldensfity-ffunctfionafltheorfies,basedontheTrotterdecomposfitfion,fispresented.

Themean-fiefldfformaflfismoffBose-BosemfixturesfiscoveredfinSec.(2.3),wherethestabfiflfity

andfformatfionofftwo-componentBosedropfletsaredfiscussed.Crucfiafltotheconnectfionwfith

reafl-worfldexperfiments,fitfisreflevanttostudythefinteractfionbetweenufltracofldatoms,whfichfis

coveredfinSec.(2.4),wherethebasficscatterfingtheoryfispresented.Ffinaflfly,thenomencflature

andmethodoflogytocaflcuflatethereflevantparametersusedfintheThesfis,suchasthes-wave

scatterfingflengthandtheeffectfiverange,fisdfiscussedfinSec.(2.5).



2.2Sfingfle-componentBosegas 8

2.2 Sfingfle-componentBosegas

2.2.1 Bogoflfiubovtheory

Havfingmorethantwopartficflesandenterfingfintothemany-bodyphysfics,N-partficflesystem

obeystheSchrödfingerequatfion

fiℏ
Ψ(r1,...,rN)

∂t
=Ĥψ(r1,...,rN), (2.1)

wfiththeHamfifltonfiangfivenby

Ĥ=
N

fi=1

−
ℏ2

2m
∇2fi+Vext(rfi) +

N

fi<j

Vpafir(rfi−rj), (2.2)

whereVext(r)fistheexternaflpotentfiaflandVpafirfisthefinteractfionbetweenthetwopartficfles.It

fisconvenfienttowrfitetheHamfifltonfianfinthesecond-quantfizatfionfformaflfism[67]

Ĥ= d3r̂Ψ†(r)−
ℏ2

2m
∇2+Vext(r) Ψ̂(r)

+
1

2
d3r d3r′Ψ̂†(r)̂Ψ†(r′)V(r−r′)̂Ψ(r′)̂Ψ(r), (2.3)

whereΨ̂fisthefiefldoperator

Ψ̂(r)=
fi

ψfi(r)̂afi, (2.4)

wfithψfi(r)befingthefi-thsfingfle-partficflestate,and̂afi(̂a
†
fi)fistheannfihfiflatfion(creatfion)operator

whfichfincorporatesthestatfistfics.ForBosepartficfles,commutatfionreflatfionsare âfi,̂a
†
j =δfij

and[̂afi,̂aj]=â
†
fi,̂a
†
j =0,andthefirexpectatfionvafluesare[68]

â†k̂ak =Nk, (2.5)

wfithNkbefingtheoccupatfionnumberoffthek-thstate.Atufltracofldtemperaturesandweak

finteractfions,excfitedstatesarescarceflypopuflatedfinaBosesystem,thustoafirstapproxfimatfion

thefiefldoperatorcanberepflacedbyfitsaveragevaflue[68,69]

Ψ̂(r)→ψ= Ψ̂ ≈ψ0(r), (2.6)

whereψ0=
√
ρ0fiscaflfledthewaveffunctfionoffthecondensate,wfithρ0befingthenumberdensfity

offthecondensate.ItpflaystherofleofftheorderparameterofftheBose-Efinstefincondensate.In

reaflfity,notaflflthepartficflesarefinthecondensate.Thfisfisbecausethezero-momentumstatefis

mfixedwfithhfigherexcfitedstatesduetothetwo-bodyfinteractfion.Itcanbeshow[11]thatthe

depfletfionoffthecondensatefisequaflto

ρ0
ρ
=1−

8

3
√
π
ρa3, (2.7)
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whereρfisatotafldensfityandafisthes-wavescatterfingflength(seeSec.2.4).Consequentfly,the

gasparameterρa3pflaysarofleoffaperturbatfiveparameteroffthetheory.Intheexperfiments,

usuaflfly,thfisparameterfisofftheorderoff10−5,makfingthedepfletfionoffthecondensatearound

onepercent.However,thfisfisnottruefforatomficgasesfinthevficfinfityoffaFeshbachresonanceor

fintheunfitaryflfimfitwhere|a|→∞[70].

Ffinaflfly,ffromtheequatfionoffmotfionfforΨ̂

fiℏ
∂̂Ψ

∂t
= Ψ̂,̂H , (2.8)

andtheBogoflfiubovrepflacement(Eq.2.6),theequatfionoffmotfionfforψreads

fiℏ
∂ψ(r,t)

∂t
= −

ℏ2

2m
∇2+Vext(r)ψ(r,t)

+ d3r′ψ∗(r′,t)Vfint(r−r
′)ψ(r′,t)ψ(r,t). (2.9)

Interactfionpotentfiaflbetweenatomsusuaflflyhasacompflficatedfform(seefforexampfletheAzfiz

potentfiaflffor4He[71]),butgeneraflflyfitconsfistsoffashort-rangehard-coreandaflong-rangeVan

der Waaflstafiflwhfichvarfiesas∝r−natflargedfistances. Whenthecoflflfisfionbetweenpartficflesare

weak,fi.e.,thefincfidentwave-vectorkfissmaflfl,andthemeanfinterpartficfledfistancefismuchflarger

thanthetypficaflrangeoffthepotentfiafl,reaflfistficfinter-partficflepotentfiaflscanberepflacedwfiththe

effectfivepotentfiafl[11]

Vfint(r−r
′)→Veff(r−r

′)=
4πℏ2a

m
δ(r−r′), (2.10)

whfichfischaracterfizedsofleflybythes-wavescatterfingflengtha. WhenVfintfinEq.(2.9)fisrepflaced

wfiththeeffectfivefinteractfionVeff(Eq.2.10),wegettheffamousGross-Pfitaevskfifiequatfion

fiℏ
∂ψ(r,t)

∂t
= −

ℏ2

2m
∇2+Vext(r)ψ(r,t)+

4πℏ2a

m
|ψ(r,t)|2ψ(r,t). (2.11)

TheflowestefigenvaflueffortheGross-Pfitaevskfifiequatfioncorrespondstothechemficaflpotentfiafl,be-

causethecondensatewaveffunctfionfisψ(t)= Ψ̂(r,t)=⟨N|̂Ψ|N+1⟩∝exp[−(EN−EN−1)fit/ℏ],

sothestatfionaryGross-Pfitaevskfifiequatfionreads

µψ(r)= −
ℏ2

2m
∇2+Vext(r)ψ(r)+

4πℏ2a

m
|ψ(r)|2ψ(r). (2.12)

2.2.2 LHYenergy

RepflacementoffthereaflfistficfinteractfionwfiththeeffectfiveoneVeff(r)=4πℏ
2aδ(r)/mfiscorrect

onflyfforverysmaflflvafluesoffthegasparameterρa3.Thfisfisbecause,asthedensfityfincreases,the

condensatedepfletfionstartstobenon-negflfigfibfle,fi.e.,hfigher-ordermomentumcontrfibutfionstothe

effectfivefinteractfionsstartpflayfingarofle[11].Ffirstcorrectfiontothemean-fiefldenergyfisderfived

byLeeandYang[72],ffoflflowedbyHuang[14],thusthecorrectfionfiscaflfledtheLee-Huang-Yang
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(LHY)term.Ground-stateenergyoffthesfingfle-componentBosegas,wfiththefincfludedeffectoff

LHYterm,fisgfivenby
E

N
=
2πℏ2a

m
ρ 1+

128

15
√
π
ρa3 . (2.13)

Theenergyperpartficfle(Eq.2.13)wasobservedexperfimentaflfly[73],finthemeasurementoffthe

equatfionoffstate.Atheoretficaflrecfipefforcorrectfingthemean-fiefldenergywfiththeLHYtermfis

showntobecorrectuptoρa3≈10−3,bycomparfingthepredfictfionsoffEq.(2.13)wfithaQMC

caflcuflatfionperfformedfin[17],showfingonflytheweakdependenceontheshapeoffthepotentfiafl.

Forhfigherdensfitfieshowever,morescatterfingparametersarerequfiredbecausetheunfiversaflfity

fintermsoffthes-wavescatterfingflengthfisended[74,17].Thesamefformoffthecorrectfionwas

aflsoderfivedfforthefinhomogeneousBosegas[75],andconfirmedtobecorrectuptoρa3≈10−3

finaQMCcaflcuflatfion[76].

2.2.3 Densfity-ffunctfionaflfformuflatfion

Anequfivaflentfformuflatfionoffamany-bodyprobflemfisthedensfity-ffunctfionafltheory[77,78].The

startfingpofintoffadensfity-ffunctfionafltheoryfistheground-statedensfity,definedas

ρ(r)= d3r2...d
3rNΨ

∗(r,r2,...,rN)Ψ(r,r2,...,rN), (2.14)

whereΨfistheffuflflmany-bodysoflutfiontotheSchrödfingerequatfion.Thfisdensfityfisobtafinedby

mfinfimfizfingtheenergyffunctfionafl

E[ρ(r)] = T[ρ(r)]+Vext[ρ(r)]+Vfint[ρ(r)]

= ⟨Ψ|−
ℏ2

2m
∇2|Ψ⟩+⟨Ψ|Vext|Ψ⟩+⟨Ψ|Vfint|Ψ⟩, (2.15)

where∇2= N
fi=1∇

2
fi,Vext=

N
fi=1Vext(rfi)andVfint=

N
fi<jVfint(|rfi−rj|). Mfinfimfizatfionoff

theenergyEq.(2.15)yfiefldstheground-statedensfityandotherground-stateobservabfles.In

prfincfipflethfistheoryfisexact[78]sfincetherefisaone-to-onecorrespondencebetweentheffuflfl

Hamfifltonfianoffthesystemandtheground-statedensfityprofifleρ(r),asprovedfinasemfinaflpaper

byHohenbergandKohn[77].However,thefinteractfionenergy-densfityVfint[ρ(r)]fisunknownand

needstobeapproxfimated,meanfingthattheDensfityFunctfionaflTheorydoesnotnecessarfifly

produceexactresuflts.Hfighflyaccuratedensfityffunctfionaflscanbederfivedempfloyfingquantum

MonteCarflodata.ThfisfisfinffactoneoffthegoaflsoffthfisThesfis,wfiththespecfificappflficatfionto

thequantumseflff-boundBose-Boseflfiqufid.Inthepast,densfityffunctfionaflsoffsuperflufidflfiqufid

heflfium[79]wereobtafinedtoreproducevarfiousstatficanddynamficpropertfiesffromefitherthe

experfiments,Hartree-Fockcaflcuflatfions,orfirst-prfincfipfleQMCcaflcuflatfions[80–82].

FortheffuflflycondensedBosegas,weworkfintheHartreeapproxfimatfion,fi.e.,weassumethat

aflfltheatomsarefinthesamesfingfle-partficfleorbfitafl

ΨH(r1,...,rN)=
N

fi=1

ψ(rfi), (2.16)
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Weffurtherassumethatthefinteractfionpartofftheffunctfionaflcanbewrfittenas

⟨Ψ|Vfint|Ψ⟩= d3rEfint[ρ], (2.17)

whereaflflthefinteractfioneffectsarefincorporatedfintheenergy-densfitytermEfint(r).Thetfime

evoflutfioncanthusbeobtafinedstartfingffromtheLagrangfianL

L = d3rL, (2.18)

= d3r
fiℏ

2
ψ∗
∂ψ

∂t
−ψ
∂ψ∗

∂t
−
ℏ2

2m
|∇ψ|2−Vext(r)|ψ|

2−Efint(r),

whereuponthefimposedactfionprfincfipfleδ
t2

t1
Ldt=0fleadstoaSchrödfinger-flfikeequatfion.For

sfimpfle,flocafldensfityffunctfionaflsbehavfingasapower-flawoffthedensfityρ,theequatfionoffmotfion

fforψreads

fiℏ
∂ψ

∂t
=ĤDFTψ= −

ℏ2

2m
∇2ψ+Vext+

∂Efint
∂ρ

ψ. (2.19)

Tomakeaconnectfionoffdensfity-ffunctfionafltheorywfithQMCcaflcuflatfions,buflkpropertfiescan

beexactflyobtafinedbyfittfingthenumerficaflflyaccesfibfleenergyperpartficfleE/N,sothatthe

finteractfiontermEfintcanbewrfittenas

Efint=
E

N
ρ. (2.20)

Foradensfityffunctfionafltosatfisffyotherthanthebuflkpropertfies,moretermsneedtobefincfluded.

Tonameoneexampfle,wegfivetheOT(Orsay-Trento)ffunctfionafloff4He,whfich,ontopoffthe

buflkenergy,properflyaccountsfforthestatficresponseffunctfionandthephonon-rotondfispersfion

fintheunfifformflfiqufid[83]

EFuflflOTfint [ρ]=
1

2
dr′ρ(r)VLJ r−r

′ ρr′

+
1

2
c2ρ(r)[̄ρ(r)]

2+
1

3
c3ρ(r)[̄ρ(r)]

3

−
ℏ2

4m
αs dr′F r−r′ 1−

ρ̃(r)

ρ0s
∇ρ(r)·∇′ρr′ 1−

ρ̃(r′)

ρ0s

−
m

4
dr′VJ r−r

′ ρ(r)ρr′ v(r)−vr′
2
.

(2.21)

2.2.4 NumerficaflsoflutfionoffGPE-flfikeequatfions

ThenumerficaflsoflutfiontotheEq.(2.19)fisobtafinedbymappfingthewaveffunctfionψonathree-

dfimensfionaflgrfidoffequaflflyspacedgrfidpofints[84].Tfimeevoflutfionfisperfformedbyappflyfingthe

tfime-evoflutfionoperatorateachfiteratfion

ψ(t+∆t)=T(∆t)ψ(t), (2.22)
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whereT(∆t)=exp−fiHDFT∆t/ℏ. TheevoflutfionoperatorTfisnotknownanaflytficaflfly.

However,fitcanbedecomposedbymeansofftheTrotterfformufla.Thesfimpflestapproxfimatfion

weusefinthfisthesfisreads

T(∆t)=e−fi∆tV(r
′)/2ℏe−fi∆tℏ∇

2/(2m)e−fi∆tV(r)/2ℏ+O(∆t3). (2.23)

Potentfiaflpropagatorsaretrfivfiaflflyevafluatedfinreaflspace,andthekfinetficpropagatorfisevafluated

fink-space.Hfigherorderdecomposfitfionschemesareaflsoavafiflabfle[85–87],butfinthfisThesfis

wemantafinthesecond-orderscheme. ThemethodoflogyffoflflowfingtheEq.(2.23)finherentfly

conservesthenumberoffpartficflesdurfingreafl-tfimeevoflutfionsfincethetfime-evoflutfionoperator

fisstfiflflunfitary.Inordertoobtafinground-statepropertfies,thetfimeevoflutfionfisperfformedfin

fimagfinarytfimeτ=−fit/ℏ.Forasuficfientflyflargefimagfinary-tfimepropagatfion,thewaveffunctfion

reachesagroundstate,sfincefitbecomesthedomfinantmodeduetoexponentfiaflflydecayfing

contrfibutfionsoffexcfitedstatesfinflargefimagfinary-tfimepropagatfion.Thfisfisageneraflffeatureoff

fimagfinary-tfimepropagatfion,usedaflsofinadfiffusfionMonteCarflomethod(seeSec.3.5).The

aflgorfithmfispresentedbeflowasapseudocode

1.ψ1(r)=G1∗ψ(r,t),whereG1=exp−
1

2
fi∆tV/ℏ,V=Vext(r)+

∂Efint
∂ρ

andρ=|ψ(r,t)|2.

∗standsfforeflement-wfisemufltfipflficatfion,wherearesuflttensorhasthesamedfimensfionas

thetwotensorstobemufltfipflfied,wfiththevaflueatthegrfidpofint(fi,j,k)befingtheproduct

offeflements(fi,j,k)offthetwotensors.

2.ψ2(r)=FFT
−1[G2∗FFT[ψ1]],whereG2=exp−fi∆tℏk

2/(2m) andFFTstandsffor

Fourfiertransfform.

3.ψ(r,t+∆t)=G1∗ψ2(r),whereG1=exp−
1

2
fi∆tV/ℏ,V =Vext(r)+

∂Efint
∂ρ

and

ρ=|ψ2(r)|
2.

2.3 Two-componentBosesystem

Thefformaflfismofftwo-componentBose-Efinstefincondensatesfisreadfiflyextendedffromthesfingfle-

componentone.AssumfingtheHartreewaveffunctfion

Ψ(r1,...,rN)=
N1

fi=1

ψ1(rfi)
N

j=N1+1

ψ2(rj), (2.24)

whereN1(N2)fisthenumberoffatomsoffthefirst(second)component,andN=N1+N2fisthe

totaflatomnumber.Agenerafldensfityffunctfionafldescrfibfingtwo-componentquantumBose-Bose

mfixturereads

E[ρ1,ρ2] =
ℏ2

2m1
|∇ψ1(r)|

2+V
(1)
ext(r)|ψ1(r)|

2+

ℏ2

2m2
|∇ψ2(r)|

2+V
(2)
ext(r)|ψ2(r)|

2+

Efint[ρ1,ρ2], (2.25)
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wheremfifisthemassoffatomofffi-thspecfiesandV
fi
ext(r)fistheexternaflpotentfiaflsubjectedtothe

fi-thcomponent.InamfixtureofftwoBose-Efinstefincondensates,themean-fiefldenergy-ffunctfionafl

wfithpofintfinteractfionsreads

EMFfint=
1

2
g11ρ

2
1+
1

2
g22ρ

2
2+g12ρ1ρ2, (2.26)

wheregfifi=4πℏ
2afifi/mfi(fi=1,2),g12=2πℏ

2a12/µandµ=(1/m1+1/m2)
−1.Thecorrespondfing

coupfledequatfionsfforψ1andψ2arenamedGross-Pfitaevskfifiequatfions,andtheyread

fiℏ
∂ψfi
∂t
= −

ℏ2

2mfi
∇2+Vfi(ρ1,ρ2)ψfi fi=1,2 (2.27)

where

Vfi=gfifiρfi+g12ρj (j̸=fi=1,2), (2.28)

andρfi=|ψfi|
2,fforfi=1,2.

2.3.1 StabfiflfityoffaBose-Bose mfixture

Here,weconsfiderastabfiflfitycrfiterfiaoffahomogeneousBose-Bosemfixturewfithcontactfinteractfion,

onamean-fiefldflevefl.Foramfixturetobestabfle,thetotaflenergymustfincreasefforsmaflfldevfiatfions

offeachdensfityδρ1andδρ2[88].Foraverysmaflfldensfityvarfiatfion,kfinetficenergytermscanbe

negflected,sothetotaflenergyreads[11]

E= d3rEfint= d3r
1

2
g11ρ

2
1+
1

2
g22ρ

2
2+g12ρ1ρ2 . (2.29)

Afirst-ordervarfiatfionδEreads

δE= d3r
∂Efint
∂ρ1
δρ1+

Efint
∂ρ2
δρ2 , (2.30)

whfichvanfishesbecausethenumberoffatomsfisconserved d3rδρfi=0,fforfi=1,2.Second-order

varfiatfionreads

δ2E=
1

2
d3r

∂2Efint
∂ρ21

(δρ1)
2+
∂2Efint
∂ρ22

(δρ2)
2+2

∂2Efint
∂ρ1∂ρ2

δρ1δρ2 . (2.31)

Expandfingthefintegrandtoaposfitfivedefinfitesquare,weget

∂µ1
∂ρ1
δρ1±

∂µ2
∂ρ2
δρ2

2

=
∂µ1
∂ρ1
(δρ1)

2+
∂µ2
∂ρ2
(δρ2)

2+2δρ1δρ2
∂2Efint
∂ρ1∂ρ2

+

+ 2δρ1δρ2 ±
∂µ1
∂ρ1

∂µ2
∂ρ2
−
∂2Efint
∂ρ1∂ρ2

(2.32)

wherethechemficaflpotentfiaflfisµfi=∂Efint/∂ρfi,fforfi=1,2.Arequfierementδ
2E>0fleadstothe

condfitfions
∂µfi
∂ρfi
=gfifi≥0 fi=1,2, (2.33)
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±
∂µ1
∂ρ1

∂µ2
∂ρ2
−

∂µ1
∂ρ2

∂µ2
∂ρ1
=±
√
g11g22−g12≥0. (2.34)

Ffirstcondfitfions,gfifi>0,fforfi=1,2,areduetotherequfirementoffstabfiflfityagafinstcoflflapseoff

eachoffthecomponents.Incaseoffattractfivefinteractfions(negatfivegfifi),thesystemfisunstabfle

undervarfiatfionsoffdensfity,sothattheground-stateoffacomponentfiwfithanegatfivegfifihasan

non-unfifformdensfity,fi.e.,fitfisaseflff-boundcfluster.Fortherepuflsfivefinterspecfiesfinteractfions,

g12>0,therequfirementfforstabfiflfityoccursfforaposfitfivesfignfinEq.(2.34),finaflflyreadfing

g12≤
√
g11g22. (2.35)

Thfiscondfitfionensuresthatthedensfitydfisturbancefinanyoffthetwocomponentsdoesnotflead

tothefirphaseseparatfion. Wheng12=
√
g11g22fissatfisfied,devfiatfionstotheground-stateenergy

scafleas(
√
g11ρ1+

√
g22ρ2)

2.Forattractfivefinterspecfiesfinteractfions,fi.e.,fforanegatfivesfignfin

Eq.(2.34),thestabfiflfitycondfitfionreads

g12≤−
√
g11g22, (2.36)

preventfingthefformatfionoffaseflff-boundcflusterduetothestrongerattractfivefinterspecfies

finteractfionovergeometrficaverageofffintraspecfiesrepuflsfion. Wheng12=−
√
g11g22,theoptfimafl

configuratfionsatfisfiesρ2/ρ1= g11/g22,accordfingtoEq.(2.34).Forg12>−
√
g11g22,the

ground-statefisefitheradensedropfletoracoflflapsedstate,dependfingonthepartficflenumber[11].

2.3.2 LHYenergyfforBose-Bose mfixtures

Athfigherdensfitfiesandstrongerfinteractfions,thequantumcorrectfionstothemean-fiefldenergy

duetothecondensatedepfletfionstarttopflayarofle.Energycorrectfiontothemean-fiefldfiscaflfled

theLee-Huang-Yang(LHY)term,andwasfirstderfivedfforquantummfixturesfinReff.[15].The

energydensfitytermfisgfivenby[32]

ELHY=
8

15π2
m1
ℏ2

3/2

(g11ρ1)
3/2ff

m2
m1
,
g212
g11g22

,
g22ρ2
g11ρ1

, (2.37)

whereff(z,u,x)fisgfivenfin[32].Forahomonucflearcasez=1,theexpressfionreads[24]

ff(1,u,x)=
1

4
√
2±

1+x± (1−x)2+4ux
5/2

. (2.38)

Notethatfforu>1,fi.e.,g212>g11g22,theLHYtermfisacompflexvafluednumber.Thfisffeature

fisaflsopresentfintheheteronucflearscenarfio[89].Thfisfisusuaflflyomfittedbytakfinganadhoc

approxfimatfionu=1vaflfidonflyfinthevficfinfityoffg212≈g11g22,resufltfingfinff(1,1,x)=(1+x)
5/2.

Foraheterogenousmfixturewfithg12≠g22≠g11,theLHYtermfinEq.(2.37)fisgfivenfinterms

offannon-anaflytficfintegraflandthusfithastobeobtafinednumerficaflfly.However,aneffectfiveand

accurateexpressfionfforthfistermwasdeducedfinReff.[89],sothatfinaflflytheLHYtermffora
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generaflmfixture,approxfimatfingg212=g11g22,reads

ELHY≃
8m
3/2
1 (g11ρ1)

5/2)

15π2ℏ3
1+

m2
m1

3/5g22ρ2
g11ρ1

5/2

. (2.39)

2.3.3 Quantumdropflets

Forasfingfle-componentBosegas,theLHYtermfissmaflflandusuaflflyfincfludedonflywhenthe

densfityfishfighandthefinfluenceofffinteractfionsfisfimportant.ThfisstandsffortherepuflsfiveBose

mfixturesasweflfl.However,wheng12≲−
√
g11g22,themean-fiefldtermstartstobeoffthesame

orderastheLHYterm,firstnotedfinasemfinaflpaperbyD.Petrov[24].Amfixturewfithresfiduafl

attractfivemean-fiefldenergycanbebaflancedwfiththeLHYterm,resufltfingfinadropflethavfing

adensfityproportfionaflto∝δg2/g5,wheregfisthecoupflfingconstantandδg=g12+
√
g11g22.

Thus,fitfistheoretficaflflypossfibfletocreateadropfletoffarbfitrarfiflyflowdensfity.Thepredfictfion

wasconfirmedbyexperfimentaflobservatfionoffufltradfiflutedropfletsfinhomonucflear[29,30],and

heteronucflearmfixtures[31].

Ffig.2.1Graphficaflfiflflustratfionoffthebaflancebetweenmean-fiefld(MF)andLee-Huang-Yang
(LHY)energy,resufltfingfinafformatfionoffaquantumdropflet.Ffiguretakenffrom[90].

2.4 Scatterfingtheoryoffufltracofldcoflflfisfions

Interactfionpflaysacrucfiaflroflefinthecompflexfityoffthemany-bodyprobflem,otherwfise,the

probflemcoufldbeseparatedfintoNone-bodyprobflems.Inadfiflutemany-bodysystem,mostoff

thefinteractfionsoccursasbfinarycoflflfisfions.Thereffore,anaturaflstartfingpofintfforconstructfing

themany-bodywaveffunctfionfisthetwo-partficfleprobflem.

Letusconsfideracoflflfisfionbetweentwopartficflesfinvacuum,offmassm1andm2,eachhavfing

coordfinatesr1andr2andfinteractfingthroughthepafir-potentfiaflVfint(|rfi−rj|).TheSchröedfinger

equatfionfforthetwo-bodyprobflemreads[91]

−ℏ2

2m1
∇2r1+

−ℏ2

2m2
∇2r2+Vfint(|rfi−rj|)Ψ(r1,r2)=EΨ(r1,r2). (2.40)
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Theprobflem(2.40)fistransflatfionaryfinvarfiant,sofitcanbereducedtoaone-bodyprobflemaffter

makfingatransfformatfiontothereflatfivecoordfinater=r1−r2,andthecenter-off-masscoordfinate

rcm= fimfirfi/(m1+m2).Thus,thewaveffunctfionfisdecomposedasΨ(r1,r2)=ψcm(rcm)ψ(r),

asweflflastheenergyE=Ecm+E,wfithEcmbefingthecenter-off-massenergyandEthefincfident

energyoffthereflatfivemotfion.Thestatfionaryequatfionfforψreads

−ℏ2

2µ
∇2+Vfint(r)ψ(r)=Eψ(r), (2.41)

whereµ=m1m2/(m1+m2)

p⃗

p⃗'
θ

fisthereducedmass.

Ffig.2.2Schematficrepresentatfionoffthethree-dfimensfionaflscatterfing.Incomfingffreepartficfle
wfiththemomentump,presentedwfithsoflfidflfines,enterfintotheregfionwhereanfinteractfion
potentfiaflVpafirfisnon-negflfigfibfle.Anoutcomeoffthecoflflfisfionfisaspherficaflwaveandanoutgofing
partficflewfithmomentump′,denotedbydashedanddottedflfines,respectfivefly.Ascatterfingangfle
offcoflflfisfionfisdenotedbyθ.

Thfinkfingoffthescatterfingprobflem,thesoflutfionoffEq.(2.41)canbeexpandedfintopartfiafl

waves[92]

ψk(r)=
k

Rkfl(r)Pfl(θ), (2.42)

wherePflfistheLegendrepoflynomfiafloffdegreefl,θfisthescatterfingangfle(seeFfig.2.2)and

kfisthefincfidentwavevectork=
√
2µE/ℏ.Intheasymptotficregfimer→ ∞ [92,91,93],the

waveffuctfionbehavesas

Rkfl(r)∝jfl(kr)−tan[δfl(k)]nfl(kr), (2.43)

wherejflandnflaretheBesseflandNeumannffunctfions,respectfivefly.δfl(k)fiscaflfledthephase

shfifftfforthefl-thpartfiaflwaveandfitfisequafltozerofintheabsenceofffinteractfion,fi.e.,when

Vfint=0.FunctfionsjflandnflcorrespondtohomogeneousandpartficuflarsoflutfionoffEq.(2.41),

respectfivefly,meanfingthatthenon-zerofinteractfioncanbeseenasaunfitarytransfformatfion

whfichchangesaphaseofffl-thanguflarmomentumefigenstate.Thfisphaseaccumuflatesfinthe
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regfionwherethepotentfiaflfisnon-negflfigfibfle,andasmaflflposfitfive(negatfive)vaflueoffδfl(k)can

befinterpretedasaneffectfiveattractfive(repuflsfive)finteractfion,whfichcanbedfirectflyseenby

rewrfitfingEq.(2.43)as[92]

Rkfl(r)∝sfin(kr+δfl(k)). (2.44)

Itfisuseffufltodefinethegeneraflenergy-dependentscatterfingflength[94]as

a
(2fl+1)
fl (k)=−

tan[δfl(k)]

k2fl+1
, (2.45)

wherewenamea0(k)theenergy-dependents-wavescatterfingflength,a1(k)theenergy-dependent

p-wavescatterfingflength,andsoon.Generaflfly,fforagfivenfinteractfionpotentafifl,aflflthescatterfing

flengthsarenon-zero.However,finthefiefldoffufltracofldatomficgases,experfimentsareperfformed

atveryflowtemperatureandflowdensfity,meanfingthatcoflflfisfionsareoccurrfingatveryflow

fincfidentwavevectork.Itcanbeshownthatthfisaflflowsaflargenumberoffphaseshfifftstobe

negflected.Thfisfisbecausetheorderofffimportanceofffl-thphaseshfifftfissmaflflerfforflargervaflues

offfl,sfinceδfl(k)goestozeroask
2fl+1 fforsmaflflk,provfidedthatfl<(n−3)/2,andthatthe

potentfiaflvarfiesas∼r−natflargedfistances[91,11].Toobtafintheflow-energypropertfiesoffa

bfinarycoflflfisfion,weexpandthea0(k)aroundk=0[91]

tan[δ0(k)]

k
=a+

1

2
reffa

2k2+O(k4), (2.46)

whereafisthezero-momentums-wavescatterfingflengthandrefffistheeffectfiverange[94].These

twoveryuseffuflquantfitfiesareusedthroughouttheThesfisffordescrfibfingthefinteractfionsbetween

atoms.Inthefiefldoffufltracofldatomficgases,thesecondtermfinEq.(2.46)fisusuaflflyomfitted,

aflflowfingfforanfinteractfiontobedescrfibedsofleflybyoneparameter,thes-wavescatterfingflength.

Usuaflfly,thepotentfiaflbetweenatomsfisnotknownprecfisefly,exceptffortheknowfledgeoffa,so

thereaflatom-atomfinteractfionfisusuaflflyrepflacedbytheδ-pseudopotentfiafl[14]

V(r)=
4πℏ2a

m
δ(r), (2.47)

whfichfischaracterfizedsofleflybya.Forthfispotentfiafl,therearenohfigher-orderscatterfingflengths

thanthes-wave. Thes-waveeffectfiverangefiszerofforacontactfinteractfionbecausefitfisa

constantfink-space.

2.5 Caflcuflatfionoffs-wavescatterfingflengthandtheeffectfive

range

TwomostfimportantparametersweusetodescrfibethefinteractfionsfinthfisThesfisarethe

s-wavescatterfingflengthaandtheeffectfiverangereff.Becausethes-wavescatterfingaffectsthe

fl=0state,thewaveffunctfionfisspherficaflflysymmetrfic,andthetwo-bodySchrödfingerequatfion

descrfibfingbfinarycoflflfisfionreads

−
d2

dr2
[rψ(r)]+

2µVfint(r)

ℏ2
−k2 [rψ(r)]=0. (2.48)
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Foranyshort-rangepotentfiaflwhfichdoesnotsupportatwo-bodyboundstate[91],theflong-range

behavfioroffthewaveffunctfionreads

ψ∝1−
a

r
. (2.49)

Itfisreadfiflyseenthatposfitfive(negatfive)vafluesoffacanbefinterpretedasaneffectfiverepuflsfive

(attractfive)finteractfion.Thereffore,onewayoffobtafinfingafisbyfittfingasoflutfionoffthetwo-body

probflem(Eq.2.48)tothefformoffEq.(2.49)atflarger. Asecondwaytocaflcuflateafisto

soflveEq.(2.48)fforseveraflvafluesoffsmaflflk,andthentofittheflong-rangepartoffeachoffthe

soflutfionswfith

ψ∝sfin(kr+δ0(k)), (2.50)

toobtafinthedependenceoffafl=0phaseshfifftδ0(k)onk.Then,fforasuficfientflysmaflflk,both

aandtheeffectfiverangereffcanbeobtafinedbyfittfingtothefform

tan[δ0(k)]

k
=a+

1

2
reffa

2k2. (2.51)

Aflternatfivefly,theeffectfiverangecanbecaflcuflatedbyperfformfingthefintegratfion

reff=
2

a2

∞

0
(r−a)2−

1

C20
[rψ(r)]2 dr, (2.52)

whereC0= flfim
r→∞

ψ(r).Practficaflfly,finanumerficaflestfimatfionofftheeffectfiverange,theupper

flfimfitfisrepflacedbyasuficfientflyflargevafluesothatthetruevafluefisreachedbeflowagfivenerror

threshofld.

2.5.1 Numerovaflgorfithm

Scatterfingparameterssuchasthes-wavescatterfingflengthaandtheeffectfiverangereffcan

beobtafinedanaflytficaflfly[67,95]fforsomepotentfiafls. However,finmostcases,theymustbe

determfinednumerficaflfly. WeperfformthenumerficaflfintegratfionofftheSchrödfingerequatfion

utfiflfizfingtheNumerovaflgorfithm[96,97].

Thetwo-bodySchrödfingerequatfion

−
d2

dr2
[rψ(r)]+

2µVfint(r)

ℏ2
−k2 [rψ(r)]=0, (2.53)

canbewrfittenas

−χ(r)′′+u(r)χ(r)=0, (2.54)

where

χ(r)=rψ, (2.55)

and

u(r)=
2µVfint(r)

ℏ2
−k2. (2.56)

Theprobflemfismappedtoadfiscrete,equaflflyspacedone-dfimensfionaflgrfidfintheradfiaflcoordfinate

wfiththegrfidsfizeh=rfi+1−rfi.Sfincetheequatfionfissecond-order,twofinfitfiaflcondfitfionsare

requfired. Thefirstcondfitfionfisχ(0)=0. Thenextpofintχ(∆r)canbechosentohavean
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arbfitraryvaflue,sfincethfisfisequfivaflenttoanormaflfizatfioncondfitfion.Iffthepotentfiaflfisnotfinfite

atr=0,thenthesoflutfionfisstartedatsmaflflbutfinfite0+,whfichheflpstostabfiflfizetheaflgorfithm.

Inthatcase,addfitfionaflchecksneedtobemadefinordertoreachaphysficaflresuflt.Ffinaflfly,a

numerficaflsoflutfionoffEq.(2.53)fisobtafinedbyperfformfingfforwardfiteratfionNumerovaflgorfithm

[98,99]

χfi+1=
2 1−

5

12
h2u2n χfi− 1+

1

12
h2u2fi−1 χfi−1

1+
1

12
h2u2n+1

, (2.57)

whereχfi=χ(rfi)andufi=u(rfi).ThfisaflgorfithmhasaO(h
6)flocaflerrorandservesasausuafl

technfiquefforcaflcuflatfingscatterfingpropertfiesofffinteratomficpotentfiafls.Oncetheexactsoflutfion

tothetwo-bodyprobflemfissoflved,fitcanbeusedefithertocaflcuflatethescatterfingpropertfies

offafinteractfionpotentfiafl(seeSec.2.5)orasabasfisffortheconstructfionofftheJastrowtrfiafl

waveffunctfion(seeSec.3.4).



Chapter3

Quantum MonteCarflo methods

3.1 Introductfion

Thefiefldoffmany-bodyphysficsgoesbeyondufltracofldatomficgases.Itfisageneraflfframeworkto

beusedwhenevertherearemanyand,morefimportantfly,finteractfingpartficfleswhfichareput

together.Anyreaflphysficaflsystemthatweencounterconsfistsofffinteractfingpartficfles:nucflefi,

atoms,moflecuflesandsoon.TheyareaflfldescrfibedbytheSchrödfingerequatfion

Ĥψ=Eψ, (3.1)

whereψfisthewaveffunctfionandEfisthecorrespondfingenergy.InthfisThesfis,wearefinterested

finunderstandfingN-partficflesystems,wherethepartficflesfinteractthroughthetwo-bodypafir-wfise

potentfiaflVpafir,andarepossfibflyfintheexternaflpotentfiafldefinedbytheVext(r). Thus,the

HamfifltonfianĤgeneraflflyreads

Ĥ=
N

fi=fi

−
ℏ2

2m
∇2fi+

N

fi=fi

Vext(rfi)+
N

fi<j

Vpafir(|rfi−rj|), (3.2)

TherearenumerousapproachestosoflvfingEq.(3.1)[11].AfirstapproxfimatfionfistheHartree

approach,finwhfichthemotfionoffeverypartficflefisconsfideredtobefindependentoffotherpartficfles,

andtheyrather“ffeefl”thefforcesfinamean-fiefldmanner.Thfisapproachfismotfivatedbythe

non-finteractfingpficture,wheretheprobflemfistrfivfiaflflyseparabflefintoN one-bodyprobflems.

Anotheranaflytficaflapproachfistheperturbatfiontheory,whereatheoryfisdeveflopedthroughthe

fintroductfionoffasmaflflperturbatfionparameter,àflaBogoflfiubov[69].Nowadays,themethod

offquantumfiefldtheoryfisageneraflwayofftheoretficaflflyunderstandfingtheufltracofldatomfic

quantumgases[67].Stfiflfl,outofftheappflficabfiflfitydomafinoffagfiventheory,numerficaflapproaches

provfideanfimportant,andsometfimestheonflytooflfinunderstandfinghfighflycorreflatedsystems.

QuantumMonteCarflomethodsofferaneflegantabfinfitfionumerficaflsoflutfionfforthequantum

many-bodyprobflem.Quantumnatureemergesatufltracofldtemperatures,wherethemany-body

systemfisfintheground-state.ThesufitabfleMonteCarflotechnfiquefforstudyfingground-state

propertfiesfinanexactmannerfistheDfiffusfionMonteCarflomethod.Inthfischapter,wefintroduce
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thequantumMonteCarflomethodsusedfintheThesfis.TheMonteCarflomethodfisabroad

andgenerafltechnfiquethatreflfieson(pseudo)randomnumberstostudyagfivenprobflem.In

thfissense,fitsappflficabfiflfitygoesbeyondstudyfingquantummany-bodyphysfics.Inorderto

perfformhfigh-dfimensfionaflfintegrafls,weutfiflfizetheMetropoflfisaflgorfithm,presentedfinSec.(3.2).

QuantumMonteCarflotechnfiquesareexactwfithfinsomestatfistficaflnofise,andthemethodffor

estfimatfingtheassocfiatedstatfistficaflerrorfispresentedfinSec.(3.3). TheVarfiatfionaflMonte

Carflomethod,amethodfforobtafinfinggoodtrfiaflwaveffunctfionsandvarfiatfionaflestfimatesoff

ground-statepropertfies,fispresentedfinSec.(3.4).Ffinaflfly,finSec.(3.5)wepresenttheDfiffusfion

MonteCarflomethod,sufitabflefforexpflorfingquantummany-bodysystemsatzerotemperaturefin

thegroundstate.

3.2 Metropoflfisaflgorfithm

Integraflfformuflatfionoffthequantummany-bodyprobflemcontafinfingNpartficflesfleadstohfighfly

mufltfidfimensfionaflfintegraflsofftheffoflflowfingtype

dRff(R), (3.3)

whereR ={r1,...,rN}fisahfigh-dfimensfionaflvectorfinthespaceR
DN,wfithDbefingthe

dfimensfion. Offtenthesefintegraflarenon-trfivfiaflandwfithoutanaflytficaflsoflutfion,sotheonfly

waytosoflvethemfisbyempfloyfinganumerficafltechnfique. Numerficaflfinfite-grfidfintegratfion

technfiquesarenotasufitabfleapproachfforthfispartficuflarprobflembecauseoffmemoryand

processorrequfirementstodeaflwfithexponentfiaflflyflargenumberofffintegratfionpofints.Agenerafl

Metropoflfisaflgorfithm[100],amethodfforsampflfingagfivendfistrfibutfionffunctfionfisusedfinstead.

MonteCarflomethodsappflfiedfinthfisThesfisaflflreflyonthfisapproach.Thetrfickfistorewrfite

fintegraflfintheffoflflowfingfform

dRff(R)= dRg(R)ρ(R), (3.4)

whereρ(R)fisfinterpretedasthenormaflfizedprobabfiflfitydfistrfibutfionffunctfion,whereasthefintegrafl

finEq.(3.3)fisrecognfizedastheexpectatfionvaflueofftheffunctfiong(R).

IntheMetropoflfisaflgorfithm,thesfimuflatfionfisperfformedasaMarkovprocesswhfichstartsat

agfivenpofintR,wfiththeupdateffromstateRtostateR′definedwfithatransfitfionprobabflfity

P(R→R′),satfisffyfingthedetafifledbaflancecondfitfion[100,101]

ρ(R)P(R→R′)=ρ(R′)P(R′→R). (3.5)

ThetransfitfionprobabfiflfityPfisdecomposedasP(R→ R′)=G(R→R′)A(R→R′)[101],

whereAfistheacceptancedfistrfibutfionoffamoveR→ R′andGfisaproposafldfistrfibutfion,

chosenfinsuchawaythatthephasespaceofftheprobflemfissampfledeficfientfly. Metropoflfis
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aflgorfithmthenacceptsthemovewfithprobabfiflfity

A R→R′=mfin 1,
ρ(R′)G(R′→R)

ρ(R)G(R→R′)
. (3.6)

Eq.(3.6)satfisfiesthedetafifledbaflancecondfitfion(3.5),whfichfinaflflyensuresthatthedfistrfibutfion

ρ(R)fissampfledergodficaflfly,thusmakfingpossfibfletoexpressthefintegrafl(3.4)astheaverage

durfingthestochastficwaflk

dRg(R)ρ(R)=flfim
N→∞

1

N

N

fi=1

g(Rfi), (3.7)

whereRfiarestochastficaflflygeneratedhfigh-dfimensfionaflvectors,drawnffromthegfivendfistrfibutfion

ρ(R).InQuantumMonteCarflotechnfiques,theaveragefiscomputedoverasetoffwaflkers,each

onebefingapofintfinaphasespaceR=(r1,...,rN),wfithNbefingthenumberoffpartficfles.

TherearemufltfipflewaysfinwhfichtheproposafldfistrfibutfionGcanbechosen.InthfisThesfis

wehavemafinflyusedtheunfifformdfistrfibutfion

Gunfifform(r→r
′)=






const,r′=[r−∆r,r+∆r]

0, otherwfise.
(3.8)

Theparameter∆rufltfimateflydefinestherateoffstepacceptance. Forthfisdfistrfibutfion,a

proposednewpartficflecoordfinatefischosenonasymmetrficfintervafldefinedby∆r.Notethat

thfisdfistrfibutfionsatfisfiedthedetafifledbaflancecondfitfiononflywhenthefintervaflfissymmetrfic

becauseotherwfisefitwoufldnotbepossfibflefforarandomwaflktooccurfintheopposfitedfirectfion,

r′→r.

IncaseoffPbefingaffree-partficfle-flfikeGaussfian(seeSec.3.5),thenamovecanbegenerated

accordfingtotheBox-Muflfleraflgorfithm[102],andwenumerficaflflyfimpflementedagasdevnumerficafl

ffunctfion[103]toproposenewpartficflecoordfinates.

GeneraflMetropoflfisaflgorfithmfisgfivenbeflow:

1.GenerateanewconfiguratfionR′ffromRaccordfingtotheffunctfionG(R→R′).

2.CaflcuflatetransfitfionprobabfiflfityT=
ρ(R′)G(R′→R)

ρ(R)G(R→R′)
.

3.fiffT≥1,step2fisaccepted,fi.e.,wesetR=R′andweproceedtostep5.

4.fiffT<1,aproposedstepfisacceptedandwesetR=R′onflyfiffr≤T,whererfisarandom

numberchosenffromtheunfifformdfistrfibutfionfinfintervafl[0,1].

5.CaflcuflatetheaveragesevafluatedatR.

6.IncasetheproposafldfistrfibutfionPfisaunfifformtransfitfionprobabfiflfitydfistrfibutfion;update

thesfizeoffthestep:fifftheacceptanceratefisgreater(fless)thanthewantedacceptance

rate,thendecrease(fincrease)thestepsfize.
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IteratfionsofftheMetropoflfisaflgorfithmareperfformeduntfiflthedesfiredstatfistficaflaccuracyfis

achfieved.Therateoffexpfloratfionoffthephasespacefisdetermfinedbythewaflker’sstepsfize

whentheunfifformdfistrfibutfionfischosenfforproposafldfistrfibutfionP.Thesfizeoffastepmustbe

varfiabfledurfingsfimuflatfion,suchthatthetargetpercentageoffacceptedstepsfisfinthefintervafl

50%−70%toensurethatthewaflkermovesthroughthephasespaceaseficfientflyaspossfibfle

[101].Ifftheproposedmovesareflarge,fitfisfimprobabflefforamovetobeaccepted.Forexampfle,

flargestepscanresufltfintwopartficflesbefingataverysmaflflreflatfivedfistancewherefitfisexpected

thatthewaveffunctfionfisnegflfigfibfleduetothehardcore.Ontheotherhand,fifftheproposed

stepfistoosmaflfl,thenacceptfingamovefisveryflfikeflybecausethedfistrfibutfionffunctfionwfiflfl

notchangetoomuchffromtheorfigfinaflvaflue.Ahfighacceptanceratefisaprobflembecausetwo

successfivestepsarethenbehfighflycorreflated,fi.e.,statfistficaflflydependent.

3.3 Errorestfimatfionfin MonteCarflocaflcuflatfions:databflockfing

NumerficaflerroroffMonteCarflofintegratfiontechnfiquecomesffromthestochastficnatureoffthe

Markovprocessandfitfisdetermfinedbythenumberoffaccumuflateddata.Theusuafldefinfitfion

offthestatfistficaflerrorworksonflywhenthedatapofintsarestatfistficaflflyfindependent. For

uncorreflatedsampfles,themeasureoffuncertafintyfisdetermfinedffromstandarddevfiatfion[101]

σff=
1

n−1

n

k

(ffk−⟨ff⟩)
2, (3.9)

wfithnbefingthetotaflnumberoffdatapofints,andfftheffunctfiontobeaveraged.InMonteCarflo

caflcuflatfionstherefisaflwaysanfinherentstatfistficafldependenceofftwosuccessfivesteps,andthfis

probflemcanbesoflvedbydatabflockfingtechnfique(seeFfig.3.1).Thebasficfideaoffdatabflockfing

fistodfivfidethedatafintoflargeenoughbflockstoassumethattheyaremutuaflflyuncorreflated,

wherethevaflueoffeachbflockfistheaverageoffthedatawfithfinabflock.Iffaflflthebflockshavea

specfificsfizensfize,thantherefisnbflocks=n/nsfizenumberoffbflocks.Eachbflockcarrfiesavaflue

correspondfingtoanaverageoffmeasuredquantfitfiesdurfingthatbflock.Thfisfleadstothecorrect

estfimatfionoffthestandarddevfiatfionoffffunctfionff

σ=
1

nbflocks−1

nbflocks

k

ff2k−⟨ff⟩
2, (3.10)

whereffk=(1/nsfize)
(k+1)×sfize
fi=k×sfize fffifisanaveragedurfingk-thbflock.Iflflustratfionofftheconvergence

offσwfithrespecttothesfizeoffeachbflocknsfizefisshownfinFfig.(3.1).

3.4 Varfiatfionafl MonteCarflo

VarfiatfionaflMonteCarflo(VMC)fisamethodfforobtafinfingvarfiatfionaflestfimatfionsfinastochastfic

sense. Wearefinterestedfinfindfingavarfiatfionaflmany-bodygroundstateψ(Eq.3.2).Inthfis

ThesfisweareonflyfinterestedfincontfinuousHamfifltonfians,buttheVMCmethodoflogyappflfies
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Ffig. 3.1 Dependence off the error estfimatfionσas the ffunctfion off the number off data fin a sfingfle
bflock,nsfize.

to dfiscrete systems as weflfl as probflems finvoflvfing three-body fforces, or many-body fforces fin

generafl. Aflso, fis fis possfibfle to use the same methodoflogy on the probflems fin 2ndquantfizatfion

[104]. Ffinaflfly, VMC method fis appflficabfle both to Bose and Fermfi systems because fit fis possfibfle

to finterpret the|ψT|
2as the probabfiflfity densfity ffunctfion ffor partficfles off both symmetrfies.

In VMC, the waveffunctfion fis wrfitten fin the coordfinate representatfion and the expectatfion vafl-

ues are fintegrated out by perfformfing Markov chafins over the states defined byR={r1,...,rN}.

The centrafl object fin the VMC fis a trfiaflwaveffunctfionψT(R), wrfitten fin a physficaflfly motfivated

way, whfich fis a ffunctfion off aflfl the coordfinates off the system.

The fidea off the VMC method fis to refformuflate the many-body probflem as an optfimfizatfion

probflem, where the goafl fis to find the best waveffunctfionψ, accordfing to the mfinfimfizatfion crfiterfia

off the energy (ffunctfionafl)

E[ψ]=
ψ|̂H|ψ

ψ|ψ
. (3.11)

It fis aflso possfibfle to extend the methodoflogy to seek ffor excfited states [105,106], but thfis fis

outsfide the scope off thfis Thesfis.

Physficafl observabfles, off whfich the most fimportant one fis the energy, are estfimated as the

expectatfion vaflues usfing the trfiafl waveffunctfionψT. Generaflfly, the expectatfion vaflue off a generfic

operatorÔfis caflcuflated as

Ô =
ψT|̂O|ψT
ψT|ψT

=
dr1··· drN|ψT(R)|

2OL(R)

dr1··· drN|ψT(R)|
2

. (3.12)
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ItfiscustomaryfinaflfloffquantumMonteCarflotechnfiquestodefineaflocaflquantfityOLoffthe

operatorÔas

OL(R)=
ÔψT
ψT
. (3.13)

IntegratfionfinEq.(3.12)fisreadfiflyrecognfizedasaprobflemwhfichfispossfibfletosoflvewfiththe

Metropoflfisaflgorfithm(Sec. 3.2).Notethatthenormaflfizatfionconstantoffthewaveffunctfiondoes

notpflayanyroflefinthe MetropoflfissampflfingbecausethemoveR→ R′fisaflwaysaccepted

wfithaprobabfiflfity|ψT(R
′)|2/|ψT(R)|

2,thuscanceflfingthenormaflfizatfionconstant.Therefforethe

expectatfionvaflueofftheoperatorÔfiscaflcuflatedas

Ô =flfim
n→∞

1

n

n

fi

OL(Rfi), (3.14)

wherethesetoffstates{R1,...,Rn}fissampfledaccordfingtothe|ψT|
2.Offcourse,finpractfice

nfisaflwaysfinfite, meanfingthatthestochastficestfimatfionhasanfintrfinsficstatfistficaflerror.

Consequentfly,theerroranaflysfisfisaflwaysperfformedasdescrfibedfinSec.3.3.Startfingffromthe

finfitfiaflconfiguratfion,Metropoflfisaflgorfithmensuresthataffteracertafinamountofffiteratfions,the

partficflecoordfinateswfiflflreachthedesfireddfistrfibutfion.

TheVMCmethodfisprfimarfiflyusedtooptfimfizethetrfiaflwaveffunctfion,whfichfisthenused

fintheDfiffusfionMonteCarflomethod(seeSec.3.5)finordertoobtafintheexactground-state

averages.VarfiatfionaflenergyEVMCgfivesanupperboundtotheexactgroundstateenergyE0

accordfingtothevarfiatfionaflprfincfipfleoffQuantumMechanfics

EVMC=
⟨ψT|̂H|ψT⟩

⟨ψT|ψT⟩
≥E0, (3.15)

meanfingthatthequaflfityoffawaveffunctfioncanbejudgedbyfitsreflatfionwfiththeDMCenergy.

NotethatEq.(3.15)fistruewhenever⟨ψT|ψ0⟩̸=0. Tophysficaflflygufidetheshapeoffthe

waveffunctfion,fitfisoptfimafltoffoflflowtheBfijfl-Dfingfle-Jastrow-Feenbergexpansfion[107–110]offthe

many-bodywaveffunctfion

Ψ(R)=exp






N

fi

ff1(rfi)+
N

fi<j

ff2(rfi,rj)+
N

fi<j<k

ff3(rfi,rj,rk)+···





, (3.16)

whfichfisarapfidflyconvergfingserfiesusuaflflytruncatedtothefirsttwoterms,duetoexponentfiafl

fincreaseoffcomputatfionaflrequfirements.Itfisexpectedthatfintheweakflyfinteractfingflfimfit

thewaveffunctfionfisweflfldescrfibedwfithone-andtwo-bodyffunctfions,soweusuaflflywrfitethe

waveffunctfionas

ψT=
N

fi

ff1b(rfi)
N

fi<j

ff2b(|rfi−rj|). (3.17)

ψTfisnotanefigenstate,andfitfisusuaflflyparameterfizedfinaphysficaflmannerwfithasetoff

parametersα,wfiththepurposeofffimprovfingthewaveffunctfion.Thechoficeofftheseparameters

fisdetermfinedbymfinfimfizfingefithertheenergyortheenergyvarfiance[101,91].Thoseparameters

wfiththemfinfimaflenergy,ormfinfimaflenergyvarfiance[111],arethenchosentogfivetheoptfimafl

waveffunctfion. Mfinfimaflenergycrfiterfiacomesonffromtheenergy-ffunctfionaflfformuflatfionoff
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thequantummany-bodyprobflem(Eq.3.11),andtheenergyvarfiancecrfiterfionfisduetothe

zerovarfianceprfincfipflefforanefigenstateofftheHamfifltonfian.Oneshoufldbecareffuflwhenthe

optfimfizatfionwfithrespecttotheenergyvarfiancefisbefingcarrfiedoutbecausetheenergyvarfiance

vanfishesfforexcfitedstatesasweflfl.Inourcaflcuflatfions,weusuaflflyuseonflyaffewparameters,

aflflowfingtheoptfimfizatfionprocesstobeperfformedbycarryfingoutmanyenergycaflcuflatfionsand

thenpfickfingonesetoffparameterswhfichgfivestheflowestenergy.

ImprovementsoverthefformwrfittenasEq.(3.17)canbemadebyfincfludfingeffectfivethree-

bodycorreflatfions[112].Recentfly,therehasbeenagreatadvancementfinthedeveflopmentoffa

VMCmethodbywrfitfingfitfinthefformoffaneuraflnetwork[113],aflflowfingfforstudyoffprecfise

reafl-tfimedynamfics[114,115],andaflflowfingfforthefimprovementoffknowfledgeoffthenodafl

surffacefinFermfisystems[116–118].

3.5 Dfiffusfion MonteCarflo

TheDfiffusfionMonteCarflomethodfisawfideflyusedtechnfiquesufitabflefforthestudyoffstrongfly-

correflatedquantummany-bodysystemsatzerotemperature.Itfisanfimprovementoffthe

VarfiatfionaflMonteCarflomethodandaflflowstheexactevafluatfionoffground-stateobservabfles

fforbosonficsystems. Thfismethodcanbeappflfiedtoffermfionsasweflfl[20],butbecausethe

nodaflsurffacefisunknown,fitcanprovfideonflyvarfiatfionaflenergfiesandotherpropertfies.In

contrastwfithmean-fiefldtheoryorconventfionaflperturbatfiveapproachescommonflyusedfinthe

fiefldoffufltracofldatomficgases,DfiffusfionMonteCarflofisafirst-prfincfipflesmethod,meanfingthat

fitoperatesdfirectflywfiththemany-bodywaveffunctfion. TheDfiffusfionMonteCarflomethod

beflongstoamoregeneraflcflassoffprojectfionmethods[119],fforwhfichthestartfingpofintfisthe

Schrödfingerequatfionfinfimagfinarytfime. WeffocusoncontfinuousHamfifltonfiansandvfiewthe

probflemfinthefirstquantfizatfion,butthegeneraflfityofftheDMCmethodaflflowsfforthestudyfin

secondquantfizatfionasweflfl[104].DfiffusfionMonteCarflomethodscaflesasN2,whfichfisdueto

N(N−1)/2pafirsappearfingfinthecaflcuflatfionoffthepotentfiaflenergy. Wehavefimpflementeda

DMCcodefforquantumBose-BosemfixturesbyffoflflowfingtheworksfinReff.[19,120].

3.5.1 Schröedfingerequatfionfinfimagfinarytfime

TheffundamentaflequatfionoffmotfionfforanyquantumsystemfisgfivenbytheSchrödfingerequatfion

fiℏ
∂ψ

∂t
=Ĥψ, (3.18)

whereĤfistheHamfifltonfianoffthesystem.Tosearchffortheground-statepropertfiesfitfiscommon

tofintroducetheconceptofffimagfinary-tfimeτ=−fit/ℏ,finwhfichtheSchrödfingerequatfionreads

−
∂ψ

∂τ
=Ĥψ. (3.19)

Prfimarymotfivatfionfforfformuflatfingtheprobflemfinfimagfinarytfimefistheffactthatthefimagfinary-

tfimeevoflutfionoffanygfivenwaveffunctfionψwfithagfivensymmetryfleadstotheground-state.To
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seecfloseflywhathappenswfiththewaveffunctfionψfinanfimagfinary-tfimeevoflutfion,weexpandfit

finHamfifltonfianefigenstatewaveffunctfionsϕnwfithfincreasfingorderoffenergfies

ψ(R,τ)=
∞

n=0

cnϕn(R,0)e
−Eτ, (3.20)

wherecnarecomponentsoffψfinthebasfis{ϕn}.Forthemethodoflogytowork,fi.e.toensure

thatwereachtheground-statefinτ→∞flfimfit,wemustassumec0≠0,meanfingthattheoverflap

offψwfithagroundstatewaveffunctfionϕ0fisnon-zero.Intheflfimfitτ→∞,excfitedstatesdecay

tozeroexponentfiaflflyffasterthantheground-state.Sfincethenormaflfizatfionoffψffaflflstozeroas

weflfl,fitfisconvenfienttofintroduceaconstantshfiffttotheHamfifltonfianĤ→ Ĥ−E0,thusmakfing

theψtofinaflflyarrfivetothemany-bodygroundstatewaveffunctfion

ψ(R,τ→∞)=c0ϕ0(R). (3.21)

3.5.2 Nafivefimpflementatfion

BecauseRfisofftenahfighfly-dfimensfionaflvector,therepresentatfionoffthemany-bodywaveffunctfion

ψonthefinfite-grfidfisnotffeasfibfleduetocurrentcomputermemoryandprocessorflfimfitatfions.

Thfisflfimfitatfionfisaflflevfiatedbyprovfidfingthesoflutfionfinastochastficsense. Numerficaflfly,a

stochastficprocesswhfichsoflvestheSchrödfingerequatfionmustffoflflowaprobabfiflfitydfistrfibutfion

ffunctfion. Whendeaflfingwfithbosonficsystems,thewaveffunctfionfisposfitfivedefinfiteeverywhere,

meanfingthatfitcanbefinterpretedastheprobabfiflfitydfistrfibutfionffunctfion.Inwhatffoflflows,the

nafiveapproachtothesoflutfionfforabosonficmany-bodyprobflemfispresented[121],settfingthe

stagefforafinaflaflgorfithm(3.5.4)fimpflementedtostudyprobflemspresentedfintheThesfis.

Incoordfinaterepresentatfion,thewaveffunctfionfisnumerficaflflyrepresentedasasetoffwaflkers,

whficharepofintsfinRspace

ψ(R(τ))=N
nw

fi

δ(R(τ)−Rfi), (3.22)

wfithN representfingthenormaflfizatfionoffthewaveffunctfionandnwfisthenumberoffwaflkers.

Quantummechanficaflfly,coordfinaterepresentatfionoffthewaveffunctfionrequfiresfinfinfitenumberoff

waflkers,butfinpractficetheserfiesfistruncatedduetonumerficaflflfimfitatfions.Partficflecoordfinates

{Rfi}areevoflvedaccordfingtotheSchrödfingerequatfion

−
∂ψ

∂τ
=−D∇2Rψ+V(R)ψ−Ereffψ(R), (3.23)

whereD=ℏ2/(2m),wfithmbefingthemassoffpartficflefinthesystem.ThetotaflpotentfiaflV(R)

reads

V(R)=
N

fi=fi

Vext(rfi)+
N

fi<j

Vpafir(|rfi−rj|), (3.24)
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andErefffistherefferentenergyusedtostabfiflfizethenumberoffwaflkersfinthesfimuflatfion.Partficfle

coordfinatesareevoflvedaccordfingtothemany-bodyGreenffunctfionGas

ψ(R′,τ+∆τ)= G(R′,R,∆τ)ψ(R,τ), (3.25)

whereGfistheapproxfimatfiontotheffuflflmany-bodyGreen’sffunctfion,accurateuptothe

second-order

G(R′,R,∆τ) =
m

2π∆τ

3/2

exp −
m(R−R′)2

2ℏ2∆τ

GK

exp{−(V(R)−Ereff)∆τ}

GR

+ O(∆τ2). (3.26)

Eq.3.26setsthebasficfingredfientsffortheevoflutfionoffpartficflecoordfinates:

1.Foreachpartficfle,r→r+ξ 2ℏ2∆τ/m,whereξfisapseudo-randomnumberdrawnffrom

theGaussfiandfistrfibutfion.

2.RepflficatethewaflkeraccordfingtoGR=exp{−(V(Rfi)−Ereff)∆τ},whereRfiarepartficfle

coordfinatesoffthefi-thwaflker.ThfisfisnumerficaflflyachfievedbyroundfingGRtothecflosest

finteger,erasfingthewaflkerfiffGR=0,andmakfingGR−1newcopfiesoffagfivenwaflkerto

beusedfinthenextfiteratfion.

3.Erefffisadjustedfinordertoachfieveandmafintafinthenumberoffwaflkersaroundtarget

vaflue.

Affteraflongenoughfimagfinary-tfimepropagatfion,dfistrfibutfionoffpartficflesevoflvesaccordfingto

theground-statewaveffunctfionϕ0.Intheτ→∞ flfimfit,averageofftherefferenceenergyEreffover

asetoffwaflkersconvergestotheground-stateenergyE0,asthepopuflatfionoffwaflkersreachesa

steadydfistrfibutfion[122].

Theffundamentaflprobflemofftheprevfiousaflgorfithmfisthataprobabfiflfitydfistrfibutfionffunctfion

fisnotthequantum-mechanficaflprobabfiflfitydensfity|ψ|2,butratheraprobabfiflfityampflfitudeϕ0

[91]. Thereffore,expectatfionvafluescannotbecaflcuflated,exceptffortheground-stateenergy

E0.Practficaflfly,thfisapproachfisneverusedfforthestudyoffmany-bodysystemsbecauseoff

substantfiaflfluctuatfionsoffthebarepotentfiaflV(R),resufltfingfinahfighvarfiancefintheestfimatfion

offenergy,especfiaflflywhenthepotentfiaflshaveahard-core[19].Ffinaflfly,onflybosonficsystemscan

betreatedfinthfisway,sfinceffermfionshavetoobeytheFermfiprfincfipfle.Thfisaflgorfithmcanbe

sfignfificantflyfimprovedwhenaphysficaflflymotfivatedtrfiaflwaveffunctfionfisfintroduced,fleadfingto

thefimportancesampflfing.

3.5.3 Importancesampflfing

ImportancesampflfingfisacommonflyusedvarfiancereductfionMonteCarflotechnfiquefforeficfient

sampflfingoffthedfistrfibutfionffunctfion[123,19,122]. Thebasficphysficaflfideafisthatcertafin

phasespaceregfionspflayamuchmorefimportantroflethanothersfintheestfimatfionoffstatfistficafl

averages. Hence,fitfisdesfiredthattheseregfionsaresampfledmoreffrequentfly.Forexampfle,
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finasystemfinteractfingwfithapafir-wfisereaflfistficLennard-Jones-flfikepotentfiafl,fitfisexpected

thatthewaveffunctfionfissmaflflfinthehard-coreregfion,flargearoundthepotentfiaflmfinfimum,

andapproachfingaconstantatflargedfistances[124].Importancesampflfingfisfintroducedfinthe

Dfiffusfion MonteCarflomethodbyexpflofitfingtheknowfledgeoffanapproxfimateground-state

waveffunctfionψT(R)obtafinedffromVarfiatfionaflMonteCarflo.Thfisfleadstothebfiasedestfimatfion

offtheaverages,andapractfitfionermustensurethattheresufltsareunbfiased(seeSec.3.5.5).

Theprobabfiflfitydfistrfibutfionffunctfionffwhfichfistobesampfledfisdefinedas

ff(R,τ)=ψT(R)ϕ(R,τ), (3.27)

whereψT(R)fisthetrfiaflwaveffunctfionandϕ(R,τ)fisaffunctfionwfithanfinfitfiaflcondfitfionsetto

ϕ(R,0)=ψT(R).ϕhasthedesfiredfinfinfiteprojectfiontfimeflfimfitϕ(R,τ→∞)=ϕ0,wfithϕ0

befingtheground-statewaveffunctfion.

ChoosfingagoodtrfiaflwaveffunctfionfiscrucfiaflffortheeficfientandunbfiasedDfiffusfionMonte

Carflocaflcuflatfion.BenefitsofffimportancesampflfingwfithagoodtrfiaflwaveffunctfionψTcomfing

ffromtheVarfiatfionaflMonteCarfloaretwoffofld:varfiance-reductfionfleadstoflowercomputatfion

tfimes,andfinaflflytoaweakerdependenceonthefimagfinarytfime-stepandthenumberoffwaflkers.

Probabfiflfitydfistrfibutfionffunctfionfffisrepresentedasafinfitesetoffpartficflecoordfinates{R},

fi.e.,waflkers,ateachfinstantτ

ff(R,τ)=N
nw

fi

δ(R(τ)−Rfi(τ)). (3.28)

Thetfimeevoflutfionequatfionoffff(R,τ)fisgfivenby

−
∂ff(R,τ)

∂τ
=−D∇2Rff(R,τ)+D∇R(F(R)ff(R,τ))+(EL(R)−Ereff)ff(R,τ), (3.29)

whereF(R)fisdefinedasquantumfforce

F(R)=2
∇RψT(R)

ψT(R)
, (3.30)

actfingfinthedfirectfionofftheffastestfincreaseoffthewaveffunctfion.TheflocaflenergyEL(R)fis

EL(R)=
ĤψT(R)

ψT(R)
=−D

∇2RψT(R)

ψT
+V(R), (3.31)

andfinaflflyErefffistherefferenceenergyusedtostabfiflfizethenumberoffwaflkersfinthesfimuflatfion.

DerfivatfionoffthequantumfforceF(R)andflocaflenergyEL(R)fispresentedfintheAppendfixA.

Eq.(3.29)canbewrfittenas

−
∂ff(R,τ)

∂τ
= ÔK+ÔD+ÔB ff(R,τ), (3.32)
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wherethekfinetfictermfisÔK=−D∇
2
R,thedrfiffttermfisÔD(·)=D∇R(F(R)·)andfinaflflya

branchfingtermfisÔB=EL(R)−Ereff.ThefformaflsoflutfiontotheEq.(3.29)fisgfivenby

ff(R,τ)= G(R′,R,τ)ff(R′,0)dR′, (3.33)

whereG(R′,R,τ)fistheffuflflmany-bodyGreen’sffunctfion

G(R′,R,τ)=exp−(̂OK+ÔD+ÔB)τ . (3.34)

Fortheffuflflmany-bodyprobflem,Green’sffunctfionfisnotknownanaflytficaflfly.However,eachoffthe

Green’sffunctfionsĜK,̂GDandĜB,correspondfingtotheoperatorŝOK,̂ODandÔB,areknown

anaflytficaflfly.SfincetheoperatorsÔK,̂ODandÔBdonotmutuaflflycommute,fitfisnotpossfibfleto

decomposeG(R′,R,τ)fintoaproductGKGDGB,duetotheBaker–Campbeflfl–Hausdorfftheorem

[91].Thereffore,weresorttotheshort-tfimeapproxfimatfionofftheffuflflGreen’sffunctfion.

3.5.4 Short-tfimeapproxfimatfionofftheGreen’sffunctfion

Intheflfimfitoffshort-tfimepropagatfion,theffuflflGreen’sffunctfionG(R′,R,τ)canbeexpressed

perturbatfiveflyasapowerserfiesfinthetfime-step∆τ[19].Thereffore,thefideafistodfivfidethe

propagatfiontfimefintodfiscretetfimestepsoffflength∆τ,andateachfiteratfionsoflvetheequatfion

ff(R,τ+∆τ)= dR′G(R′,R,∆τ)ff(R′,τ). (3.35)

Thereareknownflfinear,quadratfic[120,19]andffourth-order[125]expansfionsofftheGfintoa

productoffanaflytficaflflysoflvabfleGreen’sffunctfionswhfichcanbenumerficaflflyfimpflemented.In

thfisThesfis,weusesecond-orderexpansfionfinthetfimestep

G(R′,R,∆τ)=GB R,R4,
∆τ

2
GD R,R3,

∆τ

2
GK(R3,R2,∆τ)

×GD R2,R1,
∆τ

2
GB R1,R

′,
∆τ

2
+O(∆τ3), (3.36)

whfichproducesaquadratficdependenceoffenergyonthetfimestep∆τ[120].InEq.(3.36),

therearethreedfifferentpartficfleupdates.FfirstupdatefisduetoGreen’sffunctfionGK,whfich

correspondstotheffree-partficfledfiffusfiontermÔK=−D∇
2
R,andfisgfivenby

GK(R
′,R,∆τ)=(4πD∆τ)−3N/2exp−

(R−R′)
2

4D∆τ
. (3.37)

Numerficaflfly,theactfionoffthfisoperator,fi.e., dR′GK(R
′,R,∆τ)ff(R′,∆τ),correspondstothe

fisotropficGaussfiandfispflacementoffvarfiance2D∆τfforeachpartficfle.Thesecondpartficfleupdate

correspondstothedrfifftfforcemovementduetotheoperatorÔD=D∇R(F(R)·),whoseGreen’s

ffunctfionfisgfivenby

GD(R
′,R,∆τ)=δR′−R(∆τ), (3.38)
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where
dR

dτ
=F(R). (3.39)

ThepartficflemoveupdateaccordfingtotheÔDoperatorfishencedefineddetermfinfistficaflflyby

fintegratfingtheequatfionoffmotfion(Eq.3.39)ffortfime∆τ,wfiththefinfitfiaflcondfitfionR(0)=R.

SfincethefinfitfiafldecomposfitfionofftheffuflflGreen’sffunctfionfisquadratfic(Eq.3.36),theequatfion

offmotfionEq.(3.39)mustbesoflvedwfiththesameaccuracy.Partficuflary,wehavefimpflemented

second-orderRunge-KuttafintegratortosoflveEq.(3.39). Ffinaflfly,thecrucfiafltermfforthe

DfiffusfionMonteCarflomethodfisthebranchfingtermGB,whfichseflectsregfionsoffthephasespace

accordfingtothevaflueoffflocaflenergy

GB(R
′,R,∆τ)=exp[−(EL(R)−Ereff)∆τ]δR

′−R . (3.40)

Thfistermdoesnotchangepartficflecoordfinates,butthewaflkerpopuflatfion,accordfingtothe

exponentfiaflpartofftheGreen’sffunctfionGB. Thestatfistficaflwefightoffeachwaflkerw=

exp[−(EL(R)−Ereff)∆τ]determfinestheprobabfiflfitythatawaflkerwoufldbepassedonto

thenextfiteratfion.Numerficaflfly,thebranchfingtermfisfimpflementedbygeneratfingarandom

numberffromunfifformdfistrfibutfionfintheranger∈(0,1),andmakfing[r+w]repflficatfionsoffthe

waflker,wherethebracketsdenotefintegerroundfingoffr+w.

Ffinaflfly,pseudo-codestepsffora2ndorderDMCwehavefimpflemented,aregfivenbeflow:

1.Gaussfiandrfifft.Foreachwaflker,andfforeachpartficflecoordfinater:

r→r+
√
2D∆τ×gasdev(),wheregasdev()fistherandomnumbergeneratoraccordfing

totheGaussfiandfistrfibutfionwfithzeromeanandunfityvarfiance.

2.Drfifftmove.Foreachwaflker:

R1=R+F(R)D∆τ/2.

R2=R+(F(R)+F(R1))D∆τ/4.Observabflesarecaflcuflatedatthfisfintermedfiate

step.

R3=R+F(R2)D∆τ.

3.Branchfingstep.Foreachwaflker:

Caflcuflatethewefightw=exp[−((EL(R)+EL(R2))/2−Ereff)∆τ].

Repflficatethewaflkerffor[w+r]tfimes,whererfisarandomnumberffromunfifform

dfistrfibutfionfintheranger∈(0,1),andbracketsstandfforfintegerroundfingoffr+w.Iff

r=0,awaflkerfisdestroyed.

Summarfizfing,affteraflongenoughappflficatfionofftheshort-tfimeoperatorsdefinedabove,

asteady-statedfistrfibutfionoffwaflkersfisgeneratedaccordfingtothedfistrfibutfionψTϕ. The

observabflesarecoflflectedateachfiteratfionoffthesfimuflatfiononflyafftertheconvergencefisachfieved.
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Ffig. 3.2 Dependence off energy per partficfle wfith the number off waflkers, ffor the Bose-Bose
symmetrfic mfixture. Bfias fis weflfl eflfimfinated ffornw≈200.

0 1 2 3
Δτ

−6.40

−6.35

−6.30

10
5
E
/
N

E0=−6.298(2)×10
−5

E0=−6.299(2)×10
−5

Ffig. 3.3 Dependence off energy per partficfle wfith the tfime-step, ffor the Bose-Bose symmetrfic
mfixture. Two set off resuflts correspond to dfifferent gufidfing waveffunctfions, wfith the upper one
befing the best avafiflabflewaveffunctfion.

3.5.5 Systematfic errors fin Dfiffusfion Monte Carflo

Two mafin bfiases appear fin the Dfiffusfion Monte Carflo caflcuflatfion: the finfite popuflatfion sfize and

the tfime-step error. They can be eflfimfinated by studyfing the convergence off energy fin the flfimfit off

smaflfl tfime-steps and flarge popuflatfion sfizes. A typficafl dependence off the energy per partficfle on

the popuflatfion sfize fis shown fin Ffig.3.2, where the convergence off energy at flargenwfis shown.

The system under study fis the Bose-Bose flfiqufid wfith symmetrfic finteractfions.

For the same system, the dependence off energy on the tfime-step fis shown fin Ffig.3.3.To

finaflfly confirm the robustness off the DMC method, we usuaflfly perfform a thfird set off caflcuflatfions

wfith purposefly worsenedwaveffunctfion. In Ffig.3.3, the predfictfions off energy per partficfle fin the

flfimfit Δτ→ 0 are findfistfingufishabfle wfith two waveffunctfions, up to the statfistficafl uncertafinty,

showfing finaflfly that the resuflts are unbfiased. It fis noted that ffor a trfiafl wave ffunctfion whfich

has a greater overflap wfith the true ground state, flarger tfime-steps can be used. In addfitfion, the

efficfiency off DMC fincreases when that overflap fis flarge. In partficuflar, the number off waflkers

necessary to avofid popuflatfion controfl bfias fis reduced.
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3.6 Observabfles

Theground-stateexpectatfionvaflueoffagfivenobservabfleÔaccordfingtotheequfiflfibrfiumdfistrfi-

butfionff=ψTϕfis

Ô
mfixed

=
⟨ϕ|̂O|ψT⟩

⟨ϕ|ψT⟩
. (3.41)

Numerficaflfly,thfisfiscaflcuflatedbyevafluatfingthestatfistficaflaverageoveraflflwaflkersandfiteratfion

steps

Ô
mfixed

≈
1

ns

ns

fis





1

n
(fis)
w

n
(fis)
w

fiw

OL(Rfiw(fis))




, (3.42)

wherensfisthenumberoffsfimuflatfionsteps,n
(fis)
w fisthenumberoffwaflkersatthetfimestepfis,and

OL(R)=ψ
−1
T ÔψT.Ingenerafl,statfistficaflaveragescaflcuflatedaccordfingtoEq.(3.41)arebfiased

ffromthechoficeoffthetrfiaflwaveffunctfionψT.Thereffore,Ô
mfixed

fiscaflfledthemfixedestfimator.

When ÔcommuteswfiththeHamfifltonfianĤ,thenthestatfistficaflaveragefisexact.Thfisfisreadfifly

shownbynotfingthatÔandĤsharethesamebasfisofftheefigenffunctfions,thus

⟨ϕ|̂H|ψT⟩

⟨ϕ|ψT⟩
=
⟨ϕ|̂H |ϕ⟩+ n̸=0cn|ϕn⟩

⟨ϕ||ϕ⟩+ n̸=0cn|ϕn⟩
=
⟨ϕ|̂H|ϕ⟩

⟨ϕ|ϕ⟩
, (3.43)

whereϕconvergestoagroundstateϕ0fintheflongprojectfionflfimfit. WhenÔdoesnotcommute

wfiththeHamfifltonfian,thentheaverageaccordfingtoEq.(3.41)fisnotexact. Whenatrfiafl

waveffunctfionfiscflosetothegroundstate,afirst-orderextrapoflatfiontowardsanexactvaflue

Ô
extr.
canbeusedto

Ô
extr.
=2 Ô

mfixed
− Ô

VMC
, (3.44)

where Ô
VMC

fistheVMCestfimate.Anotherwayoffextrapoflatfingtothegroundstatevaflue,

whfichpreservesasfignofftheestfimatefis

Ô
extr.
=
Ô
2

mfixed

Ô
VMC

. (3.45)

Addfitfionaflfly,finordertoaccesstoanexactestfimatfionoffanobservabflefinaground-state,a

fforwardwaflkfingtechnfique[126,22]canbeused.

3.6.1 UnbfiasedestfimatorsfinDfiffusfion MonteCarflo

Theexactestfimatfionoffanexpectatfionvafluefinagroundstatefiscaflfledapureestfimator,andfit

fisdefinedas

Ô
pure
=
⟨ϕ|̂O|ϕ⟩

⟨ϕ|ϕ⟩
. (3.46)

Inthfissubsectfion,weflayoutthefforwardwaflkfingtechnfiqueusedtoevafluateground-state

averagesoffoperatorsthatdonotcommutewfiththeHamfifltonfian.IntheDfiffusfionMonteCarflo
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caflcuflatfion,fitfisnotpossfibfletodfirectflyaccessthevaflueoffaground-statewaveffunctfionϕ.

However,fitfispossfibflerewrfiteEq.(3.46)sothatthedensfitydfistrfibutfionffunctfionfisff=ψTϕ

Ô
pure
=

⟨ϕ|OL
ϕ

ψT
|ψT⟩

⟨ϕ|
ϕ

ψT
|ψT⟩

=
⟨OL(R)W(R)⟩mfixed
⟨W(R)⟩mfixed

, (3.47)

whereW(R)=ϕ/ψT.Computatfionaflfly,Eq.(3.47)reads

Ô
pure
= fiOL(Rfi)W(Rfi)

W(Rfi)
, (3.48)

wherethesumfisoverwaflkersandtfimesffoflflowfingthecourseofftheDMCcaflcuflatfion.Itfisshown

[126]thatW(R)representsthenumberoffdescendantsfforawaflkerRfintheτ→∞ flfimfit.Thus,

theestfimatfionoffapureestfimatorcanbeperfformedbymeansoffataggfingaflgorfithm[127]:a

flocaflquantfityOL(R)fiscomputedattfimet,butthestatfistficaflaveragefisperfformedatt+T,

whereTfisflargeenough.Inthfisway,OL(R)fisaposterfiorfiwefightedwfiththenumberoffwaflker

descendants.

Amoresfimpfleversfionfforthepureestfimatoraflgorfithmwehavefimpflementedffoflflowfing

refferences[22,128,99],whfichaflflevfiatestheneedtoevafluatethesummatfion(Eq.3.47)“ffromthe

dfistance”,makfingfitmorepractficaflandmorememoryeficfient.Insteadoffperfformfingaverageoff

OLateachfinstantoveraflflwaflkers,whfichfisthewaytoobtafinmfixedestfimates,thfismethod

fintroducesanfindfivfiduaflauxfiflfiaryvarfiabflePfiassocfiatedwfiththewaflkeratthefindexfi.Asthe

waflkersdfieorrepflficate,theflocaflestfimateoffeachwaflkerfisevoflvedtogetherwfithawaflkersuch

that

Pfi(τ+∆τ)=OL(Rfi(τ+∆τ))+Pfi(τ), (3.49)

whereatthebegfinnfingoffeachbflockthePfifisfinfitfiaflfizedtozero.AffterthebflockoffM stepsfis

finfished,theaveragefisperfformedoverNffvafluesoffPfi

Ô
pure
=

1

M ×Nff

Nff

fi

Pfi. (3.50)

Inanewsfimuflatfionbflock,therevfisfionoffcaflcuflatedvafluesoffPfiarebefingpropagatedas

Pfi(τ+∆τ)=Pfi(τ)fforeachwaflker,finordertoensuretheasymptotficbehavfiorW(R)finthe

τ→∞flfimfit.Thus,fforasfimuflatfionfinvoflvfingNbbflocks,weenduphavfingNb−1bflockaverages

offapureestfimator.Ffinaflfly,wfithbflockaverages,theerrorassocfiatedwfithpureestfimatorsfis

caflcuflatedwfiththestandarddatabflockfingtechnfique(Sec.3.3).Thedescrfibedpureestfimator

methodoflogyworksonflyfintheflfimfitoffflargeenoughbflocksfizes.Thereffore,avaflueoffabflock

sfizefischosenfforwhfichaconvergencefisobtafined.



Chapter4

Ufltradfiflutequantumflfiqufiddrops

4.1 Introductfion

ThehfightunabfiflfityofffinteractfionsfinufltracofldBoseandFermfigasesfisaflflowfingfforexpfloratfion

offregfimesandphasesdfificuflttofindfinothercondensed-mattersystems[11].Byadjustfingthe

appflfiedmagnetficfiefldproperfly,BoseandFermfigasesaredrfiventoFeshbachresonanceswfithan

fincreaseofffinteractfionpractficaflflyatwfiflfl,andwfiththepossfibfiflfityoffturnfingthesystemffrom

repuflsfivetoattractfiveandvfice-versa.Thfisflevefloffcontroflflabfiflfityfisnotpossfibflefinconventfionafl

condensedmatterwherefinteractfionsaregeneraflflynottunabfleatthfisflevefl.Asfignfificantexampfle

offthfisversatfiflfityhasbeenthecfleanexperfimentaflreaflfizatfionofftheunfitaryflfimfitfforffermfions

[129,130]andtheprecfisecharacterfizatfionofftheBCS-BECcrossover[131,132],whfichupto

thatmomentwasonflyatheoretficaflscenarfio.

Recentfly,fithasbeenpossfibfletoexpflorethefformatfionoffflfiqufid/soflfidpatternsfindfiflute

gasesbymodfiffyfingthestrengthofftheshort-rangefinteratomficfinteractfions.Probabflythemost

dramatficexampfleoffthfisprogresshasbeentheobservatfionofftheRosenswefigfinstabfiflfityfina

confinedsystemoff164Dyatomswfithasfignfificantmagnetficdfipoflarmoment[133].Bytunfingthe

short-rangefinteractfion,Kadauetafl.[133]observedthespontaneousfformatfionoffanarrayoff

seflff-bounddropfletsrememberfingthecharacterfistficsoffacflassficaflfferroflufid.Theobservatfion

offsoflfid-flfikearrangementsfindfiflutegaseshaveaflsobeenpossfibfleworkfingwfithhfighfly-excfited

Rydbergatoms[134].Bydfirectfimagfing,Schaussetafl.[134]obtafinedorderedexcfitatfionpatterns

wfithageometrycflosetotheweflfl-knownarrangementsobtafinedfinffew-bodyconfinedCouflomb

partficfles.

IntheflfineoffobtafinfingotherdensesystemsstartfingffromextremeflydfifluteBoseandFermfi

gases,themechanfismsuggestedbyPetrovreflyfingonBose-Bosemfixtures[24]fisnoteworthy.

Accordfingtothfisproposafl,fitfispossfibfletostabfiflfizeamfixturewfithattractfivefinterspecfies

finteractfionfinsuchawaythattheresufltfingsystemfisseflff-bound,fi.e.,aflfiqufid. Whereasa

mean-fiefld(MF)treatmentoffthemfixturepredfictsacoflflapsedstate,thefirstbeyondmeanfiefld

correctfion,theLee-Huang-Yang(LHY)term,canstabfiflfizethesystembyproperflyseflectfingthe

finterspecfiess-wavescatterfingflength.Inwhatffoflflows,wecaflfltheperturbatfiveLHY-corrected

mean-fiefldtheoryMF+LHY.Furtherworkhasshownthatreducfingthedfimensfionaflfityoffthe
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setuptotwoorquasfi-twodfimensfionsmayheflptostabfiflfizetheflfiqufidphase[25]. TheLHY

correctfionhasaflsobeenusedtoaccountfforthefformatfionoffdfipoflardrops[135]andthen

confirmedbyffuflflfirst-prfincfipflesquantumMonteCarflo(QMC)sfimuflatfions[136,137].

Theexcfitfingfideaoffproducfingseflff-boundflfiqufiddropsbyusfingfinterspecfiesattractfive

finteractfionactfingasagflueofftheentfireBose-BosemfixturehasbeenputfforwardbyTarrueflfl

andcoflflaborators[29],ffoflflowedbySemeghfinfietafl.[30]andmostrecentflybyD’Errficoet.afl

[31].Thereffore,thetheoretficaflpredfictfionseemsconfirmedandthusanewwfindowfforexpflorfing

matterfinunprecedentedsfituatfionsfisopen.Ononesfide,fitprovesthewayofffformfingflfiqufid

dropswfithhfighdensfityfintheworfldoffcofldgasesand,ontheother,makespossfibflethestudyoff

aflfiqufidstateoffmatterwfithanextremeflyflowdensfity,flowerthananyotherexfistfingflfiqufid.

Inthepresentchapter,westudythefformatfionoffflfiqufiddropsfinaBose-Bosemfixture

usfingthedfiffusfionMonteCarflo(DMC)method,whfichsoflvestheN-bodySchrödfingerequatfion

exactflywfithfinsomefinherentstatfistficafluncertafintfiesduetostochastficsampflfing(seeChapter3).

TheDMCmethod(seeChapter3)hadbeenextensfiveflyusedfinthepastffordetermfinfingthe

structureandenergypropertfiesoffflfiqufiddropsoff4He[138,139],3He[140,141],H2[142],and

spfin-poflarfizedtrfitfium[143].Atdfifferencewfithprevfiousperturbatfiveestfimates,DMCaflflowsffor

anexactstudyoffthesystem’squantumpropertfiesreflyfingonflyonfitsHamfifltonfian.Ourresuflts

confirmtheLHYpredfictfiononthestabfiflfityoffseflff-boundmfixturesanddetermfinequantfitatfivefly

thecondfitfionsunderwhfichflfiqufiddropsarestabfleandhowtheyevoflvewhentheattractfive

finteractfionfisfincreased. Wfithfintheregfimehereexpflored,wedonotobserveaffuflflcoflflapseoff

thedropbutanfincreaseoffthedensfityandreductfionoffthesfize,whfichfisratherprogressfive.

4.2 Hamfifltonfianandthetrfiaflwaveffunctfion

TheBose-BosemfixtureunderstudyfiscomposedbyN1bosonsoffmassm1andN2bosonsoff

massm2wfithHamfifltonfian

H = −
ℏ2

2m1

N1

fi=1

∇2fi−
ℏ2

2m2

N2

j=1

∇2j+
1

2

2

α,β=1

Nα,Nβ

fiα,jβ=1

V(α,β)(rfiαjβ), (4.1)

wfithV(α,β)(r)thefinteratomficfinteractfionbetweenspecfiesαandβ.Ourfinterestfisffocusedon

amfixtureofffintraspecfiesrepuflsfivefinteractfion,fi.e.,posfitfives-wavescatterfingflengthsa11>0

anda22>0,andfinterspecfiesattractfivepotentfiafl,a12<0. Tosetupthfisregfime,weusea

hard-spherepotentfiafloffdfiameteraααfforpotentfiaflsV
(α,α)(r)andanattractfivesquareweflfloff

depth−V0andrangeRfforV
(α,β)(r).Intheflattercase,wefixRandchangeV0toreproduce

thedesfirednegatfivescatterfingflength;notficethatweworkwfithnegatfiveaαβvafluesandwe

fimposethattheattractfivepotentfiafldoesnotsupportapafirboundstate.

TheDMCmethodusesagufidfingwaveffunctfionasfimportancesampflfingtoreducethevarfiance

toamanageabfleflevefl(seeSec.3.5.3). WeadoptaJastrowwaveffunctfionfinthefform

Ψ(R)=
N1

1=fi<j

ff(1,1)(rfij)
N2

1=fi<j

ff(2,2)(rfij)
N1,N2

fi,j=1

ff(1,2)(rfij), (4.2)
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wfithR={r1,...,rN}.InthecaseoffequaflpartficflestheJastrowffactorfistakenasthescatterfing

soflutfion

ff(α,α)(r)=






1−aαα/r r≥aαα

0 otherwfise.
(4.3)

Iffthepafirfiscomposedoffdfifferentpartficflesthenwetake

ff(α,β)(r)=exp(−r/r0), (4.4)

wfithr0avarfiatfionaflparameter.

Inordertoreducethenumberoffvarfiabflesofftheprobflem,keepfingtheessentfiafls,weconsfider

m1=m2=m,N1=N2,anda11=a22.Inthfisway,ourstudyexpfloresthestabfiflfityand

fformatfionoffflfiqufiddropsasaffunctfionoffa12andthenumberoffpartficflesN(N1=N2=N/2).

Thes-wavescatterfingflengtha12offanattractfiveweflflfisanaflytficaflflyknown

a12=R[1−tan(KR)/(KR)], (4.5)

wfithK2=m1V0/ℏ
2. Wetakea12<0whfichcorrespondtoKR<π/2.Inpractfice,wefixthe

rangeofftheweflflRandvarythedepthV0toreproduceadesfiredvaflueoffa12.Asfitfisobvfious

ffromtheEq.(4.5)ffora12,fitsvafluedependsontheproductRV
1/2
0 andthendecreasfingRmeans

tofincreaseV0.Ifffforafixeda12vafluewewanttoapproachtheflfimfitR→0thenV0→∞,our

caflcuflatfionsbecomeextremeflydemandfingfintermsoffaccuracyandnumberoffpartficflesrequfired

toobservesaturatfion.

Affterpreflfimfinarystudfies,wedetermfinedthatR=4a11fisagoodcompromfisebetween

accuracyandreflfiabfiflfity,andthus,themajorpartoffourresufltsfisobtafinedwfiththatvaflueoffR.

Tobetterfiflflustratethfispofint,finFfig.4.1wereporttheresufltsfforthepafirdfistrfibutfionffunctfion

P(r)finatypficafldrop,finpartficuflarN=100+100,normaflfizedtohavefintegraflone

∞

0
drP(r)=1. (4.6)

Asonecansee,themostprobabfledfistancebetweenpartficflesfis∼15a11,nearflyffourtfimesflarger

thanthepotentfiaflrange.Iffwefintegratethedfistrfibutfionprobabfiflfitybetween0and4,weget

0.01.Onfly1%offthepartficflesare,onaverage,atdfistancesbeflowtherangeofftheweflfl.Onthe

otherhand,therepuflsfivepotentfiaflbetweenequaflspecfiesfisgfivenbyahard-spherepotentfiaflwfith

acoreata11=a22,whfich,finreaflfity,fixourflengthunfits.Indeed,bothpotentfiaflsarenotdeflta

potentfiafls(wfithzerorange)becausethecontactfinteractfionfisprobflematficfin3Dsfimuflatfionsdue

tothesfinguflarfitythatfitfintroducesfinthewaveffunctfionattheorfigfin.Stfiflfl,wethfinkthatour

modeflcanbequfitecflosetoreaflfity,takfingfintoaccounttheflargevafluesofftheeffectfiverangesoff

potassfiumfinteractfionsthatcanpflayareflevantrofle.

ThetrfiaflwaveffunctfionΨ(R)(Eq.4.2)dependsonasfingfleparameterr0.Thfisparameterfis

prevfiousflyoptfimfizedusfingthevarfiatfionaflMonteCarflomethod.Itsvafluefincreaseswfiththetotafl
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numberoffpartficflesN;fforfinstance,whenR=4(fina11unfits)andV0=0.166(finℏ
2/(2m1a

2
11)

unfits),r0fincreasesmonotonousflyffrom106upto622whenNgrowsffrom100to2000.

Toobtafinground-stateaverages,weresorttotheDfiffusfionMonteCarflo(DMC)aflgorfithm,as

expflafinedfinSec.3.5.OurDMCaflgorfithmfisaccurateuptosecondorderfinthefimagfinary-tfime

step[144]andusesfforwardwaflkfingtoremoveanybfiasoffthetrfiaflwaveffunctfionfintheestfimatfion

offdfiagonafloperators,whfichdonotcommutewfiththeHamfifltonfian[22].Anysystematficbfias

derfivedffromtheuseoffafinfitetfimestepandafinfitenumberoffwaflkersfinthedfiffusfionprocess

04 1015202530 40
r/a11

0.00

0.02

0.04

0.06

P
(r
)
[a
−
1
11
]

N=100+100;a12=−3.81a11

1−1

1−2

2−2

fiskeptsmaflflerthanthestatfistficaflnofise.

Ffig.4.1PafirdfistrfibutfionffunctfionP(r)fforthreetypesoffpafirsfinaBose-Bosequantumdropflet.
Theprobabflfityofftwopartficflefinteractfingwfithfinr=4a11fis

4a11
0 P(r)dr≈0.01.

4.3 Crfitficaflatomnumber

InFfig.4.2,wereportresufltsffortheenergyperpartficfleoffthesymmetrficBose-Boseflfiqufid

dropflet,fforadfifferentnumberoffpartficflesandasaffunctfionoffthescatterfingflengtha12.For

eachN,weobserveasfimfiflarbehavfiorwhenwetunea12.Therefisacrfitficaflvafluethatseparates

systemswfithposfitfiveandnegatfiveenergfies. Whentheenergyfisposfitfive,thesystemfisfina

gasphase,and,byfincreasfing|a12|,theNsystemcondensesfintoaseflff-boundsystem,thatfis,a

flfiqufiddrop.Aroundthecrfitficaflvaflue,theenergydecreasesflfinearfly.Ourresufltsshowacflear

dependenceoffthecrfitficaflscatterfingflengthfforbfindfingonthenumberoffpartficfles:smaflflerdrops

requfiremoreattractfion(flargerV0)thanflargerones.

Thedependenceoffthecrfitficaflscatterfingflengthfforseflff-bfindfing,acrfit12,onthenumberoff

partficflesfisshownfinFfig.4.3.Pflottedasaffunctfionoff1/N,weobserveaflfineardecreaseoffacrfit12,

reachfingfinthethermodynamficflfimfit(N→∞)avafluesflfightflyflargerthanone. MF+LHYtheory

hasbeenappflfiedtothefformatfionoffBose-Bosedropsaroundthfisvaflue|a12|∼a11correspondfing

todropswfithaveryflargenumberoffpartficfles[24].Inthesamefigure,weshowresufltsderfived

usfingadfifferentrangeR=10a11offtheattractfiveweflfl.Aswecansee,theresufltsaresflfightfly
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Ffig.4.2EnergyperpartficfleofftheBose-Bosesymmetrficflfiqufiddropfletasaffunctfionoffthe
scatterfingflengtha12/a11. DfifferentsymboflsandflfinescorrespondtoDMCcaflcuflatfionswfith
dfifferentnumberoffpartficfles.

dfifferent,wfithanextrapoflatfiontothethermodynamficflfimfitabfitcflosertoone.Thefinfluence

offtheeffectfiverangehasbeenconfirmedfinChapter5byperfformfingextensfivecaflcuflatfions

offtheequatfionsoffstate.Togetherwfiththefinfite-rangeeffectsappearfingfinamfixtureoff39K

fforwhficha11≠a22(presentedfinChapter6),thfisgfivesstrongfindficatfionsthateffectsdueto

effectfiverangeareageneraflffeatureemergfingfincorreflatedquantumdrops.Ffinaflfly,apredfictfion

offMF+LHYtheorypredfictssystematficaflflyflowervafluesoff−acrfit12/a11fforagfivenN,sfignaflfing

thatweobserve,fforthefirsttfime,repuflsfiveLHYcontrfibutfionstotheenergynotaccountedffor

bythePetrovtheory[145,146].

4.4 Lfiqufidstatecaflcuflatfion

Tocompareourresufltsofffinfite-Ndropswfiththethermodynamficflfimfit,wehavecarrfiedout

thecaflcuflatfionsfinthehomogeneousphase,wherewecanobtafintheequfiflfibrfiumdensfityand

energyperpartficfle.Thesetwoparametersservedasaconsfistencycheckfinthedetermfinatfionoff

adensfityprofifleandsurffacetensfion.Ourcaflcuflatfionsoffthehomogeneousphaseareperfformed

byfimposfingperfiodficboundarycondfitfiononpartficflecoordfinatesfinaboxoffsfizeL= 3ρ/N,

whereρfisthetotaflnumberdensfityandNfisthetotaflnumberoffpartficfles. Weusedatrfiafl
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Ffig.4.3Crfitficaflvafluesacrfit12 fforsymmetrficflfiqufiddropfformatfionasaffunctfionoff1/N.Redand
bfluepofintsstandfforR=4a11andR=10a11,respectfivefly.Theffuflflflfinescorrespondtofitsto
theDMCresuflts,andthedashedflfinefisthepredfictfionaccordfingtotheMF+LHYtheory[24].

waveffunctfionbufifltasaproductoffJastrowffactors[147],

Ψ(R)=
N1

fi<j

ff(1,1)(rfij)
N2

fi<j

ff(2,2)(rfij)
N1,N2

fi,j

ff(1,2)(rfij), (4.7)

wfithN1=N2=N/2,andwherethetwo-partficflecorreflatfionffunctfionsff(r)are

ffα,β(r)=






ff2b(r) r<R0

Bexp(−Cr+
D
r2
), R0<r<L/2

1, r>L/2.

(4.8)

CoeficfientsB,CandDareadjustedtomatchthecontfinufitycondfitfionoffthewaveffunctfionand

fitsfirstderfivatfive.R0fisavarfiatfionaflparameter,whfichfissettoR0=0.45Lfinaflflcaflcuflatfions.

Functfionff2b(r)fisasoflutfiontothetwo-bodyprobflem,andfitfisconnectedtoaflong-range

phononficwaveffunctfion[147]. Byperfformfingtwosetoffcaflcuflatfionswfithfincreasfingpartficfle

numbers,weobservethataflreadyatN≈100thethermodynamficflfimfitfisachfieved.Resufltsoff

theenergyperpartficfleasaffunctfionoffdensfityareshownfinFfig.(4.4).ByfittfingtheDMC

energyperpartficfletotheffunctfionaflfformgfivenby

E

N
=αρ+βργ, (4.9)

wecanobtafintheequfiflfibrfiumenergyperpartficfleanddensfityas

ρ0 =
−α

βγ

1/(γ−1)

(4.10)

E0
N

= αρ0+βρ
γ
0. (4.11)
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Ffig. 4.4 DMC energy per partficfle fin a symmetrfic flfiqufid as a ffunctfion off densfity ffor three vaflues
off the scatterfing flengtha12. In each figure, a set off two caflcuflatfions wfith fincreasfing partficfle
numbers fin a box fis presented as an fiflflustratfion that the finfite-sfize effects are weflfl eflfimfinated.
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4.5 Densfitysaturatfion

Ffig.4.5DensfityprofiflesoffthesymmetrficBose-Boseflfiqufiddropsffordfifferentnumberoffpartficfles.
TopandbottompaneflscorrespondtoV0=0.150,a12=−3.09andV0=0.166,a12=−3.81,
respectfivefly.Fromsmaflfltoflargedrops,N=200,400,1000,and2000.Reddashedflfinesdenote
theequfiflfibrfiumdensfityfinthebuflkphasewfithfintheMF+LHYtheory[24],whereasbfluedashed
flfinescorrespondtotheequfiflfibrfiumdensfityoffthebuflkphaseestfimatedffromQMCcaflcuflatfions
finthehomogeneoussetup(seeEq.4.10andFfig.4.4).

Thecaflcuflatfionoffthedensfityprofiflesρ(r)aflflowsfforabetterknowfledgeofftheshapeandsfizeoff

thefformeddrops.InFfig.(4.5)wereportDMCresufltsonthedensfityprofiflesofftheobtafined

drops.Notficethattherefisnotanydfifferencebetweenthepartfiafldensfityprofiflesduetoour

eflectfionofffinteractfionsandmasses,ρ(1)(r)=ρ(2)(r)=ρ(r)/2. ThetwocasesshownfinFfig.

(4.5)correspondtoscatterfingflengthsa12=−3.09(top)anda12=−3.81(bottom). Whenthe

numberoffpartficflesfincreases,oneobservesthatboththecentrafldensfityandradfiusoffthedrop

grow.Progressfivefincreaseoffdensfityfisexpectedtohappenuntfiflthecentrafldensfityreaches

theequfiflfibrfiumdensfityoffthebuflkphase.Oncethedropsaturates,onflytheradfiusfincreases

wfiththeaddfitfionoffmorepartficfles.Thedensfityprofifles,shownfinFfig.(4.5)ffortwofiflflustratfive

exampfles,correspondtoverydfifluteflfiqufidsbecauseweneed∼2000partficflestoreachsaturatfion.

Inthefigures,wehaveaflsoshowntheequfiflfibrfiumdensfitfiesthatwehaveobtafinedfforthesame

potentfiaflsfinthebuflkphase(seeFfig.4.4).

Byfincreasfingthescatterfingflength,fi.e.,bymakfingthesystemmoreattractfive,weobserve

thatthecentrafldensfityfincreasesandthesfizeoffthedropsqueezes. Apartffromthecentrafl

densfityonecanaflsoextractffromthedensfityprofiflesthesurffacewfidth,usuaflflymeasuredasthe
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flengthW overwhfichthedensfitydecreaseffrom90to10%offthefinnerdensfity.Itfisexpected

thatW fincreaseswfithNfforunsaturateddrops,andthenfitstabfiflfizeswhensaturatfionfisreached.

Ourresufltsshowaflsothfistrend:ffora12=−3.09,W =15fforthesmaflflestdropandstabfiflfizes

thentoW ≃20;ffora12=−3.81,thesevafluesareW =11and18.

DMCaflflowsfforthestudyoffthedropsaroundthegastoflfiqufidtransfitfionbutaflsocanshow

howtheevoflutfiontowardsacoflflapsedstatehappens.Byfincreasfingthedepthofftheattractfive

weflflV0,wecanseethechangefintheshapeandsfizeoffagfivendrop.InFfig.4.6,wereport

thfisevoflutfionasacontourpflotoffthedensfityprofiflesfforapartficuflarflfiqufiddropwfithN=200

partficfles.Therangeoffa12vafluesstartscflosetoa
crfit
12,fforthfisNvaflue,andendsqufitedeepfinto

theFeshbachresonanceatascatterfingflengtha12≃30a
crfit
12.Foflflowfingthfisramp,weobserve

anfincreaseoffanorderoffmagnfitudefinthefinnerdensfityandashrfinkfingoffthesfize,wfitha

three-ffofldreductfionofftheradfius. Thereffore,thedropbecomesdenser,butfitfisstfiflflaffuflfly
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Ffig.4.6ContourpflotsoffthedensfityprofiflesoffaflfiqufiddropwfithN=200asaffunctfionoffa12.

4.6 Surffacetensfioncaflcuflatfions

ThemficroscopficcharacterfizatfionofftheBose-Boseflfiqufiddropsfisnotcompfletewfithoutthe

knowfledgeofftheenergy.Aswecommentedbeffore,theresufltofftheenergydetermfinesfiffan

N-partficflesystemfisfinagasorflfiqufidstate.Oncefintheflfiqufidphase,fitfisfimportanttocaflcuflate

thedependenceofftheenergyonthenumberoffpartficfles.InFfig.(4.7),wereporttheDMC

energfiesasaffunctfionoffNandfforthreedfifferenta12vaflues.Fromfintensfivecaflcuflatfionscarrfied

outfinthepastonflfiqufid4Hedrops[138,139],weknowthattheenergyoffthedropsfisweflfl

accountedfforbyaflfiqufid-dropmodefl.Accordfingtothfis,theenergyperpartficflefis

E(N)/N=Ev+Esx+Ecx
2, (4.12)

wfithx≡N−1/3.ThecoeficfientsfinEq.(4.12),Ev,Es,andEcaretermedvoflume,surfface,and

curvatureenergfies,respectfivefly.ThetermEvcorrespondstotheenergyoffanfinfinfiteflyflarge

dropor,finotherwords,totheenergyperpartficfleoffthebuflk.ThesecondtermEsfisfimportant

because,ffromfit,wecanestfimatethesurffacetensfionofftheflfiqufidtas

t=
Es
4πr20

. (4.13)



4.6Surffacetensfioncaflcuflatfions 44

−0.2

−0.15

−0.1

−0.05

 0

0 2000    1000400     300  200140100 40 30

E(
N)
 /
 
N

N [N
−1/3
 scafle]

R = 4, V0 = 0.150,  a12 = −3.09 a11

R = 4, V0 = 0.166,  a12 = −3.81 a11

R = 4, V0 = 0.218,  a12 = −7.85 a11

Ffig.4.7EnergyperpartficfleoffsymmetrficBose-BosedropsasaffunctfionoffN−1/3.Theopen
symboflsaretheDMCresufltsandtheflfinesarefitsaccordfingtotheflfiqufiddropmodefl(4.12).The
errorbarsaresmaflflerthanthesfizeoffthesymbofls.Dfifferentsetscorrespondtodfifferentvafluesoff
thefinterpartficflescatterfingflengtha12.Thepofintsatzerox-axfiswfitherrorbarscorrespondto
buflkcaflcuflatfions(seeFfig.4.4).



4.7Summaryandconcflusfions 45

Theparameterr0fistheunfitradfiusofftheflfiqufid,andcanbeestfimatedffromthereflatfion

4π/3r30ρ0=1, (4.14)

wfithρ0theequfiflfibrfiumdensfityofftheflfiqufid.

InFfig.(4.7),wepflotasflfinestheresufltsofftheflfiqufid-dropmodeflobtafinedasfleast-squares

fittotheDMCenergfies.Inthethreecasesstudfied,weobtafinahfigh-fideflfityfit.InFfig.(4.7)

wepflotfinthezerox-axfistheenergfiesoffthebuflkflfiqufidwfiththesameHamfifltonfianasfinthe

drops.Theseresufltsarenotfincfludedfinthefit(4.12),buttheyarecompfleteflycofincfidentwfith

theenergfiesEvobtafinedsofleflyffromthedropenergfies. Matchfingofffinfite-Ncaflcuflatfionswfith

thosefinahomogenousphasefis,finffact,astrfingenttestoffaccuracyonthecaflcuflatfionsoffthe

flfiqufiddrops.Inthefigure,weseetheeffectoffthepotentfiaflontheenergyoffthedropsfforthree

seflectedcases.ThebfindfingenergyoffagfivenNdropfincreaseswfiththemagnfitudeoffV0,and

thuswfitha12. WehaveverfifiedthattheenergygrowsflfinearflywfithV0cflosetothecrfitficaflvaflue

fforseflff-bfindfingbut,fforflargerpotentfiafldepths,fincreasesffaster.Fromreflatfion(4.13)andthe

vafluesobtafinedfforEsffromthefitsusfingtheflfiqufid-dropmodefl,weestfimatethatthesurfface

tensfionfforthethreecasesshownfinFfig.(4.7)are0.18·10−3,0.37·10−3,and2.41·10−3(fin

unfitsℏ2/(2m1a
4
11))whena12=−3.09,−3.81,and−7.85,respectfivefly.

WethfinkthatacomparfisonbetweentheBose-Bosedropsherestudfiedandtheweflfl-known

propertfiesoffstabflesuperflufid4Hedropscanheflptobettervfisuaflfizethefirextraordfinarypropertfies.

Wecanconsfideratypficaflvaflueffora11usedfintheexperfimentswfithufltracofldmfixturesoff
39K-41K,

saya11=50a0,wfitha0theBohrradfius.Then,thesaturatfiondensfitfiesoffthedropsshownfin

Ffig.4.5are∼1.0·10−6and1.4·10−6Å
−3
.Nearthecrfitficaflscatterfingflengthfforagfivensfize,

thedropsareevenmoredfiflute,e.g.,fforN=2000anda12=−1.75,thecentrafldensfityfisabout

3·10−8Å
−3
.Thesaturatfiondensfityoffflfiqufid4Hefis2.2·10−2Å

−3
fimpflyfingthattheBose-Bose

dropscanbeasdfifluteas∼104tfimesthe4Heones(asfimfiflarratfiohappenswhencomparedwfith

water,wfithdensfity3.3·10−2Å
−3
).Forthesamenumberoffatoms,theBose-Bosedropfismuch

flargerthanthe4Heone:9.8·10−2µmfforV0=0.150and3·10
−3µmffor4HewfithN=2000[81].

ThesurffaceoffdfiflutedropfforthfisNfis∼50%offthetotaflsfize,muchflargerthanthe20%vaflue

fin4He.

4.7 Summaryandconcflusfions

Summarfizfing,wehavecarrfiedoutaDMCcaflcuflatfionoffBose-Bosemfixtureswfithattractfive

finterspecfiesfinteractfion.ReflyfingonflyontheHamfifltonfian,wedescrfibethesystemwfithoutffurther

approxfimatfions. AsannouncedbyPetrovusfingLHYapproxfimatetheory[24],fitfispossfibfle

togetseflff-boundsystemsbyaproperseflectfionoffthefinteractfionsbetweenequaflanddfifferent

specfies.Ourresufltscflearflyshowthetransfitfionffromgas,wfithposfitfiveenergy,toaseflff-bound

system(flfiqufid),andaccurateflydetermfinethecrfitficaflscatterfingflengthsfforthetransfitfionasa

ffunctfionoffthenumberoffpartficfles.Intherangeoffparametersherestudfied,wedonotobserve

unfiversaflfityfinthesensethattheresufltsdependonflyonthes-wavescatterfingflengths.Forthe

samea12vaflue,weobservedependenceontherangeoffthepotentfiaflR.Thfismotfivatedusto



4.7Summaryandconcflusfions 46

studywhetherthefincflusfionoffthes-waveeffectfiverangetothemodeflpotentfiaflsprovfideswfitha

moreprecfisedescrfiptfion,whfichfisdfiscussedfinChapters5and6.

TheexperfimentaflreaflfizatfionoffBose-Boseflfiqufiddrops[29]opensthepossfibfiflfityoffaccessfing

todensersystemsthantheusuafltrappedufltracofldgaseswherequantumcorreflatfionscanbemuch

morereflevant.Thepofintoffvfiewffromtheflfiqufidstatefisdfifferent:theflfiqufidthatemergesffrom

thesemfixturesfisufltradfiflute,muchflessdensethananyotherstabfleflfiqufidfinNature.Thereffore,

theflfiqufidphasereaflmextendstounexpectedregfimesneverachfievedbeffore.



Chapter5

Unfiversaflfityfinufltradfifluteflfiqufid

Bose-Bose mfixtures

5.1 Introductfion

Formorethantwodecades, mostofftheexperfimentsfinufltracofldatomsweredonefinthe

flow-densfitygasphase,fintheunfiversaflregfimefixedsofleflybythegasparameterρa3,wfitha

thes-wavescatterfingflengthandρthedensfity.Therangeoffunfiversaflfityoffthehomogeneous

sfingfle-componentBosegaswasestabflfishedusfingdfifferentmodeflpotentfiaflsandsoflvfingthe

N-bodyprobflemfinanexactwaywfithquantumMonteCarflo(QMC)methods[17].Oneoffthe

mostfimportantadvancesfinthefiefldoffufltracofldatomsfintheflastyearsfistherecentcreatfion

offufltradfiflutequantumdropfletsfinBose-Bosemfixtures. Petrov[24]pofintedoutthatflfiqufid

dropscanbecreatedfinasetupcomposedbyatwo-componentmfixtureoffbosonswfithshort-

rangedattractfivefinterspecfiesandrepuflsfivefintraspecfiesfinteractfions.However,theperturbatfive

technfiqueempfloyedbyPetrovfisvaflfidonflyverycflosetothemean-fiefld(MF)finstabfiflfityflfimfit,that

fisfforextremeflydfifluteflfiqufids.ThecoflflapsepredfictedontheMFfleveflfisavofidedbystabfiflfizatfion

duetothequantumfluctuatfionsdescrfibedbytheLee-Huang-Yang(LHY)correctfiontothe

energy.Twoexperfimentaflgroupsrecentflymanagedtoobtafinseflff-boundflfiqufiddrops[29,30],

whfich,uponrefleasfingthetrap,dfidnotexpand.Thedropsrequfiredacertafincrfitficaflnumberoff

atomstobebound.Importantfly,measurementsoffthecrfitficaflnumberandsfizeoffthesmaflflest

dropfletscoufldnotbeffuflflyaccountedfforbytheMF+LHYterm[29].

Wehavestudfiedseflff-boundBose-Bosedropfletsusfingthedfiffusfion MonteCarflo(DMC)

method,thussoflvfingexactflytheffuflflmany-bodyprobflemfforagfivenHamfifltonfianatzero

temperature,dfiscussedfinChapter4offthfisThesfis.Ourresufltshaveconfirmedthetransfitfion

ffromgas,wfithposfitfiveenergy,toaseflff-bounddropfletwfithnegatfiveenergy. Wehavedetermfined

thecrfitficaflnumberoffatomsneededtofformaflfiqufiddropfletasaffunctfionoffthefintraspecfies

scatterfingflength. Usfingtwodfifferentmodeflsffortheattractfivefinteractfion,wedfidnotget

quantfitatfiveflythesameresufltsffortherangeoffscatterfingflengthsstudfied,whfichpofintstothe

flackoffunfiversaflfityfintermsoffρa3.Thus,fitfisoffffundamentaflfinteresttofindwhetherthere

fisarangeoffdensfitfiesandscatterfingflengthswheresuchunfiversaflfityexfists.Inthecaseoff
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homogeneousBosegases,departuresffromunfiversaflfitystarttoappeararoundρa3≳10−3[17].In

thatcase,addfingtheLHYcorrectfionaflflowedfforagoodapproxfimatfionofftheequatfionoffstate

uptohfigherdensfitfies.Recentfly,avarfiatfionaflhypernetted-chafinEufler-Lagrangecaflcuflatfion[33]

offunbaflancedmfixturesshowedthatthedropscoufldonflybestabflefinaverynarrowrange

anoptfimaflratfiooffpartfiafldensfitfiesandneartheenergymfinfimum. Moreover,Reff.[33]ffound

dependenceontheeffectfiverange,evenatflowdensfitfies.

Inthfischapter,weusetheDMCmethodtoaddressthequestfionofftheunfiversaflfityfinthe

equatfionoffstateoffdfifluteBose-Bosemfixtureswfithsymmetrficfinteractfions,fi.e.a11=a22and

m1=m2.Thesecondquestfionweposeherefiswhetherthereexfistsaregfimewherefinstead

offusfingonflyoneparameter(s-wavescatterfingflength)fincflusfionoffanaddfitfionaflparameter

(effectfiverange[93])extendsthevaflfidfityofftheunfiversafldescrfiptfion.Toanswerthesequestfions

dfirectflyfforfinfite-sfizedropfletswoufldrequfireenormouscomputatfionaflresources,asatfleast

thousandsoffatomsareneededtoachfieveaseflff-boundstatecflosetothemean-fiefldflfimfit[29].In

ordertoeflfimfinatethefinfite-sfizeeffectscausedbythesurffacetensfionandsfimpflfiffytheanaflysfis,

westudyherebuflkpropertfiescorrespondfingtothefinterfioroffflargesaturateddropflets.From

theobtafinedequatfionoffstate,weconstructanewdensfityffunctfionaflandusefittopredfictthe

profiflesoffthedrops,dfiscussfingtheeffectsoffthepotentfiaflrange.

5.2 Hamfifltonfianandthe methods

WereflyontheDMCmethod,asdescrfibedfinChapter 3.TheHamfifltonfianoffoursystemfisgfiven

by

H=−
2

α=1

ℏ2

2mα

Nα

fi=1

∇2fiα+
1

2

2

α,β=1

Nα,Nβ

fiα,jβ=1

V(α,β)(rfiαjβ), (5.1)

whereV(α,β)(r)fisthefinteratomficfinteractfionbetweenspecfiesαandβ. Thefintraspecfies

finteractfionswfithposfitfives-wavescatterfingflengtharemodefledefitherbyahard-corepotentfiafloff

dfiameterafifi

V(r)=






∞ r≤afifi

0 otherwfise,
(5.2)

orbya10-6potentfiafl[124]thatdoesnotsupportatwo-bodyboundstate

V(r)=V0
r0
r

10

−
r0
r

6

. (5.3)

TheflattermodeflhasananaflytficscatterfingflengthgfivenfinReff.[124].Thefinterspecfiesfinteractfions

wfithnegatfivescatterfingflength,a12<0,aremodefledbyasquare-weflflpotentfiafloffrangeRand

depth−V0

V(r)=






−V0 r≤R0

0 otherwfise,
(5.4)

orbya10-6potentfiaflwfithnoboundstates.
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Weresorttoasecond-orderDMCmethodanduseagufidfingwaveffunctfiontoreducethe

varfiance,asdescrfibedfinReff.[144]andSec.(3.5.3).Ourcaflcuflatfionsfinthehomogeneousphase

areperfformedbyfimposfingperfiodficboundarycondfitfiononpartficflecoordfinatesfinaboxoffsfize

L= 3ρ/N,whereρfisthetotaflnumberdensfityandNfisthetotaflnumberoffpartficfles. We

constructthetrfiaflwaveffunctfionaproductoffJastrowffactors[147]

Ψ(R)=
N1

1=fi<j

ff(1,1)(rfij)
N2

1=fi<j

ff(2,2)(rfij)
N1,N2

fi,j=1

ff(1,2)(rfij). (5.5)

Thepartficuflarfformoffthetwo-partficflecorreflatfionffunctfiondependsonthemodefloffthefinteractfion

potentfiafl.Forthehard-corepotentfiaflweused

ffα,α(r)=






1−aα,α/r, r<R̃

Bexp(−Cr+
D
r2
), R̃<r<L/2

1, r>L/2,

(5.6)

TheparameterR̃canbeoptfimfized,butenergfiesdonotchangedrastficaflflywhenR̃≈L/2,sowe

setR̃=0.9L/2.Otherparameterswereobtafinedbycontfinufitycondfitfionsffortheffunctfionand

fitsfirstderfivatfive.Forthesquareweflflpotentfiaflweused

ffα,β(r)=






sfin(kr)/r, r<R

A(1−ãα,β/r) R<r<R̃

Bexp(−Cr+
D
r2
), R̃<r<L/2

1, r>L/2,

(5.7)

whereãα,βfisavarfiatfionaflparameter. Weset̃R=0.9L/2,whfifleotherparameterswereobtafined

bycontfinufitycondfitfions.Ffinaflfly,fforthe10-6potentfiaflweused

ffα,β(r)=






h(r,̃aα,β) r<R0

Bexp(−Cr+
D
r2
), R0<r<L/2

1, r>L/2,

(5.8)

whereh(r,̃aα,β)fisthetwo-bodyscatterfingsoflutfiongfivenfin[124].Thfisffunctfionhasavarfiatfionafl

parameterãα,β,andwesetR0=0.9L/2.Zeroderfivatfivewasfimposedatthehaflffsfizeoffthe

sfimuflatfionboxLfforaflflthreeJastrowffactors.

Weconsfideramfixturewfithequaflmassesoffpartficfles m1=m2=m.Suchasfituatfionfis

typficaflfinexperfimentswheredfifferenthyperfinestatesoffthesameatomficspecfiesareusedto

createtwocomponents[29].Furthermore,toreducethenumberoffdegreesoffffreedom,wechoose

tostudythesymmetrficmfixturewfitha11=a22resufltfingfintheground-stateconcentratfionratfio

offN1=N2.Thecaflcuflatfionsareperfformedfinaboxwfithperfiodficboundarycondfitfions.

Toapproachthethermodynamficflfimfit,wefinvestfigatedfinfite-sfizeeffectsbyfincreasfingthe

numberoffpartficflesuptothepofintwhereenergyconverged. DMCresufltsarepresentedffor
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theflargestpartficflenumberused.InFfig.5.1,weshowtheconvergencefforthreedfifferent

a12/a11vaflues.Itfispossfibfletoobtafinthefinfite-sfizecorrectfionanaflytficaflflyonflyverycfloseto

themean-fiefldfinstabfiflfityflfimfit.Inthatcase,thefleadfingcorrectfiontomean-fiefld(Hartree)

contrfibutfioncomesffromthefintracomponentnumberoffpafirsN1(N1−1)/2,

∆EMF(N)

N
=−
π

6

ℏ2

ma211

2π

N
ρa311, (5.9)

whereN=2N1.Thfiscorrectfionfisnegatfive,flfinearwfiththedensfityanddecreasesasN
−1wfith

thenumberoffpartficfles.ThfiscorrectfionfisaflsoshownfinFfig.5.1.

Wehaveaflsooptfimfizedthetfimestepandpopuflatfionbfiastoreducethefirfinfluencebeflowthe

statfistficaflnofise.Tfimestepsffrom0.1to2×10−32m1a
2
11/ℏ

2wereused,wfithflowervafluesoffthe

tfimestepbefingusedathfigherdensfitfies.AtflowdensfitfiesffortheHCSWmodefl,therewasno

dfifferencebetweencaflcuflatfionswfith100and1000waflkers,whfichfisaconsequenceoffthegood

quaflfityoffthegufidfingwaveffunctfion.Inothercases,weusedupto1000waflkers.

5.3 Ffinfite-sfizeeffects

Ffirst,wereportresufltsobtafinedusfingthehard-coremodeflffortherepuflsfivefinteractfionsand

asquare-weflfl(SW)potentfiaflffortheattractfiveones.InFfig.(5.2),weshowourresufltsffor

dfifferentvafluesoffthefinterspecfiesscatterfingflengtha12anddfifferentrangesofftheattractfive

weflflR,andcomparethemtotheMF+LHYpredfictfion[24].TheequatfionoffstatefinReff.[24]

fform2=m1=m,a22=a11,andN2=N1fisgfivenby

E

N
=
ℏ2π(a11+a12)

m
ρ+
32
√
2π

15

ℏ2a
5/2
11

m
ff
a212
a211

ρ3/2, (5.10)

wfith

ff(x)=(1+
√
x)5/2+(1−

√
x)5/2. (5.11)

Notficethattheffunctfionff(x)becomescompflexffora12<−a11andthepresenceoffthefimagfinary

componentreducestheappflficabfiflfityofftheperturbatfivetheory.Ifffinsteadtheargumentfis

approxfimatedbyx=a212/a
2
11=1sothattheffunctfionff(x)remafinsreafl,asfitwasdonefin

Reff.[24],Eq.(5.10)reducestotheffoflflowfingfform,

E

N
=
ℏ2π(a11+a12)

m
ρ+
256
√
π

15

ℏ2a
5/2
11

m
ρ3/2. (5.12)

shownwfithadashedflfinefinFfig.(5.2). Wepflotasweflfltheenergyresufltfingffromtakfingthe

reaflpartoffff(x)(5.10),wfithoutfinvokfingtheapproxfimatfionx=1. Onflyverycflosetothe

a12=−a11flfimfitcorrespondfingtozeroequfiflfibrfiumdensfity,bothpredfictfionsarenearflythesame

whfifletheycflearflydfifferfforfinfitedensfitfies. WereporttheexactDMCenergfiesfinFfig.(5.2).

Theperturbatfive MF+LHYresufltsarerecoveredfforsmaflflrangeRoffthesquareweflfland

ρa311≈10
−6,seeFfig.5.2a.However,whenRfisfincreasedbyaflargeamount(toR=100a11)

theunfiversaflfitybreaksatρR3≃10−1. Theenergfiesfforexperfimentaflflyreflevantdensfitfies,
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Ffig. 5.1 The energy per partficfle off a symmetrfic Bose-Bose flfiqufid as a ffunctfion off the densfity ffor
a12=−1.01a11,−1.05a11and−1.2a11. Dfifferent totafl number off partficflesNfis used to fiflflustrate
the finfite-sfize effect. Resuflts are obtafined wfith hard-core off dfiametera11ffor the repuflsfive
fintraspecfies finteractfion and a square weflfl potentfiafl wfith dfiameterρR3=10−5ffor finterspecfies
attractfion. Fuflfl flfines are finfite-sfize correctfions comfing ffrom the mean-fiefld energy Eq. (5.9)and
dashed flfine fis the MF+LHY resuflt.
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Ffig. 5.2 DMC equatfion off state off the symmetrfic Bose-Bose flfiqufid mfixture ffor dfifferent vaflues off
a12and dfifferent rangesR, fin comparfison wfith MF+LHY theory.

ρa311≈10
−5 [29,30], are reported fin Ffig.5.2b. In thfis case and ffor flarger densfitfies (Ffig.5.2c),

we observe that the energy depends on the potentfiafl range. Furthermore, the two ways off wrfitfing

the perturbatfive equatfion off state, gfiven by Eqs. (5.10,5.12), dfiffer among themseflves but are

not equafl to the obtafined DMC equatfion off state. The flatter appears to be findependent offR

up to approxfimateflyρR3=10−3. Indeed, the dfifference between the energy per partficfleE/N
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caflcuflatedatρR3=10−3andρR3=10−5fisatmost3errorbarsor6%atthehfighestdensfity

andatmost4%finthemfinfimum.

5.4 Repuflsfivebeyond-LHYenergy

Itcanbenotedthatwfithfinperturbatfivetheorytheenergyfisasfingflecurvewrfittenfinunfitsoffthe

equfiflfibrfiumenergyE0anddensfityρ0.Thatfis,theequatfionoffstate(5.12)canbeconvenfientfly

representedasa(E/E0,ρ/ρ0)curve,

E

|E0|
=−3

ρ

ρ0
+2

ρ

ρ0

3/2

, (5.13)

wfith,fforthesymmetrficmfixture

ρ0=
25π(a11+a12)

2

16384a511
, (5.14)

and

E0/N=−
25π2ℏ2|a11+a12|

3

49152ma511
. (5.15)

TheDMCequatfionsoffstateffordfifferentscatterfingflengthsareshownfinFfig.(5.3).Theresuflts

areobtafinedfforsuficfientflysmaflflpotentfiaflrange,ρR3=10−5,ensurfingtheunfiversaflfityfin

termsoffthes-wavescatterfingflength.AsaflreadyobservedfinFfig.(5.2),when|a12|≈a11,the

MF+LHYpredfictfionfisrecovered.Increasfing |a12|/a11repuflsfivecontrfibutfionstotheenergy

beyondtheLHYtermsareffound.Atthesametfime,theequfiflfibrfiumdensfitfiesbecomeflower

comparedtotheonespredfictedbyEq.(5.13),whfichwasobtafinedbycaflcuflatfingff(x)ffunctfion

atx=1.IfffinsteadoneusesEq.(5.10)derfivedbytakfingthereaflpartoffff(x),weakerbfindfing

fispredfictedascomparedtoDMCresuflts. Thus,aswecanseefinFfig.5.2,fforsmaflflranges

ρR3=10−5,theDMCmany-bodypredfictfionfisbetweenEq.(5.10)and(5.13),butcfloserto

Eq.(5.13).

TheDMCvafluesofftheequfiflfibrfiumenergfiesanddensfitfiesarereportedfinTabfle5.1.Theyare

aflsocomparedtopredfictfionsffromperturbatfivetheorygfivenbyEq.(5.13). Wfiththefincreaseoff

|a12|/a11theequfiflfibrfiumandspfinodafldensfitfiesstarttodepartsfignfificantflyffromtheMF+LHY

vaflues.ItfisworthnotficfingagafinthattheMF+LHYequatfionoffstatebecomescompflex,and

thusunphysficafl,unflesstheapproxfimatfionff(a212/a
2
11=1)fisused.Ourresufltsshowthat,even

verysmaflfl(finabsoflutevaflue)negatfivepressures,cancausespfinodaflfinstabfiflfity.Fortypficafl

experfimentaflparametersa11=50a0[29,30]theunfifformflfiqufidbreaksfintodropfletswhen

theappflfiednegatfivepressurefisverysmaflfl,ffrom1.81pPaffora12=−1.05a11to31.3nPaffor

a12=−1.5a11.

AscanbeseenffromFfig.5.2,theequatfionoffstateflosesunfiversaflfityfintermsoffthescatterfing

flengthwhenρR3≳10−3. Thfisposesthereflevantquestfionoffwhetherbyfixfingonemore

parameter,besfidesthes-wavescatterfingflength,fitfispossfibfletoobtafinaunfiversafldescrfiptfion.

Toaddressthfisquestfion,weperfformedDMCcaflcuflatfionsusfingthe10-6modeflwfithequfivaflent

vafluesoffthes-wavescatterfingflengthsandeffectfiverangereffofftheattractfivefinteractfion.For
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Ffig. 5.3 Equatfions off state off a symmetrfic Bose-Bose flfiqufid ffor dfifferenta12/a11normaflfized to
the densfity and the energy at MF+LHY equfiflfibrfium pofint (ρ0,E0). Dashed flfines show fits to the
data fin the fform offE/N=αx+βxγwfithx=ρa311. The range off the square weflfl fisρR

3=10−5.

the repuflsfive finteractfions, we fix the range off the 10-6 modefl potentfiafl tor0=2a11. In Ffig.5.4,

we show resuflts ffor scatterfing flengtha12=−1.2a11and three vaflues off the effectfive rangereff.

The soflfid flfine fis ffor Eq. (5.12) and the dashed one ffor the reafl part off Eq. (5.10). The range off the

SW potentfiafl fisR/a11= 0.531, 2.17, and 9.18 whenreff/a11=0.626, 3.74 and 37.3, respectfivefly.

We find that specfiffyfing onfly the scatterfing flength cannot generaflfly ffuflfiflfl unfiversafl resuflts unfless

the range fis sufficfientfly smaflfl,ρR3 10−1. The finteractfion potentfiafl ffor a gfiven scatterfing

flength predficts dfifferent energfies and equfiflfibrfium densfitfies when dfifferent effectfive ranges are

used. Generaflfly, fincreasfing the range flowers the energy and shfiffts the equfiflfibrfium densfity to

flarger vaflues. However, fiff we specfiffy both the scatterfing flength and the effectfive range, then we

observe that the dfifference between resuflts off two modefls fis aflways smaflfler than the dfifference

between resuflts ffor the same type off modefl but wfith a dfifferent effectfive range. In Ffig.5.4,the

two modefls wfithreff/a11=0.626 gfive, wfithfin errorbars, the same energfies fin the whofle densfity

range. Increasfing the range, at hfigher densfitfies, we observe that the two potentfiafls start to gfive

dfifferent predfictfions and that the dfifference between them grows wfith the fincrease fin densfity.

Interestfingfly, even when the effectfive range fis qufite flarge,reff/a11=37.3, the reflatfive dfifference

between the modefls remafins flower than 10%, as flong asρR3<0.2. Increasfing the densfity even

ffurther, we woufld need more parameters beyonda12andreffto descrfibe the finteractfion. The

observed dependence on the effectfive range fforρeqR
3>10−3fis fin overaflfl agreement wfith the

recent caflcuflatfion off unbaflanced mfixtures [33] based on the varfiatfionafl hypernetted chafin method.

It fis finterestfing to notfice that the MF+LHY equatfions off state, ffoflflowfing Eq. (5.13), are cfloser

to our ffuflfl many-body caflcuflatfions usfing rather flarge vaflues off the effectfive range. On the other

hand, the resuflts usfing onfly the reafl part off Eq. (5.10) are above the DMC energfies ffor even the

smaflflest range.

Presumfing that the equatfion off state off the flfiqufid mfixture fis unfiversafl fin terms off the

scatterfing flength and the effectfive range fforρR3 10−1, we use the SW resuflts to deduce the
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Tabfle5.1Energfies(equfiflfibrfiumandspfinodafl)anddensfitfiesffordfifferentscatterfingflengthsa12/a11
fforsmaflflrangesρR3=10−5.Here“eq”standsfforthemfinfimumffromthefittoDMCenergy
shownfinFfig.5.3,“0”standsfformfinfimumoffperturbatfiveequatfionoffstategfivenbyEq.(5.13),
spfinodaflpofintfisdenotedby“sp”ffromthefitonDMCdataand“sp,0”fincaseoffEq.(5.13).

a12
a11

105ρeq

a−311

ρeq
ρ0

105ρsp

a−311

ρsp
ρsp,0

106ℏ2Eeq
2ma211N

Eeq
E0

−1.05 1.12 0.934 0.715 0.932 −1.15 0.919
−1.10 4.28 0.894 2.73 0.888 −8.82 0.879
−1.20 14.5 0.754 9.19 0.749 −56.0 0.697
−1.30 28.0 0.649 17.7 0.641 −163 0.601
−1.40 44.9 0.585 28.3 0.576 −334 0.520
−1.50 62.4 0.521 39.3 0.512 −554 0.441

ffoflflowfingfformffortheequatfionoffstate

E

N
=
|E0|

N
−3

ρ

ρ0
+β

ρ

ρ0

γ

, (5.16)

whereβandγareffunctfionsoffa12/a11andreff/a11

β=β01
a12
a11
+ β10+β11

a12
a11

R(a12,reff)

a11
(5.17)

γ=γ00+γ01
a12
a11
+ γ10+γ11

a12
a11

R(a12,reff)

a11
. (5.18)

Rfisthesquareweflfldfiameterassocfiatedwfiththegfivena12andreff>0.Itcanbecaflcuflated

numerficaflflyfforgfivena12andreff,andweprovfideanumerficaflcodefin[148].Thereare7ffree

parametersfinthemodefl:β01,β10,β11,γ00,γ01,γ10,γ11. Theyareobtafinedbyfittfing18

equatfionsoffstatewfithdfifferentRanda12.Inpartficuflar,thechosena12/a11were-1.01,-1.05,

-1.08,-1.1and-1.2.TheobtafinedvafluesofftheparametersaregfivenfinTabfle5.2.

Tabfle5.2Parametersofftheequatfionoffstate.

β01 β10 β11 γ00 γ01 γ10 γ11
−1.956(3) 0.231(5) 0.236(5) 1.83(2) 0.32(2) 0.030(3) 0.030(3)

Wfiththesevaflues β(a12=−a11,R=0)=1.956±0.003,γ(a12=−a11,R=0)=1.51±0.02,

whfichfisverycflosetoMF+LHYvaflue:β=2,γ=1.5. Wethenverfifiedthatthfisfformpredficts

weflfltheequatfionoffstateuptoa12=−1.3a11provfidedthatRfisnottooflarge(ρR
3<10−1).
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Ffig. 5.4 Dependence off the equatfion off state on the effectfive range.

5.5 Unfiversafl equatfion off state

The equatfion off state (5.16) can be used as an energy ffunctfionafl [32] to caflcuflate densfity profifles

off flfiqufid mfixture drops wfithfin the flocafl densfity approxfimatfion (LDA), ffoflflowfing the procedure

descrfibed fin Chapter2. Startfing ffrom the DMC equatfion off state and usfing LDA we obtafin

densfity profifles off drops ffor dfifferent scatterfing flengths and effectfive ranges and compare them

wfith MF+LHY predfictfions fin Ffig.5.5. To do so we wrfite the energy ffunctfionafl as

E=
2

2m
N|∇φ|2+

25π2 2|a11+a12|
3

49152ma511
−3
N2|φ|4

ρ0
+β
(N|φ|2)γ+1

ργ0
,

whereNfis the number off partficfles andφfis normaflfized as

d3r|φ|2=1. (5.19)

Then, we find the statfionary soflutfion off the equatfion off motfion

fi
∂φ

∂t
=−

2∇2φ

2m
+
25π2 2|a11+a12|

3

49152ma511
−6
N|φ|2

ρ0
+β(1 +γ)

N|φ|2

ρ0

γ

φ, (5.20)

by propagatfing fit fin fimagfinary tfimeτ=fit. The resuflts ffor the equfiflfibrfium densfity as a

ffunctfion off the finterspecfies scatterfing flength and the square-weflfl range are presented fin Ffig.5.6

and compared to the MF+LHY predfictfions. For a negflfigfibfle rangeR, the equfiflfibrfium densfity

drops beflow the MF+LHY predfictfion as|a12|/a11fis fincreased. The effect off the finfite range

fis to fincrease the equfiflfibrfium densfity. That fis by fincreasfingR, the LDA predfictfion crosses

the perturbatfive resuflt off MF+LHY and goes above. Overaflfl, by fincreasfing the range and
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decreasfing|a12|/a11(fi.e. gofing fin the up-rfight dfirectfion fin Ffig.5.6) we observe an fincrease off

ρeqLDA/ρ
eq
MF+LHY.
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Ffig. 5.5 Densfity profifles off symmetrfic drops wfith dfifferent scatterfing flengths and ranges compared
to MF+LHY predfictfions. Dashed and dotted flfines correspond to LDA caflcuflatfions usfing the
energy ffunctfionafl (Eq.5.16), fforρpR

3=10−5(dashed flfine) andρpR
3=10−1(dotted flfine), where

ρp=25π(a11+a12)
2/(16384a511) fis equfiflfibrfium densfity ffrom the MF+LHY theory. Fuflfl flfines

correspond to MF+LHY caflcuflatfion usfing the approxfimatfionff(a212/a
2
11= 1). For eacha12andR,

we show profifles ffor three dfifferent vaflues off partficfle numbers, wrfitten beflow flegend, dfistfingufished
by coflor and growfing ffrom purpfle to red. Profifles wfith the smaflflest partficfle number (purpfle coflor)
are stabfle (E<0) and cflose to the crfitficafl numberNc=22.55×96

√
6/(5π2|1+a12/a11|

5/2)[24].

5.6 Summary and concflusfion

We have carrfied out hfigh-precfisfion DMC caflcuflatfions off the ground-state equatfion off state off

ufltradfiflute two-component Bose flfiqufids. We find out that the use off onfly the first beyond-MF

correctfion, the LHY term, fis accurate onfly ffor extremefly smaflfl densfitfies, and onfly when the range

off the finteractfion fis not very flarge. In our study, we have used ffor the rangeRthe dfiameter off

the square weflfl potentfiafl, whfich has the same scatterfing flength and effectfive range as the chosen

modefl. Iff|a12/a11+1|≤0.05 andρR
3<10−3one parameter, thes-wave scatterfing flength fis

enough to descrfibe the system, but there fis an apprecfiabfle dfifference wfith respect to MF+LHY.

Increasfing the range, one enters a regfime where finteractfion potentfiafls wfith the same scatterfing

flength and effectfive range gfive equfivaflent resuflts wfithfin 10%, whfich means that up toρR3=0.1

we have at hand a unfiversafl equatfion off state whfich fis a ffunctfion off two parameters. For even
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Ffig. 5.6 Ratfio off equfiflfibrfium densfitfiesρeqLDA/ρ
eq
MF+LHY vs. scatterfing flengtha12and the rangeR.

Isoflfines ffoflflow vaflues wfith the constantρeqLDA/ρ
eq
MF+LHY. LDA resuflts are obtafined startfing ffrom

the DMC equatfion off state.

flarger vaflues offρR3, addfitfionafl parameters woufld need to be specfified. The resuflts off scatterfing

caflcuflatfions off aflkaflfi atoms, such as gfiven fin Reff. [95,149], findficate that most flfikefly, the effectfive

ranges are qufite ffar ffrom the zero-range flfimfit. In that case, ffor obtafinfing the correct resuflts, one

needs a ffuflfl many-body approach flfike DMC. Here, we provfide a new energy ffunctfionafl based on

the best fit off DMC data and use fit to caflcuflate the densfity profifles off reaflfistfic drops wfith LDA.



Chapter6

Ffinfite-rangeeffectsfinufltradfiflute39K

quantumdrops

6.1 Introductfion

Inthetwoflabs[29,30],wheretheufltradfifluteBose-Bosedropshavebeenobserved,theBose-Bose

mfixturefiscomposedofftwohyperfinestatesoff39K.InthefirstexperfimentbyCabreraetafl.[29],

thedropsareharmonficaflflyconfinedfinoneoffthedfirectfionsoffspace,whereasfinthesecond

onebySemeghfinfietafl.[30]thedropsareobservedfinffreespace.Thfisdfifferencefinthesetup

makesthat,finthefirstcase,thedropsarenotspherficaflflfikefinthesecondexperfiment.The

externafltrapaflsoaffectsthecrfitficaflnumber:themfinfimumnumberoffatomsrequfiredtogeta

seflff-boundstate.Themeasuredcrfitficaflnumbersdfiffersfignfificantflybetweenthetwoflabsdueto

thedfifferentshapesoffthedrops,theonesfintheconfinedcasebefingsmaflflerthanfintheffree

case.Inbothworks,theexperfimentaflresufltsfforthecrfitficaflnumberarecomparedwfiththe

LHY-extendedmean-fiefld(MF+LHY)theory.Theagreementbetweenthfistheoryandthedrops

producedfinffreespacefisentfireflysatfisffactorydespfitetheflargeerrorbarsofftheexperfimentafl

datathathfinderaprecfisecomparfison.However,fintheconfineddropsoffReff.[29],wherethe

crfitficaflnumbersaresfignfificantflysmaflflerthanfintheffreecase,thetheoretficaflpredfictfionsdonot

matchweflfltheexperfimentafldata.

Ufltradfifluteflfiqufiddrops,whfichrequfirebeyond-meanfiefldcorrectfionstobetheoretficaflfly

understood,offertheperffectbenchmarktoexpflorepossfibfleeffectsbeyondMF+LHYtheory

[150]whfichusuaflflypflayamfinuteroflefinthecaseoffsfingfle-componentgases[11,17].Indeed,

severafltheoretficaflstudfies(seeChapters4,5,6andReffs.[33–36])findficateastrongdependence

offtheequatfionoffstateofftheflfiqufidonthedetafiflsoffthefinteratomficfinteractfion,evenatvery

flowdensfitfiesaccessfibfletotheexperfiment.Thfisessentfiaflflymeansthatfitfisaflreadypossfibfleto

achfieveobservatfionsoutsfidetheunfiversaflregfime,finwhfichaflflthefinteractfionscanbeexpressed

fintermsoffthegasparameterna3,wfithathes-wavescatterfingflength.Thefirstcorrectfion

beyondthfisunfiversaflfityflfimfitmustfincorporatethenexttermfinthescatterfingserfies,whfichfis

theeffectfiverangereff[93,151],whfichfinffactcanbequfiteflargefinthesedropsandaflkaflfiatoms

fingenerafl[95,149].
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Motfivatedbyexperfimentswfithquantumdrops,wehavefinvestfigatedtheseflff-boundquantum

mfixturecomposedofftwohyperfinestatesoff39KusfingnonperturbatfivequantumMonteCarflo

(QMC)methods. DfirectQMCsfimuflatfions,suchasthosepresentedfinChapter4,offfinfite

partficfle-numberdrops,asproducedfinexperfiments,woufldserveasagreattestoffmean-fiefld

theory,but,unffortunatefly,thfisfisnotyetachfievabflebecauseofftheflargenumberoffpartficflesfin

reaflfistficdrops(N>104).Neverthefless,theprobflemcanbeaddressedfintheDensfityFunctfionafl

Theory(DFT)spfirfit,reflyfingontheHohenberg-Kohm-Sham2ndtheorem[77],whfichguarantees

thatadensfityffunctfionaflexfiststhatmatchesprecfiseflytheground-statesoflutfion.Tobufiflda

ffunctfionaflfforthequantumBose-Bosemfixture,wehavecarrfiedoutcaflcuflatfionsfinbuflkcondfitfions

usfingthedfiffusfionMonteCarflo(DMC)method,anexactQMCtechnfiqueappflficabfletosystems

atzerotemperature(seeSec.3.5).Usfingthatffunctfionafl,wecanaccessenergetficsandstructure

offflfiqufiddropsfinthesamecondfitfionsasfintheexperfiment. Weffocusonthedataobtafined

byCabreraetafl.[29]fintheconfinedsetupsfincefitfisfinthatcasewheredfiscrepancfiesbetween

MF+LHYtheorywereobserved.

Therestoffthechapterfisorganfizedasffoflflows.InSec.(6.2)wefintroducethetheoretficafl

methodsusedfforthestudyanddfiscusshowthedensfityffunctfionaflfisbufiflt.Sec.(6.3)comprfises

thebuflkflfiqufidresufltsusfingtheavafiflabflescatterfingdataoffthe39Kmfixture.Thefincflusfionoff

theeffectfiverangeparametersfinthefinteractfionmodeflaflflowsfforabetteragreementwfiththe

measuredcrfitficaflnumbers.Ffinaflfly,wesummarfizethemostreflevantresufltshereobtafinedand

derfivethemafinconcflusfionsoffourwork.

6.2 Hamfifltonfianandthe methods

Westudyaflfiqufidmfixtureofftwohyperfinestatesoff 39Kbosonsatzerotemperature. The

Hamfifltonfianoffthesystemfis

H=
N

fi=1

−
ℏ2

2m
∇2fi+

1

2

2

α,β=1

NαNβ

fiα,jβ=1

V(α,β)(rfiαjβ), (6.1)

whereV(α,β)(rfiαjβ)fisthefinteratomficpotentfiaflbetweenspecfiesαandβ.Themfixturefiscomposed

offN=N1+N2atoms,wfithN1(N2)bosonsofftype1(2).Thepotentfiaflsarechosentoreproduce

theexperfimentaflscatterfingparameters,andwehaveuseddfifferentmodeflpotentfiaflstofinvestfigate

thefinfluenceoffthefincflusfionofftheeffectfiverange.Themficroscopficstudyhasbeencarrfiedout

usfingasecond-orderDMCmethod[144],asdescrfibedfinChapter3.Inthepresentcase,and

sfimfiflarflyasfinChapters4and5,weusedatrfiaflwaveffunctfionbufifltasaproductoffJastrow

ffactors[147],

Ψ(R)=
N1

fi<j

ff(1,1)(rfij)
N2

fi<j

ff(2,2)(rfij)
N1,N2

fi,j

ff(1,2)(rfij), (6.2)
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wherethetwo-partficflecorreflatfionffunctfionsff(r)reproducetheexpectedbehavfioratsmaflfland

flargedfistancebetweenatompafirs

ffα,β(r)=






ff2b(r) r<R0

Bexp(−Cr+
D
r2
), R0<r<L/2

1, r>L/2,

(6.3)

thusffocusfingthesampflfingwherefitfisphysficaflflymostflfikefly.Theffunctfionff2bfisthesoflutfion

offthetwo-bodyprobflemfforaspecfificfinteractfionmodefl,andfitfisconnectedtotheflong-range

phononwaveffunctfion[147]wfiththecorrespondfingcoeficfientsB,CandD,whfichareadjustedto

matchthecontfinufitycondfitfionoffthewaveffunctfion,fitsfirstderfivatfiveandthefimposfingcondfitfion

offzeroderfivatfiveatr=L/2.R0fisavarfiatfionaflparameter,andL=(N/ρ)
1/3fisthesfizeoffthe

sfimuflatfionbox.TherefisaweakdependenceoffthevarfiatfionaflenergyonR0.Eventhoughthe

flong-rangepartoffthewaveffunctfiondoesnotcontrfibutesfignfificantflytothevarfiatfionaflenergy,

wehavekeptthephononpartfinthetwo-bodycorreflatfionsfinordertosmoothflyconnectthe

waveffunctfiontor=L/2,wherefitffuflflfiflsthecondfitfionff′(r=L/2)=0.Partficuflarfly,thevaflue

offvarfiatfionaflparameterR0hasbeenkeptasR0=0.9L/2fforaflflthecases.Acareffuflanaflysfisoff

fimagfinarytfime-stepdependenceandpopuflatfionsfizebfiashasbeencarrfiedout,keepfingbothweflfl

underthestatfistficaflerror.Thetfime-stepdependencefisweflfleflfimfinatedffor∆τ=0.2×ma211/ℏ

andthepopuflatfionbfiasbyusfingnw=100. Oursfimuflatfionsareperfformedfinacubficbox

wfithperfiodficboundarycondfitfion,usfinganumberoffpartficflesN.Thethermodynamficflfimfit

fisachfievedbyrepeatfingcaflcuflatfionswfithdfifferentpartficflenumbers;weobservethat,wfithfin

ournumerficaflprecfisfion,theenergyperpartficfleconvergesatN≈600ffortherangeoffmagnetfic

fiefldshereconsfidered.

Wfithfindensfityffunctfionafltheory(DFT),weseekfforamany-bodywaveffunctfionbufifltasa

productoffsfingfle-partficfleorbfitafls,

Ψ(r1,r2,...,rN)=
N

fi=1

ψ(rfi). (6.4)

Thesesfingfle-partficflewaveffunctfions,whfichfingeneraflaretfime-dependent,areobtafinedbysoflvfing

theSchrödfinger-flfikeequatfion[32],

fiℏ
∂ψ

∂t
= −

ℏ2

2m
∇2+Vext(r)+

∂Efint
∂ρ

ψ, (6.5)

whereVextfisanexternaflpotentfiaflactfingonthesystemandEfintfisanenergypervoflumeterm

thataccountsfforthefinterpartficflecorreflatfions.TheEq.(6.5)fissoflvedasdescrfibedfinChapter2.

6.2.1 Interatomfic modeflpotentfiafls

Forthesystemunderstudy,39K,onflytwoscatterfingparameters,thatfisthes-wavescatterfing

flengthandtheeffectfiverange,areknown.Inthemfixtureoff39Kunderstudy,wecaflflthestate

|F,mF⟩=|↓⟩=|1,0⟩ascomponent1,andthestate|F,mF⟩=|↑⟩=|1,−1⟩ascomponent2.In
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ordertomodeflthefinteractfionpotentfiaflwfiththoseparameters,wehaveusedthreedfifferentset

offpotentfiafls:

fi)Hard-corefinteractfions(HCSW)wfithdfiameterafifi,fi=1,2,ffortherepuflsfivefintraspecfies

finteractfion,andasquare-weflflpotentfiaflwfithrangeR=a11anddepthV0fforthefinterspecfies

potentfiafl. Thethreepotentfiaflsreproducethes-wavescatterfingflengthsfforthethree

channefls. Mathematficaflexpressfionfforthepotentfiaflreads

Vfifi(r)=






∞, r<afifi

0, otherwfise,
(6.6)

fforfi=1,2.Thes-wavescatterfingflengthoffthfispotentfiaflcorrespondstothedfiameteroff

thehardcore.Interspecfiesattractfionfismodefledbytheattractfivesquareweflflpotentfiafl

V12(r)=






−V0, r<R0

0, otherwfise.
(6.7)

Thes-wavescatterfingflengthandtheeffectfiverangeofftheattractfivesquareweflflcanbe

ffoundfinReff.[11].

fifi)POT1standsfforasetoffpotentfiaflswhfichreproducesboththes-wavescatterfingflengthsand

effectfiverangesoffthethreefinteractfingpafirsoffthe39Kmfixture.Tomodeflthefinteractfions,

wehavechosenasquare-weflflsquarebarrfierpotentfiafl[152]fforthe11channefl,a10-6

Lennard-Jonespotentfiafl[124]fforthe22channefl,andasquare-weflflpotentfiafloffrangeR

anddepthV0[11]finthe12channefl. Mathematficaflexpressfionoffthesepotentfiaflsarethe

ffoflflowfing

V11(r)=






−V0, r<R0

V1, R0<r<R1

0, R1>r,

(6.8)

V12(r)=






−V0, r<R0

0, eflse,
(6.9)

V22(r)=V0
r0
r

10

−
r0
r

6

. (6.10)

Theeffectfiverangeoff22potentfiaflwasffoundnumerficaflflybysoflvfingthetwo-bodyscatterfing

probflem(seeSec.2.5.1andReff.[93]),whereasanaflytficaflexpressfionsffortheeffectfive

rangesffor11and12finteractfionsaregfivenfinReffs[152]and[11],respectfivefly.

fififi)POT2aflsoreproduceboththes-wavescatterfingflengthsandeffectfiveranges,byusfing

asumoffGaussfiansfinthe11channefl,a10-6Lennard-Jonespotentfiaflfinthe12channefl,

andfinaflflyasofft-spheresquareweflflfinthe22channefl. Mathematficaflexpressfionfforthese

potentfiaflsread

V11(r)=−V0exp−
r2

2r20
+V1exp−

(r−r1)
2

2r20
, (6.11)
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Tabfle6.1Scatterfingparametersfforthe39Kmfixture[153],s-wavescatterfingflengthaandthe
effectfiverangerefffinunfitsoffBohrradfiusa0,asaffunctfionoffthemagnetficfiefldB.

B(G) a11(a0) reff11(a0) a22(a0) reff22(a0) a12(a0) reff12(a0)

56.230 63.648 -1158.872 34.587 578.412 -53.435 1021.186
56.337 66.619 -1155.270 34.369 588.087 -53.386 1022.638
56.395 68.307 -1153.223 34.252 593.275 -53.360 1022.617
56.400 68.453 -1153.046 34.242 593.722 -53.358 1022.616
56.453 70.119 -1150.858 34.136 599.143 -53.333 1023.351
56.511 71.972 -1148.436 34.020 604.953 -53.307 1024.121
56.574 74.118 -1145.681 33.895 610.693 -53.278 1024.800
56.639 76.448 -1142.642 33.767 616.806 -53.247 1025.593

V12(r)=V0
r0
r

10

−
r0
r

6

, (6.12)

V22(r)=






V0, r<R0

−V1, R0<r<R1

0, R1>r.

(6.13)

Thescatterfingparametersfforthepotentfiaflfinthe11and12channeflareffoundnumerficaflfly

(seeSec.2.5.1andReff.[93]).Scatterfingpropertfiesoff22channeflcanbeffoundusfingthe

reflatfionsfin[152].

Inaflflcases,theattractfivefinteratomficpotentfiafldoesnotsupportatwo-bodyboundstate. We

haveobtafinedthes-wavescatterfingflengthandeffectfiverangeoffthepotentfiaflsusfingstandard

scatterfingtheory(seeSec.2.5.1andReffs.[93,151]). Notethatfforagfivensetoffjusttwo

scatterfingparameters,therefisanuncountabflenumberoffcorrespondfingpotentfiafls. Wehave

usedHCSWpotentfiaflstofinvestfigatesystemsundertheflfimfitoffzerorange.However,thfissetoff

potentfiaflscannotreproducethescatterfingparametersoff39KgfivenfinTabfle6.1.Inordertoffuflfiflfl

bothscatterfingcondfitfions,thes-wavescatterfingflengths,andtheeffectfiveranges,finteractfion

potentfiaflsneedtohaveamoreeflaborateshape,soweusePOT1andPOT2setoffpotentfiafls.

Thesepartficuflarchoficesofffinteractfionmodeflsaresomewhatarbfitrarysfincewehaveffocusedonfly

onreproducfingtwoscatterfingparameters.POT1andPOT2potentfiaflshavedfifferentshapes

andthusdfifferenthfigher-orderscatterfingparameters.However,theyarequaflfitatfiveflysfimfiflar,

fi.e.,theysharethedomfinantrepuflsfiveorattractfivecharacteroffthepotentfiafl,andtheyhavea

sfimfiflarstructure.Aflflthepotentfiaflsweusedonotsupportatwo-bodyboundstate.

6.3 Equatfionsoffstate

InordertogobeyondtheMF+LHYdensfityffunctfionafl,wehavecarrfiedoutDMCcaflcuflatfionsoff

thebuflkflfiqufid.InFfig.(6.2),weshowtheenergyperpartficfleoffthe39Kmfixtureasaffunctfion

offthedensfity,usfingthreedfifferentsetsoffpotentfiaflsfintheHamfifltonfian(6.1). Wecompareour
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Ffig. 6.1 POT1 and POT2 potentfiafls fin each off the channefl whfich reproduce thes-wave scatterfing
flengths and effectfive ranges ffor39K mfixture atB=56.337G.

DMC resuflts to the MF+LHY theory, whfich can be compactfly wrfitten as [24]

E/N

|E0/N|
=−3

ρ

ρ0
+2

ρ

ρ0

3/2

, (6.14)

assumfing the optfimafl concentratfion off partficfles ffrom mean-fiefld theory,N1/N2= a22/a11.The

energy per partficfleE0/Nat the equfiflfibrfium densfityρ0off the MF+LHY approxfimatfion are

E0/N=
25π2 2|a12+

√
a11a22|

3

768ma22a11
√
a11+

√
a22

6, (6.15)

ρ0a
3
11=

25π

1024

a12/a11+ a22/a11
2

(a22/a11)
3/2 1+ a22/a11

4. (6.16)

In Ffig. (6.2), we report DMC resuflts ffor the equatfion off state correspondfing to a magnetfic fiefld

B=56.337 G, one off the magnetfic fieflds used fin experfiments. We demonstrate the convergence off

energy per partficfle on the number off partficfles fin the partficuflar case off the POT1 set off potentfiafls.

As we can see, the convergence fis achfieved wfithN= 600. We have repeated thfis anaflysfis ffor

aflfl the potentfiafls, and, fin aflfl the magnetfic fiefld range expflored, we arrfive at convergence wfith
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Ffig. 6.2 Dependence off the equatfion off state off39K quantum flfiqufid on the effectfive range ffor
seflected potentfiafl modefls, compared wfith MF+LHY theory. Fuflfl cfircfles are caflcuflatfions usfing
POT1, and we fiflflustrate the convergence to negflfigfibfle finfite-sfize effects startfing ffromN= 100
(flower pofints), 200, 400, 500 toN= 600 (upper pofints). Dashed flfines are fits to the DMC data
wfith Eq. (6.17).

sfimfiflarNvaflues. We have finvestfigated the dependence on the effectfive range by repeatfing the

caflcuflatfion usfing the HCSW and POT2 potentfiafls. As fit fis cflear ffrom Ffig. (6.2), onfly when

both scatterfing parameters, thes-wave scatterfing flength and the effectfive range, are fimposed

on the modefl potentfiafls, we get an approxfimate unfiversafl equatfion off state, mafinfly around the

equfiflfibrfium densfity. The equatfion off state so obtafined shows a sfignfificant and overaflfl decrease

off the energy compared to the MF+LHY predfictfion, wfith a correctfion that fincreases wfith the

densfity. Instead, usfing the HCSW potentfiafls, whfich onfly ffuflfiflfl thes-wave scatterfing flengths, the

energfies obtafined are even above the MF+LHY predfictfion. Sfimfiflar behavfior has been prevfiousfly

shown to hofld fin symmetrfic (N1=N2) Bose-Bose mfixtures (see Chapter5).

Equatfions off state off the buflk mfixture, ffor the seven vaflues off the magnetfic fiefld used fin the

experfiments (B=56.230 G toB=56.639 G), are shown fin Ffig. (6.3). The DMC resuflts are

caflcuflated usfing the modefl POT1. In aflfl cases, we take the mean-fiefld predfictfion ffor the optfimafl

ratfio off partfiafl densfitfiesρ1/ρ2= a22/a11. We have verfified fin severafl cases that thfis fis aflso the

concentratfion correspondfing to the ground state off the system fin our DMC caflcuflatfions, fi.e.,

the one that gfives the mfinfimum energy at equfiflfibrfium (see Sec.6.5.1). The DMC resuflts are

compared wfith the MF+LHY equatfion off state (Eq.6.14). Overaflfl, a reductfion off the magnetfic

fiefld, or equfivaflentfly an fincrease fin|δa|=a12+
√
a11a12, fleads to an fincrease off the bfindfing
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energy compared to the MF+LHY approxfimatfion. Thfis happens cflearfly due to the finfluence off

the flarge experfimentafl effectfive range sfince fin the flfimfit off zero range, one woufld observe overaflfl

repuflsfive beyond-LHY terms (see aflso Ffig.6.2and Chapter5).
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Ffig. 6.3 DMC energy per partficfle ffor the39K flfiqufid as a ffunctfion off the densfity (cfircfles), startfing
ffromB=56.230G(flower pofints) toB=56.639G(upper pofints). Energy and densfity are
normaflfized toE0andρ0, gfiven fin Eq.6.15and6.16, respectfivefly. Dashed flfines are fits wfith Eq.
(6.17). Fuflfl flfine fis the MF+LHY theory (Eq.6.14), unfiversaflfly expressed fin terms off equfiflfibrfium
densfity (Eq.6.16) and energy (Eq.6.15).

DMC energfies ffor the39K mfixture are weflfl fitted usfing the ffunctfionafl fform

E/N=αρ+βργ, (6.17)

as fit can be seen fin Ffig. (6.3). These equatfions off state, caflcuflated wfithfin the range off magnetfic

fieflds used fin experfiments, are then used fin the ffunctfionafl fform (6.5) wfith the finteractfing energy

densfity befing

Efint=ρ
E

N
(6.18)

Wfith the new ffunctfionafl, based on our DMC resuflts, we can study the quantum drops wfith the

proper number off partficfles whfich fis too flarge ffor a dfirect DMC sfimuflatfion.

6.4 Crfitficafl atom number

Resuflts ffor the crfitficafl atom numberNcat dfifferentBare shown fin Ffig. (6.4) fin comparfison

wfith the experfimentafl resuflts off Reff. [29]. To make the comparfison reflfiabfle, we have fincfluded

the same transversafl confinement as fin the experfiment. In partficuflar, theoretficafl predfictfions are
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Ffig. 6.4 Dependence off the crfitficafl atom number off a39K dropflet on the magnetfic fiefld. Fuflfl
cfircfles are predfictfions usfing the QMC ffunctfionafl wfithfin DFT wfith the finteractfion potentfiafls
whfich reproduce bothaandreff. Dfiamond pofints are data ffrom the experfiment [29]. Empty
pofints show the predfictfion usfing the QMC ffunctfionafl wfith the HCSW modefl potentfiafls.

obtafined wfithfin DFT, usfing a Gaussfian ansatz normaflfized to totafl partficfle numberN

φ=

√
N

π3/4σr
√
σz
exp−r2/(2σ2r)−z

2/(2σ2z), (6.19)

where we takeσrandσzto be varfiatfionafl parameters. To obtafin the crfitficafl atom number,

we have caflcuflated the bfindfing energy per partficfle (fin absoflute vaflue)E/N− ωz/2, wfith

ωz= /(ma2ho), as a ffunctfion off the totafl atom number. By extrapoflatfing the fit to the pofint

where bfindfing energy fis equafl to zero, we obtafin the crfitficafl atom number. Thfis fis fiflflustrated ffor

B=56.230Gat Ffig. (6.5).

When the equatfion off state off the buflk takes finto account the effectfive range off aflfl the pafirs,

we observe an overaflfl decrease offNcwfith respect to the MF+LHY predfictfion. Interestfingfly, fiff

we use the HCSW modefl potentfiafls, wfith essentfiaflfly zero range, our resuflts are on top off the

MF+LHY flfine (see the pofints atB=56.23 G,B=56.337GandB=56.453 G fin Ffig.6.4).

The observed decrease offNcfleads our theoretficafl predfictfion cfloser to the experfimentafl data fin a

sfignfificant amount and aflfl theδarange, cflearfly showfing the sfignfificant finfluence off the effectfive

range on theNcvaflues.

Experfiments on quantum dropflets were perfformed efither fin the harmonfic trap [29]orfina

ffree-drop setup [30]. Predfictfions offNcffor these two geometrfies are gfiven fin Tabfle (6.2)and(6.3),
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Tabfle6.2CrfitficaflatomnumbertofformadropfletfinaharmonfictrapVz=
1
2mω

2
zz
2,where

aho= ℏ/(mωz)=0.639µmfisthesamevaflueasfintheexperfiment[29].Erstandsffor

NQMCc −NMFLHYc /NMFLHYc .

B(G) NQMCc NMFLHYc NICFOc [29] Er NQMCc −NMFLHYc

56.23 3500 4650 - -0.25 -1150
56.337 4200 5570 3420 -0.25 -1370
56.395 5000 6200 3421 -0.19 -1200
56.4 5100 6250 - -0.18 -1150
56.453 6000 7000 4373 -0.14 -1000
56.511 7000 8050 7052 -0.13 -1050
56.574 8500 9800 9217 -0.13 -1300
56.639 11300 12700 13819 -0.11 -1400

Tabfle 6.3 Crfitficafl atom numberffor spherficaflffree drops[30]. Er standsffor

NQMCc −NMFLHYc /NMFLHYc .

B(G) NQMCc NMFLHYc Er NQMCc −NMFLHYc

56.23 16000 15800 0.01 200
56.337 24600 24900 -0.01 -300
56.395 32700 33900 -0.04 -1200
56.4 35300 35500 -0.01 -200
56.453 47200 47700 -0.01 -500
56.511 69100 70600 -0.02 -1500
56.574 114000 119000 -0.04 -5000
56.639 230000 236000 -0.03 -6000

usfingMF+LHYandQMCffunctfionafls.TheabsoflutedfifferenceoffpredfictedNcvafluesbetween

thetwoffunctfionaflsareabout1000atoms.Ontheotherhand,reflatfivedfifferencefismuchhfigher

fintheharmonficaflfly-trappedsystembecausethefintroductfionoffanexternafltrapsfignfificantfly

reducestheNc.

6.5 Sfizeoffa39Kdropflet

Asecondobservabflemeasuredfinexperfimentsfisthesfizeoffthedrops.Cflosetothecrfitficaflatom

number,thedensfityprofifleoffadropcanchangedrastficaflflydependfingontheffunctfionafl. We

fiflflustratethfiseffectfinFfig.(6.6)fforamagnetficfiefldB=56.337G.Inthefigure,weshowthe

dependenceofftheradfiaflsfizeonthenumberoffpartficfles,wfiththesameharmonficconfinement

strengthasfinoneofftheexperfiments[29]. Weobserveasubstantfiafldfifferencebetweenthe

MF+LHYandQMCffunctfionaflresuflts,mafinflywhenNapproachesthecrfitficaflnumberNc.

TheradfiaflsfizeoffaN=15000dropffordfifferentmagnetficfiefldvaflueswasreportedfinReff.[29].

InFfig.(6.7),wecomparetheexperfimentaflvaflueswfithdfifferenttheoretficaflpredfictfions. We

observeasflfightreductfionfinsfizeusfingQMCffunctfionafls,comparedtoMF+LHYtheory,whfichfis

aconsequenceoffthestrongerbfindfingproducedbythefincflusfionofffinfiterangefinteractfions.Sfince

theexperfimentafldatagofintheopposfitedfirectfion,fitmeansthatdropsfizecannotbeexpflafined

sofleflywfiththenon-zeroeffectfiverange.Onepossfibfleexpflanatfionfforthfiscfleardfisagreementcoufld
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Ffig. 6.5 Absoflute vaflue off the bfindfing energy wfith respect to the totafl atom number, usfing the
scatterfing parameters correspondfing to the magnetfic fiefldB=56.230G. Pofints are energfies
estfimated wfith the densfity ffunctfionafl Eq. (6.17), wfith the finput Gaussfian waveffunctfion. Lfines
are fits to the energfies fin a fform Δ/(N−Nc)

C, wfith Δ,NcandCbefing the fit parameters.
Vaflue offNcfis used as an estfimate ffor the crfitficafl atom number. QMC POT1 (QMC HCSW)
stands ffor the QMC-bufiflt ffunctfionafl usfing the POT1 (HCSW) modefl potentfiafls (see Ffig.6.2and
Eq.6.18), whereas the MF+LHY uses ffunctfionafl derfived by Petrov (see Eq.6.14and Reff. [24]).
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Ffig. 6.6 Dependence off the radfiafl sfizeσroff the
39K drop on the number off partficfles. The sfize fis

obtafined ffrom the varfiatfionafl ansatz, sfince cflose to the crfitficafl atom number the densfity profifle
fin the radfiafl dfirectfion fis weflfl approxfimated by a Gaussfian. In both ffunctfionafls, fit fis assumed
that the reflatfive concentratfion fis optfimaflN2/N1= a11/a22. QMC ffunctfionafl fincfludes the
correct finfite-rangereffthrough POT1 set off potentfiafls, Ffig.6.2.
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Ffig. 6.7 Dependence off the radfiafl sfize off aN= 1500039K drop on the externafl magnetfic fiefld, or
equfivaflentfly the resfiduafls-wave scatterfing flength. Lfines are predfictfions under MF+LHY theory;
ffuflfl flfine fis a predfictfion wfithx= 1, dashed and dotted flfines are fits off experfimentafl sfizes usfing a
parameterx.

be a devfiatfion ffrom the optfimafl reflatfive number off partficfles, whfich can occur fin non-equfiflfibrated

drops or when one off the components has a flarge three-body recombfinatfion coefficfient. In sectfion

(6.5.1) we ffurther expflore the theory off non-equfiflfibrated dropflets and fintroduce thexparameter.

6.5.1 Effectfive MF+LHY theory fforx=1flfiqufids

We expflafin the dfiscrepancy fin sfize off the dropflets due to the non-optfimafl ratfio between partficfles,

nameflyN2/N1= a11/a22. For sfimpflficfity, flet us consfider a homogeneous metastabfle flfiqufid wfith

the ratfio off partfiafl densfitfiesρ1andρ2befing

ρ2
ρ1
=x

g11
g22
. (6.20)

Mean fiefld optfimafl partficfle ratfio fis ffuflfiflfled fforx= 1, fi.e., the concentratfion correspondfing to

the ground-state off the system. and a devfiatfion offxffrom one fimpflfies an excess off one off the

component fin the flfiqufid: whenx<1(x>1), there fis an excess off specfies 1 (2). MF and LHY

terms read

EMF
V
=

2

ma211

2π 1+x2+2x
a12/a11

a22/a11

1+x/ a22/a11
2 (ρa311)

2, (6.21)

ELHY
V
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2

ma211

256
√
π
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Ffig. 6.8 Energy per partficfle as a ffunctfion off totafl densfityρ. Dfifferent coflors dfifferentfiate popuflatfion
ratfio throught the parameterx=(ρ2/ρ1) g11/g22, ffuflfl flfines are MF+LHY predfictfions (see Eq.
6.21and6.22), pofints are QMC resuflts, and dashed flfines are the fits to the DMC energfies.

whereρ=ρ1+ρ2fis the totafl densfity. Note that thfis energy ffunctfionafl keeps thexparameter

fixed. Thfis fis fin contrast wfith the ground state off the two-component MF+LHY theory, whfich fis

ffuflfiflfled whenx= 1. Parameterxthus pflays a rofle off how much the flfiqufid fis metastabfle. On Ffig.

(6.8) we compare the equatfions off state wfith varfious non-optfimafl ratfios, obtafined wfith DMC.

We see that finfite-range effects are off second-order compared to the finfluence off non-optfimafl

partficfle ratfio.

We have finvestfigated the behavfior off both the MF+LHY and QMC ffunctfionafls under

varfiatfions finx, and both predfict a decrease fin the drop sfize proportfionafl to the devfiatfion ffrom

x= 1. Usfing the MF+LHY ffunctfionafl, we have obtafined thexvaflues that fit the experfimentafl

sfize ffor everyB(Ffig.6.7). We report the resuflt off thfis anaflysfis fin Ffig. (6.9); notfice that there

fis symmetry onx↔ 1/x, equfivaflent to reflabeflfing the components as 1↔ 2, and so onfly fits

absoflute devfiatfion ffrom one fis fimportant. Thfis resuflt cflearfly shows the sensfitfive dependence off

drop structurafl propertfies on the reflatfive atom number.

As we can see fin Ffig.6.9, the vaflue fforxbecomes 1 (optfimafl vaflue) when the drop composed

off 15000 partficfles fis studfied at the hfighest magnetfic fiefld. Thfis can be understood fiff we observe

that the crfitficafl number ffor thfis magnetfic fiefld matches approxfimatefly thfis number off atoms (see

Ffig.6.4). When the number off atoms off a drop fis flarger than the crfitficafl number (flowerBfin

Ffig.6.7)xdeparts ffrom one. Thfis can be better understood fiff one caflcuflates the drop phase

dfiagram as a ffunctfion offx. The resuflt fis pflotted fin Ffig.6.10. As the number off partficfles fis

approachfing the crfitficafl one, the range off possfibfle vaflues offx, whfich supports a drop state, fis

reducfing. Thfis fis a supportfing ffact that drops cflose to the crfitficafl atom number observed fin the

experfiment ffuflfiflfl the condfitfionx= 1. On the other hand, there fis an fincreasfing range off reflatfive

partficfle concentratfions ffor whfich a drop can emerge as the number off partficfles fincreases.
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Ffig. 6.9 Vaflues offx=N2/N1 a22/a11whfich reproduce the experfimentafl sfize off a N=15000
39K

drop (Ffig.6.7) wfithfin the MF+LHY theory, as a ffunctfion off the magnetfic fiefld. Pofints are the
vaflues whfich reproduce the sfize, and flfines are power-flaw fits offxas a ffunctfion off the magnetfic
fiefldB. Note that two soflutfions exfist sfince the chofice off namfing each component fis twoffofld.

The phenomenoflogficafl densfity ffunctfionafl wfithx= 1 fis motfivated by the experfimentafl

observatfions fin whfichxfis aflways reported to devfiate ffromx= 1. For exampfle, fin Ffig. (6.11)

we show the tfime evoflutfion offxas reported fin Reff. [30], and fit can be observed thatxcan

devfiate even 30% ffrom 1, whfich fis stfiflfl wfithfin the vaflues we report fin Ffig. (6.9). Two fimportant

processes descrfibe the reflaxatfion off the drop to the true ground statex= 1: (fi) evaporatfion

off the excess component ffrom the drop and (fifi) three-body recombfinatfion. When a dropflet fis

created wfithx= 1, durfing reflaxatfion tfime, the partficfles ffrom excess component evaporate out off

the dropflet. Wfith three-body flosses befing present fin these drops, there fis a possfibfiflfity that these

drops do not reach the ground statex= 1 and are observed fin the metastabfle regfime. Thfis

findficatfion fis ffurther grounded by notfing that both the MF+LHY and QMC ffunctfionafls predfict

much smaflfler sfizes than experfimentaflfly observed.

We have aflso compared the sfize off spherficafl dropflets fin a vacuum, whfich fis a geometry used

fin the experfiment [30]. The quaflfitatfive behavfior off the dropflet sfize wfith respect toxfis very

sfimfiflar to the one we present ffor the drops fin harmonfic traps [29].
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Ffig. 6.10 Phase dfiagram off39KatB=56.230G usfing MF+LHY theory, spanned wfithx=
N2/N1 a22/a11and the totafl partficfle numberN, normaflfized wfith the crfitficafl atom numberNc
evafluated atx=1[24].
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Ffig. 6.11 Evoflutfion offx=(N2/N1) a22/a11fin tfime as reported fin Ffig 2C fin [30].
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Ffig. 6.12 Evoflutfion off sfizeR=σr/
√
2as a ffunctfion off magnetfic fiefldB, ffor a spherficafl dropflet

fin a vacuum.σrfis defined as the dfistance at whfich the densfity ffaflfls toe
−1off the peak densfity.

6.6 Summary and dfiscussfion

An experfiment fin Reff. [29] showed sfignfificant dfisagreement between the measured data and the

MF+LHY perturbatfive approach. In order to determfine the possfibfle orfigfin off these dfiscrepancfies,

we have pursued a beyond MF+LHY theory, whfich expflficfitfly fincorporates the finfite range off the

finteractfion. To thfis end, we have carrfied out DMC caflcuflatfions off the buflk flfiqufid to estfimate fits

equatfion off state accuratefly. We have observed that the fincflusfion fin the modefl potentfiafls off both

thes-wave scatterfing flength and the effectfive range produces a rather good unfiversafl equatfion off

state fin terms off thfis pafir off parameters. Thfis fis fin agreement wfith the resuflts ffrom Chapter5,

where a symmetrfic mfixture wfitha11=a22andm1=m2was studfied. Excfludfing the effectfive

range, sfignfificant dfifferences are obtafined ffrom these unfiversafl resuflts. Thfis reflevant resuflt pofints

to the floss off unfiversaflfity fin terms off the gas parameter fin the study off these dfiflute flfiqufid drops.

Introducfing the DMC equatfion off state finto the new ffunctfionafl, ffoflflowfing the steps whfich

are standard fin other fieflds, such as DFT fin flfiqufid Heflfium [81], we derfive a new ffunctfionafl

that aflflows ffor an accurate study off the most reflevant propertfies off the drops. In partficuflar,

we observe that the fincflusfion off finfite range effects reduces the crfitficafl atom number fin aflfl the

magnetfic fiefld ranges, approachfing the experfimentafl vaflues sfignfificantfly. On the other hand, our

QMC ffunctfionafl cannot expflafin the apparent dfiscrepancy between theory and experfiment about

the sfize off the drops. We attrfibute thfis dfifference to the dramatfic effect on the sfize that smaflfl

shfiffts on the vaflue offxproduce. Our anaflysfis provfides a reasonabfle expflanatfion off thfis ffeature:

above the crfitficafl atom number, the wfindow off stabfiflfity off the drops fincreases ffrom the sfingfle

pofintx= 1 to a range off vaflues that, fin absoflute terms, grow wfith the number off partficfles. Wfith

the approprfiate chofice offx, one can obtafin agreement wfith the experfiment.
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ThedropsproducedfinthedfifferentsetupoffReff.[30]arespherficaflsfinceaflflmagnetfic

confinementfisremoved.Thecorrespondfingcrfitficaflnumbers,finthfiscase,areflargerthanfinthe

confinedsetup[29],andMF+LHYtheoryaccountsreasonabflyweflflffortheobservedffeatures.

Wehaveappflfiedourfformaflfismtothfiscase,andthecorrectfionsarenotzerobutreflatfiveflyfless

fimportantthanfinthecaseanaflyzedhere.



Chapter7

Ffinfiterangeeffectsontheexcfitatfion

modesoffa 39Kquantumdropflet

7.1 Introductfion

InChapter6wehaveperfformeddfiffusfionMonteCarflo(DMC)caflcuflatfions[144,17]usfingmodefl

potentfiaflsthatreproducebothscatterfingparameters,obtafinfingtheequatfionoffstateffora39K

mfixturefinthehomogeneousflfiqufidphase. Weconcfludedthatonecoufldreproducethecrfitficafl

atomnumberdetermfinedfintheexperfiment[29]onflyfforthemodeflpotentfiaflswhfichfincorporate

thecorrecteffectfiverange.Thfiscrfitficaflnumberfisastatficpropertyoffthequantumdropfletat

equfiflfibrfium.Besfidesagoodknowfledgeofftheequfiflfibrfiumpropertfiesoffaquantummany-body

system,determfinfingtheexcfitatfionspectrumfisessentfiafltounvefiflfitsmficroscopficstructure.

InthepresentChapter,wepresentastudyoffthemonopofleandquadrupofleexcfitatfion

spectrumoffa39KquantumdropfletusfingtheQMCffunctfionaflfintroducedfinChapter6,whfich

correctflydescrfibesthefinnerpartoffflargedrops,constfitutfinganextensfiontotheMF+LHYtheory.

TheexcfitatfionspectrumoffthesedropfletshasaflreadybeencaflcuflatedwfithfintheMF+LHY

approach[24,150].Ourgoaflfistomakevfisfibfletheappearanceoffanybeyond-LHYeffectarfisfing

ffromthefincflusfionofftheeffectfiverangefinthefinteractfionpotentfiafls.

ThfisChapterfisorganfizedasffoflflows. WebufifldfinSec.7.2theQMCdensfityffunctfionafl,fin

theflocafldensfityapproxfimatfion(LDA),andcomparefitwfiththeMF+LHYapproach,whfich

canbeexpressedfinasfimfiflarfform.InSec.7.3,wegfivedetafiflsontheappflficatfionoffthedensfity

ffunctfionaflmethod,statficanddynamfic,totheobtafinmentoffthegroundstateandexcfitatfion

spectrumoffquantumdropflets.InSec.7.4,wereporttheresufltsoffthemonopofleandquadrupofle

ffrequencfiesobtafinedwfiththeQMCffunctfionaflandcomparethemwfiththeMF+LHYpredfictfions.

Ffinaflfly,aconcflusfionfisfinSec.7.5.
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Tabfle7.1ParametersofftheQMCenergyperatomcaflcuflatedatseveraflmagnetficfiefldsB,
assumfingρ1/ρ2= a22/a11,satfisffyfingthes-wavescatterfingflengthaandeffectfiveranger

eff

gfivenfinTabfle6.1.αfisfinℏ2a211/(2m)unfits,βfisfinℏ
2a3γ−211 /(2m)unfits,mbefingthemassoffa

39Katom,andγfisdfimensfionfless.

B(G) α β γ

56.230 -0.812 5.974 1.276
56.453 -0.423 8.550 1.373
56.639 -0.203 12.152 1.440

7.2 TheQMCDensfityFunctfionafl

Weshaflflconsfider 39Kmfixturesattheoptfimaflreflatfiveatomconcentratfionyfiefldedbythemean-

fiefldtheory,nameflyN1/N2= a22/a11[24].Forthesemfixtures,finChapter6wehaveshown

thattheenergyperatomfintheQMCapproachcanbeaccurateflywrfittenas

E

N
=αρ+βργ, (7.1)

whereρfisthetotaflatomnumberdensfity.Theparametersα,β,andγhavebeendetermfined

byfitstotheDMCresufltsfforthemodeflpotentfiaflssatfisffyfingthes-wavescatterfingflengthand

effectfiverange,gfivenfinTabfle6.1.TheQMCapproachdoesnotyfiefldaunfiversaflexpressfionffor

E/N,asfitdependsonthevaflueofftheappflfiedB.Fortheoptfimaflconcentratfion,theMF+LHY

energyperpartficflecanbecastfinasfimfiflarexpressfion

E/N

|E0|/N
=−3

ρ

ρ0
+2

ρ

ρ0

3/2

, (7.2)

whereE0/Nandρ0aretheenergyperatomandatomdensfityatequfiflfibrfiumgfivenfinequatfions

6.15and6.16,respectfivefly. MF+LHYtheoryfisthusunfiversaflfifffitfisexpressedfintermsoffρ0

andE0.Accordfingtothfistheory,thedropfletpropertfiesdonotchangeseparateflyonNandafij

butrathercombfinedthrough

N

Ñ
=
3
√
6

5π2

1+ a22/a11
5

a12/a11+ a22/a11
5/2
, (7.3)

whereÑfisadfimensfionflessparameter[24].Addfitfionaflfly,theheaflfingflengthcorrespondfingtothe

mfixturefis
ξ

a11
=
8
√
6

5π

a22
a11

(1+ a22/a11)
3

a12/a11+ a22/a11
3/2
. (7.4)

TheenergyperatomEq.(7.1)aflflowsonetoreadfiflyfintroduce,wfithfinLDA,adensfity

ffunctfionaflwhosefinteractfingpartfis

Efint=ρ
E

N
=αρ2+βργ+1. (7.5)
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Ffig. 7.1 DMC energy per partficfle as a ffunctfion off the densfity. From bottom (purpfle trfiangfles)
to top (red stars), the resuflts correspond to magnetfic fiefldsB=56.23, 56.453 and 56.639 G.
Caflcuflatfions were perfformed ffor the mean-fiefld optfimafl ratfioρ2/ρ1= a11/a22. The energy per
atom and atom densfity are normaflfized to the|E0|/Nandρ0MF+LHY vaflues obtafined ffrom
Eqs. (6.15)and(6.16), respectfivefly. The dashed flfines are fits fin the fformE/N=αρ+βργ.The
bflack soflfid flfine corresponds to the MF+LHY theory, Eq. (7.2).
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Ffig. 7.2 DMC over MF+LHY fincompressfibfiflfity ratfio at equfiflfibrfium ffor the magnetfic fieflds
consfidered fin Chapter6. The dashed flfine fis a flfinear fit to the pofints.

A sfimfiflar expressfion hoflds fin the MF+LHY approach. In the homogeneous phase, one may easfifly

obtafin the pressure

p(ρ)=ρ2
∂

∂ρ

E

N
=αρ2+βγργ+1 (7.6)

and fincompressfibfiflfity

κ(ρ)=ρ
∂p

∂ρ
, (7.7)

whfich can be wrfitten as

κ(ρ)=ρ2
∂2Efint
∂ρ2

=ρ2 2
∂

∂ρ

E

N
+ρ
∂2

∂ρ2
E

N
. (7.8)

Ffigure7.1shows the DMC energy per atom as a ffunctfion off the densfity ffor seflected vaflues off

the magnetfic fiefld, together wfith the resuflt ffor the MF+LHY theory. It fis worth notficfing the

rather dfifferent equatfions off state yfieflded by the QMC ffunctfionafl and MF+LHY approaches.

The QMC approach yfieflds a substantfiaflfly flarger equfiflfibrfium densfity and more bfindfing. The

QMC fincompressfibfiflfity fis aflso flarger, as can be seen fin Ffig. 7.2; at first sfight, thfis seems to

be fin contradfictfion wfith the resuflts fin Ffig.7.1, whfich cflearfly findficate that the curvature off

theE/Nvsρcurve at equfiflfibrfium (∂(E/N)/∂ρ= 0 pofint) fis smaflfler ffor the QMC ffunctfionafls

than ffor the MF+LHY approach. However, thfis fis compensated by the flarger QMC vaflue off

the atom densfity at equfiflfibrfium, see Eq. (7.8) and Ffig.7.3, where we show the ratfio off QMC

and MF+LHY equfiflfibrfium densfitfies. Besfides fits fimportance ffor a quantfitatfive descrfiptfion off

the monopofle dropflet oscfiflflatfions addressed here, finaccurate fincompressfibfiflfity may affect the

descrfiptfion off processes where the flfiqufid-flfike propertfies off quantum dropflets pflay a substantfiafl

rofle, ase.g.dropflet-dropflet coflflfisfions [44].

Another ffundamentafl property off the flfiqufid fis the surfface tensfionσoff the ffree-surfface. The

orfigfin off the definfitfion off surfface tensfion fis as ffoflflows. Let us consfider a semfi-finfinfite system

havfing a surfface fin thez-dfirectfion, wfith the transflatfionafl finvarfiance finxycoordfinates, and flet

the condfitfions off the densfity profifle beρ(z→−∞)=ρ0andρ(z→ ∞) = 0, as fin Reff. [154].
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Ffig. 7.3 DMC over MF+LHY equfiflfibrfium densfity ratfio ffor the magnetfic fieflds consfidered fin
Chapter6. The dashed flfine fis a flfinear fit to the pofints.

Tabfle 7.2 Surfface tensfion off a39K Bose-Bose mfixture at the MF+LHY optfimafl mfixture compo-
sfitfion fin 10−8× 2/(ma411) unfits.

B(G) σMF+LHY σQMC
56.230 35.1 48.8
56.453 9.31 12.2
56.639 1.21 1.46

Then, the surfface tensfion fis defined as the grand potentfiafl per unfit surfface

σ=
E−μN

S
=

+∞

−∞
dz{E(ρ)−μρ}, (7.9)

whereSfis unfit surfface,μfis the chemficafl potentfiafl evafluated at the equfiflfibrfium densfity, andEfis

energy densfity

E=αρ2+βργ+1+
2

2m

1

4

(∇ρ)2

ρ
, (7.10)

where the flast term fin Eq. (7.10) fis the kfinetfic energy densfity. Mfinfimfizfing the energy densfity, or

equfivaflentfly the surfface tensfion, fleads to the condfitfion

δE

δρ
=μ, (7.11)

whfich gfives the equatfion ffor the surfface densfity profifle aflongz

2αρ+β(1 +γ)ργ+
2

8m

ρ2

ρ2
−2
ρ

ρ
=μ. (7.12)

Mufltfipflyfing byρ, fintegratfion yfieflds

dρ

dz
=−

αρ3+βργ+2−μρ2

2

8m

1/2

. (7.13)
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Sfince(∇ρ)2=(dρ/dz)2,theequatfions(7.9),(7.10)and(7.13)canbecombfinedfforthesfimpfle

quadraturefformuflaoffthesurffacetensfion

σ=2
ρ0

0
dρ

ℏ2

8m
(αρ+βργ−µ)

1/2

. (7.14)

ThesurffacetensfionoffseveraflQMCffunctfionafls,fi.e.ffunctfionaflscorrespondfingtodfifferent

magnetficfieflds,fisgfivenfinTabfle7.2.Ascanbeseen,QMCffunctfionaflsyfiefldconsfistentflyhfigher

vafluesoffthesurffacetensfionthantheMF+LHYapproach. WfithfinMF+LHY,thesurffacetensfion

canbewrfittenfintermsofftheequfiflfibrfiumdensfity(6.16)andheaflfingflength(7.4)[24]

σMF+LHY =
3(1+

√
3)ρ0ℏ

2

35mξ
. (7.15)

7.3 TheLDA-DFTapproach

7.3.1 Statfics

OnceEfint[ρ]hasbeenobtafined,wehaveuseddensfityffunctfionafltheory(DFT)toaddressthe

statficanddynamficpropertfiesoff39Kdropfletssfimfiflarflyasfforsuperflufid4Hedropflets[79]. Wfithfin

DFT,theenergyoffthequantumdropfletattheoptfimaflcomposfitfionmfixturefiswrfittenasa

ffunctfionaflofftheatomdensfityρ(r)as

E[ρ]=T[ρ]+Ec[ρ]=
ℏ2

2m
dr|∇Ψ(r)|2+ drEfint[ρ], (7.16)

wherethefirsttermfisthekfinetficenergy,andtheeffectfivewaveffunctfionΨ(r)offthedropflet

fisreflatedtotheatomdensfityasρ(r)=|Ψ(r)|2.Theequfiflfibrfiumconfiguratfionfisobtafinedby

soflvfingtheEufler-LagrangeequatfionarfisfingffromtheffunctfionaflmfinfimfizatfionoffEq.(7.16)

−
ℏ2

2m
∇2+

∂Efint
∂ρ

Ψ≡H[ρ]Ψ=µΨ, (7.17)

whereµfisthechemficaflpotentfiaflcorrespondfingtothenumberoff39Katomsfinthedropflet,

N= dr|Ψ(r)|2.Thetfime-dependentversfionoffEq.(7.17)fisobtafinedmfinfimfizfingtheactfion

andadoptsthefform

fiℏ
∂

∂t
Ψ(r,t)=H[ρ]Ψ(r,t). (7.18)

Wehavefimpflementedathree-dfimensfionaflnumerficaflsoflverbasedontheTrotterdecomposfitfion

offthetfime-evoflutfionoperatorwfithsecond-orderaccuracyfinthetfime-step∆t[86]. Wfithfinthfis

scheme,fitfispossfibfletoobtafinboththegroundstateandthedynamficaflevoflutfion,asdescrfibed

finSec.2.2.4.Itfisknownthatfinreafltfime,theTrotterdecomposfitfionmaybeunstabfleffor

dfifferentcombfinatfionsoffthetfimeandspacestepsusedfinthedfiscretfizatfion[155].Totackfle

thfisprobflem,wehavecareffuflflychosenthetfimestepthatensuresthatthedynamficevoflutfionfis

stabfledurfingthetotaflpropagatfiontfime.
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Ffig. 7.4 Densfity profifles off two39K quantum dropflets correspondfing to a smaflfl (Ñ−Ñc)
1/4=3,

and to a flarge dropflet (̃N−Ñc)
1/4=6,whereÑc=18.65 fis the crfitficafl number beflow whfich the

dropflet becomes unstabfle wfithfin the MF+LHY theory [24]. Soflfid flfines, QMC ffunctfionafl; dotted
flfines, MF+LHY approach.

Ffigure7.4shows the densfity profifle off two dropflets, one correspondfing to a smaflfl gaussfian-flfike

dropflet and the other to a flarge saturated one. They have been obtafined wfithfin the QMC

(B=56.230 G) ffunctfionafl and MF+LHY methods. The sfizeabfle dfifference between the profifles

yfieflded by both approaches reflects the dfifferent vaflue off thefir equfiflfibrfium densfitfies, see Ffig.7.3.

7.3.2 Reafl-tfime dynamfics and excfitatfion spectrum

The mufltfipofle excfitatfion spectrum off a quantum dropflet can be obtafinede.g.by soflvfing the

equatfions obtafined flfinearfizfing Eq. (7.18)[42,24,156]. We have used an equfivaflent method based

on the Fourfier anaflysfis off the reafl-tfime oscfiflflatory response off the dropflet to an approprfiated

externafl fiefld [157,43]. The method, whfich we outflfine now, bears cflear sfimfiflarfitfies wfith the

experfimentafl procedure to access to some excfited states off confined Bose-Efinstefin condensates

(BEC) [40,41]. For monopofle oscfiflflatfions, our method fis sfimfiflar to that used fin Reff. [158].

A dropflet at the equfiflfibrfium, whose ground-state effectfivewaveffunctfion Ψ(r) fis obtafined by

soflvfing the DFT Eq. (7.17), fis dfispflaced ffrom fit by the actfion off a statfic externafl one-body fiefld

Qwhose fintensfity fis controflfled by a parameterλ. The new equfiflfibrfium waveffunctfion Ψ(r)fis

determfined by soflvfing Eq. (7.17) ffor the constrafined HamfifltonfianH

H→H =H+λQ. (7.19)

Iffλfis smaflfl enough so thatλQfis a perturbatfion and flfinear response theory appflfies, swfitchfing

offQand flettfing Ψ(r) evoflve fin tfime accordfing to Eq. (7.18),Q(t)wfiflfl oscfiflflate around the

equfiflfibrfium vaflueQeq= Ψ(r)|Q|Ψ(r). Fourfier anaflyzfingQ(t), one gets the non-normaflfized

strength ffunctfion correspondfing to the excfitatfion operatorQ, whfich dfispflays peaks at the
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ffrequencyvafluescorrespondfingtotheexcfitatfionmodesoffthedropflet.Specfificvafluesoffλthat

weusearefintherangeffromλ=10−13to10−15fforthemonopoflemodes,andλ=10−15to

10−17fforthequadropoflemodes,wfithλbefingmeasuredfinℏ2/(2ma411)unfits,andthesmaflfler

vafluescorrespondfingtoflargermagnetficfieflds,fi.e.flesscorreflateddrops.

7.4 Resuflts

Wehaveusedasexcfitatfionfiefldsthemonopofle Q0andquadrupofleQ2operators

Q0 =
N

fi

r2fi (7.20)

Q2 =
N

fi

r2fi−3z
2
fi (7.21)

whfichaflflowsonetoobtafintheℓ=0and2mufltfipoflestrengths.Theℓ=0casecorrespondsto

pureradfiafloscfiflflatfionsoffthedropfletandfforthfisreasonfitfiscaflfled“breathfing”mode.Inapure

hydrodynamficaflapproach,fitsffrequencyfisdetermfinedbythefincompressfibfiflfityofftheflfiqufidand

theradfiusoffthedropflet[159,160].

Wehavepropagatedtheexcfitedstate Ψ′(r)fforaveryflongperfiodofftfime,storfing⟨Q(t)⟩and

Fourfieranaflyzfingfit.Ffig.7.5(flefft)shows⟨Q0(t)⟩ffor
39Kquantumdropfletsoffdfifferentsfizes.

Wechoosethesamescafleoffpartficflenumbers(x-axfis)asfinReff.[24],asthemonopofleffrequency

ω0cflosetothefinstabfiflfitypofintÑc=18.65fisdfirectflyproportfionaflto(̃N−Ñc)
1/4[24]. Whereas

aharmonficbehavfiorfiscflearflyvfisfibfleffortheflargestdropflets,ascorrespondfingtoasfingfle-mode

excfitatfion,fforsmaflfldropfletstheradfiafloscfiflflatfionsaredampedanddfispflaydfifferentoscfiflflatory

behavfiors(beats),antficfipatfingthepresenceoffseveraflmodesfinthemonopoflestrength,asthe

Fourfieranaflysfisoffthesfignaflunvefifls.

Ffigure7.5(rfight)dfispflaysthemonopoflestrengthffunctfionfinflogarfithmficscafleasaffunctfion

offtheexcfitatfionffrequency.Thesoflfidvertficaflflfinerepresentstheffrequency|µ|/ℏcorrespondfing

totheatomemfissfionthreshofld,fi.e.theabsoflutevaflueofftheatomchemficaflpotentfiafl,|µ|.It

canbeseenthatffor(̃N−18.65)1/4=5.1thestrengthfisfinthecontfinuumffrequencyregfion

above|µ|/ℏ. Hence,seflff-boundsmaflfl39Kdropflets,monopoflarflyexcfited,haveexcfitedstates

(resonances)thatmaydecaybyatomemfissfion[24,158].Thfisdecaydoesnotfimpflythatthe

dropfletbreaksapart;fitjustflosestheenergydeposfitedfintofitbyemfittfinganumberoffatoms,fin

awaysfimfiflartothedecayoffsomestatesappearfingfintheatomficnucfleus,theso-caflfled“gfiant

resonances”[159]. Wewanttostressthatthemufltfipoflestrengthfisnotnormaflfized,asfitdepends

onthevaflueoffthearbfitrarysmaflflparameterλ.However,thereflatfivefintensfityoffthepeaksffor

agfivendropfletfisproperflyaccountedfforfinthfisapproach.

AsfimfiflaranaflysfisfforthequadrupoflemodefispresentedfinFfig.7.6.Inthfiscase,wehave

ffoundamoreharmonficbehavfiorffor⟨Q2(t)⟩,andtherefforethequadrupoflestrengthffunctfionfis

domfinatedbyonesfingflepeak.
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Ffigures7.5and7.6showanfinterestfingevoflutfionoffthestrengthffunctfionffromthecontfinuum

tothedfiscretepartofftheffrequencyspectrumasthenumberoffatomsfinthedropfletfincreases.

ForsmaflflNvaflues,butstfiflflcorrespondfingtoseflff-boundquantumdropflets,thespectrumfis

domfinatedbyabroadresonancethatmaydecaybyatomemfissfion.The⟨Q(t)⟩oscfiflflatfionsare

damped,andwhenseveraflresonancesarepresent(monopoflecase),dfistfinctbeatsappearfinthe

oscfiflflatfions.

Thfisremarkabfleevoflutfionoffthemonopofleandquadrupoflespectrumhasaflsobeenffound

ffor3Heand4Hedropflets[161,162].Inthe4Hecase,fithasbeenexperfimentaflflyconfirmed

bydetectfing“magfic”atomnumbersfinthesfizedfistrfibutfionoff4Hedropfletswhfichcorrespond

toespecfiaflflystabfledropflets[163].Themagficnumbersoccuratthethreshofldsfizesfforwhfich

theexcfitatfionmodesoffthedropflet,ascaflcuflatedbythedfiffusfionMonteCarflomethod,are

stabfiflfizedwhentheypassbeflowtheatomemfissfionenergy.Thfisconstfitutedthefirstexperfimentafl

confirmatfionffortheenergyfleveflsoff4Hedropflets.Ontheotherhand,finconfinedBECs,the

energyoffthebreathfingmodefisobtafinedbydfirectanaflysfisofftheradfiafloscfiflflatfionsofftheatom

cfloud[160].
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Ffig. 7.5 Tfime evoflutfion off the monopofle moment Q0(t)and strength ffunctfion (rfight) ffor
39K

quantum dropflets off dfifferent sfizes obtafined usfing the QMC ffunctfionafl atB=56.230 G. In the
rfight panefls, the vertficafl soflfid flfine corresponds to the ffrequency|μ|/ correspondfing to the atom
emfissfion energy|μ|, and the dotted and dash-dotted flfines to theE3/ andE1/ ffrequencfies,
obtafined by the sum rufles fin Eq. (7.25)and(7.22), respectfivefly.
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Ffig. 7.6 Tfime evoflutfion off the quadrupofle moment Q2(t)and strength ffunctfion (rfight) ffor
39K

quantum dropflets off dfifferent sfizes obtafined usfing the QMC ffunctfionafl atB=56.230 G. In the
rfight panefls, the vertficafl soflfid flfine corresponds to the ffrequency|μ|/ correspondfing to the atom
emfissfion energy|μ|, and the dotted and dash-dotted flfines to theE3/ andE1/ ffrequencfies,
obtafined by the sum rufles fin Eq. (7.26)and(7.23), respectfivefly.
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WeshowfinFfig. 7.7thebreathfingandquadrupofleffrequencfies,correspondfingtothemore

fintensepeaks,asaffunctfionoffthenumberoffatomsobtafinedwfiththeQMCffunctfionaflandthe

MF+LHYapproach.Fortheflatter,ourresufltsarefinffuflflagreementwfithboththoseobtafined

usfingtheBogoflfiubov-deGennesmethod[24],whfichfisffuflflyequfivaflenttoours,andwfiththeones

offReff.[158].TheresufltsarepflottedfintheunfiversaflunfitsofftheMF+LHYtheory. Wefind

thattheQMCffunctfionaflpredfictssystematficaflflyflargermonopofleandquadrupofleffrequencfiesfin

aflfltherangeoffpartficflenumberswehavestudfied.Addfitfionaflfly,aswechangethemagnetficfiefld,

fi.e.thescatterfingparameters,QMCpredfictfionsdonotffaflflonthesamecurve,meanfingthatthe

QMCffunctfionaflbreakstheMF+LHYunfiversaflfity.

Whenthemufltfipoflestrengthfisconcentratedfinasfingflenarrowpeak,fitfispossfibfletoestfimate

thepeakffrequencyusfingthesumruflesapproach[159,160].Sumruflesareenergymomentsoff

thestrengthffunctfionthat,fforsomeexcfitatfionoperators,canbewrfittenascompactexpressfions

finvoflvfingexpectatfionvafluesonthegroundstateconfiguratfion.Forthemufltfipofleoperators

consfideredhere,twosuchsumruflesaretheflfinear-energym1andcubfic-energym3sumrufles.

Thefinverse-energysumruflem−1canbeobtafinedffromaconstrafinedcaflcuflatfionfinvoflvfingthe

HamfifltonfianH′offEq.(7.19).Oncedetermfined,thesethreesumruflesmaybeusedtodefine

twoaverageenergfiesE1= m1/m−1andE3= m3/m1expectfing,bonafide,thattheyare

goodestfimatesoffthepeakenergy.

Forthemonopofleandquadrupoflemodes,theE1energfiesare[159]

E1(ℓ=0)= −
4ℏ2

m

r2

(∂⟨Q0⟩/∂λ)|λ=0
(7.22)

and

E1(ℓ=2)= −
8ℏ2

m

r2

(∂⟨Q2⟩/∂λ)|λ=0
, (7.23)

wfithλbefingtheparameterfintheconstrafinedHamfifltonfianH′,Eq.(7.19),andr2 = drρ(r)r2/N

evafluatedatλ=0.TheffrequencfiescorrespondfingtotheseenergfiesaredrawnfinFfigs.7.5and

7.6asvertficafldash-dottedflfines.Exceptfforsmaflfldropflets,fforwhfichthemonopoflestrengthfis

veryffragmented,onecanseethattheyaregoodestfimatesoffthepeakffrequency.

CflosedexpressfionsffortheE3averagescanbeeasfiflfiyobtafinedfforthemonopofleandthe

quadrupoflemodes[159,160].Forthesakeoffcompfleteness,wepresenttheresufltobtafinedffor

theQMCffunctfionafl.

Definfing

Eα = α drρ2(r)

Eβ = β drργ+1(r)

⟨T⟩ =
ℏ2

2m
dr|∇Ψ(r)|2, (7.24)



7.4 Resuflts 88

whereΨ(r)andρ(r)arethoseofftheequfiflfibrfiumconfiguratfion,wehave

E3(ℓ=0)=
ℏ2

Nm⟨r2⟩

1/2

[4⟨T⟩+9(Eα+γ
2Eβ)]

1/2 (7.25)

E3(ℓ=2)=
ℏ2

Nm⟨r2⟩

1/2

[4⟨T⟩]1/2. (7.26)

Wehave E3(ℓ=2)<E3(ℓ=0).Theω3=E3/ℏffrequencfiesareshownfinFfigs.7.5and7.6as

vertficafldottedflfines.Itcanbeseenthatevenwhenthestrengthfisconcentratedfinasfingflepeak,

ω3fisaworseestfimateoffthepeakffrequencythanω1=E1/ℏ.Thfisfisflfikeflysobecausem3gets

contrfibutfionsffromthehfighenergypartoffthespectrum.Atvarfiance,sfincecontrfibutfionsto

m−1mafinflycomeffromtheflowenergypartoffthespectrum,ω1fisbettersufitedfforestfimatfing

thepeakffrequency.

ThereflatfivedfifferencesbetweentheMF+LHYtheoryandtheQMCffunctfionaflfformonopofle

andquadrupofleffrequencfiesarepresentedfinFfig.7.8.Asthemagnetficfiefldfincreases,thedropflet

fismorecorreflatedanddfifferencesoffeven20%canbeobserved.
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Ffig. 7.7 Breathfing (upper pofints) and quadrupofle (flower pofints) ffrequencfies as a ffunctfion off the
totafl atom number fin unfits offÑ. Pofints are the resuflts obtafined ffrom QMC and MF+LHY
TDDFT caflcuflatfions, and dashed flfines are theE1/ ffrequencfies ffrom the sum-rufle approach
(Eqs. (7.22)and(7.23)). Fuflfl flfines represent the ffrequency correspondfing to the absoflute vaflue
off the dropflet chemficafl potentfiafl|μ|, correspondfing to the flegend ffrom top to bottom
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Ffig. 7.8 Reflatfive ffrequency dfifference between QMC and MF+LHY TDDFT caflcuflatfions ffor
quadrupofle (bottom figure) and monopofle modes (top figure) as a ffunctfion off the totafl atom
number fin unfits offÑ.

We finaflfly compare fin more detafifl the ffrequencfies obtafined wfith the QMC and MF+LHY

ffunctfionafls atB=56.230 G fforÑ = 100 andÑ = 1010, whfich correspond toN=7×104

andN=7.1×105, respectfivefly. Aflthough fit mfight requfire rather flarge dropflets to observe

neat breathfing oscfiflflatfions, systems wfithÑ >100, ffor whfich cflean quadrupofle modes show

up (see Ffig.7.7), are aflready accessfibfle fin experfiments [29,30,44,31]. ForN=7×104,the

quadrupofle ffrequencfies areωQMC2 = 2323HzandωMF+LHY2 = 1972Hz, fi.e. oscfiflflatfion perfiods

τQMC2 =2.70msandτMF+LHY2 =3.19ms. A sfimfiflar comparfison can be made ffor the monopofle

ffrequency; fforN=7.1×105, the ffrequencfies areωQMC0 = 3114HzandωMF+LHY0 = 2755Hz,and

the oscfiflflatfion perfiods areτQMC0 =2.02ms,andτMF+LHY0 =2.28ms. In Ffig. (7.9), we report
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our resuflts ffor the breathfing and quadrupofle modes fin not-reduced unfits to ffacfiflfitate ffuture

comparfisons wfith experfiments.
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Ffig. 7.9 Predfictfions off the ffrequency correspondfing to the absoflute vaflue off the chemficafl potentfiafl
|μ|, breathfing ffrequencyω0and quadropofle ffrequencyω2as a ffunctfion off totafl atom number,
usfing the QMC ffunctfionafls. Dashed flfines areω1=E1/ ffrequencfies.

7.5 Summary and outflook

Usfing a new QMC-based densfity ffunctfionafl whfich properfly fincorporates finfite-range effects, we

have determfined the monopofle and quadrupofle excfitatfion modes off39K quantum dropflets at

the optfimafl MF+LHY mfixture composfitfion. Comparfing wfith the resuflts obtafined wfithfin the

MF+LHY approach, we have ffound that finfite-range effects have a detectabfle finfluence on the

excfitatfion spectrum, whose study may thus be a promfisfing way to expflore physfics beyond the

LHY correctfion.
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WehaveshownthatfintroducfingtheQMCffunctfionaflfintotheusuaflDFTmethodoflogycan

easfiflybedone,asonflymfinorchangesneedtobemadefinthe(many)exfistfingGross-Pfitaevskfifi

numerficaflsoflvers[164–166].Thfisopensthedoortousfingbetterffunctfionafls–basedonfincfludfing

quantumeffectsbeyondmean-fiefld–finthecurrentappflficatfionsofftheextendedGross-Pfitaevskfifi

approach[45,44].



Chapter8

HarmonficaflflytrappedBose-Bose

mfixtureswfithrepuflsfivefinteractfions

8.1 Introductfion

BefforetheadventureoffBECgases,thestudyoffBose-Bosemfixtureswaspureflyacademficsfince

therewasnotsuchastabflesystemfinNature. Neverthefless,fitsstabfiflfitywasdeepflystudfied

finconnectfionwfiththestabfle3He-4Hemfixtureatflow3Heconcentratfion.Inpartficuflar,fitwas

provedthattheBose-BosemfixturesofffisotopficHeflfiumareaflwaysunstabfleandphaseseparate

andthatonflytherfightconsfideratfionofftheFermfinatureoff3Heatomscoufldaccountfforfits

finfitemfiscfibfiflfity[167–170].

TheveryflowdensfityofftheBECgasesmakesffeasfibfleatheoretficafldescrfiptfionwhereatomfic

finteractfionsaremodefledbyasfingfleparameter,thes-wavescatterfingflength.Themfiscfibfiflfity

offbuflkBose-Bosemfixturescanbeeasfiflyderfivedwfithfinmean-fiefldtheory(seeSec.2.3.1and

refferences[171–173])andthepredfictfionsoffthfisapproxfimatfionaccountweflflffortheobserved

propertfiesfindfifferentexperfiments. However,qufiterecentflythfissfimpfleargumenthasbeen

questfionedwhenthemfixturesareharmonficaflflytrappedandanewparameter,basedonthe

shapeoffthedensfityprofifles,hasbeensuggested[61].Thetheoretficafldescrfiptfionsreflyonthe

Gross-Pfitaevskfifi(GP)equatfionwhoserangeoffappflficabfiflfityhasbeenassumedtofitfinthe

reflevantexperfimentaflsetups.Recentfly,fithasbeenprovedthatfiffthefinterspecfiesfinteractfionfis

attractfive,finsteadoffrepuflsfive,themfixturecanbestabfleduetotheLee-Huang-Yangcorrectfion

whfichcanceflsthemean-fiefldcoflflapse[24],resufltfingfinaseflff-bound(flfiqufid)system.

Inthepresentchapter,wereportresufltsoffharmonficaflflytrappedrepuflsfiveBose-Bosemfixtures

findfifferentfinteractfionregfimesandwfithdfifferentmassesffortheconstfituents.Ourapproach

fismficroscopficandreflfiesontheuseoffquantumMonteCarflomethodsabfletosoflveexactflya

gfivenmany-bodyHamfifltonfianfforBosesystems(wfithfinsomestatfistficaflnofise).Thenumberoff

partficflesoffoursystemfismuchsmaflflerthanthetypficaflvafluesusedfinGPcaflcuflatfionsdueto

thecompflexfityoffourapproachbutthfisaflflowsfforanaccuratestudyoffeffectsgofingbeyondthe

mean-fiefldtreatment.Thenumerficaflsfimuflatfionshavebeencarrfiedoutffordfifferentcombfinatfions

offthefinteractfionstrengths,coverfingthemfixedandphaseseparatedregfimes.Inagreementwfith
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prevfiousGPresuflts,themfiscfibfiflfityruflederfivedfforhomogeneousgasesffafiflstodescrfibesomeoff

theresuflts.

Therestoffthfischapterfisorganfizedasffoflflows.InthenextSectfionwefintroducethetheoretficafl

methodusedfforthestudy.Sec.IIIcontafinsthedensfityprofiflescorrespondfingtothepofintsoff

thephasedfiagramhereanaflyzed,bothfinmfiscfibfleandphase-separatedregfimes.InSec.IV,we

studythescaflfingfintermsofftheGPfinteractfionstrength.Sec.Vdfiscussestheunfiversaflfityoff

ourresufltsbychangfingthemodeflpotentfiafl.Ffinaflfly,Sec.VIreportsthemafinconcflusfionsoffour

work.

8.2 Modeflandthe methods

Westudyamfixtureofftwokfindoffbosonswfithmasses m1andm2,harmonficaflflyconfinedandat

zerotemperature.TheHamfifltonfianoffthesystemfis

H = −
ℏ2

2

2

α=1

Nα

fi=1

∇2fi
mα
+
1

2

2

α,β=1

Nα,Nβ

fiα,jβ=1

V(α,β)(rfiαjβ)

+
2

α=1

N

fi

V
(α)
ext(rfi). (8.1)

ThemfixturefiscomposedoffN=N1+N2partficfles,wfithN1andN2bosonsofftype1and2,

respectfivefly.ThefinteractfionbetweenpartficflesfismodefledbythepotentfiaflsV(α,β)(rfiαjβ)and

theconfinfingpotentfiaflfisastandardharmonficterm,wfithffrequencfiesthatcanbedfifferentffor

eachspecfies,

V
(α)
ext(r)=

1

2
mαω

2
αr
2. (8.2)

Themany-bodyprobflemfissoflvedbymeansoffthedfiffusfionMonteCarflomethod(DMC),

presentedfinChapter3.Inthepresentprobflem,wehavechosenaJastrowmodeflfforthetrfiafl

waveffunctfion,

Ψ(R) =
N1

1=fi<j

ff(1,1)(rfij)
N2

1=fi<j

ff(2,2)(rfij)
N1,N2

fi,j=1

ff(1,2)(rfij)

×
N1

fi=1

h(1)(rfi)
N2

fi=1

h(2)(rfi), (8.3)

wfithR={r1,...,rN},ff
(α,β)(r)thetwo-bodyJastrowffactorsaccountfingfforthepafirfinteractfions

betweenαandβtypeoffatoms,andh(α)(r)theone-bodytermsreflatedtotheexternaflharmonfic

potentfiafl.Systematficerrors,whficharethetfime-stepandpopuflatfion-sfizebfiases,werefinvestfigated

andreducedbeflowthestatfistficaflnofise;weusedabout100waflkersandatfimestepoffaround

10−3m1a
2
11/ℏ.

Asoneofftheobjectfivesoffourworkfistoestfimatethevaflfidfityregfimefforamean-fiefld

approachwehaveaflsostudfiedtheprobflembysoflvfingtheGross-Pfitaevskfifi(GP)equatfions.In
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thfiscase,oneassumescontactfinteractfionsbetweenpartficfles,

V(α,β)(rfiαjβ)=gαβδ(|rfiα−rjβ|), (8.4)

wfithstrengths

gα,β=
2πℏ2aαβ
µαβ

, (8.5)

wfithµ−1αβ=m
−1
α +m

−1
β thereducedmassandaαβthes-wavescatterfingflengthoffthetwo-body

finteractfionbetweenαandβpartficfles. WfiththeHartreeansatz,

Ψ(R)=
N1

fi=1

ϕ1(rfi,t)
N2

j=1

ϕ2(rj,t) (8.6)

oneobtafinsthecoupfledGPequatfionsfforthemfixture[171],

fiℏ
∂ϕ1(r,t)

∂t
= −

ℏ2

2m1
∇2+V

(1)
ext(r)+g11|ϕ1(r,t)|

2

+g12|ϕ2(r,t)|
2 ϕ1(r,t), (8.7)

fiℏ
∂ϕ2(r,t)

∂t
= −

ℏ2

2m2
∇2+V

(2)
ext(r)+g22|ϕ2(r,t)|

2

+g12|ϕ1(r,t)|
2 ϕ2(r,t). (8.8)

WehavesoflvedtheGPequatfions(8.7,8.8)byfimagfinary-tfimepropagatfionusfinga4thorder

Runge-Kuttamethod.

8.3 Resuflts

WehaveexpfloredthephasespaceofftheBose-BosemfixtureusfingtheDMCmethodand,finaflfl

cases,wehavecomparedDMCwfithGPresufltsfinthesamecondfitfions. Wedrfiveourattentfion

tothedensfityprofiflesoffbothspecfiessfinceourmafingoaflfistodetermfinefiffthesystemsare

mfiscfibfleorphaseseparated.TheresufltscontafinedfinthfisSectfionhavebeenobtafinedbyusfing

hard-corepotentfiaflsbetweenthedfifferentpartficfles,

V(αβ)(r)=






∞, r≤aαβ

0, r>aαβ
, (8.9)

wfithaαβtheradfiusoffthehardspherewhfichcofincfideswfithfitss-wavescatterfingflength.The

Jastrowffactorfinthetrfiaflwaveffunctfion(8.3)fischosenasthetwo-bodyscatterfingsoflutfion,

ff(α,β)(r)=1−aαβ/r,andtheone-bodytermcorrespondstotheexactsfingfle-partficfleground-state

waveffunctfion,h(α)(r)=exp(−r2/(2a2α)).Theflengthaαfisoptfimfizedvarfiatfionaflflybut,even

fforthestrongestfinteractfionregfimeherestudfied,fitsvafluefisatmost10%flargerthantheone
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Ffig.8.1Representatfionoffthephasespacefforthemfixtureasaffunctfionoffthefinteractfion
strengthsgαβ.Thepofintscorrespondtothecasesstudfied,wfithcoordfinatesgfivenfinTabfle8.1.
Themean-fiefldtheoryfforhomogeneoussystempredfictsseparatfion(mfixfing)fforaflflthepofints
above(beflow)themean-fiefldcrfitficaflflfine(dashedflfine).Thedotted(green)flfinestandsfforpofints
whereg11=g22.

offthenon-finteractfingsystem,flho,α= ℏ/(mαωα).Thefinfluenceofffinternaflparametersoffthe

DMCcaflcuflatfions,suchasthenumberoffwaflkersandthefimagfinary-tfimestep,fisanaflyzedand

thereportedresufltsareconvergedwfithrespecttothem.Thedensfityprofiflesthatwereport

arederfivedusfingthemfixedestfimatfionsfincewehavecheckedthatthecorrectfionfintroducedby

usfingpureestfimators[22]fisatthesamefleveflasthetypficaflstatfistficaflnofise.

AsfinReff.[61],wepflotthephasespacefintermsofftheadfimensfionaflvarfiabflesg12/g22and

g11/g12.InFfig.8.1wepflotfitshowfingthedfifferentregfimes,wfiththeflfineg
2
12=g11g22standfing

fforthecrfitficaflflfineseparatfingmfiscfibfiflfityandphaseseparatfion,usfingthemean-fiefldcrfiterfion.

Inthefigure,wepflotthepofintswhfichwehavestudfied;theyareseflectedtocoverthemost

finterestfingareasoffthephasespace.InTabfle8.1,wereportthespecfificcoordfinatesoffthe

finteractfionstrengths.

AsusuaflfinthestudyoffBose-Bosemfixtureswedefineanadfimensfionaflparameter∆,

∆=
g11g22
g212

−1, (8.10)

whfichcflassfifiestheregfimesoffphaseseparatfion(∆<0)andmfiscfibfiflfity(∆>0)accordfingtothe

mean-fiefldtreatmentoffbuflkmfixtures. When∆=0weareonthecrfitficaflflfineseparatfingboth

regfimes(dashedflfinefinFfig.8.1).Intheresufltsreportedbeflow,weaflsocaflcuflatetheparameter

∆ndefinedas[61]

∆n=
ρ1(0)

maxρ1(r)
−

ρ2(0)

maxρ2(r)
, (8.11)
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Labefl g12/g22 g11/g12 ∆

A 3.0 0.33 −0.89
B 0.75 0.75 0
C 0.75 1.7 1.27
D 1.2 1.7 0.42
E 1.7 1.7 0
F 0.33 3 8
G 3 1.7 -0.43

Tabfle8.1Representatfivephasespacepofintsanaflyzedfinourstudy.Thevafluesoff∆areobtafined
ffromEq.(8.10).

whfichcomparesthevaflueoffthedensfityprofiflesρα(r)attheorfigfinr=0wfithfitsmaxfimumvaflue.

Then,∆n≃0whenthepeaksoffbothdensfityprofiflescofincfidetobeattheorfigfin(mfixedstate)

orwhentheratfiooffthecentraflandmaxfimumdensfityfisthesamefforbothspecfies,whfichoccurs

whentwospecfiesoffthesamemassseparatetotwobflobs.Forothertypesoffphaseseparatfion

|∆n|>0.

ThedensfityprofiflesreportedfinthfisSectfionhavebeenobtafinedwfithatotaflnumberoff

partficflesN=200andconsfiderfingabaflancedmfixture,fi.e.,N1=N2. Wehaverepeatedsome

caflcuflatfionsconsfiderfingN1/N2= g22/g11,whfichfistheoptfimaflbaflanceffromthemean-fiefld

theory[24],andthedfifferencesfinenergywfithrespecttoN1=N2areatmost10%.Thereffore,

weconcentrateonthebaflancedmfixture.Therofleofftheconfinfingffrequencfiesωαfisabfitmore

reflevantsfincewehaveobservedchangesfintheresufltsthatcanreachthe30%.Ingenerafl,

theenergfiesareflowerwhentheffrequencfiesobeytheruflem1ω
2
1=m2ω

2
2whfichcorrespondsto

appflyfingthesameharmonficconfinementfforbothspecfies.Thereffore,theresufltspresentedbeflow

correspondaflwaystothfischofice.

8.3.1 ∆>0

When ∆>0themean-fiefldcrfiterfionpredfictsmfixfingbetweenthetwospecfies. Wehaveexpflored

theconfinedsystemfinthreedfifferentpofintsoffthephasespace. WestartwfithpofintC,wfith

∆=1.27andthegαβvafluesreportedfinTabfle8.1.InFfig.8.2,weshowthedensfityprofiflesoff

bothspecfies.Inaflflcases,weuseasunfitflengththeharmonficoscfiflflatorflengthflho,1offspecfies1.

InthenfinesubfiguresoffFfig.8.2,gofingffromfleffttorfightwefincreasetheparameterNa11/flho,1,

andffromtoptobottomwefincreasethemassoffspecfies2.TheparameterNa11/flho,1fischosen

becausefitfisthemean-fiefldscaflfingvarfiabflecontafinedfintheGPequatfion.Aswekeepthetotafl

numberoffpartficflesNfixed,fincreasfingthatparametermeanstofincreasethescatterfingflength

offthe11finteractfionandthusmakfingg11flarger. Asthecoordfinatesfinthephasespaceare

fixedatthepofintC,fincreasfingg11fimpflfiesthataflsotheotherstrengthsg12andg22fincrease.

Thereffore,movfingtotherfightfinthepaneflsoffFfig.8.2meansanfincreaseoffboththefinterspecfies

andfintraspecfiesfinteractfion. Movfingdownfinthepanefls,fforafixedvaflueNa11/flho,1,meansan

fincreaseoffthemassoffspecfies2andtherefforeanfincreaseoffthescatterfingflengthsa12anda22

becausethecoupflfingsg12andg22arekeptconstant.
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Ffig.8.2PofintCoffthephasespace.ThepofintscorrespondtotheDMCresufltsandtheflfinesto
thesoflutfionofftheGPequatfionsfforthesamesystem.

ThedensfityprofiflesshownfinFfig.8.2showfinaflflcasesamfixedstate,wfith∆n≃0(8.11).

Intheflefftmostcoflumn,whenthefinteractfionfisverysofft,weapprecfiatethatρ(α)(r)arebasficaflfly

Gaussfians,ffoflflowfingtheshapeoffthenon-finteractfinggas. Whenm2grows,theyarestfiflfl

Gaussfiansbutsflfightflydfifferentfinshapebecausetheffrequencfiesaredfifferent.TheGaussfian

profiflesdfisappearprogressfiveflymovfingtotherfightduetothefincreaseofffinteractfions. The

comparfisonbetweenDMCandGPshowsagreementwhenthefinteractfionfisflowandtheycflearfly

departwhenNa11/fl
(1)
hogrows.TheDMCprofiflesshowtheemergenceoffapflateaucflosetor=0,

finsfignfificantcontrastwfiththeGPpredfictfion.

DensfityprofiflesfforpofintsD(∆=0.42)andF(∆=8)arereportedfinFfigs.8.3and8.4,

respectfivefly. TheresufltsarequaflfitatfiveflysfimfiflartotheonesoffpofintC,showfingmfixfingfin

bothcases.PofintFfisdeepflyflocatedfinthemfixedpartoffthephasespace(flarge∆vaflue)and

theagreementwfithGPfis,finthfiscase,qufitesatfisffactoryexceptquantfitatfiveflywhenthemass

dfifferencefisflargeandthestrengthoffthefinteractfionfincreases.PofintD,wfithasmaflfl∆vaflue,

showssflfightflymoresfignfificantdeparturesffromGPpredfictfionsthatagafinfincreasewhenthe

dfifferencefinmassbetweenbothspecfiesfincreases.
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Ffig.8.3PofintDoffthephasespace.ThepofintscorrespondtotheDMCresufltsandtheflfinesto
thesoflutfionofftheGPequatfionsfforthesamesystem.

8.3.2 ∆=0

Wehavestudfiedtwopofints(BandE,seeTabfle 8.1)offthephasespacewhficharefiflflustratfiveoff

the∆=0case.Assumfingmean-fiefldtheory,thfiscorrespondstothecrfitficaflflfinefformfixfingfin

buflkmfixtures.

InpofintB,wehaveg12/g22=0.75andg11/g12=0.75. Wfiththesevaflues,g22>g12>g11,

andthusoneexpectsthatspecfies2goesoutoffthetrapcenterbecausefitfismorerepuflsfivethan

specfies1. Thfiseffectfisemphasfizedwhenm2>m1becausethereflatfionbetweenscatterfing

flengthshasanaddfitfionaflffactorm2/m1.InFfig.8.5,wecanseetheevoflutfionoffthedensfity

profiflesasaffunctfionoffthefinteractfionstrengthandmassratfio. Whenthesystemfisonflyweakfly

finteractfing(flefftcoflumn)oneapprecfiatesGaussfianprofiflesthatcofincfidewfithGPpredfictfions.

Thesfituatfionchangeswhenthefinteractfiongrows(secondandthfirdcoflumns)aswecanseethat

thetwosystemsstarttophaseseparate,affeaturethatfismeasuredbytheposfitfivevaflueoffthe

ffactor∆n(8.11).Iffthedfifferencefinmassfisenflarged,bottompanefls,onecanseethatthephase

separatfionfisevenmorecflear.Inthfiscase,theheavfiestcomponent(2)fismanfiffestflygofingout

offthecenterandthusfitsurroundsthecore,mafinflyoccupfiedbythespecfies1.Comparfison
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Ffig.8.4PofintFoffthephasespace.ThepofintscorrespondtotheDMCresufltsandtheflfinesto
thesoflutfionofftheGPequatfionsfforthesamesystem.

wfithGPshowsthattherefisaquaflfitatfiveagreementwfithDMCbutquantfitatfiveflyGPfisrather

finaccurate,specfiaflflywhenthemassratfiofism2/m1=4.

InpofintE,wearestfiflflfinthecrfitficaflflfine∆=0butnowthereflatfionofffinteractfionstrengths

fisfinvertedwfithrespecttopofintB.Thatfis,g22<g12<g11.Thereffore,onenowexpectsspecfies

2occupyfingthecenterandspecfies1movfingtotheexternaflpartoffthetrap.Thfisfisreflectedfin

thenegatfivevafluesofftheparameter∆nwhficharereportedfforeverypaneflfinFfig.8.6.The

fincreaseofftheffactorm2/m1goesfinreversedfirectfionandsflfightflycompensatesthefincreasefin

a22.However,fitfisshownnottobeflargeenoughtochangethedescrfiptfion.Comparfingwfith

Ffig.8.5,thephaseseparatfionfisnotcompfletebecauseonecanseethattherefisaflwaysafinfite

ffractfionoffspecfies1cflosetothecenter.

8.3.3 ∆<0

Inthfissubsectfion,wemovetopofintsoffthephasespacewherephaseseparatfionfisexpected. We

havestudfiedtworepresentatfivepofintsoffthephasespace,pofintsAandG(seeTabfle8.1).

InpofintA,g12/g22=3andg11/g12=1/3producfing∆=−0.89.Thereflatfionoffstrengths

fisnowg11=g22<g12.BygofingffromfleffttorfightfinthepaneflsoffFfig.8.7onecanseethat



8.3Resuflts 101

0

2

4

6

8

0.0

1.5

3.0

4.5

0

1

2

3

4
1

2

0

2

4

6

8

0.0

1.5

3.0

4.5

0

1

2

3

4

0 1 2 3 4 5
0

2

4

6

8

0 1 2 3 4 5
0.0

1.5

3.0

4.5

6.0

0 1 2 3 4 5
0.0

1.5

3.0

4.5

∆n=0.0

106ρm1a
3
11=7.1(2)

105ρm2a
3
22=2.7(1)

∆n=0.12

104ρm1a
3
11=2.14(8)

104ρm2a
3
22=4.8(1)

∆n=0.47

104ρm1a
3
11=9.6(5)

103ρm2a
3
22=1.79(6)

∆n=-0.01

106ρm1a
3
11=6.5(2)

105ρm2a
3
22=9.7(3)

∆n=0.39

104ρm1a
3
11=2.3(1)

103ρm2a
3
22=1.53(5)

∆n=0.49

104ρm1a
3
11=9.7(4)

103ρm2a
3
22=5.6(1)

∆n=0.04

106ρm1a
3
11=6.4(2)

103ρm2a
3
22=1.49(7)

∆n=0.23

104ρm1a
3
11=2.29(8)

102ρm2a
3
22=2.30(8)

∆n=0.72

103ρm1a
3
11=1.12(5)

102ρm2a
3
22=8.1(2)

ρ
(r
)[
fl−
3
ho
,1
]

m
2
=
4
m
1

m
2
=
1
.5
m
1

m
2
=
m
1

Na11/flho,1=2 Na11/flho,1=8 Na11/flho,1=15

r[flho,1]

∆=0.0

Ffig.8.5PofintBoffthephasespace.ThepofintscorrespondtotheDMCresufltsandtheflfinesto
thesoflutfionofftheGPequatfionsfforthesamesystem.

themfixturephaseseparateswhenthefinteractfionbetweenatomsfismorefimportantthanthe

one-bodyconfinfingharmonficpotentfiafl. Whenthemassesoffbothspecfiesareequafl,onefidentfifies

aphaseseparatfionfinfformofftwosymmetrficseparatedbflobs,sfimfiflartowhatonewoufldobserve

finabuflksystem.Thfisfisaflsoconsfistentwfith∆n=0.Agafin,themean-fiefldpredfictfionbecomes

quantfitatfiveflyworse,asthefinteractfionstrengthandthedfifferencefinmassbetweenthetwo

componentsfincrease.However,aflthoughfitfisnotvfisfibfleffromtheradfiaflprofifles,finaflflcasesoff

pofintAtherefisatfleastpartfiaflphaseseparatfionfintwobflobs.Inordertoshowthfis,wehave

caflcuflatedtheP(z,ρ)dfistrfibutfion,wherethez-dfirectfionfisdefinedasaflfinepassfingthroughthe

twocentersoffmass,wfiththesecondcomponentbefingfintheposfitfivez-dfirectfion.z=0fisthe

geometrficcenterbetweenthetwocentersoffmass.Thesecondvarfiabfle,ρ,fisjustthedfistanceoff

asfingflepartficfleffromthfisflfine.Resufltsarenormaflfizedsuchthat 2πρdρdzP(z,ρ)=N/2.The

resufltsfinthetwofiflflustratfivecasesarepresentedfinFfig.8.8and8.9.Inthecaseoffequaflmasses

andNa11/flho,1=2(Ffig.8.8)aflthoughbothspecfiesoverflapsfignfificantfly,themaxfimaoffthefir

probabfiflfitydfistrfibutfionsarecflearflyseparated.Inffacttheaveragedfistanceoffthefircentersoff

massfisabout0.4flho,1.IncreasfingNa11/flho,1theoverflapbetweenthetwospecfiesdecreasesand

acfleartwo-bflobstructurebecomesvfisfibfle,wfiththeaveragedfistancebetweenthetwocentersoff

massbecomfing3flho,1.Thefincreaseoffthemassdfifferenceoffthetwospecfiesaflsoffavorsthefir

separatfion.Theextremecaseoffm2=4m1andNa11/flho,1=15fisshownfinFfig.8.9. Weobserve

thatthetwospecfiesarecflearflyseparatedfintwobflobsandmorespreadfinboththeρandz

dfirectfionsthanfinFfig.8.8,duetotheflargerrepuflsfivefinterspecfiesfinteractfion.DMCpredficts
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Ffig.8.6PofintEoffthephasespace.ThepofintscorrespondtotheDMCresufltsandtheflfinesto
thesoflutfionofftheGPequatfionsfforthesamesystem.

themoremassfivecomponenttobecflosertothecenteroffthetrap,unflfikeGP.|∆n|>0fisqufite

flarge,butremarkabflyhasopposfitesfignfinGPandDMC.
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Ffig.8.7PofintAoffthephasespace.ThepofintscorrespondtotheDMCresufltsandtheflfinesto
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thesoflutfionofftheGPequatfionsfforthesamesystem.

Ffig.8.8PofintAoffthephasespacefform1=m2andNa11/flho,1=2.z-axfiscorrespondsto
theflfinegofingthroughthecentersoffmassoffthetwocomponents,whfifleρcorrespondstothe
dfistanceoffapartficfleffromthatflfine.Topandbottompaneflsstandfforthedfistrfibutfionoffspecfies
1and2,respectfivefly.
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Ffig.8.10SameasFfig.8.8(pofintG)fform2=m1andNa11/flho,1=2.
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Ffig.8.11SameasFfig.8.8(pofintG)fform2=4m1andNa11/flho,1=15.

Intheflastpofint(G),oneexpectsphaseseparatfionbecause∆=−0.43. Thereflatfionoff

strengthsfisnowg11>g12>g22. Wecflearflyobserveaphaseseparatedsystemfformedfiumand

flargefinteractfionsandamfixedonewhenNa11/flho,1=2.Theflfighterpartficflemovesprogressfivefly

outoffthecenterandfinaflfly,whenthereflatfionoffmassesfisflarge,fitsurroundscompfleteflythe

heavfierone,whfichoccupfiesthecenteroffthetrap.ContrarfiflytopofintA,heretheGPdescrfiptfion

fisfinnficeagreementwfiththeDMCdataevenwhenthedfifferencefinmassesfisflarge.
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Ffig.8.12PofintGoffthephasespace.ThepofintscorrespondtotheDMCresufltsandtheflfinesto
thesoflutfionofftheGPequatfionsfforthesamesystem.

8.4 ScaflfingwfiththefinteractfionparameterNa11/flho,1

IntheprevfiousSectfion,wehavepflottedthedensfityprofiflesconsfiderfingtheparameterNa11/flho,1

asascaflfingparametertodetermfinethestrengthoffthefinteractfions.Foragfivenvaflueoffthfis

adfimensfionaflparameterwehavethenchangedthereflatfionoffmassesbetweenthetwospecfies.

ThfisparameterhasbeentakenffromtheGPequatfionfforasfingfleBosegasharmonficaflflyconfined

wherefitfisprovedtobetheonflyfinputparameteroffthecaflcuflatfions.

ThfisunfiversaflfityemergesffromtheGross-Pfitaevskfifiequatfions(Eqs.8.7and8.8)whenthey

arewrfittenfinflength,energy,andtfimescaflesgfivenbyflho,1= ℏ/(m1ω1),ℏ
2/(m1fl

2
ho,1)and

τ=m1fl
2
ho,1/ℏ,respectfivefly

fi
∂̃ϕ1(̃r,̃t)

∂̃t
= −

∇̃2

2
+
1

2
r̃2+

4πN1a11
flho,1

|̃ϕ1(̃r,̃t)|
2

+
4πN2a12
flho,1

|̃ϕ2(̃r,̃t)|
2 ϕ̃1(̃r,̃t), (8.12)
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fi
∂̃ϕ2(̃r,̃t)

∂̃t
= −

∇̃2

2
+
m2
m1

ω22
ω21

1

2
r̃2+

4πN2a22
flho,1

|̃ϕ2(̃r,̃t)|
2

+
4πN1a12
flho,1

|̃ϕ1(̃r,̃t)|
2 ϕ̃2(̃r,̃t), (8.13)

whereϕ̃1andϕ̃2arenormaflfizedaccordfingto d3̃r|̃ϕfi|
2=1(fi=1,2).Notficethattheunfiversaflfity

fisrecoveredwhenfixfingtheratfiosg12/g22,g11/g12andN1a11/flho,1sfincefinourstudyN1=N2,

wfithω1andω2keptfixed.

Inthfissectfion,wecheckfiffthfisunfiversaflfityaflsohofldstruewhenperfformfingDMCcaflcuflatfions,

bothfinregfimeswhereDMCresufltsandGPonesessentfiaflflycofincfideandfinotherswherewe

haveobservedsfignfificantdfiscrepancfies.

Wehavechosentwofiflflustratfivecasesoffbothsfituatfions.Inpartficuflar,pofintsAandEoffthe

phasespace(seeTabfle8.1).InbothcaseswehavechangedfindependentflyNanda11finsucha

waytokeeptheGPparameterasequafl.Tothfisend,wehaveusedasystemwfithN=100+100

andasmaflflerone,composedbyhaflffthenumberoffpartficflesN=50+50.

InFfig.8.13,wereporttheresufltsoffthfisanaflysfisfforpofintA.Theresufltsoffthedensfity

profiflesareaflflnormaflfizedtosumupto200finordertomakethecomparfisoneasfier. Aswe

commentedfintheprevfiousSectfion,pofintAfistheonewherewehaveobservedtheflargest

departuresffromtheGPresuflts.Thefiguresshowsexceflflentagreementwhenthefinteractfionfis

flowandsomedfiscrepancfieswhentheGPparametergrows.However,theeffectfisnotdramatfic

andaffectsonflytheheavfiestspecfies.ItfisremarkabflethatevenfinsfituatfionsflfiketheonesoffFfig.

8.13,whereGPstrongflydepartsffromDMC,onecanstfiflflobserveaveryreasonabflescaflfingwfith

theGPfinteractfionparameter.
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Ffig.8.13ScaflfingontheGPparameterfinpofintAoffthephasespace.Soflfidandopenpofints
standfforresufltswfithN=200andN=100,respectfivefly.
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Ffig.8.14ScaflfingontheGPparameterfinpofintEoffthephasespace.Soflfidandopenpofints
standfforresufltswfithN=200andN=100,respectfivefly.

PofintEwasoneoffthepofintswheretheagreementbetweenGPandDMCwasbetter.In

Ffig.8.14,westudythethedependenceoffthedensfityprofifleresufltsontheGPparameterasa

scaflfingffactor.Inthfiscase,theagreementfispractficaflflyperffectbecausethedfiscrepancfiesare

justofftheorderofftheerrorbars.

8.5 Unfiversaflfitytest

Areflevantpofintfinournumerficaflsfimuflatfionsfisthefinfluenceoffthemodeflpotentfiaflonthe

resuflts.Unfiversaflfityfinthesetermsmeansthatthefinteractfioncanbeffuflflydescrfibedbyasfingfle

parameter,thes-wavescatterfingflength,asfitcorrespondstoaverydfiflutesystem.Inaflflthe

prevfiousresufltswehaveusedahard-coremodeflfforthefinteractfionsbetweentheatoms(8.9).In

thfisSectfion,wecomparetheseresufltswfithotheronesobtafinedwfitha10-6potentfiafl,

V(αβ)(r)=
ℏ2

2µαβ
V0

r0
r

10

−
r0
r

6

, (8.14)
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whoses-wavescatterfingflengthfisanaflytficaflflyknown[124]. Wefixtheparameterr0=2aαβffor

aflflcasesandmodfiffythestrengthV0toreproducethedesfiredscatterfingflength.InEq.(8.14),

theparameterµαβfisthereducedmass,µαβ=mαmβ/(mα+mβ).

Ouranaflysfishasbeenperfformedfform2=1.5m1,N=100+100partficfles,andconsfiderfing

equaflharmonficffrequencfiesω1=ω2.Twofinteractfionstrengthshavebeenused,Na11/flho,1=8

and15.AsfintheprevfiousSectfion,wehavestudfiedpofintsEandAoffthephasespace,fi.e.,
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thosecharacterfistficoffagreementanddfisagreementwfithGP.

Ffig.8.15DMCresufltsffortwomodeflsarecomparedtoGPresufltsffortwovafluesoffGPparameter
finpofintA.

InFfig.8.15,weshowthedensfityprofiflesoffpofintA,obtafinedusfingthetwomodeflpotentfiafls

normaflfizedfinthesameway. Wecanseeanoveraflflagreementbetweenbothresufltswfithonfly

somedfifferencesfintheestfimatfionoffthedensfityfinthecenter.Cflosetor=0thestatfistficafl

fluctuatfionsarebfiggerduetothenormaflfizatfionfinasmaflflvoflume.Thfisffeaturefisaflwayspresent

butweobservethatthesefluctuatfionsareflargerfinthecaseoffthe10-6potentfiafl(8.14).

InFfig.8.16,weanaflyzedthesamefforpofintEfinwhfichwearecflosertoaneffectfivemean-fiefld

descrfiptfion.Thecomparfisonaflsoshowsagoodagreementbetweenresufltsobtafinedfforboth

potentfiafls,wfithsomedfifferencesfinthefinnercoreoffthetrap.

Wehaveverfifiedfinotherpofintsoffthephasespacetheunfiversaflfityoffourresufltsandthe

concflusfionfisthatthfisfismafintafinedwfithrespecttothecharacteroffthesystem(mfiscfibfleorphase
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separated)andaflsotheoveraflflshapeoffthedensfityprofifles.Thefinfluenceoffthemodeflpotentfiafl

fisatthescafleoffourstatfistficaflfluctuatfions,exceptcflosetor=0wheresmaflfldfifferencesare
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observedfinsomecases.

Ffig.8.16DMCresufltsffortwomodeflsarecomparedtoGPresufltsffortwovafluesoffGPparameter
finpofintE.

8.6 Summaryanddfiscussfion

UsfingthedfiffusfionMonteCarflomethod,abfletoprovfideexactresufltsfforbosonficsystems,wehave

expfloredthephasespaceoffanharmonficaflflyconfinedBose-Bosemfixtureatzerotemperature.

Ourresufltsarecomparedfinaflflcaseswfithamean-fiefldGross-Pfitaevskfificaflcuflatfionfinthesame

condfitfions.Asexpected,ourDMCresufltsagreebetterwfiththeGPoneswhenthestrengthoff

finteractfionsfissmaflflandworsensprogressfiveflywhenthatgrows.Inspfiteofftheffactthatthe

predfictfionfformfiscfibfiflfityorphaseseparatfionfiscofincfidentfinbothcases,fitfisaflsotruethatthe

densfityprofiflescanberatherdfifferent.

Ourresufltsarebyconstructfionexactandgobeyondmean-fiefld,showfingtheflfimfitsoffthfis

approach.AsystematfictrendfinwhfichGPffafiflsfisthedependenceonthemassoffthetwospecfies.

WhentheasymmetryfinthemassesgrowsGPbecomescflearflywrongfinsomecases.Thatcoufld

bearguedtobeaneffectoffthefinteractfionmodeflusedfinDMCbutourresufltscontradfictthfis

pofint,wfithfintherangeofffinteractfionshereexpflored.
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Thetunabfiflfityoffatomficfinteractfionsandthepossfibfiflfityoffusfingatomswfithdfifferent

massratfiosmakesthfissystemspecfiaflflyrfich. Thephasespaceshowsregfimesoffmfiscfibfiflfity

and,finterestfingfly,twodfifferentsfituatfionsfforphaseseparatfion,twobflobsorfin-outspherficafl

separatfion,dependfingfinthereflatfionoffmassesandfinteractfionstrength.Itwoufldbevery

finterestfingtoproducefintheflabsmaflflersystems,wfithhundredsoffatoms,tocheckthedeparture

offthephysficsffromthemean-fiefldGPtreatment.Inthfisway,onecanstarttoenterfintothe

reaflmoffffuflflyquantummany-bodyphysfics.



Chapter9

Summaryandoutflook

InthfisThesfis,weperfformednumerficaflstudfiesoffdfifferentbosonficmfixtureswfithessentfiaflflyffour

technfiquesoffvarfiousrangeoffappflficabfiflfity. Webufifltnumerficaflcodesspecfiaflfizedtothestudyoff

quantummfixtures,whfichcanstfimuflateffurtherresearch,aswewfiflflmakethemavafiflabflefinopen

accessreposfitorfies.

Ffirstfly,weusedaVarfiatfionafl MonteCarflomethod,whfich,asthenamesuggests,fisa

varfiatfionaflmethodafimedatsoflvfingthemany-bodySchrödfingerequatfion. Throughoutthe

Thesfis,wefinvestfigatedvarfiousfformsoffthetrfiaflwaveffunctfionsandreportedthosewhfichworked

thebestfforeachsystemwhencombfinedwfiththeDfiffusfionMonteCarflomethod.Secondfly,we

appflfiedtheDfiffusfionMonteCarflotechnfique,anexactmethodsufitabflefforthestudyoffstatfic

propertfiesoffbosonficsystems.Itfisrestrfictedtozerotemperature,makfingfitfideaflfforthestudyoff

ufltracofldsystemswherenegflectfingthermafleffectsfisanexceflflentfirstapproxfimatfion.Dfiffusfion

MonteCarflofisverycomputatfionaflflydemandfing,thusmakfingfitsomewhatflfimfitedtosystems

wfithatmost1000atoms.Thfisfledustoresorttothefinaflsetoffmethodsappflficabfletoflarge

systems,whfichopenedaccesstotfime-dependentphenomenaasweflfl,thebosonficmean-fiefld

theoryanddensfityffunctfionafltheory. WeusedGross-Pfitaevskfifiequatfion,arfisfingffrommean-fiefld

theory.IntheregfimewheretheGross-Pfitaevskfifiequatfionffafifls,webufifltanunderflyfingdensfity

ffunctfionaflbyreflyfingontheQuantumMonteCarflodata.

TheresufltspresentedfinthfisThesfisarereflevantbothtotheoretficaflandexperfimentaflactfivfitfies

finquantumBosemfixtures. Webenchmarkedtheexfistfingmean-fiefldtheorfies,extendedthem

wheretheyareexpectedtoffafifl,andexpflafinedthephysficaflmechanfismbehfindthenumerficafl

resuflts. ThemafinbodyofftheThesfisfisthestudyoffufltradfiflutebosonficdropflets,wherewe

presentednumerficaflevfidenceoffthenecessfitytogobeyondtheLHY-extendedmean-fiefldtheory,

aswedfiscoveredboththerepuflsfiveandattractfivecontrfibutfiontotheenergy,dependfingonthe

vaflueofftheeffectfiverangeoffthefinteractfion.Partoffthesefindfingsareaflreadymanfiffestedfin

experfimentaflflyobtafinedquantumdropfletsfin39K. Webeflfievethatnext-generatfionexperfiments

wfithquantumdropfletswfiflflreflyonourfindfings.

TheflasttopficoffthfisThesfisfisthestudyoffrepuflsfivemfixtures,whereweafimedatunder-

standfingtherepuflsfivepartoffthebosonficmfixturephasedfiagram.Thesefindfingswfiflflaflflowone
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toconnecttheQuantumMonteCarfloresufltswfithffutureexperfimentaflfindfingsfinmesoscopfic

quantumsystems,wherethedescrfiptfionneedstogobeyondthemean-fiefld.

FoflflowfingfisthesummaryandoutflookfforthesubtopficsoffthfisThesfis.

Propertfiesofffinfite-sfizesymmetrficquantumdrops

Propertfiesoffsymmetrficfinfite-sfizequantumdropsusfingessentfiaflflytheexactDMCmethod

werepresented.Forsfimpflficfity,werestrfictedtosymmetrficBosemfixtures,fi.e.,theoneswfith

a11=a22. Westudfiedthecrfitficaflatomnumber,whfichfisthemfinfimumtotaflatomnumber

requfiredtohaveaseflff-bounddrop,fforawfiderangeofffinterpartficfleattractfivestrengtha12/a11,

wherethePetrov’stheorycannotbeappflfied.Thereweaflreadyobservedtherepuflsfivebeyond-

LHYcontrfibutfionswhfichseemtobeageneraflffeaturefinaBosemfixturewfithshort-ranged

finteractfions[146,145]. Wepredfictedondensfityprofifleswhfichffeaturethedensfitysaturatfion,ffor

twovafluesofftheattractfives-wavescatterfingflengtha12/a11.Thesearefinagreementwfithour

predfictfionsofftheffuflflequatfionoffstateoffasymmetrficflfiqufid,fi.e.,thetotaflenergyperpartficfleas

affunctfionoffthedensfity,fforthreevafluesoffa12/a11.Ffinaflfly,byfittfingtheenergfiesofffinfite-sfize

dropswfithfinaflfiqufiddropmodefl,weobtafinedthesurffacetensfion.Affurtherfinvestfigatfionoff

smaflfl-Nquantumdropscoufldfleadtothefimproveddensfity-ffunctfionaflwhfichgeneraflfizesthe

Petrov’sapproach,andwhfichcoufldreproducetheQMCresufltssummarfizedhere.

Beyond-LHYcontrfibutfionstotheenergyfinquantumflfiqufids

ThebothersomeffeatureofftheLHY-extendedmean-fiefldtheoryfistheappearanceofffimagfinary

contrfibutfionstotheenergyoffhomogeneousmfixtures,comfingffromtheLHYterm[24,145]. We

extensfiveflybenchmarkedandstudfiedtheenergyperpartficflefinthethermodynamficflfimfitby

meansoffDMCcaflcuflatfions,whfichprovfidedexactestfimatfionsofftheenergy. Wedfiscoveredthat

thereexfistsubstantfiaflbeyond-LHYcontrfibutfionsfinasymmetrfica11=a22flfiqufid,whfichhavea

repuflsfivenature,andwhosecontrfibutfionfincreaseswhenenterfingfinamorecorreflated,dense

regfime. Wepredfictedthattheafforementfionedbeyond-LHYtermsaflsodependontheeffectfive

range,whfichfisanothercoeficfientfintheexpansfionoffthefl=0phaseshfifft. Weconcfluded

thatthefincflusfionofftheeffectfiverangefleadstoadecreasefinenergy,affeaturewhfichappears

bothfinsymmetrficflfiqufidsandfinaflfiqufidoff39Katoms.Byperfformfingmany,finpartficuflar18

caflcuflatfionsofftheequatfionsoffstateoffsymmetrficflfiqufids,weproducedaQMC-bufifltdensfity

ffunctfionaflwhfichaflsofincorporatestheeffectsofffinfite-range.Theoutflookoffpresentedresufltsfis

verywfide:webeflfievethatthecorrectfincflusfionofftheeffectfiverangefiscrucfiaflfinthedescrfiptfion

offnext-generatfionquantumdropfletexperfiments.Addfitfionaflfly,ourresufltscoufldbeusedasa

benchmarkoffbeyond-LHYtheorfies,suchasthosefinReffs.[145,146].

Ffinfite-rangeeffectsonthestatficanddynamficpropertfiesoff39Kdrops

Wethoroughflystudfiedaquantumdropfletfinamfixtureoff 39K,whfichwasfirstexperfimentaflfly

reaflfizedbytheCabreraet.afl[29]andbySemeghfinfiet.afl.[30].Forthfismfixture,thereare

knownvafluesofftheeffectfiveranges,ontopoffthes-wavescatterfingflengths. Weprovfidedthe

QMC-bufifltdensfityffunctfionaflsfforvarfiousvafluesofftheappflfiedmagnetficfiefld,oraflternatfivefly

thescatterfingparameters.BasedonQMCenergfies,wedevfisedadensfityffunctfionaflwhfichfleads
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tothepredfictfionoffasubstantfiaflflyflowercrfitficaflatomnumber,observedfin[29]. Weoutflfined

the MF+LHYtheoryffornon-optfimaflcomposfitfionoffpartficflesfinadrop,whfichweusedto

expflafinthedfiscrepancyfinthepredfictfionsoffobservedsfizefintheexperfiment[29].Non-optfimafl

composfitfionmfightoccurduetostrongthree-bodyflosses,finwhfichcasefinfite-rangeeffectswoufld

beoffsecond-orderofffimportance.Thedfiscrepancyfinsfizemfightaflsooccurduetothermafleffects

[174],whfichfisanoutflookfforaffuturefinvestfigatfion.

WepresentedastudyoffthethermodynamficpropertfiesoffaQMC-bufifltdensfityffunctfionaflfin

a39Kflfiqufid. Wepredfictedffrequencfiesoffexcfitatfionmodesfinaspherficaflseflff-bound39Kquantum

dropflet,finpartficuflarthequadropofleandthemonopoflemodes. Thesfignfificantdfifferences

betweentheresufltsoffQMCandMF+LHYffunctfionaflsffortheexcfitatfionspectrumfindficates

thatfinfite-rangeeffectscoufldshowupfinotherdynamficaflprobflemsasweflfl.Inpartficuflar,

findropflet-dropfletcoflflfisfions[44],wheretheactuaflvaflueoffthefincompressfibfiflfitymfightpflaya

reflevantrofle.Areflfiabfleffunctfionaflmfightaflsobeuseffufltostudyquantumdropfletaspectsthatare

currentflyunderstudyfforsuperflufid4Hedropflets,suchastheappearanceoffquantumturbuflence

andoffbuflkandsurffacevortficfityfindropfletsmergfing,theequfiflfibrfiumphasedfiagramoffrotatfing

quantumdropflets,andthemergfingoffvortex-hostfingquantumdropflets[175–177].Theseaspects

areatpresentunderfinvestfigatfion.Furtherfimprovementsfinthebufifldfingoffamoreaccurate

QMCffunctfionaflshoufldconsfiderthefincflusfionoffsurffacetensfioneffectsothersthatthosearfisfing

ffromthequantumkfinetficenergyterm[178].

PhasedfiagramandunfiversaflfityfinrepuflsfiveBose-Bose mfixtures

WepresentedanextensfivestudyoffthephasedfiagramoffharmonficaflflytrappedBose-Bose

mfixturesatzerotemperaturewhereaflflthefinteractfionsarerepuflsfive. Wesystematficaflflyexpflored

thephasedfiagramoffthesystemandcomparedthedensfityprofiflesobtafinedbyDMCwfith

Gross-Pfitaevskfifisoflutfions. WeffoundgoodquaflfitatfiveagreementbetweentheDMCandGross-

Pfitaevskfifiequatfionswhenthefinteractfionsareweakandmassasymmetryfissmaflfl.However,

thedfifferencesmagnfiffywhentheasymmetrybetweenmassesandfinteractfionstrengthfincreases.

Ourstudywasflfimfitedtozerotemperature,andaffutureoutflookwoufldbetheproperfincflusfion

offthermaflfluctuatfions,whfichprovedtotrfiggeraphaseseparatfionfinthehomogeneoussystem

evenwhenthemean-fiefldzerotemperaturetheorypredfictsmfixfing[65].

WeshowedthattheshapeoffDMC-predficteddensfityprofiflesremafinedthesame,wfithjustthe

normchangfingaccordfingfly,whenthecaflcuflatfionswereperfformedfforN=200and400atoms,

provfidedthatN1a11/flho,1,N1a12/flho,1,N2a12/flho,1andN2a22/flho,1werekeptfixed.Thus,the

unfiversaflfityfinGross-Pfitaevskfifiequatfionsseemstobevaflfidevenfinthestrongflycorreflatedregfime,

whfichaflflowsfforthecomparfisonoffab-finfitfiomficroscopficcaflcuflatfionswfithexperfimentaflresuflts.

Weprovfidednumerficaflevfidenceffortheunfiversaflfityoffourresuflts,meanfingthatthefinteractfion

canbeffuflflydescrfibedbyasfingfleparameter,thes-wavescatterfingflength,asfitcorrespondsto

averydfiflutesystem.ThfisfisreflevantasourdensfityprofiflesdfifferffromtheGross-Pfitaevskfifi

soflutfions.Sfincethenextcorrectfiontothemean-fiefld,theLHYterm,fisfimagfinaryfforg212>g11g22,

ourresufltsmfightproveuseffuflasabenchmarkoffmoreeflaboratemany-bodytheoryoffrepuflsfive

mfixtures.
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AppendfixA

Derfivatfionoffquantumfforceand

flocaflenergyfinVMCandDMC

CrucfiafleflementsfforthepropagatfionoffpartficflecoordfinatesdurfingthecourseoffDMCandVMC

methodsarethequantumfforce

F(R)=2
∇RψT(R)

ψT(R)
, (A.1)

andtheflocaflenergy

EL(R)=−
ℏ2

2m

∇2RψT(R)

ψT(R)
+V(R), (A.2)

whereV(R)= N
fiVext(rfi)+ fi<jVpafir(|rfi−rj|).Sfinceweworkdfirectflyfinthecoordfinate

representatfion,potentfiaflenergyevafluatfionfistrfivfiafl.InthfisAppendfixtheexpflficfitexpressfionffor

thesequantfitfiesarederfivedundertheassumptfionoffthetrfiaflwaveffunctfionfinthefform

ψT(R)=
N

fi

ff1b(rfi)
N

fi<j

ff2b(|rfi−rj|). (A.3)

Letuswrfitethewaveffunctfionas

ψT(R)=ψ1(R)ψ2(R), (A.4)

where

ψ1(R)=
N

fi

ff1b(rfi), (A.5)

and

ψ2(R)=
N

fi<j

ff2b(|rfi−rj|). (A.6)

Quantumfforcefisthereffore

F(R)=2
∇RψT(R)

ψT(R)
=2
∇Rψ1(R)

ψ1(R)
+2
∇Rψ2(R)

ψ2(R)
=F1(R)+F2(R), (A.7)
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wherethefforceactfingonthepartficflefifisgfivenby

F1(rfi) = 2
∇rfiψ1(rfi)

ψ1(rfi)
(A.8)

=
2

ψ1b(rfi)

3

k=1

êk
∂

∂x
(fi)
k

ψ1b(rs) (A.9)

and

F2(rfi) = 2
3

k=1

êk

N

j=1̸=fi

1

ff(rfij)

∂ff(rfij)

∂rfij

x
(fi)
k −x

(j)
k

rfij
. (A.10)

CaflcuflatfionoffF2(r)canbeutfiflfizedsuchthatfiteratfionsgoonflythroughN(N−1)/2atompafirs.

Ffinaflfly,kfinetficpartcanbecaflcuflatedbyfinvokfingfformufla

∇2ψ

ψ
=
1

2
∇F+

1

4
F2, (A.11)

wherethegradfientfforthepartficflefifiscaflcuflatedas

∇rfiF(rfi)=G1(rfi)+G2(rfi), (A.12)

where

G1(rfi)=2
3

k=1

∂

∂x
(fi)
k

1

ψ1b

∂ψ1b(rfi)

∂x
(fi)
k

, (A.13)

G2(rfi)=2
N

j=1̸=fi

∂

∂rfij

1

ff(rfij)

∂ff(rfij)

∂rfij
+

2

ff(rfij)

∂ff(rfij)

∂rfij
, (A.14)

whereagafinthecaflcuflatfionoffG2canbedonebyfloopfingonflythrougheachatompafir.
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Currficuflumvfitaeandreflated

pubflficatfions

I,VfiktorCfikojevfić,wasbornon29January1993finSpflfit,Croatfia.In2011,Igraduated

ffromthe3rd(mathematficafl)gymnasfiumfinSpflfit.In2016,IgraduatedffromtheUnfiversfityoff

Spflfit,FacufltyoffNaturaflScfiences,wfithadegreefinComputatfionaflPhysfics.SfinceDecember

2016IamaresearchandteachfingassfistantatPhysficsDepartmentwfithfintheFacufltyoffNaturafl

Scfiences,UnfiversfityoffSpflfit.
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