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❥❛s♥♦ ❥❡ ❞❛ s❡ ♠♦❣✉ r❡♣r❡③❡♥t✐r❛t✐ ❥❡❞♥❛❦♦str❛♥✐↔♥✐♠ tr♦❦✉t✐♠❛✳ ❙t♦❣❛ ♦✈❛ t❡♠❛
♣♦✈❡③✉❥❡ t❡♦r✐❥✉ ❜r♦❥❡✈❛ ✐ ❣❡♦♠❡tr✐❥✉ ❦♦❥❛ ♥❛♠ ❞❛❥❡ ✉✈✐❥❡❦ ♣♦➸❡❧❥♥✉ ✈✐③✉❛❧✐③❛❝✐❥✉ ✉
♠❛t❡♠❛t✐❝✐ t❡ ♣♦❜❧✐➸❡ ♦♣✐s✉❥❡ ♣♦❥❛♠ tr♦❦✉t❛st♦❣ ❜r♦❥❛✳

◆❛ s❛♠♦♠ ♣♦↔❡t❦✉ r❛❞❛ ✉♣♦③♥❛t ➣❡♠♦ s❡ s tr♦❦✉t❛st✐♠ ❜r♦❥❡✈✐♠❛✱ ❞❛t✐ ♥❥✐❤♦✈✉
❞❡✜♥✐❝✐❥✉✱ ✈✐③✉❛❧✐③❛❝✐❥✉ t❡ ✉♦↔✐t✐ ❣❞❥❡ ✐❤ s✉sr❡➣❡♠♦ ✉ s✈❛❦♦❞♥❡✈♥♦♠ ➸✐✈♦t✉✳ ▲❛❦♦ s❡
✉♦↔❛✈❛ ❞❛ ❥❡ n✲t✐ tr♦❦✉t❛st✐ ❜r♦❥ Tn ③❛♣r❛✈♦ ③❜r♦❥ ♣r✈✐❤ n ♣r✐r♦❞♥✐❤ ❜r♦❥❡✈❛ ➨t♦ ③♥❛↔✐
❞❛ ❥❡ Tn = n(n+1)

2
✳ ◆✐③ tr♦❦✉t❛st✐❤ ❜r♦❥❡✈❛ ③❛❞♦✈♦❧❥❛✈❛ r❛③❧✐↔✐t❡ ✐❞❡♥t✐t❡t❡ ❦♦❥✐ s❡ ❧❛❦♦

♠♦❣✉ ♣♦❦❛③❛t✐ ❛❧❣❡❜❛rs❦✐ ✐❧✐ ❦♦r✐st❡➣✐ ♣r✐♥❝✐♣ ♠❛t❡♠❛t✐↔❦❡ ✐♥❞✉❦❝✐❥❡✱ ♥♦ ③❛♥✐♠❧❥✐✈❛
❥❡ ✈✐③✉❛❧✐③❛❝✐❥❛ t✐❤ ✐❞❡♥t✐t❡t❛✱ ♦❞♥♦s♥♦ t③✈✳ ❞♦❦❛③✐ ❜❡③ r✐❥❡↔✐✳ ❚r♦❦✉t❛st❡ ❜r♦❥❡✈❡ ♥❛✲
❧❛③✐♠♦ ✉ P❛s❝❛❧♦✈♦♠ tr♦❦✉t✉ t❡ ✉ P❛s❝❛❧♦✈♦♠ tr♦❦✉t✉ ♠♦❞✉❧♦ ✷ ❦♦❥✐ s❡ ❥♦➨ ♥❛③✐✈❛
❚r♦❦✉t ❙✐❡r♣✐➠s❦♦❣✳

❯ ❞r✉❣♦♠❡ ♣♦❣❧❛✈❧❥✉ r❛❞❛ ♣♦❦❛③✉❥❡♠♦ ❞❛ s❡ ♥❡❦✐ ♣r♦❜❧❡♠✐ ✈❡③❛♥✐ ✉③ tr♦❦✉t❛st❡
❜r♦❥❡✈❡ ♠♦❣✉ ♣♦✈❡③❛t✐ s ❞✐♦❢❛♥ts❦✐♠ ❥❡❞♥❛❞➸❜❛♠❛✱ ❦♦♥❦r❡t♥♦ s ♣❡❧♦✈s❦♦♠ ✐ P✐t❛❣♦r✐✲
♥♦♠ ❥❡❞♥❛❞➸❜♦♠✳ ❚❛❦♦✱ ♥❛ ♣r✐♠❥❡r✱ ♣♦❦❛③✉❥❡♠♦ ❞❛ ♣♦st♦❥✐ ❜❡s❦♦♥❛↔♥♦ ♠♥♦❣♦ ❝✐❥❡❧✐❤
❜r♦❥❡✈❛ m ③❛ ❦♦❥❡ ♣♦st♦❥✐ tr♦❦✉t❛st✐ ❜r♦❥ Tn t❛❦❛✈ ❞❛ ❥❡ | Tn − m2 |= 1. ◆❛❞❛❧❥❡✱
♣♦❦❛③✉❥❡♠♦ ❞❛ ♣♦st♦❥✐ ❜❡s❦♦♥❛↔♥♦ ♠♥♦❣♦ P✐t❛❣♦r✐♥✐❤ tr♦❦✉t❛ (x, y, z) ↔✐❥❡ s✉ ❦❛t❡t❡

✶
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x ✐ y ✉③❛st♦♣♥✐ tr♦❦✉t❛st✐ ❜r♦❥❡✈✐✳

❯ tr❡➣❡♠ ♣♦❣❧❛✈❧❥✉ ♦❜r❛➒✉❥❡ s❡ ✈❡③❛ ♥✐③❛ tr♦❦✉t❛st✐❤ ❜r♦❥❡✈❛ s ♣♦③♥❛t✐♠ ♥✐③♦✈✐♠❛
❦❛♦ ➨t♦ s✉ ♥✐③ ▼❡rs❡♥♥❡♦✈✐❤ ❜r♦❥❡✈❛✱ ♥✐③ ❋❡r♠❛t♦✈✐❤✱ ♥✐③ ❋✐❜♦♥❛❝❝✐❥❡✈✐❤ ❜r♦❥❡✈❛ ✐ ♥✐③
P❡❧❧♦✈✐❤ ❜r♦❥❡✈❛✳ ❩❛ s✈❛❦✐ ♥❛s ♦❞ ♥❛✈❡❞❡♥✐❤ ♥✐③♦✈❛ ③❛♥✐♠❛ ✐♠❛ ❧✐ ♠❡➒✉ ♥❥✐♠❛ tr♦❦✉✲
t❛st✐❤ ❜r♦❥❡✈❛✳ P♦❦❛③✉❥❡ s❡ ❞❛ ❥❡ ③❛ r❥❡➨❛✈❛♥❥❡ ♦✈✐❤ ♣r♦❜❧❡♠❛ ❦♦r✐s♥❛ ❦❛r❛❦t❡r✐③❛❝✐❥❛
tr♦❦✉t❛st✐❤ ❜r♦❥❡✈❛ ❦♦❥❛ ❦❛➸❡ ❞❛ ❥❡ ❜r♦❥ N tr♦❦✉t❛st✐ ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ 8N + 1 ♣♦t✲
♣✉♥✐ ❦✈❛❞r❛t✳ ❚r♦❦✉t❛st✐ ❜r♦❥❡✈✐ ✶✱ ✸✱ ✶✺ ✐ ✹✵✾✺ s✉ ✉❥❡❞♥♦ ✐ ▼❡rs❡♥♥❡♦✈✐ ❜r♦❥❡✈✐✳
❯ r❛❞✉ ♣♦❦❛③✉❥❡♠♦ ❞❛ ♣♦st♦❥✐ ❜❡s❦♦♥❛↔♥♦ ♠♥♦❣♦ ▼❡rs❡♥♥❡♦✈✐❤ ❜r♦❥❡✈❛ ❦♦❥✐ ♥✐s✉
tr♦❦✉t❛st✐✳ ❉♦❦❛③ t❡ t✈r❞♥❥❡ ❥❡ ❡❧❡♠❡♥t❛r❛♥ ✐ ③❛s♥✐✈❛ s❡ ♥❛ ♣r♦♠❛tr❛♥❥✉ ♦st❛t❛❦❛ ♣r✐
❞✐❥❡❧❥❡♥❥✉ ♦❜❛ ♥✐③❛ ❜r♦❥❡♠ ✶✵✳ ◆❛❞❛❧❥❡✱ ♥❛✈❡❞❡♥✐ ❜r♦❥❡✈✐ s✉ ✐ ❥❡❞✐♥✐ ▼❡rs❡♥♥♦✈✐ tr♦❦✉✲
t❛st✐ ❜r♦❥❡✈✐ ❦♦❥✐ s❡ ❥♦➨ ♥❛③✐✈❛❥✉ ✐ ❘❛♠❛♥✉❥❛♥✲◆❛❣❡❧❧♦✈✐ ❜r♦❥❡✈✐✳ ◆✐❥❡ t❡➨❦♦ ♣♦❦❛③❛t✐
❞❛ ❥❡ ❜r♦❥ ✸ ❥❡❞✐♥✐ ❋❡r♠❛t♦✈ ❜r♦❥ ❦♦❥✐ ❥❡ tr♦❦✉t❛st✳ P♦③♥❛t✐ ♠❛t❡♠❛t✐↔❛r ❱✳ ❍♦❣❣❛tt
✭✶✾✷✶✳✕✶✾✽✵✳✮ ❦♦❥✐ s❡ ♣♦s❡❜♥♦ ③❛♥✐♠❛♦ ③❛ ❋✐❜♦♥❛❝❝✐❥❡✈❡ ❜r♦❥❡✈❡ ♣r❡t♣♦st❛✈✐♦ ❥❡ ❞❛
s✉ ❜r♦❥❡✈✐ ✶✱ ✸✱ ✷✶✱ ✺✺ ❥❡❞✐♥✐ tr♦❦✉t❛st✐ ❜r♦❥❡✈✐ ❋✐❜♦♥❛❝❝✐❥❡✈♦❣ ♥✐③❛✳ ❚♦ ❥❡ ✶✾✽✼✳ ♣♦✲
❦❛③❛♦ ▲✳ ▼✐♥❣ ❦♦r✐st❡➣✐ ❏❛❝♦❜✐❥❡✈❡ s✐♠❜♦❧❡✳ ❇✉❞✉➣✐ ❞❛ ❥❡ ❞♦❦❛③ t❡ t✈r❞♥❥❡ t❡❤♥✐↔❦✐
③❛❤t❥❡✈❛♥✱ ♦♣✐s❛t ➣❡♠♦ ✉❦r❛t❦♦ ♥❥❡❣♦✈✉ ✐❞❡❥✉ ✐ str❛t❡❣✐❥✉✳ ◆❛ ❦r❛❥✉✱ ♣♦❦❛③✉❥❡♠♦ ❞❛
❥❡ ❜r♦❥ ✶ ❥❡❞✐♥✐ P❡❧❧♦✈ ❜r♦❥ ❦♦❥✐ ❥❡ ✉❥❡❞♥♦ tr♦❦✉t❛st✐ ❜r♦❥✳ ❯ ❞♦❦❛③✉ s❡ ❦♦r✐st✐ ✈✐➨❡
✐❞❡♥t✐t❡t❛ ③❛ P❡❧❧♦✈❡ ❜r♦❥❡✈❡ t❡ ❏❛❝♦❜✐❥❡✈✐ s✐♠❜♦❧✐✳



P♦❣❧❛✈❧❥❡ ✶

❚r♦❦✉t❛st✐ ❜r♦❥❡✈✐

✶✳✶ ▼♦t✐✈❛❝✐❥❛ ✐ ❞❡✜♥✐❝✐❥❛

❋✐❣✉r❛t✐✈♥✐ ❜r♦❥❡✈✐ ♣♦③♥❛t✐ s✉ ❥♦➨ ♦❞ ✈r❡♠❡♥❛ ❙t❛r❡ ●r↔❦❡✱ ♥♦ ✐❛❦♦ s❡ ♥❥✐❤♦✈♦ ♦t❦r✐➣❡
♣r✐♣✐s✉❥❡ P✐t❛❣♦r❡❥❝✐♠❛✱ s♠❛tr❛ s❡ ❞❛ s✉ st❛r✐ ❑✐♥❡③✐ ❜✐❧✐ ✉♣♦③♥❛t✐ s ♥❥✐♠❛ ↔❛❦ ✺✵✵
❣♦❞✐♥❛ ♣r✐❥❡ P✐t❛❣♦r❡✳ ❚♦ s✉ ❜r♦❥❡✈✐ ❦♦❥✐ s❡ ♠♦❣✉ ❞♦❜✐t✐ s❧❛❣❛♥❥❡♠ t♦↔❦✐❝❛ ✭❦✈❛✲
❞r❛t✐➣❛✮ ✉ ♦❞r❡➒❡♥❡ ❣❡♦♠❡tr✐❥s❦❡ ♦❜❧✐❦❡ ✭✜❣✉r❡✮✳ ❚❛❦❛✈ ❣❡♦♠❡tr✐❥s❦✐ ♣r✐❦❛③ ❜r♦❥❡✈❛
♦♠♦❣✉➣✉❥❡ ✈✐③✉❛❧♥♦ ♣r❡❞♦↔❛✈❛♥❥❡ ❛❧❣❡❜❛rs❦✐❤ s✈♦❥st❛✈❛ ✐ r❡❧❛❝✐❥❛✳

❙❧✐❦❛ ✶✳✶✿ ❚r♦❦✉t❛st✐ ❜r♦❥❡✈✐

P♦❧✐❣♦♥❛❧♥✐ ❜r♦❥❡✈✐ ♣♦s❡❜♥❛ s✉ ❦❧❛s❛ ✜❣✉r❛t✐✈♥✐❤ ❜r♦❥❡✈❛✳ ❚♦ s✉ ♣♦③✐t✐✈♥✐ ❝✐❥❡❧✐
❜r♦❥❡✈✐ ❦♦❥✐ s❡ ♠♦❣✉ ♣r✐❦❛③❛t✐ ♣r❛✈✐❧♥✐♠ n✲t❡r♦❦✉t♦♠ ♣r✐ ↔❡♠✉ ❥❡ n ≥ 3✳ ❉❛❦❧❡✱ ✐❞❡❥❛
❥❡st ❞❛ ♦❞ ♦❞r❡➒❡♥♦❣ ❜r♦❥ t♦↔❦✐❝❛ s❧♦➸✐♠♦ tr♦❦✉t✱ ❦✈❛❞r❛t✱ ♣❡t❡r♦❦✉t ✭s❧✐❦❡ ✶✳✶✱ ✶✳✷✱
✶✳✸✮✱ ♦❞♥♦s♥♦ ♦♣➣❡♥✐t♦ ♣r❛✈✐❧♥✐ n✲t❡r♦❦✉t✳ Pr❡♠❛ t♦♠❡✱ r❛③❧✐❦✉❥❡♠♦ tr♦❦✉t❛st❡✱ ❦✈❛✲
❞r❛t♥❡✱ ♣❡t❡r♦❦✉t♥❡ ✐ ♦♣➣❡♥✐t♦ n✲t❡r♦❦✉t♥❡ ❜r♦❥❡✈❡✳ ❇✉❞✉➣✐ ❞❛ s✉ tr♦❦✉t❛st✐ ❜r♦❥❡✈✐
t❡♠❛ ♦✈♦❣ r❛❞❛✱ ✉ ♥❛st❛✈❦✉ ➣❡♠♦ s❡ ❜❛✈✐t✐ s❛♠♦ ♥❥✐♠❛✳

✸
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❙❧✐❦❛ ✶✳✷✿ ❑✈❛❞r❛t♥✐ ❜r♦❥❡✈✐

❙❧✐❦❛ ✶✳✸✿ P❡t❡r♦❦✉t♥✐ ❜r♦❥❡✈✐

Pr♦♠♦tr✐♠♦ ❧✐ s✈✐❥❡t ♦❦♦ s❡❜❡✱ ✉♦↔✐t ➣❡♠♦ ❦❛❦♦ s❡ tr♦❦✉t❛st✐ r❛s♣♦r❡❞ ♦❜❥❡❦❛t❛
↔❡st♦ ♣♦❥❛✈❧❥✉❥❡ ✉ s✈❛❦♦❞♥❡✈♥♦♠ ➸✐✈♦t✉✳ ❆❦♦ ♦❞❡♠♦ ♥❛ ❦✉❣❧❛♥❥❡✱ s❡t ♦❞ ❞❡s❡t ↔✉♥❥❡✈❛
❦♦❥❡ ❣❛➒❛♠♦ s❧♦➸❡♥✐ s✉ ✉ tr♦❦✉t ✭s❧✐❦❛ ✶✳✹❛✮✳ ◆❛ ❜✐❧❥❛r✉✱ ♣❡t♥❛❡st ❜✐❧❥❛rs❦✐❤ ❦✉❣❧✐❝❛ ♥❛
♣♦↔❡t❦✉ ✐❣r❡ s❧♦➸❡♥❡ s✉ ✉♣r❛✈♦ ✉ tr♦❦✉t ✭s❧✐❦❛ ✶✳✹❜✮✳ ❚❛❦♦➒❡r✱ ♥❛ ♠♥♦❣✐♠ tr➸♥✐❝❛♠❛
♠♦➸❡♠♦ ♣r♦♥❛➣✐ ➨t❛♥❞♦✈❡ ♥❛ ❦♦❥✐♠❛ ❥❡ ✈♦➣❡ ♣♦s❧❛❣❛♥♦ ✉ ✐st♦♠ r❛s♣♦r❡❞✉ ✭s❧✐❦❛ ✶✳✹❝✮✳
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✭❛✮ ❷✉♥❥❡✈✐ ✭❜✮ ❑✉❣❧✐❝❡
✭❝✮ ◆❛r❛♥↔❡

❙❧✐❦❛ ✶✳✹✿ ❚r♦❦✉t❛st✐ ❜r♦❥❡✈✐ ✉ s✈❛❦♦❞♥❡✈♥♦♠ ➸✐✈♦t✉

❙❧✐❦❛ ❣♦✈♦r✐ ✈✐➨❡ ♦❞ t✐s✉➣✉ r✐❥❡↔✐ ➨t♦ ③❛✐st❛ ✈r✐❥❡❞✐ ✉ ♦✈♦♠ s❧✉↔❛❥✉✳ Pr♦♠❛tr❛✲
❥✉➣✐ ♥❛✈❡❞❡♥❡ s❧✐❦❡ ✐③ ➸✐✈♦t❛ t❡ ❣r❛✜↔❦✐ ♣r✐❦❛③ tr♦❦✉t❛st✐❤ ❜r♦❥❡✈❛ ✭s❧✐❦❛ ✶✳✶✮✱ ❧❛❦♦
✉♦↔❛✈❛♠♦ ❞❛✿

❼ ✉ s✈❛❦♦♠ s❧❥❡❞❡➣❡♠ ❦♦r❛❦✉ tr♦❦✉t ✐♠❛ ❥❡❞❛♥ r❡❞ ✈✐➨❡ ♥❡❣♦ ✉ ♣r❡t❤♦❞♥♦♠✱

❼ s✈❛❦✐ s❧❥❡❞❡➣✐ r❡❞ ✐♠❛ ❥❡❞♥✉ t♦↔❦✐❝✉ ✈✐➨❡ ♥❡❣♦ ♣r❡t❤♦❞♥✐ ✭♣❛ ❜r♦❥ t♦↔❛❦❛ ✉ r❡❞✉
r❛st❡ ❦❛♦ ♥✐③ ♣r✐r♦❞♥✐❤ ❜r♦❥❡✈❛ ✶✱ ✷✱ ✸✱ ✳✳✳✮✳

■③r❛↔✉♥❛❥♠♦ ✉❦✉♣❛♥ ❜r♦❥ t♦↔❛❦❛ ✉ s✈❛❦♦♠ ♣♦❥❡❞✐♥♦♠ tr♦❦✉t✉✿

T1 = 1,

T2 = 1 + 2 = 3,

T3 = 1 + 2 + 3 = 6,

T4 = 1 + 2 + 3 + 4 = 10,

T5 = 1 + 2 + 3 + 4 + 5 = 15,

T6 = 1 + 2 + 3 + 4 + 5 + 6 = 21,

T7 = 1 + 2 + 3 + 4 + 5 + 6 + 7 = 28.

❷❧❛♥♦✈✐ ♥✐③❛ (Tn) ♣r❡❞st❛✈❧❥❛❥✉ tr♦❦✉t❛st❡ ❜r♦❥❡✈❡✱ ❛ n✲t✐ tr♦❦✉t❛st✐ ❜r♦❥ ❥❡❞♥❛❦
❥❡ ③❜r♦❥✉ ♣r✈✐❤ n ♣r✐r♦❞♥✐❤ ❜r♦❥❡✈❛✿

Tn =
n∑

i=1

i =
n(n+ 1)

2
, n ∈ N. ✭✶✳✶✮
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✶✳✷ P❛s❝❛❧♦✈ tr♦❦✉t

P❛s❝❛❧♦✈ tr♦❦✉t ❥❡ str✉❦t✉r❛ ❞♦❜✐✈❡♥❛ s❧❛❣❛♥❥❡♠ ❜✐♥♦♠♥✐❤ ❦♦❡✜❝✐❥❡♥❛t❛ ✉ tr♦❦✉t✳ ❯
s✈❛❦♦♠ r❡❞✉ ♥❛❧❛③❡ s❡ ❜r♦❥❡✈✐ ❦♦❥✐ ♣r❡❞st❛✈❧❥❛❥✉ ❦♦❡✜❝✐❥❡♥t❡ ✉ r❛③✈♦❥✉ ♦❞❣♦✈❛r❛❥✉➣❡
♣♦t❡♥❝✐❥❡ ❜✐♥♦♠❛ ♣r❡♠❛ ❜✐♥♦♠♥♦♠ ♣♦✉↔❦✉✳ ❯ n✲t♦♠ r❡t❦✉ ♥❛❧❛③❡ s❡ ❜r♦❥❡✈✐

(
n

k

)

=
n!

k!(n− k)!
, k = 0, 1, . . . , n.

❩❛ ❦♦♥str✉❦❝✐❥✉ P❛s❝❛❧♦✈❛ tr♦❦✉t❛ ❦♦r✐st✐ s❡ r❡❦✉r③✐✈♥❛ r❡❧❛❝✐❥❛ ❦♦❥✉ ③❛❞♦✈♦❧❥❛✈❛❥✉
❜✐♥♦♠♥✐ ❦♦❡✜❝✐❥❡♥t✐ (

n

k

)

=

(
n− 1

k

)

+

(
n− 1

k − 1

)

,

t❥✳ s✈❛❦✐ ❡❧❡♠❡♥t tr♦❦✉t❛✱ ♦s✐♠ r✉❜♥✐❤ ❡❧❡♠❡♥❛t❛ ❦♦❥✐ s✉ ❥❡❞♥❛❦✐ ✶✱ ❥❡❞♥❛❦ ❥❡ ③❜r♦❥✉
❞✈❛❥✉ s✉s❥❡❞♥✐❤ ❡❧❡♠❡♥❛t❛ ✐③♥❛❞ ♥❥❡❣❛✳ ◆❛❞❛❧❥❡✱ ❜✉❞✉➣✐ ❞❛ ❥❡

Tn =
n(n+ 1)

2
=

(
n+ 1

2

)

,

P❛s❝❛❧♦✈ tr♦❦✉t s❛❞r➸✐ ♥✐③ tr♦❦✉t❛st✐❤ ❜r♦❥❡✈❛ ✭s❧✐❦❛ ✶✳✺✮✳

❙❧✐❦❛ ✶✳✺✿ P❛s❝❛❧♦✈ tr♦❦✉t

❩❛♠✐❥❡♥✐♠♦ s✈❡ ♥❡♣❛r♥❡ ❜r♦❥❡✈❡ ✉ tr♦❦✉t✉ s ❜r♦❥❡♠ ✶✱ ❛ ♣❛r♥❡ s ❜r♦❥❡♠ ✵✱ t❥✳
♣r♦♠♦tr✐♠♦ P❛s❝❛❧♦✈ tr♦❦✉t ♠♦❞✉❧♦ ✷✳ ◆♦✈♦♥❛st❛❧✐ tr♦❦✉t ♥❛③✐✈❛♠♦ P❛s❝❛❧♦✈ ❜✐♥❛r♥✐
tr♦❦✉t ✐❧✐ ❚r♦❦✉t ❙✐❡r♣✐➠s❦♦❣ ✭s❧✐❦❛ ✶✳✻✮✳ ❏❛s♥♦✱ ♦✈❛❥ tr♦❦✉t ♠♦❣❧✐ s♠♦ ❣❡♥❡r✐r❛t✐ ✐ t❛❦♦
❞❛ s✈❛❦✐ ❡❧❡♠❡♥t ❞♦❜✐❥❡♠♦ ❦❛♦ ③❜r♦❥ ❞✈❛❥✉ s✉s❥❡❞♥✐❤ ❡❧❡♠❡♥❛t❛ ✐③♥❛❞ ♥❥❡❣❛ ✉ ♣♦❧❥✉
Z2 ✭❣❞❥❡ ❥❡ 1 + 1 = 0✮✱ ♦s✐♠ ❥❡❞♥✐❝❛ ♥❛ r✉❜✉✳ ❯♦↔✐♠♦ ❞❛ s✉ ✉ r❡t❦✉ 2n✱ ❛❦♦ ✈r❤
tr♦❦✉t❛ ♦③♥❛↔✐♠♦ ❦❛♦ ♥✉❧t✐ r❡❞❛❦✱ s✈✐ ❡❧❡♠❡♥t✐ ♦s✐♠ r✉❜♥❛ ❞✈❛ ❥❡❞♥❛❦✐ ✵✱ ♥❥✐❤ 2n− 1✳
❯ s✈❛❦♦♠ ♦❞ s❧❥❡❞❡➣✐❤ r❡❞❛❦❛ ✐♠❛t ➣❡♠♦ ✉ sr❡❞✐➨♥❥❡♠ ❞✐❥❡❧✉ ♥✐③ ♥✉❧❛ ✒❦r❛➣✐✑ ③❛ ❥❡❞♥✉
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♥✉❧✉✳ ❘❡❞❛❦ 2n+1 − 2 r❡t❦❛ ✐♠❛ t♦↔♥♦ ❥❡❞♥✉ ♥✉❧✉ ✉ sr❡❞✐♥✐ r❡t❦❛✱ ❛ r❡❞❛❦ 2n+1 − 1
s❛st♦❥✐ s❡ s❛♠♦ ♦❞ ❥❡❞✐♥✐❝❛✳ ◆✐③♦✈✐ ♥✉❧❛ ✉ sr❡❞✐♥❛♠❛ s✈❛❦♦❣ r❡t❦❛ ✭♦❞ 2n ❞♦ 2n+1−2✮
❢♦r♠✐r❛❥✉ tr♦❦✉t ∆n ❦♦❥❡♠✉ ❥❡ ❜❛③❛ ✉ 2n✲t♦♠ r❡❞✉✱ ❛ ✈r❤ ✉ sr❡❞✐♥✐ r❡t❦❛ 2n+1 − 2✳
❇r♦❥ ♥✉❧❛ ✉ tr♦❦✉t✉ ∆n ✐③♥♦s✐

(2n − 1)2n−1 = T2n−1.

❙❧✐❦❛ ✶✳✻✿ P❛s❝❛❧♦✈ ❜✐♥❛r♥✐ tr♦❦✉t

✶✳✸ ❙✈♦❥st✈❛ tr♦❦✉t❛st✐❤ ❜r♦❥❡✈❛

❉✐r❡❦♥♦ ✐③ ✭✶✳✶✮ s❧✐❥❡❞✐✿
Tn−1 + Tn = n2, n ≥ 2. ✭✶✳✷✮

◆❛ s❧✐❝✐ ✶✳✼ ❞❛♥❛ ❥❡ ✈✐③✉❛❧♥❛ ✐♥t❡r♣r❡t❛❝✐❥❛ r❡❧❛❝✐❥❡ ✭✶✳✷✮ ③❛ n = 4✳

❚❡♦r❡♠ ✶✳✸✳✶✳ ❉✈❛ ✉③❛st♦♣♥❛ tr♦❦✉t❛st❛ ❜r♦❥❛✱ Tn ✐ Tn+1✱ ✐st❡ s✉ ♣❛r♥♦st✐ ❛❦♦ ✐
s❛♠♦ ❛❦♦ ❥❡ n ♥❡♣❛r❛♥ ❜r♦❥✳

❉♦❦❛③✳ Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ Tn ≡ Tn+1 (mod 2)✳ ❚❛❞❛ ❥❡ Tn+Tn+1 = (n+1)2 ♣❛r❛♥
❜r♦❥✱ ♦❞♥♦s♥♦ n+ 1 ❥❡ ♣❛r❛♥✳ ❉❛❦❧❡✱ n ❥❡ ♥❡♣❛r❛♥ ❜r♦❥✳

❖❜r♥✉t♦✱ ♥❡❦❛ ❥❡ n ♥❡♣❛r❛♥ ❜r♦❥✳ ❚❛❞❛ ❥❡ (n+1)2 ♣❛r❛♥ ♣❛ s✉ ③❜♦❣ r❡❧❛❝✐❥❡ ✭✶✳✷✮
❜r♦❥❡✈✐ Tn ✐ Tn+1 ✐st❡ ♣❛r♥♦st✐✳
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❙❧✐❦❛ ✶✳✼✿ T3 + T4 = 42

❙❧❥❡❞❡➣❡ s✈♦❥st✈♦ ❜✐❧♦ ❥❡ ♣♦③♥❛t♦ ❉✐♦❢❛♥t✉ ♦❦♦ ✷✺✵✳ ❣♦❞✐♥❡✳

❚❡♦r❡♠ ✶✳✸✳✷ ✭❉✐♦❢❛♥t✮✳ ❱r✐❥❡❞✐

8Tn + 1 = (2n+ 1)2, n ∈ N. ✭✶✳✸✮

❉♦❦❛③✳ Pr❡♠❛ ✭✶✳✶✮ ❥❡

8Tn + 1 = 8 · n(n+ 1)

2
+ 1 = 4n2 + 4n+ 1 = (2n+ 1)2.

P♦s❧❥❡❞✐❝❛ ♣r❡t❤♦❞♥♦❣ t❡♦r❡♠❛ ❥❡ ♣♦③♥❛t❛ r❡❧❛❝✐❥❛ (2n + 1)2 ≡ 1 (mod 8)✱ t❡
s❧❥❡❞❡➣❛ t✈r❞♥❥❛ ❦♦❥❛ ♠♦➸❡ ♣♦s❧✉➸✐t✐ ③❛ t❡st✐r❛♥❥❛ ❥❡ ❧✐ ♥❡❦✐ ❜r♦❥ tr♦❦✉t❛st✐ ❜r♦❥ ✕ ❜❡③
r❥❡➨❛✈❛♥❥❛ ❦✈❛❞r❛t♥❡ ❥❡❞♥❛❞➸❜❡✳

❑♦r♦❧❛r ✶✳✸✳✸✳ ❆❦♦ ❥❡ 8N + 1 ♣♦t♣✉♥✐ ❦✈❛❞r❛t ③❛ ♥❡❦✐ N ∈ N✱ ♦♥❞❛ ❥❡ N tr♦❦✉t❛st✐
❜r♦❥✳

Pr✐♠❥❡r ✶✳✸✳✹✳ ❖❞r❡❞✐t❡ ❦♦❥✐ ❥❡ ♦❞ ❜r♦❥❡✈❛ 2 717 946 ✐ 3 125 224 tr♦❦✉t❛st✐ ❜r♦❥✳

❘❥❡➨❡♥❥❡✳ ❑❛❦♦ ❥❡ 8 ·2 717 946+1 = 46632✱ ♣r❡♠❛ ❦♦r♦❧❛r✉ ✶✳✸✳✸ s❧✐❥❡❞✐ ❞❛ ❥❡ 2 717 946
tr♦❦✉t❛st✐ ❜r♦❥ Tn✱ ♣r✐ ↔❡♠✉ ❥❡ n = (4663− 1)/2 = 2331✳

❇r♦❥ 3 125 224 ♥✐❥❡ tr♦❦✉t❛st✐✱ ❥❡r 8 · 3 125 224 + 1 ♥✐❥❡ ♣♦t♣✉♥✐ ❦✈❛❞r❛t✳
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❚r♦❦✉t❛st✐ ❜r♦❥❡✈✐ ③❛❞♦✈♦❧❥❛✈❛❥✉ ♥✐③ ✐❞❡♥t✐t❡t❛ ❦♦❥✐ s❡ ❧❛❦♦ ♠♦❣✉ ♣♦❦❛③❛t✐ ❛❧❣❡✲
❜❛rs❦✐ ♣♦♠♦➣✉ ♦s♥♦✈♥✐❤ r❡❧❛❝✐❥❛ ✭✶✳✶✮✱ ✭✶✳✷✮ ✐ ✭✶✳✸✮✿

T 2
n−1 + T 2

n = Tn2 , ✭✶✳✹✮
8Tn−1 + 4n = (2n)2, ✭✶✳✺✮
T2n = 3Tn + Tn−1, ✭✶✳✻✮
T2n+1 = 3Tn + Tn+1, ✭✶✳✼✮
TTn−1

+ TTn
= T 2

n , ✭✶✳✽✮
T 2
n − T 2

n−1 = n3, ✭✶✳✾✮
T2n − 2Tn = n2, ✭✶✳✶✵✮

T2n−1 − 2Tn−1 = n2, ✭✶✳✶✶✮
T 2
n = Tn + Tn−1Tn+1, ✭✶✳✶✷✮
2TnTn−1 = Tn2−1. ✭✶✳✶✸✮

P♦s❡❜♥♦ s✉ ③❛♥✐♠❧❥✐✈✐ t③✈✳ ❞♦❦❛③✐ ❜❡③ r✐❥❡↔✐ r❡❧❛❝✐❥❛ ♦✈❛❦✈♦❣ t✐♣❛✳ ◆❛ s❧✐❦❛♠❛ ✶✳✾✱
✶✳✶✶✱ ✶✳✶✵ ✐ ✶✳✽ ✈✐③✉❛❧♥✐ s✉ ♣r✐❦❛③✐ r❡❧❛❝✐❥❛ ✭✶✳✹✮ ✕ ✭✶✳✼✮✳

❙❧✐❦❛ ✶✳✽✿ T2n+1 = 3Tn + Tn+1
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❙❧✐❦❛ ✶✳✾✿ ❛✮ T 2
1 + T 2

2 = T4 ❜✮ T 2
2 + T 2

3 = T9 ❝✮T 2
3 + T 2

4 = T16 ❞✮ T 2
4 + T 2

5 = T25

❙❧✐❦❛ ✶✳✶✵✿ T2n = 3Tn + Tn−1
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❙❧✐❦❛ ✶✳✶✶✿ 8Tn−1 + 4n = (2n)2

✶✳✹ ❋✉♥❦❝✐❥❛ ✐③✈♦❞♥✐❝❛ ③❛ ♥✐③ tr♦❦✉t❛st✐❤ ❜r♦❥❡✈❛

❩❛ ❞❛♥✐ ♥✐③ (an)n≥0 ❢✉♥❦❝✐❥❛ ✐③✈♦❞♥✐❝❛ ❞❡✜♥✐r❛ s❡ ❦❛♦ ❢♦r♠❛❧♥✐ r❡❞ ♣♦t❡♥❝✐❥❛

a0 + a1x+ a2x
2 + · · · =

∞∑

i=1

aix
i,

♣r✐ ↔❡♠✉ ♣♦❞ ♣♦❥♠♦♠ ❢♦r♠❛❧♥✐ ♠✐s❧✐♠♦ ❞❛ s❡ ♥❡ ♦❜❛③✐r❡♠♦ ♥❛ ♣r♦❜❧❡♠ ❦♦♥✈❡r❣❡♥❝✐❥❡
r❡❞❛✱ ♦❞♥♦s♥♦ ❞❛ ✈❛r✐❥❛❜❧✐ x ♥✐❥❡ ❞♦❞✐❥❡❧❥❡♥❛ ♥✐❦❛❦✈❛ ✈r✐❥❡❞♥♦st✳ ❷❡st♦ ♥❛❞ ♦✈❛❦✈✐♠
r❡❞♦✈✐♠❛ ✐③✈♦❞✐♠♦ r❛③❧✐↔✐t❡ ❛❧❣❡❜❛rs❦❡ ♠❛♥✐♣✉❧❛❝✐❥❡ ♥❛ ↔✐st♦ ❢♦r♠❛❧♥♦❥ r❛③✐♥✐✳ ■♣❛❦✱
❦♦♥❦r❡t♥✉ ❢✉♥❦❝✐❥✉ f ❞❡✜♥✐r❛♠♦ ❦❛♦

f(x) =
∞∑

i=1

aix
i,

③❛ s✈❡ x ✉ ❦♦❥✐♠❛ ❥❡ ❞❛♥✐ r❡❞ ❦♦♥✈❡r❣❡♥t❛♥✳

❑❛❦♦ ❜✐s♠♦ ♦❞r❡❞✐❧✐ ❢✉♥❦❝✐❥✉ ✐③✈♦❞♥✐❝✉ ③❛ ♥✐③ tr♦❦✉t❛st✐❤ ❜r♦❥❡✈❛✱ ❦r❡♥✉t ➣❡♠♦
♦❞ ♣♦③♥❛t❡ s✉♠❡ ❣❡♦♠❡tr✐❥s❦♦❣ r❡❞❛

1

1− x
=
∑

n≥0

xn.

❉❡r✐✈✐r❛♥❥❡♠ ♣r❡t❤♦❞♥♦❣ r❡❞❛ ❞♦❜✐✈❛♠♦

1

(1− x)2
=
∑

n≥1

nxn−1 =
∑

n≥0

(n+ 1)xn,
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❛ ♣♦♥♦✈♥✐♠ ❞❡r✐✈✐r❛♥❥❡♠ s❧✐❥❡❞✐

2

(1− x)3
=
∑

n≥0

n(n+ 1)xn−1 = 2
∑

n≥0

Tnx
n−1 = 2

∑

n≥1

Tnx
n−1 = 2

∑

n≥0

Tn+1x
n.

▼♥♦➸❡♥❥❡♠ ♣r❡t❤♦❞♥♦❣ r❡❞❛ s x ❞♦❧❛③✐♠♦ ❞♦

x

(1− x)3
=
∑

n≥1

n(n+ 1)

2
xn =

∑

n≥1

Tnx
n,

♦❞♥♦s♥♦ ❞♦ ❢✉♥❦❝✐❥❡ ✐③✈♦❞♥✐❝❡ ③❛ ♥✐③ tr♦❦✉t❛st✐❤ ❜r♦❥❡✈❛

f(x) =
x

(1− x)3
= x+ 3x2 + 6x3 + 10x4 + 15x5 + · · · .



P♦❣❧❛✈❧❥❡ ✷

❱❡③❛ s ♥❡❦✐♠ ❞✐♦❢❛♥ts❦✐♠
❥❡❞♥❛❞➸❜❛♠❛

❆❧❣❡❜❛rs❦❛ ❥❡❞♥❛❞➸❜❛ s ❞✈❥❡♠❛ ✐❧✐ ✈✐➨❡ ♥❡♣♦③♥❛♥✐❝❛ ↔✐❥✐ s✉ ❦♦❡✜❝✐❥❡♥t✐ ❝✐❥❡❧✐ ❜r♦❥❡✈✐✱ ❛
r❥❡➨❡♥❥❛ ♣r✐♣❛❞❛❥✉ s❦✉♣✉ ♣r✐r♦❞♥✐❤ ✐❧✐ ❝✐❥❡❧✐❤ ❜r♦❥❡✈❛ ♥❛③✐✈❛ s❡ ❞✐♦❢❛♥ts❦❛ ❥❡❞♥❛❞➸❜❛✳

✷✳✶ P❡❧❧♦✈❛ ❥❡❞♥❛❞➸❜❛

❉✐♦❢❛♥ts❦❛ ❥❡❞♥❛❞➸❜❛ ❞r✉❣♦❣ r❡❞❛ ♦❜❧✐❦❛

x2 − dy2 = 1 ✭✷✳✶✮

❣❞❥❡ ❥❡ d ♣r✐r♦❞❛♥ ❜r♦❥ ❦♦❥✐ ♥✐❥❡ ♣♦t♣✉♥ ❦✈❛❞r❛t ♥❛③✐✈❛ s❡ P❡❧❧♦✈❛ ❥❡❞♥❛❞➸❜❛✳ ❩❛
N ∈ Z ❥❡❞♥❛❞➸❜❛

x2 − dy2 = N ✭✷✳✷✮

s❡ ♥❛③✐✈❛ ♣❡❧♦✈s❦❛ ❥❡❞♥❛❞➸❜❛✳ P❡❧❧♦✈❛ ✐ ♣❡❧♦✈s❦❛ ❥❡❞♥❛➸❜❛ r❥❡➨❛✈❛❥✉ s❡ ✉ s❦✉♣✉ ♣r✐✲
r♦❞♥✐❤ ❜r♦❥❡✈❛✳ P❡❧❧♦✈❛ ❥❡❞♥❛❞➸❜❛ ❥❡ r❥❡➨✐✈❛ ③❛ s✈❛❦✐ d ∈ N ❦♦❥✐ ♥✐❥❡ ♣♦t♣✉♥✐ ❦✈❛❞r❛t✱
❞♦❦ ♣❡❧♦✈s❦❛ ❥❡❞♥❛❞➸❜❛ ♥❡ ♠♦r❛ ❜✐t✐ r❥❡➨✐✈❛ ③❛ s✈❛❦✐ t❛❦❛✈ d✳ ❆❦♦ ❥❡ (x1, y1) ♥❛❥♠❛✲
♥❥❡ r❥❡➨❡♥❥❡ P❡❧❧♦✈❡ ❥❡❞♥❛❞➸❜❡ ✭✷✳✶✮ ✉ s❦✉♣✉ ♣r✐r♦❞♥✐❤ ❜r♦❥❡✈❛✱ t③✈✳ ❢✉♥❞❛♠❡♥t❛❧♥♦
r❥❡➨❡♥❥❡✱ ♦♥❞❛ s✉ s✈❛ ♥❥❡♥❛ r❥❡➨❡♥❥❛ ✉ N ❞❛♥❛ ❢♦r♠✉❧♦♠✿

xn + yn
√
d = (x1 + y1

√
d)n.

❆❦♦ ❥❡ a+b
√
d r❥❡➨❡♥❥❡ ♣❡❧♦✈s❦❡ ❥❡❞♥❛❞➸❜❡ ✭✷✳✷✮✱ ❛ u+v

√
d r❥❡➨❡♥❥❡ ♣r✐♣❛❞♥❡ P❡❧❧♦✈❡

❥❡❞♥❛❞➸❜❡ ✭✷✳✶✮✱ ♦♥❞❛ ❥❡

(u+ v
√
d)(a+ b

√
d) = a′ + b′

√
d

✶✸
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r❥❡➨❡♥❥❡ ♣❡❧♦✈s❦❡ ❥❡❞♥❛❞➸❜❡ ✭✷✳✷✮✳

❯ s❧❥❡❞❡➣❡♠ ♣r✐♠❥❡r✉ ♣♦✈❡③❛t ➣❡♠♦ tr♦❦✉t❛st❡ ❜r♦❥❡✈❡ s ♣❡❧♦✈s❦✐♠ ❥❡❞♥❛❞➸❜❛♠❛✳

Pr✐♠❥❡r ✷✳✶✳✶✳ P♦❦❛➸✐t❡ ❞❛ ♣♦st♦❥✐ ❜❡s❦♦♥❛↔♥♦ ♠♥♦❣♦ ❝✐❥❡❧✐❤ ❜r♦❥❡✈❛ m ③❛ ❦♦❥❡ ♣♦s✲
t♦❥✐ tr♦❦✉t❛st✐ ❜r♦❥ Tn t❛❦❛✈ ❞❛ ✈r✐❥❡❞✐

| Tn −m2 |= 1. ✭✷✳✸✮

❘❥❡➨❡♥❥❡✳ ▲❛❦♦ ♠♦➸❡♠♦ ✈✐❞❥❡t✐ ❞❛ ❥❡

| T2 − 22 |=| 3− 4 |= 1, | T4 − 32 |=| 10− 9 |= 1, | T5 − 42 |=| 15− 16 |= 1.

▼♥♦➸❡♥❥❡♠ r❡❧❛❝✐❥❡ ✭✷✳✸✮ s ✽ ❞♦❜✐✈❛♠♦
∣
∣4n(n+ 1)− 8m2

∣
∣ = 8,

♦❞♥♦s♥♦
∣
∣(2n+ 1)2 − 1− 2(2m)2

∣
∣ = 8,

♣❛ s❡ ✉③ s✉♣st✐t✉❝✐❥✉ x = 2n+ 1 ✐ y = 2m ♣r❡t❤♦❞♥❛ r❡❧❛❝✐❥❛ s✈♦❞✐ ♥❛ ❞✈✐❥❡ ♣❡❧♦✈s❦❡
❥❡❞♥❛❞➸❜❡

x2 − 2y2 = 9 ✐ x2 − 2y2 = −7✱

❣❞❥❡ ❥❡ x = 2n+1 ✐ y = 2m✳ ■③ ♣♦↔❡t♥✐❤ ♣r✐♠❥❡r❛ ♠♦➸❡♠♦ ✉♦↔✐t✐ ❞❛ ❥❡ s✈❛❦❛ ♦❞ ♦✈✐❤
♣❡❧♦✈s❦✐❤ ❥❡❞♥❛❞➸❜✐ r❥❡➨✐✈❛❀ 92 − 2 · 62 = 9✱ 52 − 2 · 42 = −7✳

❖❞r❡❞✐t ➣❡♠♦ ♥✐③ ♠♦❣✉➣✐❤ ❝✐❥❡❧✐❤ ❜r♦❥❡✈❛ m ❦♦❥✐ ♦❞❣♦✈❛r❛ s✈❛❦♦❥ ♦❞ ♣❡❧♦✈s❦✐❤
❥❡❞♥❛❞➸❜✐✳

❙❧✉↔❛❥ ✶✿ ❇✉❞✉➣✐ ❞❛ ❥❡ (3, 2) ❢✉♥❞❛♠❡♥t❛❧♥♦ r❥❡➨❡♥❥❡ ♣r✐♣❛❞♥❡ P❡❧❧♦✈❡ ❥❡❞♥❛❞➸❜❡
x2 − 2y2 = 1✱ r❡❧❛❝✐❥❛

(3 + 2
√
2)k(9 + 6

√
2) = xk + yk

√
d, k ≥ 0 ✭✷✳✹✮

❣❡♥❡r✐r❛ ♥✐③ r❥❡➨❡♥❥❡ (xk, yk) ♣❡❧♦✈s❦❡ ❥❡❞♥❛❞➸❜❡ x2 − 2y2 = 9✳ ❯ t❛❜❧✐❝✐ ✷✳✶ ❞❛♥♦ ❥❡
♣r✈✐❤ ♥❡❦♦❧✐❦♦ r❥❡➨❡♥❥❛ t❡ ♥❥✐❤♦✈❛ ✈❡③❛ s ❜r♦❥❡✈✐♠❛ m ✐ Tn✳

■③ r❡❧❛❝✐❥❡ ✭✷✳✹✮ ♠♦❣✉ s❡ ❞♦❜✐t✐ s❧❥❡❞❡➣❡ r❡❦✉r③✐✈♥❡ ❢♦r♠✉❧❡✿

xk = 6xk−1 − xk−2,
yk = 6yk−1 − yk−2, k ≥ 2.

✭✷✳✺✮

✉③ ♣♦↔❡t♥❡ ✉✈❥❡t❡
x0 = 3, x1 = 9, y0 = 0, y0 = 6.
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■③ r❡❦✉r③✐❥❛ ✭✷✳✺✮ ✈✐❞✐ s❡ ❞❛ ❥❡ xk ✉✈✐❥❡❦ ♥❡♣❛r❛♥ ❜r♦❥✱ ❛ yk ♣❛r❛♥✱ ♣❛ ③❛

m =
yk
2
,

✐ n✲t✐✱ n = xk−1
2

✱ tr♦❦✉t❛st✐ ❜r♦❥

Tn =
x2
k − 1

8

✈r✐❥❡❞✐ r❡❧❛❝✐❥❛ ✭✷✳✸✮✳
❘❥❡➨❛✈❛♥❥❡♠ r❡❦✉r③✐❥❡ ✉ ✭✷✳✺✮ ③❛ ♥✐③ (xn) ♠♦➸❡♠♦ ❞♦❜✐t✐ ♥✐③ ❡❦s♣❧✐❝✐t♥✐❤ ✈r✐❥❡❞✲

♥♦st✐ ③❛ m✿

mk = − 3

16
(−8 + 3

√
2)(3 + 2

√
2)k +

3

16
(8 + 3

√
2)(3− 2

√
2)k, k ≥ 0.

❙❧✉↔❛❥ ✷✿ ❆♥❛❧♦❣♥♦ ❦❛♦ ✉ ♣r❡t❤♦❞♥♦♠ s❧✉↔❛❥✉ ♥✐③

(3 + 2
√
2)k(1 + 2

√
2) = x′

k + y′k
√
d, k ≥ 0 ✭✷✳✻✮

❣❡♥❡r✐r❛ r❥❡➨❡♥❥❛ ❥❡❞♥❛❞➸❜❡ x2 − 2y2 = −7✳
Pr❡♠❛ ✭✷✳✻✮ ❞♦❜✐✈❛❥✉ s❡ ✐st❡ r❡❦✉r③✐❥❡ ❦❛♦ ✉ ✭✷✳✺✮ ✉③ ❞r✉❣❡ ♣♦↔❡t♥❡ ✉✈❥❡t❡✿

x′
k = 6x′

k−1 − x′
k−2,

y′k = 6y′k−1 − y′k−2, k ≥ 2.
✭✷✳✼✮

✉③ ♣♦↔❡t♥❡ ✉✈❥❡t❡
x′
1 = 1, x′

2 = 5, y′0 = 2, y′4 = 6.

❘❥❡➨❛✈❛♥❥❡♠ r❡❦✉r③✐❥❡ ✉ ✭✷✳✼✮ ③❛ ♥✐③ (x′
n) ♠♦➸❡♠♦ ❞♦❜✐t✐ ♥✐③ ❡❦s♣❧✐❝✐t♥✐❤ ✈r✐❥❡❞✲

♥♦st✐ ③❛ m✿

m′
k = −1

8
(2 +

√
2)(3 + 2

√
2)k +

1

8
(2−

√
2)(3− 2

√
2)k, k ≥ 0

t❡ ❦❛♦ ✉ ♣r❡t❤♦❞♥♦♠ s❧✉↔❛❥✉

m′
k =

y′k
2
, Tn =

x′
k
2 − 1

8
, n =

x′
k − 1

2

③❛❞♦✈♦❧❥❛✈❛❥✉ r❡❧❛❝✐❥✉ ✭✷✳✸✮✳

❯ t❛❜❧✐❝❛♠❛ ✷✳✶ ✐ ✷✳✷ ♣r✐❦❛③❛♥❛ s✉ ♣r✈❛ ↔❡t✐r✐ r❥❡➨❡♥❥❛ ❞♦❜✐✈❡♥✐❤ ❥❡❞♥❛❞➸❜✐ x2 −
2y2 = 9 ✐ x2 − 2y2 = −7 t❡ ♦❞❣♦✈❛r❛❥✉➣❡ ✈r✐❥❡❞♥♦st✐ n✱ m✱ Tn ✐ m2✳
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x y n m Tn m2

✸ ✵ ✶ ✵ ✶ ✵
✾ ✻ ✹ ✸ ✶✵ ✾
✺✶ ✸✻ ✷✺ ✶✽ ✸✷✺ ✸✷✹
✷✾✼ ✷✶✵ ✶✹✽ ✶✵✺ ✶✶✵✷✻ ✶✶✵✷✺

❚❛❜❧✐❝❛ ✷✳✶

x y n m Tn m2

✶ ✷ ✵ ✶ ✵ ✶
✺ ✹ ✷ ✷ ✸ ✹
✶✶ ✽ ✺ ✹ ✶✺ ✶✻
✸✶ ✷✷ ✶✺ ✶✶ ✶✷✵ ✶✷✶

❚❛❜❧✐❝❛ ✷✳✷

✷✳✷ P✐t❛❣♦r✐♥❛ ❥❡❞♥❛❞➸❜❛

❯r❡➒❡♥✉ tr♦❥❦✉ ♣r✐r♦❞♥✐❤ ❜r♦❥❡✈❛ (x, y, z) ③♦✈❡♠♦ P✐t❛❣♦r✐♥❛ tr♦❥❦❛ ❛❦♦ s✉ x ✐ y
❦❛t❡t❡✱ ❛ z ❤✐♣♦t❡♥✉③❛ ♥❡❦♦❣ ♣r❛✈♦❦✉t♥♦❣ tr♦❦✉t❛✱ t❥✳ ❛❦♦ ✈r✐❥❡❞✐

x2 + y2 = z2. ✭✷✳✽✮

❆❦♦ s✉ x✱ y✱ z r❡❧❛t✐✈♥♦ ♣r♦st✐✱ ♦♥❞❛ ❦❛➸❡♠♦ ❞❛ ❥❡ (x, y, z) ♣r✐♠✐t✐✈♥❛ P✐t❛❣♦r✐♥❛ tr♦❥❦❛
✐ t❛❦❛✈ tr♦❦✉t ③♦✈❡♠♦ ♣r✐♠✐t✐✈♥✐ P✐t❛❣♦r✐♥ tr♦❦✉t✳ ❉✐♦❢❛♥ts❦❛ ❥❡❞♥❛❞➸❜❛ ✭✷✳✽✮ ③♦✈❡
s❡ P✐t❛❣♦r✐♥❛ ❥❡❞♥❛❞➸❜❛✳ ❯ ♣r✐♠✐t✐✈♥♦❥ P✐t❛❣♦r✐♥♦❥ tr♦❥❦✐ t♦↔♥♦ ❥❡❞❛♥ ♦❞ ❜r♦❥❡✈❛ x, y
♠♦r❛ ❜✐t✐ ♥❡♣❛r❛♥✳ ❆❦♦ ❜✐ x ✐ y ❜✐❧✐ ♣❛r♥✐✱ ♦♥❞❛ ❜✐ ✐ z ❜✐♦ ♣❛r❛♥✱ ➨t♦ ③♥❛↔✐ ❞❛ x✱ y ✐ z
♥✐s✉ r❡❧❛t✐✈♥♦ ♣r♦st✐✳ ❆❦♦ s✉ x ✐ y ♦❜❛ ♥❡♣❛r♥✐✱ ♦♥❞❛ ❥❡ z2 ≡ x2+y2 ≡ 2 (mod 4)✱ ➨t♦
♥✐❥❡ ♠♦❣✉➣❡✳ ◆❛❞❛❧❥❡✱ ❞✐r❡❦t♥♦ ✐③ ✭✷✳✽✮ s❧✐❥❡❞✐ ❞❛ s✉ x✱ y ✐ z ✐③ ♣r✐♠✐t✐✈♥❡ P✐t❛❣♦r✐♥❡
tr♦❥❦❡ ✉ ♣❛r♦✈✐♠❛ r❡❧❛t✐✈♥♦ ♣r♦st✐✳ P♦❦❛③✉❥❡ s❡ ❞❛ s✉ s✈❡ ♣r✐♠✐t✐✈♥❡ P✐t❛❣♦r✐♥❡ tr♦❥❦❡
(x, y, z)✱ ✉ ❦♦❥✐♠❛ ❥❡ y ♣❛r❛♥✱ ❞❛♥❡ ❢♦r♠✉❧♦♠

(x, y, z) = (m2 − n2, 2mn,m2 + n2),

❣❞❥❡ ❥❡ m > n ✐ m✱n s✉ r❡❧❛t✐✈♥♦ ♣r♦st✐ ♣r✐r♦❞♥✐ ❜r♦❥❡✈✐ r❛③❧✐↔✐t❡ ♣❛r♥♦st✐✳ ❖♣➣❡♥✐t♦✱
s✈❡ P✐t❛❣♦r✐♥❡ tr♦❥❦❡ s✉ ♦❜❧✐❦❛

(d(m2 − n2), 2dmn, d(m2 + n2)), d ∈ N.
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◆❡❦❛ s✉ (x, z) r❥❡➨❡♥❥❛ ✉ s❦✉♣✉ ♣r✐r♦❞♥✐❤ ❜r♦❥❡✈❛ s♣❡❝✐❥❛❧♥❡ P✐t❛❣♦r✐♥❡ ❥❡❞♥❛❞➸❜❡

x2 + (x+ 1)2 = z2✳ ✭✷✳✾✮

❯♦↔✐♠♦ ❞❛ ❥❡ t❛❞❛

T2x
2 + T2x+1

2 =

(
2x(2x+ 1)

2

)2

+

(
(2x+ 1)(2x+ 2)

2

)2

= (2x+ 1)2(2x2 + 2x+ 1) = (1 + 2x)2z2 = ((2x+ 1)z)2.

■③ ↔✐♥❥❡♥✐❝❡ ❞❛ ❥❡❞♥❛❞➸❜❛ ✭✷✳✾✮ ✐♠❛ ❜❡s❦♦♥❛↔♥♦ ♠♥♦❣♦ r❥❡➨❡♥❥❛ s❧✐❥❡❞✐ ❞❛ ♣♦st♦❥✐
❜❡s❦♦♥❛↔♥♦ ♠♥♦❣♦ P✐t❛❣♦r✐♥✐❤ tr♦❦✉t❛ ↔✐❥❡ s✉ ❦❛t❡t❡ ✉♣r❛✈♦ ✉③❛st♦♣♥✐ tr♦❦✉t❛st✐ ❜r♦✲
❥❡✈✐✳ ❑♦r✐st❡➣✐ s❡ ♣r❡t❤♦❞♥♦♠ r❡❧❛❝✐❥♦♠ ❞❛❥❡♠♦ ♥❡❦♦❧✐❦♦ ♣r✐♠❥❡r❛ t❛❦✈✐❤ P✐t❛❣♦r✐♥✐❤
tr♦❦✉t❛✿

✶✮ T6
2 + T7

2 = 212 + 282 = 1225 = (7 · 5)2✱ x = 3✱ z = 5✱

✷✮ T40
2 + T41

2 = 8202 + 8612 = 1413 721 = (41 · 29)2✱ x = 20✱ z = 29✱

✸✮ T238
2 + T239

2 = 28 4412 + 28 6802 = (239 · 169)2✱ x = 119✱ z = 169✳



P♦❣❧❛✈❧❥❡ ✸

❚r♦❦✉t❛st✐ ❜r♦❥❡✈✐ ♠❡➒✉ ♣♦③♥❛t✐♠
♥✐③♦✈✐♠❛

❯ ♦✈♦♠ ♣♦❣❧❛✈❧❥✉ ❜❛✈✐t ➣❡♠♦ s❡ ♣♦③♥❛t✐♠ ♥✐③♦✈✐♠❛ t❥✳ ✐s♣✐t✐✈❛t✐ ♣♦❥❛✈❧❥✉❥✉ ❧✐ s❡ tr♦❦✉✲
t❛st✐ ❜r♦❥❡✈✐ ♠❡➒✉ ▼❡rs❡♥♥❡♦✈✐♠✱ ❋❡r♠❛t♦✈✐♠✱ ❋✐❜♦♥♥❛❝❝✐❥❡✈✐♠ t❡ ✈❡➣ s♣♦♠❡♥✉t✐♠
P❡❧❧♦✈✐♠ ❜r♦❥❡✈✐♠❛✳

✸✳✶ ▼❡rs❡♥♥❡♦✈✐ ❜r♦❥❡✈✐

❇r♦❥❡✈✐ ♦❜❧✐❦❛

Mn = 2n − 1, n ≥ 1,

♥❛③✐✈❛❥✉ s❡ ▼❡rs❡♥♥❡♦✈✐ ❜r♦❥❡✈✐✳ ◆❛③✐✈ s✉ ❞♦❜✐❧✐ ♣♦ ❢r❛♥❝✉s❦♦♠ s✈❡➣❡♥✐❦✉ ▼❛r✐♥✉
▼❡rs❡♥♥❡✉ ✭✶✺✽✽✳✲✶✻✹✽✳✮ ❦♦❥✐ ✐❤ ❥❡ ♣r♦✉↔❛✈❛♦ t❡ ❥❡ ③❛s❧✉➸❛♥ ③❛ ✈❛➸♥✉ t✈r❞♥❥✉ ✉ t❡♦r✐❥✐
❜r♦❥❡✈❛✳ Pr✈✐❤ ♥❡❦♦❧✐❦♦ ▼❡rs❡♥♥❡♦✈✐❤ ❜r♦❥❡✈❛ s✉ ✶✱ ✸✱ ✼✱ ✶✺✱ ✸✶✱ ✻✸ ✐t❞✳ ❯♦↔❛✈❛♠♦
❞❛ ♠❡➒✉ ♥❥✐♠❛ ♣♦st♦❥❡ ✐ ♣r♦st✐ ✐ s❧♦➸❡♥✐ ❜r♦❥❡✈✐✳ P♦❦✉➨❛✈❛❥✉➣✐ ♣r♦♥❛➣✐ ♣r❛✈✐❧♦ ③❛
♦❞r❡➒✐✈❛♥❥❡ ♣r♦st✐❤ ❜r♦❥❡✈❛✱ ▼❡rs❡♥♥❡ ❥❡ ♣r✈✐ ✐③♥✐♦ t✈r❞♥❥✉ ❞❛ ❥❡ ❜r♦❥ n ♣r♦st ❛❦♦ ❥❡
2n − 1 ♣r♦st ❜r♦❥✳ ❚❛❦✈✐ ❜r♦❥❡✈✐ ♥❛③✐✈❛❥✉ s❡ ▼❡rs❡♥♥❡♦✈✐ ♣r♦st✐ ❜r♦❥❡✈✐✳

❚❡♦r❡♠ ✸✳✶✳✶✳ ❆❦♦ ❥❡ n ♣r✐r♦❞❛♥ ❜r♦❥ ✐ Mn = 2n − 1 ♣r♦st ❜r♦❥✱ ♦♥❞❛ ❥❡ ✐ n ♣r♦st
❜r♦❥✳

❉♦❦❛③✳ ❉♦❦❛➸✐♠♦ ❡❦✈✐✈❛❧❡♥t♥✉ t✈r❞♥❥✉ ❦♦❥❛ ❣❧❛s✐✿ ❛❦♦ ❥❡ n s❧♦➸❡♥✱ ♦♥❞❛ ❥❡ ✐ ❜r♦❥
2n − 1 s❧♦➸❡♥✳ ◆❡❦❛ ❥❡ n = rs ♣r✐ ↔❡♠✉ s✉ r ✐ s ♣♦③✐t✐✈♥✐ ❝✐❥❡❧✐ ❜r♦❥❡✈✐✳ ❚❛❞❛ ❥❡

2n − 1 = 2rs − 1 = (2r)s − 1 = (2r − 1)
(
(2r)s−1 + (2r)s−2 + · · ·+ 1

)
,

♣❛ ❥❡ ❜r♦❥ 2n − 1 s❧♦➸❡♥✳

✶✽
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M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 M11 M12

✶ ✸ ✼ ✶✺ ✸✶ ✻✸ ✶✷✼ ✷✺✺ ✺✶✶ ✶✵✷✸ ✷✵✹✼ ✹✵✾✺

❚❛❜❧✐❝❛ ✸✳✶

❯ t❛❜❧✐❝✐ ✸✳✶ ♣r✐❦❛③❛♥♦ ❥❡ ♣r✈✐❤ ✶✷ ▼❡rs❡♥♥❡♦✈✐❤ ❜r♦❥❡✈❛✳ ❯♦↔❛✈❛♠♦ ❞❛ s✉

M1 = 1 = T1,M2 = 3 = T2,M4 = 15 = T5,M12 = 4095 = T90

tr♦❦✉t❛st✐ ❜r♦❥❡✈✐✳ ➆t♦✈✐➨❡✱ t♦ s✉ ❥❡❞✐♥✐ tr♦❦✉t❛st✐ ❜r♦❥❡✈✐ ✉ ♥✐③✉ (Mn)✳ ▼❡rs❡♥♥❡♦✈✐
❜r♦❥❡✈✐ ❦♦❥✐ s✉ ✉❥❡❞♥♦ ✐ tr♦❦✉t❛st✐ ♥❛③✐✈❛❥✉ s❡ ✐ ❘❛♠❛♥✉❥❛♥ ◆❛❣❡❧❧♦✈✐ ❜r♦❥❡✈✐ ♣r❡♠❛
❞✈♦❥✐❝✐ ♣♦③♥❛t✐❤ ♠❛t❡♠❛t✐↔❛r❛ ❦♦❥✐ s✉ ✐❤ ♣r♦✉↔❛✈❛❧✐✳

❚❡♦r❡♠ ✸✳✶✳✷ ✭❙❛t②❛♥❛r❛②❛♥❛✱ ✶✾✺✽✳✮✳ P♦st♦❥✐ ❜❡s❦♦♥❛↔♥♦ ♠♥♦❣♦ ▼❡rs❡♥♥❡♦✈✐❤ ❜r♦✲
❥❡✈❛ ❦♦❥✐ ♥✐s✉ tr♦❦✉t❛st✐ ❜r♦❥❡✈✐✳

Pr❡t❤♦❞♥✐ t❡♦r❡♠ ❦♦r✐st✐ s❧❥❡❞❡➣✉ ♣♦♠♦➣♥✉ t✈r❞♥❥✉✳

▲❡♠❛ ✸✳✶✳✸✳ ❩❛ s✈❛❦✐ tr♦❦✉t❛st✐ ❜r♦❥ Tn ✈r✐❥❡❞✐ ❞❛ ❥❡

Tn mod 10 ∈ {0, 1, 3, 5, 6, 8}.

Pr✐❥❡ ♥❡❣♦ ➨t♦ ❞♦❦❛➸❡♠♦ ❧❡♠✉ ♣r♦♠♦tr✐♠♦ ♦st❛t❦❡ ♣r✐ ❞✐❥❡❧❥❡♥❥✉ ↔❧❛♥♦✈❛ ♥✐③❛ tr♦✲
❦✉t❛st✐❤ ❜r♦❥❡✈❛ ♥❡❦✐♠ ♣r✐r♦❞♥✐♠ ❜r♦❥❡♠m✳ ❩❛m = 2✱ ❞♦❜✐✈❛♠♦ ❞❛ ♥✐③ (Tn mod 2)
♣♦♣r✐♠❛ ✈r✐❥❡❞♥♦st✐

1, 1, 0, 0, 1, 1, 0, 0, 1, 1, · · · .
❩❛ m = 3✱ ❞♦❜✐✈❛♠♦ ❞❛ ♥✐③ (Tn mod 3) ♣♦♣r✐♠❛ ✈r✐❥❡❞♥♦st✐

1, 0, 0, 1, 0, 0, 1, 0, · · · ,

❛ ③❛ m = 4✱ ❞♦❜✐✈❛♠♦ ❞❛ ❥❡ ♥✐③ (Tn mod 4) ❞❛♥ s

1, 3, 2, 2, 3, 1, 0, 0, 1, 3, 2, 2, 3, 1, 0, 0, 1, 3, . . .

❯♦↔❛✈❛♠♦ ❞❛ s❡ ♦st❛t❝✐ ♠♦❞✉❧♦ m ♥✐③❛ (Tn) ♣♦♥❛✈❧❥❛❥✉ s✈❛❦✐❤ m ↔❧❛♥♦✈❛ ❛❦♦ ❥❡
m ♥❡♣❛r❛♥✱ ♦❞♥♦s♥♦ s✈❛❦✐❤ 2m ↔❧❛♥♦✈❛ ✉❦♦❧✐❦♦ ❥❡ m ♣❛r❛♥✳

❚❡♦r❡♠ ✸✳✶✳✹✳ ❆❦♦ ❥❡ m ♥❡♣❛r❛♥ ♣r✐r♦❞❛♥ ❜r♦❥✱ ♦♥❞❛ ❥❡

Tkm+i ≡ Ti (mod m), i = 0, 1, . . . ,m− 1,

❛ ❛❦♦ ❥❡ m ♣❛r❛♥ ♣r✐r♦❞❛♥ ❜r♦❥✱ ♦♥❞❛ ❥❡

T2km+i ≡ Ti (mod m), i = 0, 1, . . . , 2m− 1,

③❛ s✈❡ k ∈ N0✳
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❉♦❦❛③✳ ❱r✐❥❡❞✐

Tkm+i − Ti =
km(1 + km)

2
+ jkm.

◆❡❦❛ ❥❡ m = 2ℓ+ 1✱ ℓ ∈ N0✳ ❚❛❞❛ ❥❡

Tkm+i − Ti =
km(1 + 2kℓ+ k)

2
+ jkm =

k(k + 1)m

2
+ kℓm+ jkm,

♦❞♥♦s♥♦

Tkm+i − Ti = m

(
k(k + 1)

2
+ kℓ+ jk

)

︸ ︷︷ ︸

∈N

≡ 0 (mod m).

❑❛❦♦ ❥❡
T2km+i − Ti = km+ 2jkm+ 2k2m2 ≡ 0 (mod m),

✈r✐❥❡❞✐ t✈r❞♥❥❛✳

❉♦❦❛③ ❧❡♠❡ ✸✳✶✳✸✳ Pr❡♠❛ t❡♦r❡♠✉ ✸✳✶✳✹ ③❛ m = 10 ✈r✐❥❡❞✐

T20k+i ≡ 1, 3, 6, 0, 5, 1, 8, 6, 5, 5, 6, 8, 1, 5, 0, 6, 3, 1, 0, 0 (mod m),

③❛ i = 0, 1, . . . , 19 ✐ k ∈ N0.

❉♦❦❛③ t❡♦r❡♠❛ ✸✳✶✳✷✳ ❩❛ ❞♦❦❛③ ❦♦r✐st✐♠♦ ♣r❡t❤♦❞♥✉ ❧❡♠✉✱ ♦❞♥♦s♥♦ ♣♦❦❛③❛t ➣❡♠♦ ❞❛
♣♦st♦❥✐ ❜❡s❦♦♥❛↔♥♦ ♠♥♦❣♦ ▼❡rs❡♥♥❡♦✈✐❤ ❜r♦❥❡✈❛ ❦♦❥✐ ♣r✐ ❞✐❥❡❧❥❡♥❥✉ s ✶✵ ❞❛❥✉ ♦st❛t❛❦
✼✳ ◆❡❦❛ ❥❡ Mn n✲t✐ ▼❡rs❡♥♥❡♦✈ ❜r♦❥✳ ❚❛❞❛✱ s ♦❜③✐r♦♠ ♥❛ ♦st❛t❦❡ ♣r✐ ❞✐❥❡❧❥❡♥❥✉ ❜r♦❥❛
n s ✹✱ r❛③❧✐❦✉❥❡♠♦ s❧❥❡❞❡➣❡ s❧✉↔❛❥❡✈❡✿

✶✳ s❧✉↔❛❥✿ ◆❡❦❛ ❥❡ n ≡ 0 (mod 4), t❥✳ n = 4k, ③❛ ♥❡❦✐ k ≥ 0✳ ❚❛❞❛ ❥❡

Mn = 24k − 1 = (24)k − 1 ≡ 6k − 1 ≡ 6− 1 ≡ 5 (mod 10).

✷✳ s❧✉↔❛❥✿ ◆❡❦❛ ❥❡ n ≡ 1 (mod 4)✱ t❥✳ n = 4k + 1, ③❛ ♥❡❦✐ k ≥ 0✳ ❚❛❞❛ ❥❡

Mn = 24k+1 − 1 = 2 · (24)k − 1 ≡ 2 · 6k − 1 ≡ 2 · 6− 1 ≡ 1 (mod 10).

✸✳ s❧✉↔❛❥✿ ◆❡❦❛ ❥❡ n ≡ 2 (mod 4)✱ t❥✳ n = 4k + 2, ③❛ ♥❡❦✐ k ≥ 0✳ ❚❛❞❛ ❥❡

Mn = 24k+2 − 1 = 4 · (24)k − 1 ≡ 4 · 6k − 1 ≡ 4 · 6− 1 ≡ 3 (mod 10).

✹✳ s❧✉↔❛❥✿ ◆❡❦❛ ❥❡ n ≡ 3 (mod 4)✱ t❥✳ n = 4k + 3, ③❛ ♥❡❦✐ k ≥ 0✳ ❚❛❞❛ ❥❡

Mn = 24k+3 − 1 = 8 · (24)k − 1 ≡ 8 · 6k − 1 ≡ 8 · 6− 1 ≡ 7 (mod 10).
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❉❛❦❧❡✱

Mn =







5 (mod 10), ③❛ n ≡ 0 (mod 4)
1 (mod 10), ③❛ n ≡ 1 (mod 4)
3 (mod 10), ③❛ n ≡ 2 (mod 4)
7 (mod 10), ③❛ n ≡ 3 (mod 4).

❙t♦❣❛ ③❛❦❧❥✉↔✉❥❡♠♦ ❦❛❦♦ ♣♦st♦❥✐ ❜❡s❦♦♥❛↔♥♦ ♠♥♦❣♦ ▼❡rs❡♥♥❡♦✈✐❤ ❜r♦❥❡✈❛ M4k+3

❦♦❥✐ ♣r✐ ❞✐❥❡❧❥❡♥❥✉ s ✶✵ ❞❛❥✉ ♦st❛t❛❦ ✼✱ ❛ ♦♥✐ ♣r❡♠❛ ❧❡♠✐ ✸✳✶✳✸ ♥❡ ♠♦❣✉ ❜✐t✐ tr♦❦✉t❛st✐
❜r♦❥❡✈✐✳

❚❡♦r❡♠ ✸✳✶✳✺✳ P♦st♦❥❡ t♦↔♥♦ ↔❡t✐r✐ ❘❛♠❛♥✉❥❛♥✲◆❛❣❡❧❧♦✈❛ ❜r♦❥❛✿ 1, 3, 15, 4095✳

❙❦✐❝❛ ❞♦❦❛③❛✳ ◆❡❦❛ s✉ m ✐ n ♣r✐r♦❞♥✐ ❜r♦❥❡✈✐ ③❛ ❦♦❥❡ ✈r✐❥❡❞✐

2m − 1 =
n(n+ 1)

2
.

Pr❡t❤♦❞♥❛ r❡❧❛❝✐❥❛ ❡❦✈✐✈❛❧❡♥t♥❛ ❥❡

2m+3 − 7 = (2n+ 1)2,

♦❞♥♦s♥♦ ✉③ s✉♣st✐t✉❝✐❥✉ k = m+ 3 ✐ x = 2n+ 1 s ❥❡❞♥❛❞➸❜♦♠

x2 + 7 = 2k.

❏❡❞✐♥❛ r❥❡➨❡♥❥❛ ♣r❡t❤♦❞♥❡ ❥❡❞♥❛❞➸❜❡ ✭t③✈✳ ❘❛♠❛♥✉❥❛♥✲◆❛❣❡❧❧♦✈❡ ❥❡❞♥❛❞➸❜❡✮ s✉ x =
1, 3, 5, 11, 181✱ ❛ ♦♥❛ ♦❞❣♦✈❛r❛❥✉ ▼❡rs❡♥♥❡♦✈✐♠ tr♦❦✉t❛st✐♠ ❜r♦❥❡✈✐♠❛ ✭✵✮✱✶✱✸✱✶✺✱✹✵✾✺✳

✸✳✷ ❋❡r♠❛t♦✈✐ ❜r♦❥❡✈✐

P♦③✐t✐✈♥✐ ❝✐❥❡❧✐ ❜r♦❥❡✈✐ ♦❜❧✐❦❛

fn = 22
n

+ 1, n ≥ 0,

♥❛③✐✈❛❥✉ s❡ ❋❡r♠❛t♦✈✐ ❜r♦❥❡✈✐ ♣r❡♠❛ P✐❡rr❡✉ ❞❡ ❋❡r♠❛t✉ ✭✶✻✵✶✳✲✶✻✻✺✳✮✱ ❥❡❞♥♦♠ ♦❞
♥❛❥③♥❛↔❛❥♥✐❥✐❤ ♠❛t❡♠❛t✐↔❛r❛ ✶✼✳ st♦❧❥❡➣❛✳ ❋❡r♠❛t ❥❡ ✈❥❡r♦✈❛♦ ❞❛ s✉ s✈✐ ❜r♦❥❡✈✐ t♦❣
♦❜❧✐❦❛ ♣r♦st✐✳ P♦❣❧❡❞❛❥♠♦ ♣r✈✐❤ ♥❡❦♦❧✐❦♦ ❋❡r♠❛t♦✈✐❤ ❜r♦❥❡✈❛✿

f0 = 3, f1 = 5, f2 = 17, f3 = 257, f4 = 65 537.

❯♦↔❛✈❛♠♦ ❦❛❦♦ s✉ s✈✐ ♥❛✈❡❞❡♥✐ ❜r♦❥❡✈✐ ③❛✐st❛ ♣r♦st✐✱ ♥♦ t❛ t✈r❞♥❥❛ ♥❡ ✈r✐❥❡❞✐ ③❛
s❧❥❡❞❡➣✐ ❜r♦❥ f5 = 232 + 1 = 4 294 967 297 ➨t♦ ❥❡ ❊✉❧❡r ✉s♣✐♦ ❞♦❦❛③❛t✐ ♣r♦♥❛➨❛✈➨✐
♥❥❡❣♦✈ r❛st❛✈ f5 = 641 · 6700417 t❡ t❛❦♦ ♦♣♦✈r❣♥✉t✐ ❋❡r♠❛t♦✈✉ t✈r❞♥❥✉✳ ❆❦♦ ❥❡ fn
♣r♦st ❜r♦❥✱ ♦♥❞❛ ❦❛➸❡♠♦ ❞❛ ❥❡ ♦♥ ❋❡r♠❛t♦✈ ♣r♦st ❜r♦❥✳
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❚❡♦r❡♠ ✸✳✷✳✶✳ ❋❡r♠❛t♦✈ ❜r♦❥ f5 ❥❡ ❞❥❡❧❥✐✈ ❜r♦❥❡♠ ✻✹✶✳

❉♦❦❛③✳ ◆❡❦❛ ❥❡ a = 27 ✐ b = 5 ✐ ✈r✐❥❡❞✐

1 + ab = 1 + 27 · 5 = 641.

▲❛❦♦ s❡ ✈✐❞✐ ❞❛ ❥❡

1 + ab− b4 = 1 + (a− b3)b = 1 + 3b = 24.

■③ t♦❣❛ s❧✐❥❡❞✐

f5 = 22
5

+ 1 = 232 + 1 = 24a4 + 1 = (1 + ab− b4)a4 + 1 = (1 + ab)a4 + (1− a4b4)

= (1 + ab)
[
a4 + (1− ab)(1 + a2b2)

]
,

♦❞♥♦s♥♦✱ 641|f5.

Pr❡♠❛ t❡♦r❡♠✉ ✸✳✶✳✹ ❥❡

Tm =

{
1 (mod 3), ③❛ m ≡ 1 (mod 3)
0 (mod 3), ③❛ m ≡ 0, 2 (mod 3).

◆❛✈❡❞❡♥❡ ❦♦♥❣r✉❡♥❝✐❥❡ ❦♦r✐st✐♠♦ ✉ ❞♦❦❛③✉ s❧❥❡❞❡➣❡ t✈r❞♥❥❡ ❦♦❥❛ ♥❛♠ ❞❛❥❡ ♦❞❣♦✈♦r
♥❛ ♣✐t❛♥❥❡ ❦♦❧✐❦♦ ✐♠❛ ❋❡r♠❛t♦✈✐❤ tr♦❦✉t❛st✐❤ ❜r♦❥❡✈❛✳

❑♦r♦❧❛r ✸✳✷✳✷✳ ❏❡❞✐♥✐ ❋❡r♠❛t♦✈ tr♦❦✉t❛st✐ ❜r♦❥ ❥❡ f0 = 3✳

❉♦❦❛③✳ ■✳ ♥❛↔✐♥✿ ◆❡❦❛ ❥❡ fn = 22
n

+ 1 ❣❞❥❡ ❥❡ n ≥ 0✳ ❚❛❞❛ ❥❡ f0 = 3 tr♦❦✉t❛st✐ ❜r♦❥✳
Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ n ≥ 1✳ ❚❛❞❛ ❥❡ fn ≡ (−1)2

n

+ 1 ≡ 1 + 1 ≡ 2 (mod 3) ♣❛ ❥❡ ✐
8fn +1 ≡ 2 (mod 3)✳ ❑❛❦♦ ❥❡ ✷ ❦✈❛❞r❛t♥✐ ♥❡♦st❛t❛❦ ♠♦❞✉❧♦ ✸✱ ♣r❡♠❛ ❦♦r♦❧❛r✉ ✶✳✸✳✸
③❛❦❧❥✉↔✉❥❡♠♦ ❞❛ fn ♥❡ ♠♦➸❡ ❜✐t✐ tr♦❦✉t❛st✐ ❜r♦❥ ③❛ n ≥ 1✳

■■✳ ♥❛↔✐♥✿ ❚✈r❞♥❥✉ ♠♦➸❡♠♦ ❞♦❦❛③❛t✐ ✐ ❞✐r❡❦t♥♦✳ ■③ ♣r❡t♣♦st❛✈❦❡

fn = Tk

s❧✐❥❡❞✐

22
n

+ 1 =
k(k + 1)

2
⇒ k2 + k − 2(22

n

+ 1) = 0.

❑❛❦♦ ❜✐ ❞♦❜✐✈❡♥❛ ❦✈❛❞r❛t♥❛ ❥❡❞♥❛❞➸❜❛ ✐♠❛❧❛ ❝❥❡❧♦❜r♦❥♥♦ r❥❡➨❡♥❥❡✱ ♣r✐♣❛❞♥❛ ❞✐s❦r✐✲
♠✐♥❛♥t❛ ♠♦r❛ ❜✐t✐ ❦✈❛❞r❛t ♥❡❦♦❣ ❝✐❥❡❧♦❣ ❜r♦❥❛✱ t❥✳

√

1 + 8(22n + 1) ∈ N.
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Pr❡♠❛ t♦♠❡✱

1 + 8(22
n

+ 1) = m2 ⇒ 22
n+3 = m2 − 9 = (m+ 3)(m− 3).

❉❛ ❜✐ ❥❡❞♥❛❦♦st ✈r✐❥❡❞✐❧❛✱ ✐③r❛③✐ s ❞❡s♥❡ str❛♥❡ ❥❡❞♥❛❞➸❜❡ ♠♦r❛❥✉ ❜✐t✐ ♣♦t❡♥❝✐❥❡ ❜r♦❥❛
✷✳ ❙ ♦❜③✐r♦♠ ♥❛ t♦ ❞❛ s❡ m + 3 ✐ m − 3 r❛③❧✐❦✉❥✉ ③❛ ✻✱ ❥❡❞✐♥❛ ♠♦❣✉➣♥♦st ③❛ t♦ ❥❡
(m− 3,m + 3) = (2, 8)✳ ❙❛❞❛ s❡ ❧❛❦♦ ✈✐❞✐ ❞❛ ❥❡❞♥❛❦♦st ✈r✐❥❡❞✐ s❛♠♦ ③❛ n = 0, k = 2
✐ m = 5 ↔✐♠❡ s♠♦ ❞♦❦❛③❛❧✐ t✈r❞♥❥✉✳

■■■✳ ♥❛↔✐♥✿ ▼❛t❡♠❛t✐↔❦♦♠ ✐♥❞✉❦❝✐❥♦♠ ♣♦❦❛③✉❥❡ s❡ ❞❛ ❥❡

fn ≡ 7 (mod 10),

③❛ s✈❡ n ≥ 2✳ ❑❛❦♦ ❥❡ ♣r❡♠❛ ❧❡♠✐ ✸✳✶✳✸ Tn ≡ 0, 1, 5, 6 ✐❧✐ 8 (mod 10), ❣❞❥❡ ❥❡ n ≥ 1✱
s❧✐❥❡❞✐ t✈r❞♥❥❛✳

✸✳✸ ❋✐❜♦♥❛❝❝✐❥❡✈✐ ❜r♦❥❡✈✐

❋✐❜♦♥❛❝❝✐❥❡✈ ♥✐③ (Fn)✱ n ∈ N ❞❡✜♥✐r❛ s❡ ♣♦♠♦➣✉ r❡❦✉r③✐✈♥❡ ❢♦r♠✉❧❡

Fn = Fn−2 + Fn−1, n ≥ 2,

✉③ ♣♦↔❡t♥❡ ✉✈❥❡t❡
F0 = 0, F1 = 1.

Pr✈✐❤ ♥❡❦♦❧✐❦♦ ↔❧❛♥♦✈❛ ❋✐❜♦♥❛❝❝✐❥❡✈♦❣ ♥✐③❛✱ ♦❞♥♦s♥♦ ❋✐❜♦♥❛❝❝✐❥❡✈✐❤ ❜r♦❥❡✈❛ ❥❡

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, · · · .

◆✐③ ❥❡ ❞♦❜✐♦ ✐♠❡ ♣r❡♠❛ t❛❧✐❥❛♥s❦♦♠ ♠❛t❡♠❛t✐↔❛r✉ ▲❡♦♥❛r❞✉ ✐③ P✐s❡ ✭✶✶✼✵✳✲✶✷✺✵✳✮✱
♣♦③♥❛t✐❥❡♠ ❦❛♦ ❋✐❜♦♥❛❝❝✐✱ ❦♦❥✐ ❥❡ ♣r♦♥❛➨❛♦ r❥❡➨❡♥❥❡ ③❛ ♣r♦❜❧❡♠ r❛③♠♥♦➸❛✈❛♥❥❛ ③❡✲
↔❡✈❛✱ ❛ t♦ ❥❡ r❥❡➨❡♥❥❡ ❜✐❧♦ ✉♣r❛✈♦ s♣♦♠❡♥✉t✐ ♥✐③✳

❩❛♥✐♠❛ ♥❛s ♣♦st♦❥❡ ❧✐ ❋✐❜♦♥❛❝❝✐❥❡✈✐ ❜r♦❥❡✈✐ ❦♦❥✐ s✉ ✉❥❡❞♥♦ ✐ tr♦❦✉t❛st✐✳ ❖❞♥♦s♥♦✱
♣♦st♦❥❡ ❧✐ ❋✐❜♦♥❛❝❝✐❥❡✈✐ ❜r♦❥❡✈✐ ③❛ ❦♦❥❡ ✈r✐❥❡❞✐ ❞❛ ❥❡ 8Fn + 1 ♣♦t♣✉♥ ❦✈❛❞r❛t ✈❡➣✐
♦❞ ✶ ✭♣r❡♠❛ ❦♦r♦❧❛r✉ ✶✳✸✳✸✮✳ ❯♦↔✐♠♦ ❞❛ ✈❡➣ ♠❡➒✉ ❣♦r❡ ♥❛✈❡❞❡♥✐♠ ❋✐❜♦♥❛❝❝✐❥❡✈✐♠
❜r♦❥❡✈✐♠❛ ♣r♦♥❛❧❛③✐♠♦ ♦♥❡ ❦♦❥✐ s✉ tr♦❦✉t❛st✐✱ ❛ t♦ s✉

1, 3, 21, 55.

P♦❦❛③✉❥❡ s❡ ❞❛ s✉ t♦ ❥❡❞✐♥✐ tr♦❦✉t❛st✐ ❜r♦❥❡✈✐ ✉ ♥✐③✉ ❋✐❜♦♥❛❝❝✐❥❡✈✐❤ ❜r♦❥❡✈❛✳ ◆❛✐♠❡✱
✈r✐❥❡❞✐ s❧❥❡❞❡➣✐ t❡♦r❡♠✳
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❚❡♦r❡♠ ✸✳✸✳✶ ✭▼✐♥❣✱ ✶✾✽✼✳✮✳ 8Fn + 1 ❥❡ ♣♦t♣✉♥✐ ❦✈❛❞r❛t ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡

n = 0, 1, 2, 4, 8, 10.

❇✉❞✉➣✐ ❞❛ ❥❡ ❞♦❦❛③ ♦✈♦❣ t❡♦r❡♠❛ t❡❤♥✐↔❦✐ ③❛❤t❥❡✈❛♥✱ ♦❜❥❛s♥✐t ➣❡♠♦ s❛♠♦ ❣❧❛✈♥❡
✐❞❡❥❡ ❜❡③ ✉❧❛➸❡♥❥❛ ✉ ❞❡t❛❧❥❡✳ ❯ ❞♦❦❛③✉ s❡ ❦♦r✐st✐ ❏❛❝♦❜✐❥❡✈ s✐♠❜♦❧ ✕ ♣♦♦♣➣❡♥❥❡ ▲❛✲
❣r❛♥❣❡♦✈♦❣ s✐♠❜♦❧❛✳ ❩❛ ♥❡♣❛r❛♥ ♣r♦st ❜r♦❥ p ✐ ❝✐❥❡❧✐ ❜r♦❥ a✱ ▲❡❣❡♥❞r❡♦✈ s✐♠❜♦❧✱ ✉

♦③♥❛❝✐
(
a

p

)

✱ ❞❡✜♥✐r❛ s❡ ❦❛♦

(
a

p

)

=







−1, ❛❦♦ x2 ≡ a (mod p) ♥❡♠❛ r❥❡➨❡♥❥❛,
1, ❛❦♦ x2 ≡ a (mod p) ✐♠❛ r❥❡➨❡♥❥❛,
0, ❛❦♦ p | a.

❆❦♦ ❥❡ nzd(a, p) = 1 ✐ ❦♦♥❣r✉❡♥❝✐❥❛ x2 ≡ a (mod p) ✐♠❛ r❥❡➨❡♥❥❛✱ ♦♥❞❛ ③❛ a ❦❛➸❡♠♦
❞❛ ❥❡ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♠♦❞✉❧♦ p✱ ❛ ✉ s✉♣r♦t♥♦♠ ❥❡ a ❦✈❛❞r❛t♥✐ ♥❡♦st❛t❛❦✳

❩❛ ❝✐❥❡❧✐ ❜r♦❥ a ✐ Q = q1q2 · · · qk ❣❞❥❡ s✉ q1, q2, . . . , qk ♥❡♣❛r♥✐ ♣r♦st✐ ❜r♦❥❡✈✐ ✐ ♥❡
♥✉➸♥♦ r❛③❧✐↔✐t✐ ✈r✐❥❡❞✐✱ ❞❡✜♥✐r❛♠♦ t③✈✳ ❏❛❝♦❜✐❥❡✈ s✐♠❜♦❧ ❦❛♦

(
a

Q

)

=

(
a

q1

)(
a

q2

)

· · ·
(

a

qk

)

.

P♦❞s❥❡➣❛♠♦ ♥❛ ♥❛❥✈❛➸♥✐❥❛ s✈♦❥st✈❛ ❏❛❝♦❜✐❥❡✈♦❣ s✐♠❜♦❧❛✿

✶✳ ❆❦♦ ❥❡ a ≡ b (mod Q)✱ ♦♥❞❛ ❥❡
(

a
Q

)

≡
(

b
Q

)

✳

✷✳
(

ab
Q

)

=
(

a
Q

)(
b
Q

)

✱
(

a
Q1Q2

)

=
(

a
Q1

)(
a
Q2

)

✸✳
(

1
Q

)

= 1✱
(

−1
Q

)

= (−1)
Q−1

2

✹✳
(

2
Q

)

= (−1)
Q2

−1

8 ✳

✺✳ ❆❦♦ s✉ ❜r♦❥❡✈✐ Q,P ♥❡♣❛r♥✐ r❡❧❛t✐✈♥♦ ♣r♦st✐ ♣r✐r♦❞♥✐ ❜r♦❥❡✈✐✱ ♦♥❞❛ ❥❡
(
Q

P

)(
P

Q

)

= (−1)
P−1

2
·
Q−1

2 .

❉♦❦❛③ t❡♦r❡♠❛ ✸✳✸✳✶ t❡♠❡❧❥✐ s❡ ♥❛ t♦♠❡ ❞❛ s❡ ③❛ n ̸= 0, 1, 2, 4, 8, 10 ♣♦❦❛➸❡ ❞❛ ❥❡
(
8Fn + 1

Wn

)

= −1 ✭✸✳✶✮
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③❛ ♥❡❦✐ ♣r✐r♦❞❛♥ ❜r♦❥ Wn✳ ❚❛❞❛ 8Fn + 1 ♥✐❥❡ ♣♦t♣✉♥✐ ❦✈❛❞r❛t✳ P♦❦❛③✉❥❡ s❡ ❞❛ ❥❡
Wn ▲✉❝❛s♦✈ ❜r♦❥ Lk ③❛ ✐♥❞❡❦s k ❦♦❥✐ ♦✈✐s✐ ♦ n✳ ▲✉❝❛s♦✈ ♥✐③ (Ln) ❞❡✜♥✐r❛ s❡ ✐st♦♠
r❡❦✉r③✐✈♥♦♠ ❢♦r♠✉❧♦♠ ❦❛♦ ✐ ❋✐❜♦♥❛❝❝✐❥❡✈ ♥✐③✿

Ln = Ln−2 + Ln−1, n ≥ 2,

✉③ ♣♦↔❡t♥❡ ✉✈❥❡t❡
L0 = 2, L1 = 1.

Pr✈✐❤ ♥❡❦♦❧✐❦♦ ↔❧❛♥♦✈❛ ▲✉❝❛s♦✈♦❣ ♥✐③❛ ❥❡

2, 1, 3, 4, 7, 11, 18, 29, 47, 76, 123, . . .

❖✈❛ ❞✈❛ ♥✐③❛✱ ❋✐❜♦♥❛❝❝✐❥❡✈ ✐ ▲✉❝❛s♦✈✱ ✈❡➸✉ ♠♥♦❣✐ ✐❞❡♥t✐t❡t✐✳ ❩❛ ❞♦❦❛③ s❡ ❦♦r✐s♥♦♠
♣♦❦❛③❛❧❛ r❡❧❛❝✐❥❛

F2kt+n ≡ (−1)tFn (mod Lk), ✭✸✳✷✮

❣❞❥❡ s✉ n, t, k ∈ N ✐ k = ±2 (mod 6)✱ t❡ r❡❧❛❝✐❥❛ ❞❛♥❛ ✉ s❧❥❡❞❡➣♦❥ ❧❡♠✐✳

▲❡♠❛ ✸✳✸✳✷✳ ◆❡❦❛ s✉ a ✐ n ♣r✐r♦❞♥✐ ❜r♦❥❡✈✐ t❛❦✈✐ ❞❛ ❥❡ n ≡ ±2 (mod 6) ✐ nzd(a, Ln) =
1✳ ❆❦♦ L2n ♥❡ ❞✐❥❡❧✐ ±4aF2n + 1 ✐ ❛❦♦ 64a2 + 5 ♥❡ ❞✐❥❡❧✐ 8aFn ± Ln✱ t❛❞❛ ❥❡

(±4aF2n + 1

L2n

)

= −
(
8aFn ± Ln

64a2 + 5

)

❑❛❦♦ ♣r♦♥❛➣✐ ▲✉❝❛s♦✈ ❜r♦❥ ✉ ✭✸✳✶✮ ♦♣✐s❛t ➣❡♠♦✱ ✐❧✉str❛❝✐❥❡ r❛❞✐✱ ✉ ❥❡❞♥♦♠ s♣❡❝✐✲
❥❛❧♥♦♠ s❧✉↔❛❥✉✳

Pr♦♣♦③✐❝✐❥❛ ✸✳✸✳✸✳ ❆❦♦ ❥❡ n ≡ 0 (mod 22 · 52) ✐ 8Fn + 1 ♣♦t♣✉♥✐ ❦✈❛❞r❛t✱ t❛❞❛ ❥❡
n = 0✳

❉♦❦❛③✳ Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ n ̸= 0✳ ❩❜♦❣ ♣r❡t♣♦st❛✈❦❡✱ n ♠♦➸❡♠♦ ③❛♣✐s❛t✐ ❦❛♦

n = 2 · 52 · 2s · ℓ,

❣❞❥❡ ❥❡ ℓ ♥❡♣❛r❛♥ ❜r♦❥ ✐ s ≥ 1✳ ❉❡✜♥✐r❛♠♦

k =







2s, ❛❦♦ ❥❡ s ≡ 0 (mod 3),

52 · 2s, ❛❦♦ ❥❡ s ≡ 1 (mod 3),

5 · 2s, ❛❦♦ ❥❡ s ≡ 2 (mod 3).

❇r♦❥❡✈✐ n ✐ k s✉ ♥❛♠❥❡➨t❡♥✐ t❛❦♦ ❞❛ ✈r✐❥❡❞✐
(
8Fn + 1

L2k

)

=

(±8F2k + 1

L2k

)

.
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❖↔✐t♦ ❥❡ k ≡ ±1 (mod 3) ✐ ♣❛r❛♥ ♣❛ ❥❡ k ≡ ±2 (mod 6)✳ ◆❛❞❛❧❥❡✱ ❦❛❦♦ ❥❡ Ln ♣❛r❛♥
❜r♦❥ ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ n ✈✐➨❡❦r❛t♥✐❦ ♦❞ ✸ s❧✐❥❡❞✐ ❞❛ ❥❡ nzd(Lk, 2) = 1 ✭♦❞♥♦s♥♦ ❞❛ ❥❡
Lk ♥❡♣❛r❛♥ ❜r♦❥✮✳ ❙❛❞❛ ♣r❡♠❛ ❧❡♠✐ ✸✳✸✳✷ ③❛ a = 2 s❧✐❥❡❞✐

(±8F2k + 1

L2k

)

= −
(
16Fk ± Lk

64 · 4 + 5

)

.

❩❜♦❣ 64 · 4 + 5 = 32 · 29 ❥❡
(±8F2k + 1

L2k

)

= −
(
16Fk ± Lk

29

)

.

❖st❛t❝✐ ♣r✐ ❞✐❥❡❧❥❡♥❥✉ ♥✐③❛ (16Fk + Lk)k≥0 ❜r♦❥❡♠ ✷✾ s✉✿

17, 19, 7, 26, 4, 1, 5, 6, 11, 17, 28, 16, 15, 2, 17, 19, 7, 26, 4, . . .

❇✉❞✉➣✐ ❞❛ ♥✐③ (16Fk+Lk)k≥0 ③❛❞♦✈♦❧❥❛✈❛ r❡❦✉r③✐❥✉ ❞r✉❣♦❣ r❡❞❛✱ ❥❛s♥♦ ❥❡ ❞❛ s❡ ♦st❛t❝✐
♣r✐ ❞✐❥❡❧❥❡♥❥✉ s ✷✾ ♣♦♥❛✈❧❥❛❥✉ ♥❛❦♦♥ ♣r✈✐❤ ✶✹ ♦st❛t❛❦❛✳ ◆❛❞❛❧❥❡✱ ♣r❡t♣♦st❛✈❦❛ ♥❛ k
♣♦✈❧❛↔✐ ❞❛ ❥❡

k ≡ ±6 (mod 14),

♣❛ ♥❛s ③❛♥✐♠❛❥✉ ♦st❛t❝✐ s❛♠♦ ♥❛ ♠❥❡st✐♠❛ k = 6, 8 ❛ t✐ s✉ ✶ ✐ ✻✳ ❙t♦❣❛ ❥❡

16Fk + Lk ≡ 1 (mod 29) ③❛ k ≡ 6 (mod 14),

t❡
16Fk + Lk ≡ 6 (mod 29) ③❛ k ≡ −6 ≡ 8 (mod 14).

❙❛❞❛ ✐st♦ ♣♦♥♦✈✐♠♦ ③❛ ♥✐③ (16Fk − Lk)k≥0✳ ❖st❛t❝✐ ♣r✐ ❞✐❥❡❧❥❡♥❥✉ ❜r♦❥❡♠ ✷✾ s✉✿

15, 13, 28, 12, 11, 23, 5, 28, 4, 3, 7, 10, 17, 27, 15, 13, 28, 12, 11, . . . ,

♦❞♥♦s♥♦ ♣❡r✐♦❞ ♣♦♥❛✈❧❥❛♥❥❛ ❥❡ t❛❦♦➒❡r ✶✹✳ ❑❛❦♦ ❥❡

16F6 − L6 ≡ 23 ≡ −6 (mod 29), 16F8 − L8 ≡ 28 ≡ −1 (mod 29),

❞♦❜✐✈❛♠♦
16Fk − Lk ≡ −6 (mod 29) ③❛ k ≡ 6 (mod 14),

t❡
16Fk − Lk ≡ −1 (mod 29) ③❛ k ≡ −6 ≡ 8 (mod 14).

❑♦♥❛↔♥♦ ❞♦❜✐✈❛♠♦ ❞❛ ❥❡
(
8Fn + 1

L2k

)

= −
(±1

29

)

✐❧✐ −
(±6

29

)

,
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➨t♦ ✉ s✈✐ s❧✉↔❛❥❡✈✐♠❛ ❞♦✈♦❞✐ ❞♦
(
8Fn + 1

L2k

)

= −1,

❥❡r s✉ ±1,±6 ❦✈❛❞r❛t♥✐ ♦st❛t❝✐ ♠♦❞✉❧♦ ✷✾✳ ❉❛❦❧❡✱ 8Fn + 1 ♥❡ ♠♦➸❡ ❜✐t✐ ♣♦t♣✉♥✐
❦✈❛❞r❛t✳

❯ s❧✉↔❛❥✉ n = 0 ❥❡ ♦↔✐t♦ 8F0 + 1 = 1✱ ♣❛ s❧✐❥❡❞✐ t✈r❞♥❥❛ ♣r♦♣♦③✐❝✐❥❡✳

❉♦❦❛③ t❡♦r❡♠❛ ✸✳✸✳✶ s❛st♦❥✐ s❡ ♦❞ ♥✐③❛ t✈r❞♥❥✐ s❧✐↔♥✐♠ ♣r♦♣♦③✐❝✐❥✐ ✸✳✸✳✸✳

❑♦r♦❧❛r ✸✳✸✳✹✳ ❏❡❞✐♥✐ ❋✐❜❜♦♥❛❝✐❥❡✈✐ tr♦❦✉t❛st✐ ❜r♦❥❡✈✐ s✉ 1, 3, 21 ✐ 55.

✸✳✹ P❡❧❧♦✈✐ ❜r♦❥❡✈✐

❇r♦❥❡✈✐ ❞❡✜♥✐r❛♥✐ s
Pn = 2Pn−1 + Pn−2, n ≥ 2,

✉③ ♣♦↔❡t♥❡ ✉✈❥❡t❡ P0 = 0, P1 = 1 ♥❛③✐✈❛❥✉ s❡ P❡❧❧♦✈✐ ❜r♦❥❡✈✐✳ ◆✐③✉ P❡❧❧♦✈✐❤ ❜r♦❥❡✈❛
♣r✐❞r✉➸✉❥❡ s❡ ♥✐③ ❞❡✜♥✐r❛♥ ✐st♦♠ r❡❦✉r③✐❥♦♠

Qn = 2Qn−1 +Qn−2, n ≥ 2,

❛❧✐ ✉③ ♣♦↔❡t♥❡ ✉✈❥❡t❡ Q0 = 1, Q1 = 1✳ Pr❡♠❛ t♦♠❡✱ ♥✐③ P❡❧❧♦✈✐❤ ❜r♦❥❡✈❛ ❥❡

0, 1, 2, 5, 12, 29, 70, 169, · · · ,

❛ ♥❥❡♠✉ ♣r✐❞r✉➸❡♥ (Qn) ❥❡

1, 1, 3, 7, 17, 41, 99, 239, 577, · · · .

◆✐③ (2Qn) ♥❛③✐✈❛ s❡ ♥✐③ P❡❧❧✲▲✉❝❛s♦✈✐❤ ❜r♦❥❡✈❛✳

❯♦↔❛✈❛♠♦ ❦❛❦♦ ❥❡ P1 = 1 = T1 tr♦❦✉t❛st ❜r♦❥✳ ➆t♦✈✐➨❡✱ t♦ ❥❡ ❥❡❞✐♥✐ tr♦❦✉t❛st✐ ❜r♦❥
♠❡➒✉ P❡❧❧♦✈✐♠ ❜r♦❥❡✈✐♠❛✳ ❉♦❦❛③ t❡ t✈r❞♥❥❡ t❡♠❡❧❥✐ s❡ ♥❛ r❛③♥✐♠ ✐❞❡♥t✐t❡t✐♠❛ t❡ ♥❛
↔❡t✐r✐♠❛ ♣♦♠♦➣♥✐♠ t✈r❞♥❥❛♠❛ ❦♦❥❡ ✉ ♥❛st❛✈❦✉ ✐s❦❛③✉❥❡♠♦✳
P❡❧❧♦✈✐ ✐ P❡❧❧✲▲✉❝❛s♦✈✐ ❜r♦❥❡✈✐ ③❛❞♦✈♦❧❥❛✈❛❥✉ ♥✐③ ✐❞❡♥t✐t❡t❛✿

Pm+n = PmPn+1 + Pm−1Pn, ✭✸✳✸✮
Pm+n = 2PmQn − (−1)nPm−n, ✭✸✳✹✮

P2tn = Pn(2Qn)(2Q2n)(2Q4n) · · · (2Q2t−1n), ✭✸✳✺✮
Q2

n = 2P 2
n + (−1)n, ✭✸✳✻✮

Q2n = 2Q2
n − (−1)n, ✭✸✳✼✮
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③❛ m,n, t ♥❡♥❡❣❛t✐✈♥❡ ❝✐❥❡❧❡ ❜r♦❥❡✈❡✳
◆❛❞❛❧❥❡✱ ❛❦♦ ❥❡ nzd(m,n) = d✱ t❛❞❛ ❥❡

nzd(Pm, Qn) = Qd, ✭✸✳✽✮

❛❦♦ ❥❡ m
d
♣❛r❛♥ ❜r♦❥✱ ❛ ✐♥❛↔❡ ❥❡

nzd(Pm, Qn) = 1. ✭✸✳✾✮

▲❡♠❛ ✸✳✹✳✶✳ ◆❡❦❛ s✉ n, k ✐ t ♣r✐r♦❞♥✐ ❜r♦❥❡✈✐ ✐ ♥❡❦❛ ❥❡ g ♥❡♣❛r❛♥ ♣r✐r♦❞❛♥ ❜r♦❥✳
❚❛❞❛ ✈r✐❥❡❞❡ t✈r❞♥❥❡✿

✭✶✮ Pn+2kt ≡ (−1)t(k+1)Pn (mod Qk)✱

✭✷✮ P2kg ≡ (−1)(g−1)/2P2k (mod Q2k).

❉♦❦❛③✳ ❉♦❦❛➸✐♠♦ t✈r❞♥❥✉ ✭✶✮ ♠❛t❡♠❛t✐↔❦♦♠ ✐♥❞✉❦❝✐❥♦♠ ♣♦ t✳ ❩❛ t = 1 ✐♠❛♠♦

Pn+2k = P(n+k)+k = [✭✸✳✹✮] = 2Pn+kQk − (−1)kPn ≡ (−1)k+1Pn (mod Qk),

♣❛ t✈r❞♥❥❛ ✈r✐❥❡❞✐✳ Pr❡t♣♦st❛✈✐♠♦ s❛❞❛ ❞❛ t✈r❞♥❥❛ ✈r✐❥❡❞✐ ③❛ ♥❡❦✐ ♣r✐r♦❞❛♥ ❜r♦❥ t t❡
❞♦❦❛➸✐♠♦ ❞❛ ✈r✐❥❡❞✐ ③❛ t+ 1✳ ❙❧✐❥❡❞✐

Pn+2k(t+1) = P(n+2kt)+2k = 2Pn+2ktQ2k − (−1)2kPn+2k(t−1)

≡ 2(−1)t(k+1)Pn(2Q
2
k − (−1)k)− (−1)(t−1)(k+1)Pn (mod Qk)

≡ (2(−1)(t+1)(k+1) − (−1)(t+1)(k+1))Pn (mod Qk)

≡ (−1)(t+1)(k+1)Pn (mod Qk).

❉❛❦❧❡✱ ♣♦ ♣r✐♥❝✐♣✉ ♠❛t❡♠❛t✐↔❦❡ ✐♥❞✉❦❝✐❥❡ t✈r❞♥❥❛ ✭✶✮ ❥❡ ❞♦❦❛③❛♥❛✳
❑♦r✐st❡➣✐ r❡❧❛❝✐❥✉ ✭✸✳✹✮ ❞♦❜✐✈❛♠♦

P2kg = P2k(g−1)+2k = 2P2k(g−1)Q2k − (−1)2kP2k(g−2)

≡ (−1)1P2k(g−2·1) (mod Q2k)

≡ (−1)2P2k(g−2·2) (mod Q2k)

≡ (−1)3P2k(g−2·3) (mod Q2k).

❖♣➣❡♥✐t♦✱ P2kg ≡ (−1)rP2k(g−2r) (mod Q2k)✱ ❛ ③❛ g− 2r = 1 t✈r❞♥❥❛ ✭✷✮ ❥❡ ❞♦❦❛③❛♥❛✳

❙❧✐↔♥♦ s❡ ♣♦❦❛③✉❥✉ ✐ s❧❥❡❞❡➣❡ t✈r❞♥❥❡✳
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▲❡♠❛ ✸✳✹✳✷✳ ◆❡❦❛ ❥❡ k = 2t✱ ❣❞❥❡ ❥❡ t ≥ 1✳ ❚❛❞❛ ❥❡
(
8P2k + 1

Q2k

)

=

(−8P2k + 1

Q2k

)

.

▲❡♠❛ ✸✳✹✳✸✳ ◆❡❦❛ ❥❡ k = 2t✱ ❣❞❥❡ ❥❡ t ≥ 2✳ ❚❛❞❛ ❥❡
(
8Pk +Qk

33

)

= −1,

t❥✳ 8Pk +Qk ♥✐❥❡ ❦✈❛❞r❛t ♥❡❦♦❣ ❜r♦❥❛✳

▲❡♠❛ ✸✳✹✳✹✳ ❆❦♦ ❥❡ n ≡ m (mod 24), ♦♥❞❛ ❥❡ Pn ≡ Pm (mod 9).

❉♦❦❛③✳ ❱r✐❥❡❞✐

P24 = 543 339 720 ≡ 0 (mod 9) ✐ P25 = 1311 738 121 ≡ 1 (mod 9).

Pr❡♠❛ ♥❛✈❡❞❡♥♦♠ ✐ r❡❧❛❝✐❥✐ ✭✸✳✸✮ s❧✐❥❡❞✐

Pn+24 = PnP25 + Pn−1P24 ≡ Pn + 0 ≡ Pn (mod 9).

❑♦r✐st❡➣✐ ♥❛✈❡❞❡♥❡ ✐❞❡♥t✐t❡t❡ ✐ ♣♦♠♦➣♥❡ t✈r❞♥❥❡ s❛❞❛ ♠♦➸❡♠♦ ❞♦❦❛③❛t✐ ❣❧❛✈♥✐ t❡✲
♦r❡♠✳

❚❡♦r❡♠ ✸✳✹✳✺✳ P❡❧❧♦✈ ❜r♦❥ Pn ❥❡ tr♦❦✉t❛st ❛❦♦ ✐ s❛♠♦ ❛❦♦ n = 1.

❉♦❦❛③✳ ❩❛ n = 1 ❥❡ P1 = 1 = T1 tr♦❦✉t❛st ❜r♦❥✳
❖❜r❛t♥♦✱ ♣r❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ Pn tr♦❦✉t❛st ❜r♦❥✳ Pr❡♠❛ ❦♦r♦❧❛r✉ ✶✳✸✳✸ s❧✐❥❡❞✐ ❞❛

8Pn + 1 ♠♦r❛ ❜✐t✐ ♣♦t♣✉♥✐ ❦✈❛❞r❛t✳ P♦❦❛③❛t ➣❡♠♦ ❞❛ 8Pn + 1 ♥✐❥❡ ♣♦t♣✉♥✐ ❦✈❛❞r❛t
n > 1✳ ◆❡❦❛ ❥❡ n = 2kg +m, k = 2t, t ≥ 1, g ≥ 1 ♥❡♣❛r❛♥✳ ❘❛③❧✐❦✉❥❡♠♦ tr✐ s❧✉↔❛❥❛✿

✶✳ s❧✉↔❛❥✿ ◆❡❦❛ ❥❡ n ♥❡♣❛r❛♥✳ ❑❛❦♦ ❥❡ n ≡ ±1 (mod 4) t❛❞❛ ❥❡ ♣r❡♠❛ ❧❡♠✐ ✸✳✹✳✶
✭✶✮

8Pn + 1 = 8P2kg+1 + 1 ≡ −8P1 + 1 ≡ −7 (mod Qk).

▼♦➸❡ s❡ ♣♦❦❛③❛t✐ ❞❛ ❥❡

Q7j+i ≡ 1, 1, 3, 0, 3, 6 (mod 7)

③❛ j = 0, 1, 2, 3, 4, 5✱ r❡s♣❡❦t✐✈♥♦✱ ♣❛ ❥❡ ③❛ k = 2t✱ t > 1✱

Qk ≡ 3 (mod 7).



❑♦r✐st❡➣✐ s✈♦❥st✈❛ ❏❛❝♦❜✐❥❡✈♦❣ s✐♠❜♦❧❛ ❞♦❜✐✈❛♠♦
(
8Pn + 1

Qk

)

=

(−7

Qk

)

=

(
Qk

7

)

=

(
3

7

)

= −1,

➨t♦ ③♥❛↔✐ ❞❛ 8Pn + 1 ♥✐❥❡ ♣♦t♣✉♥✐ ❦✈❛❞r❛t✳

✷✳ s❧✉↔❛❥✿ ◆❡❦❛ ❥❡ n ≡ 2 (mod 4). ❖st❛t❝✐ ♣r✐ ❞✐❥❡❧❥❡♥❥✉ ❡❧❡♠❡♥t❛t❛ ♥✐③❛ (Pn) s❛
✼ ❞❛❥✉ ♣❡r✐♦❞✐↔❛♥ ♥✐③ ♣❡r✐♦❞❛ ❞✉❧❥✐♥❡ ✻✳ ❑♦♥❦r❡t♥♦

P6j+i ≡ 0, 1, 2, 5, 5, 1 (mod 7)

③❛ i = 0, 1, 2, 3, 4, 5✱ r❡❞♦♠✳ ❙t♦❣❛ ❥❡

8P6j+i + 1 ≡ 1, 2, 3, 6, 6, 2 (mod 7).

❇✉❞✉➣✐ ❞❛ s✉ ❜r♦❥❡✈✐ ✷✱ ✸✱ ✻ ❦✈❛❞r❛t♥✐ ♥❡♦st❛t❝✐ ♠♦❞✉❧♦ ✼✱ ❛ ✶ ❥❡ ✉✈✐❥❡❦ ❦✈❛❞r❛t♥✐
♦st❛t❛❦✱ ♦st❛❥❡ ③❛ ♣♦❦❛③❛t✐ s❛♠♦ ❞❛ 8Pn + 1 ♥✐❥❡ ♣♦t♣✉♥ ❦✈❛❞r❛t ③❛ n ≡ 0 (mod 6)✳
❩❜♦❣ ♣r❡t♣♦st❛✈❦❡ ❞❛ ❥❡ n ≡ 2 (mod 4)✱ ③♥❛↔✐ ❞❛ ♠♦r❛♠♦ ♣♦❦❛③❛t✐ ❞❛ 8Pn + 1 ♥✐❥❡
♣♦t♣✉♥✐ ❦✈❛❞r❛t ③❛ n ≡ ±6 (mod 24)✳ Pr❡♠❛ ❧❡♠✐ ✸✳✹✳✹ ✐♠❛♠♦

8Pn + 1 ≡ ±8P6 + 1 ≡ 3 ✐❧✐ 8 (mod 9).

▼❡➒✉t✐♠✱ ❜r♦❥❡✈✐ ✸ ✐ ✽ ♥✐s✉ ❦✈❛❞r❛t♥✐ ♦st❛t❝✐ ♠♦❞✉❧♦ ✾✱ st♦❣❛ 8Pn + 1 ♥✐❥❡ ♣♦t♣✉♥
❦✈❛❞r❛t✳

✸✳ s❧✉↔❛❥✿ ◆❡❦❛ ❥❡ n ≡ 0 (mod 4). ❑♦r✐st❡➣✐ ❧❡♠✉ ✸✳✹✳✶ ✭✷✮ ✐ ❧❡♠✉ ✸✳✹✳✷ s❧✐❥❡❞✐
(
8Pn + 1

Q2k

)

=

(
8P2k + 1

Q2k

)

.

❩❛ k = 2✱ ♦❞♥♦s♥♦ t = 1 ❞♦❜✐✈❛♠♦
(
8P2k + 1

Q2k

)

=

(
97

17

)

= −1.

Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ t ≥ 2✳ ❙❧✐❥❡❞✐

8P2k + 1 ≡ 8P2k + (2Qk
2 −Q2k) ≡ 2Qk(8Pk +Qk) (mod Q2k).

◆❡❦❛ ❥❡ sk = 8Pk +Qk ✐ ✈r✐❥❡❞✐ sk ≡ 1 (mod 8). ❚❛❞❛ ❦♦r✐st❡➣✐ s✈♦❥st✈❛ ✭✸✳✻✮ ✐ ✭✸✳✼✮
❞♦❜✐✈❛♠♦
(
8P2k + 1

Q2k

)

=

(
Qk

Q2k

)(
sk
Q2k

)

=

(
Q2k

Qk

)(
Q2k

sk

)

=

(
2Qk

2 − 1

Qk

)(
2Pk

2 +Qk
2

sk

)

=

(

2Pk
2 + (sk − 8Pk)

2

sk

)

=

(
66Pk

2

sk

)

=

(
33

sk

)

=
( sk
33

)

=

(
8Pk +Qk

33

)

= −1.

❉❛❦❧❡✱ t❡♦r❡♠ ❥❡ ❞♦❦❛③❛♥✳
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❬✸❪ ❆✳ ❉✉❥❡❧❧❛✱ ❚❡♦r✐❥❛ ❜r♦❥❡✈❛✱ ➆❦♦❧s❦❛ ❦♥❥✐❣❛✱ ❩❛❣r❡❜✱ ✷✵✶✾✳
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❙❛➸❡t❛❦

❚r♦❦✉t❛st✐ ❜r♦❥❡✈✐ s♣❡❝✐❥❛❧♥❛ s✉ ❦❧❛s❛ ✜❣✉r❛t✐✈♥✐❤ ❜r♦❥❡✈❛ ❦♦❥✐ s❡ ❞♦❜✐✈❛❥✉ s❧❛❣❛♥❥❡♠
t♦↔❦✐❝❛ ✉ ❥❡❞♥❛❦♦str❛♥✐↔❛♥ tr♦❦✉t✳ ❚r♦❦✉t❛st✐ ❜r♦❥ Tn ❥❡❞♥❛❦ ❥❡ ③❜r♦❥✉ ♣r✈✐❤ n ♣r✐✲
r♦❞♥✐❤ ❜r♦❥❡✈❛✱ ♦❞♥♦s♥♦ n(n+1)/2.▼♦➸❡♠♦ ✐❤ ✈✐③✉❛❧✐③✐r❛t✐✱ ♣r♦♥❛➣✐ ✉ s✈✐❥❡t✉ ❦♦❥✐ ♥❛s
♦❦r✉➸✉❥❡ t❡ ❛❧❣❡❜❛rs❦♦♠ ♠❛♥✐♣✉❧❛❝✐❥♦♠ ✐s❦❛③❛t✐ ♥✐③ r❛③❧✐↔✐t✐❤ s✈♦❥st❛✈❛ ✐ ✐❞❡♥t✐t❡t❛
❦♦❥❡ ③❛❞♦✈♦❧❥❛✈❛❥✉✳ ❯ r❛❞✉ ❥❡✱ ❦♦r✐st❡➣✐ ♥❛✈❡❞❡♥♦✱ ♣r✐❦❛③❛♥❛ ♥❥✐❤♦✈❛ ✈❡③❛ s P❡❧❧♦✲
✈♦♠ ✐ P✐t❛❣♦r✐♥♦♠ ❥❡❞♥❛❞➸❜♦♠ t❡ ♠♥♦❣✐♠ ♣♦③♥❛t✐♠ ❜r♦❥❡✈✐♠❛ ♣♦♣✉t ❋❡r♠❛t♦✈✐❤✱
❋✐❜♦♥❛❝❝✐❥❡✈✐❤✱ ▼❡rs❡♥♥❡♦✈✐❤ ✐ P❡❧❧♦✈✐❤ ❜r♦❥❡✈❛✳



❙✉♠♠❛r②

❚r✐❛♥❣✉❧❛r ♥✉♠❜❡rs ❛r❡ ❛ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ ✜❣✉r❛t❡ ♥✉♠❜❡rs t❤❛t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②
❞♦ts ❛rr❛♥❣❡❞ ✐♥ ❛♥ ❡q✉✐❧❛t❡r❛❧ tr✐❛♥❣❧❡✳ ❆ tr✐❛♥❣✉❧❛r ♥✉♠❜❡r Tn ✐s t❤❡ s✉♠ ♦❢ ✜rst n
♥❛t✉r❛❧ ♥✉♠❜❡rs✱ ✐✳❡✳ n(n+1)/2.❲❡ ❝❛♥ ✈✐s✉❛❧✐③❡ t❤❡♠✱ ✜♥❞ tr✐❛♥❣✉❧❛r ❛rr❛♥❣❡♠❡♥ts
♦❢ ♦❜❥❡❝ts ✐♥ t❤❡ r❡❛❧ ✇♦r❧❞ ❛♥❞ ❡st❛❜❧✐s❤ s♦♠❡ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s ❛♥❞ ✐❞❡♥t✐t✐❡s
❛❧❣❡❜r❛✐❝❛❧❧②✳ ❯s✐♥❣ t❤❡ ❛❜♦✈❡✱ t❤❡✐r ❝♦♥♥❡❝t✐♦♥s ✇✐t❤ t❤❡ P❡❧❧ ❛♥❞ P②t❤❛❣♦r❡❛♥
❡q✉❛t✐♦♥s ❛♥❞ ❛❧s♦ ✇✐t❤ ♠❛♥② ❦♥♦✇♥ ♥✉♠❜❡rs s✉❝❤ ❛s ❋❡r♠❛t✱ ❋✐❜♦♥❛❝❝✐✱ ▼❡rs❡♥♥❡
❛♥❞ P❡❧❧ ♥✉♠❜❡rs ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s✳



➎✐✈♦t♦♣✐s

❘♦➒❡♥❛ s❛♠ ✶✻✳ ♣r♦s✐♥❝❛ ✶✾✾✻✳ ❣♦❞✐♥❡ ✉ ❉✉❜r♦✈♥✐❦✉ ❣❞❥❡ ③❛♣♦↔✐♥❥❡♠ ➨❦♦❧♦✈❛♥❥❡ ✉
❖s♥♦✈♥♦❥ ➨❦♦❧✐ ■✈❛♥❛ ●✉♥❞✉❧✐➣❛✳ ❯③ r❡❞♦✈♥♦ ♦s♥♦✈♥♦➨❦♦❧s❦♦ ♦❜r❛③♦✈❛♥❥❡✱ ③❛✈r➨❛✈❛♠
✐ ♦s♥♦✈♥✉ ❣❧❛③❜❡♥✉ t❡ ♦s♥♦✈♥✉ ❜❛❧❡t♥✉ ➨❦♦❧✉ ✉ ❯♠❥❡t♥✐↔❦♦❥ ➨❦♦❧✐ ▲✉❦❡ ❙♦r❦♦↔❡✈✐➣❛ ✉
❉✉❜r♦✈♥✐❦✉✳ ➆❦♦❧♦✈❛♥❥❡ ♥❛st❛✈❧❥❛♠ ✉ ❇✐s❦✉♣✐❥s❦♦❥ ❦❧❛s✐↔♥♦❥ ❣✐♠♥❛③✐❥✐ ❘✉➒❡r❛ ❇♦➨❦♦✲
✈✐➣❛ s ♣r❛✈♦♠ ❥❛✈♥♦st✐ ❉✉❜r♦✈♥✐❦✱ ❛ ✷✵✶✺✳ ❣♦❞✐♥❡ ✉♣✐s✉❥❡♠ ♣r❡❞❞✐♣❧♦♠s❦✐ s✈❡✉↔✐❧✐➨♥✐
st✉❞✐❥ ▼❛t❡♠❛t✐❦❡✱ ♥❛st❛✈♥✐↔❦✐ s♠❥❡r✱ ♥❛ Pr✐r♦❞♦s❧♦✈♥♦✲♠❛t❡♠❛t✐↔❦♦♠ ❢❛❦✉❧t❡t✉ ❙✈❡✲
✉↔✐❧✐➨t❛ ✉ ❩❛❣r❡❜✉✳ ◆❛❦♦♥ ③❛✈r➨❡t❦❛ ♣r❡❞❞✐♣❧♦♠s❦♦❣ st✉❞✐❥❛✱ ♣♦st❛❥❡♠ ♣r✈♦st✉♣♥✐❝❛
❡❞✉❦❛❝✐❥❡ ♠❛t❡♠❛t✐❦❡ t❡ ✐st❡ ❣♦❞✐♥❡ ♦❜r❛③♦✈❛♥❥❡ ♥❛st❛✈❧❥❛♠ ♥❛ ❞✐♣❧♦♠s❦♦♠ st✉❞✐❥✉
▼❛t❡♠❛t✐❦❡✱ t❛❦♦➒❡r ♥❛st❛✈♥✐↔❦✐ s♠❥❡r✱ ♥❛ ❙✈❡✉↔✐❧✐➨t✉ ✉ ❩❛❣r❡❜✉✳
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