
�T�o�w�a�r�d�s� �t�h�e� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �g�e�n�u�i�n�e� �t�h�r�e�e�-
�b�o�d�y� �i�n�t�e�r�a�c�t�i�o�n� �f�o�r� �p ��p ��p� �a�n�d� �p ��p ��$�$�\�L�a�m�b�d�a� �$�$

�(�A�L�I�C�E� �C�o�l�l�a�b�o�r�a�t�i�o�n�)� �A�c�h�a�r�y�a�,� �S�.�;� �.�.�.�;� �E�r�h�a�r�d�t�,� �F�i�l�i�p�;� �.�.�.�;� �G�o�t�o�v�a�c�,� �S�v�e�n�;

�.�.�.�;� �J�e�r��i���,� �M�a�r�k�o�;� �.�.�.�;� �K�a�r�a�t�o�v�i���,� �D�a�v�i�d�;� �.�.�.�;� �.�.�.

�S�o�u�r�c�e� �/� �I�z�v�o�r�n�i�k�:� �T�h�e� �E�u�r�o�p�e�a�n� �P�h�y�s�i�c�a�l� �J�o�u�r�n�a�l� �A�,� �2�0�2�3�,� �5�9

�J�o�u�r�n�a�l� �a�r�t�i�c�l�e�,� �P�u�b�l�i�s�h�e�d� �v�e�r�s�i�o�n

�R�a�d� �u� ��a�s�o�p�i�s�u�,� �O�b�j�a�v�l�j�e�n�a� �v�e�r�z�i�j�a� �r�a�d�a� �(�i�z�d�a�v�a��e�v� �P�D�F�)

�h�t�t�p�s�:�/�/�d�o�i�.�o�r�g�/�1�0�.�1�1�4�0�/�e�p�j�a�/�s�1�0�0�5�0�-�0�2�3�-�0�0�9�9�8�-�6

�P�e�r�m�a�n�e�n�t� �l�i�n�k� �/� �T�r�a�j�n�a� �p�o�v�e�z�n�i�c�a�:�h�t�t�p�s�:�/�/�u�r�n�.�n�s�k�.�h�r�/�u�r�n�:�n�b�n�:�h�r�:�2�1�7�:�9�3�3�0�7�1

�R�i�g�h�t�s� �/� �P�r�a�v�a�:�A�t�t�r�i�b�u�t�i�o�n� �4�.�0� �I�n�t�e�r�n�a�t�i�o�n�a�l� �/� �I�m�e�n�o�v�a�n�j�e� �4�.�0� �m�e���u�n�a�r�o�d�n�a

�D�o�w�n�l�o�a�d� �d�a�t�e� �/� �D�a�t�u�m� �p�r�e�u�z�i�m�a�n�j�a�:�2�0�2�4�-�1�2�-�0�1

�R�e�p�o�s�i�t�o�r�y� �/� �R�e�p�o�z�i�t�o�r�i�j�:

�R�e�p�o�s�i�t�o�r�y� �o�f� �t�h�e� �F�a�c�u�l�t�y� �o�f� �S�c�i�e�n�c�e� �-� �U�n�i�v�e�r�s�i�t�y� �o�f� 

�Z�a�g�r�e�b

https://doi.org/10.1140/epja/s10050-023-00998-6
https://urn.nsk.hr/urn:nbn:hr:217:933071
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://repozitorij.pmf.unizg.hr
https://repozitorij.pmf.unizg.hr
https://repozitorij.unizg.hr/islandora/object/pmf:13069
https://dabar.srce.hr/islandora/object/pmf:13069


Eur. Phys. J. A (2023) 59:145
https://doi.org/10.1140/epja/s10050-023-00998-6

Regular Article - Experimental Physics

Towards the understanding of the genuine three-body interaction
for p–p–p and p–p–�

ALICE Collaboration �

CERN, 1211 Geneva 23, Switzerland

Received: 17 June 2022 / Accepted: 30 September 2022 / Published online: 3 July 2023
© CERN for the beneÞt of the ALICE Collaboration 2023
Communicated by C. Munoz Camacho.

Abstract Three-body nuclear forces play an important role
in the structure of nuclei and hypernuclei and are also incor-
porated in models to describe the dynamics of dense baryonic
matter, such as in neutron stars. So far, only indirect mea-
surements anchored to the binding energies of nuclei can be
used to constrain the three-nucleon force, and if hyperons
are considered, the scarce data on hypernuclei impose only
weak constraints on the three-body forces. In this work, we
present the Þrst direct measurement of the pÐpÐp and pÐpÐ�
systems in terms of three-particle correlation functions car-
ried out for pp collisions at

�
s = 13 TeV. Three-particle

cumulants are extracted from the correlation functions by
applying the Kubo formalism, where the three-particle inter-
action contribution to these correlations can be isolated after
subtracting the known two-body interaction terms. A nega-
tive cumulant is found for the pÐpÐp system, hinting to the
presence of a residual three-body effect while for pÐpÐ� the
cumulant is consistent with zero. This measurement demon-
strates the accessibility of three-baryon correlations at the
LHC.

1 Introduction

One of the open challenges of nuclear physics is the
understanding of many-particle dynamics. Studies of the
nuclear structure have unambiguously shown that calcula-
tions based only on nucleonÐnucleon (NÐN) interactions
fail to accurately describe many experimental observables,
such as nuclear binding energies along the periodic table of
elements [1], the position of the neutron drip line for neutron-
rich nuclei [2] or the properties of the recently observed
four-neutrons resonance [3]. A signiÞcant improvement in
the modelling of nuclear bound objects has been achieved by
including three-body forces in theoretical calculations. These
three-body forces are implemented in chiral effective Þeld
theories [4] and in a number of ab initio many-body methods

� e-mail:alice-publications@cern.ch

such as no-core shell model [5], coupled-cluster theory [6,7],
self-consistent GreenÕs function theory [8], similarity renor-
malisation group [9,10], and quantum Monte Carlo [11].
Studies conducted on intermediate mass neutron-rich nuclei
proved that the sensitivity to the three-body forces increases
with the number of neutrons in the system [6]. Three-
body forces within light and medium-mass nuclei, where
the nuclear saturation density corresponds to typical inter-
particle distances of 2 fm, contribute about 10Ð15% to the
total interaction strength [12,13]. However, at higher den-
sities and shorter inter-particle distances their contribution
might increase [2], but no data are available in such a regime
and the properties of nuclear matter can be only extrapolated
using the available information at saturation densities. The
experimental information on the three-body forces involv-
ing � hyperons is even more scarce since the data avail-
able for hypernuclei are much less than the data for nuclei.
Recent hypetriton measurements in several colliding systems
at RHIC and LHC [14Ð17] provide important input to the
understanding of NÐNÐ� forces and future measurements
will resolve the current tensions among the different estima-
tions of the binding energy and life-time. Theoretical works
assign to the hypertriton a radius of the order of 5 fm [18]
and hence a NÐ� distance of 10 fm [13,19] within this state.
Heavier hypernuclei are more compact and their size is com-
parable to that of normal nuclei so that they represent an
optimal test bed for the NÐNÐ� interaction [20]. However,
good Þts of the theoretical models to the available hypernu-
clear data, from7

� Li to 208
� Pb [21Ð24], require a full under-

standing of the shell-structure of such bound objects as well
as accurate experimental constraints on the spin-dependent
NÐ� interaction, in particular for the p-wave and higher
partial waves. The lack of precise data as well as the lim-
itations in the microscopic description of the structure of
hypernuclei cause large ambiguities on the strength of the
NÐNÐ� three-body force. Further opportunities are provided
by the recently observed3� n bound state [25] and planned
experimental programs focused on neutron-rich hypernu-
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clei [26]. Nevertheless, the contribution from three-body
forces in bound objects such as nuclei and hypernuclei can-
not be separated from the lower-order two-body interactions,
hence, complementary experimental methods to investigate
three-baryon systems could provide an important contribu-
tion to this Þeld.

Neutron-rich and dense baryonic matter constitutes an
interesting system also because of its connections to the
physics of neutron stars (NS) [27]. The structure and com-
position of the innermost part of NS is not known. Amongst
many possible scenarios, some models support the appear-
ance of various hadronic particle species with increasing
baryon density inside the star [27,28]. The presence of
hadronic degrees of freedom and their relative abundances
are sensitive to the two- and three-body interaction models
which are used to compute the equation of state (EoS) of NS
matter. The different hypotheses can be tested by deriving
the masses and radii of NS for a speciÞc EoS and comparing
them with the corresponding astrophysical observations [28].
The suggestion of strange baryons inside NS is motivated
by the fact that central densities of NS might become sufÞ-
ciently large (� � 3 Š 4� 0, where� 0 is the nuclear satura-
tion density) to provide favourable conditions for the onset
of strangeness production processes leading to, in particu-
lar, the formation of hyperons. The appearance of� hyper-
ons in NS matter results in a softening of the EoS which
is at variance with astrophysical observations of two solar
mass stars [29,30]. However, in Ref. [31], it was shown that
by adding a strongly repulsive NÐNÐ� interaction, tuned
to reproduce the separation energies of� hyperons in sev-
eral hypernuclei, a sufÞciently stiff EoS can be obtained and
even the massive NS observables can be reproduced. This
indicates that three-body forces may have a signiÞcant con-
tribution in models that describe the structure of NS. Hence, a
direct measurement of the three-body forces involving nucle-
ons and hyperons at small inter-particle distances is required.

The femtoscopy technique can be used as a tool to inves-
tigate the strong interaction amongst hadrons produced in
particle collisions [32Ð35] and recently has been success-
fully employed to analyse experimental data. The produced
hadrons may undergo Þnal state interactions (FSIs) and the
resulting correlation in the momentum space can be stud-
ied to test the underlying dynamics using correlation func-
tions [34,35]. The method has been applied by the STAR
Collaboration to measure hadron-hadron correlations in AuÐ
Au collisions with a centre-of-mass energy of 200 GeV per
nucleon pair [36Ð38]. In such ultra-relativistic heavy-ion col-
lisions, the average relative distances of emitted particles
is about 7Ð8 fm [35]. In small colliding systems, such as
pp and pÐPb collisions at the LHC, particles are produced
at distances of the order of 1 fm, hence, the sensitivity of
the correlation function to the short-range strong interaction
is enhanced. Recently, the method has been employed by

ALICE to study FSIs of hadrons produced in such small col-
liding systems. The large data samples allowed for the precise
measurement of correlation functions for multiple hadronic
pairs (pÐp [39], pÐK+ and pÐKŠ [40], pÐ� [39], pÐ� 0 [41],
� Ð� [42], pÐ� Š [43], pÐ� Š [44], pÐ� [45] and baryonÐ
antibaryon [46]). By using these results, several models for
the two-body strong interaction could be validated (for a com-
plete review see Ref. [47]).

The femtoscopy technique was also employed in the anal-
ysis of three- and four-pion correlations measured in pp,
pÐPb, PbÐPb collision systems by ALICE [48,49] to probe
coherent hadron production. The KuboÕs cumulant expansion
method [50] was used to isolate the genuine three-particle
correlation from the two-body contributions where the latter
were evaluated by combining two particles from the same
event and a third particle taken from another event. Alterna-
tively, the recently developed projector method [51], where
either the theoretical or the measured two-body correlation
functions are used to obtain the lower-order contributions,
can be employed. This method allows a signiÞcant reduction
of the statistical uncertainties.

In this article, the Þrst femtoscopic study of three-baryon
correlations is performed for the pÐpÐp and pÐpÐ� sys-
tems measured in high-multiplicity (HM) pp collisions at�

s = 13 TeV. The KuboÕs formalism and the projector
method are employed to isolate the genuine three-body cor-
relation and the choice of the reaction system aims to study
the interaction at small distances. The article is organised as
follows: in Sect.2.1the data analysis procedure is presented
starting from the event selection; in Sect.2.2 the deÞnition
of the two-particle correlation function is extended to the
three-particle case; in Sect.2.3the femtoscopic three-particle
cumulant is deÞned; the lower-order two-particle correlation
contributions in the measured correlation functions are eval-
uated in Sect.2.4 and the decomposition of the cumulant
to account for misidentiÞcations and particle feed-down are
presented in Section2.5; the Þnal results are discussed in
Sect.3 and the conclusions are given in Sect.4.

2 Analysis

2.1 Event selection and particle identiÞcation

The data sample of pp collisions at a centre of mass
energy

�
s = 13 TeV was recorded with the ALICE

detector [52,53] during the LHC Run 2 (2015Ð2018). The
sample has been collected employing a HM trigger. The trig-
ger is based on the measured amplitude in the V0 detector sys-
tem, consisting of two arrays of plastic scintillators located at
forward (2.8 < 	 < 5.1) and backward (Š3.7 < 	 < Š1.7)
pseudorapidities [54]. The selected HM events correspond
to the highest 0.17% multiplicity interval with respect to all
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inelastic collisions with at least one measured charged parti-
cle within |	 | < 1 (INEL> 0). This condition results in an
average of 30 charged particles in the range|	 | < 0.5 [44].
Charged-particle tracking in the midrapidity region is con-
ducted with the Inner Tracking System (ITS) [52] and the
Time Projection Chamber (TPC) [55]. These detectors are
immersed in a homogeneous 0.5 T magnetic Þeld parallel to
the beam direction. The ITS consists of six cylindrical lay-
ers of high position-resolution silicon detectors placed radi-
ally between 3.9 and 43 cm around the beam vacuum tube.
The TPC consists of a 5 m long, cylindrical gaseous detec-
tor with full azimuthal coverage in the pseudorapidity range
|	 | < 0.9.

Particle identiÞcation (PID) is conducted via the measure-
ment of the speciÞc ionisation energy loss (dE/ dx) in the
TPC gas with up to 159 reconstructed space points along the
particle trajectory. For high momentum particles, the TPC
measurement is combined with information provided by the
time-of-ßight (TOF) [56] detector system, which is located at
a radial distance of 3.7 m from the nominal interaction point
and consists of multigap resistive plate chambers covering
the full azimuthal angle in|	 | < 0.9.

The primary vertex (PV) of the event is reconstructed with
the combined track information of the ITS and the TPC, and
independently with track segments in the two innermost lay-
ers of the ITS. The reconstructed PV of the event is required
to have a maximal displacement with respect to the nomi-
nal interaction point of 10 cm along the beam axis, in order
to ensure a uniform acceptance. Pile-up events with multi-
ple primary vertices are removed following the procedure
described in Refs. [39,43,57]. This rejects the events with
pile-up of collisions occurring in the same or nearby bunch
crossings. However, additional clean-up has to be applied on
the track selection level to reject particles produced in pile-up
collisions in the long TPC readout time.

A total of 1.0 × 109 HM events are used for the analy-
sis after event selection. In order to build the three-particle
correlation functions of pÐpÐp and pÐpÐ� systems, particle
and antiparticle distributions are combined. In the following,
pÐpÐp refers to pÐpÐp� pÐpÐp and pÐpÐ� refers to pÐpÐ� �
pÐpÐ� . The proton and� candidates as well as their antipar-
ticles need to be selected. As the particle and antiparticle
selections are identical, only the particles are explicitly dis-
cussed below. Both particle species are reconstructed using
the procedure described in Ref. [57], while the related sys-
tematic uncertainties are evaluated by varying the kinematic
and topological selection criteria used in the reconstruction.
In the following text, the systematic variations are enclosed
in parentheses.

The primary protons are selected in the momentum inter-
val 0.5(0.4, 0.6)< pT< 4.05GeV/cand|	 |< 0.8(0.77, 0.85).
To improve the quality of the tracks a minimum of 80 (70,
90) out of the 159 possible spatial points inside the TPC

are required. The PID selections are applied by comparing
the measured dE/ dx and time-of-ßight with the expected
values for a proton candidate. The agreement is expressed
in multiples (nPID


 ) of the detector resolution
 . For pro-
tons with pT < 0.75 GeV/c the nPID


 is evaluated only
based on the speciÞc energy loss in the TPC, while for
pT � 0.75 GeV/c a combined TPC and TOF PID selec-

tion is applied
�
nPID


 =
�

n2

, TPC + n2


, TOF

�
. ThenPID


 of the
accepted proton candidates is required to be lower than 3 (2.5,
3.5). To reject particles that are non-primary or come from
pile-up collisions, the distance of closest approach (DCA)
to the PV of the tracks is required to be less than 0.1 cm
in the transverse plane and less than 0.2 cm along the beam
axis. The purity of candidates is estimated using Monte Carlo
(MC) simulations by taking the ratio of the number of recon-
structed true protons produced by the generator and the num-
ber of all candidates identiÞed as protons as a function of the
reconstructed transverse momentum. The contributions of
secondary protons stemming from weak decays of strange
baryons and from interactions in the detector material are
extracted using MC template Þts to the measured distribu-
tions of the DCA to the PV [39]. The average purity of the
identiÞed protons is 98.3% and 86.6% of them are primaries.

The � candidates are reconstructed via the weak decay
� � p� Š (the � � p� + in case of� reconstruction).
The secondary daughter tracks are selected with similar cri-
teria as for the primary protons regarding|	 | and the number
of hits in the TPC. However, a less strict PID requirement
of nPID


 < 5(4) is used. In addition, the daughter tracks are
required to have a DCA to the PV of at least 0.05 (0.06) cm
and the DCA between the daughter tracks at the secondary
vertex must be smaller than 1.5 (1.2) cm. The cosine of the
pointing angle (CPA) between the vector connecting the PV
to the decay vertex and the 3-momentum of the� candidate
is required to be larger than 0.99 (0.995). To reject unphys-
ical secondary vertices, reconstructed with tracks stemming
from pile-up of pp collisions occurring in different bunch
crossings, the decay tracks are required to possess a hit in
the two innermost or the two outermost ITS layers or a
matched TOF signal [42]. Finally, a selection on the can-
didate invariant mass (IM) is applied by requiring it to be
in a ± 4 MeV/c2 interval around the nominal� mass [58].
The primary and secondary contributions to the yield of�
are extracted employing a similar method as for protons but
using the CPA as an observable for the template Þts. The
� hyperons produced in primary interactions contribute to
about 58.5% of their total yield. About 19.5% originate from
the electromagnetic decays of� 0. The number of� 0 parti-
cles is related to their ratio to the� hyperons, which is Þxed
to 1/ 3 based on predictions from the isospin symmetry and
a measurement of the corresponding production ratios [59].
Further, each of the weak decays of� Š and� 0 contributes
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about 11 % to the yield of� hyperons. The purity of� and�
has been extracted by Þtting the IM spectra of candidates as
a function of the three-particle kinematic variableQ3 which
is deÞned in Eq.5. The Þts have been performed in the IM
range of 1090 to 1150 MeV/c2 using a double Gaussian for
the � signal and a second-order polynomial for the back-
ground. The result has been averaged forQ3 < 1 GeV/c,
leading to a combined purity of� and� of 95.6%.

The systematic uncertainties are evaluated by performing
simultaneous variations of the selection criteria for protons
and� candidates as well as for the corresponding antipar-
ticles. The variations are randomly combined in 44 sets in
which at least one of the selection criteria is varied. Such
procedure allows to account for the correlations between the
systematic uncertainties. Each random set of variations is
accepted for the evaluation of the systematic uncertainties
only if the yield of the triplets is varied by less than 10%
with respect to the standard selection in the kinematic region
Q3 < 0.4 GeV/c.

2.2 Three-particle correlation function

The observable of interest in femtoscopy is usually the two-
particle momentum correlation function [35,60], which is
deÞned as the probability to simultaneously Þnd two parti-
cles with momentap1 andp2 divided by the product of the
corresponding single particle probabilities

C(p1, p2) �
P(p1, p2)

P(p1)P(p2)
. (1)

These probabilities are related to the inclusive Lorentz-in-
variant spectraP(p1, p2)� E1E2

d6N
d3p1d3p2

andP(pi )� Ei
d3Ni
d3pi

.
In the absence of a correlation signal, the value ofC(p1, p2)
is constant and normalised to unity. A similar logic can be
followed to construct the three-particle correlation functions
as

C(p1, p2, p3) �
P(p1, p2, p3)

P(p1)P(p2)P(p3)
. (2)

Following [61,62], Eq.1 can also be written as

C(k	 ) =
�

d3r 	 S(r 	 )|� ( r 	 , k	 )|2, (3)

whereS(r 	 ) is the distribution of the relative distances of par-
ticle pairs in the pair rest frame (PRF, denoted by the	 ) Ð the
so-called source function. The properties of the source in pp
collisions at

�
s = 13 TeV have been evaluated in Ref. [57],

including the effects of short-lived resonance decays which
enlarge the effective source size. The wave function of the
particle pair relative motion is denoted by�( r 	 , k	 ) where
k	 = (p	

1 Š p	
2)/ 2 is the relative momentum. The wave func-

tion encapsulates the details of the particle interaction and
drives the shape of the correlation function. In case of the

three-particle correlation function, the two-particle source
function and the wave function of the particle pair relative
motion must be replaced by a three-particle source func-
tion and wave function. In this analysis, the measured three-
particle correlation functions are not compared to theoretical
predictions. The goal here is to extract the three-particle fem-
toscopic cumulants which provide experimental evidence of
the existence, or the absence, of genuine three-particle cor-
relations, as explained in Sect.2.3.

The three-particle correlation function can be written as

C(p1, p2, p3) = C(Q3) = N
Ns(Q3)
Nm(Q3)

, (4)

whereNs(Q3) andNm(Q3) are the same-event and mixed-
event distributions of three particle combinations (triplets) as
a function ofQ3 andN is the normalisation parameter. The
Lorentz-invariant variableQ3 is deÞned in [48] as

Q3 =
�

Šq2
12 Š q2

23 Š q2
31 , (5)

whereqi j is the norm of the four-vector [35]

qµ
i j =

�
pi Š pj

� µ Š

�
pi Š pj

�
· Pi j

P2
i j

Pµ
i j , Pi j � pi + pj ,

(6)

which can be rewritten as

qµ
i j =

2 mj

mi + mj
pµ

i Š
2 mi

mi + mj
pµ

j . (7)

Heremi andmj are the particlei and j masses,pµ
i andpµ

j

are the particle four momenta, whileqµ
i j is the relative four-

momentum of the pairi j . In the case of same mass particles,

the term ( pi Š pj )·Pi j

P2
i j

Pµ
i j becomes 0. In the non-relativistic

caseq2
i j = Š 4k	

i j
2, wherek	

i j is the relative momentum of
thei j pair in the PRF.

The mixed-event sample is obtained using event-mixing
techniques, in which the particle triplets of interest are gen-
erated by combining single particles stemming from three
different events. To maintain the same acceptance effects as
in the same event sample, the mixing procedure is conducted
only for events with similarz position of the primary vertex
and multiplicity [39]. Additionally, in order to correct for pos-
sible differences in terms of multiplicity distribution between
same and mixed events, the yield of the latter is re-weighted in
each multiplicity interval to have the same statistical weight
as the distribution when particles are from the same event. To
account for the two-track merging and splitting effects due
to the Þnite two-track resolution in the same-event sample,
a minimum value of the distance between two proton tracks
(in case of pÐ� pairs, the proton from� decay is considered
along with the primary proton) on the azimuthal-polar angles
plane	 Ð� is applied to both the same- and mixed-event

123



Eur. Phys. J. A (2023) 59 :145 Page 5 of 22 145

samples. The default selection is	 2 + � 2 � 0.0172 and
a systematic variation of+ 10 % for the value of the mini-
mum distance is applied in the analysis. The normalisation
parameterN is chosen such that the mean value of the corre-
lation function equals unity in aQ3 region where the effects
of FSIs are negligible. The intervalQ3 
 (1.0 Š 1.2) GeV/c
is chosen for all triplets.

2.3 Three-particle femtoscopic cumulants

The measurable three-particle correlation function
C(p1, p2, p3) include all interactions at work in the three-
particle system: the two-body interactions among all pairs
within the selected triplet and the genuine three-body interac-
tion. To access only the genuine three-body correlations, one
can use cumulants. Given random variablesXi , the cumulant
for a triplet is deÞned by Kubo [50] as

� X1X2X3� c = � X1X2X3� Š {� X1X2� � X3�

+ � X2X3� � X1� + � X3X1� � X2�}

+ 2 � X1� � X2� � X3� ,

(8)

where � Xi � is the expectation value of the variableXi

and
�
Xi X j

	
,
�
Xi X j Xk

	
are the two- and three-variable joint

moments. The three-particle correlation function, deÞned
in Eq. 4, is the three-particle momentum distribution nor-
malised to the mixed-event distribution. The cumulants
method can be applied to the numerator which contains the
correlated particles, and then the expression is normalised to
the mixed-event distribution. The three-particle femtoscopic
cumulantc3 thus can be deÞned as

c3(p1, p2, p3) = [ N3(p1, p2, p3) Š N2(p1, p2)N1(p3)

Š N2(p2, p3)N1(p1) Š N2(p3, p1)N1(p2)

+ 2N1(p1)N1(p2)N1(p3)]/

N1(p1)N1(p2)N1(p3), (9)

where N3
�
p1, p2, p3

�
and N2

�
pi , p j

�
are the same-event

three- and two-particle momentum distributions;N1
�
pi

�

is the single-particle momentum distribution; the product
termsN2

�
pi , p j

�
N1

�
pk

�
andN1

�
pi

�
N1

�
p j

�
N1

�
pk

�
indi-

cate the mixed event distributions. Thus one can further
rewrite the femtoscopic cumulant as

c3
�
p1, p2, p3

�
= C(p1, p2, p3) Š C([p1, p2], p3)

ŠC([p2, p3], p1) Š C([p3, p1], p2) + 2.

(10)

This method has been already successfully applied within
the ALICE Collaboration to study the possibility of coher-
ent pion production by measuring three-pion femtoscopic

cumulants in Refs. [48,49]. Theorem I from Ref. [50] enun-
ciates that the three-particle cumulant is zero if the variables
Xi , X j , . . . can be divided into two or more groups that are
statistically independent. In case of femtoscopic cumulants,
this translates intoc3

�
p1, p2, p3

�
= 0 in the absence of gen-

uine three-body correlations. Therefore, the measurements
of non-vanishing values ofc3 can be used as an experimental
conÞrmation of the existence of genuine three-body effects.

If genuine three-body correlations are not present in the
particle triplet, the three-particle correlation function can be
expressed using only lower order contributions as follows

Ctwo-body(p1, p2, p3) = C([p1, p2], p3) + C([p2, p3], p1)

+ C([p3, p1], p2) Š 2. (11)

In Eq.11,C([pi , p j ], pk) is built by combining particlesi and
j from the same event with particlek from another event to
obtain the numerator

�
N2

�
pi , p j

�
N1

�
pk

��
of the correlation

function while the denominator
�
N1

�
p1

�
N1

�
p2

�
N1

�
p3

��
is

estimated using three particles from three different events as
described in Sect.2.2.

2.4 Projector method

An alternative method to isolate the genuine three-body con-
tribution to the measured three-particle correlation functions
is the projector method [51]. This method makes use of the
subtraction rule provided by the KuboÕs cumulant decompo-
sition (Eq.10) but, instead of evaluating them with the data-
driven approach based on event mixing described above, it
calculatesC([pi , p j ], pk) using the measured or the calcu-
lated two-particle correlation function and the projection of
the third non-interacting (spectator) particle. The method is
described in Ref. [51]. Given the three-particle correlation
function, C(Q3), and the two-body correlation functions,
C(k	

i j ), the projector method provides a kinematic transfor-
mation from the relative momentumk	

i j of the interacting
pairsi j to theQ3 of the three-body system(i Š j ) Š k under
study. The transformation is given by the following integral
in the momentum space

Ci j (Q3) =
�

C(k	
i j ) Wi j (k	

i j , Q3) dk	
i j , (12)

where the indicesi j denote the interacting pair and the pro-
jector functionWi j is equal to [51]

Wi j (k	
i j , Q3) =

16(�� Š � 2)3/ 2k	
i j

2

� Q4
3� 2

�
� Q2

3 Š (�� Š � 2)k	
i j

2.

(13)
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Fig. 1 The upper panels show the comparison of the two-particle cor-
relations projected on three-particle phase space obtained using the data-
driven approach based on event mixing (green points) and the projector
method (grey band). The resulting correlation functions are shown for
(pÐp)Ðp (a), (pÐp)Ð� (b) and pÐ(pÐ� ) (c) cases. The error bars and

the boxes represent the statistical and systematic uncertainties, respec-
tively. The grey band includes systematic and statistical uncertainties
summed in quadrature. The lower panels show the deviations between
the data-driven approach and the projector method, expressed in terms
of n


The constants� , � and� depend on the particle masses.1

The integral in Eq.12can be evaluated using the measured
pÐp and pÐ� correlation functions from Refs. [41,57,63].
The resulting correlation functions are compared to the ones
obtained by employing the data-driven method (Eq.11) and
shown in Fig.1. Panel (a) shows the (pÐp)Ðp correlation
function, the green points are obtained using the data-driven
approach and the grey band is obtained with the projec-
tor method. The statistical and systematic uncertainties are
shown separately for the data driven method, while the width
of the grey band represents the sum in quadrature of the sta-
tistical and systematic uncertainties for the projector method.
The statistical uncertainties of all the measured correlation
functions have been estimated using a bootstrap [63] method
by sampling same- and mixed-event counts from Poisson dis-
tributions. The statistical uncertainties shown correspond to
the central 68% conÞdence interval and are consistent with
the uncertainties obtained employing the standard error prop-
agation method. The systematic uncertainties are estimated
by varying the selection criteria of the particle candidates
as described in Sect.2.1. Panels (b) and (c) show the same
comparison for the (pÐp)Ð� and the pÐ(pÐ� ) correlation
functions. The number of events used for mixing to obtain

1

� =
4 m2

k

(mi + mk)2 +
4 m2

k

(mj + mk)2 + 4 ;

� =
4 mk(mi + mj + mk)

mi + mj



mj

(mj + mk)2 Š
mi

(mi + mk)2

�
;

� =
4 (mi + mj + mk)2

(mi + mj )2

�
m2

i

(mi + mk)2 +
m2

j

(mj + mk)2



.

(pÐp)Ðp and (pÐp)Ð� correlation functions is 30. The numer-
ator of pÐ(pÐ� ) correlation function requires pÐ� pairs in
same event sample, which are less abundant than pÐp pairs.
Thus to obtain good statistical precision, the number of events
used for mixing (to account for the third uncorrelated parti-
cle) must be increased to 100 in case of pÐ(pÐ� ) triplets.

The results from the data-driven and the projector method
are in good agreement between each other. The number of
deviationsn
 in each bin are shown in the bottom panels
of Fig. 1, where
 is the combined statistical and system-
atic uncertainty for both the experimental data and the pro-
jector. The agreement in the regionQ3 < 0.8 GeV/c has
been evaluated by performing a� 2 test. The� 2 is calculated
combining then
 values of each bin. Finally, the p value
from the� 2-distribution is computed and the globaln
 val-
ues are extracted. The latter amount to 0.167, 0.0006 and
2.75 for (pÐp)Ðp, (pÐp)Ð� and pÐ(pÐ� ), respectively. The
data-driven method requires the usage of the third particle
in the triplet from the mixed-event data sample and conse-
quently the statistical uncertainty depends on the number of
events used for mixing, while the projector method does not
have this limitation. Thus, the latter signiÞcantly reduces the
total uncertainty in the evaluation of the two-particle correla-
tion effect on the three-particle correlation functions. For this
reason, the projector method is used to calculate the three-
particle cumulants for the pÐpÐp and pÐpÐ� triplets.

The total two-particle contribution to the three-particle
correlation function is obtained by substituting all terms on
the right-hand side of Eq.11 with the corresponding kine-
matic transformation, i.e.

Ctwo-body(Q3) = C12(Q3) + C23(Q3) + C31(Q3) Š 2,

(14)
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where the indices refer to the label of the correlated pairs. In
the case of pÐpÐp we have

Ctwo-body
pŠpŠp (Q3) = 3 C(pŠp)Šp(Q3) Š 2 , (15)

and in the case of pÐpÐ� we have

Ctwo-body
pŠpŠ� (Q3) = C(pŠp)Š� (Q3) + 2 CpŠ(pŠ�) (Q3) Š 2 .

(16)

The resulting total lower-order contributions to the three-
particle correlation functions (Eqs.15 and16) are shown in
Fig.2. The agreement between the data-driven approach and
the projector method predictions translate inton
 = 0.167
andn
 = 0.0014 for the pÐpÐp and pÐpÐ� lower-order con-
tributions, respectively.

2.5 Decomposition of the three-particle cumulants

The experimental determination of the correlation function
is mainly distorted by two distinct impurities in the candi-
date sample: misidentiÞed particles and feed-down particles
originating from weakly decaying particles. This introduces
additional contributions to the correlation function of inter-
est. These contributions are either assumed to be ßat or, when
the interaction is known, they are explicitly considered as
discussed in Ref. [39]. The contributions to the correlation
function stemming from decaying particles or impurities of
the sample are weighted with the so-called� parameters.
By adopting this technique the residual correlations can be
included in the Þnal description of the experimental correla-
tion function of two particles as

C(k	 ) = 1 + � 00(C00(k	 ) Š 1) +
�

i j = 00

� i j (Ci j (k	 ) Š 1),

(17)

where thei j = 00 denote all possible impurity and feed-
down contributions and thei j = 00 is the correctly identi-
Þed primary particle contribution. These� parameters are
obtained employing single particle properties such as the
purity and feed-down probability. The underlying mathe-
matical formalism is outlined in Ref. [39]. This mechanism
has been extended to the three-particle case and the gen-
uine three-particle cumulants can be obtained by subtract-
ing the impurity and feed-down contributions from the mea-
sured cumulants. The full mathematical derivation is pre-
sented in Appendix C. The Þnal expression of the genuine
three-particle cumulants is

c(X0Y0Z0) =
1

� X0Y0Z0(XY Z)

�

� c(XY Z)

Š
�

i, j ,k= (X0Y0Z0)

� i , j ,k(XY Z)c(Xi Yj Zk)

�

� ,

(18)

whereX, Y and Z represent three generic particle species,
the index 0 refers to correctly identiÞed primary particle and
the indexesi , j , k refer to misidentiÞed or to secondary par-
ticles of a generic particle species. As shown in Appendix C,
the speciÞc weights� depend on the purity and feed-down
fraction of the single particles and are found to be equal to
� X0Y0Z0(ppp) = 0.618 and� X0Y0Z0(pp�) = 0.405 for the
pÐpÐp and pÐpÐ� cumulants, respectively. Only 60% (40%)
of the (pÐpÐ� ) triplets correspond to correctly identiÞed pri-
mary particles.

In the following, the results for the pÐpÐp cumulants will
be corrected according to the evaluated� parameters assum-
ing that all the three-particle contributions stemming from
feed-down and impurities are ßat in the momentum space.
This assumption is supported by the observation that the
measured pÐpÐ� cumulants are consistent with zero within
uncertainties (see Fig.4 and the discussion in Sect.3). The
correction is not applied to the pÐpÐ� cumulants because the
shape of the feed-down contribution is not known and also
because the statistical uncertainties are too large to provide
any sensitivity to the three particle correlations.

3 Results

The measured three-particle correlation functions for pÐpÐp
and pÐpÐ� triplets are shown in Fig.3 on the left and right
panels, respectively. The number of events used for mixing
for both cases is 30. The total number of same event triplets
that are present at the rangeQ3 < 0.8 GeV/c are 17840
for pÐpÐp, 10980 forpÐpÐp, 9191 for pÐpÐ� and 5886 for
pÐpÐ� . The green symbols represent the data points with
their statistical and systematic uncertainties, while the grey
bands correspond to the lower-order two-body interaction
contributions obtained using the projector method already
shown in Fig.2. The non-femtoscopic contributions to the
measured correlation functions, evaluated using Monte Carlo
simulations, are found to be negligibly small (see Appendix A
for a detailed discussion).

In the low Q3 region, the measured correlation functions
deviate from the projected lower order contributions obtained
using only two-particle correlations. The genuine three-body
effects are then isolated by evaluating the cumulants

c3(Q3) = C(Q3) Š Ctwo-body(Q3). (19)

The lower-order contributionCtwo-body(Q3) obtained with
the projector method is used. The results for pÐpÐp and
pÐpÐ� triplets are shown in Fig.4on the left and right panels,
respectively.

The pÐpÐp cumulant, already corrected for the feed-down
contributions, is negative for 0.16 < Q3 < 0.22 GeV/c,
while the large statistical uncertainty in the lowestQ3 interval
prevents a conclusion on the sign forQ3 < 0.16 GeV/c. The
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Fig. 2 Comparison of the total two-particle contribution to the three-
particle correlation functions obtained using the data-driven approach
(green points) and the projector method (grey band). The resulting cor-
relation functions are shown for pÐpÐp (left panel) and pÐpÐ� (right

panel). The error bars and the boxes represent the statistical and sys-
tematic uncertainties, respectively. The grey band includes systematic
and statistical uncertainties summed in quadrature
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Fig. 3 Measured pÐpÐp (left panel) and pÐpÐ� (right panel) three-
particle correlation functions. The green points show the experimental
results, the error bars and the boxes represent the statistical and sys-
tematic uncertainties, respectively. The grey bands represent the expec-

tations for the lower-order two-particle correlations obtained using the
projector method and the band width is obtained including systematic
and statistical uncertainties summed in quadrature
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Fig. 4 Three-particle cumulants for pÐpÐp (left panel, blue square
symbols) and pÐpÐ� (right panel) triplets obtained by subtracting the
lower-order contributions from the measured three-particle correlation
functions shown in Fig.3. The pÐpÐp cumulant in the left panel is further
corrected for the feed-down contributions from decaying particles and

represents thus, the cumulant for the correctly identiÞed primary protons
(see Sect.2.5 for details). The dashed lines correspond to the assump-
tion that there are no genuine three-body correlationsc3(Q3) = 0. The
red open circles in left panel represent the cumulant for pÐpÐp triplets
(for more details see the main text)

agreement between the measured cumulant and the assump-
tion that there are no genuine three-body effects is evalu-
ated using the� 2 test in the regionQ3 < 0.4 GeV/c, where
the two-body interactions are prominent. There is no the-
oretical or experimental knowledge on the exactQ3 range
where three-body effects become relevant, however they are

expected to contribute at lower or sameQ3 values as the two-
body interactions. For this reason, the region of two-body
forces was chosen. The obtained p-value corresponds to 6.7
standard deviations. If the cumulant is obtained using data-
driven method to estimate lower order contributions, it results
in 6.0 standard deviations. This result hints to the presence of
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an effect beyond the two-body interactions in the pÐpÐp sys-
tem that could be either due to Pauli blocking (Fermi-Dirac
quantum statistics) at the three particle level [64] or to the
contribution of a three-body nuclear repulsive interactions.
Long-range Coulomb interactions may also lead to signiÞ-
cant contributions [65]. More quantitative conclusions on the
interpretation of the non-zero cumulant require more sophis-
ticated calculations for the three-body system. The present
analysis demonstrates the experimental accessibility of the
three-baryon cumulant in the data sample of pp collisions
at

�
s = 13 TeV recorded by ALICE. In addition to the

pÐpÐp system, the mixed-charge pÐpÐp case has also been
studied (see Appendix B for details). In the case of pÐpÐp,
the two-body pÐpÐp interaction contains both elastic and
inelastic components, previously measured in an indepen-
dent analysis [46]; the pÐp interaction is well known from
scattering data [66,67] and veriÞed by correlation measure-
ments [39,57,68]; and the genuine three-body strong interac-
tion for the pÐpÐp triplet should be negligible. The extracted
cumulant for pÐpÐp is shown in the left panel of Fig.4 by
the red open circles. Since the number of the mixed-charge
triplets is a factor four higher than the one of the same-charge
triplets, it is possible to extend the measurement of the three-
particle correlation to lowerQ3 values. The correction for the
feed-down contributions has been applied and the statistical
and systematic uncertainties are shown. The pÐpÐp cumulant
evaluated using the projector method (data-driven approach)
agrees with the assumption of only two-body correlations
present in the system within 2.1 (2.2) standard deviations in
the regionQ3 < 0.4 GeV/c and within 0.9 (0.9) standard
deviations in the regionQ3 < 0.2 GeV/c, suggesting that
genuine three-body effects are not statistically signiÞcant.
This result as well demonstrates that the measured pÐpÐp
cumulant deviation from zero is not due to detector effects.

In the case of pÐpÐ� , a positive cumulant is measured at
Q3 < 0.16 GeV/c. The p-value obtained from the� 2 test
in the regionQ3 < 0.4 GeV/c corresponds to a deviation
of 0.8 
 from the assumption that no genuine three-body
correlations are present. Using data-driven method to esti-
mate lower order contributions results in 0.8
 as well. A
similar value is found by repeating the signiÞcance test with
the Fisher method, meaning that the measured cumulant is
compatible with the assumption of no genuine three-body
effects within the uncertainties. The current measurement
does not allow to draw any Þrm conclusion yet on the three-
body interaction in the pÐpÐ� system, but since in this case
only two of the particles are identical and charged, a non
zero cumulant can be directly linked to the presence of a
strong three-body interaction. It is estimated that employing
a three-baryon event Þltering during the upcoming Run 3
data taking should increase the number of triplets by a factor
up to 500 for the target integrated luminosity of 200 nbŠ1

at
�

s = 13.6 TeV [69]. This opens up the possibility of

measuring precisely the three-body correlations for both the
pÐpÐp and pÐpÐ� systems.

4 Conclusions

In this article, the Þrst femtoscopic study of the pÐpÐp and
pÐpÐ� systems measured in high-multiplicity pp collisions
at

�
s = 13 TeV with the ALICE detector has been pre-

sented. In the chosen colliding system, hadrons are emitted
at average relative distances of about 1 fm providing a unique
environment to test three-body interactions at scales shorter
than inter-particle ones in nuclei. The data collected dur-
ing the LHC Run 2 enabled the measurement of the pÐpÐp
and pÐpÐ� correlation functions in the lowQ3 region down
to 0.1 GeV/c, giving access to the region where the effects
of the hadronic two- and three-body interactions are more
pronounced. The genuine three-particle correlations have
been isolated using the KuboÕs cumulant expansion method.
The lower-order two-body contributions have been estimated
employing both a data-driven event mixing technique and
a newly developed projector method. The two approaches
have been compared and found to be in good agreement
between each other, providing the Þrst validation of the pro-
jector method using the data. The extracted pÐpÐp and pÐpÐ�
cumulants deviate from zero in the lowQ3 region. In the
case of pÐpÐp, a negative three-particle cumulant is mea-
sured. The p-value extracted from the� 2 test corresponds to
a deviation of 6.7
 from the assumption of only two-body
correlations present in the system forQ3 < 0.4 GeV/c. The
obtained result provides an experimental hint to the presence
of an effect beyond pairwise interactions in the pÐpÐp sys-
tem. The observed deviation could be due to genuine three-
body effects arising from: Pauli blocking, short-range strong
interactions, or long-range Coulomb interactions. ReÞned
three-body system calculations are required to give a solid
interpretation of the measurement. The mixed-charge pÐpÐp
cumulant has also been measured as a benchmark and the
result is consistent with the assumption that only two-body
correlations are present in the system showing that the effect
observed for the pÐpÐp system is a genuine one. In the case
of pÐpÐ� , a positive cumulant is observed at lowQ3. The
deviation from zero atQ3 < 0.4 GeV/c is 0.8 
 , which
suggests no signiÞcant deviation from the assumption that
only two-body correlations are present in the system within
the current uncertainties. For this system, where one parti-
cle is uncharged and only two particles are identical, gen-
uine three-particle correlations can be directly linked to the
three-body strong interaction. The upcoming LHC Run 3 data
taking will provide signiÞcantly larger samples of measured
triplets, allowing more quantitative conclusions to be drawn
for many-body dynamics.
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The analysis presented in this article represents a Þrst
important step towards the direct measurement of the three-
body interaction among baryons, demonstrating that genuine
three-particle effects can be studied using three-particle cor-
relation functions as experimental observables.
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Appendix A: Monte Carlo studies

One of the benchmarks of the presented analysis consists in
verifying that the three-particle correlations obtained from
PYTHIA 8 [70] (Monash 2013 Tune) simulations do not
show any signiÞcant deviation from unity. Indeed, no FSIs Ð
either two- or three-particle Ð are included in the simulated
and reconstructed Monte Carlo data using the PYTHIA 8
event generator for pp collisions at

�
s = 13 TeV, thus Monte

Carlo can neither be used to estimate the lower-order con-
tributions (two-body correlations) nor genuine three-body
effects. Figure5 shows the comparison between the mea-
sured and simulated correlation functions as a function ofQ3,
where the simulation includes a dedicated high-multiplicity
selection to mimic the V0 high-multiplicity trigger in the
real data. The green symbols represent the experimental data
while the black symbols refer to the simulation. The simu-
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Fig. 5 The comparison between the correlation functions obtained from the measurements (green) and from the PYTHIA 8 event generator with
a dedicated high-multiplicity selection to mimic the V0 high-multiplicity trigger (black)

lated correlation functions are consistent with unity for the
entire Q3 < 0.8 GeV/c range, showing that there are no
effects caused by the track reconstruction in the detector, as
well as no sign of mini-jets contribution (see more details in
Ref. [46]) and that the energy and momentum conservation
effects are eventually present at larger values ofQ3 that are
not relevant for the studies carried out in this work. Also the
simulations of the lower-order contributions display the same
behaviour.

Appendix B: Mixed-charge correlation studies

An additional benchmark for the pÐpÐp cumulant result and
the measured deviation from zero has been considered by
studying the pÐpÐp triplets. Identical event and track selec-
tion criteria and systematic variations as those employed for
the pÐpÐp analysis have been used. The rejection in the	 Ð
� plane (see Sect.2.2 for the details) has been applied
only for same-charge pairs in the triplet. The obtained cor-
relation functions for pÐpÐp, (pÐp)Ðp and(pÐp)Ðp triplets
with the corresponding statistical and systematic uncertain-
ties are shown in panels (a), (b) and (c) of Fig.6, respectively.
The grey bands are obtained using the projector method fol-
lowing the procedure described in Sect.2.4. The (pÐp)Ðp
correlation functions obtained with the data-driven approach
and the projector method (panel b) in Fig.6 are in agreement

with the (pÐp)Ðp results (panel a) in Fig.1. This is consistent
with the expectation from Eqs.12 and13, since such cor-
relation functions depend only on the correlation of the two
particles in the same event and on the mass of the uncorre-
lated particle, which are identical in the(pÐp)Ðp and (pÐp)Ðp
systems. The(pÐp)Ðp correlation function reßects the inter-
play of FSIs and non-femtoscopic correlations measured in
the study of pÐp pairs [46]. The grey band in panel (c) of
Fig. 6 is obtained by using as input of Eq.12 the correlation
function C(k	 ) of pÐp pairs emitted in pÐpÐp triplets with
Q3 < 1 GeV/c. Such selection is performed in order to use
pÐp pairs produced in similar shape events as those where
low Q3 triplets are found. The requirement is necessary for
pÐp correlations due to the mini-jet contribution [46] which
is instead not present in pÐ� and pÐp (see e.g. [71]). The sys-
tematics induced by this additional selection are considered
in the uncertainties.

The pÐpÐp cumulant is obtained using the projector
method and it is shown in Fig.4by red circular symbols. The
result is compatible with zero within the statistical and sys-
tematic uncertainties, demonstrating that strong-interaction
as well as Coulomb effects on three-particle level are not
statistically signiÞcant in pÐpÐp.
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Fig. 6 Panel (a) shows the correlation function for pÐpÐp triplets
(green data points) and the total lower order contributions (grey band).
Panels (b) and (c) show the(pÐp)Ðp and(pÐp)Ðp lower-order contri-
butions to the measured pÐpÐp correlation function. The error bars and

the boxes represent the statistical and systematic uncertainties, respec-
tively. The grey band includes systematic and statistical uncertainties
summed in quadrature obtained from the projector method

Appenndix C: Feed-down contributions

The measured femtoscopic correlations do not originate only
from correctly identiÞed primary particles but they include
as well contributions from misidentiÞed particles and feed-
down particles originating from weakly decaying hadrons.
In case of two-body femtoscopy, the decomposition method
explained in Sect.2.5and the Eq.17can be used to account
for such impurities and feed-down effects.

This method can be extended to the three-particle case.
The total data sampleX contains the particles which stem
from feed-downXF, misidentiÞed particlesXM and the cor-
rectly identiÞed primary particlesX0. Both feed-down and
misidentiÞed particles can originate from different channels
and the contributions can be expressed as

XF =
NF�

i = 1

Xi , (C.1)

XM =
NF + NM�

i = NF + 1

Xi , (C.2)

whereNF andNM are the number of feed-down and misiden-
tiÞcation contributions. The purity is the fraction of correctly
identiÞed particles to the total number of particles in the data
sample and can be deÞned as

P(X) = (X0 + XF) / X. (C.3)

The correctly identiÞed particles can stem from the decays
of particles and for this purpose the channel fractionf (Xi )
is deÞned as

f (Xi ) = Xi / (X0 + XF) . (C.4)

The fraction of speciÞc channel in the whole data sample
then can be written as

P(Xi ) = P(Xi ) f (Xi ) =
Xi

X
. (C.5)
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The correlation function for three particles can be written as

C(XY Z) =
N(XY Z)
M(XY Z)

, (C.6)

whereN and M are the yields ofXY Z triplet in same and
mixed events, respectively. Using the identities introduced
before one can write

N(XY Z) = N

�

�
�

i , j ,k

Xi Yj Zk

�

� =
�

i , j ,k

N
�
Xi Yj Zk

�
,

(C.7)

M(XY Z) = M

�

�
�

i , j ,k

Xi Yj Yk

�

� =
�

i , j ,k

M
�
Xi Yj Zk

�
.

(C.8)

The correlation function then can be rewritten as

C(XY Z) =

�
i , j ,k N

�
Xi Yj Zk

�

M(XY Z)

=
�

i , j ,k

N
�
Xi Yj Zk

�

M(XY Z)

M
�
Xi Yj Zk

�

M
�
Xi Yj Zk

�

=
�

i , j ,k

N
�
Xi Yj Zk

�

M
�
Xi Yj Zk

�

� �� �
Ci, j ,k(XY Z)

M
�
Xi Yj Zk

�

M(XY Z)� �� �
� i , j ,k(XY Z)

=
�

i , j ,k

� i , j ,k(XY Z)Ci, j ,k(XY Z), (C.9)

whereCi, j ,k(XY Z) is the correlation function of thei , j , k-th
channel of origin of the particlesX, Y, Z and the� i , j ,k(XY Z)
is the weight for such correlation. This parameter depends
only on the mixed event sample and can be related to previ-
ously introduced single particle quantities, channel fraction
and purity, as follows

� i , j ,k(XY Z) =
M

�
Xi Yj Zk

�

M(XY Z)

=
M (Xi )
M(X)

M
�
Yj

�

M(Y)
M (Zk)
M(Z)

= P (Xi ) P
�
Yj

�
P (Zk)

= P(Xi ) f (Xi )P(Yj ) f (Yj )P(Zk) f (Zk) .
(C.10)

To study the lower-order contributions in the measured
three-particle correlation function, one needs to deÞne the
decomposition for the measurement of two correlated par-
ticles. In such case, the origin of the third particle in the
numerator does not matter as it is uncorrelated. EquationC.9
becomes

C(XY, Z) =

�
i , j N

�
Xi Yj , Z

�

M(XY, Z)

=
�

i , j

N
�
Xi Yj , Z

�

M(XY, Z)

M
�
Xi Yj , Z

�

M
�
Xi Yj , Z

�

=
�

i , j

N
�
Xi Yj , Z

�

M
�
Xi Yj , Z

�

� �� �
Ci, j (XY,Z)

M
�
Xi Yj , Z

�

M(XY, Z)� �� �
� i , j (XY,Z)

=
�

i , j

� i , j (XY, Z)Ci, j (XY, Z). (C.11)

HereCi, j (XY, Z) denotes the correlation function where the
two correlated particlesX and Y are from origini and j
respectively andZ is from any origin. Here� i , j (XY, Z) is

� i , j (XY, Z) =
M

�
Xi Yj , Z

�

M(XY, Z)

=
M (Xi )
M(X)

M
�
Yj

�

M(Y)
M (Z)
M(Z)

= P (Xi ) P
�
Yj

�
· 1

= P(Xi ) f (Xi )P (Yj ) f (Yj ) . (C.12)

This notation is valid only if one wants to study the
(X Š Y) Š Z correlation. To obtain the cumulant of the pri-
mary particles which were identiÞed correctly, one has to
subtract the lower-order correlations, such as(X Š Y) Š Z,
from the three-particle correlation. For this purpose, the
Eq. C.11 must be rewritten. As previously explained, in
case of(X Š Y) Š Z correlation, the origin of the third
uncorrelated particle is not important, which means that
C(XY, Zl ) = C(XY, Zm), where Zl and Zm have differ-
ent origin. As previously shown, the fraction of particlesZl

in the whole data sample isP(Zl ), which can be as well
expressed with the� parameter of one particle� l (Z). Using
the property 1=

�
k � k(Z) of the� parameters in Eq.C.12,

one can write

� i , j (XY, Z) = � i , j (XY, Z)
�

k

� k(Z)

=
�

k

� i , j (XY, Z)� k(Z)

=
�

k

� i , j ,k(XY Z) , (C.13)

and Eq.C.11can be rewritten as

C(XY, Z) =
�

i , j

� i , j (XY, Z)Ci, j (XY, Z)

=
�

i , j

� i , j (XY, Z)
�

k

� k(Z)Ci, j (XY, Z)

=
�

i , j

�

k

� i , j (XY, Z)� k(Z)Ci, j (XY, Z)

=
�

i , j ,k

� i , j ,k(XY Z)Ci, j (XY, Z). (C.14)

123



145 Page 14 of 22 Eur. Phys. J. A (2023) 59 :145

In the following, the above formalism is used to obtain the
correctly identiÞed primary particle cumulant. Starting with
the cumulant expression

c(XY Z) = C(XY Z) Š C(XY, Z) Š C(X Z, Y) Š C(ZY, X)+ 2

=
�

i, j ,k

� i , j ,k(XY Z)Ci, j ,k(XY Z)

Š
�

i, j ,k

� i , j ,k(XY Z)Ci, j (XY, Z)

Š
�

i , j ,k

� i , j ,k(XY Z)Ci,k(X Z, Y)

Š
�

i , j ,k

� i , j ,k(XY Z)Ck, j (ZY, X)+ 2, (C.15)

the correctly identiÞed primary particle correlations can be
isolated from the rest as follows

c(XY Z) =

�

� � X0Y0Z0(XY Z)CX0Y0Z0(XY Z)

+
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)Ci, j ,k(XY Z)

�

�

Š

�

� � X0Y0Z0(XY, Z)CX0Y0(XY, Z)

+
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)Ci, j (XY, Z)

�

�

Š

�

� � X0Y0Z0(X Z, Y)CX0Z0(X Z, Y)

+
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)Ci,k(X Z, Y)

�

�

Š

�

� � X0Y0Z0(ZY, X)CZ0Y0(ZY, X)

+
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)Ck, j (ZY, X)

�

� + 2 .

(C.16)

Written in such a way, one can already see that the cumu-
lant of the measured correlation function can be expressed as
the sum of the correctly identiÞed primary particle cumulant
and the cumulant of the rest of the contributions as follows

c(XY Z) = � X0Y0Z0(XY Z)CX0Y0Z0(XY Z)

Š � X0Y0Z0(XY, Z)CX0Y0(XY, Z)

Š � X0Y0Z0(X Z, Y)CX0Z0(X Z, Y)

Š � X0Y0Z0(ZY, X)CZ0Y0(ZY, X)

+
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)Ci, j ,k(XY Z)

Š
�

i, j ,k= (X0Y0Z0)

� i , j ,k(XY Z)Ci, j (XY, Z)

Š
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)Ci,k(X Z, Y)

Š
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)Ck, j (ZY, X) + 2

= � X0Y0Z0(XY Z)
�
CX0Y0Z0(XY Z)

ŠCX0Y0(XY, Z) Š CX0Z0(X Z, Y) Š CZ0Y0(ZY, X)
�

+
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)
�
Ci, j ,k(XY Z)

ŠCi, j (XY, Z) Š Ci,k(X Z, Y) Š Ck, j (ZY, X)
�

+ 2.

(C.17)

The terms inside the brackets are almost a cumulant expres-
sion, except the+ 2 term is missing, but one can add and
subtract 2 to obtain

c(XY Z) = � X0Y0Z0(XY Z)c(X0Y0Z0)

+
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)c(Xi Yj Zk)

Š 2� X0Y0Z0(XY Z) Š 2
�

i, j ,k= (X0Y0Z0)

� i , j ,k(XY Z) + 2

= � X0Y0Z0(XY Z)c(X0Y0Z0)

+
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)c(Xi Yj Zk)

Š 2
�

i , j ,k

� i , j ,k(XY Z) + 2

= � X0Y0Z0(XY Z)c(X0Y0Z0)

+
�

i , j ,k= (X0Y0Z0)

� i , j ,k(XY Z)c(Xi Yj Zk).

(C.18)

This is the Þnal result Ð the cumulant calculated using the
measured correlation functions consists of the three correctly
identiÞed primary particle cumulant and the cumulant which
consist of the rest of possible contributions. In such case, the
correctly identiÞed particle cumulant is

c(X0Y0Z0) =
1

� X0Y0Z0(XY Z)

�

� c(XY Z)

Š
�

i, j ,k= (X0Y0Z0)

� i , j ,k(XY Z)c(Xi Yj Zk)

�

� .

(C.19)
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