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Odderon mechanism for transverse single spin asymmetry
in the Wandzura-Wilczek approximation
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We compute the transverse single spin asymmetry in forward p'p — hX and p'A — hX collisions from
the odderon mechanism originally suggested by Kovchegov and Sievert [Phys. Rev. D 86, 034028 (2012)].
Working in the hybrid approach of the color glass condensate effective theory, we first identify the relevant
collinear parton distribution function (PDF) of the transversely polarized proton p' as the intrinsic twist-3
gr(x) distribution. We further argue that the complete polarized cross section also contains contributions
from the kinematical and the dynamical twist-3 PDFs, in addition to the intrinsic twist-3 PDF. By restricting
to the Wandzura-Wilczek approximation, where the dynamical twist-3 PDFs are dropped, we find that the
odderon contribution to the polarized cross section for inclusive hadron production is exactly zero at the

next-to-leading order in the strong coupling.

DOI: 10.1103/PhysRevD.106.114025

I. INTRODUCTION AND MOTIVATION

Transverse single spin asymmetry (SSA) [1-4] is a
phenomenon associated with azimuthally asymmetric
particle production in collisions involving a transversely
polarized proton p'. SSA is characterized by a sine
modulation PhJ_ X SJ_ = PhJ_SJ_ Sin(¢h - ¢S) Here, PhJ_
is the transverse momentum of the produced hadron, and
S | is the spin of the transversely polarized proton. Decades
of dedicated measurements have demonstrated its persist-
ence even at the highest collision energies, with the SSA
being largest in the forward region of the produced particle,
typically a hadron. This is so across different collision
systems such as ep’ and p?p but also most recently for
plA collisions [5,6].

On the theory front, it is known that the presence of
the phase in the cross section is crucial to generate SSA. In
the forward region, where the momentum fraction x in the
target is small, one naturally expects the phenomenon
of gluon saturation [7-10] to play an important role in
determining SSA [11-19]. In this work, we are revisiting
the computation by Kovchegov and Sievert [11], where
they used the color glass condensate (CGC) effective theory
[7-10] for gluon saturation, to suggest a new mechanism
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for SSA. The special property of this mechanism is in
supplying the phase by the odderon distribution [20-22]

Okx,.y,)= (Ve )V ) = V) Vi), (1)

~ 2iN.
that is, the imaginary part of the dipole distribution
tr(V(x, )V'(y,))/N,. Here, V(x,) is a fundamental
Wilson line with (---) denoting the color average. This
“odderon mechanism,” as we will refer to it in this
work, leads to a substantial A suppression of SSA,
~A~7/® parametrically [11].

In the following Sec. II, we take as a starting point the
polarized cross section in the hybrid approach [14-17]
with a transversely polarized proton described by the
collinear twist-3 PDFs and the dense target (a nuclei or
a proton in the forward collision) by Wilson line correlators
arising from the CGC. In the context of the twist-3 parton
distribution functions (PDFs), the computation of Ref. [11]
is clarified in terms of the g, (x) distribution. We carefully
emphasize, however, that the complete twist-3 hadronic
cross section contains additional terms associated with the
kinematic twist-3 function g&? (x), that is, the first moment
of the worm-gear transverse-momentum dependent (TMD)
distributions [23], as well as the dynamical Efremov-
Teryaev-Qiu-Sterman (ETQS) functions [24,25]; see,
e.g., Eq. (3) below. Working in the Wandzura-Wilczek
(WW) approximation [26], that neglects the dynamical
twist-3 part of the cross section, our computation first
confirms that the cross section is proportional to the
odderon distribution (1). However, as we explicitly show

Published by the American Physical Society
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in Secs. I1I-V, due to the specific form of the resulting hard
factor, the odderon contribution to SSA for inclusive
hadron production turns out to be exactly zero at the
next-to-leading order (NLO) in the strong coupling ag for
all possible partonic channels. In the concluding Sec. VI,
we also briefly outline several new ways the odderon could
appear in SSA after all.

II. GENERAL REMARKS

In the hybrid approach, a dilute projectile proton is
described using collinear PDFs, while the distributions of
the dense target (nuclei, or a proton in forward collisions)
are given in terms of Wilson line correlators. To set up our
notations, we first write down the unpolarized pA — hX
cross section in terms of the familiar twist-2 PDFs and
fragmentation functions (FFs). For convenience, this is
given in the following way:

do 1 dz
“rair, =3y | 5 P
[ axy {5 TP, 50 )
#5605 ()}, @

where we have separated out the twist-2 hadron FF D(z;,)
and the twist-2 PDF in the quark (gluon) f(x,) [G(x),)]
initiated channel. The proton and the nucleus move along
|

the light cone with momenta in the center-of-mass frame
given as P, = P, = m, where s is the collision
energy squared per nucleon,' while P, is the momenta
of the produced hadron 4. Here and in the following, we use
the light-cone variables p* = (p° + p?)/+/2. Furthermore,
p; is the momentum of the parton moving collinearly with
the proton p; = x,P,, and g7 = ¢ — noif — a*nP with
n® = 5%, i* = §*' is a transverse projector to the physical
gluon polarizations. S© (p,) [SS;}( p1)] is an all-order two-
parton scattering kernel in the quark (gluon) initiated
channel containing the hard factor and also the target
distribution that we will be computing within the CGC
hybrid approach. We have absorbed the CGC flux factor
1/2P; into the definition of S©)(p,).

A. Polarized cross section

In order to generalize to collisions with a transversely
polarized proton, the polarized cross section dAc is com-
puted up to twist 3 in the polarized proton PDF. We will be
restricting here to the usual twist-2 FF, D(z,,)—the particular
contribution arising from twist-3 FFs [27,28] has been
computed in pTA [17]. We are also not considering various
pole contributions to dAg; see [16]. Our starting point is a
separate (nonpole) contribution that has already been dis-
cussed in semi-inclusive deep inelastic scattering (SIDIS)
[29,30]. Adapting to the p'A computation, we have the
following gauge-invariant all-order expression’:

dAc 1 dzy o\ [ My 95 (ky)
E, —d3Ph (2”)3/ (Zh){ /dxpgT(xp)Trb/S}gJ_S (p1)] +T/dxp91T(xp>Tr [}’S}DPS/1 ( 0k’11l .
IM = G ( k] ) G ('x "x/)
*%/%MWK”W”T%f'%hyfff—wm&wP>- ()
P *p P *p

The first part of Eq. (3) is arising from the gr(x,)
distribution function. This is also referred to as an intrinsic
(i.e., ~(P,S| |[yw|P,S,)) contribution. The second part
is a kinematical ((P,S  [yoy|P,S )) contribution that is

proportional to ggr)(xp) namely, the first moment of

the worm-gear TMD.> In the third (dynamical
~(P,S | |yFy|P,S,)) part, we have the ETQS distribu-

. x;,) and Gp(xp
the same two-parton scattering kernel S (p,) as in Eq. (2).

tions Gp(x x),). Note the appearance of

'Here, P} is the center-of-mass momentum per nucleon.

“We are usmg the convention e€yyp3 = +1 = =123
Vs 17 7 7 }’

*Instead of g(llT)(x), ometlmes a function g(x) is used [31],

(%) 1321.

and

with the relation g(x) = —2g

|

To compute the cross section, we also need its finite-k; |
variant S©(k,), as well as Sﬁl)(x,,Pp,x;Pp), which is a
three-parton scattering kernel containing an additional
gluon from the polarized proton. We should appreciate
the appearance of the k;, derivative as a consequence of
performing the computation up to twist 3 but also due
to the connection of a5 (k,)/dk,, with S/(ll)(xpPp, x,P,)
through the Ward identity for the gluon from the
proton [29,30].

We point out here that the computation in Ref. [11] is
on the parton level, taking transversely polarized spinors
u(p, S, ) for the initial quark. Thanks to the decomposition
u(p.S)i(p.Sy) = (P +m)(1+ys1)/2 [33], only the
Zys$. piece is relevant for the polarized quark in the
current context (the remaining S, -dependent term even-
tually gets interpreted as the transversity PDF, but this does

114025-2
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not contribute in what follows). Thus, the computation in
Ref. [11] clearly corresponds to the term in Eq. (3) that is
proportional to gr(x,). Namely, when changing from a
polarized free quark projectile to a polarized nucleon
projectile, one naturally replaces the quark mass m by
the nucleon mass M.

The above introduced distributions satisfy the QCD
equation of motion identity [31,32]

1 Grlx,x) + Gp(x,x
sr(a) = o) -5 [aw SEEEI IR g

The gr(x) distribution satisfies another important relation
connecting it to the twist-2 helicity PDF Ag(x) [31,32],
thus revealing that g,(x) itself has a twist-2 piece

|

dAaN 1 ﬂ/dzh
"#p, 202x) 2

that we will take as the starting point of our explicit
computations below.

The attractive feature of the WW approximation is that
we can compute gr(x) [via Eq. (5)] and, thus, also Eq. (6)
from, say, global fits of the helicity PDFs. The distribution
gr(x) has been recently studied on the lattice [34], and a

separate global analysis was performed to constrain the

g(llT) (x) distributions in Ref. [35]. The general conclusion

from these works is that, given the current uncertainties,

both g7 (x) and g(llT) (x) are roughly consistent with the WW

approximation. While this provides a justification for the
present computation, we acknowledge that the current
uncertainties found in the aforementioned works do

|

0
dx St ——

gr(x) = fﬁlq( )+

(genuine twist — 3). (5)

The remainder is given in terms of the ETQS functions; see
[31,32] for the explicit expression. Our computation will be
based on the WW approximation, that is, ignoring genuine
(dynamical) twist-3 contributions everywhere. This, in
particular, means that we are taking into account the
gr(x,) and the g(llT)(xp) contributions to dAe in Eq. (3),
while we are ignoring the genuine twist-3 contributions in
the definition of gy(x) in Eq. (5) and in the equation of

motion identity, Eq. (4). This allows us to fix g(llT)(x)

through Eq. (4) as gng) (x) 2 xgr(x), rendering Eq. (3) into
the following compact form:

wlrsbiSO)]) )

[

accommodate sizeable deviations (even up to 40% in
certain regions of x) from the WW approximation. A
complete computation that goes beyond the WW approxi-

mation does not mean only considering g(x) or g(llT)(x)
with genuine twist-3 pieces included, but would also
require dealing with the full complexity of the dynamical
twist-3 contributions at NLO contained in the second line
of Eq. (3). While we reflect on this in the concluding
section, a full NLO computation with genuine twist-3
effects is beyond the scope of this work.

The analogous expression for the gluon initiated channel
is adapted from Egs. (17) and (25) in Ref. [36] [see also
Eq. (32) in Ref. [37]] to read

dA 1 d 1
E —6——)/ ZhD(Zh [IMN/dx Gar(x,) — €SSO (p) )y
zh P

"#P,  2(2z)

1

(0)
) dx, _ ) ) 98, (k1)
—iMy / = 30x,) (gl e —gﬁeﬁ"”sl)(—ﬁ )
ky=p;

pY%

p

2 x, X

pp

where wq3 = gop — figng. In the first line, we have the
intrinsic contribution with G37(x,) being the gluonic
counterpart of gr(x,). In the second line, g(x,) is the
gluonic kinematical function (see [38,39] for the defini-
tion), and M Zﬁ "(x,,x),) is the three-gluon correlator. In the

WW approximation, Gs7(x) becomes related to the gluon
helicity PDF AG(x) as [38]

__/dx dxpMaﬂy( x/)g(l)aﬂy( pPp P p)

wa’awﬁ’ﬁwr’y} ) (7)

/ WGl (8)

while §(x) ~x?Gs7(x) [38]. The WW truncation then
amounts to the first two lines of Eq. (7).

Xp = Xp

Gar(x) =~

114025-3
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B. A recap of the leading-order inclusive
hadron production

The leading-order (LO) amplitude for inclusive hadron
production from the ¢(k;) — ¢(q) channel in the n-A =
AT = 0 gauge is simply given as [40]

M=y [ d@tony) -1 ©)

Here, V(x ) = Pexp[ig [, dxTAZ (x)t“] is the fundamen-
tal Wilson line with A7 (x) being the classical field of the
target, and we use fx L= f d2x 1-In Eq. (9), we have omitted
the overall light-cone delta function (27)8(k{” — ¢ ™), as well
as the initial and final state spinors, thus leaving a matrix in
spinor (and color) space. From M, we obtain the leading-
order result for SO (k,) as

1 1

SO(ky) = s — (MgM)(27)5(k{ — q*)
2P} N, !
— Qm)3(k} — q*) Loyt
2k;
X Sy, x) Jellarhi)teu=xl), (10)
XX

where 1/2P); is the flux factor, 1/N, is coming from
averaging over the color of the initial state quark, and

Steuxl) = wVEOVIE) (1)
is the color averaged dipole distribution. Here and in the
following, we are suppressing the dependence of the nuclear
distributions on the momentum fraction x, = k5 /P, where
k, is the partonic momenta from the nuclei. At the LO we
have the momentum conservation k; + k, = ¢. We readily
conclude that tr[ys§, S (k)] ~trlyskiyt gy ] ~et ek =0,
and so Eq. (6) vanishes at the LO. As we also have
tr[ys$.5©(p;)] =0, the gr(x) and the gng)(x) terms in
Eq. (3) vanish separately at the LO.

The analogous expressions in the g(k;) — g(k,) channel
are [41]

M= (2k)) [ ebuhiniue) -1 (12)
X1
and
1 1
2PI NI 1
— )6k — k) (2K Pk,

S (ky) = (M M) dy(k,)

X Salxy, x| ek i=x) - (13)
x,x)

where

nk? + nfke

d (k) = —g" + s

(14)

is the gluon polarization tensor. Note that d%(p,) = —giﬂ )
U(x, ) is the adjoint Wilson line, and

Spxr.x)) =——tw(Ux)U(x)) (15

N1

is the adjoint dipole distribution. The contribution from this
channel also vanishes at the LO simply due to the realness
of the adjoint Wilson line.

I1I. NLO INCLUSIVE HADRON PRODUCTION
IN p'A - hX: THE g — gg¢ CHANNEL

At the NLO, we have, in general, the ¢ — qg, g = g4,
and g — gg channels. In this section, we compute the
q — qg channel (together with the accompanying virtual
contribution), while the ¢ — ¢g and the g — gg channels
are discussed separately in Secs. IV and V, respectively.

A. g — q: Real contribution

We consider the g(k;) = q(q)g(k,) partonic channel,
where in the final state a real gluon with momentum k,
gets radiated in addition to the quark with momentum g.
Here, k, is set by momentum conservation at NLO:
ki +k, = g + k,. We will focus on the case where the
quark fragments into a final state hadron and we integrate
over the (untagged) gluon phase space to compute the
inclusive hadron cross section according to Eq. (6).
The main quantity to compute is S (k;), which takes
the following form:

1 &3k, 1<Mﬂ,¢M#>d )
T 2P) | (22)%2E,N, mi g

x (2m)o(ki — g™ —ky)

SO (k)

q+ 1 1 Il "
= — — d, (k 16
Py AM N 4q" k] MM (k). (16)

where fku = C('Z‘T‘;é
momenta integrations. Using the quark and gluon propa-
gators in the CGC background [42-44], we can compute
the following amplitudes:

and similar for other transverse

114025-4
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+¥ .
MM:_i u 9 +/ elkZJ_-xJ_[an _1’
1 gr (q+ky)2+1€y v [ ( L) ]
Mg — _lger Lﬁg.}/ﬂ/ eikZL'xL [V(xL) _ l]ta
(kl _kg)2+1€ x|
. d*(ky —q _— . .
_/\/l’,; = 19(2](;)7/1/#/ eikaL ilb[U b(xj_) -5 b]’

dk_ — d"(k k—
2k / / + k —v, ( 1+ > q)
k. (q - k) +ie"" (ky + k—q)* +ie

X / ek Xy ailky =k )y, [V(xJ_) _ l}tb[U"b(yL) _ 5ab]’
iy

(17)

|
with the total amplitude M given as M* = Y%, M{. We  and
find that the result (17) agrees with Ref. [45] except for the
overall sign and the adjoint indices in the eikonal gluon
vertex that enters M’g and MY see, for example, Eq. (3.2)
in Ref. [46]. In the special case when the final quark and
gluon are on shell, M takes the following simple form:

" _ ﬁ_k
T’I.q(kJ_) - 7/+ (q —_ k>2

Ho— ik x) ai(koy =k )y [TH a
M Y /cl KJL © ¢ [TqrV(x.) q)? +ie = 0 so that

yd (ky + k- q).

(20)

Here, we evaluated the k= integral in favor of (k; + k —

ok L)V (x )P U (y )], (18)
where (g—k)* = T lq ki + K (kL —q0)]> (21)
1 %9
_|_
T) = w%—fzy (19)
(g + ) Inserting Eq. (17) into Eq. (16), we find
|
’C
§©) ki) q g r / / ek x gilly =k )y,
( : P+4q+k+ qlkLk xli_yLyJ_
x e"iki¥ g ilka k) 'hdﬂﬂ,( g>[8<xL’xL)Tg ﬂTZ + Sqqg<xﬁ_vxl7y1)ng(li_)ﬂTZ
+ Sqqg(x/J_’xL’yL)TZ qTZ!/(kL) + ngqg(x/J_’y/J_’vayL)ng(kl)qug(kL)]’ (22)
where S(x,x’|) is the dipole defined in Eq. (11) and the additional distributions are given as
1
Sggg®, X 1Y) = (tr(VI )V ) U ('),
C/N,
1 N .
Sqgag XY X1LY1) = CoN. (r(VIE)V)e) U ) U L))). (23)

We now show that the first and the fourth terms in the
square brackets in Eq. (22) do not contribute to the
polarized cross section when integrated over the gluon

“Without loss of generality, the initial quark can be taken as on
shell even at finite k| | , that is, k% = 0. Equation (6) is not affected
due to the 0/0k?, derivative.

momenta. This is intuitively clear, as the SSA must
come from interferences of different amplitudes, that
are given by the second and the third terms (cf. Fig. 1),
while the first and the fourth term are squares of
amplitudes. The analogous structure can also be identi-
fied in the computation in Ref. [11]. Consider the
first term in Eq. (22), where in the context of Eq. (6)
we have

114025-5
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tr[ysk TZ%TZ]- (24)

We now apply C-parity transformation, where C = iy%y?,

and easily deduce that
dyy (ky)te[yshi T )"
= dy (k)u[Clrshh T 475)"C']
dﬂﬂ’(kg)tr[yjleZ%TZL (25)

d;m’ (kg)tr[yS kl TZ/%T”]

since d,,(k,) is symmetric. Therefore, the first term
vanishes under the trace by C parity. As for the fourth
term, we first note that it is, in fact, independent of k.
This seems almost trivial, as k,, never enters Eq. (20).
However, there is a potential k,, dependence in d,, (k,)
given through d~(k,) = 2k; kS =k, /k;* as well as
d—z( ) — kt/k+

T, (K )gTi (k) and T, (k' )gT;,(k,), respectively.
But, T/, (k,)~d""(k; +k—q) =0, so there is no k,,
dependence in the fourth term after all. In order to be able
to integrate the fourth term with respect to k,, we
consider the following observation. Defining first

These two terms must couple to

kg
gt + ki’

i= t=1-z (26)

as the momentum fraction of the recoiling gluon, the
parton momentum fraction in the projectile is
x, = q"/(ZP}). For the target, we have

XA _q—_<1+—‘i——l_>
Py q q

_9 [1+ (kquku q.)° Zli

(27)
qL qu

Typically, in CGC computations, one ignores the depend-
ence of x, on k| and k,, (see, e.g., [47]) and uses an
approximate formula x, ~ ¢~ /(zP;). The argument is
that large values of k,, should be exponentially sup-
pressed in the cross section due to the nature of the CGC
|

ke (

/

FIG. 1. An interference diagram that determines S©)(k,) in the
q — qg channel. The vertical gluons denote Wilson lines arising

from multiple scattering on the dense nucleus (represented by a
blue blob).

distributions, and the derivative with respect to k;, [see
Eq. (6)] should be ag suppressed via small-x evolutions
[48-51]. The former is implicit in Ref. [11], where the
computation is based on the initial condition model for
the target gluon distributions. With this approximation,
the only k,; dependence is in the phases, and this leads to

| et~ -y, (28)
kg

in which case fory’, -y, we have S ,,,(x" .y .x .y, )=
S(x,x ), which is independent of y, . This allows us to
perform the y,| integration, yielding

/ ekt ki )y — (27)25(k, — k). (29)

Y1

The Dirac trace from the fourth term becomes

te[ysk T4y (k | )4 T",(k )], which vanishes by C parity.
Therefore, only the second and the third terms (corre-
sponding to the interference diagram from Fig. 1) in
Eq. (22) are left, and we have

+
tr[yskls(())(kl)] = Z_+92CF/ . / eikix 1 gilky =k )y o=k X' o=i(ko =K' )y,
V4 gLK 1 X X\ ¥y,

X [_Sqqg(xﬁ_’xl’ylj_)H(k/J_’ li_) + Sqqg(le_’xJJyJ_)H(kJ_’li.)}’ (30)

where

Ml 1) = g do s TiATE 1) G

|
In Eq. (30), we have used H'(k .k, )= —H(k .k, ),
which is due to the appearance of ys. With the help of
the SU(N,) identity U (x| ) = 2tr(+*V(x | )t*V'(x)) and
taking the large N limit, we have

114025-6
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1
Sy WX 1Y) 2 5 (VAU )S (e 3))
- SeL ). (32)

The second (dipole) term in Eq. (32) drops out when
combined with the hard factors in Eq. (30). To see this,
note that the y, and the y/| integrations in Eq. (30)
result in & functions that yield k', =k, = k,, . This gives
—H(kyy . kyy) +Hikyy ey ) = 0.

Now we split the dipole into its real and imaginary
parts [21]:

S(eLy) = Pley) +i0GLy)  (33)
where

Ples3) =5 (S0 y) +S0ux1),

O 1.y1) =5 (s 31) ~S00x) (34

are the pomeron and the odderon distributions, respectively.
We also replace the primed and unprimed transverse
coordinate and momenta labels in the first term in
Eq. (30), namely, k', <>k, x| <>x,,and y| <>y . By
compensating for the reversed sign in the exponentials with
x, — —x, and using overall invariance under reflections
for the distributions in the unpolarized target, we obtain

[75%1

— (e =y1) e —iky, (%', =y 1)
P+
ky k. xLxL.YL

X [Px 1,y )O .y ) =0,y )Py ) H(k kL)
(35)

Here, we have used the following symmetry properties:
Plyi.xy)=Pxry) and O(y,.x;)=-0@x1.y1)
which follow from Eq. (34). We have also passed from
k,, to k,, integration. This result clearly demonstrates that
the polarized cross section is proportional to the odderon
operator.

The Dirac trace is easy to calculate, and we find

I)Vu S Vu’ (36)

H(kJJle) :41(Z+ 2 2
ViiVal

where v X vy =€ VL2 = vy vy, sin(¢py — ¢h,) and

viL =29, —7ky =q — 7k — 7k,

vo,=q, -7k —k,. (37)

Equations (35) and (36) represent the main results of this
section. The vectors v, and v, reflect the collinear gluon

radiations so that when v;; — 0 (v,; — 0) the radiated
gluon would be collinear to the final (initial) state quark.
Note, however, that in Eq. (36) both of these limits are
completely finite, meaning that the usual collinear diver-
gences one encounters in the NLO computations of an
unpolarized cross section for inclusive hadron production
(see, for example, [47]) are absent in this particular
computation of the polarized cross section. In addition,
when z -0 (Z — 1), i.e., when the radiated gluon is
collinear to the nucleus (k; — 0 and so k; — oo effec-
tively), the hard factor is also finite. In fact, a close
inspection reveals that the resulting cross section is zero
in this limit. Namely, when z — 1 there is a symmetry in
the hard factor such that, by interchanging k| <> k,; so
that v, | <> v, , the hard factor picks up a sign H — —H.
On the other hand, the soft part in Eq. (35) is even under
such a transformation, and so the overall cross section is
zero in this limit. In the case of the NLO unpolarized cross
section, the z — 0 divergence recovers a part of the small-x
evolution of the nuclear wave function [47].

We reflect here also on the computation in Ref. [11] that
takes into account only the gr(x,) contribution (on the
parton level) in Eq. (6). The resulting hard factor associated
with g7(x) is found to be

1
HOD (k) = 4q *k* Ay ( g)tr[}’SSLTZqTW(kL)]kuf()

)
=422 (38)
Vv
1121

with #; | and ¥, obtained from v, and v,, by setting
k,, = 0; see Eq. (37). It is important to observe that, while
the final state collinear divergence (»;; — 0) is absent, the
hard factor has a divergence when the radiated gluon is
collinear to the initial state proton (#,; — 0). This diver-
gence is also present in Ref. [11], as can be seen from their
Eq. (15) by setting the quark mass m — 0. In hindsight,
this means that the result in Ref. [11] must be incomplete in
the sense that the lowest-order computation should be free
from any divergences. That is, by taking into account also
the g(llT) (x) part of the full cross section (3), as per the WW
approximation (6), we indeed find that the initial state
collinear divergence is canceled between the g;(x) and the
gng) (x) parts, resulting in a finite hard factor (36). A similar
conclusion was also reached in a collinear framework in
SIDIS; see [30,37] where the g;(x) contribution to the
cross section contained an initial state collinear divergence
that gets exactly canceled with the collinear divergence in

the gﬁlT) (x) part.

>One should be careful here in first factoring out one power of
m in Eq. (15) in Ref. [11], as per the definition of g;(x).
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B. Proof that the real contribution in the ¢ — ¢
channel vanishes

We now argue that, in fact, Eq. (35) is exactly zero. Before
performing an explicit computation, we can appreciate it in
an intuitive way as follows. In general, for the polarized cross
section to be nonzero, we need two vectors: the transverse
momentum of the final state and the spin so that we can form
the familiar cross product g, x S . In the case of Eq. (35),
we have ¢, while we can think of k|, as a proxy for the
spin, thanks to the derivative $* 9/0k} , . However, owing to
the particular form of the hard factor (36), the two vectors q |
and k;; enter the cross section only through the linear
combination q;, =¢q, — 7k, (the soft part of the cross
section is independent of k; | ). Thus, the final result depends
only on a single vector, q; |, and therefore must be zero.

To see the above statement explicitly, we start by
switching to the coordinates

_ Xty
r,=x; =Y, bJ_—T,
/
Y=y, x|, bl_yi;x% (39)
to obtain
[}’skl

_192N _/ / lkLrLelkZL f
ko ki Jrib,r,

x[P(ry,b )OO b)) =O(r b )P(r b )| H(k, k).
(40)

Note that not all transverse coordinates in Eq. (40) are
independent—we have the following relation for ', :

Vi=b 3 (r 1), (1)
This is an important point, because O(r,,—b,) =
—O(r,b,) and so an integral over b, would superficially
vanish simply viab, — —b, . Next, in order to deconvolve
the transverse integrals in Eq. (40), we Fourier transform
the distributions as

Pri.b,)= / e e AP AL ),  (42)
KA

and similarly for O(r ,b,). In terms of the Fourier-
transformed distributions, Eq. (40) becomes

+

eyt SO (k)] = ig?N, L / [P A)O, A

P+
= Ok, AP, A ) H(k L kL),
(43)

where k; =k, +1A), ko) =k, +3A , and A, = -A .

The key quantity to consider in Eq. (43) is the integral
over the angular variables. While the pomeron carries no
angular dependence, the odderon has the following modu-
lation O(k;, A ) « (k, - A}) [this is simply the momen-
tum space counterpart of the more familiar O(r b ) ~
(r, -b,) modulation]; see, e.g., [52-54]. Focusing on
the first part in Eq. (43), we start from the following
expression:

2n depy 27rd¢K 2n d(,bK (V1L xva1)
/ / . )W. (44)

Introducing 6,, =¢,;, —zZA,/2 and 6,; =¢q,,
we have

-A,/2,

Vil X ¥y =811 X6y —811 XKy — K| Xy + 7Ky XK

(45)
and
Vi, =087, + K7 =22 61 cos(ge — bs,)-
Vi, =085, +K7 —2K.6, cos( — bs,)- (46)

Now we compute the integrals over ¢, and ¢,,. From the
first term in Eq. (45), we obtain

/2”d¢x z”dﬁbx )(5u X05,)
Viva,
lz (‘Iu xA)) 81, +7°k7
BN (1 o). @
4z 165, —x7 | 67, —2k7|
where we used 8, X8,, = —z(q;, X A})/2. Inserting

now the definition of §,,, we will, in general, have an
expression of the type

"5 Gin(y, ~ da)f(cos(hy, ~ b))

0 /]

— /% o % sin ¢ f (cos ), (48)
p

a1

but this is simply zero, as

" nsingscosdy = [ a(cosp)pieosa)
» "

—2r
= F(cos )| " = 0. (49)
where F(cos¢) is a primitive function of f(cos¢). By a
completely analogous computation, we can show that each
of the remaining three pieces in Eq. (45) is also zero and,
thus, conclude that the complete real contribution in the
q — ¢ channel vanishes.
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ODDERON MECHANISM FOR TRANSVERSE SINGLE SPIN ...

PHYS. REV. D 106, 114025 (2022)

C. g — q: Virtual contribution

For the virtual correction to the ¢ — ¢ channel, we have
the following amplitude:

+
M = / dk / / eikix 1 ailqr—ky —k )y,
(/LkL X1y

X [tV (x )T g1 + V(x )17 45
+ taV(xL)thab(yL)quL (50)
where
T lzl/oo dk!; yﬂ 4_k9 v % y.;,_d;w(kg)’
& o (27)" (g —k,)? +ie" ¢* +ie” ki +ie
. [ dky K ki K dy (ky)
T = 9 4L g AN
a2 1/_oo en) Brie” -k +ie’ K +ie
T :i/wdk;yﬂ 4=k v 1—K—K
7 e (27)" (g —k,)* +ie" (q—k—ky)*+ie

dy (k)
ké +ie’

X y,d" (k+ky 4k, —q) (51)
Above, in the first line of 7 qg We have evaluated the k-
integration in favor of the singularity at (ky + k4 k, —
q)? +ie =0 so that

|

1 oo dk;

O (k)= (27)6(ki —q")Crg

kg /

£y |

> >

ko —kQ k ko

FIG. 2. An interference diagram that determines S® (k) in the
virtual correction to the g — ¢ channel. The vertical gluons
denote Wilson lines arising from multiple scattering on the dense
nucleus.

1
(q—k=ky)* =—7=
. kiky

— kjkyy)* (52)

ki (ky + ki +ky —q))

To get the NLO virtual contribution to S (k;), we
combine the virtual amplitude (50) with the LO amplitude
(9) and find

2 P / / eik Xy oilky —k )y o=k X' o=ilko =K' )y,
2PP 27[) JLkLk X X LYU’ i

X[Sq(xﬁ_vxL)}'erTq+Sq(xj_’xL)Tq%}' Jquqg(xJ_’xi’yi)y qug(ki)+Sqqg(xj_sxi’yj_),]_-qg(klj_)dy+]’ (53)

where now k,; =q, —k;  and7,=7T,, + 7 ,,. Analo-
gous to the case of real production, the terms in Eq. (53)
that are proportional to the dipole operator will not
contribute as a consequence of C parity. This includes
the first two terms of the second line and the dipole pieces
in the last two terms of the second line according to
Eq. (32). Repeating further the steps of the calculation used
for real production, we find

+ foo dict
trlysk, S ! z

-q¢)N.g— | ==
Py ) 2n)

X / / ek -(x1=y) =ik (¥ —y1)
kgk, Jx ¥y,

X [P(x1,y1 ) O,y )= OxL.y1)
x Py ) Hk L k). (54)

See Fig. 2 for the diagram corresponding to this remaining
contribution. Here, now H(k k) is

O (k)] =i(2m)8(kf

1
Hk . k) = 29 Py [y5k1y+d7qg(kl)]
= —4i(y+ 1)L (55)
Vi1Vay

I
where we have introduced y = k} /k{ =k} /q" = z/Z and
v, (vo)) are associated with final (initial) state collinear
configurations explicitly given as v;; =yq, —k,, and
vy, =k, +yki, +ky; —q,. To compute Eq. (55), we
have evaluated the k integral in 7, (k) in favor of the
singularity k_(zl +ie = 0. Proceeding with the k,, loop
integral, we pass from the variable k,, to v, and write

/ Vig XVoyp
2 2
ko Y11V21

where v, = yq, — yk,, — k. But this contains an angular
integral that is precisely of the form (49) and, therefore,
vanishes.

V) XVy |

o EERL 56
/vu (vi+v2)™v3, )

D.g—g
In this case, we have only the real diagram with gluon
fragmenting into a final state hadron. The expression for
©)(k,) takes the same form as Eq. (22), with the only

difference being that now we are integrating over ¢, (the
momenta of the untagged quark) instead of over k, :
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k* C
SO (k,) = g

2

g F ik x| ai(ky =k )y o=ik' x| a=ilky =K' )y H i
— s efi¥Lglfar¥L)Yie T, ¥ g™ vd,, (k) [S(xy, X' )T 4T
P (2q")(2k; / / :

+ ‘Sqqg(x/J_’xJJy/J_)TZ!](k/J_)ﬁTg + Sqqg(xlj_va_’YJ_>TZ ﬁTgyU{L) + ngqg(x,J_’le_vxJnyJ_)TZ!J(k/J_)ﬂTZ!I(kJ_)]‘

The first term again vanishes due to C parity. To show that
the last term vanishes, we first need to make the following
replacements:k, —q, — k, andk’|, —q, — k', forthek
and k', integrals, which makes T, (k l) 1ndependent ofgq,.
Additionally, since ¢ is sandwiched between two y*
matrices, it does not give a ¢, contribution. Therefore,
the respective hard factor does not depend on ¢ |, and the
only g, dependence in the last term appears in the
exponential. From here, we take the analogous steps as
in the ¢ — ¢ channel. First performing the ¢, integration

/ equ_(xL_x/L) = 5(2) (.X'J_ _x/J_)a (58)

q.

Sq9q9(X'L,¥' . X,y ) collapses to an adjoint dipole [see
Eq. (23)] when x’L = x |, which is, in addition, independent
of x| . This allows us to perform the x | integral to conclude
that k', = k. With this, we can utilize C parity to find the
hard factor from the last term vanishes. For the remaining
interference terms, the trace is given in Eq. (36). With the
vectors vy and v, suitably rewritten in the form v, =
(zkiL —ky) +hkyy and vy = (zki —ky ) +koy — ko,
we see that a unique combination zk;, —k,, appears.
Thus, the steps to show that the cross section also vanishes
in the ¢ — ¢ channel are from this point completely
analogous to those for the ¢ — ¢ channel; see Sec. III B.
Together with the result from Secs. III B and III C, this
completes the statement that in the ¢ — gg channel the
|

1 dp
p— T
ap (k1) 2P+/(2n)32E e

/\_AMM/}P'>

(57)

[

odderon mechanism in the WW approximation does not
contribute to SSA at NLO.

IV. THE g — q§ CHANNEL

In this channel, we label the momenta as
g(ky) = q(q)g(p). The NLO amplitude can be written as

M* = (—l—g)/ / eik1x ailkar—ky )y, [Tgthba(xl)
ky Jxiy,

+ Tk )V (x ) Viy,)], (59)
where
a — Ayt dﬂa(‘]+p)
T =2kiy, pi(q—kp)z (60)
and
Tk =y AL

Ayt AU ST A

In the above expressions, similar to the discussion in
Sec. III A, k= is obtained by picking up the pole from
the condition (g — k — k;)? + ie = 0. The above results can
be shown to agree with the corresponding amplitude in
Eq. (38) in Ref. [55] used for unpolarized pA collisions
after taking the collinear limit for the gluon from the proton.

Using Eq. (59), we calculate Sg},)(kl) as

+

q gZTR / / 1kaLe(k2L_kL)yie l ie (ku—k/l)'J’l
+

P (2‘1 pikyk Jx X yiy)

X {SA(xL’xL)tr[qu.ang,ﬁﬂ] + 'Sqqg(xj_’yj_’xl) [ q4, a(k, )ﬁTg/iﬂ]

+ Sygg 1 x 1, X )tr[T),

where Ty = 1/2. Here, S, and S, are defined in Eq. (15)
and the first line of Eq. (23), respectively, while
‘Sqqqq (x/J_v xJ_’y/J_7yJ_)

CFNCtr<V*(xl)V(xi)t“VT(n)V(Yl)l@ (63)

,aquq./}(ki)ﬂ] + Sqqqq(xjgxL’yJ_’yL)tr[qu,a(

K )T gqpk )P} (62)

[
is an additional gluon distribution of the target. Similar to
the findings in Sec. Il A, the first and the fourth terms in
Eq. (62) vanish. For the first term, this can be argued from
C parity on the Dirac trace [another way is simply from
the fact that the adjoint dipole S, (x, .’ ) is real]. For the
fourth term, the key point is that the hard factor does not
depend on p | (# is sandwiched between y™, and so the p |
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q /
kq

ko —kQk

FIG. 3. An interference diagram that determines Sfl(},) (ky) in the
g — qg channel. The vertical gluons denote Wilson lines arising
from multiple scattering on the dense nucleus.

dependence drops out). Then, the fourth term does not
contribute by the same steps used in Sec. III A. This leaves
the interference term in Eq. (62) that is represented
graphically in Fig. 3. According to the WW truncation
in Eq. (7), these require the evaluation of the following hard
factors:

1 1
’}—[(gw)(kl) = Py ﬁeJraﬂSlwa’awﬁ’ﬁ
x tr[T% fThq (k) ),
; 1
H(g),ﬂ(kl,kll) = 4q+p+ (_(/fea—+SL _ goj_ie/f—JrSl)
X tr[Tg,aﬂqu,ﬂ(kL)ﬂ]' (64)
We find
B Vi XS
H9s) (k| ) = 42z(z — 2) ﬁ (65)
1121
HOA ke, Ky, ) = {22 +2%)(vo1 xS8))
1121

+22(z = 2) (ki x S1)]vt,
+ (2 4+ ) (v xS, )vh,

+22(z = 2) (v X Sk} (66)

where now v, =zq, —7Zp, =q, — 7k, —7k,, and
vy, =¢q, — 7k, —k,, with z=p*/k{ the momentum
fraction of the recoiling antiquark. By »;; (#,,) in Eq. (65),
we again denote v{; (v,) at k;; = 0. According to the
WW truncation of the polarized cross section, we also need
to take a derivative of H@4(k k) with respect to k;,
(and sum over 1); cf. second line in Eq. (7). After this, we
could proceed with the angular integrals as in Sec. III B, but
this time the expressions would involve S | . A simpler way
to proceed is to first combine the first and the second line in
Eq. (7), leading to

0 _
H ) (k) — WH(Q)’A(ki,ku)
1 ki=p,
4Z(2+72) ., . S .
= —% (97,93, +2(P 1 - P )v3, ) (D1 X S1)
HRZ
— (D193, + 20011 - P )91 ) (Day X 8] (67)

After some inspection, this can be also rewritten in a more
convenient form as

o
H@")(lﬂ) — [WH(g),ﬂ(kL,ku)}
1 ki=p,
0 Vi XV
_ SA Y (4(Z2 +ZZ)M—>:| s (68)
[ Lok, vivi ky=p,

where $# is now factored out and the effective hard factor
inside the brackets in Eq. (68) now has finite k; | through
vy, and v, . To prove the equivalence of Eqs. (67) and (68),
we have used the Schouten identity vy, (¥, x S,)+
f)ZJ_(SJ_ X ],;u_) + SL(‘,}H_ X i;ZJ_) =0. Equation (68) re-
veals that the general structure of the g — ¢g hard factor
is the same as in the ¢ — ¢ channel; see Eq. (36). There-
fore, by following the same logic as in Sec. III B, we
conclude that the corresponding polarized cross section in
the g — gg channel also vanishes.

V. THE g — gg CHANNEL

In the case of the g — gg channel, there is a great
simplification due to the fact that the purely gluonic
contributions involve only adjoint Wilson lines, which
are real, and, therefore, the odderon mechanism is absent.
The only exception is the quark loop correction to the tree-
level g(k;) — g(k,) amplitude (see Fig. 4), which we
compute below. Discarding immediately the dipole pieces,

S((J%) (k1) takes the following form:

FIG. 4. An interference diagram that determines Sfl%) (ky) in the
virtual correction to the g — g channel. The vertical gluons
denote Wilson lines arising from multiple scattering on the dense
nucleus.
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Sty (k1)
= g7 otk =) N 5 .
“ / ik gilky k)1 ik, %), gilhs K, ),
x. Xy,
X [Sqqq(e .y 1. X ) (=2k] ) doy (k) Ty 5 (k1)
+ g0 X X 1) (2K oy (k) ThY ()], (69)

where ¢ is the quark loop momentum and

up 1 o0 dq_ % - k d
Tak) =5+ /oo (27r)tr[(q—k )Zg e e
r =k b A
(70)

Similar to the computation in Sec. IV, and according to
Eq. (7), we are to evaluate the following combination:

0 N
H(gw)(kJ_) — WH(g)’l(kl,ku_)] s (71)
1 ky=p,
where we define
H G (k) = ! ! naps,
") = agrppr & e

X (—2k1+)daf,4(kg)7qq pkL).

; 1 ]
HOH (ke kL) = 3 (¢ eems:

2q%)
X (=2k1 ) doy (ko) T, (kL) (72)

— ghePmSL)

—

A direct computation leads to

0 .
H9er) (k) — {W’H(g)‘i(’ﬂ,ku)]
1 ky=p;
d Vi XV
o (407 4" ) | )
[ ak’h iy, k=p,
where now v, =-q, +k;, —Vk;; —k, and v, =

q. — Yk, . But this is completely analogous to the result
for the loop correction in Sec. IIIC, and so S((l(;,) (k1)

vanishes after the ¢, integral.

VI. DISCUSSION AND CONCLUSIONS

We have revisited the odderon mechanism for SSA in
pTA originally suggested in Ref. [11] at the quark level.

At the hadron level, this mechanism would involve the
gr(x) distribution. We have considered the WW truncation
of the full twist-3 polarized cross section and argued that, in
addition to g7(x), we also need to take into account the
gng)(x) for a consistent computation. Our main finding is
that under this truncation the polarized cross section
vanishes exactly up to NLO for all possible partonic
channels.

It is natural to consider whether any of the above
assumptions can be relaxed so that a nonzero contribution
to SSA from the odderon mechanism may be found after
all. One option is to go beyond the WW approximation,
namely, including the ETQS pieces in Eq. (6). Already at
the LO, this could potentially yield a new contribution
where the phase is obtained from the odderon. Note the
difference from the more conventional pole calculus—here,
one needs to pick up the principal value of internal
propagators so that the general functional forms of the
ETQS functions would be required. Going beyond the WW
approximation at the NLO is more challenging. In practice,
restricting merely to S()(k,) and its k;, derivative is not
enough, as one needs to take into account also the full

three-body kernel S (xpP,,, x,P,) that includes pole and
nonpole pieces. Already the colhnear divergence found in
the hard factor associated with g7 (x) [see Eq. (38)] remains

beyond the WW approximation, underlying the need to

compute 551 (x,P,.x,P,) in order to get a finite cross
section.® One can also consider the twist-3 FF mechanism,
where we would pick up the real part of the twist-3 FFs with
the phase provided by the odderon. Once again, this in
contrast to the conventional computations where the phase
is supplied by the imaginary part of twist-3 FFs. Given that
the current global fits constrain only the imaginary part of
the twist-3 FFs [57,58], the phenomenological implications
of this alternative would be worth exploring.

Another possibility would be to retain the WW approxi-
mation but compute the hard factor up to NNLO. While, of
course, only an explicit computation can reveal whether the
odderon appears at NNLO, we mention here a competing
mechanism that is already known to appear at NNLO. The
basic premise is very simple: At higher orders, it is an
imaginary part of the loop amplitude that can supply the
phase. A specific NNLO contribution illustrating this is
given in Fig. 5, where the crosses denote cut propagators.
Physically, the initial ¢ — gg splitting occurs inside the
target nucleus in the amplitude. The gg system sub-
sequently rescatters with a 7-channel quark into the final
state, providing a phase with respect to the amplitude on the
opposite side of the final state cut. Such final state
rescattering is sometimes referred to as the lensing

®1t is worth mentioning here the computation of target SSA in
deep inelastic scatering, where it was found that the divergent
pieces cancel among the two-body and three-body kernels [56].
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/

ST

AV4
g N\

FIG. 5. A sample interference diagram appearing at NNLO.
The crosses denote cut propagators that determine the imaginary
part of the loop.

mechanism and was considered in Ref. [19]. In fact, this
idea [59] is closely related to the very first estimate of SSA
in perturbative QCD [60]. The computation in Ref. [19]
was in the quark-diquark model. As a future work, it would
be important to consider this in the hybrid approach.
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