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GOE-Type Energy Level Statistics and Regular Classical Dynamics
for Rotational Nuclei in the Interacting Boson Model
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We study the fluctuation properties of 0+ levels in rotational nuclei using the framework of SU(3)
dynamical symmetry of the interacting boson model. Computations of Poincare sections for SU(3)
dynamical symmetry and its breaking confirm the expected relation between dynamical symmetry and
classical chaos. On the other hand, the quantal energy level statistics in the realistic case of rotational
nuclei is close to Gaussian-orthogonal-ensemble statistics, contrary to expectations. The conjectured re-
lation between energy fluctuations and chaos is approached asymptotically. Several predictions for
chaotic behavior of normally deformed and superdeformed rotational nuclei are given.

PACS numbers: 05.45.+b, 02.20.+b, 03.65.—w, 21.60.f"w

Several recent papers have treated the intriguing prob-
lem of the connection between dynamical symmetry and
quantum chaos [1,2], using coherent states based on a
fixed chain of irreducible representations of a Lie group
to define a dynamical symmetry through Casimir opera-
tors. In that approach, the existence of dynamical sym-

metry was taken to specify the absence of chaos. Con-
versely, the breaking of a dynamical symmetry was taken
to be associated with chaos. These conclusions were illus-

trated [I] with some examples with the SU(3) dynamical

group, such as the Elliott SU(3) model [3] for light nu-

clei and the quark model [4] in particle physics. Alhassid
et al have inves. tigated [2] the chaotic properties of the
interacting boson model [5] (IBM), which is character-
ized by the U(6) group structure. They have concluded
[2] that near the SU(3) and O(6) dynamical symmetries
of the IBM the fluctuation behavior of the states with an-

gular momentum I ~ 2 is close to the Poisson statistics,
changing gradually to the Gaussian-orthogonal-ensemble
[6] (GOE) statistics as the interaction strength moves

away from these dynamical symmetries. This was found
to be consistent with the study [2] of the underlying clas-
sical motion using Monte Carlo calculations applied to
boson condensates.

Here we investigate the collective states of zero angular
momentum and positive parity (J =0+) in rotational nu-

clei, described in the framework of the interacting boson
model [5] of Iachello and Arima, and we find some new

chaotic features. In the IBM one considers a system of 4

bosons that occupy an s (J=0) level and a fivefold de-

generate d„(J=2) level, interacting through a Hamil-
tonian that can be expressed in terms of 36 generators
s s, d„~s, s td„, and dtd, of U(6). This model is of partic-
ular interest for the studies of regular and chaotic motion
since it corresponds to a real physical system, provides a

framework for algebraic description of states with three
dynamical symmetries, has a microscopic basis, and suc-
cessfully describes the low-lying nuclear phenomenology
accounting for collectivity. In particular the SU (3)
dynamical symmetry [5] of the IBM corresponds to rota-
tional nuclei, The corresponding Hamiltonian can be
presented in the form [7]

HSU(3) 2 g(2). g(2)+ ' J(l).J())
N8 —

1 NB —
1

with the SU(3) quadrupole operator Q„2 =d~ts+s d„
-+ —,

' J7(dtd)„and the angular momentum operator

J,,
' =a 10(d d)„. Here, tc2 and tc( are the interaction

strengths, A'q is the total number of bosons, and the +
signs correspond to a prolate (oblate) shape.

The classical limit of the IBM Hamiltonian was con-
structed [7,8], in accordance with the general procedure
[9], as an expectation value of the Hamiltonian, with the

group realization for the coherent state. We limit our in-

vestigation to zero angular momentum and positive parity
(J'=0+), in analogy to the limitation to I =0 in the

study of the hydrogen atom in a uniform magnetic field

[10]. The classical Hamiltonian corresponding to the
quantal Hamiltonian (1) for J'=0+ is [7]

HsU(3) & ( P4/4P4~P2(5P2 P2)/2P2 4P2+2P2(P2+P2) (P2+P2)2/4

~ 2 [ I
—P, /2P —(P + Pt) )/2] ' i ![P, /P

—P (P '+ Pt) ) ]cos 3 y+ P P~p „si n 3 y] ) (2)

w ith g =2. A simple way to break the SU(3) dynamical
symmetry is to take (&2.

The classical Hamiltonian (2) depends on two coordi-
nates (shape parameters) P and 7 and their conjugate
momenta Pp and P~, respectively. The advantage of con-
sidering the classical Hamiltonian (2) is that the corre-

sponding Poincare sections are of dimension two and can
be used to illustrate the onset of classical chaos. We
compute the (P, pt)) Poincare surfaces of section defined

by 7=0, P, ~ 0. Contrary to this case, in the study [2]
by Alhassid et aI. in a twelve-dimensional space, the
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integer ~ 0, p an even interger ~ 0. K is an extra label
one needs to distinguish between different states with the
same spin that can occur in a single SU(3) representa-
tion; it is closely related [5] to the K quantum number in

the geometrical description where it measures the projec-
tion of angular momentum J along the symmetry. axis.
Within each (X,p) representation there is only one J=0
state; thus, the K quantum number is not needed for J =0
states.

In Figs. 2(a) and 2(b) we present the calculated
nearest-neighbor spacing (NNS) distribution and the
Dyson-Mehta h, 3 statistics for a realistic case: The in-

teraction strengths in the Hamiltonian (I ) correspond to

the ' Er nucleus (vl = —0.1978, K2=0.0452) and the
boson number IVY =20 is the same as used in Ref. [2].
Our calculation shows that the energy level statistics for
the J'=0+ states with Nq =20 are close to GOE statis-
tics. The calculated value of the Brody parameter for the
NNS distribution is co=0.80 (ro=l for GOE and ro=0
for Poisson). This result for the energy level statistics of
0+ states appears in contrast to the conjecture on the re-

N
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I IG. 2. Statistical fluctuations of the J =0+ energy spec-
trum for the quantal IBM Hamiltonian (1). Shown are the
nearest-neighbor level-spacing distributions [histograms in

panels (a), (c), and (e)] and the Dyson-Mehta h3 statistics
[panels (b), (d), (f), and (g)]. The solid lines are the GOE lim-
it and the dashed lines are the Poisson limit. The boson number
is (a), (b) Nz =20, (c),(d), (g) JVq =70, and (e), (f) Ng =200.
Panel (g) displays A3 statistics for each of the three subsets of
levels in the case Ng =70: for the 144 levels with lowest ener-
gies (dots), for the next 144 levels (open circles), and for the
144 levels with highest energies {crosses).

lation between the quantal energy level statistics and the

underlying classical dynamics, because the corresponding
classical system (2) is regular. Furthermore, our results

for the energy level statistics of 0+ states, which are close

to GOE predictions, appear in sharp contrast to the previ-

ous results obtained by Alhassid ei al. [2] for the J =2+,
4+, 6+, and 8+ states. For these states the results were

close to Poissonian, with the Brody parameter co =0.03.
What causes a pronounced diAerence between the re-

sults for J"=0+ and J'~ 2+ states? This is an eA'ect of
the previously mentioned additional quantum number K.
For the J"=0+ states the K quantum number has only

one value, K =0, and it does not influence the calculation
of fluctuation measures. On the other hand, for J'» 2+

there are several possible values of K. Therefore, each set

of all states of a given spin J and positive parity is a corn-

bination of several subsets of levels which diA'er in the

value of the K quantum number. For example, the

J =2+ levels consist of two superposing sequences of lev-

els, with (J'=2+,K=0) and (J'=2+,K=2). For each
of these two sequences, taken separately [19], the energy
level statistics are close to GOE, while for their superpo-
sition, i.e., for the set of all 2+ levels, they are shifted to-

wards Poissonian. Similarly, Alhassid ei a/. have ob-

tained near the SU(3) limit of the IBM the near-

Poissonian energy level statistics for the J =8

states because their calculation was performed for the

superposition of sequences (J'=8+,K =0), (J'=8+, K
=2), . . . , (J'=8+, K =8). Thus the Poisson statistics
found by Alhassid et al. is not a signature of chaos; in-

stead, it is a consequence of superposing several se-

quences of levels, each having a single value of the addi-

tional quantum number K. We note that the problem of
energy level statistics for combined sequences of levels

with different values of an additional quantum number

has been investigated in the case of the isospin quantum
number [20,21].

Thus, it is seen that the J =0+ states are particularly
suitable for investigations of chaotic behavior. We note

that the available experimental data on 0+ states, al-

though scarce, give some support [22] for the GOE-type
of statistics.

As shown above, the 0+ states in a realistic nuclear
case present a counterexample to the symmetry paradigm
[1,2] for the relation between energy level statistics and

dynamical symmetry, and to the conject'ure [13] on the

relation between the energy level statistics and classical
dynamics. However, the IBM framework provides an op-
portunity to study what happens with the energy level

statistics of the model when the boson number N~ in-

creases above the value which corresponds to the realistic
case of rotational nuclei. Namely, the boson number /V&

plays the role of a control parameter for the semiclassical
approximation, with %q ~ corresponding to the classi-
cal limit [5,7]. This can be viewed in analogy to the

three-level schematic shell model, investigated by Mere-
dith, Koonin, and Zirnbauer [14] and Leboeuf and Sara-
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ceno [23], in which case the total number of fermions

plays the role of 6 ' in conventional quantum mechan-
ics. The behavior of fluctuation measures with an in-

crease of the boson number Ng beyond the value ap-
propriate for rotational nuclei is illustrated in Figs. 2(c)
and 2(d) for Ntt =70 and in Figs. 2(e) and 2(f) for
Ng =200. We see that the increase of Ng in the direction
of the classical limit is accompanied by a change of the
energy level statistics away from GOE in the direction of
Poisson statistics. Only in the asymptotic limit of large
Na, far above the physical range of Nq for rotational nu-

clei (where Ntt + 20), are the energy level statistics close
to Poissonian.

There are three interesting predictions coming from the
present IBM investigations, which should be tested in fur-
ther studies: (i) The energy level statistics of 0+ states in

rotational nuclei should be close to GOE, although the
underlying classical motion is regular. (ii) For superde-
formed nuclei described [24] by the IBM (where Ntt
might be as large as Ntt = 50), the energy level statistics
should be shifted away from GOE towards Poissonian, in

comparison to normally deformed nuclei (where Ntt
20). (iii) In the cases with sufficiently large values of

Ntt the energy level statistics should gradually change
from the one which is closer to Poissonian at low energies
toward GOE at higher energies.

Concluding, we have investigated the Poincare sections
for the 0+ states described by the classical Hamiltonian
(2) which corresponds to SU(3) dynamical symmetry of
the interacting boson model for rotational nuclei. In ac-
cordance with the symmetry paradigm, the dynamical
symmetry is associated with classical regularity and the
breaking of dynamical symmetry with the onset of classi-
cal chaos. On the other hand, contrary to the conjecture
on the relation between quantum fluctuations and classi-
cal dynamics, we find that the quantal energy level statis-
tics of 0+ states in the realistic case are near GOE, al-

though the underlying classical motion is regular. With
an increase of the value of the total boson number Ng
above the realistic values, however, the quantal energy
level statistics approach the Poisson statistics. Thus, the
above-mentioned conjecture is satisfied in the asymptotic
limit, which, however, lies outside of the realistic parame-
ter range. Thus, the chaotic behavior of the interacting
boson model is richer in phenomena than was previously
thought, oA'ering some interesting predictions for future
studies.

We thank D. Paar for computational assistance and F.
M. Izrailev for a very useful discussion.
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