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n and »’ in a coupled Schwinger-Dyson and Bethe-Salpeter approach
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Extending our earlier treatments ef, 7., and 5,, we study thep-»' system and itsyy decays using a
model which is a leading version of the consistently coupled Schwinger-Dygonand Bethe-SalpetéBS)
approaches. The electromagnetic interactions are incorporated thrdggheaalizedlimpulse approximation
consistent with this bound-state approach, so that the Ward-Takahashi identities of QED are preserved when
quarks are dynamically dressed. To overcome some of the limitations due to the ladder approximation, we
introduce a minimal extension to the bound-state approach employed, so that(thepdoblem is avoided.
Pointing out which of our predictions hold in the coupled SD-BS approach in general, and which are the
consequences of the specific, chosen model, we present the results for the axial-current decay comgtants of
10, and of their physical combinationg and 7', the results for theyy-decay constants afy, and 7g, for the
two-photon decay widths of; and »’, and for the mixing-independem ratio constructed from them.
[S0556-282(98)03217-2

PACS numbse(s): 11.10.St, 13.40-f, 14.40.Aq, 14.40-n

[. INTRODUCTION Jain and Munczek3-5] have succeeded in reproducing the
leptonic decay constants of pseudoscalar mesons and, even
A particularly interesting example of the applications of more importantly, a very large part of the meson spectrum,
Schwinger-Dyson equations to hadronic physicsviewed except for such elusive cases as the;’ system.
in, e.g., Refs.[1,2]) is the approach through consistently ~Such an up till now successful and reputable referent
coupled Schwinger-DysofSD) equations for quark propa- Model should be tested further by calculating other quantities
gators and Bethe-Salpet@S) equations for bound states of (€-9-, electromagnetic procespés see how well it will do.
quarks. Among various studies of this kind, those of Jain and his was our motivation for calculating®, 7, 77,— v, and
Munczek[3—5] are judged by many as “the most extensive ¥* 7 — 7 in Refs.[9,10], and Jain and Munczek's model
and phenomenologically successful spectroscopic studies PRSSed this test very well. Other applications are also under
the rainbow-ladder approximation’6] and therefore are of- investigation, and still many others are possible. However,

ten choser{1,2,6-§ as a representative, paradigmatic ex.for the full assessment of a model and for getting useful

_ — insight in how to improve it, it is also very interesting to see
ample of such studies. The essence of such a treatmeyf of 1,5y it performs at the very edges of its applicability. Al-

bound states is the solving of the ladder Schwinger-Dysofhough Jain and Munczek’s model is cleverly constructed so
(SD) equation for the dressed quark propaga$6g), and  that it works well for most pseudoscalar and vector mesons
then solving in the consistent approximation, with this result-he|ow, above, and even on the mass scale @ind 5’, the

ing dressed quark propagator and with the same interactiofinitations of the (“improved” [2] or “generalized” [7])
kernel, the Bethe-Salpet@8S) relativistic bound-state equa- |adder approximation employed by the model put the;’

tion for aqqg meson. This procedure is crucial for obtaining system on such an “applicability edge” of this model—
the mesons from the light pseudoscalar octet as Goldstorathough not beyond it, contrary to what a pessimist could
bosons when the chiral symmetry is spontaneously brokerhave concluded. This will be clarified below, where we ana-
Thanks to this, a coupled SD-BS approddiotably, Refs. lyze the -’ system and itsyy decays in Jain and Munc-
[3—-5]) can reproduce the correct chiral limit behavieru-  zek’s model[3-5], demonstrate the abilities and limitations
cial in the light sector simultaneously with the realistic re- of this model, and anticipate in which way it can be extended
sults for heavy mesons. In Ref8-5], the interaction kernel to improve further the description of and »’.

is given by a modeled gluon propagator consistingapfthe

well-known perturbative part, reproducing correctly the ul- Il. SOLVING THE CONSISTENTLY COUPLED SD

traviolet (UV) asymptotic behavior unambiguously required AND BS EQUATIONS

by QCD in its high-energy perturbative regime afig the
nonperturbative part, which should describe the infraf&d
behavior. Sir_wce the IR behavior (_)f QCD is still more or less S{l(q)=Af(q2)aj—Bf(qZ) (f=u,d,s, ...), (1
unknown, this latter nonperturbative part of the gluon propa-

gator is modeled. In Ref§3-5], several forms for this IR are obtained by solving the SD equation, which in the ladder
part have been used and their parameters varied, with thepproximation(i.e., with the true quark-gluon vertex re-
outcome that results are not very sensitive to such variationglaced by the bare one, namely,A!/2) becomes

Dressed quark propagatoss(q) for various flavorsf,

0556-2821/98/5@)/09600316)/$15.00 58 096003-1 © 1998 The American Physical Society
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d*k

7#S1(K) y"GL(p—K),
)

wheremy is the bare mass of the quark flavigroreaking the

sfl<p>=p—ﬁqf—ig§tcpf(2m4

chiral symmetry explicitly, andCg is the second Casimir

PHYSICAL REVIEW D 58 096003

A =134 Ge\) the bare masg(A?)=3.1 MeV—chosen to
ultimately lead to the realistically massive pion—yields the
light nonstrange isosymmetric constituent quark masgy
=375 MeV, just 5% above its value in the chiral limit. For
quarks,m¢(A?) is 73 MeV, giving us the strange quark con-
stituent mass\;=B(0)/A,(0)=610 MeV [5].

invariant of the quark representation, here 4/3 for the case of In the chiral limit, solving of Eq.(2) with m¢=0 is al-

the (halved Gell-Mann matrices\//2 (j=1,...,8) of

ready sufficient to give us the Goldstone pion bound-state

SU(3).. Neglecting ghosts, the product of the strong cou-vertex I', that is of zeroth order in the pion momentuym
pling constantgg; and the Landau-gauge gluon propagator

can be approximated by th&nsatzoften described as the

“Abelian approximation” [11]:

k#k”
) . 3

gitCFGW(k>=G<—k2>(g“”— 2

As explained in the Introduction, the functi@ is given
by the sum of the known perturbative padi,,, and the
modeled nonperturbative pa@g:

G(Q)=Gu(Q)+GRr(Q?) (Q*=-k’). (4

In Gyy, we employ, following Ref.[5], the two-loop
asymptotic expression fary(Q?)

ag( Qz)

QZ

Guv(Q?)=4mCe

47°Crd
Q?In(Xo+ Q% Adcp)
+blr1[ln<x0+QZ/AéCD>]

In(xo+ QZ/AgCD)

b=28,/82=2(1N;/12

X

(5

where d=12/(33-2Njy),

—51/4)/(N¢/3—11/2f. As in Ref.[5], we set the number of

flavorsN{=5, Agcp=228 MeV, andx,=10. We adopt the
modeled Gy, together with its
a=(0.387 GeV)“*andu=(0.510 GeV) ?, from Ref.[5]:

Gr(Q?)=47’CraQ%e #<’, (6)

Solving Eq. (2) for the propagator function#\;(q?) and

parameters

2 2 )\3 2
I'zo(g;p*=M7=0)= EFfﬂ(q:p =0)m,=o0

A3 \/EBf(qz)mf=o
==Yy — 7

\/575 fn' ’

leading[12,7] to the famous resuliEgs. (26) and (28) be-
low] for the #°— yy amplitude due to the Abelian Adler-
Bell-Jackiw (ABJ), or axial, anomaly.

Of course, for heavieqq composites one cannot circum-
vent solving the BS equation by invoking the chiral-limit
(and the soft-limit,p#—0) result(7). This is obvious when
they containc or b quarks, for which the whole concept of
the chiral limit is of course useless even qualitatively. When
strange quarks are present, Ef).can be regarded only as an
“exploratory” [8] expression and is useful for considering
the chiral limit, since this limit isqualitatively meaningful
for the s quarks. Nonetheless, we need theantitativepre-

dictions of Jain and Munczek's model for thss pseudo-
scalar bound state, which is not physical, but enters as the
heaviest component in the pseudoscalarand %', intro-
duced in the next section.

Therefore, we must obtain the bound-state veliggby
explicitly solving

4.1

YHSs I's(a’,p)

, P
N2 ro -
FS_S(va)_|gstCFf (2m)* 9'+3

XS5

@~ 5| yG,uia-a), ®

B¢(q?) also yields the constituent quark masses, defined

(at q?>=0 for definitenessas M;=B(0)/A;(0) for the fla-
vor f.

The casem;=0 corresponds to the chiral limit, where the
current quark masm;=0, and where the constituent quark
mass stems exclusively from dynamical chiral symmetr

breaking(DxSB) [3]. Foru andd quarks, the chiral limit is
a very good approximation. Solving E(R) with m,=my
—0 leads taM = B,(0)/A,(0)=By(0)/A4(0)= 356 MeV

for the gluon propagatof3)—(6) with parameters quoted

above and used in Ref5].

Whenm;# 0, the SD equatio2) must be regularized by
a UV cutoff A [4,5], andm is in fact a cutoff-dependent

quantity. We adopted the parameters of RBf, where(for

the homogeneous BS equation again in the ladder approxi-
mation, consistently with Eq(2). For pseudoscalarR)
quarkonia, the complete decomposition of the BS bound
state verteX'p in terms of the scalar functioris] is

y

lin Eq. (7), we explicitly included theelsewhere suppressefta-
vor factor\3/+/2, appropriate forr®, to emphasize the change of
our convention with respect to Ref€,10]: we now adopt the con-
vention of Jain and Munczek’s papdi&-5| for the flavor factors
but not their conventional color factor of dm_c Hence, we have
the additional factor ofN, multiplying the integral in Eq(2.8) of
Ref.[4], the formula which otherwise specifies our normalization.

096003-2
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I's(q,p)= ys{rg(q,pyrpri’(q,p)+qr§(q,p) smallm c_annot joeopardize the relevance of E@) for 'ghe
o computation ofr”— yvy, as shown also by Ref15], which
+[p.4]T5(q,p)}- (9)  found(in an approach closely related to outisat the ampli-

tude decreased with respect to the analytic chiral-limit axial
[The flavor structure is suppressed again. For neutral pse@nomaly result only by less than 1% when they introduced
doscalars['p is decomposed intbf_componentﬂ“f?accord- the nonvanishing but small,d-quark massn=6.7 MeV.
ing to Eq. (15 below] The BS equation(8) leads to a
coupled set of integral equations for the functidﬁE (i lll. 7-75" COMPLEX AND ITS AXIAL-CURRENT DECAY
=0,...,3),which we find to be most easily solved numeri- CONSTANTS
Sa!ly in éhel\AEuclide%n spacﬁ b)]: fOIIOYVitngtLhe pfogledm? of The SU(3) octet and singlet isospin zero states, and
ain an unczeK3-5], who formulate the problem in - e
terms  of thel{ B]S amplitudes Xf?(q,pp)zsf(q 70, @re in theqq basis given by

+p/2)I'11(a,p) S¢(q—p/2). 1 _
In order to avoid the angular integration, we also adopt | 7g) =—=(Juu)+|dd)—2|ss)), (10)
the momentum expansiofin the Chebyshev polynomials 3

[3-5] of the four scalar functions appearing in the decompo-

sition of the BS amplitudes. Referenfg| often kept only T -

the lowest order moment in the Chebyshev expansion, be- |Wo>:ﬁ(|uu>+|dd>+|55>)- (11)
cause they found it adequate for most of the meson spectrum.

In contrast, while qsing the kerngl and parame;ers of Refi our phenomenologically successful model chdisg the
[5], we always retain gll four functions when solving the BS fj5yor SU(3) symmetry is broken by the-quark mass being
equation(8) and the first two moments in the Chebyshev gjistically larger than thei,d masses. Nevertheless, the
expansion. The accuracy of this procedure has recently r8sospin symmetry foru and d quarks is assumed exact

ceived an independent confirmation—especially for the Pr€Sthroughout this paper. As is most commonly done, E&)
ently interesting charge conjugation eigenstates—from Marisénd (11) both employ the same quark basis Std[é—s (f
and Robert$11]. In their study ofz- andK-meson BS am- ploy q

; .. =u,d,s) to defineng and n,. As pointed out by Gilman and
plitudes, they employefioth the Chebyshev decomposition . . . i
and straightforward multidimensional integration. TheirKaUﬁman [16] (following Chanowitz, their Ref[8]), this

comparison of these two techniques showed the very quickJsual procedure implicitly assumes nonet symmetry. How-

convergence of the Chebyshev expansion: in the case §eh it is ultimately broken by nonabelighgluon™) axial

equal quark and antiquark masses, such as in the pion, tﬁgomaly, which will be dlscugsed in Sec. V.

zeroth and the first Chebyshev moment are enough for an. 78 and 5, cannot be physical as they are notfhe mass
accurate representation of the solution. Even for the kaonglgenstates. However, that are their mixtuseand 7"
still just one more is needdd1], in spite of the difference in _ e
the masses of its constituent®f course, the limitations of |7)=cost] 7g) = sin6) o). (12

the' Iadgier approximation wc_)uld in the end lead to increasing | 7" )=sin6| 7g) + cOsA| 7). (13)
difficulties if one of the fermion messes became much larger

still, as recognized also by Refi4]. However, if the mass The determination of the specific value that the mixing angle
ratio of the constituents is not too large, various contribu-g should take is a difficult issue which will be handled sepa-
tions beyond ladder approximation largely cancel out in theately in Sec. V. We will keep our discussion general until
flavor-nonsinglet pseudoscalar, vector, and axial channelge evaluate those of our results which are independent of the
[13,14,1], explaining the success of the ladder approximamixing and &—such as the decay constants of the unmixed

tion in these channels. _ statesyg and 7,—and point out those quantities for evalua-
Our procedure, already successfully used in ReFSL0]  tion of which we need a concrete value @f

for M, andM,, , gives usMss=721 MeV for the unphysi- For the light neutral pseudoscalar mesonB

cal pseudoscala@s bound state entering in the-7’ system =70 7s, 70, their axial-current decay constantg="f o,

in the fashion discussed in the next section. Naturally, wher ,, andf,, . are defined by the matrix elements
we abandon the chiral limit approximation in Eg), we can
also obtain thgisosymmetri¢ pion bound-state vertek .o
=TI",;.=I4q, replacings—u in Eq. (8). Although we stress
that the chiral limit is an excellent approximation for many
purposes in the case of pions, including the computation ofvhere =(u,d,s) is the fundamental representation of
7°— vy, it is also very important that the experimental SU(3), while P=70, 5,7, simultaneously has the mean-
massM o= 135 MeV is reproduced5] through Eq.(8) as  ing of the respective SU(3)ndices 3,8,0. This picks out the
M,; (=Mgg with the small explicit chiral symmetry diagonal §=3,8) SU(3)} Gell-Mann matrices\! and
breakingm,4(A2) =3.1 MeV, corresponding ttsosymmet-  A\°=(12/3)15 in Eq. (14).

ud ’
ric) currentu- and d-quark masses1=8.73 MeV, close to The neutral pseudoscalafs are expressed through the
the empirical values extracted by current algebra. Such guark basis statg$f) by

— A .
<0‘¢(0)7“757¢(0)P(p)>=i5‘prp“, (14

096003-3
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)\P

— I P|£f\ _
|P>_Z \/E)”|ff)_§f: af|ff) (f=u,d,s), (15

where the nonvanishing coefficienﬁz(xpl\/ﬁ)ff for P
=7° are aﬂoz—agozll\/iz()\g’/\/i)n, whereas foryg
they are a=aj®=1/6=(\%2);;=(\%2),, a®
=—21\6=(\¥12)33, and for 7° a=aj’=al
=(\%\2)=113.

The axial-current decay constants defined in @4) can
be expressed as

)\P 2
for S (N"¢¢)

f=u,d,s 2

fer

(P=7%-3, ng—8, and 7y—0), (16)

PHYSICAL REVIEW D 58 096003

k+q-pi2 + (kek’, peov)

FIG. 1. The diagram foP— yy decays P=#° 7,7, ...).
Within the scheme of generalized impulse approximation, the
propagators and vertices are dressed.

IV. 7% 9g, 70— vy, AND 5,7’ —yy PROCESSES

The transition amplitudes fon, »' — yy can be obtained
from the yy-transition amplitudes foxg and 7y by forming
the appropriate mixtures, in line with Eq&l0)—(13). The
18, Mo— vy amplitudes are in turn calculated in the same
way as7®, 7., 7,— vy in Refs.[9,10].

This means that we assume that these decays proceed

where we have for convenience introduced the auxiliary dethrough the triangle graptdepicted in Fig. 1, and that we
cay constantfs, defined as the decay constant of thecalculate the pertinent amplitudgss]

ff_—pseudoscalar bound state which has the nvhgsand is

described by the BS vertdx::(q,p), so that using the defi-

T’,é”(k,k’):s"B’“’kakap(kz,k’2 ), (20

nitions of Bethe-Salpeter bound-state amplitudes or vertices

in the matrix element$l4) as in, e.g., Refd.3-6], leads to

f*—'l\IC ! f d4qt[}é St +p)l”ﬂ )
—I_— —r — ,
ff 2 M2 (2m) ¥sx| AT 51114, P

-]

It turns out that this equation can also be applied Nbf
=0, as the limit exists.

In the isospin limit, we getf o=f,=fjq=fua=F~
=93.2 MeV in our chosen mod¢b]. For the axial decay
constant of thess pseudoscalar bound state, we obt&jg
=136.5 MeV=1.47f .. (This factor with respect td . is
very reasonable and even expected, since the nj&ilalso
predicts the decay constant of the charged képn="f 4
=114 MeV=1.23%_.) Equation (16) then yields f,]8
=122.1 MeV and f,70= 107.6 MeV. Note that f,,8
=1.31f;, which is rather close to the resufit, =1.25

[17], obtained in the chiral perturbation theoryRT). Evalu-

7

X Sy

and the corresponding on-shek?&0 andk’? =0) decay
widths

2
es
W(P—y7)=—7=M3[Te(00*> (P=m’7.7',...),

(21)

using the framework advocated bffor examplg Refs.
[12,7,15,8,19in the context of electromagnetic interactions
of BS bound states, and often called the generalized impulse
approximation(GlA), e.g., by Refs[15,8]. To evaluate the
triangle graph, we therefore use tihessedjuark propagator
Si(q), Eq. (1), and the pseudoscalar BS bound-state vertex
I's(q,p) instead of the bares vertex. Another ingredient,
crucial for the GIA's ability to reproduce the correct Abelian
anomaly result, is employing an appropriately dressled-
tromagnetic vertex I'#(q’,q), which satisfies the vector
Ward-Takahashi identityWTI):

(f=ud,s, ...).
(22)

(a'—a), 49", a)=S*(a')—- S H(a)

ating the matrix elements of the pertinent mixtures yields the

7 and ' decay constants

2
2 1
- £cosﬁ——sin@) fos

2
1 2
f,= ( —cosﬁ—fsinﬁ) f.+

3T B 3T B
(18
~ \/z 1 - 2 1 \/E )2 -
f,yr—(ﬁcosﬂﬁsmﬁ f .t ﬁcose ﬁsma fss-
(19

Namely, assuming that photons couple to quarks through the
bare vertexy* would be inconsistent with our quark propa-
gator, which, dynamically dressed through E2), contains

the momentum-dependent functiohgq?) andB(g?). The
bare vertexy* obviously violates Eq.(22), implying the
nonconservation of the electromagnetic current and of the
electric charge. Since solving the pertinent SD equation for
the dressed quark-photon vert&€¥ is a difficult problem
that has only recently begun to be addreg4y, it is cus-
tomary to use realisticAnsdze Following, e.g., Refs.
[15,8,7,19, we choose the Ball-Chi[21] vertex

096003-4
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ey PPN A il U 2112 \— PAZE (102 112

i@ =A a0 +——— Tr(k%k )=Z a; Qi Tr(k%k'* ), (27)
(92-9%
. 4'+4) this leads to the standard form of the successful axial-
X A_(Q'Z,QZ)T—B_(Q’Z,QZ) : anomaly resuftfor 7°— yy:

(23 N 0 1

T0(00=="5—2 a7 Qf=——. (28
where H'.(q'2,g%)=[H¢(q'? ) = H¢(g?)], for H=A or B. 2\2m?f T A7t

This Ansatz(i) satisfies the WT(22), (ii) reduces to the bare ) i o )

vertex in the free-field limit as must be in perturbation Note that thés reproduction of the chiral limit relation be-
theory, (iii) has the same transformation properties undefveéen thes"—yy decay amplitude and the pion axial-
Lorentz transformations and charge conjugation as the baf@!lrent decay constart;, is not dependent on the pion’s

vertex, (iv) has no kinematic singularities, arid) does not internal structurgor the interaction kernel that produces it

introduce any new parameters as it is completely determinet @ny way[7,12] and this is an important advantage of the

by the quark propagatdt). coupled SD-BS approach over most other bound-state ap-
For the mesorP whose flavor content is given by Eq. proaches, since the axial anomaly is on fundamental grounds
(15), the GIA yields the amplitude Known to be mdepgndent of the structg(éhose calcula-_
tions of 7°— yvy which rely on the details of the hadronic
d*q structure, be it in the context of the BS equation without
TE (kK" )= z anch(_)f dynamical chiral symmetry breakin® ySB), nonrelativistic
f=uds (2m)* quarks, or otherwise, have problems describing this decay
accurately even when the model parameters are fine-tuned
X Ar I‘é‘(q—E,knLq—B)Sf k+q—E) for that purpose; e.g., see Ref22-29, and references
2 2 2 therein. The most successful of these model fits, R2],

numerically obtains the width of 7.6 eV at the expense of
k+q-— g,q+ g fine-tuning constituent quark masses to unusually small val-

xXTI'¢
ues) Of course,f . itself is structure dependent. It is cal-

p P culated quantityin the SD-BS approach. Our model choice
XS g+ —)rfqu,p)sf(q— —)] [5] successfully reproduces the experimental value of

2 2 and this is obviously of utmost importance for the theoretical
+ (koK' ). (24) description of anomalous processes.

The implications thereof for theg, 7, and their mixtures

The coefficientsaf of various flavor componentsf) in 7 and 7 are now clegr, because tho;_e parts of their
P=17° 7g,70, are given below Eq(15). Q; denotes the vy-decay amplltude_s W(I)']ICh stem from_tham anddd com-
charge of the quark flavdr. The dependence on the flaor POnents ardjust as in7™) accurately given by the Abelian
has been indicated on the BS vertices, dressed propagatg@omaly[i.e., Eq.(26)] for any interaction kernel which
and electromagnetic vertices in the loop integral for eacHe@ds to the correct,—be it the present one, or some im-
quark flavor. It is convenient to separate out #jeand@2  Proved one. In other words, E6) implies that the uncer-

dependence by denoting each intedtahes (— N.)] in Eq. tainty (ilr(1 the Iyy ?jmpr)llitudes; Idue ttc)) mo(;jeling of the intelr—
. . Ly . action kernel and the resulting bound state, is to a large
(24) the “reducedyy amplitude Tfff. The “reduced scalar

, ~ i extent cornered into thes sector, since onlyf¢g0,0), the
amplitude” T¢; for the flavorf is then . . —
vvy-decay amplitude of the relatively heasg-pseudoscalar,
has to be evaluated numerically. From E(@4)—(25), we

FHY 1 — oaBuv 1T 2 12 e
Trr(k k) =e Kakg Tk k™). (25 find numerically that in the model of Ref5], T<J0,0)

, =0.62T,5(0,0).
A. yy amplitudes and yy-decay constants The m°— yy decay amplitudd ,o(0,0) at any pion mass

Regardless of what the chiral-limit solutions for the can be used as a definition of pionjey-decay constant
; ; — — 0
BLonagator(l) and the bound-state-vertéil) are in (?Ietall, through T.0(0,0)= 1/47T2fﬂ_j(|\|c/2\/§772fﬂ_)2fa;7 Q2.
Ti; (0,0) can be evaluated analytically in the chit@hd  Equation(28) then reveals that,=f, in the chiral limit,
soft) limit [7,12], which is perfectly adequate fdr=u,d,  which result is well-known from the axial anomaly analysis.

i.e., for a Goldston®= 7. There, Although the chiral limit formulg28) can be applied without
reservations only to pions, it is for historical reasons custom-

T.0(0,0=T,;0,0=T44(0,0 = (26)

N¢
2\/57721‘7,’
2We can also get, in the fashion of R¢fl9], the anomalous
to which we stick throughout. In terms of “pox” amplitude for y*— .

096003-5
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ary to write the amplitudes fopg, 7o— 7y in the same form
as Eq.(28), defining thereby the/y-decay constant{a,]8 and

f

70"

, fr Tn0(0,0

f=T \/§ J

f

8

78
f

> a

f

N¢
T,(0.0=2 (29

\/Ea'rzf 78

f._ \/8T.0(0,0
— &

(30

f oo

N,
T, (0,0=————2 a’Q?
770( ) 2\/2772f,70 T Qi

As pointed out by Ref[26], f_,/8 andf_770 are nota priori
simply connected with the usual axial-current decay con
s:'tantsf,]8 and f,,o, in contradistinction to the pion case,
wherefw=f_w because the chiral limit is such a good ap-
proximation for pions.

Equations(27)—(30) reveal that in the present approach

f778 andf,7o are naturally expressed through [i.e., through
T,5(0,0=T44(0,0) evaluated in the chiral linjit and
T.40,0), theyy-decay amplitude of the unphysical pseudo-
scalarss bound state, calculated for nonvanishimg. Our
predictions forf,, andf, are thus

_ 3f

f, = — , (31)
"8 5—472\2f T<d0,0/N,

_ 6f,

f, = = : (32
0 54 272\2f T<10,0/N,

Derivation of Egs.(31) and (32) shows that irrespective of

any specific model choice, angq bound-state approac
(such as our coupled SD-BS approach in conjunction wit
the GIA) which has the meribf reproducing the anomalous
7°— yy amplitude in the chiral limit, Eq.(26) or (28),
should give the relation1) and(32) for f,,8 andf,,o, when

PHYSICAL REVIEW D 58 096003

f,,=98.58 MeV=1.067,. (34)

While thisf_,,o agrees with the results of chiral perturbation
theory (yPT) [17,27], there is a difference concernirf_glg,
sincef_,78>f,7 in YPT. This is important because the value of

f./f,, has impact on the possible values of the;" mixing

angle. We therefore devote the following subsection to the
discussion of this result and the meaning of this difference.

B. In the SD-BS approach,f_,,8<f,, generally

Thef_,,B value (33) is a result of a specific model. How-

ever, for thes-quark mass realistically heavier than the

u,d-quark masses‘_,,?8<f,, holds in the coupled SD-BS ap-
proach generally, i.e., independently of chosen model details.
To see this, let us start by noting tHa,t8< f , is equivalent to
T,,(0,0)>T,0(0,0)//3, and since we can rewrite E(Q7)

for g as

T,0(0,0

V3

12 _ ~
T,,(0,0= +§%[Tdd10.0)—1's§0.0)],

(39

the inequalityf_,]8<f,, is in our approach simply the conse-
quence of the fact that th€reduced”) yy amplitude of the
ss-pseudoscalar bound stales is smaller than the corre-
sponding nonstranggy amplitudeT4g (=T, ;=10 in the
isosymmetric limi}, for any realistic relationship between
the nonstrange and much larger strange quark masses.
Only in the chiral limit(and close to jt subtle cancella-
tions between the bound-state vertices, WTI-preserqigg

h vertices and dynamically dressed propagators lead to the
Harge anomalous amplitude6), or its slight modification

(the size of which is controlled by Veltman-Sutherland theo-
rem) for smallu andd masses. Significantly away from the
chiral limit, what happens is basically a simple suppression

of T47(0,0) by the large quark mass in the propagators in the

pions are approximated blthe chiral limit. The concrete n'“"‘[riangle loop of Fig. 1. Essentials and generality of the sup-
merical values off, andf, depend on what the model pression mechanism can be understood in basic terms in two

predictions forf _ and T are.

(related ways, through thesimple free quark loop(QL)

Since in the coupled SD-BS approach we can numericallynodel and the Goldberger-Treim&@T) relation.

evaluate?sg(0,0) for arbitrary values of the-quark mass,
Eqgs.(31) and(32) give our predictions for the effects of the
SU(3); breaking onyy decays in thep-n’' system. In the

SU(3) limit (whereTse=T,,) and the chiral limit applied
also tos quarks, we obviously recovdr%:fw, but also

f,,=f=. since nonet symmetry in the sense of R&f] is a

starting assumption of ours.

For our present model choice[5], where
T<40,0)=0.62T,;(0,0), Egs.(31) and(32) give
f,,=73.64 MeV=0.797, (33

(i) In a QL model(e.g., see Ref[28], and references
therein, the strength of the Yukawa point couplings of the
free quarks of the flavof to the pseudoscald is given by
the constang;, and quarks have constant constituent masses
M; [in contradistinction to the momentum-dependent mass
functionsM;(q?) =B;(q?)/A¢(g?) in our frameworR. Up to
some arcsine-type dependence unessential here, eachfflavor
then contributes simply g¢¢/M;)Q?=(g;/M;)aFQ? to
the triangle-loopyy amplitude [28]. In the case of the
strictly SU(3)%-symmetric coupling, the Yukawa couplings
would be the same for all flavorgs=g. The broken SU(3)
symmetry implies thagj; candiffer for various flavors, but
not by much, so that relative strengths of the factprdM;
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for various flavors is essentially determined by\l/. Actu- that the GT relation continue to hold very accurately. As just
ally, this is what we find in our SD-BS framework, where the argued above, ifii), the GT relation should still hold as a
pseudoscalar bound-state vertidés are analogous to the rough approximation for thess pseudoscalar bound state.
couplinggs in the QL model, and); /M is analogous to our  This, together with Eq. (26), implies that Teg
“reduced” amplitudeT7(0,0). Obviously, our approach al- ~N¢/(227?f¢). For fg=1.47 . which we obtained in

lows for the flavor dependence of our BRjq verticesI';;,  the model[5], this gives the GT relation-based estimaig

but due to the fact that the broken SU{3J still an approxi- ~0.68T ;. This is indeed in expected rough agreement with
mate symmetry, their variation with the breaking, given inthe accurate, numerically obtained prediction of the model
terms of strange-to-nonstrange constituent mass ratio, %], thatT;g0,0)=0.62T,5(0,0)=N./(227?1.61f ). This
rather weak and cannot influence much the suppression oehows that our result is quite reasonable. We remark that any
curring as the constituent mass in the denominator growmodel which is successful enough to reproduce empirical
significantly. Hence, essentially the same mechanism is atalues off . and fx+, should give a value fof . close to
work as in the QL model. That this parallel works very well, ours, since anything very different than the estiméfg

can be seen from the fact that the inverse of the strange-to~f .+ 2(fx+—f,) would be unreasonable. Bound state de-
nonstrange constituent mass ratio in our SD-BS modelscriptions that would be obtained by using kernels suppos-
namely, 1.63, quite accurately reproduces the suppression 6flly better than our§mproved beyond the ladder approxi-

the sgdecay amplitudéT <{0,0)=0.637 ,5(0,0), found nu- mation by, say, including fully theyluon anomaly, must
merically from Eqs{(24) and (25). u retain the good feature of agreeing approximately with the

(i) A related way to see the same effect is to apply the GT relation. This means that improving interaction kernels
quark-level GT relationg; /M= 1/fr, to the pseudoscalars and, consequentlyif bound states, would not change very

with the ff quark content in the QL model. Then, roughly much theyy amplitudes with respect to offiiy even in the
the same suppression factor occurs again, duefdp S-quark sector. -~ o
—1.47 . This is only roughly, sincess is further away Regardless of any specific model realization of the

from the chiral limit thanuu and dd constituting the pion. coupled SD-BS approach, Eq&1) and (32) with ng(O 0)
Nevertheless, invoking the GT relation is in fact a very ro-=<1,0(0,0) imply the following bounds of,, andf The

bust way to show that s30,0)<T,;(0,0) must surely hold, equality holds when the chiral limit is applled tg aII three
even thoughs quarks are much lighter tham or b quarks  flavors, implying thatf . is the upper bound fof,_ and
(where the suppression is by orders of magnit[@lg, and
DxSB is fors quarks of importance similar to that for,d
quarks. Precisely because the chiral limit makes senss for gradually d|m|n|shes so that the lower bound fgy is 0.6f ,
quarks qualitatively (as the pseudoscalars containi®y and the upper bound fdrn is 1.2 .

quarks can still be considered pseudo-Goldstone bostires Let us now address the meaning of the apparent contra-

GT relation must continue to holdpproximatelyin the ss  diction between the results of the coupled SD-BS approach
sector, regardless of any specmc interaction kernel and of th8nf /f and the corresponding results pPT, as well as

(r)ek)sl’:;;lg?ogryh;(rjrr]g?;c ditéugug fjo 0)<Tui(0,0) is therefore pOSSIble ways to, at least in principlti overcome it. To this
The GT relation is useful also for demonstrating the ro-€Nd: et us recall Pham’s pagi@o] ongg-loop correctionss
bustness even of our model-dependent resulffgii0,0), to the yPT result onfnglf,T. In the notation of our E¢(29),

namely, that in spite of the model dependence instyiark e gets

sector, the model kernel of our choif® should not lead to

yy_—amplitudeT'S‘S(O,O) exces_sively different than the ones (0,0= f_w(l_é)T,To(O,O) (36)
which would result from an improved kernel. The usage of f,78 J3

the GT relation at the quark level is especially transparent in

the context of the simple free quark loop model in which thewhere the axial-current decay constapt appears. From the

GT relationg;/ M= 1/ft is necessary for reproducing the standpoint of our approacfsee Eq.(29) relating the yy

vy anomaly amplitude$26) and(28). In the context of the
coupled SD-BS approach, with its dynamically dressedaranItUdes ofrpg and the chiral pioh f,, /(1 9) obviously

quarks and BS vertices, the GT relation for quarks and Goldcorresponds taur f . Cans resolve the discrepancy be-
stone bosons is given by the chiral-limit relatién) (see, wween ourf. e andf”8 f,,=1.25 , of xPT [17]? Pham’s

e.g., Ref.[29]). The chiral-limit analytic derivation of Eq. rou . . . .
o : : gh estimate is-0.28< §<—0.19. This would practically
(26) from (7), with its subtle interplay and cancellations be- reduce theyPT result from 1.25, down tof . . In addition,

tween the bound-state vertex, WTI-preserviqy vertices, his (following Ref.[31]) result
and dynamically dressed propagators, transparently demon-

strates the way the GT relation works fety decays in this 8
context. For massive pions, they amplitude must be evalu- S=——

ated numerically, but in fact changes very little, implying 3

lower bound forf_ As the s-quark mass grows[g0,0)

AZ

msM
1+In—
M2

AZ

(37
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can be even more negative thar0.28, because there are calculate theyg, 7,— yy amplitudes, i-e-f_n andf_n .~ We
large uncertainties in the value of his cutdff(which can be y 0
lower than the lowest value of 1.2 GeV used by Ré&D])
and in his effectives-quark massvi. In addition, the current
s-quark massng can be highef32] thanms=175 MeV used
by Pham. Each of these possibilities would makenore

negative. On the other hand, théT results[17] f_,78=f778

on the equality of the axial angy decay constants and
f,78=(1+ ag)f,=1.25 on SUS3); breaking effects irf,yg,

are obtained in the one-loop approximation. Higher loops
can introduce significant changes, including polynomial
terms in meson masses, which may be both large with rethen occurs fog= ¢°°= —12.0° (obtained througty? mini-
spect to chiral logarithms, and also not unambigu®@as17.  Mization. Then
It is thus possible thattg<<0.25 after all, which could make

even easier for the correction factor<{¥) to reducef_,]s, as

defined by us in Eq(29), even belowf .
Large uncertainties in the quantities entering in the esti-

mate forqacoﬂection(‘?,?)' obviously leave plenty of room However, the present approach is capabl@mfdicting the

for usage ofgq bound state models such as ours, whichmixing angled, and it remains to be seen if the Pfedic‘@d
properly embed the chiral behavior of the underlying theoryCan be close to the angle favored by the experimesptal

. . — "~ 7'widths.
Including meson loops imq bound state approaches is a  the jssue of predicting will be addressed in the next
difficult task and implies going beyond the ladder approxi-gection, There is another mixing-independent quantity re-
mation, but it would help further diminish the gap that Pham

[30] started closing from the side ofPT by incorporating Iated_ tof,,s andfno, W_h'Ch_ W_e can predict before predmtmg

the combination of7°, 7, and 7’ widths:

also calculaté,, andf, independently of the/y processes.

For the values oﬁ‘_,78 andf_,,o obtained in our model

choice[5], namely, Eqs(33) and (34), the best achievable
consistency with the present overall f85] to the experi-
mental widths

WEX( 77— yy) = (0.46+0.04keV and

W 5’ — yy) = (4.26+0.19keV (42

W(7— yy)=0.54 keV, (43)

W(5'—yy)=5.0 keV. (44)

C. n,n'—yy decay widths ,
H 7 "I't Zy Y ven in t . R W(n—1vyy) W(n'—7vyy) M3
e n,n' — vy amplitudes are given in terms of they = 3 3 5
amplitudes ofng and 5, as M, M7 W(m"— yy)

2 2

T,(0,00=cos#T, (0,00—sind T, (0,0), (38) 17 _f2

” 7 7 " ig. ™

8 0 3 ?37 +8_2f77 , (45

. 8 0

Tn,(O,O)=sm&T08(0,0)+0030T,70(0,O). (39

which is presently not known with satisfactory precision;
Ref. [36] quotes Re,,=2.5+0.5(stat)-0.5(syst). A more
precise value of theR ratio (45 should come with
DA®NE'’s operation at its higher energfs=0.15 GeV, as
this will enable the measurement gfy— »’ [36].

SinceR is independent o#, it will most cleanly test our

ExpressingT,yg(0,0) and TWO(O,O) through theyvy-decay
cons’[antsf_,,8 (3D andf_,,0 (32), we arrive at the standard
(e.g., see Ref.26]) formulas for they and »' decay widths

a2, Mf] f . 2 predictions(31),(32). A precisely determined,,, can also
W= yy)=—— 5|+ 0%~ Va="sing| . (40) help with finding out whethefa) f, <f., as follows in the
64w 3f<| f f g
™ Ui n ~ ~
’ ° coupled SD-BS approach fronigd0,0)<T,(0,0) or (b)
o2 ?7 P P 2 fe=T9=FrasinyPT [17,26. The present model gives us
W(n'ﬂw)=64 v f_—sme+ ﬁaf_—cose . T.40,0)=0.62T,;(0,0), so thatR=2.87 is obtained, which
™ | g o is well within the error bars of the present experimental av-
(41) erage[36]. (Taking the chiral limit also fos quarks would

) ) ) ] give R=3, which is the upper bound for Eq445) in the
The version of Eqs(40) and(41) in which the_amal-current present approactR=3 is still consistent withRey, [36]

decay constants, andf, appear in place of, andf, .  within the present experimental accuracy.

requires a derivation where PCA@artial conservation of We should notei) -Ts; is a quantity which can be espe-
axial vector currentand the soft meson technique is appliedcially practically used in conjunction with a more accurate
to 7 and " [34]. These assumptions are impeccable forR,, to narrow down the choice of models suitable for de-

pions (leading tof .=f ), butnot for the -5’ complex. In
fact, the latter is quite dubious for the heayy [34]. We do
not need and do not use these assumptions sinadireetly

scribing ng and 5, (and ultimatelyn and»’) and(ii) precise
experimental determinations Bfcan help to find out if there
are other admixture$X) [e.g., gluonium|gg), 7(1295),
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7(1440) (former ), 7, ...] to » and ', on top of the - f _-poee -
mixture of g (10) and 7, (11). We can see botti) andiii) 74P 77 (0P)

if we use our predictions fof,,8 andf,,o, Egs.(31) and(32), P g T
in Eq. (45), yielding f 205”7

FIG. 2. The annihilation of théf bound-state verteX i into

2
_ 2_5+ 2 2\/E7Tsz_~|_ 10,0 (46) two gluons and their recombination into the quark-antiquark bound
9 9 N, ss\ ' state consisting of possibly different flavairsf’.
which shows that in our approadk depends only On ON€ gec || the eta (mas&)matrix M2 in the 7g-7, basis

variable’ model-dependent quantifyss. This is becauséﬁ8 (10),(11) is given by
(31 andf_,70 (32) follow from the fact that, forany interac-

tion kernel and resulting propagator and bound state solu- 2[5, 1, J2 )
tions, T =T = 2f.) i i 2 21 |3 MstaMa] 5 (MI-MQ

. T.0(0,0=T,i(0,0=Nc/(2y27%,) in the chiral M2, MZ)| |3\ Vs 2V 7] 3 Ma™Mss
limit, and that this result remains an excellent approximation M2=| 5 |=
for realisticm, andmy leadi iri M M V2 2(1

u q leading to empiricaM . Therefore, o8 o0 Y m2-my = M3+ M2

. .. . . > e 3 ™ SS) 3 2 SS ™
important variations in our predictions fér, andf, , and
thusR (46), can come only fron¥¢0,0). The accuracy of (47)

T<40,0) depends on the quality of the bound-state solution we nealect the aluon anomalv for the moment. In aaree-
but regardless of concrete model choices and results, the gerlrl- =9 9 y ' 9
ment with other cases when the gluon ABJ anomaly is not

eral inequality T,,(0,0)>T<{0,0)>0 enables Eq(46) 10 i cyded, or is turned off, as ilN,—o limit (e.g., Refs.
provide the bounds 3R>25/9=2.777... . Hence, if ex- 37 5g) the diagonalization of E47) yields an# degen-
periments establistiR<<25/9 by a significant amount, this . . 2 2 a2 . —
. -~ . , erate with the pionM? =M<, and without thess compo-
will most probably indicate that im and »’ there are ad- — ) il
mixtures (e.g., glueballsto g (10) and 7, (11) which are nent,n=(1/\/§2)(uutdd), whereasy' is a puress pseudo-
“inert” with respect to the interactions with photons, be- scalar, withM’, =M. This happens af=—54.74° and is
cause this can lower the boumt>25/9 most efficaciously. obviously analogous to the “ideal” or “extreme” mixing
We will be able to address this in more detail after the dis-which is known to be a very good approximation for the
cussion of the mixing, presented in the next section. mixing of the vector mesons and ¢. We can thus note in
passing that the present approach works well for the mixing
of w and ¢. Nevertheless, this scenario is obviously cata-
strophic for then-7z’ system[the Uy(1) problen], so that
gluon anomaly must be incorporated into our SD-BS frame-
The mixing angled is often inferred from the empirical work. Doing this on the fundamental level represents a for-
vy decay widths ofp and »’. This is how we established, in midable task in any case, a task noone has accomplished yet.
Sec. IV, thatd®*P= —12.0° is the empirically preferred mix- Moreover, an interaction kernel in the ladder approximation,

ing angle for the values df,_ andf,, obtained in our model, Such as the simple gluon-exchange one that we have in the
namely, Eqs(33) and(34) (%n the gther hand, the angfeis present model, is inadequate for this task even in principle.
predic%/e’d gy diagonaliziﬁg the-,’ mass ma[trix evaluated Namely, by definition it does not contain even the simplest
in the ne-m- basis. such as the gne predicted by our SD-B nnihilation graph of a quark-antiquark pseudoscalar into
a ro:c?hne(l)nd ivén in EG47) below. Obviously, for a sat- wo gluons (and their recombination into another quark-
is?gctor mode? descri tioﬁ of the- , com Ie>)</, the latter antiguark pair contributing to the processes such as the one
y crip the-7 plex, in Fig. 2. The contribution of the gluon ABJ anomaly opera-

procedure should give the mixing angle close to the angl? wBurea a
6 required by then, 7' — yy widths or e"PH'F, gF7,, to the ny massMq, therefore cannot be

In the -’ complex, subtleties arise from the interplay of captured through a ladder kernel even in the roughest ap-

the mixing due to the SU(3)oreaking with the (1) gluon proximatiop (Ieaying alone the issue of nonperturbative
axial ABJ anomaly, which couples to the flavor-singigf gluon configurations such as ms_tantbn; .
and removes the nonet symmetfgor a simple introduction Theref_ore, some _addltlonal ingredients or assumptions
see Sec. 12.8 of Ref2] and Secs. I1I-3, VII-4, and X-3 01: must be introduced into the present model in order to cope

Ref.[26]). Namely, in the coupled SD-BS approach, wherew'th.the 7-7__System. Since going beyond the ladder ap-
the states with good SU(Z)quantum numbers are con- proxmaﬂon is not'wnhln the scope of the p'resent work, the
following scheme is the most sensible at this level: note that

structed from theff bound states f(=u,d,s) obtained in  ihere is a standard wagee, e.g., Ref$§2,26]) to account for
the anomaly effect byparametrizingit through the termh ,,
added to then, mass, since only this singlet combination
3As clarified above, getting a reasonalblefirst is obligatory for ~ (11) is coupled to the gluon anomaly, so that only its mass is
applications toyy processes. affected by it. This corrects the (1) problem arising in the

V. COPING WITH MIXING OF ETAS
IN COUPLED SD-BS APPROACH
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mass matrix evaluated with the nonet SU(8)ateszg and  ness of ouryy amplitudes to kernel variations, resulting
7. Let us do the same in our mass mai@): from the good chiral features of the SD-BS approdah
explained in Sec. IV B also supports our scheme.

We therefore pursue the procedure of removing tRélly
problem by lumping the effects of the gluon anomaly into a
o single 7o-mass shift parameter,, as in Eq.(48). Then, with
Of course, parametrizing the effect of the gluon anomaly,  resultm <=0.721 GeV, and with the experimental pion
is far from ac_tl_JaIIy calculating it unambiguously. In particu- massM _o=0.135 GeV(which the present SD-BS approach
lf‘lr' the quantities we calculated for tbpg.under the assump- readily reproduces when the strict chiral limit is relax&g),
tion of nonet symmetryf 7o andf,,o, are in fact also affected gpg with the choice. .=1.165 GeV, we getd=—12.7°,
by the coupling of the gluon anomaly t@,. However, due which is very close t@**"=—12.0° favored by the empiri-
to the largeN. arguments, it makes sense to break nonetal yy widths. Moreover, we then reproduce the experimen-
symmetry only on the level of the mass-shift parameigr  taf value of they massM = M%¥=0.547 GeV. Admittedly,
while keeping ourz, built of the sameff bound-state ver- the 5’ mass is then somewhat too higt,,, =1.18 GeV.
tices aszg, to which the gluon anomaly does not couple. Of course, we could in principle pick such a valuelof,
This is because the gluon anomaly is in the laNelimit  that this other masM ,, would be reproduced, or still an-
suppressed37,26 as 1N, so thatin ourf, andf, cal-  other value §,=0.677 GeV) to reproduce empiricaﬂ/lf7
culated within the nonet scheme, only the contributions of+Mf],. Naturally,M , would then be spoiled, but this is not
the orderO(1/N.) are missed. Our scheme is therefore athe main reason why the two latter possibilities are disfa-
controlled approximation on the level of larie arguments.  yored in the present approach. The main problem is that they

The results obtained below for the mixing—dependentyie|d so negative values of the mixing anglé=( —21.4°

T =YY V.V'd.t.hs "."I.SO turn out to be reasonable, p.rov'dmgwheanvL M2, is fitted, ando= — 22.8° whenM?, is fitted
an a posteriorijustification for our scheme. In the light of 7 7 7

large N, arguments, such reasonable results are not accide . ",
tal and can be expected beforehand. approach. In the present modgs], so negative mixing

Let us also note that our assumptions are in fact shared Kj9!€S obviously yield unacceptabjey W|dt£1Xs, since tohe
many other approaches, explicitly or implicitly. For example, éMPpirical yy widths favor the mixing angle®*=—12.0°,
Gilman and Kauffmar{16] employ in their analysis nonet @nd this speaks in favor of the fgf‘t pPSS'l?"'Wan
symmetry or broken version thereof, pointing out that it is at= 1-169 G_E\?* leading tof= —12.7°~ 6%, Still, this ¢
least implicitly assumed by all who use the quark basis nof= —12.0° is the consequence of the particular model choice
differentiating between quark states belonging to the singlet5] which led to the value$33) and (34) for f,]8 and f,,o,
from those belonging to the octet. Moreover, imposing therespectively. Although we explained in the previous section
nonet breaking via introdpcing_the additional param_m;'rs why ‘-T—s; (and consequentlﬁ andf_,]) must be relatively
basically the same way in which nonet symmetry is broken 8 0

in the chiral perturbation theoryyPT). In xPT, one faces St‘.”‘b'? o mpde! kernel variations, it is desirable to have a
. . -~ criterion which is even less model dependent. And indeed,
the problem of how to incorporate,, shifted upwards in

ge do have a reason why the coupled SD-BS appraach

M2—>E<}M2—+M2)+)\ (48)
00" 3|2 " ss m 7

}]q experimen), that they are incompatible with the present

mass by the gluon anomaly, into the scheme that shoul eneralprefers the first procedure leading to larger values of
involve Goldstone pseudoscalar mesons. Bijnens, Bramory, and. conseauently. less neaative valueg.oNamely. it
and Cornef27] comment on the problems encountered when 7 ! q y: 9 ) Y,

working with this ninth state, but stick to what they did ear- turns out that since in the coupled SD-BS approdgh

lier [38], namely, includingn, (7, in their notation “in a <f, for any realistic value of strange quark mass, the con-
simple nonet-symmetry context”. Their Ref38] conve-  sistency with the experimentaj, ' — yy widths is possible
niently parametrized the nonet giseudoscalarGoldstone in this approach only for mixing angles less negative than
bosons in terms of nine fields entering in the lowest orderoughly —15°. This is easily seen, for example, in Fig. 1 of
Lagrangian consistent with current algebra and explicitBall et al.[40], where the values df,, o)/ f = CONSistent with
breaking by the quark masses, but the effect of the break'ngxperiment are given as a function of the mixing angjlélt

of U(1)a is included only viaan extra mass temfor 7. yoeq not matter that they in fact plottég /.. and not
This is justified if one relies on largd, arguments, sincg, — 8(0)

is indeed a Goldstone boson in the lihig— o0 [39,2€], and fﬂs(o)””' Namely, they used Eq¢40),(41) for comparison
then 7, mass is introduced as an extra parameter on top ofvith the experimentalyy widths, just withf /f , instead

. . o 78(0)
that, Wh'Ch b.as'ca”Y corresponds o our scheme. f,ls(o)/fﬁ, so that the experimental constraints displayed
Precisely in the light ofyPT, our result34) for f,, ap- i, yheir Fig. 1 apply to whatever ratios are used in these

pears very reasonable in spite of missing the contributions aéxpressiong.On the other hand, the more negative values
O(1/Nc), supporting our relying on the nonet symmetry g<—20° give goods, 7’ — yy widths in conjunction with

scheme. Namely, it is in excellent agreement with the resultg, ratiof , /f ,=1.25 obtained by Ref17] in xPT. How-

of xPT, being right betweeh, ~1.1f . quoted by Ref[27] g6 our approach belongs among constituent quark ones. In
and f,,0=(1.04i 0.04)f . of Ref.[17]. Finally, the robust- the next section we discuss why considerably less
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negative anglesf~ —14°*2 [41], are natural for constitu-
ent quark approaches in general.
The procedure leading t@= —12.7° is also corroborated

PHYSICAL REVIEW D 58 096003

TABLE |I. Comparison of the calculateg¢ly decay widths(in
eV) of 7% », and ' with their average experimental widths, as
well as the experimental widthé/§&, obtained when only more

by the results of some different approaches, most notably, bjgcent measurements are taken into account. The widths are calcu-
the results of the instanton liquid model, where one can a _ated_ using the empirical masses in the phase-space factors in con-
tually calculate the gluon anomaly mass shift instead of palunction with calculated amplitudes. The tabulatg@nd »' calcu-

rametrizing it. As Shuryak42] pointed out, the instanton-

induced interaction leads simultaneously to both light pion
and heavyn', i.e., the dynamics provided by instantons can

take care of the effects of tliduon axial anomalyand pro-

vide the light pseudoscalars as the Goldstone bosons gf°
DxSB. While the instanton-induced interaction may there-
fore be the main candidate which in the future one may try to,
include in the interaction kernel of the coupled SD-BS equa

tions, the results of Alkofeet al. [43] in the framework of

lated widths correspond to the case when their mixing adjusts the
mass ofy to its empirical mass.

P W(P—yy) WP — yy) WREW(P— ¥7)

7.7 7.74-0.56 not applicable
0.56x10"%  (0.46+0.04)x10"3 (0.51+0.026)x 10" 3
4.9x10"%  (4.26£0.19)x107%  (4.53+0.59)x10"3

the instanton liquid model have already indicated that suctMeV of an approach6] somewhat related to ours, but

an inclusion could easily lead tocalculated\ ,, similar to its
presentparametrizedvalue. Namely, Alkofeet al.[43] find
that due to instantons, the U(Janomalous contribution
(2N;/f)N/V must be added to thg-z' mass matrix. This
term, corresponding to ouv, , also has the value very close
to our A, =1.165 GeV; it is equal to approximately 1.1
Ge\? for their standard instanton denskyV=1 fm “and
their pseudoscalar decay constdrt91 MeV. (Number of
flavors Ny=3.) This gives themd~—11.5°, M,~0.527
GeV, andM,,~1.172 GeV, which is very similar to our
results.

A. Values of the mixing-dependent quantities

Once the mixing angl® has been fixed, the predictions
for the axialn and ' decay constants are found from Egs.
(18),(19. #=—12.7° implies f,=112.6 MeV andf,,

also to the model-independent result PT, that f,
=1.02 (f¢/f,)*3 [47). For the experimental ratiy /f
=1.22+0.01, this givesf,=(1.3=0.05)f ,=120+5 MeV
[47], for which both CELLO[45] and TPC/% [46] results
are too low.

The experimental valuei§® andf$'” were extracted from
the CELLO[45] and TPC/% [46] data on the transition form
factorsTn(,],)(O,—Qz) assuming that the pole mass,,
parametrizing their fit to the data, can be identified with
2m\2f 2(»1 - Then, the pole fits to the data could smoothly
join (as Q“—) the perturbative QCD predictiof#8] for
T?W)(O,— Q?), i.e., the .pole fits would then agree not only
with the QCD asymptotic form §Q?, but also with its coef-
ficient. However, note that the values f§f* and 7" quoted
above, arall close tomp/(Zw\/§)=86.4 MeV, indicating
that a connection with the vector-meson dominance interpre-

tation (that A ,,,y~m,) [45,4¢ may indeed exist at the in-

=117.1 MeV. This agrees almost perfectly with Scadron’syestigated range dd?. On the other hand, since Gasser and

[44] estimatesf,~1.2% _ and f,,~1.28 . obtained from

Leutwyler's model-independent calculati¢a7], Scadron’s

the GT relations at the quark level for the strange-to{44] GT estimates, Burdeet al. [6], and the present ap-

nonstrange constituent mass ratids/ M4~ 1.5 (and for 0
advocated by Scadrdd4], which is, interestingly, the same
as our favoredd=—12.7°.) However, these values are
somewhat higher than the experimental vamg@: 94+7
MeV [45] or 79+9 MeV [46] andff;fp: 89+5 MeV [45] or
96+ 8 MeV [46], deducedunder certain theoretical assump-
tions discussed belgwby CELLO [45] and TPC/2y [46]
Collaborations from theQ? dependence of their measured
n(n") vy transition form factord ,(,,,(0,— Q?) (in our no-
tation), wherek’? = —Q?#0 is the momentum-squared of
the spacelike off-shell photop*. The same TPC/ refer-

ence[46] quotes also another pair of experimental values

f&P2=91+6 MeV andf;e,x’)z): 78+5 MeV, which were

obtained from the experimental decay amplitudes into tchE
on-shell photons under the assumption that one can writ

T,,(0,0)= 1/4772f,,(,],) in analogy with the axial anomaly

result (28) for the pion. However, because of the large

s-quark mass, as well as the masses;aind ' which are,

respectively, 4 and 7 times larger than the pion mass, this

procedure can yield only a rough qualitative estimate.
On the other hand, our value ¢f, is much closer not
only to Scadron’d44] estimates and to the valug,=114

proach, all agree thdt, , ) should be noticeably larger than
f .. the extraction off>® and f7'° from the transition form
factorsT,,(0,— Q?) probably cannot be done accurately
at the ranges o? investigated so far. That this is indeed so,
is indicated by the experimental valug5] f_o=84.1
+2.8 MeV [~mp/(27-r\/§) agair], extracted by the same
method. The central value is 10% below well established
f2P=92.4+ 0.3 MeV. This cannot be explained by the small
isospin violation, indicating thaf$® and f$° could have
been underestimated too.

Our predictions for thep and ' two-photon widths are
also totally fixed now, being given by 0lf|[78 andf,70 used in
gs.(40) and (41), without any additional parameters to ad-
st. Our preferred anglé=—12.7° leads to the predictions
displayed also in Table) |

W(7— yy)=0.561 keV, (49)

W( 7' —yy)=4.913 keV. (50)

These predictions are at first sight not very successful since,
according to Table I, our best predictions overshoot the
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present[35] experimental average@?2) for n,»'— yy by 2 X
some 20%. However, we should not be dissatisfied with MgOHCOSp?(Mi—MS?, (54
these results because of the following.

(a) Ball et al.[40] and, in effect, Review of Particle Prop- 2/1
erties itself[35] (referring to the note on p. 1451 $82]), MSO—>COSZ(p—(—M2ﬁI- MZ) X

’ 3 2 Ss m™

suggest that only the more recent datamgm’ — yy should
be retained, whereby the presently “official” valugt) are
modified to[32,40

(59

whereX , =\, +sirfpM takes the place that,, has fore
=0. If |X) is not a single state, but a mixture of various
states, its mashly has the meaning of an effective mass.
The experimental masséé, =547 MeV andM ,, =958
WREM 7' — yy)=(4.530.59 keV, (52 MeV, as well as they-n’' mixing angled=—17.1°, are then
obtained forg=42.43° andk ,=(0.873 GeV¥. Neverthe-

and these experimental values agree much better with olss, it turns out that the fit to the data is still not improved as
predictions. much as one would expect when an additional free parameter

(b) We did not vary any model parameterS, but used thés introduced, so that we did not detect indications for the
parameters obtained from the broad fit of REF] to the  need for an admixture of such states to what we have in the
meson spectrum and pseudoscalar decay constants. This Bi€sent model. For example, oR-ratio then drops toR

did not includen-7’ system in any way, so that everything = 1.80. This is much further from the present central experi-
we calculated for it is pure prediction. mental value thaiR predicted by our approach without glue-

balls, but just in case data from future precision measure-
ments strongly violate our bound on the ratio, it is
important to point out that, at least from the standpoint of our
In the present approachy, and 5g (and consequentlyy ~ approach, such a violation would be a strong indication of
and#') are constructed exclusively of the ground state pseuthe presence of some “inert” admixture, such as gluonium.
doscalarqq bound states. Nevertheless, additional admix/At Present, however, the data are consistent with the bound

tures have often been speculated, notably glueballs. Farr&= 25/9 following generally from the SD-BS approach with-
[49] points out that experiments appear to indicate that ther@Ut gluonium admixture, and even favor the vaRe 2.87
is a glueball-like pseudoscalar which is much lighter thanfollowing from the present concrete model cho[& with-
estimated by quenched lattice calculations, thus motivatin@ut glueballs, over the value with the admixture quoted
us to speculate on the consequences of such admixtures. V@Bove. Moreover, they— yy width with the gluonium ad-
do not have at this point the ambition to include such addi-mixture improves only marginally, by 4%, while the
tional admixtures in our approach. However, we can look?' — ¥ Width getsspoiledby more than a factor of 2.
into some of the consequences that such admixtures would We therefore conclude that we found no indication that
have by simplyassumingthat they were present in addition admixtures of glueballs, or other states with similar effects
to the quarkoniumy, and 75 as constructed in this paper. 0N yy decays, would be favored by the present experimental
Take, for example, the simplest and most usual assumpiata- Consequently, there is no strong motivation for enlarg-
tion [26], that only the SU(3}singlet (11) can be signifi- NG the present framework by finding solutions for pseudo-
cantly modified in this way: scalar glueballs and treating them on the same footing as our
pseudoscalarqq bound states.[It is amusing that ¢
cosp — — . =42.43° in conjunction with the vanishing gluon anomaly
|770>—>W(|UU>+|dd>+|55>)+s'n‘P|X>’ (53 contribution \,=0 implies My=1.294 GeV—opractically
the same as the mass 9(1295). However, this can only be

: y viewed as accidental at this poiht.
where e is the new mixing angle, a new parameter express-

ing the assumed strength of the unspecified admixiXe
into ;.

If [X) is a state that does not couple to photons directly The relativistically covariant constituenfq bound-state
(e.g., gluonium|gg)), the results foryy decays will be  model[5] used here is consistent with current algebra be-
modified in a particularly simple way: in formul&80), (40),  cause it incorporates the correct chiral symmetry behavior
(41), and(45), one should just replace fi/ by cosp/fy. This  thanks to ySB obtained in an, essentially, Nambu—Jona-
can reduceR (46) strongly, as the largest term in E@L6), Lasinio(NJL) fashion, but the model interaction is less sche-
25/9, would then be modified to 25/2%0S¢ 50/27. matic. Notably, when care is taken to preserve WTI of QED,

We should also note that such an admixt8) would it reproducegin the chiral limit even analytically and inde-
help to fit the masses of bothand 7’ to their experimental pendently of the internal meson strucfutee Abelian axial
values precisely—thanks to the new free parameterof  anomaly results, which are otherwise notoriously difficult to
course. Equatiort53) modifies elements of the mass matrix reproduce in bound-state approaclias illustrated by, e.g.,
to Ref. [22] and especially references thereirDbservables

WE®,(n— yy)=(0.510:0.026 keV,  (51)

B. A side issue: speculations about other admixtures

VI. SUMMARY, DISCUSSION, AND CONCLUSIONS
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such as meson massés,, f,f,.f, andyy-decay ampli- resulting valueg33),(34) of f, andf_,yo, the favored value
tudes can be calculated without additional parameters aftq; f 6 is between the values accepted until the mid 1980s
anAnsatzhas been made for the gluon propagator entering "?1amely, 9~—10° determined from the SU(3)breaking ’

the SD-BS equations, which are consistently coupled in th%lven by the Gell-Mann—Okubo mass formula, and the low-
generalizedor improved rainbow-ladder approximatiofin est of the valuesfe[—17°,—20°] favored nowadays

the terminology of, e.g., Ref§2] or [7]). However, to avoid [40,16,17.47
the U(1), problem in then-' complex, we have to intro- ’ L
duce an additional paramet&r, representing the contribu-
tion of the gluon axial anomaly to the massmgf, in analogy

W't? the s:cmllarno-mlass paran;]ete: in thePT Lalgrangag N is instructive to recall the paper of Bramon and Scadr]
Ref.[38], for example. Since the gluon anomaly contri ution, here the mixing angle ofi=—14°+2° follows from a

vanishes in the largél; limit as 1N., ourqq bound-state ather exhaustive set of data if the SU{®yeaking is taken
pseudoscalar mesons behave infthe-c and chiral limits  jnto account in terms of theonstituentquark mass ratio

in the same way as those PT (e.g., see Refd47] or A /A, 4~1.4-1.5. SU(3)-breaking ratios somewhere
[26]): as the strict chiral limit is approached for all three around this interval are considered realistic because they lead
flavors, the SU(3) octet pseudoscalamscluding » become  to good descriptions of many hadronic properties in numer-
massless Goldstone bosons, whereasithenass is of order  ous dynamical models; notably, close to this interval is also
1/N, since it is purely due to the gluon anomaly. In tNe  the ratio (=1.63) of the constituent mass&;(0)/A;(0)

—o limit with nonvanishing quark masses, the “ideal” generated by RSB in Jain and Munczek’s approach. Bra-
mixing takes place so thaj consists olu,d quarks only and mon and Scadronf4l] extracted their averag@=—14°

becomes degenerate with whereasy’ is the puresspseu-  +2° from the strong interaction tensdr— PP decays, and

e the vectorV— yP and pseudoscalaP— yy radiative de-
lar. In our nd- r fo,f well . X
doscala our bound-state approath, ng' 1 ngr 85 WE cays.[When extracted just fromy, ' — yvy pertinent here,

asf,, f,, andf, andf, , areall calculated quantities, ang other SU(3)breaking-ratio-dependenadiative decays,
while most other theoretical frameworks treat at least one ofheir angle is even lower;-11°*2.4°.] They point out that
them,f,, , as a free parametéfixed together withy from the ~ more negative valueg~—20° in the yPT framework are

due to the way of implementing the SU({3)reaking

experimental widths ofy, ' — vvy).
Our prediction f,, /f,=1.31 agrees rather well with (through the values of the decay constafifs and f,, ),

— ; differing from that in the constituent-quark approaches.
f, If.=1.25 of yPT[17]. Nevertheless, this one-loogPT T !
g T XPT[17]. Nev ! Now, our SU(3)-breaking is fixed by Jain and Munc-

calculation also lead to the |dent|f|cat|0n of thel_r axial- ;o 0q [5] choice of parameters, so that our calculated value
current andyy-decay constantsf, =f, , which differs  of ¢ varies only if we varyx , which parametrizes the effects
from our results onyg. More premsely, the observation that of the gluon anomaly. In light of Bramon and Scadro4]
for realistic s-quark masses.T<g0,0)<T,0(0,0) always obs(er;/att)ionsk_dis?usged aﬁove, .anc:c the fact that that our
holds in the coupled SD-BS approach, leadsifo <f. SuU 3.f reaking leads to t glratlo of strange-to-nonstrange
— pG _ PP -~ jz‘mr 78 constituent masses of 1.63, it is understandable and expected
<frandf <f, <gf.. These inequalities hold irrespective that our constituent approach should give a reasonably good
of the model parameters or the quality of the interaction kerdescription of , ' — yy for angles less negative than in
nel.f, =f.=f, is realized in the chiral limit, whereas the xPT; i.e., it is no longer surprising that our preferred angle
turned out to bed=—12.7°. However, it is not only that
0pp05|te bounds are approached when shguark mass .
h leadi he d =~ 7 these values are the preferred ones in our presently chosen
grows huge, leading to the decreaseTq(0,0)/T+o(0.0).  mqoqel[5] because they are more empirically successful than
There is no disagreement withPT regardingf, , either  other values. In addition to that, since in the coupled SD-BS

concerning the general bouriq<f_,70<§fw of the coupled approachf_,78<f7r rather generallyfor any realistic value of
SD-BS approach, or our result obtained using the concretetrange quark magsthe consistency with the experimental
model of Ref[5], namely,f, /f,=1.067. This agrees well 7.7~ yy widths is possible, in our approach, only for mix-

with the values found inyPT [17,27. The apparent contra- ing angles less negative than roughtyl5®, as already

diction between the results of the coupled SD-BS approacﬁomted out above.
£t h . Its oP . That all this is in qualitative agreement with what was
on / 8’ and the corresponding results gPT was dis- ynown from relatively simple-minded constituent-quark

cussed |n detail in Sec. IV B. Let us now address the intimodels even before the analysis of Ref1] can be seen,
mately related issue of different preferred mixing angles ine.g., from Zielirski’s review[50] on radiative decays of me-
these respective approaches. sons. He observed that in the scenarios that related apparent
In conjunction with the updated experimental widths suppressions of radiative decays of strange mesons to a
(51),(52), f <f implies that the coupled SD-BS approach larger mass of thes quark a significant suppression of the

is compa‘uble with the mixing angles which are less negativeannihilation amplitude ofs pairs into two photons was also
than 6~ —15°. For our concrete model choi¢B] and the expected, and with the latter suppression of order 0.5 relative

In order to see that the mixing angles considerably less
negative than those igyPT (6~ —20°) are a natural and
expected prediction in a constituent approach such as ours, it
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to annihilation amplitudes of nonstrange quarkslevant, approximated SD-BS approach makes a larger error by ne-
e.g., to the model of Ref51]), the two-photon widths of glecting meson loops than, e.g., in the case of the charge
both  and 5’ could (however, roughly best be described pion form factor calculated in the context of SD equations,
with #~—11°. Remembering the limitations on mutually Where the contribution of meson loops was estimated to be
consisten® andf,,s(o), we see that our values éfand 78(0) much smaller_ 'Fhan that of the quark C(,EE'Q].' .

- ~ The quantities dependent on thg»’ mixing, namely,
fit with our third elemenfl;{(0,0)=0.62T(0,0) into alogi-  axial-current decay constants, and f,,, masses, and
cal scheme which is consistent with the behavior of the ap-yy-decay widths ofy-7’ are satisfactorily close to datar
proaches similar to ours. Ziéki [50] also discussed ho@  other theoretical predictions such gBT) considering that,
was much more negative~(—20°) in chiral theories, but except for parametrizing the mass shift due to couplingf
pointed out that the determination of the pseudoscalar mixto non-Abelian axial anomaly, we did not do any parameter
ing angle was model dependent, and a clean-cut choicfiting, but used the parameters obtained from Jain and
among various schemes was rather difficult to establish. Ouvlunczek’s[5] broad fit to the meson spectrum and decay
discussion, and the results of, e.g., Bramon and Scddgn  constants. We conclude that their mofiefl again performed
Pham[30], and Ballet al. [40], shows that this assessment Well.
still holds, but also that there has been some progress in Since the coupled SD-BS approach is, due to the key role
narrowing the interval of possible mixing angles. In this con-of DxSB, akin to the NJL model conceptually, the progress
nection, recall the observation of Ré#0], that newer ex- We mgde is besot illustrated through the comparison Wlt.h the
perimental inpufour Egs.(51) and (52)] reduces the mixing analysis of ther”, »— yy decays and properties of the pion,

angle even more than Phafi30] realized, to 6= —(17 krz]';\on, ?Ind’]' perfo(rjmehd in'aNJLfm%débxtgnded ;[o.include
+2)°. This is no longer so far away from our preferréd three flavors and the 't Hooft determinantal instanton-

(especially considering that the value of the correctipiEq. induced interaction in Ref. [53] and in parts of Refs.

(37), can be even more negative than Pham’s vdIB@R. If [54.59. (" was not treated in Ref§53-53)

various approaches succeed in including physical mecha: For the choice of model parameters preferred by Tak-
. pp o g physice izawa, Oka, and Nemotfb3-55, the experimental ampli-
nisms they have been missing so far, their predictions9for

. ; on tude for »— yvy is reproduced, but the mass is 7% below
will probably tend to a unique value. This will also be true the experimental value. The mixing angle fs= —1.25°,

for f,, andf, . In view of Refs.[41,30,40, this final value  showing that their U(1) breaking is stronger than in our
at which ¢ will settle may well be roughly in between the approachnot to mention the one igPT), forcing their 5 to
values favored nowadays yPT and by quark model ap- be an almost pureyg. Their kaon decay constafk=96.6
proaches such as ours. Théds; —14° to—17° may encom- MeV is 15% below the observed one. Accordingly, the pre-

pass the final result. Afi, which would be rather close to dicted 7 decay constant,,~f, is uncomfortably far from

o = _— _what the model-independent result ofPT [47], f,
the chiral limit valuefﬂg—fﬁ, because the chiral-loop con —1.0% (f(/f.)*3 gives when the empiricafy /f. is

tributions would be, as in Ref[30], to some extent plugged in.

(ovencanceled by some other contributiofsuch as our While our results compare rather favorably with the
bound-state strange mass-breaking effeetsuld agree bet-  gpoye, the best examples of advantages both in the concep-
ter with such af~—14° to —17°. In our approach, the 15 consistency and in the quantitative details which the
physical mechanisms which are now absent, are those CoMgpupled SD-BS approach has with respect to the NJL model,
sponding to loops inyPT. Including them obviously implies gep_, yy decays. Namely, we must criticize the seemingly
substantial gnlargements beyond the present frameworguccessful reproduction of the anomalatf§ 7— yy ampli-
However, this also holds for others, e.g.,¥®T one might  ,des by Refs[53-55. In contradistinction to the coupled
pose the question of what the effects of higher loops an&p.gs ‘approach with nonlocal interactions—in particular
vector mesons would be. At present, no approach can claiffain and Munczek’s model, where the UV cutoff is either not
to have all the relevant physics included, and therefore thﬁeeded(in the chiral limit[3]) or practically infinite com-
ultimate values for andf,,s. pared to the relevant hadronic scales—the NJL approach

The present experimental value of tReratio (45) is de-  contains a low cutoff. In spite of this, Ref53-59 leave
scribed reasonably well by our approach. What if more prethe convergent integrals unregulated, because the triangle
cise measurements.g., at DAPNE [36]) constrainR,,, be-  diagram reproduces the anomalou$— yy amplitude (28)
low 25/9? A strong violation of this boungay, Rex,<2.5) ~ only if there is no NJL cutoff53,56-58— otherwise, an
would indicate that important admixtures other thgnand ~ underestimate of, typically, 20% occuf§7]. While Refs.

7o are present iy and#’. If the violation is not that strong, [53,59 claim the improvement of thg— yy amplitude and
the following possibility is also viable: some of the values in Width with respect to the earlier treatment of Bernatchl.
the interval 2.5<Re,,;< 25/9 can be satisfied bEs andf—% [59], the consistent viewpoint is that of R¢B9]: once the

dicted byyPT. H h I iolati f cutoff is introduced, the effective theory is defined and
predicted byxPT. Hence, such a smaller violation of our g4 not be altered for the purpose of calculating various
bound can also mean that the prediction xd@T, thatf ,

— - _ « quantities. In such effective theories, the missing part of the
<f,, is favored over our prediction. This would indicate anomalous amplitude, lost due to the cutoff, should be found
that in the case of theny-n’ complex, the ladder- in additional diagram§56] which contribute since the cutoff
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cannot be let to infinity. That is, in the class of models em-parameter on which the mass and other properties dé-
ploying only local interactions and therefore needing a lowpend. However, their axial current decay consthy 114
cutoff, asimpleincorporation of the anomaly is not possible MeV is close to ours. Extending the treatment of th&y*
[56-58, in contrast to the coupled SD-BS approaches em-_, , transition form factor of Refs[9,10] to the 5(7’) y*
ploying also nonlocal interactions and thus not having such &, ,, transition form factors is presently under investigation
cutoff. B [60].

Referencd 6] is another approach tgq substructure in-
corporating ySB, and it is even closer to us than the NJL
model. The interaction used in Rd®] is nonlocal, as in ACKNOWLEDGMENTS
ours, allowing the generation of momentum-dependent dy-
namical mass and BS vertices, so that there are no problems The authors acknowledge useful discussions with P. Jain
with a low cutoff as in the NJL model. The mixing angle and the support of the Croatian Ministry of Science and
they favor, 8~ +5, results from its treatment as an external Technology Contract Nos. 1-19-222 and 009802.
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