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We numerically study free expansion of a few Lieb-Liniger bosons, which are initially in the ground state of
an infinitely deep hard-wall trap. Numerical calculation is carried out by employing a standard Fourier transform, as follows from the Fermi-Bose transformation for a time-dependent Lieb-Liniger gas. We study the
evolution of the momentum distribution, the real-space single-particle density, and the occupancies of natural
orbitals. Our numerical calculation allows us to explore the behavior of these observables in the transient
regime of the expansion, where they are nontrivially affected by the particle interactions. We derive analytically 共by using the stationary phase approximation兲 the formula which connects the asymptotic shape of the
momentum distribution and the initial state. For sufficiently large times, the momentum distribution coincides
共up to a simple scaling transformation兲 with the shape of the real-space single-particle density 共the expansion
is asymptotically ballistic兲. Our analytical and numerical results are in good agreement.
DOI: 10.1103/PhysRevA.79.033612

PACS number共s兲: 03.75.Kk, 05.30.⫺d, 67.85.De

I. INTRODUCTION

Exactly solvable models describing interacting bosons in
one dimension 共1D兲 have been studied over decades since
the pioneering work of Girardeau 关1兴 and Lieb and Liniger
共LL兲 关2兴. The interest in these models is greatly stimulated
with recent experiments 关3–5兴, in which ultracold atomic
gases are tightly confined in 1D atomic waveguides such that
transverse excitations are suppressed. The LL model describes 1D bosons with pointlike contact interactions of a
given strength c 关2兴. In the limit of sufficiently strong interactions, the LL gas enters the Tonks-Girardeau 共TG兲 regime
of impenetrable bosons 关1兴; the TG regime can be obtained at
very low temperatures, with strong effective interactions, and
low linear particle densities 关6–8兴. An interesting aspect of
1D Bose gases, which can be probed experimentally from
weakly to the strongly interacting regime, is their behavior
out of equilibrium 共e.g., see Ref. 关5兴兲. An exact 共analytical or
numerical兲 theoretical calculation of nonequilibrium dynamics of a LL gas is a complex many-body problem, which was
studied in a few cases 关9–13兴. A paradigmatic problem in this
context is one-dimensional free expansion from an initially
localized state 关12–18兴. Quite generally, free expansion can
be used to provide information on the initial state 共e.g., see
Refs. 关19–21兴 and references therein兲.
Free expansion of a LL gas was studied in Ref. 关14兴 by
using the hydrodynamic approximation 关8兴; it was demonstrated that the evolution of single-particle 共SP兲 density is not
self-similar for finite interaction strength c. Exact solutions
of free expansion were studied both in the TG regime
共c = ⬁兲 关15–18兴 and for a repulsive LL gas 共0 ⱕ c ⬍ ⬁兲
关12,13兴. In the TG regime, it has been shown that the momentum distribution approaches that of noninteracting fermions during free expansion 关15,16兴. This was shown numerically by using the model of hard-core bosons on the lattice in
Ref. 关15兴 and by using the stationary phase approximation in
the continuous TG model 共for the initial harmonic confine-
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ment兲 in Ref. 关16兴. For quite general initial conditions, the
asymptotic form of the wave functions for a freely expanding
LL gas was calculated in Ref. 关13兴 by using the stationary
phase approximation 共free expansion for a particular family
of initial conditions was previously considered in 关12兴兲. It
was shown that these asymptotic wave functions vanish at
the hyperplanes of contact between particles, which is characteristic for TG wave functions 关1兴. However, it was emphasized that the properties of such asymptotic states can
considerably differ from the physical properties of a TonksGirardeau gas in the ground state of some trapping potential
关13兴 共see also the second item in Ref. 关12兴兲. We also point
out that expansion dynamics is the subject of studies in other
1D models; for example, particles interacting via an inversesquare pair potential 关22兴, strongly correlated fermions 关23兴,
and strongly interacting Bose-Fermi mixtures 关24兴. To the
best of our knowledge, studies of the momentum distribution
of an expanding LL gas, which are based on exact timedependent solutions, have not yet been made.
Here we numerically study free expansion of a few LiebLiniger bosons, which are initially in the ground state of an
infinitely deep hard-wall trap. The numerical calculation is
carried out by employing a standard Fourier transform, as
follows from the Fermi-Bose transformation for a timedependent Lieb-Liniger gas 关9,12兴. We focus on the dynamics of one-body observables of the system, in particular, the
momentum distribution, the occupancies of natural orbitals,
and also the real-space single-particle density. Our numerical
calculation allows us to explore the behavior of these observables in the transient regime of the expansion, where they are
nontrivially affected by the particle interactions. We derive
analytically 共by using the stationary phase approximation兲
the formula which connects the asymptotic shape of the momentum distribution and the initial state. For sufficiently
large times, the momentum distribution coincides 共up to a
simple scaling transformation兲 with the shape of the realspace single-particle density, reflecting the fact that the expansion is asymptotically ballistic. The relation between the
asymptotic expansion velocity of the LL cloud and the overall energy stored in the system is derived. Our analytical and
numerical results are in good agreement.
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Before proceeding, let us devote a few words to some of
the techniques for solving LL and TG models. The Bethe
ansatz can be used to find the eigenstates for LL particles on
an infinite line 关2兴, with periodic boundary conditions 关2兴,
and in an infinitely deep box 关25兴. In the TG limit, both
stationary 关1兴 and time-dependent 关26兴 wave functions, in an
arbitrary external potential, are constructed by using the
Fermi-Bose mapping, i.e., by solving the Schrödinger equation for spinless noninteracting fermions, after which the fermionic wave function is properly symmetrized to describe
TG bosons 关1,26兴. In a similar fashion, exact time-dependent
LL wave functions, in the absence of an external potential
and on an infinite line, can be constructed by employing the
Fermi-Bose mapping operator 关9,12兴, which ensures that the
so-called cusp condition 共see, e.g., 关10,12兴兲 imposed by the
interactions is obeyed during time evolution. In the light of
the recent experiments 关3–5兴, there has been renewed interest
in exact studies of LL gases 共stationary 关27–32兴 and time
dependent 关10,12,13兴兲 and time-dependent TG gases
关15–18,26,33–37兴.
Even once a wave function describing a LL gas is known,
determination of its correlation functions and observables
such as the momentum distribution is difficult 关38–45兴. Various methods were developed over the years including the
quantum inverse scattering method 关38,45兴, 1 / c expansions
关39兴 from the TG 共c → ⬁兲 regime, and quantum Monte Carlo
integration 关42兴. In the TG limit, momentum distribution can
be analytically studied in a few cases 共e.g., see 关46,47兴兲.
Numerical calculation of the TG momentum distribution can
be performed also for excited and time-dependent states
关15,37兴 共for hard-core bosons on the lattice, see 关15兴兲; a
simple formula suitable for numerical calculations was recently derived for the continuous TG model 关37兴 and generalized for 1D hard-core anyons 关48兴.

the ␦-function interactions are equivalent to the boundary
condition 关2兴,
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It is worth mentioning that the so-called cusp condition in
the TG limit 共when c → ⬁兲 reduces to the condition that the
wave function vanishes whenever any of the two particles
touch.
The time-dependent Schrödinger equation 共1兲 can be
solved exactly by employing the Fermi-Bose mapping operator 关9,12兴,
Ôc =

兿
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If we find a fully antisymmetric 共fermionic兲 wave function
F which obeys
N

 F
 2 F
=−兺
i
2 ,
t
i=1  xi

共5兲

then the wave function

B,c = NcÔcF ,

共6兲

where Nc is a normalization constant, obeys Eq. 共1兲
关9,12,13兴.
This means that free expansion solutions can be found by
using the Fourier transform. Let

F共x1, . . . ,xN,t兲 =

冕

dk1 ¯ dkN

再

冎

N

⫻ ˜F共k1, . . . ,kN兲exp i 兺 关k jx j − 共k j兲t兴 ,
II. LIEB-LINIGER MODEL AND OBSERVABLES
OF INTEREST

We examine a system of N identical ␦-interacting bosons
which are constrained to one spatial dimension. The
Schrödinger equation for that system, in the absence of any
external potential, is

˜ 共k , . . . ,k 兲 =
F 1
N

 2 B
 B
=−兺
2 ,
t
i=1  xi

冕

dx1 ¯ dxN

冉

N

j=1

冊
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is the Fourier transform of F at t = 0 关13兴. By acting with the
Fermi-Bose mapping operator on F 关see Eq. 共6兲兴, we obtain
a time-dependent wave function of a freely expanding LL
gas

N

i

1
共2兲N

⫻F共x1, . . . ,xN,t = 0兲exp − i 兺 k jx j

共1兲

The strength of interaction is described by a parameter c
共here we consider repulsive interactions c ⬎ 0兲. The initial
condition B共x1 , x2 , . . . , xN , t = 0兲 is a localized state, e.g., the
LL ground state in some external trapping potential. Since
we are dealing with symmetric 共bosonic兲 wave functions, it
is convenient to write Eq. 共1兲 in one permutation sector of
the configuration space, R1 : x1 ⬍ x2 ⬍ ¯ ⬍ xN,

共7兲

where 共k兲 = k2, denote an antisymmetric wave function F,
which evidently obeys Eq. 共5兲; here

N

 B
 2 B
=−兺
i
兺 2c␦共xi − x j兲B .
2 +
t
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j=1

共2兲
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where

B,c共x,y,t兲 = N

G共k1, . . . ,kN兲 ⬅ Nc˜F共k1, . . . ,kN兲
⫻
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dxB,c共x,y,t兲⌽i共x,t兲 = i共t兲⌽i共y,t兲,

i = 1,2, . . . .

the eigenvalues i共t兲 are the occupancies of these orbitals.
Apparently, in a nonequilibrium situation, the effective
single-particle states ⌽i共x , t兲 and their occupancies i共t兲 may
change in time.
III. ASYMPTOTIC FORM OF THE MOMENTUM
DISTRIBUTION

In this section, we derive the asymptotic form of the momentum distribution of a Lieb-Liniger gas after free expansion from an initially localized state defined by G共k1 , . . . , kN兲
关we should keep in mind that G共k1 , . . . , kN兲 also depends
upon the coordinates x j via the sgn functions; see Eq. 共10兲兴.
The momentum distribution defined in Eq. 共12兲 can be rewritten by using Eqs. 共9兲 and 共11兲 as

j=1

冋

N

册冎

j=1

册冎

ⴱ

x1=x

x1=y

dxdydk1 ¯ dkNdq1 ¯ dqN ⫻ G共k1, . . . ,kN兲ⴱ兩x1=xG共q1, . . . ,qN兲兩x1=yei ,

共14兲

冏 冏 冏 冏 冏 冏 冏 冏


=
 k j k⬘
qj
j

q⬘j

=



=
= 0, for 1 ⱕ j ⱕ N.
 x x⬘
 y y⬘

The stationary phase point is
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共13兲

N
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k2j t兲
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dk1 ¯ dkNG共k1, . . . ,kN兲exp i 兺 共k jx j − k2j t兲

where the phase  is

N

1
2

The eigenfunctions of the RSPDM ⌽i共x , t兲 are called the
natural orbitals 共NOs兲,

dq1 ¯ dqNG共q1, . . . ,qN兲exp i 兺 共q jx j − q2j t兲
dx2 ¯ dxN

共11兲

The SP density in real space is simply B,c共x , x , t兲, whereas
the momentum distribution is defined as

i
sgn共x j − xi兲 + 共k j − ki兲 .
c

The information on initial conditions is contained in
G共k1 , . . . , kN兲 关that is, within ˜F共k1 , . . . , kN兲兴. If we know
G共k1 , . . . , kN兲 in R1, by calculating the Fourier transform in
Eq. 共9兲, we find the wave function B,c at some finite time
t ⬎ 0 in R1. In Ref. 关13兴, ˜F共k1 , . . . , kN兲 was found to be proportional to the projection coefficients b共k1 , . . . , kN兲 of the
initial bosonic wave functions onto the LL eigenstates in free
space. This connection allows us to calculate G共k1 , . . . , kN兲
for a few particles, which are in the ground state of a LL gas
in a box potential 关25兴, and to study free expansion from
such an initial state; this is performed in Sec. IV and in the
Appendix. For clarity, it should be noted that G共k1 , . . . , kN兲
also depends on the coordinates x j through the sgn共x j − xi兲
terms 关G共k1 , . . . , kN兲 is not the Fourier transform of the
bosonic wave function 关13兴兴.
In principle, from the time-dependent LL wave function
B,c共x1 , . . . , xN , t兲, one can extract the physically relevant observables 共in practice, this is a difficult task兲. Here we consider one-body observables contained within the reduced
single-particle density matrix 共RSPDM兲,

N
2

dx2 ¯ dxNB,c共x,x2, . . . ,xN,t兲ⴱ

⫻ B,c共y,x2, . . . ,xN,t兲.

共10兲

nB共k兲 =

冕

q2j t兲

− k 1x +

k21t

+ q1y

k⬘j = q⬘j = x j/共2t兲,

j=2

− q21t + k共x − y兲.

for 2 ⱕ j ⱕ N,

k1⬘ = q1⬘ = k,

The integrals over k1 , . . . , kN , q1 , . . . , qN , x , y in Eq. 共14兲 are
evaluated with the stationary phase approximation. The point
of stationary phase is defined by the following equations:

x⬘ = y ⬘ = 2kt.
The phase  can be rewritten as
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We notice that 共k1⬘ , . . . , kN⬘ , q1⬘ , . . . , qN⬘ , x⬘ , y ⬘兲 = 0. In the stationary phase approximation, the function G in Eq. 共14兲 is
evaluated at the stationary phase point defined in Eq. 共15兲,
which yields
nB,⬁共k兲 ⬇

冕
冕
再冕
再冕
冕
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2t
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IV. FREE EXPANSION FROM A BOX: DYNAMICS
OF THE MOMENTUM DISTRIBUTION
AND THE OCCUPANCIES i(t)
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共17兲

It is convenient now to introduce variables  j = x j / t; from Eq.
共17兲, we obtain the asymptotic form of the momentum distribution of a freely expanding LL gas
nB,⬁共k兲 ⬀

冕

d2 ¯ dN兩G共k, 2/2, . . . , N/2兲兩2 .

共18兲

We note that in the asymptotic regime, the momentum distribution acquires the same functional form as the asymptotic
SP density. In the asymptotic regime, the SP density exhibits
self-similar 共ballistic兲 expansion 共this is not true in the transient period preceding the asymptotic regime; see Ref. 关14兴兲.
It is most convenient to express the asymptotic SP density in
variable  = x / t 共see Ref. 关13兴兲,

 ⬁共  兲 ⬀

冕

change in time. Equations 共18兲 and 共19兲 immediately yield
that the asymptotic momentum distribution for TG bosons
has the same shape as the asymptotic SP density, which has
the shape of the fermionic momentum distribution, i.e., we
obtain the result in Refs. 关15,16兴. We also note that the
equivalent relation between the asymptotic SP density and
momentum distribution was found in Ref. 关22兴 for a different
model with emphasis that the time-of-flight measurements do
not give the initial momentum distribution. The derived formula 共18兲 is verified numerically on a particular example in
Sec. IV.

d2 ¯ dN兩G共/2, 2/2, . . . , N/2兲兩2 .

共19兲

We normalize ⬁共兲 such that 兰⬁共兲d = N. The variable 
= x / t has units of velocity; the self-similar asymptotic SP
density can be interpreted as the distribution of velocities of
particles in a gas, which is in a simple manner related to the
momentum distribution nB,⬁共k兲.
Equation 共18兲 can be thought of as a generalization of the
dynamical fermionization of the momentum distribution
which has been demonstrated for a freely expanding TG
gas 共c → ⬁兲 关15,16兴. Free expansion in the TG regime is
solved by the Fermi-Bose mapping 关1,26兴. In this regime,
the SP density is identical on both sides of the map. Since
fermions are noninteracting, the asymptotic form of the SP
density 共for both TG bosons and free fermions兲 is identical
to the fermionic momentum distribution, which does not

In this section, we calculate free expansion of three LL
bosons, which are initially 共at t = 0兲 in the ground state in an
infinitely deep box of length L = . The analytical expression
for the LL box ground state has been found in Ref. 关25兴. By
using this result, it is straightforward to calculate
G共k1 , k2 , k3兲 共which depends on the interaction strength c兲 for
this particular initial condition; we have outlined this calculation in the Appendix for N particles. The next step is the
calculation of the Fourier integral in Eq. 共9兲, which is performed numerically by employing the fast Fourier-transform
algorithm. From the numerically obtained LL wave function
B,c共x1 , x2 , x3 , t兲, we calculate the momentum distribution
nB共k , t兲, the SP density c共x , t兲, natural orbitals, and their
occupancies and study their evolution during free expansion
from the box ground state.
First, let us explore the dynamics of the wave function
B,c共x1 , x2 , x3 , t兲. Figure 1 displays contour plots of the probability density 兩B,c共0 , x2 , x3 , t兲兩2 for c = 1, at two different
times t = 0 and t = 3. We see that as the LL gas expands, the
probability density decreases at the hyperplanes xi = x j 共i
⫽ j兲 where the particles are in contact. This is in agreement
with the result in Ref. 关13兴, where it was shown 共by using the
stationary phase approximation兲 that the leading term of
B,c共1t , 2t , 3t , t兲 has Tonks-Girardeau form for sufficiently
large t; that is, the leading term is zero for i =  j 共i ⫽ j兲.
However, this does not necessarily mean that the properties
of such an asymptotic state correspond to the properties of a
TG gas, which was usually studied in the ground state of
some external potential. For example, suppose that the initial
state is a weakly correlated ground state in the box; despite
the fact that during expansion, the particles get strongly correlated in the close vicinity of the hyperplanes of contact, the
absence of correlations in the initial state survives as an overall feature through to the asymptotic state 共see the discussion
in Ref. 关13兴 and the second item in Ref. 关12兴兲. Thus, even
though the asymptotic state is described by a wave function
with the TG structure, the physical properties of the expanded gas can considerably differ from the properties of a
TG gas.
In order to further study the properties of the state in
expansion, Fig. 2 illustrates the occupation of the lowest
natural orbital in time 1共t兲 for several values of c. The
asymptotic values of the occupancies, which are obtained by
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FIG. 3. 共Color online兲 Evolution of the x-space density in time
for various interaction strengths c: 共a兲 c = 0.25 at t = 0 共red dotted
line兲, t = 2 共solid black line兲, and t = 4 共blue dashed line兲; 共b兲 c = 1 at
t = 0 共red dotted line兲, t = 2 共solid black line兲, and t = 4 共blue dashed
line兲; 共c兲 c = 10 at t = 0 共red dotted line兲, t = 1 共solid black line兲,
t = 3 共blue dashed line兲. The asymptotic x-space density ⬁共兲
共circles兲 is plotted as a function of x = t corresponding to the largest
time in each subplot.

2.5
2
0

0.2

0

FIG. 1. 共Color online兲 Contour plots of 兩B,c共0 , x2 , x3 , t兲兩2 for
c = 1 at 共a兲 t = 0 and 共b兲 t = 3. As the time t increases, the probability
density at the hyperplanes where particles are in contact decreases.

(c)
(c)

1

t

2

3

FIG. 2. 共Color online兲 The lowest natural orbital 1共t兲 as a function of time for three values of c. Red diamonds 共dashed line兲 is for
c = 0.25, black circles 共solid line兲 for c = 1, and blue squares 共dotted
line兲 for c = 5; the lines connecting the markers are guides for the
eyes. The corresponding horizontal lines without markers denote
the asymptotic occupancies calculated from the asymptotic wave
functions 关13兴.

using the asymptotic forms of the wave functions 关13兴 are
indicated with horizontal lines. We observe that the occupancy of the leading NO, 1共t兲, decreases during time evolution. However, for the plotted interaction strengths, the decrease of 1共t兲 is not too large. This means that the coherence
of the system 共described by the occupations of the natural
orbitals兲 for the plotted parameters only partially decreases
during free expansion due to the interactions. It should be
noted that in the TG limit c → ⬁, for hard-core bosons on the
lattice 关15兴, it has been shown that the leading natural orbitals slightly increase during free expansion 关15兴, which differs
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FIG. 5. 共Color online兲 Asymptotic expansion velocity ⬁
共squares, dashed line兲 and the square root of the total energy 冑E
共circles, solid line兲 for various interaction strengths c; lines serve as
guides for the eyes 共see text for details兲.
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FIG. 4. 共Color online兲 Evolution of the momentum distribution
in time for various interaction strengths c. The lines and colors for
different values of c and t are identical as in Fig. 3. Solid black and
blue dashed lines are almost indistinguishable.

from the finite c results obtained here. It is reasonable to
associate the decrease of 1共t兲 to the change in the LL wave
functions at the hyperplanes of contact; this change does not
occur in the TG regime, where the wave functions are zero at
the contact hyperplanes at any time of the expansion.
Let us explore the dynamics of the momentum distribution nB共k , t兲 and its connection to the SP density c共x , t兲 at
large times t. The time evolution of c共x , t兲 and nB共k , t兲 is
illustrated in Figs. 3 and 4; we display x- and k-space densities for various values of the parameter c at several times t.
Initially, all momentum distributions have a typical bosonic
property: they peak at k = 0. We observe that the qualitative
changes in the shape of nB共k , t兲 are more pronounced for
larger values of c. Circles in Figs. 3 and 4 show the
asymptotic values calculated by using Eqs. 共18兲 and 共19兲. We
see that at the maximal value of time t in the plots, the
momentum distribution agrees well with that obtained with

the stationary phase approximation in Eq. 共18兲. Our numerical calculation is in agreement with the findings presented in
Eqs. 共18兲 and 共19兲. We would like to point out that, even
though the observables nB共k , t兲 and c共x , t兲 are well approximated by the stationary phase approximation at the maximal
expansion time reached in our numerical simulations 共see
Figs. 3 and 4兲, the system is strictly speaking not yet fully in
the asymptotic regime 共e.g., note that the occupancies of the
natural orbitals have not reached their asymptotic values兲
and even better agreement should be expected at larger
times. Unfortunately, the maximal time allowed in our numerical calculations is limited by the computer memory and
time.
In order to further study the asymptotic forms of the momentum distribution and the SP density, let us calculate the
asymptotic expansion velocity as a function of the interaction parameter c. Since different parts of the cloud expand at
different velocities, a definition of this quantity has a certain
degree of freedom. Here, we define this quantity as a root
mean square of the asymptotic SP density 关49兴 in variable
 = x / t 共i.e., velocity兲,

⬁ =

冑冕
1
N

2⬁共兲d ,

共20兲

the factor 1 / N simply reflects the fact that ⬁共兲 is normalized to the number of particles N. The asymptotic velocity ⬁
is connected to the total energy E stored in the system. During free expansion, the interaction energy is transferred to the
kinetic energy; in the asymptotic regime all of the energy is
kinetic, and it can be expressed via the momentum distribution
E=

冕

k2nB,⬁共k兲dk.

共21兲

By using Eqs. 共18兲 and 共19兲, we obtain

⬁ =

冑

4
冑E,
N

共22兲

that is, E = N⬁2 / 4 which is the classical expression for the
kinetic energy of N particles with velocity ⬁ and mass 1/2
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关recall that we use units where the kinetic-energy operator in
N 2
 / x2i 兴. The quantities 冑E and ⬁ are disEq. 共1兲 is −兺i=1
played in Fig. 5 for various values of the interaction strength
c; the plots underpin Eq. 共22兲. The total energy was calculated simply as E = q21 + q22 + q23 where quasimomenta qi are
obtained by solving transcendental Bethe equations for the
initial state 关25兴 共see the Appendix兲. The asymptotic velocity
was obtained via Eq. 共20兲 by numerical integration. Our numerical calculations are in good agreement 共better than 99%兲
with Eq. 共22兲; we attribute the discrepancy to the inaccuracy
of the numerical integration.

APPENDIX: THE FUNCTION G(k1 , . . . , kN)
FOR THE BOX GROUND STATE

In Sec. IV, we have studied free expansion of three LL
bosons, which are initially 共at t = 0兲 in the ground state in an
infinitely deep box of length L = . Here we present exact
analytical expression for function G共兵k其兲 ⬅ G共k1 , . . . , kN兲 for
this particular case. First, we use the connection between
˜ 共k , . . . , k 兲 and the projection coefficients b共k , . . . , k 兲 of
F 1
N
1
N
the initial bosonic wave functions onto the LL eigenstates in
free space 关13兴 to rewrite the expression for G,
G共兵k其兲 = N ! N共兵k其兲b共兵k其兲

V. CONCLUSION

We have numerically studied free expansion of a few
Lieb-Liniger bosons, which are initially in the ground state
of an infinitely deep hard-wall trap. This numerical calculation has been carried out by employing a standard Fourier
transform, as follows from the Fermi-Bose transformation
for a time-dependent Lieb-Liniger gas. We have studied the
evolution of the momentum distribution, the real-space
single-particle density, and the occupancies of natural orbitals: both in the nontrivial transient regime of the expansion
and asymptotically. We have derived analytically 共by using
the stationary phase approximation兲 the formula which connects the asymptotic shape of the momentum distribution
and the initial state. For sufficiently large times, the momentum distribution coincides 共up to a scaling transformation兲
with the shape of the real-space single-particle density 共the
expansion is asymptotically ballistic兲. This result can be considered as a generalization of the dynamical fermionization
of the momentum distribution in the Tonks-Girardeau regime, which has been pointed to occur in the course of free
expansion 关15,16兴. We have shown that the occupancy of the
lowest natural orbital of the system decreases with time
while approaching its asymptotic value. This was related to
the buildup of correlations of the hyperplanes of contact of
the particles. Finally, we have calculated the expansion velocity in asymptotic regime and pointed out its relation to the
overall energy of the system.
In order to gain further understanding of a freely expanding LL gas, it would be desirable to investigate transient
dynamics of the observables for larger number of particles
and also for different initial conditions 共e.g., the ground state
of a LL gas in different initial trapping potentials兲.
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⫻

兿
1ⱕi⬍jⱕN

冋

册

i
sgn共x j − xi兲 + 共k j − ki兲 .
c

共A1兲

Here, N共兵k其兲 is the normalization constant for LL eigenstates
in free space 关38兴,
1
N共兵k其兲

冑

i⬍j

冋 冉 冊册
2

k j − ki

共2兲NN ! 兿 1 +

=

c

共A2兲

,

and coefficients b共兵k其兲 are found by using the solution for the
LL box ground state 关25兴,
b共兵k其兲 ⬀ N共兵k其兲 兺 共− 1兲 P⬘
P⬘

⫻ 兺 兺 ⑀1 ¯ ⑀N
兵⑀其

冉

P

⫻ 1+

ic
q Pi − q Pj

再

N

冋

兿
1ⱕi⬍jⱕN

兿
1ⱕi⬍jⱕN

冋

冉

i
1 − 共k P⬘ j − k P⬘i兲
c

1−

冊冕 冕
L/2

x1

dx2 ¯

⫻ exp i 兺 共q Pj − k P⬘ j兲x j − q Pj
j=1

冊

L/2

dx1

−L/2

ic
qi + q j

L
2

册冎

冕

册

L/2

dxN

xN−1

共A3兲

.

In the expression above, summations are taken over all permutations P and P⬘ which are of order N, whereas the set 兵⑀其
is defined such that each ⑀i is either +1 or −1 共here
i = 1 , . . . , N, i.e., there are 2N combinations in the set 兵⑀其兲. The
ground-state quasimomenta are defined as qi = ⑀i兩qi兩, for
i = 1 , . . . , N, and their magnitudes 兩qi兩 are found by solving
共numerically兲 the system of coupled transcendental equations
关25兴,

冉

兩qi兩L =  + 兺 tan−1
j⫽i

冊

c
c
+ tan−1
. 共A4兲
兩qi兩 − 兩q j兩
兩qi兩 + 兩q j兩

Finally, let us mention that the constant of proportionality in
Eq. 共A3兲 is fixed such that the wave function B,c is properly
normalized.
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