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Hawking fluxes, fermionic currents, W, ., algebra, and anomalies
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We complete the analysis carried out in previous papers by studying the Hawking radiation for a Kerr
black hole carried to infinity by fermionic currents of any spin. We find agreement with the thermal
spectrum of the Hawking radiation for fermionic degrees of freedom. We start by showing that the near-
horizon physics for a Kerr black hole is approximated by an effective two-dimensional field theory of
fermionic fields. Then, starting from two-dimensional currents of any spin that form a W, ., algebra, we
construct an infinite set of covariant currents, each of which carries the corresponding moment of the
Hawking radiation. All together they agree with the thermal spectrum of the latter. We show that the
predictive power of this method is based not on the anomalies of the higher-spin currents (which are
trivial) but on the underlying Wy, structure. Our results point toward the existence in the near-horizon
geometry of a symmetry larger than the Virasoro algebra, which very likely takes the form of a W,

algebra.
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L. INTRODUCTION

This paper is complementary to [1,2]. The subject of
these previous papers was the calculation of the Hawking
radiation and its thermal spectrum by the method of
anomalies and the role played by a W, algebra of currents
in this derivation.

Hawking radiation [3,4] does not depend on the details
of the collapse that gives rise to a black hole. Therefore one
expects that the methods to calculate it should have the
same character of universality. The anomaly method has
these features. The first attempt to compute Hawking ra-
diation by exploiting trace anomalies was made by
Christensen and Fulling, [5] (see also [6]), and reproposed
subsequently by [7,8] in a modified form. More recently a
renewed attention to the same problem has been pioneered
by the paper [9], which makes use of the diffeomorphisms
anomaly. This paper led to a number of contributions [10-
68].

Most of these papers are concerned with the derivation
of the integrated Hawking radiation and do not describe its
spectrum. However, one of the most interesting features of
the Hawking radiation is precisely its thermal spectrum.
This can be “Fourier analyzed” and expressed in terms of
its higher moments or fluxes. An interesting proposal was
made by the authors of [12-15], who attributed these
higher fluxes to phenomenological higher-spin currents,
i.e., higher-spin generalizations of the energy-momentum
tensor.

In [1] it was shown that such higher currents do describe
the higher-spin fluxes of the Hawking radiation. The main
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result of [1] was that this is not due to their trace anomalies,
but rather the their underlying W,, algebra structure. In fact
it was shown in [1] that these higher-spin currents cannot
have trace anomalies and in [2] that they cannot have
diffeomorphism anomalies (or, rather, that if there are
anomalies they are trivial). In [1,2] the analysis was limited
to bosonic higher-spin currents. In the present paper we
would like to extend the analysis to fermionic currents. Our
conclusion will not change: the thermal spectrum of the
Hawking radiation is induced not by the anomalies of such
currents, which do not exist, but by their underlying W
structure [the 1 stands for the extension of the W, algebra
to include a U(1) current]. We will also examine some
aspects of the W, ., algebra which were not duly clarified
in [1,2], but are basic to appreciating the central role of the
W, algebra. The main conclusion of our series of papers is
that the Hawking radiation, and, in particular, its thermal
spectrum, points toward the existence in the near-horizon
region of a symmetry much larger than the Virasoro alge-
bra, that is, a W,, or a W, ,, algebra.

In this paper we will start (Sec. II) from a Kerr-like
metric in four dimensions (4D) and consider fermionic
matter coupled to it and to a background electromagnetic
field. As in [1,2] we will reduce the problem to two
dimensions. This can be done by using azimuthal symme-
try and the near-horizon properties in the Kerr background.
The spinor field (s, r, 6, ¢) will be expanded in the ap-
propriate spherical harmonics. After integrating the action
over the polar angles one is left with an infinite number of
free two-dimensional spinor fields interacting with the
background gravity specified by the metric

ds* = f(r)dr* — ]%dﬂ (1)

as well as with the electromagnetic field. f(r) near the

© 2009 The American Physical Society
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horizon behaves like f(r) = 2x(r — ry), where k is the
surface gravity. In the following we will focus on one of
these complex fermion fields. The analysis for all the other
fermion fields is the same; what is left out of our analysis is
the resummation of all these contributions and the attain-
ment of the relevant four-dimensional information (see for
instance [69]). After Sec. II the paper is organized as
follows. In Sec. IIT we recall the trace anomaly method,
which is basic in this paper. In Sec. IV we introduce the
currents of the W, algebra relevant to our problem. In
Sec. V we construct the covariant higher-spin currents and
show that their flux at infinity is in agreement with the
moments of the fermionic Hawking radiation. In Sec. VI
we discuss the problem of trace anomalies in higher-spin
currents and, as in [1,2], show on general grounds that there
cannot be trace anomalies in these currents in accord with
our explicit construction in the previous section. Finally in
Sec. VII we draw our conclusions. Two appendixes are

devoted to some details of the calculations in Secs. II and
V.

II. REDUCTION TO TWO DIMENSIONS

We start with the four-dimensional action for fermions
in a curved background:

S = fd“x\/—_g'J/V‘/’
= [axmmutyyess (i, — oy 1)

(2)

where the vierbein e? , satisfies nabe’l#e”,, = guv» and the
37 1 a 1 1 a p— a 14
spin connection “, is given by o, =e WVye,’.

(Indices a, b, ¢ =
0, ¢ are curved.)
We consider the Kerr metric,

0,1, 2, 3 are flat; indices u, v =1, r,

sin 9

ds* = é(dt — asin’*0d¢)*> — (adt — (r* + a®)dp)?

—(P+a coszﬁ)( + dﬁz) (3)

and we choose the following local Lorentz frame (i.e., the
vierbein) e, *:

VASeytd, = (P +a»)o, + ady,

\/AEelf’“GM = A9, VAEezl’“aﬂ
J

VAZe 9, = \/K(d sinfd, + s—¢)’

iné
where 3 =12+ a%cos?0, A= (r—r)r—r_), r
_ =2M, r,r_ = a®. Near the horizon we have r — r,
and consequently A — 0. From the third and the fourth
relation of (4) we see that the terms in the action (2) which

are multiplied by y?e,* and y’e;* are suppressed by a

=VAd, @)
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factor of v/A. We can see that the term y'e,#d, is not
suppressed, by changing to tortoise coordinate r* defined
by % = ’ZX—”Z. Expressed in terms of r*, \/Eelf‘aﬂ be-
comes (r* + a?)d,~. Therefore, the leading order contribu-
tion from the term y“%e,*d, in the action (2) is
Yey'd, + ¥0ey?d4 + y'e,”d,, and is of order 1/VA.
Furthermore, a straightforward calculation shows that the
leading contribution of the term e *w,;, comes from
et w1, = and is also of order

ry—r_

- eo'“ w 10 = 7—
1/v/A (the spin coefficients are listed in the Appendix A).

In summary, on the horizon r = r,, we obtain in the
leading order

[(r3 + a)a, + ady]
5!
I:(r%r + a?)d,

+ I =]l o

To be able to integrate over 6 and ¢ in the action (2), we
expand ¢ in  the following  way: Y =
S i im(t, )8, (0)e™™? where S,,, are normalized so
that [ dov/S sinfS7;,,(60)Sy,,(6) = 28;,. That produces the
change 9, — —im. We first integrate over ¢, and then
over 6, using the normalization condition for S, and

obtain
( iam )
TR+ a?

—477[dtd

+ yoyl(a

Sl

Jrfﬂ)}"%

We choose the following gamma matrices in 4D,

/00 0 1 0 0 0 —1
o (o010 o o 1 o0
Y> o100 Y7o -10 0}
1000 1 0 0 0
0 0 —i 0 0 0 1 0
Y71 -io oo Y71l-1t 0o 00
\0 i 0 0 0 -1 00

and the following gamma matrices in 2D,

o_ (0 1 1 (0 —1
0'—(1 O)’ 0—(1 0). (6)
The choice ensures that y°y' and 0’0 look very simple.
Both are diagonal, and satisfy y%y! =1 ® ¢%c!. Since
y’y! and 00! generate Ol-Lorentz transformation in
4D and 2D, respectively, the upper two, as well as the
lower two components of ¢,,,, will transform like the 2D

spinors. We denote the two upper components by x(1)m
and the two lower by x(2);:

084034-2
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_ X(l)lm) 7
Vin (X(z)zm ' ™

In terms of x5, (s = 1, 2) the action reads

iam
S =47 dtdr oo\, ————
JaurP L5 5 o oo (o )
] N
g o r 4(r+ +a2) X(s)Im

Now we show that we can interpret the action in terms of
2D quantities: the spinors x/y);,, the metric (1), its zweibein

652)01

. . 2 .
and spin connection w;k)a, a vector potential A, and a

dilaton ®. We take the letters i, j, k = 0, 1 to denote flat 2D
indices, and a = ¢, r to denote the curved. First we calcu-
late the 2D covariant derivative ®V, contracted with 2D

2
gamma matrices o'e!??,

(2)%(:01-6?)“(6& 213 @il k])X

Next, motivated by the fact that for the 4D metric (3) the
tortoise coordinate satlsﬁes "’ =r +“ , whereas for the 2D

we 1dent1fy

metric (1) it satisfies 4 f(r),

A(r)
2 +a 2°

flr) = ()]

Finally, plugging this into (8), we see that in the leading
order near the horizon we can write the action in the
following way:

2

=2 247 f didr®X(omPX i (10)

s=1 Im

where the covariant derivative now includes the gauge part
D, = ®V, — igA,, and the charge g of x(y,, is m. This is
the 2D action for an infinite number of two component
fermions x(y);, in the background given by the dilaton @,

d =Vr?+ a2 (11)

the gauge field A,

A, =0, (12)

and the metric (1).

In the sequel we restrict our analysis to the near-horizon
region. In this region the dilaton is approximately constant,
so we may disregard it: the equations of motion are those of
free fermions in two dimensions, coupled to the metric and
the gauge field (but not to the dilaton).

PHYSICAL REVIEW D 80, 084034 (2009)
III. THE TRACE ANOMALY METHOD

To start with let us recall the trace anomaly method to
compute the integrated Hawking radiation (in the absence
of a gauge field). With reference to the metric (1) we
transform it into a conformal metric by means of the
“tortoise’ coordinate r, defined via a’ = f(r). Next we

introduce light-cone coordinates u = t Tuy V=1 r,.
Let us denote by T,,(u, v) and T,,(u, v) the classically
nonvanishing components of the energy-momentum tensor
in these new coordinates. Our black hole problem is now
reduced to the background metric g,z = €n,5, Where
¢ = logf. The energy-momentum tensor can be calculated
by integrating the conservation equation and using the
trace anomaly. The result is (see [2])

Tl v) = 328 (6 = S 0,02) + T8 W, (13)

where Tf,l,]f’l) is holomorphic, while T,, is conformally
covariant. Namely, under a conformal transformation u —
i = f(u)(v— v = g(v)) one has

df

T, (u,v) = (d

) Tya(@, v). (14)

under a conformal transformation, &(ii, v) =

o(u,v) — ln(% 3—5), it follows that

T () = (df ) (r )+ e

Let us pass to Kruskal coordinates, which are regular at the

Since,

Saa) a9

horizon, i.e., to (U, V) defined by U = —e™** and V =
eV, Under this transformation we have
1
T (1) = ( U) (Tf,‘z?”( )+ X, u}) (16)
K

Now we require the outgoing energy flux to be regular at
the future horizon U =0 in the Kruskal coordinate

Therefore at that point T80 () is given by %>
noticed in [2] this requirement corresponds to the condltlon
that T, (u, v) vanishes at the horizon.

Since the background is static, Tf,};OI)(u) is constant in ¢
and therefore also in r. Therefore at r = oo it takes the
same value h‘RK . On the other hand we can assume that at

r = o there 1s no incoming flux and that the background is

trivial [so that the vacuum expectation values of T,(JZOU(M)
and T, (u, v) asymptotically coincide].

Therefore the asymptotic flux is (we denote by (-) the
value at infinity)

hi?

<Ttr> = <Tuu> - <Tvv> = mCR' (17)

This is the integrated Hawking radiation (see below).

084034-3
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We would like to apply a similar method to the higher-
spin currents. Let us start by recalling a few notions about
the thermal fermionic radiation.

The thermal fermionic spectrum of the Kerr black hole is
given by the Planck distribution

1

Nw) = ——=—,
() ePlommd) 4 |

where 1/ is the Hawking temperature of the black hole,
w is the absolute value of the momentum (w = |k|), and Q)
is the total angular momentum, in our case {) = A, eval-
uated at the horizon, and m is the charge.

Let us consider first the case m = 0. In two dimensions
we can define the flux moments F,, which vanish for n
odd, while for n even they are given by [16]

o 1 /ood w2n—l
S Y 0 weﬁ“’+1

2nB
B 2o (g = pl=2my(—pynt, (18)
n

where B,’s are the Bernoulli numbers (B, = 1/6, B, =
—1/30,...) and k = 27/ is the surface gravity of the
black hole.

When m # 0 we do not have similar compact formulas;
however, it makes sense to sum over the emission of a
particle (with charge m) and the corresponding antiparticle
(with charge —m). In this case the flux moments become

F9Q =L([mdx7x” —
o 2a\Jo ePa—m) 4 1

] x"
X j;) dx eB(x+mQ) + 1)

(mQ)n+1 [(n+1)/2] .
=— -1
2a(n + 1) & (=1

nl(1 — 217 2k) 2
272k (n + 1 — 2k)!

(="

By (mQ) 172 (19)

Once we know F we do not have enough information to
reconstruct the full thermal spectrum with m # 0, but
being able to reproduce the moments F\ represents any-

how an important positive test.
|
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IV. A W, ., ALGEBRA

In order to derive the higher Hawking fluxes the same
way we derived above the integrated Hawking radiation,
we postulate the existence of conserved spin currents con-
sisting of fermionic bilinears in the 2D effective field
theory near the horizon. They will play a role analogous
to the energy-momentum tensor for the integrated radiation
(the lowest moment). To construct such currents we start
from a Wj,, algebra defined in an abstract flat space
spanned by a local coordinate z. These currents were
introduced in [70] (see also [71-74]):

e Gl

X ‘P*(z)a’; "W (z): (20)
_ A\*—SS! -
B(S)zmq s s=1,273 ..., 21

where ¢ is a deformation parameter

The spin s currents ] (z) are linear combinations of

bilinears
J(2) = ot o
hm (0m Wt (z))07 W(zy)

— amon (Wl (z))P(z0))).

We want to relate the currents written in two different
coordinate systems, connected by coordinate change 7z —
w(z). That is, we would like to obtain a relation analogous
to the one found in [1]

B (o)W oty @)
and apply it to the transformation w(z) = —e %% so as to
obtain the value of jg‘f,),z(z) at the horizon by requiring

regularity.
The following transformation property of holomorphic
fermionic fields will be needed:

W(z) = (W(2)>W(w)

Using it we get

MW (z))0" W(zy): = 9ol :Wi(z)W(zy): = 9707 (¥T(z))W(zp) — (PT(2))¥(z2)))
= 079" (W1 (z))2(Wh(z)2Wt (w)) W (wy) — (U (z)W(2,)))
= 070 (W (@) 2(Wh(z)) 2T (W)W (wy):) + a7 an (wh ()2 (wh(z)) 2 (W (w)) W (w,))

- <\I,T(Z1)\II(Z2)>)-

Let us set

G(z1, 2) = — (Wi (@) 2(Wh(z)V2HW T (w)) P (wy)) — (H(z))W(z2))) (23)

Then

084034-4
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MWt (z))92 W(zy): = a7 9 (wh(z)))"/?

e )
X (wh(z) /2 W (wy) W (w,):)
— 9702 G(21, 20). (24)
The propagator for fermionic holomorphic fields is
given by
T A
(WT(Ww)) = ——. (25
—w

The value of A is determined in such a way as to reproduce

the transformation properties of the energy-momentum

tensor and, in physical units, is proportional to 7.

Eventually we will set A = h. We are interested in the

transformation properties of fermionic currents when
w(z) is w(z) = —e~ %%, Using this we have

G(z,22) = G(z) — 22)

Kk/2 1

(-

sinh(5 (z; — z,))

Proceeding with our currents (20) we obtain

2
A= -2 s > 1>k< _]1{) tim 924

). (26)

i1 22

X ((w1(zl))l/z(wz(zﬁ)'/z:‘l’*(w])‘I’(WQ):)
+(X7), (27)

where

B(s) afs 1Y
)= =5 3 1) ( _k>

X lim 83 %95 1G(zy, 2). (28)

2172
Now, using the familiar series
a?r (2201 — l)sz
P 2p — 1!

pr*]

a 1 ad
sinh(ax) x IZ:I
for a = k/2, we obtain

B(S) i 1)k+1< ) ( 1)k 1

x7) =

s _ n—(s—1)
x,\"(l 2B (29)

N

Finally, using the value of the sum
i (s - 1)2 . (2s —3)N
“\s—k (s—=1)!"°
we find

KSB (5)

X{)=- S(1=2"79q) 2 = =(lon - (30)

where (), denotes the value at the horizon. Notice that

PHYSICAL REVIEW D 80, 084034 (2009)

(XI'y = 0 for an odd spin s. For s > 1 this is because B, =
0 for odd s > 1. For s = 1 it is because of the other factor
in (30).

V. HIGHER-SPIN COVARIANT CURRENTS

The holomorphic currents of the previous section refer
to a background with a trivial Euclidean metric. In order to
construct the corresponding covariant higher-spin currents
from fermionic fields, first we recall some properties of
fermions in two dimensions [15]. The equation of motion
for a right-handed fermion with unit charge is given by

(0, — iA, +30,@) ¢ (u, v) = 0. (31)

In the Lorentz gauge, the gauge field can be written locally
asA, = d,n(u,v) and A, = —9,n(u, v) where n(u, v) is
a scalar field. Since gravitational and gauge fields are not
generally holomorphic, ¢ (u, v) is not holomorphic either.
In order to construct holomorphic quantities from a fermi-
onic field, we define a new field ¥ by

¥ = exp(ze(u, v) + in(u, v))¢(u, v) (32)

It is easy to show that the equation of motion implies
d,' ¥ = 0 and hence ¥ is holomorphic. Similarly we can
define W as

in(u, v) ¢t (u, v).

The equation of motion again guarantees that 9, ¥t = 0,
so that W1 is also holomorphic. We will use ¥ and W1 as
the basic chiral fields to construct the W, , algebra intro-
duced in the previous section. To covariantize the expres-
sions of the currents we reduce the problem to one
dimension by considering only the # dependence and keep-
ing v fixed. In one dimension a curved coordinate u in the
presence of a background metric

P = exp(o(u, v) —

g,U,V = e‘P(uvv) 17/,”/

is easily related to the corresponding normal coordinate x
by the equation 9, = e~ ¢®¥)9 . We view u as u(x), and by
the above equation, we extract the correspondence between
7 and j¥, by identifying u with the coordinate z of the
previous section after Wick rotation. The expressions we
get in this way are not yet components of the covariant
currents. We have to remember the current conformal
weights and introduce suitable factors in order to take

them into account.
Under a holomorphic conformal transformation u — i
the function ¢(u, v) and the field W(u) transform accord-
V(i) — (@)” "W).

l i I

Therefore ¢~ ¢/>W(u) [and analogously, e~ ¢/2WT ()]
transforms as a scalar with respect to a holomorphic coor-
dinate transformation.

@@, v) = o(u,v) —

084034-5
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A remark is in order about the transformation property
of the fermion field W under (holomorphic) gauge trans-
formations; in the Lorentz gauge there remains a residual
holomorphic gauge symmetry,

' (u, v) = ™ (u, v),

Under this transformation the field W(u) transforms as a
field with twice the charge of i, i.e., ¥/(u) = 2 AP (y).

As a consequence the covariant derivative of W(u) turns
out to be

V, W(u) = (9, — 30, — 2iA,)V(u),
V¥t (w) = (9, — 10,0 + 2iA,)¥T(u),

7' (u, v) = 9(u, v) + Au).

2 u

and for higher covariant derivatives we have
Vit W (u) = (9, — (m + Do, o — 2iA,)ViP(u),
VWt () = (9, — (m + 1, @ + 2iA,)VIUT(u).

It can be shown that e "*¢V"W(y) and
e~ eyt (4) transform as scalars under holomorphic
coordinate transformation, for every m € N.
After these preliminaries the covariant currents are con-
structed using the following bricks:

Jimn) e<m+n+1)¢<u,v>1im(62i S Aot i1 2)p(u,0)
e—0

S
><vgl'\lf'r(u+)e—(n+1/2)¢(L¢+,U)VZ\I,(L£_)_cmiyn)

Em+n+1

where we have used the abbreviations u, = u(x + €/2)

and u_ = u(x — €/2). The numerical constants c,fn,,l, de-
fined by

C{:l,n = A(_l)m(m + n)!>

are determined in such a way that all singularities are
canceled in the final expressions for J""),

Finally, let us define the covariant currents correspond-
ing to the W, fermionic currents:

XS Sy e

s—3

(33)

s!

BO =gy —m

The first few covariant Wy, fermionic currents can be
written in pretty simple form, using the abbreviation T =

2o —1(0,0)%

iA
=0+

4
3 (34)

5,%2=(2A3 )A 24,00+ 2 (35

PHYSICAL REVIEW D 80, 084034 (2009)

8A3 AT
= a3 - asla, + (51 - 20)
Ty
e T i (36)
S = +/\(4A4 A (VZA )A, + [
uuuu u 5 u 240

3
+2V,4,7) - 8L~ 122803

- (1 V2 N+ L — 6J4 JA )
u 5 uuu

5
3 iy 4 1 W, T
(v A )(v J ) + g(viAu)Ju + 1—

+ J&‘L)W. 37)

The expression for the fifth order current can be found in
Appendix B. For the other currents we have explored up to
order 8, the expressions are so unwieldy that we have
decided not to write them down explicitly.

Next we write down the covariant derivatives of the
W, fermionic currents, J ) defined above,

gV, = —AF,x, (38)
gV, Ja = —4)\(VMR) + F ), (39)
gV Ik = 2F, M — f(v RJY,  (40)

3
guvvv-]l%)uu = E(VMFMM)(VM 1)) I M(VZJ’SI))

O

X (V2F,")J — —O(vuR)J;%) +3F, I,

(41)

In the case of lowest spin current, JV, (38) gives rise to
the gauge anomaly
gV I = — Z €“VF . (42)
Apart from the gauge anomaly in the first current we are
interested to check whether there are trace anomalies in the
other currents. This is done as follows. After the right-hand
side of the above equation is expressed in terms of cova-
riant quantities, terms proportional to 7 (which is present
only in A) are identified as possible anomalies by proceed-
ing in analogy to the energy-momentum tensor. One as-
sumes that there is no anomaly in the conservation laws of
covariant currents, that is, that the covariant derivatives of
the higher-spin currents with the addition of suitable co-
variant terms [these terms are classical, i.e., not propor-
tional to #%; see for instance the terms in (39) and (40)]

084034-6



HAWKING FLUXES, FERMIONIC CURRENTS, ...
vanish. Since

v : Ju...u + - guvvv‘]u...u + guvvu‘]vu...u + cee T 0’

where dots denote the above mentioned classical covariant
terms, one relates terms proportional to # in the u deriva-
tive of the trace (vu...u components) with the terms
proportional to 7 in the v derivative of u ... u components
of the currents.

For the covariant energy-momentum tensor, J®, we
have Tr(J®) = 2g”“.15,2u) = —1”—2R, which is the well-
known trace anomaly. In the case of the J©® current the
terms that carry explicit factors of 7 cancel out in
g””V,,JﬁfM)u, which implies absence of # in the trace, and
consequently the absence of the trace anomaly. The same is
true for J® and the higher currents.

A. Higher moments of the Hawking radiation

Now let us come to the description of the higher mo-
ments of the fermionic Hawking radiation. We will follow
the pattern outlined in Sec. III and consider first the case in
which the electromagnetic ﬁeld is decoupled (m = O).
).(2) via
(u), we get the corresponding

In Sec. IV we evaluated GO, If we 1dent1fy Jo
a Wick rotation with Ju_,_u
value at the horizon ( j(,f,?_u>h. We notice that since the
problem we are considering is stationary and jgf,?,u(u) is
chiral it follows that it is constant in ¢ and r. Therefore
GO, corresponds to its value at r = 0. Since i ()

and Jﬁf,,),u(u) asymptotically coincide, the asymptotic flux
of these currents is

T = ) = I8 = G

If wesetg =1+ and A=1lin conventlonal units and, as in
[1,2], we multlply the currents by — —ﬂ in order to properly
normalize the (physical) energy-momentum tensor, we get

KZnan
4n

while the odd currents give a vanishing value. These values
correspond precisely to the fluxes of the Hawking thermal
spectrum defined by (18) multiplied by two. This is so
because our currents carry both particle and antiparticle
contributions.

Next we wish to take into account the presence of the
gauge field, which, in our case, vanishes at infinity but not
at the horizon. This introduces a significant change in our
method. In Sec. III the basic criterion was to regularity of

Tf,}if’l) at the horizon. Now the presence of the electromag-

U, ) = = gy, @)

netic field interferes with the regularity of TSLOD at the
horizon. As a consequence we have to update our criterion.

Let us start with the first current (34). From now on we
understand that the electromagnetic field A, absorbs also
the charge m, so that in the final results the replacement
A, — mA, is understood. We easily get (remember that

PHYSICAL REVIEW D 80, 084034 (2009)
(XT) vanishes)
iA 1 A
JO =0 2y = ( P Au), (44)
2q fu 2q

where f, denotes the first derivative of & = f(u) with
respect to u. Now let us introduce the Kruskal coordinate

flu) = —e % Tt is evident that we have to require
regularlty at the horizon of ](1) ’)‘ Au, not of ] ) alone.
Therefore we get
iA
Gt + 5 Ay = 0, (45)
q

where (), denotes the value at the horizon. Now ]ul)(u) is
constant in 7 and r. Therefore ]u)>h - ’2 (A, corre-
sponds to its value at r = co. Since j(])(u) and J (u)

asymptotically coincide, because A,(u) asymptotically
vanishes, we get

1 1 1
— gy = _ J(l) + (1)
S0 = =) + )
iA 1 Q
=—A =_A = — 46
47Tq< u>h 2T t 2T ( )

where (-) represents the asymptotic value and we have
assumed that there is no incoming flux (J f,”} from infinity.

From this example we learn the obvious lesson. We have
to assume that the currents J S)U are regular on the horizon
in Kruskal coordinates U = —e™**. Since these currents
are covariant, we have

J(S) — itS)u
U..U ( U)s ( )

It then follows that the currents Jff,,).u and their n — 1
derivatives vanish. From (35)—(37), at the horizon we

must get
T 8A3 AT
(2) _ 2 .3) _ u u
_A 2A T 72717 _/\ - B
< g 12) / < 303 )

]uu -
(47)
TTA2 2
o, = —A(4A2 - (ViAA,
772
+-—+=-(V,A 4
240 5( 2 ) 48)

As already remarked, at infinity the background fields A,
and ¢ vanish so that

O =G (49)

Now, we evaluate the derivatives on right-hand side of (47)
at the horizon. Setting A = 7 = 1 we get
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G, = T - Sk
12 27

1 1

G = — (AN — (DA
3 6

1

- i(A)i + L (ThlA; = 2%0”»‘1-

<jf:tt)uu>h = 4

Therefore at infinity we get
1 K Q?
@ry
-— =— 4+ —,
27 487  4Am
1 (3) Q3 KZQ
- J " = - + ’ 50)
27T< "= or "t 2am (
7k 02> 04
-+ -
1920w 16m 87
where we have used (f'(r)), = 2k, (T), = — ";,At(r) =
=1, O = A/(ry) = (A));. These results agree with for-
mula (19) after the replacement A, — mA, [see the com-

ment before Eq. (44)]. We checked the agreement up to
spin 8 current (J®7). The relevant expressions for ( JD D
for i = 1...8 are given in Appendix B.

1 r
- EU#’) ) =

VI. HIGHER-SPIN CURRENTS AND TRACE
ANOMALIES

Each of these higher-spin currents carries to infinity its
own component of the Hawking radiation. Just in the same
way as in the action the metric is a source for the energy-
momentum tensor, these new (covariant) currents will have
in the effective action suitable sources, with the appropri-
ate indices and symmetries. In [1] they were represented by

background fields BSE? «, (which will be eventually set to
zero). So we have

1 1) s
- ﬁ SBWa s

We assume that all JE;,) u, are maximally symmetric and
classically traceless.

In addition to the series of B®) fields, there must be other
background fields with the same characteristics (i.e., maxi-
mally symmetric and asymptotically trivial). Their func-
tion is to explain the presence of the additional covariant
terms in the conservation equations of the higher currents
[to be specific, the terms at the right-hand side of (40) and
(41), ...]. Let us call these additional fields C*), D), ...
As an example let us consider the conservation of J©,

(5D

Tilom,

Ve = 2F00 - LV, R, (52)

where symmetrization over the indices » and A is under-
stood in the right-hand side. The left-hand side is due to
assumed invariance of the effective action under
(©) —
5§B My Moy T \Y%

i€y T eyel, (33)

PHYSICAL REVIEW D 80, 084034 (2009)

where £ is a symmetric traceless tensor and cycl denotes
cyclic permutations of the indices. In order to explain the
presence of the right-hand side terms, we assume that there
exist, in the effective action, other background potentials
C®), coupled to the two terms in the right-hand side of (52),
which transform like

8:C0) =€, (54)

while all the other fields in the game are invariant under ¢
transformations. These fields must have transformation
properties that guarantee the invariance of the terms they
are involved in.

In an analogous way we can deal with the other conser-
vation laws. We remark that the transformations of the C*¥
potentials are intrinsically Abelian. Unfortunately we do
not know how to derive the transformation (54) from first
principles. But we can use consistency to conclude that
these two equations represent the only possibility. For,
although, in order to account for the J 3 conservation
law, one can envisage possible (non-Abelian) transforma-
tions, one must check that these transformations form a Lie
algebra. Such a condition strongly restricts the form of the
transformations and, consequently, of the effective action.'
One can indeed verify that the higher potentials transfor-
mation laws are so strongly restricted that it is generically
impossible to avoid the conclusion that they must be
Abelian (see also [2]). Under these circumstances (54)
represents the generic case for higher-spin quantities. The
presence of these additional background fields, which were
not considered in [1,2], may complicate the anomaly
analysis. However, to simplify it, one can remark that these
potentials can increase the number of cocycles only if they
explicitly appear in the cocycles themselves. Since even-
tually these potentials are set to zero, the corresponding
cocycles vanish. As a consequence they cannot give rise to
the anomalies we are interested in and their study is of
academic interest. For this reason, for the sake of simplic-
ity, we choose to dispense of it. Thus henceforth we will
ignore the additional potentials.

This said we can now analyze the problem of the ex-
istence of trace anomalies in higher-spin currents with
cohomological methods. With respect to [1] the analysis
is complicated by the presence of the electromagnetic field.
Of course the electromagnetic field gives rise to the gauge
anomaly in the covariant derivative of the J!) current [see

"The presence of the terms in the right-hand side of (52) could
be formally explained by different transformation laws of the
other fields. In particular for the third order current such terms
could be explained by

STA;L ~ ’TﬁV)‘R.

But these are not good symmetry transformations, for they do not
form an algebra. It is easy to see it for instance by promoting ¢ to
anticommuting parameters and verifying that such transforma-
tions are not nilpotent.

—~ A
‘Srg;uz T,uF/\w
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(38)]. The latter is induced by the gauge transformation
0)A, = d,A, and this is all we need to say about this
anomaly.

With these premises, we want to show that the conclu-
sion of [1] on the absence of trace anomalies in the higher-
spin currents holds under the present conditions. Let us
recall first the setting of [1] for this type of analysis [75—

80]. Let us start from the analysis of J©. Setting BS?, L=
B, the Weyl transformation of the various fields in-

volved is (see [1] for a comparison)

S(I'g,ll.ll = za-g/un 80'B,U.VA = xa-B,u,V)u (55)

84A, =0, (56)

which induces the trace of the energy-momentum tensor,
and

(Srg/.w =0, 5TB,LLV)\ = Tu8va + CYCL (57)

8,A, =0, (58)

which induces the trace of J®). Moreover, for consistency
with (55) we must have

8,7, =(x—2o7,, (59)

where x is an arbitrary number.

A comment on these transformations is in order. They
are determined as follows: they must be expressed in terms
of symmetry parameters and of the basic background fields
guvand A, and nothing else; they must form a Lie algebra,
as was mentioned above; and they must leave unchanged
the terms in the effective action, in particular, the terms
involving the matter fields. The transformations are then
dictated by the canonical dimensions of the various fields.
The fields B®) and C® have dimension 2 — s and 1 — s,
respectively.

We must now repeat the analysis we have done in [1].
We promote o and 7, to anticommuting fields so that

82=0 8=0 - 6,8,+5.5,=0.

Integrated anomalies are defined by
5, TV =nA,, 5T =pA (60)

where 'V is the one-loop quantum action and A, A, are
local functionals linear in o and 7, respectively. The un-
integrated anomalies, i.e., the traces T,’f and JO# u)> are
obtained by functionally differentiating with respect to o
and 7, respectively.

By applying 6, 6, to Eq. (60), we see that candidates
for anomalies A, and A, must satisfy the consistency
conditions

0,A, =0, 85, A, +8,A, =0, 8.A.=0.

(61)

PHYSICAL REVIEW D 80, 084034 (2009)

Once we have determined these cocycles, we have to
make sure that they are true anomalies, that is, that they are
nontrivial. In other words there must not exist local coun-
terterm C in the action such that

A, =5, [ P /=%, (62)

A =5, f Px =3C. 63)

If such a C existed we could redefine the quantum action by
subtracting these counterterms and get rid of the (trivial)
anomalies.

Let us consider now the problem of the trace J* ur- We
could repeat the complete analysis of [1], but there is a
shortcut due to the simple form of the transformations (57).

Suppose we find cocycle A(T3),

AP = f dx~gr1s), (64)

where Iﬁf) is a canonical dimension 3 tensor made of the
metric, the gauge field, and their derivatives, such as V uR
or V,F,”, or even a non-gauge-invariant tensor such as
A, R. Then it is straightforward to write down a counter-
term

c® ~ gAY, (65)

which cancels (64).
As for the trace J (4)“V A, We can proceed in analogy to

J3w . Setting Bif; Ap = By, the relevant Weyl trans-
formations are as follows. The variation &, acts only on

Bvrps

0:Buurp = &uvTirp T cycl, (66)
and the other fields remain unchanged while the variations
with respect to the ordinary Weyl parameter o are

858uv = 2081, (67)
SoTuy = (x —2)07,,, (68)
60'BMV/\P = xa—B,LLV/\p’ (69)

where, again, x is an arbitrary number. Now we can repeat
the previous argument. Let a cocycle have the form

AW = [ dPx g, (70)

2Of course the variation of (65) with respect to o gives rise to a
trivial A, cocycle, but this cocycle depends on the field B, which
vanishes when we select the physical background. On the other
hand, we have shown in [1], in an analogous case, that such
cocycles can be consistently eliminated even without resorting to
the vanishing of B.
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where 15? i1s a dimension 4 tensor made out of the metric,
the gauge field, and their derivatives, such as V,V,R. The
counterterm

cW~ ) (71)

cancels (70).

It is not hard to generalize this conclusion to higher-spin
currents. We believe these results together with those of
[1,2] are evidence enough that anomalies may not arise in
the higher-spin currents under any condition.

VII. CURRENT NORMALIZATION AND W,
ALGEBRA

It is evident that our being able to describe the higher
moments of the Hawking radiation is related to the trans-
formation properties of the holomorphic higher-spin cur-
rents. Even in the case of the energy-momentum tensor, the
Hawking flux is related to Weyl or Diff anomalies only in
the sense that the latter determine the relation between the
covariant and holomorphic part of the energy-momentum
tensor (see our discussion in [2]). For higher-spin currents,
as we have seen, there are no links with anomalies simply
because anomalies cannot exist in the conservation laws of
these currents. This much seems definitely clear. There are
however other aspects of the problem which have remained
implicit and are crucial in order to understand the central
role of the W/, algebra. In this section we would like to
discuss these aspects.

Let us start from the remark that in formula (29) the
summation over k does not affect the crucial term KT X

(1 —276=D)B_ except for an overall multiplicative factor.
This means that, had we used each one of the currents

R =i @at e ()

instead of (20), we would have obtained (up to normaliza-
tion) the same final result for the moments of the Hawking
radiation.® This seems at first to deprive of any interest the
role of the Wy, , algebra, but the case is just the opposite.

Using the currents jé‘ff@(z) we have two enormous
disadvantages.

The first is that we do not have any means of normalizing
these currents, thus rendering the results obtained by their
means devoid of any predictive value. The W, algebra
structure tells us how to normalize the currents in such a
way as to get an algebra. There remain only two constants
to be fixed, A and ¢. The first is fixed in such a way as to get
the right transformation laws (operator product expansion)
of the energy-momentum tensor; the second is fixed by the
U(1) algebra of jV). Once these two constants are fixed the

3This, by the way, explains why the authors of [15,16] ob-
tained the same predictions as in [1,2] for the higher moments of
the Hawking radiation, using unnormalized currents and without
invoking a W, structure.

PHYSICAL REVIEW D 80, 084034 (2009)

normalization for all the higher-spin currents is uniquely
determined and in agreement with the thermal spectrum of
the Hawking radiation.

The second disadvantage of using currents such as
j(z‘fjﬁ)(z), which are not W/, is the appearance of anoma-
lies in their traces or in the conservation laws of their
covariant version. This was shown in a very explicit way
in [15]. As we have shown, these anomalies are cohomo-
logically trivial and can be eliminated by suitable redefi-
nitions or subtractions. As a result one ends up with the
currents (20) and their W, algebra. In other words the
Wi+ algebra is the appropriate structure underlying the
thermal spectrum of the Hawking radiation. This result
seems to imply that the two-dimensional physics around
the horizon is characterized by a symmetry larger than the
Virasoro algebra, such as a W,, or W, algebra.
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APPENDIX A: SPIN CONNECTION

With reference to Sec. II we list here the spin connection
coefficients ¢, = e w0, =et e’V e” for the
Kerr metric (3) and the vierbein (4):

W — (r —M)X(r, 0) — rA(r)
0 VA2(r, )2

a? cosé sinf

0 — 1
Wiy = Wy =

B S(r, 0327
arsinf
“’130 = w031 = “’013 = _W’

5 0 a cosf+JA(r)
Wy = Wy = Wy = ——————
30 32 23 S(r 0)3/2
T rA(r)
W =Wy = —————

22 33 2(1’, 9)3/2’
» _ _ (2Mr+ A(r)) cosd
W33 =

S(r, 6)%2 sinf

Apart from these coefficients and those related by using
Wape = — Wpae, Where @, = Mq09,., all other coeffi-
cients are zero. Christoffel symbols for the metric (3) can
be found in Appendix D of [81].
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APPENDIX B: FIFTH ORDER CURRENT

In this Appendix we write down the explict expression for the fifth order current and the values of the holomorphic
currents at the horizon, up to order eight.

The current JE?JW is as follows:

27724,

3245 104TA3 16 24 1 1
e = == — L —(V2A,)A2 + + Z(VA)A, + —=(V2D)A, — = (V,A)(V,T
uuuuu ( 5 21 7 ( u u) u 70 7 ( u u) u 35( u ) u 7( u u)( u )
2 8 52 24 12
+5TNV%»)—mn%ﬁ—3%%A3+¢VWWM5+7Jﬁ%ﬁ—2Mﬁﬁ5—74mAmVuWMu+g
2 1) 16 oy ) 52,0 ) 1 my _ 12 o)
X (VadiA, + = (VAN A, + - TTRA, = 8Tud, + 7 (V) = = (VA0
L gy TR 12 L a8 g e 3T
21 "Vl 140 7 Vutta) e g W T A ) 7 Jusus
(B1)

For simplicity we omit the explicit expressions of J ,(,6,_)4u, J ,(,7)u, J 5,8)u Next we list the results for jgf}_u at the horizon, obtained

using the condition that J W in Kruskal coordinates, be regular. We understand A = 7 = 1:

u..i’

. . 1 1 . 1 1
<]1(41)>h = —(An <](u2u)>h = - E<At>%, + E<T>h’ <]£43u)u = _§<Az>2 + 8<T>h<Az>h,
. 1 1 7 . 1 1 7
<J(u4u)uu h= Z<At>;t + Z<T>h<At>]21 - m(Tﬂ <](u5u)uuu n= = §<Ar>z + §<T>h<At>2 - @<T>%<At>h,

1 5 7 31
i(6) —
Gl = = ¢ A+ 5 DA, = 5 (DAN, + 1555

1 1 7 31
(7
Gt = == (A, + 5TIAD, = 5 DRAN + T THA

1 7 49 31 127
(8
il = =5 AN + T (TUAY, = T DRAN + T DHAR, = 1o (D
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