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We introduce an effective quark-meson-nucleon model for the QCD phase transitions at finite baryon
density. The nucleon and the quark degrees of freedom are described within a unified framework of a chiral
linear sigma model. The deconfinement transition is modeled through a simple modification of the
distribution functions of nucleons and quarks, where an additional auxiliary field, the bag field, is
introduced. The bag field plays a key role in converting between the nucleon and the quark degrees of
freedom. The model predicts that the chiral and the deconfinement phase transitions are always separated.
Depending on the model parameters, the chiral transition occurs in the baryon density range of
(1.5 = 15.5)n,, while the deconfinement transition occurs above 5n,, where ny is the saturation density.
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I. INTRODUCTION

The basic problem of QCD thermodynamics is to
understand the conversion from hadrons to quarks and
gluons and how this is related to the underlying chiral and
deconfinement transitions. This problem has major rel-
evance to the physics of heavy ion collisions and compact
stars [1-4]. At present there are several proposals to
effectively convert between the hadronic and the quark-
gluon phase, with partial success. At finite 7', quark degrees
of freedom can be suppressed by the Polyakov loop [5-7].
Mechanisms for excluding composite degrees of freedom
are the spectral function method [8—13] and the excluded
volume method, for recent works see Refs. [14—17].

In this work we construct an effective quark-meson-
nucleon model with two flavors for the QCD phase
transitions at finite density. We place several restrictions
on our approach: first we must take into account both
the nuclear and the quark degrees of freedom. Second, the
model should respect global symmetries of QCD, i.e. the
chiral symmetry and the scale invariance. Third, quark
degrees of freedom must be excluded at the nuclear matter
density, and nuclear degrees of freedom must be excluded
at some high density. We require that the model reproduces
the nuclear matter ground state. Finally, a unified descrip-
tion must encompass couplings of nucleons and quarks to
the same bosonic mean-fields generated from a unique
vacuum potential.

For nucleons, both chiral and scale invariance can be
accommodated in the parity doublet model [18-24] [25—
27]. The quark sector is described by a linear sigma model
[28,29] coupled to the dilaton [30]. We find that the small o
mass as required for reasonable nuclear matter properties
[21] results in a shallow potential in the o direction. As an
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immediate consequence, pure quark matter appears at
baryon chemical potentials up below the value of the
vacuum nuclear mass. In order to solve this problem we
generalize the idea of statistical confinement from effective
model studies at finite 7 to finite densities. While at finite T
the Polyakov loop is used to statistically suppress thermal
quark fluctuations [5], its extension to finite baryon
chemical potential is problematic. In this work we use
instead the concept of infrared confinement [31,32] in order
to modify the Fermi-Dirac distributions of quarks. We
consider a simple model where the Fermi distribution of
quarks is restricted to momenta above b, where b is a new
auxiliary field in our model, which we name the bag field.
The finite value of b in the vacuum and at low temperatures
and densities is guaranteed by a new phenomenological
vacuum potential. We fit the parameters of this potential to
the QCD vacuum energy and by matching the pseudocrit-
ical temperature for the chiral and deconfinement transition
known from the lattice simulations at Ny = 2 [33,34]. The
model is compared to a Polyakov-quark-meson model by
pointing out their similarities and differences.

Next, we introduce a generalization of the distribution
functions for the nucleons in such a way that their Fermi
surface is restricted only to low momenta [32], i.e. below
some value ab, where « is a new parameter. This leads to a
construction of a combined quark-meson-nucleon model.
We find that the minimization of the thermodynamic
potential in the b field acts to convert the nucleons to
quarks as the baryon chemical potential is increased. One of
the main consequences of this model is that the chiral and
the deconfinement transitions at 7 = 0 are separated.

This paper is organized as follows. In Sec. II we
introduce the nucleonic model and briefly consider the
nuclear matter ground state. Section III is devoted to the

© 2015 American Physical Society
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quark degrees of freedom. Here we introduce the b-field
potential and discuss statistical confinement of quarks.
Section IV describes a combined quark-meson-nucleon
model. The main results of this paper are given in Sec. V,
while in the following Sec. VI we make our conclusions. In
the Appendix we solve a simplified version of the quark-
meson-nucleon model.

II. NUCLEONIC SECTOR: PARITY DOUBLET
MODEL WITH DILATON

We consider the N, = 2 nuclear parity doublet model
within the mirror assignment of chiral symmetry [18-24]
[25-27]. We prefer to use a linear realization of the chiral
symmetry which allows the description of chiral symmetry
restoration. The restoration of chiral symmetry in QCD
dictates that hadrons of opposite parity become degenerate,
but not necessarily massless. A finite chirally invariant
mass is then modeled by a parity doublet model with mirror
assignment. Note that the possibility of a chirally invariant
contribution to the nucleon mass was recently hinted by
lattice calculations [35]. First lattice QCD simulations of
nucleon parity partners at finite 7 [36] find that their masses
become degenerate by crossing the QCD phase transition.

The nucleonic part of the model Lagrangian [21,22]
coupled to the dilaton [25-27] is

Ly =iV 9V, + i000) + g, (V75U — Uoys¥)
+ 91V (0 +iyst- )W, + U5 (0 — iysT- 1) W,
_gu)\illw\pl _gw\TIZw\Ilb (1)

where W, , are the nuclear chiral partners. The fermions
W, , are coupled to the chiral fields (o, 1), to the ), field
and to the dilaton y. The mass eigenstates are given as

<N+ ) _ 1 < e9/2 753_5/2> (\Pl > (2)
N_ V2coshé \ yse™®?  —e9/? v, )’
where

Gt go
29, x

sinhé =

with masses

1
my, =5 [\/(91 +92)%0% + 4g°F (91 - gz)v} )

The state N is the nucleon N(938) while N_ is its parity
partner conventionally identified with N(1500). The meson
contribution is as follows:
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1 1 1 1
‘CM = 5 (8ﬂ6)2 + 5 (ayn)z + 5 (aM)2 - Z (w/w)z
- VO' - V(u - V)(? (4)
where
A 2 2 X .2 2 2
V”_é_l -+ -2y —eoy”, (5)
j’(1)
Va) _3}(20)’2“ (6)
and

T TR

The total Lagrangian £y + L), is chiral and scale invariant.
All the masses in the model are generated by the con-
densation of the dilaton field in the vacuum y,. We can fix
Ao by m2, = A3, where m,, = 783 MeV. The parameters
4, 4, and e are related to the sigma and pion masses and the
pion decay constant f, as

mZ —m2 mZ = 3m?, mZfs
A== A= e=—5" (8)
Iz X0 X0

with m, =138 MeV and f, =93 MeV. We take
m, = 938 MeV, m_ = 1500 MeV [21]. The nuclear mat-
ter ground state can be obtained by fixing the parameters
My, g1s 92> Gy Jo- The dilaton potential V, is fixed by
identifying the lowest glueball mass with the dilaton mass
m, = 1700 MeV [37,38], and by fixing the value of the
gluon condensate. The conventional value of the gluon
condensate (%G,,G*) = (331 MeV)* [39] is accompa-
nied by large uncertainties, (%G, G") = (300—
600 MeV)“. For recent accounts see [40-42] and refer-
ences therein. By the relation for the trace anomaly this can
be translated into the following range for the QCD vacuum
energy €y, = (193 — 386 MeV)*. Assuming that the
QCD vacuum energy is dominated by the dilaton potential,
the gluonic bag constant is estimated to B = (273 —
546 MeV)*. From the relation for the dilaton mass

0’V, 4B
m)% = 8)(2){ = g’ (9)

we obtain y, = 87.79 —351.17 MeV.

Since the dilaton is heavy m, = 1700 MeV, it practically
does not influence the nuclear ground state and we can
adopt the model parameters from [21]. This fixes
m, = 370.63 MeV, g, =13.00, g, =697, g,=4.39
and g, = 6.79. The corresponding thermodynamic poten-
tial in the mean-field approximation is

125034-2
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Q=V,+V,+V,+ > Q.

X=N_

(10)

Qy = yw/%[ﬂog(l — fx) +Tlog (1 - fx)].
(11)

where the functions fx are the Fermi-Dirac distributions

1 - 1
fx= 1 + ePEx—ny)’ fx= 1 + PEx+uy)’
and Ey = \/p* + my, py = pig — gow, With yy =2x2

being the spin-isospin degeneracy factor. We minimize the
potential with respect to o, y and @

89 amx

90 —Ayto + A0’ —er® + XZ]\; 95 X~ 0, (12)
— iVt
oQ
a_w:_ﬂwxzw_l_ga) ZpX:O’ (13)
X=N,
0Q A2 7 7 \*
— = =40 + Ly} —2e0y — dy@* + B log <X>
04 g A X 0
0
S IE S (14)
X=N,

where the scalar and the baryon number densities are,
respectively,

SX:yN/ng)g’Z_j;(fX_F.?X)’ (15)
and
3
pXZVN/éTPP(fX_fX)- (16)

As mentioned above, with the present parametrization,
the contribution of the dilaton field to the ground state
properties is numerically negligible. One can check
whether y can influence the nuclear matter equation of
state at all. In principle, this is possible but with a lower
dilaton mass; see [43]. With a mass of m, = 1700 MeV
used in this work, the impact of a dilaton field, e.g. on chiral
restoration, is expected only at much higher densities. We
briefly discuss this possibility in Sec. V.

III. QUARK SECTOR: LINEAR SIGMA MODEL
AND STATISTICAL CONFINEMENT

We introduce the quark-meson (QM) coupling according
to the linear sigma model

PHYSICAL REVIEW D 91, 125034 (2015)

L, =igdq +9,4(c + iyst-m)q =V, (17)

with the same parameters in the ¢ potential as in Eq. (5)
where we considered nuclear matter. For the quark-meson
coupling we use g, = 300 MeV/f,. The dilaton is too
heavy and hence not essential for the following discussion,
so we set y = yo by hand. The thermodynamics of this
model was studied in Refs. [44—46].

A. Shallow potential and early onset of quarks

Using the same model parameters (i.e. low m,) that are
constrained in Sec. II to obtain reasonable nuclear matter
properties gives a shallow potential in the ¢ direction. A
shallow potential leads to a chiral phase transition in cold
quark matter at rather low densities, even below n [45].
The corresponding equation of state has a zero-pressure
point where quark matter has a finite density. This is
illustrated by the red line in Fig. 1 where we plot the density
of quarks p, as a function of the quark chemical potential
Hg = pp/3. In our present model we obtain 3u, =
750 MeV which is lower than the nucleon mass.

This is a striking problem: quarks appear too early due to
a shallow potential. A common way to solve this problem is
to adjust the chiral potential in the quark sector independ-
ently of the nucleonic sector. Such a treatment is not
possible in a unified description of nucleon and quark
matter. Also, note that a larger m,, is not favored in view of a
nuclear matter ground state. For example, with typical
values in quark models m, = 600 MeV, compressibility of
nuclear matter at saturation increases by an order of
magnitude from its experimentally suggested range [21].
In Ref. [14] the problem of a flat potential was circum-
vented by assigning a bare mass term of 200 MeV to the
quarks. We conclude that the essential missing physics is
confinement of quarks in the infrared region where their
interaction becomes strong. To avoid this inconsistency
below we introduce a simple model of statistical
confinement.

6
5 ___QM
— bQM
~ 4r Q
<
o
a
2r -
1+ el
i
1 | | |
200 300 400 500 600

u, (MeV)

FIG. 1 (color online).
the bQM model.

Quark number density in the QM and in
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B. Statistical confinement of quarks

The concept of statistical confinement is very successful
at finite temperatures where the Polyakov loop is used to
modify the quark distribution functions [5]. At finite
density and small temperature the center symmetry is
badly broken so we cannot use the Polyakov loop. As
an alternative, we propose a modification of the quark
distribution functions via the following ansatz:

n, :9(p2_b2)fq’ ﬁq :9<p2_b2)}q’ (18)

where b is a parameter, and f, and ]_‘q are

1 - 1
fo= 1 4+ ePErg)’ T 1 4 PEstn)’
the Fermi-Dirac distribution functions for quarks and
antiquarks, respectively. Obviously, in Eq. (18) quarks
with momenta p? < b? are suppressed.

This is one possible way to restrict thermal quark
fluctuations at low momenta. It is similar to the concept
of infrared confinement used in the Dyson-Schwinger
vacuum studies [47,48] and in the NJL model [31,49—-
51]. The infrared cutoff is in line with the idea of in-hadron
condensates [52], and is also implemented in the holo-
graphic hard wall [53] and soft wall [54] models.
Intuitively, 1/b can be understood as a typical size of a
hadron, so that due to the uncertainty principle quarks
cannot have momenta lower than b.

With a sharp cutoff in the distribution function it is not
possible to saturate the Stefan-Boltzmann limit at high
temperature and/or density. Essentially, b must be a
medium dependent quantity. A thermodynamically con-
sistent way to achieve this is to promote b to a field
generated by some potential V. The minimization of the
thermodynamic potential in the b direction results in b
being a medium dependent quantity. Since the potential V,,
is an additional contribution to the bag pressure, this
prescription can be understood as a self-consistent way
to generate a medium-dependent bag pressure. We there-
fore name this model the bag-quark-meson model (bQM),
and the field b is named the bag field. We consider the bag
field as a nondynamical, auxiliary field. This field is
responsible for statistical confinement, in spirit similar to
the Polyakov loop.

Taking into account the modification of the distribution
functions, and the vacuum potential V;,, the thermodynamic
potential of the model becomes

Q=V,+V,+Q, (19)

where

Qq—yq/%[ﬂog(l—nq)—l—Tlog(l—ﬁq)], (20)

PHYSICAL REVIEW D 91, 125034 (2015)

with n, given by (18) and y, =2 x Ny x N. = 12 for two
flavors. The gap equations are

oQ
%= L x50 + A0 —exh + 9,5, =0, (21)
and
oQ  av,
TE_Th o0, 2
o ob 4 (22)
where
dp mg
= — =), 2
SCI yfl/ (2”)3 Eq (nq + nq) ( 3)

The term @, is a boundary contribution of (20)

b? _
wq = yqziﬂ_z [TlOg(l _fq) + TlOg(l _fq)]plzbz' (24)

The goal is to suppress quarks at low 7" and/or y, with a
large value for b, and to have lower values of b at high T
and/or p,. Remarkably, this is accomplished through the
minimization of the thermodynamic potential with respect
to b: the thermal correction w, to the gap equation for b
acts to reduce b.

C. Parametrization of the bQM model

Unlike the Polyakov loop potential, the potential V
cannot be constrained by symmetry, so one should try
different forms. Below we consider a special case with a
minimal number of terms that yields a finite value of b in
the vacuum. Namely, we choose

Kb M

V, = 2b+4b, (25)
where the new parameters k;, and 4, must be determined.
The nontrivial vacuum expectation value of this potential is
b() -
follows. Since the b field generates statistical confinement
in our model, we associate it with the chromoelectric part of
the gluon sector. The essential reason for this is that finite 7'
lattice computations show that the chromoelectric part of
the gluon condensate drops across the pseudocritical
temperature [55-57]. Also, the chromoelectric sector is
governed by the zeroth component of the gluon fields, like
the Polyakov loop or the quark-antiquark potential, so it is
essentially nondynamical. In that sense, such an identifi-
cation can be considered natural.

Since the b potential (25) yields an additional contribu-
tion to the vacuum energy, we must ensure that the total
vacuum energy remains correctly saturated. We will con-
sider a particular case where the vacuum energy created by
the y field and the b field are equal in magnitude V, =V, ,

\/k2/2y. One can further motivate this choice as

125034-4
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FIG. 2 (color online).
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The mean fields ¢ and b in the b(QM model as a function of 7" at u, = 0. Left: results for different values of the

parameter k,, with €,,c = (250 MeV)*. Right: results for e,,. = (250 MeV)*, k, = 155 MeV and €, = (386 MeV)*, k, = 400 MeV.
In this case, the pseudocritical temperature of the chiral transition is fixed to 7, = 170 MeV.

so that half of the total vacuum energy has its origin in
the chromoelectric sector [58,59], modeled here by V.
In this language, the dilaton y naturally represents the
chromomagnetic component of the gluon condensate
[26,27,58,59], which survives the chiral transition. We
thus take

4
Kb €vac
— = — = 2
Vi 42, 2’ (26)

where the total vacuum energy is ey = (193 —
386 MeV)*. We fixed a value for Vy, (within the range
for €,,.) and then changed x,. We found that, in general,
low values of e,,. and low values of k;, produce a first order
chiral transition in the bQM model at y, = 0 and finite 7’
see the left panel of Fig. 2 for x;, = 50 MeV. Since lattice
QCD shows that the chiral transition is a crossover, this sets
a lower bound on «,,. Increasing k;, while holding ¢, fixed
leads to a decrease of by. The result is that the chiral
transition turns into a crossover with its onset shifted
towards lower temperatures as shown in the left panel
of Fig. 2.

As a second constraint, we choose the pseudocritical
temperature 7', as obtained in lattice QCD simulations. For
Ny =2+ 1 with physical quark masses the Wuppertal-
Budapest Collaboration obtained 7. = 147(2)(3) MeV
[60], while the HotQCD Collaboration quoted 7, =
154(9) MeV [61]. Since in this paper we work with N, =
2 we will use a slightly larger value 7. =170 MeV
[33,34]. This gives ey = (250 MeV)* and «, =
155 MeV. From (26) we find 4, = 0.074. The resulting
o and b mean fields obtained by solving (21) and (22)
at finite 7 and p, =0 are shown in Fig. 2, where
by = 570.3 MeV.

With the appropriate modification of the quark number
density

0Q, dp
=4 ——(n, — 7 2
p’l 8/'lq yq/ (271')3 (nq I’lq), ( 7)

we find that the onset of quarks for €,,. = (250 MeV)* in
the bQM model at T =0 is at u, =450 MeV. This
numerical value must be contrasted to the one in the
QM model, where p, =250 MeV.

It must be stressed that the obtained parameters x;, and 4,
are not unique. The uncertainty in the QCD vacuum energy
provides a range for the parameters k;, and 4,. The fixed
value of the vacuum energy e, = (250 MeV)* is the
smallest value which still satisfies the above-mentioned
constraints. Taking higher values of €,,., while keeping T,
fixed we find that both x;, and 4,, increase. Interestingly, the

vacuum expectation value by = 1/k3 /4, shows a reduction

of less than 10% in the range e, = (250 — 386 MeV)*.
The sensitivity to €,,. is reflected in the temperature at
which the b field experiences a rapid change. Higher
values of €,,. represent a larger energy barrier for quark
fluctuations so a delayed and more gradual change in the b
field is expected. This is visible in the right panel of
Fig. 2 where the b field is shown for e, = (250 MeV)*
and €., = (386 MeV)*.

D. Similarities and differences between the bQM
and the PQM model

Since a finite b field reduces the strength of the quark
thermal fluctuations, it is intuitively clear that it will act
to increase the critical temperature associated with the
chiral transition (see also left panel of Fig. 2). In the
chiral limit we can show this relation analytically by
finding a zero of the o> coefficient in the Landau
expansion of the thermodynamic potential (19) in powers
of 6. The result can be cast in the following parametric
form:

A%+ ZT—zf 5 Zo (28)
;()(0 },qg 12 T s

where

125034-5
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2 12
F(x) = — (=3x% + 72 + 6xlog(1 + €¥)) + —2Li2(—ex),
7 7
(29)

and Li,(x) is the polylogarithm of order 2. In the limit
b/T <« 1 this can be simplified to

1223 3 \'/?
TIM = (20| 2 ) (30)

Y g2 ﬂ'2

q

The second term under the square root is a correction to
the usual QM model result for T,.. It is instructive to
compare this result to the one obtained in the Polyakov-
quark-meson (PQM) model

124,05 2 172
TPM — (—” + —¢2> , (31)
¢ ngz 2

where ¢ is the background gauge field related to the
Polyakov loop ® through ® = [1 + 2cos(¢/T)]/3, see
e.g. [5].

In the PQM model the Polyakov loop potential saturates
the transverse (physical) gluon contribution to the thermo-
dynamics. On the other hand, in the bQM model the
potential V;, does not contain the transverse gluons. This is
the main difference between the PQM and the bQM
models. In the PQM model, deconfinement transition
can be characterized by the Polyakov loop. Then, one
can define the pseudocritical temperatures governed by the
peaks of the quark condensate and the Polyakov loop and
interpret their approximate coincidence as obtained in
lattice QCD simulations [60]. However, the bQM model
in its present form cannot predict the deconfinement
transition temperature, nor the coincidence of the two
respective pseudocritical temperatures, because the b field
is not a confinement-deconfinement order parameter.

To compare results for the bQM and the PQM models,
we have calculated the ¢ field and the Polyakov loop in a

n T T T T ]
S
[ \
\
0.8 \ B
\
5 | Y
5 0.6 c1> i
2] X ——.bh, |
g \ — off (bQM)
Q041 \ T
g . olf (PQM)
F AN 4
02f I
0 L L " Il L
0 100 200 300 400
T (MeV)

FIG. 3 (color online). A comparison between the normalized
mean fields in the bQM and the PQM models as functions of 7" at
#y = 0. The bQM results are presented for €,,. = (250 MeV)*.
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PQM model. A concrete parametrization of the Polyakov
loop potential is taken from [62], while for the quark sector
the same linear sigma model (17) is used. In Fig. 3 we
compare our results where €, in the bQM model was set to
€yac = (250 MeV)*. We find that the o field in both models
are closely matched, with peaks in do/dT at 163 and
170 MeV (the fitted value), respectively. Obviously, a more
realistic consideration should include explicitly the bosonic
excitations.

IV. A COMBINED QUARK-MESON-NUCLEON
MODEL

In this section we construct a combined quark-meson-
nucleon (QMN) model. Our guiding requirement is to
exclude quarks at low density, and to exclude nucleons at
high density. In the previous section we introduced the
concept of statistical confinement of quarks, and now we
propose a similar but opposite modification of the distri-
bution functions for nucleons

ny, = 0(a?b* —p*)fy,. iy, = 0(a?b* —p*)fy,.
(32)

With this ansatz nucleon fluctuations with momenta p? >
(ab)? are suppressed, where « is a new parameter of the
model. A similar form has been used in [32]. In Sec. IVB
we will determine the possible range for the parameter c.

A. Model setup

The thermodynamic potential of the QMN model is
obtained as the following sum:

Q=V,+V,+V, 4V, + > Q.  (33)
X=N..q

with Qy defined as in (11) with the appropriate modifi-
cation of the distribution functions f, — ny, according to
Eq. (32), while Q, is defined in (20).

The gap equations are obtained by minimizing the
thermodynamical potential (33). The w and y gap equations
remain unchanged by the inclusion of quarks, being given
by Egs. (13) and (14), respectively, and the proper
replacement fy, — ny, according to Eq. (32). The gap
equations for ¢ and b are modified as follows:

aQ 3mx
=Ni.q
oQ
%:—K§b+lbb3+a2wx—wq=0, (35)
X=N.
where

125034-6
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TABLE I. The parameters of the quark-meson-nucleon model.
m, (MeV) m, (MeV) B (MeV)* g1 I 9y Jor 9y A A, K, (MeV) A
370.63 1700 297.30 13.0 6.97 4.39 6.79 322 6.84 3.71 155 0.074
(ab)2 7 bZ
= Tlog(1— Tlog(1—
TN, ZINT5 2 [Tlog(1 - fy,) + Tlog( fNi)]p2:(ab)2’ w, = —yqz—ﬂz(,uq —E,)0(u, —E,). (39)
(36)

and @, is given in (24).

The pressure is calculated by evaluating the thermody-
namic potential at its minimum p = —Q + €, normalized
with the constant Q, in such a way that the physical
vacuum has zero pressure. The total baryon number
density is

0Q

1
P = —%—PM + PN +§Pq,

where we used y, = /3. The nucleon and quark particle
fractions are defined as

_1rq
3ps

vy, =2y

R PB (37)

q

For the transition from nucleon to quark degrees of
freedom the gap equation for the b field, Eq. (35), is crucial.
Note that, as a consequence of the Leibniz rule, the nucleon
and quark contributions in (35) have opposite signs. In the
low density phase nucleons will favor finite » and as a
consequence quarks are suppressed. The appearance of
quarks at high densities acts to reduce b and therefore
exclude nucleons. Therefore, Eq. (35) controls the relative
abundance of nucleons and quarks. In order to better
illustrate this point we have solved a simplified model
with only the b field in the Appendix.

B. Parametrization

The parameters of the vacuum potential (as well as the
effective masses my and chemical potentials puy) are
defined in Secs. II and III, and collected in Table I. In
particular, we will use V, with €, = (250 MeV)* as
discussed in Sec. IIIC. The remaining parameter a is
chosen so that the effective UV cutoff ab, for the nucleon
distribution functions does not spoil the nuclear matter
ground state. This sets the minimal value for ab; 2
300 MeV. Assume now that at some pp there is a transition
to quark matter. From the following consideration this will
lead to a useful estimate on the upper bound on a. Consider
Eq. (35) in the limit of large pp. At T — 0O the boundary
terms read

ab)?
Wy, — _7N% (MN - ENi>0(/‘N - ENi)v (38)

We assume o, @ — 0 in this limit. In addition, we consider
a case where up is large enough that we can also ignore the
chirally invariant nucleon mass. Using (38), Eq. (22)
simplifies to

0Q b?
% = _Kl27b + lbbS + 2—77:2 <—2(X3}/N + %)ﬂg =0. (40)
Since yy =y,/3, the vanishing bracket defines ap,, =
27173 For by =570.3MeV we have a,,, b, = 452.6 MeV.
In the following results we consider two values of the a
parameter: aby = 300 MeV and ab, = 440 MeV, which is
close to the benchmark value @by = 452.6 MeV. We
also calculate the transition points for several o’s in
between.

V. RESULTS

Without the modification of the nuclear distribution
functions the parity doublet model with dilaton introduced
in Sec. II has a weak first order chiral transition at up =
2110 MeV for the parameters used here. This should be
contrasted to the value of up = 1725 MeV found for the
same parameter set [21,22] but using a model without the
dilaton. Such a delay in the chiral transition takes place
because the dilaton field is essentially coupled to the
density through the w field; see Eq. (6). In the case where
the distribution functions are modified we must deal with
the uncertainty in the parameter o and €,,.. We show
explicit calculations for the case ey, = (250 MeV)* and
for two limiting values of a. Finally, we will discuss
sensitivity to the uncertainty in €,,..

With ab, = 300 MeV the onset of chiral-symmetric
phase occurs at a lower ug. This can be seen on Fig. 4
showing the solutions of the gap equations in the QMN
model. This is easily understood: in this model it is the
nucleons that restore the chiral symmetry—quarks appear
only at higher up; see Fig. 1. The cutoff in the nucleon
momenta limits their density, and the w field reaches a
plateau after pup = 1000 MeV. Therefore, the shift of up
due to the w field is diminished and, as a consequence, the
chiral transition happens at lower pp than in the model
without a cutoff. At ab, = 300 MeV the chiral transition is
first order and occurs at g = 1135 MeV. After this point,
the o field drops almost to zero and the parity-doublet
partners become degenerate and equally populated. In the
case ab, =440 MeV, the chiral phase transition is a
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FIG. 5 (color online).
in the figure.

crossover. From the peak in do/duy we extract
up = 1473 MeV. At that point the mass splitting of the
parity partners is around 18% of its chirally invariant
contribution in the vacuum given by g,y = 790 MeV.

At some higher yp the b field decreases, as can be seen in
Fig. 4. The reduction of the b field suppresses nucleons
simultaneously enhancing quark fluctuations, according to
Egs. (32) and (18), respectively. Therefore, this marks the
deconfinement transition in the QMN model. This is
demonstrated in Fig. 5 where we plot the nucleon and
quark particle fractions defined in Eq. (37).

The strength of the transitions strongly depends on
the value of a. For aby =300 MeV the deconfinement
transition is accompanied by a jump in the b field—
consequently the baryon density has a jump, so it is rightful
to consider this as a first order phase transition. On the other
hand, for ab, = 440 MeV, the b field reduces gradually so
that the deconfinement transition is in fact a crossover,
allowing for a wide region of a mixed phase of nucleons
and quarks; see Fig. 5. In this case we conventionally mark
the point of the deconfinement transition with ug at which
Y, =Yy, holds. The model predicts that the deconfine-
ment transition happens at u$ = 1716 MeV for the case
aby = 300 MeV, while it occurs at u$ = 2130 MeV for

P Y Y R S
800 1000 1200 1400 1600 1800 2000

1 L 1 L | L | L | L | L | L
1000 1500 2000 2500 3000 3500 4000
H, (MeV)

Quark and nucleon particle fractions for the QMN model for two different values of the a parameter as indicated

aby = 440 MeV. The difference between these two cases
is seen for example in the behavior of particle fractions
in Fig. 5.

The chiral and the deconfinement transition are reflected
in the behavior of the density np as a function of up, plotted
in Fig. 6, and the equation of state, plotted in Fig. 7 in the

20 r 7]
15} .
&
~ 10 .
m
=
5 ]
— 0b=300 MeV |
- . (xbO:440 MeV |

I T O R R T S
800 1000 1200 1400 1600 1800 2000 2200
1, (MeV)

FIG. 6 (color online). The baryon number density np (in units
of saturation density ng) as a function of the baryon chemical
potential y1 in the QMN model and for two different values of the
a parameter indicated in the figure.
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FIG. 7 (color online). The equation of state for the QMN model
for two different values of the a parameter indicated in the figure.
The locations of the chiral and the deconfinement transition are
approximately marked. In the case of ab, = 440 MeV, the arrow
marks the point where Yy +Yy =VY,.

p —np plane. While for both values of «a the chiral
transition is visible as a small density change, for ab, =
300 MeV the deconfinement transition has a pronounced
density jump in the region nz = 6 — 10n,. On the other
hand, with ab, = 440 MeV the deconfinement transition is
continuous and there is no clear imprint on the equation
of state.

In Table IT we collect the numerical values for the
chemical potential and the total baryon density at the onset
of the chiral and the deconfinement phase transition for
several values of a. With increasing a, both the chiral and
the deconfinement transition are shifted to higher up. The
onset of the chiral phase transition is limited by the value
up = 2100 MeV, which is the result for any @ > @, On
the other hand, the deconfinement phase transition will be
pushed to pup — o0 as a = a,, is approached. Beyond
Omax there is no deconfinement transition. To summarize,
we have found that the chiral and the deconfinement
transitions in the model do not coincide for any choice
of a.

TABLE II. The baryon chemical potential 4 and the baryon
number density ny at the onset of chiral and the deconfinement
phase transitions for several values of a in the QMN model. We
also denote the order of the chiral and the deconfinement
transition for both cases. In the case of a first order transition,
the transition yp is defined as a lower value of the number density
jump. In the case of a crossover, u$' is defined by the peak in
do/dug, while S is defined as the point where Yy, + Yy =Y,
The values of np are given in units of the saturation density
ny = 0.16 fm=3.

aby ug N py ong

(MeV) MeV)  (ng) order (MeV) (ny)  order
300 1132 1.7 First 1716 5.8  First
350 1220 2.8 First 1851 9.0  First
400 1348 4.4 Crossover 1931 11.7 First

440 1473 6.1 Crossover 2130 18.1 Crossover

PHYSICAL REVIEW D 91, 125034 (2015)

Lattice QCD results predict that the chiral and the
confinement transitions approximately coincide along the
finite T axes of the QCD phase diagram. We have
performed calculations at two nonzero temperatures, 7' =
50 MeV and T = 100 MeV to test whether such a ten-
dency may be observed within the QMN model. At T =
0 MeV the separation between the two transitions is
roughly App ~ 580 — 660 MeV (see Table II), within the
explored a range. With 7 = 50 MeV we find Aug ~ 560 —
880 while at 7 =100 MeV we find Apup~420-—
850 MeV, 1.e. there is no clear trend in the critical
parameter.

Taking into account the uncertainty in e, = (250 —
386 MeV)* does not lead to a significant modification in
the above results. We have explicitly checked that for
€vac = (386 MeV)* the b field changes more gradually
with increasing up (similar to the finite 7 results presented
in Fig. 2) thereby softening the chiral and the deconfine-
ment transition.

VI. CONCLUSIONS

The properties of matter at large baryon densities are
almost exclusively considered either in purely nucleonic
models, or within purely quark models, with rare attempts
at a unified description [14,32,63-65]. A crucial ingredient
for a unified description should be an effective mechanism
to exclude quarks in the dilute hadronic matter, and to
exclude nucleons at asymptotically high densities. While
the former has been accomplished by coupling quarks to
the Polyakov loop, it is applicable only at finite temper-
atures and low densities. In this work we have used a
simplistic modification of the distribution functions of both
the nucleons and the quarks that provides a mechanism to
exclude quarks at low density and nucleons at high density.

We have considered nuclear matter in a parity doublet
model with mirror assignment coupled to the dilaton field.
We have argued that the chiral potential which is fitted to
the nuclear ground state properties is shallow (i.e. the o
meson is light). When the same potential is used for quark
matter it yields an early onset of quarks. This is especially
acute at zero temperature, where we find that with such a
chiral potential the onset of quarks happens at baryon
chemical potential below the nucleon mass. Chiral models
of nuclear matter usually favor low m,, see e. g. [21,66-68],
so the problem of the shallow potential seems to be
somewhat general. However, we stress that it is a problem
only if we choose to couple the quarks to the same o field.

We have proposed a possible solution of this problem by
introducing the concept of statistical confinement for
quarks. The quark distribution functions were modified
in such a way that the quarks are suppressed below some
particular momentum. We associate this minimum momen-
tum with an auxiliary scalar field, named the bag field. This
field brings a new contribution to the total vacuum
potential. We have found that the minimization of the
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thermodynamic potential in the » direction provides a
thermodynamically consistent framework. Moreover, the b
field is finite in the vacuum and is reduced as temperature or
density is increased. At finite temperatures the mechanism
of suppression of quarks is similar to the effect of the
Polyakov loop. We have proposed a phenomenological
form for the bag potential and fitted its parameters to the
QCD vacuum energy €,,. and to T'. at uz = 0 known from
the lattice simulations. Within this scheme it was possible
to solve the problem of a shallow potential.

Further on, we have generalized the nucleonic distribu-
tion functions, by restricting their ultraviolet momentum
space up to a value ab where «a is an additional parameter in
the model. We have used the same bag potential to
construct a combined quark-meson-nucleon model. The
vital feature of this model is that both the quarks and
the nucleons are coupled to the same bosonic fields. Then
the fate of the QCD phase transitions was investigated at
finite densities.

We explored a range of values for the parameter a and
found that an increase in a delays the onset of the chiral and
the deconfinement transitions. The requirements that the
nuclear ground state is not affected by quarks, and that the
deconfinement transition happens at some density, restrict
to a finite range. Taking into account the uncertainty in €,
within this range of a we find that the chiral transition
oceurs at y$" = 1100 — 2100 MeV. For the deconfinement
transition we predict a lower bound x$ > 1700 MeV. In
terms of the density the corresponding values are n§! =
1.5 —15.5n5 and n$ = 5n,. For the lowest value €, =
(250 MeV)* order of both phase transitions depends on the
value of particular a. With low values of a both transitions
are first order, while for the higher values of a they are
smooth crossovers. Especially, the deconfinement transi-
tion proceeds in a broad crossover mixed phase where
nucleons and quarks coexist. These features persist as we
Va‘ry €V21C'

In this model the chiral and the deconfinement transition
are always separated. The chiral transition is driven by the
nucleonic fluctuations for any a. It is suggestive to consider
this result in the light of the calculation of the Wilson and
the Polyakov loop on the lattice with Dirac zero modes
artificially removed. In Refs. [69,70] it was found that in
this chirally “unbroken” phase the Wilson loop still dis-
plays an area law, and that the Polyakov loop is almost zero.
The separation of the transitions might be considered as a
manifestation of the quarkyonic phase [71,72], where chiral
symmetry is restored in the nucleonic phase.'

The separation of the chiral and the deconfinement
transition persists also at nonzero 7, where we checked
two values 7 = 50 MeV and 7 = 100 MeV. However, we
do not expect the QMN model itself to be valid at such high

Tt is important to stress this does not mean that the nucleons
are massless, but that the parity partners are degenerate.

PHYSICAL REVIEW D 91, 125034 (2015)

T where gluons and lightest hadrons become important.
Since in the QMN model we cannot calculate the Polyakov
loop, the deconfinement transition in this case must be
characterized in a different way. For these reasons, the fit of
V, to lattice T, performed here only in the very simple
bQM model, carries systematic uncertainties. In general,
the comparison to lattice QCD should be revised within a
more complete approach before addressing the full 7 — up
phase diagram.

We must emphasize that the bag field should not be
considered as an order parameter in this model, since it is
not connected to any of the fundamental QCD symmetries.
In particular, it must not be considered as an order
parameter for the deconfinement transition, even though
it does play a key role in establishing it. The value of yup
where the transition occurs is for some values of the a
parameter accompanied by a finite jump in the total baryon
density. In these cases, the density contrast between two
coexisting phases can be used to characterize the decon-
finement phase transition. We can draw an immediate
analogy to the liquid-gas phase transition which does
not have an order parameter related to a symmetry, but
is also characterized by a jump in the density from the
liquid to the gas phase.

The approach to the deconfinement transition presented
in this work is based on the phenomenological require-
ments and not rigorously grounded in QCD. Because of
this, systematic uncertainties are expected, especially con-
cerning the freedom in choice of the bag potential and the
explicit form for the modification of the distribution
functions. It would be very interesting to obtain first-
principle information about the finite density distribution
functions from Dyson-Schwinger studies; see e.g. [73].
This microscopic input could then be used to construct
more realistic effective models of nuclear and quark matter.
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APPENDIX

This appendix is devoted to solving a simplified version
of the quark-meson-nucleon model, where we focus only
on the role of the bag field ». The masses of nucleons and
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FIG. 8 (color online). The bag field as a function of up in the
simplified quark-meson-nucleon model, denoted by the blue,
dash-dotted line. For comparison we also plot the bag field from
the full quark-meson-nucleon model for two different values of a
calculated in Sec. V.

quarks are held fixed to 1000 and 0 MeV, respectively. With
all the other mean fields except the b field discarded, the
thermodynamic potential takes the following form:

3
Q=V,+ 3 e [ G Tlog(1 =)

X=q,N.
+ Tlog(1 — ny)]. (Al)
For the potential V;, we use the same Eq. (25) with the
parameters k;, = 155 MeV, 1, = 0.074. For the parameter
a we take the value aby = 250 MeV. The partial pressures
of quarks (p,) and nucleons (py) are calculated as
Pq = _(Vb - Vbo) - qu PN = _QN+ —-Qy

where the pressure contribution arising from V/, is naturally
assigned to quarks.

From the minimization of the thermodynamic potential
(A1) we obtain b as a function of pz shown on Fig. 8. The b
field follows its vacuum value up to uz = 1000 MeV, then
it begins to increase. The increase is due to the fact that
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FIG. 9 (color online). Normalized partial pressures of the
nucleon and the quark sectors as a function of y in the simplified
quark-meson-nucleon model. The ideal nucleon pressure is
plotted for comparison.

nucleons favor a finite value of yp according to Eq. (35).
We expect the onset of quark degrees of freedom around
g =3by =1700 MeV. An explicit calculation gives
up = 1515 MeV. This point marks the sudden drop of
the b field as seen in Fig. 8. The qualitatively similar
characteristics are found in Sec. V in the complete model
for aby = 300 MeV, also shown in Fig. 8. However, for
higher ab, = 440 MeV the transition becomes gradual and
shifts to higher up.

In Fig. 9 we plot the partial pressures as a function of yp.
The nucleon pressure, given by the thick dashed red line,
shows significant deviations from its ideal gas formula,
shown by a thin red line. In particular, at up = 1515 MeV
the nucleon pressure suddenly drops to zero value. The
pressure arising from the quarks at first turns to negative
values. The reason behind this is the increase of the b field
in the region pup = 1000-1515 MeV. However, we stress
that the total pressure of the system is always non-negative
and continuous. After yz = 1515 MeV, nucleons disap-
pear and the quark pressure becomes positive. Moreover,
since quarks become the dominant degrees of freedom in
the system, the value pup = 1515 MeV marks the decon-
finement transition point for this simplified model.
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