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Abstract This is the first paper in a series of three dealing
with HS theories in flat spacetime. It is divided in three parts.
The first part is an elaboration on the method of effective
action, initiated in a previous paper. We study the properties
of correlators of currents in the free fermion coupled to exter-
nal higher spin (HS) potentials, and develop techniques for
their explicit calculation. In particular we show how they can
be calculated via ordinary Feynman diagram techniques. We
also introduce the concept of curved L, algebra and show
how it can be realized in the context of the fermion model.
In part IT we compare the results of the scalar model and
those of the fermion model (coupled to HS fields). We show
that the HS field formulation coming from the scalar model
is the ‘square’ of the one ensuing from the fermion model.
Finally, in part III, we analyse the possible obstructions that
one may meet in constructing the effective action: these are
the analogues of anomalies in ordinary gauge theories. We
provide explicit and compact formulas of the latter.

1 Introduction

This paper and the following ones are devoted to the construc-
tion and analysis of massless field models with infinite many
fields of increasing spins in flat spacetime. The construction
of interacting relativistic quantum field theories with funda-
mental fields/particles of spin higher then two (higher spin,
or HS, for short) in a flat background is a long-standing prob-
lem of theoretical physics. On the one hand there are theoret-
ical motivations for searching such theories. On the wake of
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(super)string theories, it has been known that infinite towers
of higher spin fields can soften the UV behaviour in a drastic
way. The AdS/CFT correspondence offers another example
in which the description of an ordinary conformal field the-
ory can be improved by the use of a dual string theory. There
are also arguments suggesting that when gravity is involved
an infinite number of fields with increasing spin is necessary
in order to avoid conflicts with causality [1].

On the other hand, there are some dissuasive elements
in the story. Even if we ignore the experimental evidence
against the existence of elementary HS particles, there seem
to be theoretical obstructions: there are in the literature sev-
eral no-go theorems prohibiting, under some rather standard
assumptions, the existence of massless HS particles in a flat
spacetime. It is not strange then that the only HS theories in
d > 4 dimensions constructed so far are in the (A)dS back-
ground, through the Vasiliev program [2-5]. Studies of the
massless HS theories in flat spacetime clearly suggest that
such theories must violate some of the usual QFT assump-
tions, which are assumed in no-go theorems: either locality
(see, in particular [6-9]), or minimal coupling to gravity, or
finiteness of the number of particles with the mass below any
finite energy scale (infinite tower of HS fields are necessary,
see [10]).

‘We know that in the case of free HS theories, [11,12], the
constructions using Wigner and Bargmann—Wigner meth-
ods goes the same way as for lower spin fields/particles,
and that free field theories contain infinite towers of con-
served currents of all spins. These two properties are nor-
mally starting points in constructing theories with local sym-
metries and their interactions with matter fields, well known
examples being Maxwell/Yang—Mills gauge field theories
and GR. Understandably this is the reason why most attempts
to construct HS theories have moved along these same lines.
Here, though, we would like to pursue another interesting
avenue for exploring HS theories, opened by papers [13—15].

@ Springer



258 Page 2 of 23

Eur. Phys. J. C (2019) 79:258

In [13,14] it was shown that the Klein—Gordon field (the
matter field) linearly coupled to the infinite tower of HS
background potentials represented by symmetric tensor fields

(metric-like formalism) hé?)'”“ (%)

o0
1 )
St = Sl + Y- [ LI, R @) ()
s=0 :

where Sp[¢] is the action for the free (massive) KG field and
J,Ssl),,,m is the spin-s current which is conserved in the free
KG theory, is symmetric under local HS transformations. If
one chooses for the currents the so-called simple form

c5—2

IO () ="

<~ <~
it X = 2 @) Dy 0 0, () )

then the HS symmetry has also a particularly simple form
when the HS potentials are represented in a 2d dimensional
phase space (x, u)." In this case the HS gauge transformation
of the HS master field potential® is

8h(x, u) = (u-3,)n(x, u) — ; (e, w) *n(x.w)]  (3)

where  is the Moyal product and [ ¥ ] is the commutator
defined by the Moyal product. The HS master field potential
h(x, u) is defined by the Taylor expansion around # = 0

o0
1
M = 3 B W @)
s=0

and n(x,u) is an arbitrary phase space parameter regular
around u =0

o0

1
nlx, u) = Z (s = 1! N € ) T T (5

s=1

where n#!"Hs-1(x) are arbitrary spacetime tensor fields
parametrizing local HS transformations. By using (4) and
(5) in (3) one gets that HS transformations of spacetime HS
fields are of the form

Sn(x,u)hﬁ‘)'"““ (x) = s 31yt 1) (x) + (non-linear terms).

(6)

The linear part has the standard form of linearised unre-
stricted HS transformations for s > 1.

! Throughout the paper the position in the phase space are denoted by
couples of letters (x, u), (y, v), (2, t), (w, r), the first letter refers to the
space-time coordinate and the second the worldline particle momentum.
The letters k, p, g will be reserved to the momenta of the (Fourier-
transformed) physical amplitudes.

2 In order to distinguish them from ordinary spacetime fields, at times
we will refer to fields like 4 (x, u) and J (x, u),and h, (x, u) and J, (x, u)
below, as master fields.

@ Springer

As was observed in [13,14] the HS gauge transformation
(3) obeys Lie-algebra type commutator>

(815 8] = iy a1 N

While there is simplicity and elegance in the relations (3)
and (7) and obvious similarity with the analogous Yang—Mills
transformations, there are also some annoying aspects. First
of all, we know already from electrodynamics (pure spin-
1 example) that coupling of KG field to spin-1 gauge field
contains also quadratic (seagull) terms in the action, which
are not present in (1). For this reason it was assumed in [13]
that (1) is just a linearization, and that a consistently coupled
theory contains also non-linear couplings. If so, this could
in principle change the expression for HS transformations
and the Lie-structure formula (7). Moreover, the necessity
of a spin-0 field in the tower of HS fields, which couples to
the mass term ¢*¢ (not a conserved current in the standard
sense), at first sight may look strange. However, it was noted
in [14], that the form of the HS transformations suggests that
the spin-0 HS field should be treated as a composite field,
which means that it should provide non-linear couplings of
HS fields with spin s > 1 with matter. Anyway, this compos-
iteness drastically complicates the HS structure.

Recently, in [15] it was shown that the symmetries
observed in [13,14] extend to other matter fields, in particu-
lar to the Dirac field ¢ linearly coupled to the infinite tower
of HS background fields hlg; =1 (x)

S, hl = Solv]+ Z / d'x Jtsl)l...m—l (x) ht(lsl;l“'mfl (x)
s=1
(®)

where So[vr] is the action for the free Dirac field, and
Ja(f,v)lm,LH (x) is the spin-s current which is conserved for
the free Dirac field. If we take a simple form for the matter
currents

J® (x) = i lﬁ(x)y (5) (g ¥ (x)
AL ... ps—1 25=1(s — 1)! a v Hs—1

)

then the action (8) is invariant under the HS gauge transfor-
mations defined by the variations

Seha(x,u) = ye(x,u) — ilhqa(x,u) ¥ e(x, u)] (10)

where now

o0

1
ha(x, u) = Z (s — 1)‘;1[(15)61#1 ) Upy + - Upg - (1)

s=1

3 Using different forms for the conserved currents is equivalent to field
redefinitions, which would change the form of HS transformation (3).
Still, the Lie-algebra structure (7) would of course be the same.
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The HS transformations of spacetime HS potential fields has
the form

Seh Sl () = 8,48?;,1)“.““71 (x) + (non-linear terms).
(12)

Several things deserve to be emphasized: (1) The HS field
is different from the one coupled to the KG field (because
HS transformations are different). (2) The form of the HS
variation (10) suggests that the coupled spacetime HS fields
are symmetric only in (s — 1) indices, one index (denoted
by latin letter) standing out. It is usual to call such represen-
tations for HS fields frame-like. (3) There is no spin-0 field
present, which implies that the coupling is purely linear. (4)
The HS transformation (10) respects (7), with n(x, u) sub-
stituted with e(x, u).

Our idea here is to take the universality of the HS struc-
ture as a sign that the HS symmetries obtained by linearly
coupling HS fields to matter may be exact. This assump-
tion is supported by an observation from [15] that actions for
HS fields invariant under HS transformation (10) have an L,
symmetry,* a property shared by many consistent theories. In
the following we will take (10) as an exact HS gauge transfor-
mation, and the frame-like approach as a starting point of our
construction. We will show that (3) is related to a metric-like
formulation, the latter is a composite version of the frame-
like one, thus clarifying the question of the multiplicity of
HS field representations.

It may be surprising that we do not impose any constraint
on the HS potential and gauge parameters. Simple and dou-
ble traceless conditions are related to Fronsdal’s approach to
HS. These are conditions to be imposed, for instance, on the
gauge parameters in order to guarantee the gauge invariance
of the linearized HS equations of motion. As was shown by
Francia and Sagnotti [6-9], these restrictions can be released
at the price of allowing for a mild non-locality (mild because
itinvolves non-physical degrees of freedom). In Refs. [33,34]
we have shown on several examples that this trading between
tracelessness conditions and non-locality is naturally realized
in the effective actions obtained by integrating out matter
fields. In [42] we show that such restrictions may be unnec-
essary in order to construct fully invariant (perturbatively)
local HS theories.

For the sake of practicality we split our exposition in three
papers. The first, this paper, is tied to the idea of effective
action. We improve the analysis initiated in [15], by study-
ing the properties of correlators of currents in the fermion
model and develop techniques for their explicit calculation.
In particular we show how they can be calculated via Feyn-
man diagram techniques. We also introduce the concept of
curved Lo, algebra and show how it can be realized in the

4 For Lo see [16-25,27].

context of the fermion model. Then we tackle the problem of
the relation between the outputs of the scalar model and those
of the fermion model, and show that it can be easily clari-
fied with the idea of compositeness: the HS field formulation
coming from the scalar model is the ‘square’ of the one ensu-
ing from the fermion model, much as the metric is the square
of the vielbein. Finally we analyse the possible obstructions
that one may meet in constructing the effective action: these
are the analogues of anomalies in ordinary gauge theories.
The frame-like formalism allows us to provide explicit and
compact formulas of the latter.

The effective action method is based on the early work
of Sakharov, [28-31], revisited recently by [32-34]. The
approach we use is based on the worldline quantization
method, see [35—41] and others. As mentioned above here
we follow in particular the line of [13-15].

The results in this paper are general, they are obtained
abstracting from the idea of a locality: an effective field
action is mostly nonlocal. In the follow-up of the present
paper, denoted II [42], we will grow bolder. We will aban-
don small scale cabotage around the idea of effective action
and launch ourselves in a new enterprise: instead of trying to
derive explicit actions by integrating out (scalar or fermion)
matter fields, we will use the wisdom (formulas and con-
structs) acquired in this and previous papers to integrate L o,
that is to determine classical (perturbatively) local theories
which automatically satisfy the L, relations and in par-
ticular enjoy the HS gauge invariance/covariance. In II we
will exhibit explicit examples of HS Chern—Simons and HS
Yang—-Mills theories, both Abelian and non-Abelian. As HS
YM-like theories contain spin-2 field, they may pretend to
be descriptions of gravity. In the third paper (III) we shall
develop a HS geometry-like formalism, which is more suit-
able for a background independent framework, and use it to
analyse the spin-2 sector.

Part 1. Functional equations and methods

In this first part of the paper we resume the analysis started
in [15] and develop it in various directions. We first summa-
rize facts about the fermionic matter model and the relevant
effective action. We then complete the analysis of the L
structure of the latter by considering the case of the curved
L algebra. We then proceed to some sample calculations of
1- and 2-point correlator and then show the connection of the
perturbative method outlined in [ 15] with the more traditional
perturbative approach based on Feynman diagrams.

2 The method of effective action

The fermionic matter model is

Smatter = /ddx E(U’a - m)l/f

@ Springer
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- dd ](s) haul e s—1 where
+ Z X Ay hs—1 ('x) (s) (x)
! Wfff)a (X1, U1, .o Xy Uy)

= So + Sint- (13)
The interaction part S;,; can be written in various ways
dy,
Q2m)d

The (external) gauge fields are collectively represented by

Sint = (Ja, b)) = /dd Ja e, wh (x,u). (14)

o
1
W) = ) e e T O e (15)
s=1 :
and
Ja(x, u)
M /ddzelzullf(x—}— ) 1//()(—5)
Sh%(x,u) ) )
o (=) netm
- Z 2n+tmp i 8 w(x))/aaml/f(x) ou n+ma(u)
n,m=0
—1
=§:(1f11® ©—" 5w 6
AR Ps=L8 Quayy oo QU

which is obtained by expanding ¢'**. In order to extract
Ja(vl s () from J, (x, u) one must multiply it by u,, .
uy,_,, integrate over u and divide by (s — 1)!. Also

is—1 9
J® (x) = v 9
apy...s—1 (S _ 1)| 32(’“
J  — b4 2z
! azﬂsfl) w (x + E) yal/f <x N 5) ZIO.
a7
The gauge transformation of /1, is’
Seha(x,u) = 0e(x, u) —ilha(x,u) ¥ e(x, u)]
= D e(x, u), (18)

where we have introduced the covariant derivative
D =9) —ilhg(x,u) ¥ 1.

The effective action is denoted W[A] and takes the form

du
Wih] = W[0]+Z f H a5 s Wil

X(xl,ul,.. s Xns un)h (xlyul)---han(xnsun)
—W[O]+i o I/H ty
" @ny
(-]al(xlaul)---Jan(xnaun)>hal(xlyul)---han(xn»un)
(19)

5 We use the notation h, instead of & « asin [15] to anticipate and stress
the frame-like interpretation of the master field. See further on.

@ Springer

My (1, 1) - - Ty (s 1))

o
d
=255 8(ur)
= duy g,
o
0
a8
sp=1 Mna}") u 5"1’)_1
(s1) . (sn)
<Ja 0..a), I @ ey (xn)> (20)

In the sequel we will assume W[0] = 0, see Appendix B.1
for a justification.

The statement of invariance under (18) is the global Ward
identity (WI)

8:W[h] = 0. 2D
Taking the variation with respect to &(x, u) this becomes

du;
4% ! (n+1)
> i/ n o DEWEY,,

n=1

X (x,u,m,u] co Xy ) RN () L O (g, up) = 0.

(22)
This must be true order by order in 7, i.e.
- a. dui (n+1)
0= l_[d X; 2y O aal_._an(x,u,xl,ul...,xn,u,,)
i=1
x W (x1, up) .. h””(xn,un)
n—1
><(x,u,m,ul-.-,xn_l,un_o]
X R (xp, uy) o RN (X1 p—). (23)

Assuming Wf}) = 0, by functionally differentiating w.r.t.
hb(y, v) and setting & = 0, for n = 1 this becomes

0=0yW (2)(x u; y,v). 24)

Functionally differentiating also w.r.t. h°(z, t) (and setting
h = 0) we get

_ b (e
0= (2 )d( Wabc‘

BCW,(;)C(y, v X, U; Z, t))

(x,u;y,v;2,1)

—2i[5(z—x)5(z— w r Wz, 13y, v)]

—2i[8 = 8 —v) T W @ xw ], (25)
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and so on. In (25) Wflzb) (x,u;y,v)
to the cyclic symmetry.

Equation (21) guarantees the gauge invariance of the effec-
tive action. The problem now is how to compute the ampli-
tudes W . Here we will not follow the method introduced in
[15], but mostly the more familiar Feynman diagram method,
therefore it is more convenient to pass to the Fourier trans-
forms. To start with we recall that, due to translational invari-
ance,

= Wi (v, vs x, u), due

W((J?..a,,(xl’ ui, ...
— W(n)

= Wé’? a

"y Ger, up) <

=i"" Uy (11

axnvun)
n(xl _xn5u17-"705un)

(X1 —Xp ooy Xp1 , Up)
Jan (xn» Mn))

Ja,, (0, up)).

— Xps Ui, ...

— Xp,U1) ... (26)

The Fourier transform of this amplitude is

/ddxl etk .../ddx,,,le

/ddx e 'qx”Wfl'f) ay (U,

= /ddxleikl'xl .../ddx,,_l

xW () —x, ...

ay...an

ikn—1-Xp—1

s Xy Up)
elkn—l‘xn—l /ddxne_lQ‘xn

—Xp; UL, -y Up)

> Xn—1

n—1

=34 (q — Zki) /ddxi ek
i=1
X /ddx;l 1€
—6(q—2k)wfz?a
=i""s (q - Zki) (Jay (ky 101)
i=1

. -7;4,,,1 (kn—1, un—l)j;n (—q, un))

olkn=1%, 'W((I’f) an(xi...,x,;_l;ul,...,un)

'9kn—1;u17"'1un)

27
In particular, for later reference,

fddx ethx /ddy el Wéi)(x, u; y,v)

= 8(g — YW (k; u, v)

= i8(q — k) (Ju(k, u) Jp(—k, v)) (28)

and

/ddx eikl"‘/ddyeikz'y/dd _quWSb)C(x,u; Y, V; 2, 1)
=48(g — ki — k2)WabC(k1 koyu,v,1)

=i%8(q — k1 — k) (Ta(kr, W) Tp ko, V) Te(—q. 1)) (29)

The WI (24) gets transformed into

KW (s u, v) = ik T (k, ) Tp(—k, v)) = 0 (30)
while (25) becomes (dropping i§(q — k1

— k2)):
0 = iq*(Taky, u)Jp (ko v) Je(—q. 1))
+iq(Ty(ka, v) Takr, u)Je(—q. 1))

—2[5<t—v+%><7a(kl,u)17,< ki, r—’ﬁ)>

—8<t—v—%><Ja(k1,u)Jb< —ki,t+ >>
K\ [~ ~

+4 (t —u+ ?> <Jb(k2, v)J, ( ky, t — —>>
k> k

—5( —u—5><Jb(k2,v)J ( ko, t 4+ 21>>]

(31)
Using (28) and (29) one can write this as
A

abc

k
—2[ (—v+ )W(2)<k1;u,t—?2>
k
<—v— ) (2)<k1;u,t+52)
k
(—u—i— )W;?(kz;v,t—é)
-8 t—u—— W kz;,v,t—f—]2 .
2 ba 2

To extract the WI in components one must multiply by a

(Kt kos e, v, 1) + WO, (Kt v, )

bac

(32)

suitable expression 337"1.8(14) and integrate over u. Similarly
for v and ¢.
For a derivation of (31) and (32), see Appendix A.

3 The case Wf,l) #0
3.1 A curved L, algebra

It was shown in [15] that, underlying the effective action
obtained by integrating out a fermion field coupled to external
sources, there is an algebraic structure, which is unveiled
once we consider the relevant equations of motion. The basic
relations in this game are the eom’s

Falx,u) =0 (33)
where
d?y;
Falr.u) = Z / 1—[ a5 G Wear L,
X(-xvuaxlaula-"7-xnaul’l)
x WM (x1, u1) ... h* (x,, up)
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and the covariance relation
8eFa(x,u) =ile(x,u) ¥ Fu(x,u)] (34)
which can also be rewritten as follows

ile ¥ (WOFD | p®my)
1 n+1

:n—i—IX:«W

i=1

(n+2)
aay...pj...an41 "’

RO . 0% e . h%)

n
—i Y (W T el ). (35)
i=1

It was shown in section 3 of [15], that this allows us to
define multilinear maps (products) L;, j = 1,...,00 of
degree d; = j — 2 among vector spaces X; of degree i,
defined by the assignments ¢ € Xg, h, € X_1 and F, €
X _5, which satisfy the relations

Yo DU (=1)e(os ) L
i+j=n+1 o

X (Li(xg (1, - - S Xem) =0. (36)

S Xa (i) Xo(i41)s - -

In this formula o denotes a permutation of the entries so that

o(l)<--ro()ando(i+1) < ---0(n),and €(o; x) is the
Koszul sign. Nonvanishing examples of such products are
Li(e)" =dle(x,u) (37)
Ly(e, )* = —i[h%(x,u) ¥ e(x,u)] = —La(h, &)¢ (38)
Ly(er, &2) = iler ¥ 2] (39
together with

Li(h) = (WP, h)

d du; %)) a
= dxz-WWMI(x,u,th)h (x1,u1)

(40)

and L, (hy, ..., hy,), see the definition in [15]. Assuming the
one-point correlator Wé]) = 0, in [15] it was proved that the
relation (36) are satisfied.

In many cases, however W‘(ZI) # 0. When this happens we
have to introduce an additional ‘product’ L, besides the L,,
of [15,26]. The algebra in this case is called curved Lo Lo
is defined simply by setting

Lo=wWD. (41)

Both sides of this equation have degree —2, coherently with
the fact that the degree of L, is n — 2. In this case L is
not nilpotent and the defining property L% = 0 of the Ly
algebra is modified as follows

Ly (L1(v)) + L2 (Lo, v) =0 (42)

6 The notion of curved L, algebra is due to Jim Stasheff (private com-
munication).

@ Springer

wherev € X = XobX_16 X _».Duetothe degree counting,
this relation is only nontrivial when v € X, i.e. when v is €.
Now using Eq. (3.21) of [15], i.e.

Lyr(e, E) =i[e T E] (43)

where E represents J, or any of its homogeneous pieces,
and recalling that Lq(e)%(x, u) = 0¢e(x,u) and L1(h), =
((Wflz), h)), this equation becomes

iWD, e+ (WD Py = o0. (44)

This is precisely the case n = 0 of (35). All the other L
defining relations remain unchanged, because, for instance,
the relation

LiLo— LyLi+L1Ly, =0 45)

is not a priori excluded by the degree counting, but in [15]
we have proved that L3(E, %, %) = 0 is consistent for E of
degree —2. And so on.

Ly is called the curvature of the curved L, algebra.

In this case (30) in momentum space becomes

KW (s u, v) + 8(u — v)

k k
x (W,(,” (0, U+ E) —wi (o, u— 5)) —0. (46)

In this formula W,(yl)(O, u) = W,gl)(x =0, u).
3.2 WI for 2-pt functions

The method introduced in [15] to calculate the current ampli-
tudes is less manageable then the more familiar method based
on Feynman diagrams. It is however more compact and may
turn out to be useful in some instances. Here we would like
to show in a simple example, the W1 for 2-pt correlators, that
it leads to the expected results.

For n = 1 and assuming Wél) # 0, (24) becomes

1
0= ) 8)?W;217)(x, u; y,u')
—i[c‘i(x — 8 —1u) r WP (x, u)] 47)
where
W (KL UL, X, )
| oo n © 4
- NZ dt fl_[ddq,-/ 29 giot
n Je Pl 00 2T
; 1 1 1
X tr P AN
yalql +m/ya2 yanflqni1 +m/yanqn+m/
- q1+q
iqj-(xj=xj+1) §( 4y — n
X He <u1 5 )
Jj=1
B S(I/tn . Qn—12+ Qn> (48)
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and we introduced m’ = m — i(w — i¢). In particular, for
n = 1 (48) becomes

oo [e¢)
do .
—N/ dt /ddq/ ao gior
€ —o00 2T

,]S(M —q)

Wél)(x, u) =

1
X tr
[”q+

=22 JzN/

Note that the above equation does not depend on x. We can
write WS (x, u) = WP (w). Forn = 2

dw &' up

49
21 w pr—m? “49)

W;zb)(x u,y,u)

=—N/ dt /dd 1ddq2
x / e”‘”tr[y b 1 ]
—o0 2T 41+m/ q2+m/
o ol @1=a2)-(x=) 5(u @ 72”12) 5<u/ @ 42-6]2).

(50)

We can introduce new variables g1 — g2 = k and ¢1 = q.
Then, (52) reads

W(z)(x u,y,u')
= —N/ dt /ddqddk/ ‘;—“’eiw’
T

xu[q+m q_k+m]

. 29—k 29 —k
xe’k'(x_y)(S(u— q2 )5(u’— q2 > (51)

After the evaluation of the trace and the integration over ¢
and ¢ we obtain

W(z)(x u,y,u’)
00 iwe
=—2L7Ji1vfddk/ do ¢
00 2T @
1
X
(57— o) (- 17—

kak k2
X |:2uaub — a2b — (u2 -7 m’2> nabj|

x e* O §(u—u'). (52)

Let us now focus on the first term in (47)

2
o )d)‘:W (xuyu)
dw e

y ddk 00 iwe
— o3l N o
QCm)d J_ 27 o

kak k?
X |:2uauh - aTb - (M2 T m/2> 77abi|
X a;;e”"(*y) S(u— u’)
dk / dw ¢
Qm)d 21 w
[2(u k) pp + (m’ —u? - ;) kb]
X 5 5 .
(637 =) (= 57 )

On the other hand, the second term in (47) is

—oldl N

tk-(x—y) 8(14 _ u/)

(53)

_i[‘g(x — 8 —u'y * W (x, ”)]

=8(x — )S(M—M)Z

(2’1 + D!
i\ 2 2n+1
i <« —
X <§> <8x . Bu) ngl)(u)
d
=2l N (;l ];d /00 ;Zw ¢ RIS (u —u')
b/ T oW

o0
1 5\ 2n+1 up
k- ) v ). 4
XZ%?WM+4M( D (#—mﬂ) oY

Taking the derivatives w.r.t. u gives

—i[S(x — 8 —u'y * WP, u)]

d"k/ dwe
2m)d 2w

— 2L%J N tk~(x7y)5(u . u/)

X Z Z (—4]_n(k . u)zjk2(”—j) (m/2 _ u2)-2—n—j>
n=0 j=0
X <<n2+j]>(m/2 M2)kb+2( ;;J_:_ >(k u)ub)
(55)

This can be resummed into

—i[S(x — 08— 1) r WP, u)]
dk dw e

2m)d /, )

5 [2(u~k)pb+(m —uz——>kb] ‘
(s 57 =) (=27 -7)

Now, this term has exactly the opposite sign w.r.t. (53) and
we see that (47) is indeed valid for 2-pt functions.

— _ZL%J N olk@=y) 3(1/[ _ u/)

(56)

4 Explicit calculations

After studying the general properties of the current ampli-
tudes in the previous sections, the next step involves the

@ Springer
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methods to explicitly compute such amplitudes. In fact in
[15] rather explicit formulas were presented. Using such for-
mulas in Appendix B we have calculated the 0- and 1-pt
current correlators. However, to compute more complicated
correlators we find it more practical to resort to the usual
Feynman rules.

4.1 Feynman rules

The free part of the action (13) gives rise to the usual fermion
propagator

I
p+m

The interaction part S;,; is given by (14), J,(x, u) is given
by (16) and Jéf}l .51 (x) is defined by (17). Therefore

i"
d ( "
’m fd Z 211+m \m

nm—

(57)

3 V() yad" Y (x)

X h“,ul Mnn+1--Kn+m (x)

oo s—1 ( 1)” —Z)Y 1
d?x d
/ ;nz 25=Ipl(s —n — 1! M
Dy W )Yy g -+ - g W (x) ROHTH1 (),

(58)

By replacing the fields with plane waves while keeping the
tensor structure we can determine the Vyyj, vertex:

s—1

. l / /
Virn: 21—y ;g% Koy - K Ry - )

(59)

where k is an incoming fermion momentum, while k' is an
outgoing one. The momentum conservation (§ (¢ +k —k’), q
incoming) at the vertex is understood. The vertex (59) can be
easily derived from (14) and the first line of (16), by replacing
¥ (x + %) with e *C+3) g (x — £) with ¥ (~3) and
h?(x, u) with h*(u)e'?*. Performing the integrals one gets

ddp i(7_k+k’
i5(g+k—K) | d? P
k=) [at b

k+ Kk
=i5(q+k—k')yah“< _; )

)“yah%p)

=i8(q +k —K)va i ﬁh“‘“”“” kA Ky oo (k+ K,
n=0 )
where h*#*1--Hn is a constant tensor completely symmetric in
U1, ..., Ln. SO one can write the vertex also as
Vipn: VS L (k+K)
— stk KD KDy 6D

@ Springer

or, introducing two polarization vectors m“, n",

VO (m, n: k + k)

i N\ S—

We can also introduce the global vertex

Vin:

o0
Vim,n; k+ k') = Z VO m, nk + k)
s=1
o

. 1 / s—1
= Zzs (s — 1)!)2'71 (n'(k+k))

s=1
=il (2n-(k + k) (63)

where I(z) is the modified Bessel function of second kind.
Next, in order to derive the Feynman rules, we couple
the fermions to external currents j, j via an action term

[ (j¥ + ¥j) and define
Zihs j, j1 = / DDy ST GY+3)) giSim

i (G=id y—ri® Ey
_ S (F=13y==15) o1 e (64)
where P is the propagator. Then we define the generator of
connected Green functions
Wih; j. jl = —ilog Z[h: j. j1.

WIhl = Wih; j, jl| .

j=j=0
(65)

Now, the connected Green functions of currents are given
by

<J(A(ID) Mﬁ})(x]) J(A(:;)) .E")(x"))
3 3
OO m W[h]‘h—o
Sht1 -t (x1) St Fan (x) -
. l‘nfl 3 (S
e Gy s ()

8 8 n B n
Sint (i=—, —i—: h iPj
(w5 -5704) ([779) ),

where the subscript ¢ means that only the connected graphs
are retained.
The first contribution is the tadpole or one-point function

dép 1
G (o)
(67)

h,j,j=0
(66)

(om0 @) = -

where n® -m - J©) (k) is the Fourier transform of n*! . . . n*sm*
(5)
Javl...u,-,l (x).
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The two-point function is

(i om-TC0 G0 - T (=)

d’ !

= [ G (¥ memizo =0
1

% p_k+mv(s1)(m7n; 2p—k)>. (68)

The three-point function is (¢ = k1 + k3)

(1 -TEV ) 5 oma- T (ko) - TO(g))

dép 1
= tr [ —— VS 2p —k
(2n)dr<p+m (n132p = k)
1
—————— V) (ny;2p — 2k — k
X p—F+m (n2;2p 1 —k2)
X ;V(Av)(nﬂp—q)). (69)
pP—qg+m ’

The divergences of these amplitudes can be evaluated by
acting with k~% in the case of (68) and with cp% in the case
of (69).

4.2 A master field derivation of Feynman rules

Itis interesting to observe that one can get Feynman rules not
only for the component currents, but for the master current
Jy (x, u) itself. One proceeds as follows. The free action can
be written

So = fddxw(x)(iy-a — m)y(x)

du . z
_ d d izu <
_/dxdz—(zn)de w(x—i-z)
Z

X (iy-8 —m)w (x—§> (70)

while the interaction part is

d
Sint = <<Ja,h“>>=/d”’ a7

X o) Jo(x, u)h® (x, u)
du . z
_ d d .
= /d )Cd Zmelzuw <)C+§>)/a'(ﬁ
X (x — %) h(x, u). (71)
As before we define the Z function
Zlh; jT’ jl= /’DJ;’Dw gi(SO"‘f(JT?//-*‘lpj))eiSinx’ (72)

where, however, now
[ Go+i3)

= [atrat e (G (x4 ) (e )

— Z Z
+ <x+—>'(x——)). 73
v 5)J 5 (73)
The factor /% enters the definition of the integration mea-
sure over x, u and z. Next, as usual, one completes the square
and integrates over ¥ and . As aresult, apart from an overall
constant, we get

- is (G=id i b e
2i; j, j1 = & (=50 ="5) o ips (74)
where
_ du . z
S d. gd. . d u
/JPJ —/d x1d“xod o elz”](xl—i)
b4 z z
Pln-Fm+z)ilu+s) 03
X X1 2x2+2 ]x2+2 (75)
and P is the propagator:
ddk eik~(xfy)
Px,y)=i | — ———. 76
=i | i (76)

The generator of connected Green functions is defined as
above

Wih: j. j) = —ilog Z[h j. j). WIh = Wih: j. j)| .-
(77)

The correlators of the master current J,(x, 1) are obtained
by differentiating W with respect to 2% (x, u). The Feynman
rules have the same combinatorics as in an ordinary field
theory, but the propagators and vertices are different.

4.2.1 I1-Point function

(Ja(x, ) = fddze"“‘ @ (x + %) Ya¥ (x - %))

: 1) 1)
— ddz Pl _
[ e
d%v P t
dd dd ddt 1v-t - _ =
X/ Y1 yz(zn)d e I\ T 3

t t\ t
XP()’I—E,)Q‘FE) ]<y2+§)

— — | gds iz | gdyad d*v 4%t oVt
= ze )| yz(zn)d te tr

t t
X(VuP(yl—E,szrE))

—t —t
><6(x—y1——z2 >8<x—y2+—Z2 )

(78)
Replacing (76) and simplifying
d'k ; i
J , — _ dd l(ufk)'zt
(Jax, 1)) oyt 412¢ o
i d u
= —t — ) =23 . 7
r(ya¢+m) luz_mz (9)
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Now, inverting (16), one gets the one-point correlators for
component currents

) 1 d%u
(Jam___mil(x)) = m (27‘[)d (Ja(.x,l/i)) Upy o Upg
1 dlu 250y,

Uy oo Uy .
(27_[)(1 u2—m2 123 Hs—1

(80)

T oD

The Fourier transform of this amplitude corresponds to (67).

4.2.2 2-Point function

The connected 2-pt function for master currents is

(Ja(x, ) Jp(y, v))
8

— dd iz-u _

/ S +3) s (- 3)
. k) é

x [ d% et - Vb —=

/ 5j(y+5)"8j(y—1%)

XZ ) d%zy ettt /dxldxzj (x1 — E)

. 21
X P12 <X2 + ?>

ddug d . - 22

X ) d%z, e'212 /dx3dx4j <X3 — ?>

. Z
x Praj (va+ 32) @81)

where

ddkl etk (xi—xa—z1)

Pir»=1
12 ’/(Zm')d

Ki+m

44 ka etk (x3—x4—22)
Pi3a=1 82
=L Qrid T K tm 82

After integrating the delta functions coming from the j, j
differentiations, one gets

(Ja(x, u)Jp(y, v))

d%uy d? :
- _/ A gt Gy 1 412

el (@ui+z-uz)

d d
A% Ak (ko) (e—y) i)
Q2m)? 2m)d

i i
X tr —_— _—
(yalh +m)/bk2 +m)

d%; d%,
_ d_ gd (k1—k2)-(x—y)
_—fdzdt (27_[)11(27_[)del 2)- Xy

. _kytky . _ki+ky ; ;
Xetz(u 712 )ezt(v 12 >tl' (yaklybkl)
1+m K+ m

(83)

@ Springer

setting k1 = p, ko = p—k. Integrating out the delta functions

(Ja(x, u)Jp(y, v))
_ [ A% dip
Qm)d Q2m)d

x8<u—2p_k>8(v—2p_k>

2 2

t i i 84
xr()/ap+m7/hp_k+m>~ (84)

In components

— ik-(x—y)

e o GO )

1 du  ddv

T TG D=1 / Qm)d 2n)d
X (Ja G, u)Jp (Y, v)) g oo Uy Uy Uy,

1 d%p

T H 26— DI -1 ) @n)

x f K D ap k@b
(2n)d ni Hs—1
X@2p =Ky ... 2p =k,

i i
xtr(yap+mybp_k+m). (85)

Fourier transforming the above amplitude gives (68).

4.2.3 3-Point function

The connected 3-pt function for master currents is

(Jay (o1, u1) Jay (X2, u2) Joy (X3, u3))

1 i 8 )
- dd iz1-Uq _
3R ) - )
. 5 5
dd izp-up _
R Torih ey

. § )
dd iz3-U3 _
X/ e Sj(x3+%3)ya38j(x3—%3)

x/ddywldi] /ddyzddﬁzfddY3ddﬁ3
ddvl ddvz ddv3
2m)d 2m)d 2m)?

- 13 - n\- 15}
p\m-S ) hai\nt5)iln-3
- h\ - 13 - 13
X P35 2t )ils-3 P33 B+

(86)

ddtlddtzddt3eitl‘vleitz‘vzeit3-v3

where
) dk; etki-Oi=yi—t)
ki +m

Pi,i =1 (27T)d

. i=1,2,3. (87)
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Proceeding as before one finds

(Jay (et u1) Jay (X2, u2) Joy (X3, u3))

=i/ddz1ddzzddzs el Gruntarintayus)
z1+z22
G n = )
(277)”’
o on 22423\ 23tz
Xetkz (xz X3 5 )etks (x3 X1 ) )

1 1 1
X tr .
(yalk1 +mya2k2+mya3k3+m)

Rearranging the terms and defining

1k1 xl —Xo—

(88)

ki=p, ki—kx=q1, ko—ks=q

q1, g2 are the momenta of two external outgoing legs. The
third has ingoing momentum ¢; + ¢». Finally one gets

(Jay (x1, ur) Jay (%2, u2) Jay (x3, u3))
d
— d“q1 a’ 92 el @1+a2) X1 ,=iq1-x2 ,=iq2-X3
@n)d 2n)?

2p—q1—q2 2p —qi
X 6 Ml—f 1) MZ—T

( 2p—2q1—qz>
x8|luzy — ——

2
dép 1
(Zn)dtr (Va1p+m)/azp_ql+mya3
1
: p—ql—¢z+m>' )

To this one must add the cross term. The Fourier transform
of this amplitude corresponds to (69).

4.2.4 n-Point function

Guess for the n-point function for master currents:

<‘Ia1(-x11 Lll)

~n d qi
/(271)"/1_[ 2m)°

g2 o~

Ja,, (X, up))

el @1t Fan-1)-x1

X e iqn—1-Xn

2p—q1— - —qn—1 2p—qi
X8 \up— ) S\ uy — 2
< 2p—2611—~-~—qn_1>
.o\ uy, 5

1 1
t
X I‘(Va1p+m)/u2p_ql+m

1
. (90)
Ty =g — - qn1+m)

q1, - - -, gn—1 are outgoing external leg momenta, the n-th leg
has momentum ¢q; + - - - + ¢n—1. To (90) one must add the
contributions with permutation of g1, ..., g,—1.

Before closing this section let us remark that the integrals
(85) are of the type already encountered and explicitly com-
puted in [33,34]. They can be easily analysed with the dimen-
sional regularization. It is likely that also the three-point func-
tions can be successfully dealt with analogous techniques
[44-47].

Part II. Relation between the scalar and fermion model
In the second part of the paper we compare objects and prop-
erties of the matter fermion model with those of the scalar
model. The relation between the two amounts to a quadratic
relation between the sources of the former and the latter.

5 About HS gauge symmetries

We compare first the symmetry transformations in the scalar
and in the fermion model.

5.1 The gauge transformation in the scalar model

In the scalar model the action is S() + Sin¢, Where

So = /ddx B9 0", 91)
and
SinlJ, h] Z / dx 'J,g? GRS () (92)
with the currents being chosen in the simple form
) is— -2 S
IO ) = (= )S — Y (="
n=0
S
X (n) Oy - 0y @ ppy - - V)@ (93)
The h field is defined by
o0
h(x.u) =Y h"(x,u) = Z . R )y -y,
s=0
94
and its transformation is
beh(r,u) = (w-d)e(x.w) = Slh(x ) T el (95)

where the x-product is defined by

;o= =

alx,u)*Bx,u)=a(x, u)elf( 0 ”__a)"(a_")ﬁ(x, u). (96)
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More explicitly, representing

h(x,u) = ®(x) + a*(xX)u, + %h’“’(x)uﬂuU

+ ébﬂ“(x)u,mvuA

+ %d““ﬂ(x)u#umup 4+ (97)
and
n(x,u) = e(x) +&*(u, + %A’”(x)uuuv

1
+ ;E’”A(x)uuuvuk

1
+ ZP“W’(x)u,mmup + o (98)
we get the transformations
sV =0 (99)
sOgr — e
S(O)hlﬂ) — ausv + av%.u

SO = gl AVF 4 9" AP 4 9 AN (100)

where 0* = n#*V9,, which comes from the first term in the
RHS of (95), and
1

1
a9 4+ —
PRI

1
—@szzvsav, By Oy @

1
sV = &0 b12%39,, 8,0, €

Lo 0,0, + 68\,18\,2a”38v3A"‘”2

16

1
384%3%19”3“““53 By Oyg A1

384 3\,] Dy, B73V4Y39,,9,, 005 h "2

sWah = Eé-aa“ + Ea,]qu\ﬂp—iape hHe —

1
Eaﬂé‘“

1
+&bvlvzv3 avl avzawg}:# —

1 1
_Eavlbvzwuavzawévl + Eavl Evzv3uav23v3avl

1 1
— g D" By By AT

1
384

1
33 I Bun By D151y, B T

Eg.ahuv _ Bpé(” wP 4 8pa(MAV)P

1
25 =" bt

By, 0y, B30, AV

—— 0y, Dy Oy T30y, 0y BV

s pmy —
1 v 1 Apv 1 v,

— @ BN =St b 4 S0,

+%b“1”2“3 By Dy Dy AV — %zvlvm By Doy Dy W

—éaul B3 g, 3, AV 4 %m] 22y, 9, h V!

I 1
gt B b B AT —

16 By, 0y, T3V Dy B2
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sDpuvi —

1 w3
55.%# A—E(’ipé(“b")‘)p

3 s 3 x
_}Eaph(lwA ) _ Eh/?(ltapAv )

—%apa,,zﬂ“ + %E”(’“’apa)‘)

IEVIVZ\)%a 3 3 b v)L
96

3
_ E Ay pr2valn By, 0y T VAV

1
%b”'”m By By, Dy DIV

+%a“‘ V200G, 8y, bV (101)
which is the full contribution for the gauge transformations
of spin 1, 2 and 3, under the assumption that all fields of spin
higher than 3 are disregarded.

These transformations suggest that the fields @, a**, h*¥
do not coincide with the standard scalar vector and metric
fields ®, A*, g"V. In fact restricting to U(1) gauge and diff
transformations, they transform as (99) and

1 1 1
sV = zg-acp - Ea-ae - Ea,m“ﬁ 3y 9,EH (102)
1 1 1
sWgh = 5g-aa/‘—iape ht — Ea-as“ (103)
1 1 1
sWpmv = Eg-ahw — Eapégﬂhf’” — Eaps%/’ﬂ. (104)
The standard fields instead transform as
sWd=r.09 (105)
sWakt = ¢-9a* — 9™ a* (106)
3G = £ 0" — 0.0 g — 0.0 (107)

We can reproduce the above transformations if we identify
the fields as follows

1 1 I D
d = _Zaﬂa“—ﬁ (aﬂhupaVW—za,thpaﬂh”P) +...
(108)
a* =g"a, = a" L (109)
2
1 1.
g =g — Eh‘” = " EW (110)

together with £€* = 2 ¢#. In (108) ellipses stand for terms
of order 3 and higher in /. For the second term in the RHS
reproduces the third term in the RHS of (102) up to terms
quadratic in the field h. In fact a series in £ is required to
reproduce (102) exactly. In Sect. 5.4 we shall show that a
unique term can replace this series, but for this it will be
necessary to introduce the vielbein.

Due to the above transformation properties it is natural to
refer to the master field & as a metric-like field and to the
HS geometry resulting from integrating out scalar matter, as
metric-like geometry.
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5.2 The HS gauge transformation in the fermion model

Let us come now to the HS gauge transformation from the
fermion model. It comes from the invariance of the fermion
action written in the operator form

S= (Y| —y-(P—H)—mly)

where ﬁu is the momentum operator whose symbol is the
classical momentum u,, and H is an operator whose symbol
is h(x, u). For (111) 1is trivially invariant under the operation

(111)

S={100"'GOO " |y) (112)
where G = —y-(ﬁ— ﬁ) — m. So it is invariant under
G— 07'GO, |y)— O 'y). (113)
Writing 0 = ¢~ we find the infinitesimal version.

Sly) =iEly), 8(¥|=—i(|E. (114)

Passing from operators to symbols, the transformation of

h*(x, u) is made of two pieces,

Symb([y-P, El) = [y-u t e(x,u)] = —iy-dse(x, u)
(115)

and

Symb([y-H, E1) = [y-h(x,u) * e(x, u)]. (116)

In these equations y-ﬁ = y4 ﬁa, where a will be understood
as aflat index. Of course, since the background is flat, writing
y“H, or y* H, is the same, but the first writing leads to the
correct interpretation. So, from now on, we will use i, (x, u).
In the sequel the index a will play a special role. In terms of
symbols, we thus rewrite (18) as

Seha(x,u) = 3 e(x, u) —ilhg(x, u) ¥ e(x, u)]

=D e(x, u). (117)

Next, it is helpful to see all the above formulas in com-
ponents. To avoid a proliferation of indices, let us write the
expansion of A, (x, u) as

w ! iy
ha(x,u) = Ag(x) + x5 (uy, + Eb” Uy Uy

1 1
+ —C“Mu#uuu;t + —d’”)‘puﬂuuuxup

6 ¢ 417
1
+ gfampf’uﬂuuuwpug +.- (118)
Notice that in the expansion (15) the indices w1, ..., i, are

upper (contravariant), as it should be, because in the Weyl
quantization procedure the momentum has lower index, since
it must satisfy [x*, p,] = i 8l). Of course when the back-
ground metric is flat the indices @ and w; are on the same
footing, but it is useful to keep them distinct.

Similarly we write

1 1
elx,u) =e(x)+&"u, + EAMVMMMU + ;E’“’)‘uuuuuk

+ %P’”)‘puuuvukup + %Q-us + e

To avoid a proliferation of symbols we use for the component

of ¢(x, u) the same symbols as for the expansion of n(x, u) in

the scalar model. As we shall see they are not the same (in fact

n = 2¢). We invite the reader to remember the distinction.
The transformation (117) reads. to lowest order,

(119)

sV A, = o,e
8O xs = dag"

§Op, % = 9, A", (120)
To first order we have
WA, =&£-0A, — dp€ x?
S(I)X; = S'aX; - apévX&O + apAaApv — 0€ bakv
8B = £-0b,"" — 0,6 b — 0,E"by""
Fp AL AP* + BpxEAPY — XL Dy A (121)

The next nontrivial order contains terms with three deriva-
tives, and so on.

Let us denote now by A, the standard U(1) gauge field
and by &} = 8/ — x! the standard inverse vielbein, and let
us restrict to gauge and diff transformations alone, we have

SA, =8 (ééjAM) =5 ((5,‘; - ;zjj)AM)

= (&7 + 008" ) A + 0 = 2l (e +6-Ap)

~ g€ +E-Ag — T4 dpe (122)
and
sel = 8(8 — x1) = £-9el — 9,£1¢,
= —EFM - 8N 0 EM R (123)
so that
SXM =07} + 0,E" — E" X, (124)

where we have retained only the terms at most linear in the
fields. From the above we see that we can make the identifi-
cations

Ag=Aas X4 =X (125)

The transformations (120), (121) are consistent with Rie-
mannian geometry. Concerning the HS theory, it contains
more than symmetric tensors: beside the completely sym-
metric h%*1-Fn it contains also a Lorentz representation in
which the index a and one of the other indices are antisym-
metric.

This point deserves a further comment. The interpreta-

tion of , in h,MtHr as a flat index almost calls for local
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Lorentz invariance in the effective action (in this regard see
for instance [43]). This question is discussed in detail in
II [42]. It is shown there that the action (13) does admit
a local Lorentz invariant extension. As a consequence it is
expected that the relevant Ward identities, barring anomalies,
are obeyed, leading to Lorentz invariant effective actions.
In II explicit examples are constructed. One of the conse-
quences of this symmetry is that the antisymmetric part of
x& can be identified with local Lorentz gauge parameters
and thus eliminated by gauge fixing. As for the HS compo-
nents of h,*1#n the problem is open. For instance in II it
is shown that, in the YM-like models, in order to guarantee
the existence of the relevant propagators, A%*1--*» must be
traceless in the p; indices. In general, however, this problem
needs to be further investigated.

5.3 Analogy with gauge transformations in gauge theories

Notice first that, in Eqs. (117) and (120), the derivative 9,
means

3 = 819, (126)
not
0o =elo = (eff = xl+--) 0, (127)

for the linear correction — x/' dy is contained in the term
—ilhg(x,u) ¥ e(x, u)], see for instance the second term in
the RHS of the first equation (121). Therefore the transforma-
tion (117) looks similar to an ordinary gauge transformation

of a non-Abelian gauge field
0, Aq = 0 +[Ag, A] (128)

where A, = ASTY A = A%T%, T* being the Lie algebra
generators.

In gauge theories it is useful to represent the gauge poten-
tial as a connection one form A = A,dx?, so that (128)
becomes

5, A =dr+[A, A (129)
We can do the same for (117)

Sch(x, u) =de(x,u) —i[h(x,u) *e(x,u)] = D*e(x, u)
(130)

whered = 9, dx?, h = h,dx® and x¢ are coordinates in the
tangent spacetime, and it is understood that

(h(x, u) ¥ e(x, u)] = [ha(x, u) ¥ e(x, u)ldx.

Like in gauge theories it is straightforward to introduce
the curvature

Gap = 8ahb - abha - l[ha ¥ hb] (131)

@ Springer

whose transformation rule is

86Gap = —i[Gap ¥ €l, (132)
as well as the curvature two-form

G:dh—%[h:*h], (133)
with the transformation property

8:G = —i[G * ¢]. (134)

In part III of this paper this formalism will be applied to the
construction of anomalies and in paper II to the construction
of Yang—Mills and Chern—Simons-like theories.

The YM-like interpretation presented so far for i, and
relevant constructs, using the analogy with gauge theories, is
not the only possible one. There is another, which we have
already dubbed geometry-like, which will be developed in
the paper I11.

5.4 Connection between metric-like and frame-like master
fields

It is expected that there is a common set of higher spin fields,
which couples both to the fermionic and bosonic matter, so
it is important to find the connection between frame-like and
metric like fields. One can show that if one defines the com-
posite master field’

h(x,u) =2ush®(x,u) — ha(x, u) x h*(x, u) (135)

and calculates its HS transformation by using (117), one gets

Seh(x,u) =2 -0 e(x,u) —i[h(x,u) *e(x,u)l.
(136)

We see that it becomes identical to (95) if we make the iden-
tifications

n(x,u) =2¢e(x, u). (137)

The expression (135) defines the simplest metric-like mas-
ter field constructed from the frame-like master field which
satisfies the transformation law (95), and so can be used to
“linearly” couple HS fields to bosonic matter. It is now obvi-
ous that coupling to bosonic matter is at least quadratic in
powers of (fundamental) HS fields.

By using (135) we can now express metric-like space-
time fields in terms of frame-like spacetime fields by Taylor
expanding both sides of the equation around u = 0. For
example, the scalar component is given by

D(x) = —hg(x,u)xh®(x, u) »

7 In the forthcoming paper III we shall show that expression (135)
naturally follows from the geometry-like formalism we develop there.
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1
= —Aa(x)A“(x)—Eauxavavx““—|—«~ (138)

where ellipses denote terms containing fields of spin s > 3.
For spin 1 and 2 components one gets

a*(x) =2e,M (x)A(x) +--- (139)
RV () = 2(85 x W () + 8 x M (x) — x M () xa" (X)) + - - (140)
where

e (x) = 85 — xa"(x). (141)

The relations (139) and (140) are natural once we recognize
e, (x) as vielbein and

1
g (x) =M — Eh“”(X) (142)
as metric. The relation (140) then becomes
g’ (x) = e (x) " (x) (143)

which is the standard relation between (inverse) metric and
vielbein.

As for (138), while the first term produces the standard
“seagull” term in the Klein—Gordon coupling to the U (1)
gauge field, the second term is of more mysterious nature.
Superficially it does not look locally Lorentz invariant, how-
ever, as we noticed in our comment after Eq. (110) it is likely
to reproduce an infinite series in A, and so to be local
Lorentz invariant. Incidentally this tells us that the question
of local Lorentz invariance in this formalism is rather subtle,
see II. It also suggests that the coupling of Klein—Gordon
field to HS fields apparently cannot be described in terms
of Riemannian geometry. We shall say more on this in the
paper 111

Part III. Chern—-Simons terms and anomalies

The HS gauge transformation (18) suggests in an obvious
way an analogy with gauge transformations in ordinary (non-
Abelian) gauge theories. In both cases they are realized via
Ward identities on the physical amplitudes. But as an effect
of quantization the Ward identities in a second quantized
theory may be violated, or anomalous. It is to be expected
that a similar possibility exists also in the matter theories
coupled to external HS sources introduced in this paper. In
the third part we analyse the form of the possible obstructions
that may appear in the Ward identities in such context.

6 Obstructions

In theory we can compute W) by means of formula (2.52)
of [15] or by means of Feynman diagrams. In practice we
may find obstacles.

The first is the possibility that the one-point function does
not vanish: W' £ 0. In this case (24) is modified and the
natural setting is a curved L.

The second is that the results one obtains may not satisfy
the WD’s. If itis so, however, we are helped by the consistency
conditions. For, if
8:WIh] = Ale, h] # 0, (144)
as a consequence of

(86286, — 8¢, 8e,) B (x, 1)
=i (Ocler ¥ e21Cx, u) —i[h* (x, u) ¥ [e1 ¥ e2](x, u)]])

= i D[er * e2](x, w), (145)
we must have
der Aler, h] — 8¢ Alea, h] = Aller T e2], k] (146)

The simplest possibility we may encounter is that Ale, /] is
trivial, i.e.

Ale, h] = §.C[h], (147)

where C[4] is an integrated local counterterm. In such a case
we can recover invariance in the form

8s (W[h] — C[h]) = 0. (148)

If however (147) is not true for any local choice of C[A],
then we are faced with a true anomaly, which breaks the
covariance of the effective action.

The case of trivial anomalies is what often occurs in Feyn-
man diagram calculations when tadpoles or seagull diagrams
are disregarded: the WI is violated, but invariance can be
restored by suitable subtractions of local terms.

When, instead, (147) is not true for any local choice of
C[h], it means that there is a true obstruction to building
a gauge covariant theory. The true anomalies, i.e. the non-
trivial cocycles (144), are the mathematical objects that clas-
sify such obstructions.

‘We can apply the frame-like formalism to the construction
of CS actions and anomalies.

6.1 HS CS terms

The idea in this subsection is to mimic standard construc-
tions of ordinary field theories in the framework of HS. For
instance, beside (133) we can introduce the standard (ordi-
nary gauge theories) definitions

G, = dh, — %[h, “h], h, = rh. (149)
Let us quote some formulas that will be useful later

d

EGI =dh—itfh*h]=d/h, d;=d—i[h;* ] (150)

th == l[ht :k G[], (SGI == d8ht - l[h[ ’f5ht] - d,(Sht.

(151)
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The difference in the HS case is that, unlike in ordinary
gauge theories, we cannot use graded commutativity. There
is also another difficulty: in the HS case we don’t have a trace
at our disposal. The only object with trace properties we can
define is

d d?u
(GEFS) Z/d x/ (Zn)df(x,u)*g(x,u)

d deu
=/d x/ S (g ) = (5 ).

(152)
From this, plus associativity, it follows that
(fr fas-oox ful) = (frx(f2 s fu))
= (DL fu) x f1)
= (=D ETFDfrxek fx f1) (153)
where ¢; is the Grassmann degree of f;. In particular
(AT fax-x ful) =0 (154)

where [ ¥ } is the %-commutator or anti-commutator, as
appropriate.

But in order to exploit this property we have to integrate
over the full phase space. Therefore it is impossible to repro-
duce the unintegrated descent equations like in the ordinary
gauge theories. The best we can do is to try to reproduce each
equation separately in integrated form. So let us start from

the phase space integral with n G entries
(G*xG*---xG)). (155)

Here (( )) means integration over a phase space of dimension
4n. Then consider the expression with n — 1 G, entries

1
/ di(dh G, % - % Gy))
0

1
:/ dt{{dh *x G; * - - - % Gy)) (156)
0
1
—/ dt{hxdG; *x---xGy)) — - -
0
1
—/ dt{h*G; * - - % dGy))
0
1
=f dt ({(dh * Gy * - - - % Gy))
0
—i{hx[h TGl xG)) — -
co— (b Gy [y T GoD) (157)

using the first of (151). Then using the first of (150) together
with (153) (or (154)) one gets

1
/ di(d (h* G, % - % Gy))
0

1
:/ dt{((dh —i[h; *h]) * G; * - - - % G;))
0

@ Springer

! d

1t a
=—/ dt-((Gt*Gt**G[>)
0 dt

n

:l«G*G*-n*G».
n

(158)

Since they are integrated over a spacetime of dimension
d = 2n these expressions vanish (unless the spacetime is
topologically nontrivial), but this is the way we identify the
primitive functional action for HS CS terms in dimension
d=2n-1:

1
CS(h) =n/ dt{h G, x...% Gy)
0

(159)

where (( )) means now integration over a phase space of
dimension 4n — 2. The important thing is to prove that C S (h)
is invariant under the HS gauge transformation (130):

1
8:.CS(h) = n/ dt({(De % Gy % - - - % Gy))
0

+t(h*d,Dek-- G ) +---

oo t{(hx Gy k- - xd;De))). (160)

Since d;G; = 0 we can collect the symbol d; and integrate
by parts in space to obtain

1
8.CS(h) = n/ dt{ (((Ds * Gy * - x Gy))
0

d
+[E«D8*G[**G[»>

—t{d(h*De x Gy *---x Gy
+h*xG;*Dex--- %G, +---

...+h*Gt*~-~>x<G,>kD8)))}. (161)

For a proof see Appendix D. Upon integrating by parts %,
the RHS of the first line becomes

n{{DexGx---xG) =n{DE*xGx*x---xG))

—n{dE*Gx---%G)) (162)

using the Bianchi identity and (154). As a consequence

1
(SSCS(h):n«d(e*G*---*G—/ dtt(h x De x G,

0

%% Gy +hx Gy xDe x--- %Gy

4+ +hxG;*x--- % G; xDe) >>>=0. (163)

This proves the HS gauge invariance of CS(h) in a space of
odd dimension d = 2n — 1.
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6.2 HS consistent anomalies

Equation (163) gives us the form of the primitive generating
functional for consistent anomaly in d = 2n — 2 dimension:

Ah, ¢)
1
:n((s*G*...*G—/ dit(th*Dex Gy *--- % G,
0

+h*xG, *Dex-- %Gy

4+ 4+h*G; x--- %G, xDg))). (164)

One can write this in a more compact form (see Appendix B):

1
A(h,s):n/ dit (1 —t)(hsde* Gy %--- %G,
0

+h*xG, xdex---xGy

+ -+ h*Gy* - %Gy xds)) (165)

where the integrals are over a 4n —4 dimensional phase space.
Of course we have to prove that the A is consistent. The

shortest way is to promote ¢ to anticommuting parameter

(denoting it with the same symbol). So

sh=de —i[h*¢],

sg:lz[g’fg]:ie*&‘, etc. (166)

Using these BRST transform one can prove (see Appendix C)
that

sA(h, ) =0. (167)

With the familiar manipulations one can rewrite (165) as
follows

1
A(h,s):nf dit{le *x Gy x--- %Gy +i(1 —1)e
0
#[h; Thx G x-- %G + Gy xhx- - %Gy
4+ Gy Gy xh]). (168)

The (unintegrated) anomaly is obtained by differentiating
with respect to ¢:

1
.A(h):n/ dt(Gyx---x Gy +i(1—1)
0

X[h ThxGy*--- %G, + Gy xhx---xGy
to 4+ Grxoo %Gy xhl) (169)

which is a 2n — 2 = d form.
This should be understood as the violation the off shell
conservation D" J,, (x, u) =0, i.e.
1
D (x, u) N/ dt % (Gy* - %G, +i(1 —1)
0

X[ Th G- %G+ Grxhx- - %Gy
4+ 4+ G k- % Gy ok h]) (170)

where » denotes the Hodge dual.

Of course the next problem is to understand if and when
these anomalies appear. This is not difficult. If the matter
fermion model of Sect. 2 is constructed with massless chi-
ral fermions (instead of massive Dirac fermions) it may be
anomalous and with the same anomaly coefficient as in the
ordinary case. In fact the lowest order term O(uV) starts with
exactly the same term, but consistency requires an infinite
tail of anomalous terms. Moreover (170) implies that there
are infinite many conservation laws that are violated, each
one with its infinite long anomaly.

Another question is: do these anomalies exhaust the set
of possible anomalies in HS theories. We do not know the
answer to this question. We know that in ordinary gauge the-
ories the analogous anomalies are the only consistent ones.
But the analogy does not seem to be enough to exclude other
possible consistent anomalies in HS theories.

7 Conclusions

In this paper we have obtained a series of results on HS
effective actions derived by integrating out simple (scalar
and fermion) matter fields coupled to external HS sources.
In particular we have developed methods to compute current
correlators, which are the building blocks of the effective
action. We have shown how to compute the latter in differ-
ent ways, either by using the perturbative formalism intro-
duced in [15] or by means of the more traditional Feynman
diagrams. The second part of the paper has dealt with inter-
pretations of HS objects, their relations and further devel-
opments based on the HS symmetry. In particular we have
found a precise relation between the master field &, (x, u)
and & (x, u) which couple linearly to fermionic and bosonic
matter, respectively. The A, (x, u) potential, with its gauge
transformations, lends itself to a simple interpretation as HS
gauge field (although the transform contains not only ordi-
nary gauge transformations but also diffeomorphisms, beside
other transformations involving all spins). In the third part of
the paper we have used this analogy to compute possible
obstructions in constructing (even dimensional) HS theories.
Such obstructions are the analogue of consistent anomalies
in ordinary gauge theories, but, beside the analogy, there are
also significant differences. In particular we have seen that,
whenever one such an obstruction appears, there are infinite
many anomalous currents, and each anomaly consists of an
infinite expressions in the local fields. In passing we have
shown that one can construct odd dimensional CS actions.
The double nature of i, (x, u) will be at the root of the next
two papers, II and III. As a gauge-like object it will be used
in paper II to construct HS YM-like theories. As a geometry-
like object it will allow us in paper III to interpret the HS
geometry within a scheme analogous to teleparallelism.
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Appendices

A Derivation of (31) and (32)

The Fourier transform of the first line of (25) is elementary.
Let us see next

(5 = 66— ) T WD, v v, w)]

dd
=i r /ddw
@2m)d

By-dy— -y )
« (e—zr (z=y) piw-(1—v) 2( y <Ju()’, DT (x, u)>

H(oy00-0y0,) .
— (Lo, v)ulx, u)>e2< Y )e”'(Z”e’w'(f”)>

d
— der /ddwe—ir‘(z—y)eiw‘(t—v)
(2m)d

x(e_<r hitly ><J (v, v)Jpu(x, u))

— (s 0) T (x, w))e” <r hh >)

Zi(;lyd;;d fddwe—ir-(z—y)eiw-(z—u)
X ((Jv (y - %, v— %) Ju(x, u))
- <Jv (y + % v+ %) Ju(x, u)>)

The Fourier transform of this is

/ddxeikl.x/dyeikz.y\/\ddze_iq.z

x [5Gz = w8 —v) T W, v x, 0]
:i/ddxeik")c/dyeikz'y/ddze_iq'Z
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(171)

/dd /ddwe ir(z—y) lw(t v)

R
—(Jl,(y—i-f,v—i-z)lu(x,u))).

Integrating over z we find 8(g + r), and over w we
find & (1 —v -4
for the second. Next, performing the Fourier transform,
one finds

/ddxeik"x/dyeikz'y/ddze_iq'z

x [8z = w80 = v T WG, v x,w)
ki
=8 ( —v— 3> Ttk (<kiv+ 7))

. ki)~ 7 q
—ib (r —v+ ?1) (Tutkr, T, (kv - 5) ).
(173)

(172)

for the first piece and § (t —v+ %

B Explicit calculation of 0- and 1-point function
B.1 The first term of (19)

Let us calculate the vacuum energy for fermions. First, the
determinant of the inverse propagator can be written as

det(—P —m) = det(— m2)1/2, (174)

The WO[h] part of the effective action is
N
WOrh] = — Inldet (= P2+ m?)]

= %Tr[zn( P2+ m?)]
N [ d¢
= —/—(2 ’;dtr ((u|ln(—

_N
B f(z)d

44
_ plgl- N/ (zﬂb)tdln(—u2+m2)/ddx (175)

p? —|—m2)|u))

In(—u® + m)tr ((ulu))

where we have assumed the symbol of P is u. To calculate

the integral we make a Wick rotation u® — i u%:

WO = 2131 N dduEln(u2+m2) dx
B Qm)d " E

= —2l81-1-d iz —d/2p (—g) /ddx.
(176)

This is infinite. Since we are not interested in this paper in
cosmological constant problems, we will set it to zero.
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B.2 The second term of (19)

Let us now focus on the tadpole contribution. The WDk
part of the effective action is

1) d du 1) a
W Th] :/d x/mwa (x, u)h"(x, u) (177)

where WS (x, u) is given by (49) and h%(x, u) is defined
with (15). Note that the integrals in W [A] over the odd
number of u#’s vanish. We are left with:

d .
— 1

e ] o2 o

aay...axp41 atay aA2n+1
X § —h (x) Ll
— @n+ 1! (2n+2) u2 —m?

(178)
The integral over the # momenta is

du ugua ... Uy,
@2m)?

u2 —mn
_@utn /
- H?zo(d + 2[) N(aay - - - nMZna2n+l) (27T)d u2 _ m2

D@Dy g
= lwﬂ m "

d
x I" (—n — 5) N(aay - - - Muopasny1)-

ddu u2n+2

(179)

Contracting 1’s with hé‘;i‘éﬁ””“ gives the (n + 1)st trace
of the spin (2n + 2) field, which we will denote by h[(g:{i]z)
Altogether we have
WD [h] = H1§1—d—1 N”_dﬂ/ddx /00 do i€
o 2T w
oo
-D"Q2 Ht d
«3 EDP@n+ DR d
2020+ 1)! 2
x (m — i — &) Rt ()
o0
_ol4l-d-2; Nde/z/ddx Z (=D"2n+ DN
2121 + 1)!
n=0
d
xT (—n — E) m2”+dhg:}r]2) (x). (180)

Finally, the effective action up to first order in % is

Wih] &~ —2L51=1=d  j jpd =4/

ar(=9) [t (1 3t

+2L%J—d—2i1vn—d/2/ddx

o) d
D@ DI (1= %)
> 2120+ 1) m T h ) (%)

n=1

T (181)

One would expect that the first line in (181) corresponds to
the cosmological constant term which is of the form

1
A/ddxfwA/ddx<l—i—zhg])(x)+...>.

We notice that there is a minus sign next to hg]) (x) term in
the first line of (181), instead of plus. On the other hand this
result is infinite for even d, and therefore scheme dependent.
Since in this paper we are interested in flat spacetime we will
assume that the first line of (181) can be renormalized to 0.

(182)

C Gauge transformations in the bosonic model

In this appendix we present the general form of the gauge
transformations in the bosonic model. In order to keep the
formulae as simple as possible, for the time being we define
the x-product as

-

L= > <«
ax,u) % Bx,u) = a(x,u)e’ O Tum 000 gy y),

(183)

We consider first the general case

s’ it
1 P
h(x,u):Z—'h Uy,
p=o P
1 (X,I)I‘Hmlis—l
(s — !

co Uy,

nx, u) = Upy o Uy -
5D (x, u) = —’5 [h(rou) * e (xouw)]
L e > - o«
:h(x,u)sm(Bx-au—ax-8u)e(x,u)

s+s'—2
2

[+]
(G — < \2r+l
- ;mh(xvu)<axau) E(.X,M)

)

(_)r7k+l 2 4+ 1
Z; (2r+1)!< k )
=2

s—1
+2.
k=1
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<« — \k /> <« \2r+l—k
xh(x,u)(Bx-Bu> (ax-au) € (x, u)

sfl[#] —k+1
) 2 +1
¥ ()

— )k (-) “«— )2r+l—k
" .

ax a“ E(.X,M).

s'—1

The condition 0 < r < [ > ] for the first term comes

from the requirement k = 0 and 2r + 1 < s’. The bounds
on k in the second term come from k < s — 1. The bounds
on r come from the condition k < 2r + 1,i.e.r > [’%] and

2r+1—k<s'jier< [%‘W]

- [k—l;m’]
S— Z (_)r7k+l 2 +1
ouyy, ouy, h @r+ 1! k

~

s—l[%ﬂ/] —k t
(=) K+ 2r 41 t
L 2 e (O)E0)

0 ...ih(x,u)(a_x-_a)u)k(

Ot (4. ey,

2|
T
~—
]

s

L

€(x,u)

aul‘-l auui) u=0

= I:k—12+x/:| ,
T (—)r k! <2r + 1) Z( t )
\ .
= r:[%] @2r+ 1! k g\
([+2r+1,k7i)vk+l---V2r+l(lli+l<--llt
By 0y h (x)

(k+i)‘vl~~~vk‘ﬂ1m/’«i)
X Dy oo Dy € ().

This implies the constraints i +k = s — 1 and ¢ + 2r +
1—k—i<s', implyingr <s+ s — 2. Therefore 0 <i =
s—k—1 <twhichmeanss—t—1 <k <s—1.Ift <s-2,
this is the most restrictive condition; if s — 1 <t < s+s'—2
then 0 < k < s — 1. On the other hand we have 2r + 1 >
k>s—t—lier>[5]andt+2r+1—k—i <sie.
2Zr+1<s+s' —t—1<s +k.

So, fort <s — 2,

|:x+s’27t72:|
S xS )
| — k=
kes—1—1 r:[%] Qr + 1! k s—k—1
(t_s_;’_1+2r+1)11k+1---V2r+l(ﬂ:<~-ﬂ1+k

bt R )
(S_l)‘vl---vk‘ﬂk+1---ﬂs—l)

X OppyyoveOvyyy € (x).
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Fors —1<t<s+s —2,

|:S+S/*t*2i|
st (—)r k1 <2r + 1)( t )
= r:[%] Q2r+ D! k s—k—1

(t_5+1+2r+1)uk+l-~-V2r+l(l"x---ﬂr+k

-

By - .- Oy
(S_l)\lfl-uvk\l‘«k+1~-#:—1)
X (X) Qyyy - Ovyyyy € ().
(,)Mlu-m
All S h with t > s + s’ — 1 are vanishing.

C.1 Truncated transformations

Let us work out some examples explicitly. For s = 1 and
s’ =3 we get

0) (0)
sh =8Up
(" 13712
=—h 8U1€+6/’l 0y, 01y 0z €
DM DM 1M1
S(h) _ 8(0)(h) N 8(1)(}1)
(2)”1#1
=0Me—h  9ye€
(2)#1#2 | (1)M1M2
Sh =sWp
(3)‘)1,‘11#2
=—h O, €
(3)#1#2!1«3
Sh =0
Fors =2 and s’ = 3 we get
(0) 0)
sh =8Wn
e @@ )
=€"9,, h — 581,1 h 0y, 0py€'!
(1)#1 (l)ll«l
sh =8Wn
Mk ¥
=€e"9,,h —h 0,e"
1 (3)\)1112\)3
+8 h Oy, 8,,28v3e“‘
1 (3)"2”3#1
—58,)1 h Ov, 81)36”‘
2)M1H2 2yH1H2 2)M1M2
i =s0% 450
— gl n2)
(Z)MIMZ (Z)VI(MI
€9, h  —2h By, €M
(3)#1#2143 (3),‘11/12#3 (3)"1 (1p2
Sh =€, h —3h By, e
(4)#1#2#«3#4
Sh =0
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Fors =3 and s’ = 3 we get

(V)
sh =

(1)#1
sh =

(2)#1#2

Sh =4

(3)#1#2/1«3
Sh =

s
1 (Hs
53”1 Ay, B Dyye”™?

1 (3)113\)41)5
_Ea”‘ By, B

M1
8(1)(h)

s 0y, 05€"12

VIK] ©
€M1, h

1, @7
— 50 h

1 (2)”3#1

—1—58,,1 oy, h

212
m®

avz 31,36””“

3y,

( (1)#2) (1)”1
eV By, B —h 8‘,16’““2
1(3)VIV2V3
Foh Ol

(3)v2v3
—dy, 1 B, 3U3€|U1 [ 112)
1 (3)”3#1#2

tandn e

3)H1H2143 3)H1M2143
50 455

— 391 ¢ 12p3)

(4)#1#2#3#4
Sh =

(5)#1#2#3#4#5
S8h =

D Some proofs

(2) H23)
+3€V1(’“ By, h
(2)”1 (k1
—3h By, € H2pt3)
80)(2)#1#2#3#4
3) K12 143)
4V dy, h
(3)”1(#1#2
—6h By, € H31k4)

0

D.1 Proof of Eq. (161)

3:CS(h)

1
:n/ dr((De % Gy -+ 4 G+ (5 dDe k-5 G+
0

ot (hx Gy *"'*dtD8»>

1
:n/ dz(((Ds*G, % G+ (s d,(De 5 - % G)) + - - -
0

(B d (G D))

1
:n/ dt(((De*G,*~~~*G,))+t<<d—Gt*Ds*~~-*Gt>>+-~
0

dt
...+t<<ﬁ*G,*---*Ds>>)
dt

—t{(dh*De*xG;x---xG; +h*xG; xDex---xGy 4+ ---
o+ h*xGy %% Gy xDe)))

1
=n/0 dt{(((De*G,*-u*Gt))+l%((Ds*G,*---*G,))>
—t{(dh*De*G; - xG; +h*xG; *xDex---xGy + - -+
---+h*G,*---*G,*D£)))}. (184)

E From Eqs. (164) to (165)

The starting point is

1
A(h,e):n((e*G*~~-*G—/ dit(hxDe Gy * - -
0
*G; +hx Gy xDe x--- %Gy
+- 4+ hxG; x--- %Gy xDeg))). (185)

Let us consider the term in round bracket and decompose
De = de — i[h ¥ ¢]. We consider first the second term, i.e.

—it{(hxh¥e]lxGy*x---xG; +hxG,x[h*e]x---
*Gy+ - +hxGyx---x Gy x[h¥e])).
Using (154) this becomes
—i{[h¥h]*e*xG;*---xG,+hxex[G; Fh]*x---xGy
+--F+hxex- %Gy x[Gr Th]))

—i{[h¥h]*G;*e-- %G, +h*x[G; Th]*xex*x- - xGy
+- +hxGrxex - %G x[Gr T h]))

—i{h*h]*xG*--- %G, xe+h*x[G; *h]*x*---xG; x¢
4+ +hxGyx--- %Gy % [G, Thy] *¢8))). (186)

Now we use —i[h; * h] = 2% —dhand [h, * G,] = —idG;
and (185) becomes

dG
<<d—tt*(S*Gt*~-~*G,+G,*s-~-*Gt

R )

—(dh* (6 xG;*x--- %G, + Gy e+ xGy

4+ G-k Gy xg)))
+(h*xexd(G;*---xG;) +hxd(G; &% - xGy)
4+ hxd(G; x--- % Gy) x¢) (187)
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where “over £ means that d does not act on it. This is

d
E((e*G,*---*G,))

—(hxdexG;*--- %G, + hx G, xde*--- %Gy
4+ +hxG; - xG; xde))
—(dh*xe*xGyx--- G +h*xG xex-- %Gy
4+ 4+h*G; - xG; x¢)). (188)

The last line vanishes. Disregarding it and adding the first
two lines (under — fol dr) to the remaining piece in (185),
ie.
1
<<8*G*-~-*G—/ dttthxde x Gy *-- - x Gy
0
+h*xG; xde *--- %Gy

+~--+h*G,*-~-*Gt*ds)>> (189)

and integrating by parts in ¢ the first line of (188), we get

1
A(h,s):n/ dt(1 —t){(hxde*xG; *---x Gy
0

+h*xG; xdex---xGy

4o L h%Gy - %Gy % de)). (190)

F Proof of Eq. (167)

We prove Eq. (167) for the case n = 3. In that case
1
Ah,¢e) = 3/ di(1 —t){(hxde * G; + h x G, x d¢))
0

= +%({ds *(dhxh+h *dh)»—%

Applying the BRST operator s

sA, &) = —I—%({d(e % &) % (dh x h + h % dh)
+de * ([dh* e] — [h ¥ de]) xh
+de «h« ([dh ¥ e] — [h ¥ de]))
— %({de * dh * (de —i[h ¥ ¢])

+de x (de — i[h * €]) = dh))

+%«d(8*8) *h *xhxh))

—i—;;((ds(da —i[h*e])*hxh

+dexhx(de —i[h*¢])xh

+de xhxhx(de —i[h ¥ e])). (192)
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{(de x h xh xh)).
(191)

Expanding the RHS one can see each term cancels a similar
term with opposite sign, except

{(de x de * dh)) = {(d(e x de xdh))) =0 (193)
which vanishes by integration, and
{(de * h x de x h)) = —({(de x h *x de % h)) (194)

which vanishes by symmetry.
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