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Low-energy positive and negative parity collective states in the equilibrium minimum, and the dynamics of
induced fission of actinide nuclei are investigated in a unified theoretical framework based on the generator
coordinate method (GCM) with the Gaussian overlap approximation (GOA). The collective potential and
inertia tensor, both at zero and finite temperature, are computed using the self-consistent multidimensionally
constrained relativistic mean field model, based on the energy density functional DD-PC1. Pairing correlations
are treated in the Bardeen-Cooper-Schrieffer approximation with a separable pairing force of finite range. A
collective quadrupole-octupole Hamiltonian characterized by zero-temperature axially symmetric deformation
energy surface and perturbative cranking inertia tensor, is used to model the low-lying excitation spectrum.
The fission fragment charge distributions are obtained by propagating the initial collective states in time with
the time-dependent GCM+GOA that uses the same quadrupole-octupole Hamiltonian, but with the collective
potential and inertia tensor computed at finite temperature. The illustrative charge yields of 228Th, 234U, 240Pu,
244Cm, and 250Cf are in very good agreement with experiment, and the predicted mass asymmetry is consistent
with the result of a recent microscopic study that has attributed the distribution (peak) of the heavier-fragment
nuclei to shell-stabilized octupole deformations.

DOI: 10.1103/PhysRevC.99.054613

I. INTRODUCTION

Quantum shell effects determine the full spectrum of nu-
clear structure phenomena, from the formation of clusters in
light nuclei to the stability of superheavy systems. In partic-
ular, the mass and charge distribution of fission fragments
is governed by the shell structure of the effective nuclear
potential. Fission intrinsically presents a dynamical process
in which a quasistatic initial nuclear state evolves with time
towards a two-fragment final configuration [1]. In a recent
study [2], based on the concept of time-dependent (TD)
density functional theory (DFT) [3], it has been shown that
the final mass asymmetry of the fragments in the fission of
heavy (actinide) nuclei is, to a large extent, determined by the
extra stability of heavier-fragment nuclei with charge number
between Z = 52 and Z = 56, characterized by pronounced
octupole deformation.

The fully microscopic and nonadiabatic TDDFT describes
the dynamics of the fission process starting from an adiabatic
configuration just beyond the saddle, and ending with separate
fragments. It has been shown that many collective degrees of
freedom are excited in the fission process, and that one-body
dissipation plays an important role [4]. Vibrational modes
of post-scission fragments have also been investigated in

this framework [5]. Physical observables such as the most
probable charge, mass, and total kinetic energy yields can be
extracted from the TDDFT calculations. However, a realistic
TDDFT description of the entire fission process, including the
first phase from the ground-state potential well to beyond the
fission barrier, is still not possible. Even though the stochastic
extension of the standard TDDFT provides a possible solution
[6], applications are still limited because of its computational
complexity. It is also well known that the quantum tunneling
process cannot be described with TDDFT due to its semiclas-
sical nature [7].

An alternative microscopic approach capable of predicting
both the low-energy collective excitation spectra in the de-
formed equilibrium minimum and the fission fragment dis-
tribution is the generator coordinate method (GCM) [1,8–11].
In the Gaussian overlap approximation (GOA) the GCM Hill-
Wheeler equation reduces to a local Schrödinger-like equation
in the space of collective coordinates. For a specific choice
of collective coordinates, the essential inputs are the potential
and inertia tensor that can be computed microscopically in
a self-consistent mean-field deformation-constrained calcula-
tion. In the static case the low-lying excitation spectrum is
obtained from the solution of the eigenvalue problem for the

2469-9985/2019/99(5)/054613(10) 054613-1 ©2019 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevC.99.054613&domain=pdf&date_stamp=2019-05-14
https://doi.org/10.1103/PhysRevC.99.054613


JIE ZHAO et al. PHYSICAL REVIEW C 99, 054613 (2019)

collective Hamiltonian. Starting from the initial state of the
compound nucleus in the collective space, the adiabatic time
evolution of the fissioning system is modelled with the time-
dependent equation of the collective Hamiltonian, and the
fission fragment distribution can be obtained by considering
the flux of the probability current through the scission hyper-
surface. TDGCM+GOA does not take into account nonadia-
batic effects arising from the coupling between collective and
intrinsic degrees of freedom.

Low-energy excitation spectra of actinide nuclei, charac-
terized by pronounced octupole correlations, have success-
fully been described using a GCM+GOA Hamiltonian in
the collective space of quadrupole and octupole deforma-
tions [12–16]. The TDGCM+GOA, based on nonrelativistic
Skyrme or Gogny functionals, has been applied to the analysis
of fission dynamics of actinides in several studies [10,17–25].
More recently, relativistic energy density functionals (EDF)
[26–28] have also been employed in the description of fission
properties of heavy and superheavy nuclei [29–44]. The first
study of fission dynamics that used the TDGCM+GOA based
on a relativistic EDF was reported in Ref. [45].

For the case of induced fission, one expects that the de-
formation energy surface of the fissioning nucleus and the
collective inertia tensor will be modified as the internal exci-
tation energy increases [46–51]. Exploratory studies of finite-
temperature (FT) effects on induced fission yield distributions,
based on semiclassical approaches, have been reported in
Refs. [52–54]. In the recent study of Ref. [55] we have
performed the first microscopic investigation of FT effect on
induced fission yield distributions using the TDGCM+GOA
collective model. By considering the FT extension of nu-
clear density functional theory, a significant improvement is
obtained for the predicted fission yields in comparison to
data. The purpose of the present study is to show that the
TDGCM+GOA based on nuclear energy density functionals
can equally well be applied in the analysis of low-energy
collective spectra in the equilibrium minimum and, when
extended to finite temperature, to the description of the entire
process of induced fission, using the same set of parameters
of the microscopic EDF and pairing interaction. We will
consider, in particular, actinide nuclei for which it has recently
been shown that octupole correlations play a decisive role
in the distribution of fission fragments [2]. The theoretical
framework and methods are introduced in Sec. II. The details
of the calculation, the results for deformation energy surfaces,
excitation spectra, as well as the charge yield distributions
are described and discussed in Sec. III. Section IV contains
a summary of the principal results.

II. MODEL

The implementation of the TDGCM+GOA collective
Hamiltonian method used in the present study is described in
detail in Ref. [13] (static aspects), and in Refs. [45,55] (appli-
cation to fission dynamics). For completeness here we include
a brief outline of the model and discuss the basic approx-
imations. Nuclear excitations characterized by quadrupole
and octupole vibrational and rotational degrees of freedom
can be described by considering quadrupole and octupole

collective coordinates that specify the surface of a nu-
cleus R = R0[1 + ∑

μ α2μY ∗
2μ + ∑

μ α3μY ∗
3μ] [13]. In addi-

tion, when axial symmetry is imposed, the collective co-
ordinates can be parametrized in terms of two deforma-
tion parameters β20 and β30, and the Euler angles �. In
the GCM+GOA framework, after quantization the collective
Hamiltonian reads

Ĥcoll(q) = − h̄2

2
√

wI
∑

i j

∂

∂qi

√
I
w

Bi j (q)
∂

∂q j
+ Ĵ2

2I + V (q),

(1)

where qi ≡ {β20, β30}, V (q) denotes the collective potential,
Bi j (q) is the mass tensor, w = B22B33 − B2

23, and I is the
moment of inertia. The dynamics of the quadrupole-octupole
collective Hamiltonian (QOCH) is governed by five functions
of the intrinsic deformations β20 and β30: the collective poten-
tial, the three mass parameters B22, B23, B33, and the moment
of inertia I. These functions are determined by constrained
self-consistent mean-field calculations for a specific choice of
the nuclear energy density functional and pairing interaction.
In the present implementation of the model the single-nucleon
wave functions, energies, and occupation factors, generated
from constrained self-consistent solutions of the relativistic
mean-field plus BCS-pairing equations (RMF+BCS), provide
the microscopic input for the parameters of the collective
Hamiltonian. The three mass parameters associated with the
quadrupole and octupole collective coordinates are calculated
in the perturbative cranking approximation, while the Inglis-
Belyaev formula is used for the rotational moment of inertia
[14]. From the diagonalization of the collective Hamiltonian
one obtains the energy spectrum and the corresponding eigen-
functions that are used to calculate various observables, such
as reduced transition probabilities.

The dynamics of nuclear fission in the TDGCM+GOA
approach is described by a local, time-dependent Schrödinger-
like equation in the space of collective coordinates q,

ih̄
∂g(q, t )

∂t
= Ĥcoll(q)g(q, t ), (2)

where g(q, t ) is the complex wave function of the collec-
tive variables q. In the present study of fission dynamics
we consider the two-dimensional (2D) collective space of
deformation parameters β20 and β30, and omit the rotational
collective degrees of freedom. The Hamiltonian Ĥcoll(q) of
Eq. (1) is thus simplified to the form

Ĥcoll(q) = − h̄2

2

∑
i j

∂

∂qi
B−1

i j (q)
∂

∂q j
+ V (q). (3)

In the TDGCM+GOA nuclear fission is considered as an
adiabatic process, while nonadiabatic effects arising from the
coupling between collective and intrinsic degrees of freedom
are not taken into account. The collective space is divided
into an inner region with a single nuclear density distribution,
and an external region that contains the two fission fragments.
The set of scission configurations defines the hypersurface
that separates the two regions. The flux of the probability
current through this hypersurface provides a measure of the
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probability of observing a given pair of fragments at time
t . Each infinitesimal surface element is associated with a
given pair of fragments (AL, AH ), where AL and AH denote
the lighter and heavier fragments, respectively. The integrated
flux F (ξ, t ) for a given surface element ξ is defined as [19]

F (ξ, t ) =
∫ t

t0

∫
ξ

J(q, t ) · dS, (4)

where J(q, t ) is the current

J(q, t ) = h̄

2i
B−1(q)[g∗(q, t )∇g(q, t ) − g(q, t )∇g∗(q, t )].

(5)

The yield for the fission fragment with mass A is defined by

Y (A) ∝
∑
ξ∈A

lim
t→∞ F (ξ, t ). (6)

The set A(ξ ) contains all elements belonging to the scis-
sion hypersurface such that one of the fragments has mass
number A.

To describe the dynamics of induced fission, we assume
that the compound nucleus is in a state of thermal equilibrium
at temperature T , and the potential entering the collective
Hamiltonian Eq. (3) is given by the Helmholtz free energy
F = E (T ) − T S with E (T ) the mean-field (RMF+BCS) de-
formation energy in the (β20, β30) plane, and S is the entropy
of the compound system. The mass tensor is calculated in
the finite-temperature perturbative cranking approximation
[46,51,55]. The initial collective wave packet g(q, t = 0) is
constructed as described in Ref. [55], and the average energy
of the collective initial state E∗

coll. is chosen to be 1 MeV above
the highest fission barrier.

The collective potential (Helmholtz free energy at finite
temperature) and the mass tensor are determined by micro-
scopic self-consistent mean-field calculations based on uni-
versal energy density functionals (EDFs). We employ the
point-coupling relativistic EDF DD-PC1 [56]. Pairing corre-
lations are taken into account in the BCS approximation and
here, as in Ref. [43], we use a separable pairing force of finite
range:

V (r1, r2, r′
1, r′

2) = G0 δ(R − R′)P(r)P(r′) 1
2 (1 − Pσ ), (7)

where R = (r1 + r2)/2 and r = r1 − r2 denote the center-of-
mass and the relative coordinates, respectively. P(r) reads

P(r) = 1

(4πa2)3/2
e−r2/4a2

. (8)

The two parameters of the interaction were originally adjusted
to reproduce the density dependence of the pairing gap in
nuclear matter at the Fermi surface computed with the D1S
parametrization of the Gogny force [10].

The deformation-dependent energy surface is obtained in a
self-consistent finite-temperature mean-field calculation with
constraints on the mass multipole moments Qλμ = rλYλμ. The
nuclear shape is parametrized by the deformation parameters

βλμ = 4π

3ARλ
〈Qλμ〉. (9)

The shape is assumed to be invariant under the exchange of
the x and y axes, and all deformation parameters βλμ with
even μ can be included simultaneously. The self-consistent
RMF+BCS equations are solved by an expansion in the axi-
ally deformed harmonic oscillator (ADHO) basis [57]. In the
present study calculations have been performed in an ADHO
basis truncated to Nf = 20 oscillator shells. For the details
of the multidimensionally constrained RMF+BCS model we
refer the reader to Refs. [39,55].

III. FROM GROUND-STATE DEFORMATION
TO THE FORMATION OF FISSION FRAGMENTS:

RESULTS AND DISCUSSION

The present study starts with an analysis of collective
spectra and induced fission dynamics of 228Th, that illustrates
the capability of the GCM+GOA approach to describe both
static and dynamic aspects of nuclear structure governed
by collective degrees of freedom. The collective coordinates
are the axially symmetric quadrupole β20 and octupole β30

deformation parameters. To obtain the eigenspectrum of the
collective Hamiltonian we have performed a deformation-
constrained zero-temperature self-consistent RMF+BCS cal-
culation of the potential energy surface and single-nucleon
wave functions. To reproduce the empirical pairing gaps in
this mass region, the strength parameters of the pairing force
have been increased with respect to the original values by the
following factors Gn/G0 = 1.12 and Gp/G0 = 1.08. The self-
consistent solutions determine the parameters of the collective
Hamiltonian Eq. (1).

The analysis of induced fission dynamics is based on the
corresponding self-consistent finite-temperature RMF+BCS
calculation that produces a deformation energy surface F (q),
and variations of the free energy between two points q1
and q2 are given by δF |T = F (q1, T ) − F (q2, T ) [47]. The
internal excitation energy E∗

int. of a nucleus at temperature T
is defined as the difference between the total binding energies
of the equilibrium RMF+BCS minimum at temperature T
and at T = 0. The time evolution of the initial GCM+GOA
wave packet, governed by the collective Hamiltonian Eq. (3),
is computed with the TDGCM+GOA computer code FE-
LIX (version 2.0) [19]. The time step is δt = 5 × 10−4 zs
(1 zs = 10−21 s), and the charge and mass distributions are
calculated after 105 time steps, which correspond to 50 zs.
The scission configurations are defined by using the Gaussian
neck operator Q̂N = exp[−(z − zN )2/a2

N ], where aN = 1 fm
and zN is the position of the neck [58]. We define the pre-
scission domain by 〈Q̂N 〉 > 3, and consider the frontier of this
domain as the scission contour. Just as in our previous studies
of Refs. [45,55], the parameters of the additional imaginary
absorption potential that takes into account the escape of the
collective wave packet in the domain outside the region of
calculation [19] are the absorption rate r = 20 × 1022 s−1,
and the width of the absorption band w = 1.5. Following
Refs. [21,55], the fission yields are obtained by convoluting
the raw flux with a Gaussian function of the number of
particles. The width is set to 1.6 units for the charge yields.
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FIG. 1. Axially symmetric quadrupole-octupole energy surface
in the β20-β30 plane for 228Th. The contours join points on the sur-
face with the same energy, and the separation between neighboring
contours is 0.2 MeV.

A. Collective excitation spectrum of 228Th

In the theoretical framework based on relativistic energy
density functionals, the evolution of quadrupole and octupole
shapes in thorium isotopes has been explored and successfully
described using the collective Hamiltonian QOCH [12,13],
and the interacting boson model (IBM) [61,62]. Figure 1
displays the contour plot in the (β20, β30) plane of the defor-
mation energy surface of 228Th in the region around the equi-
librium minimum, obtained at zero temperature by imposing
constraints on the expectation values of the mass quadrupole
moment 〈Q̂20〉 and octupole moment 〈Q̂30〉. The plots are
symmetric with respect to the β30 axis. The energy surface
exhibits a global minimum at (β20, β30) ≈ (0.2, 0.15), and it
is rather soft along the octupole direction. Similar topologies
have also been predicted by earlier self-consistent mean-field
calculations, based on both nonrelativistic [63] and relativis-
tic energy density functionals [12,13,61,62,64]. The single-
nucleon wave functions, energies, and occupation factors,
determine the parameters of the QOCH as described in Sec. II.
The resulting low-energy spectrum of collective positive-
parity and negative-parity yrast states of 228Th, including the
intraband B(E2) values and the B(E3; 3−

1 → 0+
1 ) value (both

in Weisskopf units) are plotted in Fig. 2, and compared with
available data [59,60]. For the excitation energies a very good
agreement with experiment is obtained, except for the fact that
the empirical moment of inertia is larger than that predicted by
the collective Hamiltonian. This is a well-known effect of us-
ing the simple Inglis-Belyaev approximation for the moment
of inertia. The wave functions, however, are not affected by
this approximation and we note that the model reproduces
the intraband E2 transition probabilities. The negative-parity
band is located close in energy to the ground-state positive-
parity band, and its low excitation energy reflects the degree

FIG. 2. Experimental [59,60] and calculated yrast states of posi-
tive and negative parity in 228Th. The in-band B(E2) values (dotted)
and the B(E3; 3−

1 → 0+
1 ) (solid) (both in Weisskopf units) are also

shown.

of octupole correlations in the equilibrium minimum, as well
as the softness of the potential in the β30 direction.

B. Induced fission: Charge fragment distributions

In Fig. 3 we plot the deformation energy curves as func-
tions of the quadrupole deformation parameter β20, along
the least-energy fission paths of 228Th, 234U, 240Pu, 244Cm,
and 250Cf at zero temperature. A triple-humped barrier is
predicted along the static fission path for 228Th, with the
barrier heights 6.06, 6.42, and 4.20 MeV from the inner to
the outer barrier, respectively. This is consistent with previous
results obtained in Ref. [40] by using the energy density

FIG. 3. Deformation energy curves (in MeV) along the least-
energy fission path as functions of the quadrupole deformation
parameter β20, for 228Th, 234U, 240Pu, 244Cm, and 250Cf. All curves
are normalized to their values at equilibrium minimum.
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FIG. 4. Axially symmetric quadrupole-octupole deformation energy surfaces in the (β20, β30) plane for 234U, 240Pu, 244Cm, and 250Cf. In
each panel the energies are normalized with respect to the corresponding value at the equilibrium minimum. The contours join points on the
surface with the same energy and the separation between neighboring contours is 2.0 MeV.

functionals DD-ME2 [65] and PC-PK1 [66]. Two-humped
barriers are calculated for the other four nuclei, and the
inner barrier heights are 5.62, 8.09, 9.25, and 9.97 MeV
for 234U, 240Pu, 244Cm, and 250Cf, respectively. The heights
of the outer barriers are very similar for these nuclei: 5.41,
5.61, 5.54, and 4.69 MeV, respectively. The corresponding
β20-β30 deformation energy surfaces are shown in Figs. 4
and 5. Only the points which correspond to self-consistent
solutions with 〈Q̂N 〉 � 3 are plotted, and the frontier of this
domain determines the scission contour. The topography of
the quadrupole-octupole energy surfaces are similar for these
nuclei, and one notices the ridge separating the asymmetric
and symmetric fission valleys.

The evolution of deformation energy surfaces and barrier
heights with temperature has been discussed in detail in
our previous study of finite-temperature effects on fission
dynamics [55]. Here, in particular, we display in Fig. 5 the
quadrupole-octupole free energy surface of 228Th at zero tem-
perature and at T = 0.85 MeV. The corresponding internal
excitation energy E∗

int is approximately 11 MeV. The self-
consistent zero temperature and T = 0.85 MeV free energy
surfaces are similar, but the ridge separating the asymmetric
and symmetric fission valleys decreases with temperature. The
free energy along the asymmetric least-energy fission path at
T = 0 and 0.85 MeV are compared in Fig. 6(a). We notice
that the barriers are considerably lowered at T = 0.85 MeV,
especially the inner two. From the inner to the outer barrier,
the heights are 4.15, 5.11, and 3.75 MeV. The scission contour
at T = 0 and 0.85 MeV displays similar patterns. It starts
from an elongated symmetric point at β20 > 5.5, and evolves
to a minimal elongation β20 ∼ 3 as asymmetry increases. The

values of the quadrupole deformation β20, the free energy, and
the heavy fragment charge numbers along the scission contour
are plotted as functions of β30 in Figs. 6(b), 6(c), and 6(d).
For these quantities the differences between zero-temperature
and T = 0.85 MeV along the scission contour are indeed very
small.

The dynamics of induced fission of 228Th, 234U, 240Pu,
244Cm, and 250Cf is explored by following the time evolution
of an initial wave packet g(q, t = 0), built as a Gaussian
superposition of the quasibound states gk ,

g(q, t = 0) =
∑

k

exp

(
(Ek − Ē )2

2σ 2

)
gk (q), (10)

where the value of the parameter σ is set to 0.5 MeV.
The collective states {gk (q)} are solutions of the stationary
eigenvalue equation in which the original collective potential
V (q) is replaced by a new potential V ′(q) that is obtained
by extrapolating the inner potential barrier with a quadratic
form. The mean energy Ē in Eq. (10) is then adjusted iter-
atively in such a way that 〈g(t = 0)|Ĥcoll|g(t = 0)〉 = E∗

coll..
The TDGCM+GOA Hamiltonian of Eq. (3), with the original
collective potential V (q), propagates the initial wave packet
in time [cf. Eq. (2)]. For finite-temperature calculations the
temperature is chosen in such a way that the internal excitation
energy E∗

int corresponds to the experimental excitation energy
of the compound nucleus. At finite temperature the collec-
tive potential corresponds to the Helmholtz free energy F =
E (T ) − T S with E (T ) the RMF+BCS deformation energy,
and the mass tensor is calculated using the finite-temperature
perturbative cranking approximation. At each point of the
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FIG. 5. Deformation (free) energy (in MeV) of 228Th in the
(β20, β30) plane at zero temperature and at T = 0.85 MeV. In both
panels the energies are normalized with respect to the corresponding
value at the equilibrium minimum, and the contours join points on
the surface with the same energy. The contour interval is 1.0 MeV.

deformation energy surface the entropy of the compound
nuclear system is computed using the self-consistent thermal
occupation probabilities of single-quasiparticle states [55].

The charge yields obtained with the TDGCM+GOA, and
normalized to

∑
A Y (A) = 200, are shown in Figs. 7 and 8, in

comparison to the experimental fragment charge distributions.
For 228Th, already the calculation at zero temperature repro-
duces the trend of the data except, of course, the odd-even
staggering. The predicted asymmetric peaks are located at
Z = 35 and Z = 55, one mass unit away from the experimen-
tal peaks at Z = 36 and Z = 54 [67]. The asymmetric yields
are overestimated, while the symmetric yields are markedly
underestimated. The data for 228Th correspond to photo-
induced fission with photon energies in the interval 8–14 MeV,
and a peak value of Eγ = 11 MeV [67]. The charge yields
obtained at temperature T = 0.85 MeV, which corresponds
to the intrinsic excitation energy E∗

int ≈ 11 MeV, are also
shown in Fig. 7 (solid curve). We notice that, by including
the finite-temperature effect, the predicted asymmetric yields
are lowered and the symmetric yields are enhanced, producing
a much better agreement with the experiment. For 234U the
data were also obtained in photoinduced fission with Eγ = 11
MeV for the peak photon energy [67]. The corresponding
temperature is T = 0.80 MeV. The charge yields obtained
at T = 0 and 0.80 MeV are very similar, though one finds

FIG. 6. Free energy (in MeV) of 228Th along the least-energy
fission path as function of the quadrupole deformation (a). The values
of the deformation parameter β20 (b), the free energy (c), and the
heavy-fragment charge number, along the frontier of the domain
defined by QN > 3.0 at zero temperature and at T = 0.85 MeV. The
position on the scission contour is labeled by the corresponding β30

value.

a small enhancement of the symmetric yield due to finite-
temperature effect.

The experimental charge yields of 240Pu and 244Cm are
taken from Ref. [68]. The average excitation energies are 10.7
and 23 MeV, and correspond to the temperatures T = 0.80
and 1.10 MeV for 240Pu and 244Cm, respectively. For both
nuclei the charge yields exhibit a two-humped structure, and
our calculation clearly reproduces the trend of the data. For
240Pu the charge yields at zero temperature overestimate the
experimental asymmetric peaks, and the calculated peaks do
not agree quantitatively with the experimental locations. A
much better agreement is obtained by considering the finite
temperature of the compound nucleus, even though the ex-
perimental asymmetric yields are somewhat underestimated
by the calculation at T = 0.80 MeV. Perhaps the strongest
finite-temperature effect is found for 244Cm, for which the
calculated distribution of charge yields at zero temperature
differs considerably from the experimental results. This is,
of course, due to the fact that the data correspond to a rather
high excitation energy of 23 MeV. One therefore expects that
the deformation energy surface and the inertia tensor at the
corresponding temperature T = 1.1 MeV will markedly differ
from those obtained at zero temperature. In fact, the predicted
charge yields at T = 1.1 MeV for the compound system are
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FIG. 7. Charge yields for photoinduced fission of 228Th. The
collective potentials and perturbative cranking inertia tensors for zero
and finite temperature are used in the TDGCM+GOA calculation.
T = 0.85 MeV corresponds to the intrinsic excitation energy of
E∗

int ≈ 11 MeV, equivalent to the peak value of the photon energy
distribution.

in excellent agreement with the data, and reproduce both the
shape of the empirical distribution, as well as the yields and
location of the peaks.

Finally, in the case of 250Cf the charge yields distribution
obtained at zero temperature overestimates both the asym-
metric peak yields and the symmetric yields, and does not
reproduce the empirical width and location of the peaks

resulting from thermal neutron induced fission. We have thus
calculated the charge yields distribution at T = 0.6 MeV,
which is consistent with the experimental excitation energy.
The inclusion of finite-temperature effect produces a lowering
of the asymmetric peaks and symmetric charge yields, leading
to a much improved agreement with the data [69]. We note
that in all cases investigated in the present study the predicted
heavy fission fragments exhibit peaks between Z = 52 and
Z = 56, in excellent agreement with the TDDFT results of
Ref. [2] and with experiment.

Even though, because of computational complexity, axial
symmetry has been imposed in the model used for the present
analysis, it is interesting to discuss possible effects of the
inclusion of triaxial collective degrees of freedom. As shown
in Figs. 4 and 5, the topography of the deformation energy
surfaces is characterized by two valleys, that is, the reflection-
asymmetric and reflection-symmetric fission valleys separated
by a ridge. The asymmetric versus symmetric yields are,
to a large extent, determined by the relative barrier heights
(second barrier) of the asymmetric (Basy

II ) and symmetric (Bsy
II )

fission paths. In Fig. 9 we plot the Basy
II and Bsy

II values
for 228Th, as functions of temperature. Since Bsy

II is much
larger than Basy

II , the asymmetric yield dominates the fission
fragment distribution (cf. Fig. 7). Our previous studies [38,39]
have shown that Basy

II can be reduced further by including
triaxial collective degrees of freedom. Figure 9 shows that
triaxial degrees of freedom affect both Bsy

II and Basy
II in 228Th.

At zero temperature Basy
II is reduced by 0.43 MeV and Bsy

II
by 3.03 MeV when the quadrupole triaxial deformation is
included, and this leads to a reduction of the Bsy

II /Basy
II ratio

from 2.1 to 1.7. Both Bsy
II and Basy

II start to decrease with

FIG. 8. Same as in Fig. 7, but for 234U, 240Pu, 244Cm, and 250Cf. See text for the description.
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FIG. 9. Evolution of the height of the second barrier along the
reflection-asymmetric (RA) (least-energy cf. Fig. 3) and reflection-
symmetric (RS) fission paths in the deformation (free) energy of
228Th, as functions of temperature. The empty (filled) symbols
denote the barrier heights obtained without (AS), and with (TA)
inclusion of the triaxial quadrupole collective degree of freedom,
respectively.

temperature for T > 0.4 MeV, and we note that the effect
of triaxiality on the barrier height is reduced as T increases.
Since the effect is much more pronounced for the symmetric
barrier, we expect that the inclusion of triaxial degrees of
freedom will generally increase the symmetric yield. How-
ever, to quantify the effect of triaxial collective degrees of
freedom on fission yield distributions, a time-dependent and
fully quantum mechanical analysis has to be carried out
in the three-dimensional collective space (β20, β22, β30), or
even four-dimensional collective space (β20, β22, β30, β32). At
present, however, the computational cost of such calculations
is still prohibitive, as discussed in Refs. [20,55].

IV. SUMMARY

Using the microscopic TDGCM+GOA framework based
on the relativistic energy density functional DD-PC1 and a
separable pairing force of finite range, we have shown that it is
possible to simultaneously describe collective excitation spec-
tra of actinide nuclei in the octupole deformed equilibrium
potential well, and the dynamics of the entire fission process
in the two dimensional collective space of axial quadrupole
and octupole deformations (β20, β30).

Our previous studies have shown that a GCM+GOA
quadrupole-octupole collective Hamiltonian provides an ac-
curate description of spectroscopic properties (low-energy
positive- and negative-parity bands, average octupole de-
formations, and transition rates) of nuclei characterized by
pronounced octupole mean-field deformations, both in the
region of actinides that can undergo spontaneous or induced

fission, and in the region of even-even medium-heavy nuclei
(54 � Z � 64) where the heavier fission fragments are found.
In the present study this is illustrated with a brief analysis of
low-energy yrast positive- and negative-parity states of 228Th.

Starting from the initial Gaussian superposition of
eigenstates of the collective Hamiltonian in the equilibrium
potential well, with an average energy chosen ≈1 MeV
above the fission barrier, the TDGCM+GOA propagates
the collective wave packet in time through the scission
hyper-surface. The corresponding flux of the probability
current determines the mass and charge fragment
distributions. In addition to 228Th, we have also computed the
charge yields for induced fission of 234U, 240Pu, 244Cm, and
250Cf. The calculation reproduces the trend of the data already
at zero temperature, but in general the collective potential
and mass parameters are affected by the increase of internal
excitation energy in induced fission. Therefore, to describe
the dynamics of induced fission we use a finite-temperature
extension of nuclear density functional theory, and assume
that the compound nucleus is in a state of thermal equilibrium
at a temperature that corresponds to the internal excitation
energy. In this approximation the collective potential
corresponds to the Helmholtz free energy and the mass
tensor is calculated using the finite-temperature perturbative
cranking formula. Even though the model is still based on the
adiabatic approximation, the extension of TDGCM+GOA to
finite temperature leads to a considerable improvement of the
calculated charge yields. In general, the theoretical yields are
in very good agreement with available data and, in particular,
the peaks of the charge distribution for the heavy fragments
are predicted between Z = 52 and Z = 56. These results are
consistent with the findings of the TDDFT study of Ref. [2],
in which the final charge asymmetry of the fragments has
been attributed to the extra binding of the heavier fragments
with shell-stabilized octupole deformations.
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