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ABSTRACT: We study the application of the Breitenlohner-Maison-'t Hooft-Veltman
(BMHYV) scheme of Dimensional Regularization to the renormalization of chiral gauge the-
ories, focusing on the specific counterterm structure required by the non-anticommuting
Dirac 75 matrix and the breaking of the BRST invariance. Calculations are performed
at the one-loop level in a massless chiral Yang-Mills theory with chiral fermions and real
scalar fields. We discuss the setup and properties of the regularized theory in detail. Our
central results are the full counterterm structures needed for the correct renormalization:
the singular UV-divergent counterterms, including evanescent counterterms that have to
be kept for consistency of higher-loop calculations.

We find that the required singular, evanescent counterterms associated with vector and
scalar fields are uniquely determined but are not gauge invariant. Furthermore, using the
framework of algebraic renormalization, we determine the symmetry-restoring finite coun-
terterms, that are required to restore the BRST invariance, central to the consistency of the
theory. These are the necessary building blocks in one-loop and higher-order calculations.

Finally, renormalization group equations are derived within this framework, and the
derivation is compared with the more customary calculation in the context of symmetry-
invariant regularizations. We explain why, at one-loop level, the extra BMHV-specific
counterterms do not change the results for the RGE. The results we find complete those
that have been obtained previously in the literature in the absence of scalar fields.
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1 Introduction

The existence of chiral fermions is a fundamental fact of nature. In quantum field theory,
chiral fermions lead to the phenomenon of chiral anomalies [1, 2] manifested e.g. in pion
decays or baryon number non-conservation in the Standard Model (SM). Gauge theories
with chiral fermions are only well-defined if chiral gauge anomalies are absent, which is
equivalent to the one-loop anomaly cancellation conditions thanks to the Adler-Bardeen
theorem [3]. Technically chiral anomalies are related to the impossibility to find a reg-
ularization scheme preserving the chiral symmetry in question. In practical calculations,
Dimensional Regularization (DReg) [4-7] is by far the most common scheme. For a recent
review of versions of DReg and alternatives see [8]. Here the existence of chiral anomalies
leads to the vs-problem, i.e. the problem that 5 (and the Levi-Civita symbol €,,,,) are
tied to strictly 4 dimensions. For an extensive overview of the v5-problem and references
we refer the reader to ref. [9].

We point out that a large set of treatments of 75 in DReg has been proposed which
retain the anticommutativity of 75 in d # 4 dimensions; these treatments are typically
either defined only for subclasses of diagrams [9, 10] or give up other properties such as
cyclicity of the trace [11-13]. An interesting recent proposal was made in ref. [14], but this
proposal is so far limited to fermion traces. In practical calculations, the anticommutative
definition of v5 is advantageous; however, these anticommuting schemes have not reached
the same level of mathematical rigor as the original scheme by ‘t Hooft and Veltman [7]
(see also the work by Akyeampong and Delbourgo, [15-17]), for which perturbative all-
order consistency with fundamental field theoretical properties has been established by
Breitenlohner and Maison [18-21]. An example of the issues which can arise at higher
orders is provided by refs. [22, 23], which computed the four-loop S-function for a; using
various prescriptions involving anticommuting 5 and the reading-point prescription of
ref. [12], with conflicting results. The scheme ambiguity could be resolved in ref. [24] only
by using information external to the regularization schemes.

In the present paper, we focus on the “Breitenlohner-Maison-"t Hooft-Veltman”
(BMHV) scheme. In this scheme 75 is non-anticommuting in d dimensions, but the scheme
is rigorously established at all orders. Gauge invariance is broken in intermediate steps but
can be restored order by order by adding suitable counterterms. For this reason, the usual
procedure of generating counterterms by a renormalization transformation is not sufficient.
There are in fact three additional types of counterterms: (i) UV divergent counterterms
cancelling “evanescent” divergences, (i) the finite symmetry-restoring counterterms which
restore gauge/BRST invariance, and (74i) finite evanescent counterterms, which can option-
ally be added. We remark that the existence of symmetry-restoring counterterms follows
in complete generality from the renormalizability of the theory, which can be established
e.g. using purely algebraic methods [25-28] (for a more recent overview of these methods,
see also [29]). Symmetry-restoring counterterms for the BMHV scheme have been consid-
ered in the literature already for gauge theories without scalar fields [30], for abelian gauge
theories [31], in the evaluation of flavor-changing neutral processes at one-loop [32], for
supersymmetric QED [33], and different practical strategies for their determination have
been developed e.g. in refs. [30, 34-36].



Our first goal is to take the BMHV scheme seriously, apply it to general chiral gauge
theories without compromises and work out its properties in detail. In the present paper,
we focus on the one-loop level of a general gauge theory with purely right-chiral fermions
and evaluate the full counterterm structure; in a companion paper we will present the
generalization to the full electroweak Standard Model. We expose the technical details of
the BMHV scheme and the determination of the counterterms in a way that is close to
practical calculations, with the aim that the present paper bridges the gap between purely
algebraic approaches and phenomenological applications. Our study is motivated by the
increasing need for high-precision (multi-loop) electroweak calculations, discussed e.g. in
ref. [37]. Our main goal is therefore to present detailed discussions and one-loop results
which will be vital ingredients in forthcoming, future analyses of the BMHYV scheme for
multi-loop calculations in chiral gauge theories.

Before presenting the outline of this paper we mention two further recent works on
v5. Ref. [38] has considered strictly 4-dimensional schemes as alternatives to dimensional
regularization, in the hope that these schemes might offer practical advantages with respect
to the treatment of 5. However, this reference showed clearly that even 4-dimensional
schemes have very similar problems for 5 as dimensional schemes, as long as they are
compatible with gauge invariance. Ref. [39] considers 75 in various versions of dimensional
schemes, including the so-called four-dimensional formulation (FDF) of DReg [40]; this
reference showed in particular that effectively FDF may be viewed as a particularly efficient
implementation of the BMHYV scheme at the one-loop level, at least for the four-dimensional
helicity version of DReg [39]. This is promising in view of future practical applications of
the BMHV scheme.

In the past the BMHV scheme was applied in a range of calculations and practical
procedures have been developed, see e.g. [41-43]; still it was often considered as rather im-
practical and less preferable than its alternatives, see e.g. refs. [44, 45]. But given the result
of ref. [39], the general computer-algebraic progress, and the ambiguities present in other
schemes, we believe a new thorough study of the BMHYV scheme is timely and promising.

The structure of our paper is as follows. In section 2 we begin by collecting the
relevant properties of DReg in the BMHV scheme. In section 3 we define the chiral gauge
theory we consider; we provide formulations using Weyl spinors and using Dirac spinors;
the latter is the one we promote to d dimensions. We exhibit in detail the symmetry
properties with respect to gauge invariance, BRST invariance, and the functional form of
the Slavnov-Taylor identity and its breaking in d dimensions. Section 4 begins the study of
renormalization in the BMHV scheme. It first collects known results from the standard case
where gauge invariance is preserved by the regularization; then it describes the differences
appearing in the BMHV scheme.

The central new results of the present paper are presented in section 5 and section 6.
The UV divergent, singular counterterms are computed and discussed in section 5. The
symmetry-restoring counterterms are determined in section 6. After describing and as-
sessing several possible strategies for their determination we proceed similarly to ref. [30],
highlighting the logic of the overall procedure as well as pointing out the role of technical
simplifications based on the Bonneau identities [46, 47].



In section 7 and section 8 we evaluate the one-loop RGEs and show that the obtained
results are the standard, known ones. We focus on explaining how these results are obtained
in spite of the necessity of non-standard divergent and finite counterterms. These two
sections thus provide a check of the procedure and prepare future multi-loop applications.
Both sections use different methods to derive the 8 functions, and each case leads to
valuable insights on expected issues in two-loop BMHV calculations.

Finally, we expose in section 9 the changes in our main results that would appear if
one wishes to use a left-handed model instead of a right-handed one. We summarize and
conclude in the last section.

2 Generalities on dimensional regularization

The Dimensional Regularization (DReg) scheme allows regularizing the divergences aris-
ing from loop calculations in 4 dimensions, while explicitly preserving Lorentz covariance
and in principle gauge invariance. Schematically the procedure consists in extending the
Lorentz-covariant objects — scalar/vector and spinor fields, momenta, derivatives, and
spinor matrices — appearing in the theory from their definition in 4 dimensions into an ex-
tended definition in a formal “d”-dimensional space. Note that for supersymmetric theories
this procedure breaks supersymmetry, and therefore an alternative regularization may be
used instead [48-51], unless explicit supersymmetry-restoring counterterms are introduced
(see e.g. [36, 52-54]). If such an extension is in principle easily implemented, problems do
appear when attempting to extend the definition of genuinely intrinsically 4-dimensional
objects, namely the 5 Dirac matrix and the Levi-Civita symbol €,,,,. These two objects
appear in chiral theories (of which the Standard Model is one example). Such theories
usually exhibit gauge anomalies (the Adler-Bell-Jackiw anomaly) that are generated by
the presence of these objects, as well as by their actual fermion content.

In this scheme, the formal d-dimensional space can be separated into 4-dimensional
and d — 4 = —2e-dimensional subspaces as direct sums. Lorentz covariants extended
into this d-dimensional space now possess 4-dimensional (denoted by bars: =) and (—2e)-
dimensional (also called “evanescent”, denoted by hats: =) components. Metric tensors on
these subspaces are defined as

d-dim. : g, , 4-dim. : gy , (—2€)-dim. : g = G — Guuw - (2.1)

The existence of these objects and their inverse (with upper indices) has been shown by
explicit construction in ref. [55]; they are defined such that

g;u/gyu =d, gwjg’//l =4, glwglfﬂ =d—4= -2, (2'2)

and
g;wgl/p = gup = 5; ) g/wgup = g;f = guugyp =g gyp s ( )
g,uugyp = gup = guugyp = guugl/p ) guugyp =0= gul/gyp ) 24



expressing the fact that the quasi-d-dimensional space is a direct sum of the actual
4-dimensional space and a quasi-(—2¢)-dimensional space. Our convention for the 4-
dimensional metric signature is mostly minus, i.e. (+1,—1,—1,—1). When being extended
to the d-dimensional formalism, Lorentz indices become formal symbols that cannot take
any particular value. They just obey Einstein summation convention for repeated indices,
while lowering and raising indices is done using the metric tensors. We note that the met-
ric tensors act similarly as projectors onto these different subspaces. As an illustration for
4-vectors, the following behaviour is exhibited:

k-/i:glwk.y, kH:gquV7 Eu:guyku’ ]%u:g;wky7 k2:%2+i€2’
k2 =klk, = g" ko ky = g kUK k2 =K'k, ="k ky = gk k" (2.5)
k2= kP, = " ko k= Gk k", Gukt =0, Guk" =0,

with similar extensions due to the fact that the different metrics, and as extension, the
different contracted indices, project onto their associated subspaces.

For the usual +* matrices extended to d-dimensional space, one can similarly define
their 4-dimensional and (—2¢)-dimensional versions 7* and 4* respectively, including the
anticommutation relations between matrices of same space-time dimensionality, the an-
ticommutation relations between matrices of different space-time dimensionalities, their
contractions and their traces:

{2 =20"1, (A =0 =201, =dl, (2.6a)
{4} =0, (A=A =20"1, Y =a" =41, (2.6b)
'Y;L'S/M = 'AV;L@M =(d—-4)1, '7#'7“ =0, (2.6¢)

Try* =0, TrAy* =0, Tr4* =0. (2.6d)

The real problem, of course, is how to define in DReg the Levi-Civita symbol ¢ and
the 5 matrix, which are intrinsically 4-dimensional quantities. In this work we adopt the
“Breitenlohner-Maison-’t Hooft- Veltman” (BMHV) scheme for treating s and €, o, whose
consistency in perturbative renormalization has been proved by Breitenlohner and Mai-
son [18-21], and that is able to reproduce the ABJ anomaly [15-17, 56-58]. The € symbol
is defined by its product with the metric tensor, and the product of two € symbols together,

H1 —
9p  Cpipopzpa = Cppopzpg (2.7)
4
Curpopspa Crivavsvy = E sgn () Hngﬁ(i) ) (2.8)
TESy i=1

from which its other properties can be obtained,

€1 pzpapa = SN (T) €l (1) B (2) B (3) B (4)

M v _
Z Sgn <7T) 6##(1)#7r(2)/"‘7r(3)#7r(4)g & = 0 *
TESK

(2.9)

Here, 7 is a permutation belonging to the permutation group of n elements .S, indicated in

the corresponding expression. In the rest of this paper we use the €?1?3 = 41 convention.



On the other side, the 75 matrix is defined to be anticommuting with Dirac matrices in
the 4-dimensional subspace, and commuting in the (—2¢)-dimensional subspace:

{7} =0, [ =0, {v7}t={rmt=2v", [s"]=[s7]=2v7".

(2.10)
5 otherwise keeps its usual 4-dimensional behaviour. The last of the equations (2.10)
follows from the explicit definition of 5, and its square,

—i ,
Vs = gy wpo? YV %=1, (211)
leading to the trace important to realize the Adler-Bell-Jackiw (ABJ) anomaly

Tr({,ya’ 75}'Ya7u’7u'7p70) = Si(d - 4)€ul/pa . (2-12)

Amplitudes in d dimensions and the 4-dimensional limit. Once an amplitude has
been defined, its evaluation in d dimensions is performed using standard techniques for
loop calculations. Its actual Laurent expansion in 4 — d = 2¢ is determined only after
having completely reduced and simplified its Lorentz structures: fully evaluating Dirac ~
traces (cyclicity of the trace is valid in this scheme), fully contracting any vector, tensor
and Levi-Civita symbol using the properties defined above. Any =5 matrix and pair of €
symbols can be further removed by using egs. (2.11), (2.7). This defines a unique “normal
form” [18] for the amplitude.

This allows one to define the regularized version of the amplitude via its Laurent ex-
pansion in 4 — d = 2e¢. From there one can define its divergent part and the associated
counterterms, as well as its finite part and its evanescent part that may be neglected in the
d — 4 limit. The renormalized value of an amplitude is obtained after performing all the
necessary subtractions of the divergences of its sub-diagrams, and the resulting finite ex-
pression is interpreted in the physical 4-dimensional space by setting all quantities to their
4-dimensional values, i.e. first taking the d — 4 limit and then, setting all remaining evanes-
cent objects to zero. This operation will be denoted by LIM,4_,4 in the rest of this paper.

Charge conjugation in d dimensions for dimensional regularization. Phe-
nomenological models may contain, for example in their Yukawa sector, fermions as well
as their corresponding charge-conjugated partners. This is precisely the case in our model
under study introduced in section 3. Thus the question concerning the definition of the
charge-conjugation operation in the framework of dimensional regularization arises.

In usual integer dimensions the charge-conjugation operation C can always be defined,
and a corresponding matrix representation C' explicitly constructed. For example, in 4
dimensions such a matrix, with antihermitean property, can be constructed as to be nu-
merically equal to C' = iy"v?2, and satisfies the relations:

Ciwe =T o t=ct=cT, CT=-C, and: C'sC=17f. (213)

One can wonder whether in the continuous dimensionality of the dimensional regular-
ization such a construction is still possible. As it turns out, an explicit construction via a



matrix representation has been provided in appendix A of [51], based on the construction of
Dirac v matrices in d dimensions given by Collins in [55]. Alternatively, one can define the
charge-conjugation operation based only on its properties on the set of Dirac matrices and
on its action on the d-dimensional spinors. For this purpose, since we work in dimension
d = 4 — 2¢ around 4, we postulate that the relations given in eq. (2.13) also hold in d ~ 4
(see appendix A of [59] for a motivation!). Obviously, this would not be true anymore if d
was to be pushed to a different integer dimension.

Our final choice for the charge-conjugation matrix in d ~ 4 dimension employs the
same definitions as in 4 dimensions eq. (2.13), together with the following properties:

+1 forI'=1, 75,

2.14
—1 forI' =~H*, o, ( )

Crc =gt = crfc—t = nrl, with: np = {

and in the presence of anticommuting fermions (see also appendix G.1 of [61]):

CuC =0 =c%", @O)Y=v, (o '=0"=-9TCc'=0C, (2.15)
U T = 0T C IOV, = U;CT7C7 ', = g, T, (2.16)

Note that employing eq. (2.14) in d dimensions has an extra subtlety: while it is true that
)T

when using these definitions in 4 dimensions, we have: C~!(y#~5)C = +(7#v5)7, it is not

so in d dimensions in the BMHV scheme due to the 75 matrix:

CH(y"5)C = (CTHHCYC5C) = =(v") T3 = —(17")" = (7 1)" — (3)"
(2.17)

while, of course, we have:
O =570 =5 ()" = (7" s)" - (2.18)

3 The right-handed (R) model and its extension to d dimensions

Let us begin the investigation of the Dirac v5 matrix in the BMHV scheme in a general,
massless chiral gauge theory. In the present section we define the model first in 4 di-
mensions, then extend it to d dimensions and provide the respective Lagrangians, BRST
transformations and Slavnov-Taylor identities. The d-dimensional extension requires the
usage of Dirac fermions instead of Weyl fermions, and requires to make a choice for the
evanescent part of the fermion kinetic term and for the fermionic interaction term. We
discuss several options and motivate our choice. We then analyze the breaking of BRST
invariance, which in our case is caused by a single evanescent term in the tree-level action.
The breaking is evaluated on the operator level and translated into Feynman rules.

!As an alternative definition, appendix A of [60] instead postulates a different action of the charge-
conjugation operation, on a product of Dirac matrices, as being equal to minus the product of the same
Dirac matrices taken in the opposite order, and not transposed. This latter definition is still satisfactory
since ultimately, in most of the resulting amplitudes, the internal gamma matrices attached to loops appear
inside traces.



3.1 The R-model in 4 dimensions

Our setup is similar to the one from refs. [62—64]. The model is a gauge theory with
matter fields, based on a simple gauge Lie group? G, with gauge fields G, in the adjoint
representation of G, and structure constants f*¢. The latter also define the generators
Tei. = i of the adjoint representation.

This model incorporates real massless scalars @™ and massless right-handed fermion
fields described, in the 4-dimensional formulation, using Weyl spinors &. They are both
charged under the gauge group G and for simplicity we assume their group representations
to be irreducible. We denote their representations respectively by ‘S’ and ‘R’, and their
associated generator matrices by 0%, and (Tg);;. In particular the scalar representation is
imaginary and antisymmetric, 6%, = —0%, .3

Before quantization, the 4-dimensional classical Lagrangian of the model can be split
into four terms:

['gauge + Ltermions + Lscalars T Lyukawa » (3'1)
where each piece of the Lagrangian reads:
—1 y

£gauge = TF;ZLVFGM ) (32&)
Efermions = igUMDuga (32b)

1 ) mnop
Lscalars = §(Du<1>m) — Tq)mq)nq)o@p, (3.2¢)

Yr)ij -

['Yukawa = - 9 & q)mgzgj +h.c. ) (32d)

where the last equation? uses an index-free notation for the Lorentz invariant contraction
of two Weyl spinors.
There, the covariant derivative acting on the fermion fields is defined® by:

and the one for the scalar fields is similar (the Tr{; generator being replaced by 65,,,).
From the commutator of the covariant derivatives acting on a given type of field, the field
strength tensor for G is defined as:

Ff, = 0,G% — 0,G% + g f*"* GG . (3.4)

Note that in Lgcalars the scalar potential does not contain any quadratic term ,u2|<I>\2,
because we are working in the framework of a massless theory; the scalar fields do not

2This gauge group verifies the algebraic properties exposed in [65].

3The model may be generalized to products of (semi-)simple gauge groups and to reducible representa-
tions. In this case one needs to consider all the possible mixings for each set of irreducible representations
that have equal quantum numbers (see e.g. [66, 67]).

“Note that contrary to refs. [62-64] the Yukawa term has a normalisation factor 1/2 since the two 2-
component fields are identical — the corresponding Feynman rule would generate the compensating factor
2. This is in accordance with [61, 68].

5We choose to introduce the coupling constant g in the minimal coupling term of the covariant derivative.
The minus sign in front of the coupling term is part of our conventions.



acquire a vacuum expectation value and the fields remain perturbatively massless. The
form of the Yukawa interaction implies that the Yukawa matrix (Yg);; is symmetric in its
fermion-group indices 1, j.

The Weyl spinor formalism is intrinsically tied to 4-dimensional space. As a prepa-
ration for the d-dimensional regularization we replace the Weyl spinors by projections of
Dirac spinors, which can be generalized to d dimensions. Specifically we promote the
right-handed Weyl fermion € to

£ — Pry =Yg, (3.5)

where 9 is a Dirac spinor whose left-handed part is understood to be fictitious, decoupled
from the theory. We employ here the standard right/left chirality operators (projectors)
Pr = (1+75)/2 and P1, = (1—~5)/2. The fermionic contents of the theory can be rewritten
as (we recall that Y = ¥, = YPL):

Ltermions = Z%JD”WJ - Z%ﬂ%ﬁ + gTR?j%ia:aij ) (363‘)
Yr)i} = —c Yr)fj " = —
Lvava = =5 Omn; Yy =~ CmtriYRj - (3.6b)

We stress again that the left-handed part Py entirely decouples and does not appear at
all in this Lagrangian.

Gauge-fixing. The Lagrangian defined so far is gauge invariant. For quantization and
renormalization we promote gauge invariance to BRST invariance and a Slavnov-Taylor
identity [25, 26]. The BRST transformations of ordinary fields are defined as infinitesimal
gauge transformations, where the transformation parameter is replaced by a Faddeev-
Popov ghost field ¢* (in the adjoint representation):

sGy = D’ = 0,c" + g [ Gt (3.7a)
s = sy, = ic"gTR{;VR; (3.7b)
sv; = sPp; = +ivr;c"gTRY; (3.7¢)
s, =0, (3.7d)
s¢r; =0, (3.7e)
s®,, = ic"gOs,, P, . (3.71)

Here s is the generator of the BRST transformation, which acts as a fermionic differential
operator. The BRST transformations of ghost and antighost fields ¢* and ¢* and the
auxiliary Nakanishi-Lautrup [69, 70] field B® are given by:

1
sc? = —igfabccbcC =igc?, (3.8a)
s¢% = B, (3.8h)
sBY=0. (3.8¢)

One can prove that the BRST operator s is nilpotent: s?¢ = 0 for any field or linear
combination of fields ¢.



The Lagrangian of the theory is then extended with the ghost and the gauge-fixing
terms, obtained as the BRST transformation of the expression ¢*(§B/2+0"GY)), resulting
in (up to total derivatives)

Lghost = 0"Cq - Dilcy, = —€,0" D%y, (3.9a)
€ pa agia
Lyix = 5 B"Ba+ B*0"G,. (3.9b)

The gauge-fixing Lagrangian L, gy is equivalent to the more common form: L, g, =
g—g(auag)Q, obtained after integrating out the auxiliary B® field. Finally, it is useful
to couple the non-linear BRST transformations to external sources (or Batalin-Vilkovsky
“anti-fields”, [71-73]) and add corresponding terms to the Lagrangian (see e.g. [28] and
references therein),

Lext = phisGl + Casc” + R'sipp; + R'sthp; + V"sPrm (3.10)

where the external sources do not transform under BRST transformations: sJ = 0 for
J = p,Cas R, R, Y™

The final tree-level action in 4 dimensions, which constitutes the basis for the quanti-
zation and renormalization procedure, is then given by

D
S(()4 ) = /d4 z (Egauge + Lrermions + Lscalars T Lyukawa + Eghost + ﬁg-ﬁx + Eext) . (311)

This tree-level action satisfies the Slavnov-Taylor identity
S8y =o, (3.12)

where the Slavnov-Taylor operation is given for a general functional F as

/d4x<6]:5]:+”5]:+6]:&7:+52:5]: OF oF Ba&]—")

Sph 6GY ~ 6C 6c*  SY™M D, SRUGY;  GR'§y; 8¢y )
(3.13)

The Slavnov-Taylor identity is the basic, defining symmetry property of the theory. We will

S(F) =

require that the Slavnov-Taylor identity S(I') = 0 is satisfied for the fully renormalized,
finite effective action I' (which incorporates the tree-level action, loop corrections and
counterterm contributions). On the level of the 4-dimensional tree-level action, the Slavnov-
Taylor identity summarizes three properties: (i) the gauge invariance of the physical part
of the Lagrangian, (i) the BRST invariance of the gauge-fixing and ghost Lagrangian, and
(i4i) the nilpotency of the BRST transformations.

Quantum numbers and constraints from gauge-invariance. We summarize in ta-
ble 1 the list of quantum numbers (mass dimension, ghost number and (anti)commutativity)
of the fields and the external sources (BV “anti-fields”) of the theory, that are necessary for
building the whole set of all possible renormalizable mass-dimension < 4 field-monomial
operators with a given ghost number.

Concerning the gauge transformations under the group G, the mentioned gauge invari-
ance of the terms in eq. (3.1) implies two consequences® for the fermionic and scalar sectors:

5They can be proved alternatively by imposing their BRST invariance.
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G% Yy, Dy & B ph (o RLCRYOY™| 9 s

mass dim. | 1 3/2 1 2 3 4 5/2 3 1 0
ghost # | 0 0 0 1 -1 0 -1 -2 -1 -1 0 1
comm. | +1 -1 +1 -1 -1 +1 -1 +1 +1 -1 | +1 -1

Q

o
[\)

Table 1. List of fields, external sources and operators, and their quantum numbers.

e imposing gauge-invariance of the Yukawa interaction implies that the Yukawa matrices
satisfy the constraint:

(YR)i50nm + (YR)ixTri; — Tg5(YR)E; =0, (3.14a)

which is a more explicit version of eq. (A.15) from [62]. The generators Tr® verify
Tr*" = TR%, and from them the conjugate representation R is defined with generators

T5* = —Tg" T — _TRr**. The complex-conjugate counterpart of this equation is
(YR)5 Onm + (YR)iE " TRyy; — Tri(YR)i5 ™ = 0; (3.14b)

e imposing gauge-invariance of the scalar self-coupling interaction implies that the scalar
quartic coupling matrix A satisfies the constraint:

Org AP + O AP 05 NP+ 67 N0 =0 (3.15)
which agrees with eq. (2.7) of [64].

In case the gauge group representations of the quantum fields are reducible and contain
two different, but group theoretically identical irreducible representations, the mixings
between group theoretically identical irreducible representations might appear through
Yukawa couplings, see [66, 67]. For that reason, in the following, we consider only
irreducible gauge boson, fermion and scalar group representations, if not stated otherwise.

Group invariants. In this section, we summarize the different group invariants that
are employed in all of our calculations. Recall that the right-handed fermions are in an
irreducible representation R of the gauge group G with corresponding hermitian group
generators Tr®, and the real scalar fields are in an irreducible representation S of G with
imaginary generators 8. The adjoint representation of the gauge group G is denoted by G
and its Casimir index is C2(G).

We define the Casimir and Dynkin indices for these representations, as well as some
invariants built out of the Yukawa matrices:

Co(R)1 = TETS Co(S)1 = 69 , (3.16)
Sy(R)6Y = Tr(TETY), S5(8)8% = Tr(626°), (3.17)

Ya(R)ij = (YEYR Vi = Ya(R)y5, (3.18)
Ya(§)™ — %Tr(ygygf LYTYE) = Ya(S)om. (3.19)
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Due to the presence of charge-conjugated fermions (or, when mapping a left-handed
model to its corresponding right-handed model by interpreting left-handed fermions as
charge-conjugated right-handed fermions, as presented in section 9), we also introduce the
corresponding complex-conjugate fermion representation R associated with group genera-
tors TR" = —TR"* = —TR" T since the generators themselves are hermitian: TR T = Tg%.
Defining the Yukawa matrices for the conjugate representation as: YZ' = (YT = (Y)*
m

since the Yukawa matrix (YR)ij

obtain the group invariants for this R representation:

is symmetric in its fermion-group indices i,j. We then

Co(R)L = T"T5" = (=T ") (~Tp"") = Tr*Tr" = C5(R)1, (3.20)
S5(R)3% = Tr(T5"T5") = Tr((—Tr" ") (~Tr*")) = Te(TrTR") = S2(R)5™, (3.21)

Va(R)ij = (Yp)™ (V)™ iy = (V3 TYE) iy = (VEYR ) ji = Ya(R)ji = Ya(R)yj . (3.22)

Also, it can be shown, using eq. (3.14a), that:

¥2(S) 4o

2 mn *

Tr(YRTr*Y; 1) = Te(V TV ) =

(3.23)

3.2 Promoting the R-model to d dimensions

We now proceed to extend the R-model to d dimensions. While it is straightforward to
do so for the bosonic fields, the fermionic fields need some care, even if we start from the
version eq. (3.6) of the Lagrangian in terms of Dirac spinors.

The first difficulty is associated with the fermion-gauge interaction term in eq. (3.6a),
which involves the right-handed chiral current 1;y* rj in 4 dimensions. The following are
three inequivalent choices for the d-dimensional versions of this term:

Py PRY; v, PLy*e; W PLY* PR, - (3.24)

They are different because Pry* # v*Pr in d dimensions, see eq. (2.10). Each of these does
lead to valid d-dimensional extensions of the model that are perfectly renormalizable using
dimensional regularization and the BMHV scheme. However, the intermediate calculations
and the final d-dimensional results will differ, depending on the choice for this interaction
term.

Our choice for the rest of this work is to use the third option, which is equal to

PP PrY = YPLYPRY = YRR, (3.25)

is the most symmetric one, and leads to the simplest expressions (see also the discussions
in refs. [9, 30]). One should note that it is actually the most straightforward choice as it
carries the information that right-handed fermions were originally present on the left and
on the right sides of the interaction term.

The second, more critical problem, is that as it stands the pure fermionic kinetic term
YR MYR; = i;PLPPRrY; projects only the purely 4-dimensional derivative, leading to a
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purely 4-dimensional propagator’ and to unregularized loop diagrams. We are thus led to
consider the full Dirac fermion v in its entirety and use instead the fully d dimensional
covariant kinetic term i1, @;. The fictitious left-chiral field 17, is thus introduced, which
appears only within the kinetic term and nowhere else (it does not couple in particular to the
gauge bosons of the theory), and we enforce it to be invariant under gauge transformations.

Hence, our final choice for the d-dimensionally regularized fermionic kinetic and gauge
interaction terms is:

Ltermions = 2%@1/% + gTR?j%i$a¢Rj . (326)

Since this is a crucial ingredient of our analysis we rewrite it in several ways, first as a sum
of a purely 4-dimensional, gauge invariant part and a purely evanescent term

'Cfermions = Efermions,inv + ﬁfermions,evan ) (327)
»Cfermions,inv = Z%@% + gTR%%i$aij ’ (328)
ﬁfermions,evan = Z%@% . (329)

Here the first term contains purely 4-dimensional derivatives and gauge fields. It is gauge
and BRST-invariant since the fictitious left-chiral field v, is a gauge singlet. This invariant
term can also be written as a sum of purely left-chiral and purely right-chiral terms involving
the 4-dimensional covariant derivative as

'Cfermions,inv = l%zasz + Z%zgsz + gTR?j%i$aij (330)
= WL IL; + VR PUR; | (3.31)

which highlights its gauge invariance. The second term in eq. (3.27) is purely evanescent,
i.e. it vanishes in 4-dimensions. The evanescent term can be rewritten as

*Cfermions,evan = ZEZ&}T/JRl + Z%Z{WJL@ > (332)

which highlights the fact that it mixes left- and right-chiral fields which have different
gauge transformation properties. This causes the breaking of gauge and BRST invariance
— the central difficulty of the BMHV scheme.

The rest of the model is straightforwardly extended to d dimensions: we define the
d-dimensional BRST transformations on the fields formally exactly in the same way as in

"Indeed, the corresponding propagator is A(p) = PripPL / 2. Expressing the Fourier-transformed kinetic

term as JZIC(p)JZ = @iﬂ’Lp[PRi/;i, the expression for the propagator A(p) is the only possibility such that:
A(p)K(p) = Pgr and K(p)A(p) = Pr. The problematic term is then the 72, i.e. the 4-dimensional scalar
product in the denominator, which cancels a similar term coming from the Dirac matrices contractions
sandwiched between the projectors, according to eq. (2.10).
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4 dimensions:

4Gy = D¢ = " + gf*"Ghee, (3.33a)
sa¥i = sa¥r; = ic"gTr YR, (3.33D)
sa; = Sa¥Rr; = —{—i%jcagTR?i ; (3.33¢)
sqibr; =0, (3.33d)
sadr; =0, (3.33¢)
$q®Pm = ic*gl%, Py (3.33f)
sqc” = —%gfc”‘l’ccbcc =igc”, (3.33g)
sac® = B*, (3.33h)
s4B* =0, (3.331)

and again the external sources are invariant under BRST transformations. This version
of the BRST operator s4 is nilpotent, like its 4-dimensional counterpart. Furthermore,
we note that the right-hand sides of these equations contain no d-dependent prefactors or
evanescent objects.

The full d-dimensional tree-level action Sy of the model thus reads:
SO = /dd x (ﬁgauge + Efermions + Escalars + EYukawa + £ghost + Eg—ﬁx + Eext) ’ (334)

where all terms except Leermions remain formally exactly as before (and with all Lorentz
indices interpreted in d dimensions).

Properties and expansion of the d-dimensional tree-level action. We now provide
two ways to rewrite the d-dimensional classical action, which will be very useful in the
discussion of higher orders and renormalization. First, we note that we can naturally
decompose Sy according to the split of the fermion Lagrangian (3.27) into

So = SO,inV + SO,evan (335&)

i.e. into a BRST-invariant and a purely evanescent part, with

SO,inV = /dd € (['gauge + Efermions,inv + ﬁscalars + ['Yukawa
(3.35b)

+ ﬁghost + Eg—ﬁx + Eext) )

SO,evan = /ddx Efermions,evan . (335C)

Here, the first part of the action contains everything except the evanescent part of the
d-dimensional fermion kinetic term. It is clearly BRST-invariant since the 4-dimensional
part of the fermion covariant derivative term is gauge and BRST-invariant and all other
sectors of the theory are insensitive to the transition from 4 to d dimensions.
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Second, we write the d-dimensional action of the model as a sum of integrated field
monomials and introduce notations for each field monomial, for later usage (and where we
used the condensed notation [ = [d%z ):

S0 = (Sea + Saae + Saaaa) + (Spy + Spay,) + (See + Sece + Secaa)

+ ((YR)Z‘LS%?@mej + hC) + )\mnopS<1>‘T1nnop (336&)
+ Sg_ﬁx + (SEC + SEGc) + (Spc + Sch) + SCCC + SRC?/)R + SRCE + SyC‘P ;
with the gauge kinetic and self-interaction terms
—1 a 1apy :
/ — DI = Scc + Scee + Sceca , with:
1

Saa = [ HCua" O - 90")Gy,

- (3.36Db)

Saca = [ (o)1 (0,666
T _92
SGGGG _ / Tfeac]cebdGZGqu(;Gdu ,
Ad
the fermion kinetic and interaction terms, using the notation A0B = A(9B) — (0A)B

S Z/xi%a%’ E/z;%gﬂ%,

o (3.36¢)
Sycen = /QTR%%PL$GPR% = /QTR%¢i$aPR¢j,
x xT
the scalar kinetic and interaction terms
1 .
/ i(Du‘I’m)Q = Soo + Seco + Secce , with:
x
1 m\2 -1 m a2 Fm
Ses = | =(0,2™) = [ —D"0°P™,
(3.36d)
Sece = / —iglp,, (0" ®™) G "
: g b b
Segae = / 5(9“9 Jmn @ GLGTH O™
xX
the Yukawa and the scalar quartic self-coupling terms
YY) Yp)?t*
(Yr)ij S—c +he = —m‘bmdmcibn _ )y @ rbRY |
YR, PMYR; 2 t J 2 v
r ) (3.36e)
)\mnoqu)énnop = /x %@m(pn@()@p’
the gauge-fixing terms
S = / SB'B.+ BOMCE, (3.361)
x
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the ghost kinetic and interaction terms

/ (0722)(Duca) = See + Sece» with:

T

See= [(@e)(0ue) = [ ~cidPen, (3.368)
Sece = [ 9™ (0e) Gl
and the external BRST source terms
/ plsaGl = / phD e = Spe + Spae, with:
Spe= [ A@uc0) (3.36h)
Spce = /x 9l phGhee

and

—1
SCCCZ/CanCa:/29fab8<acbccv
x x

SRC¢R = /Risdwi = /igRicaTR?jszj E/igRicaTR?j[Pij,
o y ¢ (3.361)
SRCW:ARZSd¢i E/Z‘deiRZ :/zlgijCaTR?ZRZ E/x\lg’l’/}juDLCaTR?ZRZ,

Syce = /ymsdq)m = /igymc‘lefqlm{)n.
x X

3.3 BRST breaking of the R-model in d dimensions

Our next step is to determine to what extent our choice of the d-dimensional action Sy
given in egs. (3.34), (3.35a), (3.36) breaks the defining BRST invariance and the Slavnov-
Taylor identity. As already mentioned in section 3.2 the d-dimensional action can be split
into a BRST-invariant and an evanescent term. It is easy to see that the part Sg iy on its
own satisfies

SdSO,inv =0 (3.37)

and hence, due to the Quantum Action Principle, the d-dimensional Slavnov-Taylor identity
Sa(So,inv) =0, (3.38)

where the Slavnov-Taylor operator Sy is given in the same way as its 4-dimensional version
in eq. (3.13) except for replacing all 4-dimensional objects by d-dimensional ones. How-
ever, the evanescent part of the action Spevan is not BRST-invariant since it couples left-
and right-chiral fermions with different gauge transformation properties. This breaking of
BRST invariance leads to a breaking of the Slavnov-Taylor identity in the form

5450 = $aS0,evan = A, (3.39a)

Si(So) = A, (3.39b)
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with the same non-vanishing integrated breaking term A appearing in both equations. The
breaking is given by

A= /ddaj (9Tr7;)c" {@Z)Z <§[PR + é[PL> 1%} = /ddz‘ Az). (3.40)

For the purpose of restoring the BRST symmetry, as we will see in section 6, the
evaluation of Feynman diagrams with an insertion of this breaking A will be required.
This breaking generates an interaction vertex whose Feynman rule (with all momenta

incoming) is:

g o~ o~ o~ o~
= 975, (G + ) + G — )0), o)
= 9Tri; (PR +7PL) 5 - |
vh
It is useful to provide as well the Feynman rule corresponding to the charge-conjugated
fermions, since the Yukawa couplings contain occurrences of these, and to applying flipping
rules as in [74, 75]. The breaking can be equivalently written as

A= /ddfﬂ (9TRg;)c" {?/)Cz <5|PL + 5”’1&) %C} ; (3.42)

generating the Feynman rule:

= SR (7 +7) — (G~ 1R)5) o

v ~ (3.43)
= gTE‘j (ﬁl[PL + W[PR)aﬂ )

5"
where the difference with the previous result is in the appearance of the generator T for
the fermionic conjugate representation R.

At this point it is natural to introduce the so-called linearized Slavnov-Taylor operator
bq. In our later applications we will require the Slavnov-Taylor identity at higher orders in
the form §(Sy+.F), where the functional F might be the 1-loop regularized or renormalized
effective action or the 1-loop counterterm action. We can then write to first order in F,

Si(So + F) = S4(So) + by F + O(F?) (3.44)

where by can be written in functional form as

b /dda: <6SO 0 0S5y ¢ 0S5y ¢ 0Sp ¢ 05 9 0Sp 6
d:

5P 0G| 5GE 3k T 0Ca 0 | 0ch 3G | DM 0By | 5By 3T
650 6 05y 8 68y & . 05y & 5
— . — . P e . Bai .
T SRIGU; 000K | ORI 5y, | o, ORI 5@)

(3.45)
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The linearized Slavnov-Taylor operator is an extension of the BRST transformations in the
sense that

- — — + — — 4
5GE oph | Bet 60, | 0%, 0V | S0 0I5y, 5RZ) B9

bdzsﬁ/d% <6So 0 08 6 88 & 08 8 0S5 6

i.e. by and sq act in the same way on fields but only b; acts in a non-trivial way on
the sources. A subtlety, compared to the standard situation with symmetry-preserving
regularization, is that b; is not nilpotent, by®> # 0. The reason is that the d-dimensional
action Sy is not BRST-invariant.®

For later usage it is advantageous to also define the 4-dimensional linearized Slavnov-
Taylor operator, b, as the restriction to 4 dimensions of d-dimensional operator by, based
on the Slavnov-Taylor operation eq. (3.13) and on the 4-dimensional action S(()4D). Its

functional form is then:

5Ga Gk T TG 0, | 0By oYm | ou; oK o, OR
(3.47)
Contrary to its d-dimensional counterpart by, the operator b is nilpotent: b> = 0, because

((]4D) is BRST-invariant [27].

the 4-dimensional action S

4 Standard renormalization transformation versus general counterterm
structure

In the majority of practical loop calculations in gauge theories, a regularization is assumed
which preserves gauge and BRST invariance of the theory. In such cases, the necessary
counterterm structure can simply be obtained from the classical Lagrangian by applying
a renormalization transformation. We briefly recall the structure of the required renor-
malization transformation here; this will provide a useful benchmark against which the
counterterm structure in the BMHV scheme can be compared.

The renormalization transformation consists of renormalization of physical parame-

ters,9

g—g+9dg, (4.1a)
(Yr)ij = (Yr)ij + 0(YR)} (4.1b)
A\TITOP. _y \TIOP._y §ATOP (4.1c)

8We might have defined a nilpotent object b5'*°*"* by using the invariant action Sp inv in place of So in
the definition of bs. However, it is our choice of by which will appear in the later analysis.

9We employ additive renormalization for the physical parameters since multiplicative renormalization
for them would not be sufficient in general.
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and fields, using multiplicative renormalization,

G4 — /2GS, (4.1d)

(Yris VR:) = v/ Zpr(VRis Vi) 5 (4.1e)
(WL ¥ri) = Wri¥rs), (4.1f)
D, = V2P, (4.1g)

¢ =\ Z" (4.1h)

Here the fictitious left-chiral fermion field does not renormalize, and we have used a ghost
field renormalization that is different from the antighost field one. The remaining fields,
sources and the gauge parameter renormalize in a dependent way, as

(B, & ¢} — {@_1Ba, @_1EG,ZG§} , (4.19)

P76 P (4.1))

Co =V G, (4.1k)
(R, RY) = \/Zy, (R, R, (4.11)
V" Ze Y™ (4.1m)

If this renormalization transformation is applied on the BRST invariant part of the tree-
level action we obtain an invariant counterterm action St inv,

Egs. (4.1
SO,inv Qi ) SO,inv + Sct,inv . (42)

This is invariant in the sense that the Slavnov-Taylor identity
Sd(SO,inv + Sct,inv) =0 (43)

holds.

This structure can be compared later to the actual counterterm structure needed in
the BMHYV scheme. As a preview, we note that the following general counterterm structure
can be expected:

Ssct,inv + Ssct,evan + Sfct,inv + Sfct,restore + Sfct,evan ; (44)
where

® Ssct,inv and Skt inv correspond to the invariant counterterms generated by a renormaliza-
tion transformation as in eq. (4.2). The subscripts “sct” and “fct” denote singular parts
(i.e. involving 1/€ poles) and finite parts, respectively.

® Sictevan corresponds to additional singular counterterms needed to cancel additional 1 /e
poles of loop diagrams. We will see that these counterterms are purely evanescent.
Similarly, evanescent divergent counterterms are also familiar from computations using
regularization by dimensional reduction (see [8] for a recent review). There, such coun-
terterms are needed to establish scheme equivalence [76, 77], to ensure unitarity, finite-
ness, and consistency with infrared factorization in higher-order computations [78-83].
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® Sfct restore corresponds to finite counterterms needed to restore the symmetry. Determin-
ing these counterterms is one of the central goals of the present paper, and is presented

in section 6.

® Sfct.evan corresponds to additional counterterms which are both finite and evanescent.
Adding or changing such counterterms can swap e.g. between different options as in
eq. (3.24); these counterterms vanish in the 4-dimensional limit, but they can affect
calculations at higher orders.

Let us present for further use a more detailed analysis of the structure of the invariant
counterterms. We focus on the counterterms arising in first order of the renormalization
constants dg, 0Y, 60X and §Z, = Z, — 1. At first order in these quantities we can express
the invariant counterterm action as a linear combination of basis functionals L,

07, 02y, —— 0Z 0Z,
Sct,inV: 2GLG+ ;}RLﬂJR JL@ 2 LC

. (4.5)
+ ;Lg + (0(YR); Lygy; +huc.) + AP Lymnon ,

and in the following we collect the properties of these functionals. Introducing the field-
numbering operators:

N /d T (p’L (5( ) for Pi € {G 7CGJ:EOJBaapgaCauRiaRi?ym} ) (463‘)
)

NFIE = / A (Prypvi(e))s o (4.6b)
— )

NI~ [ dte @opum) e (4.60)

(and summing over repeated generic group index i and spinor index s), we can first write
the functionals L, as derivatives of the tree-level action:

Le = (Ng —Np— N, + 25(;2)50 = NgSo,
Le = (Ne— N¢) So = NeSo,
Lo = (No — Ny) So = NoSp , (4.7)
Ly, = —(N¢ + N@L — N — NR)So,inv = Nfso,inv ,
Ly = —(N;} + Nz = N — Ng)So = N['So
= Ly + So,evan ;
and
L,= %5;0 Ly, = ag/io);g’ L, = 8?5:@. (4.8)

In most of these equations the result does not change if we replace Sy by its invariant part
S0,inv, excepting for L, and L., where we have given both expressions and expressed
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the difference in terms of the evanescent term Sgevan. It is the latter quantity LTZ,R that
appears in the renormalization transformation eq. (4.5).

The L, functionals corresponding to field renormalization can be written as a total
bg-variation and in terms of the monomials of section 3.2 as

Lg = bd/ddx oGy

= 25¢c + 3Scea + 4Scaae + 5 Gyr T 9060 + 250660 — See — Spe

(4.9)

where pl; = pl + 0"¢, is the natural combination arising from the ghost equation (see third
equation in (7.3));

L, = —bd/ddaz Cac®
(4.10)
= Sz + Szae + Spc + Sch + Sgcc + SRC#JR + SRc% + Syc<1> ,
d = bd/ddﬂ? qu)m

=2 (5S¢ + Soce + Secce) + 4)\mnop5q>;1nmp + ((YR)zg Sill S +h.c.),
.7

(4.11)

Ly, = —bd/ddx (R'Prei + ¢;PLR’)
(4.12)

10 _ ( /ddx —1; (PR + PLA)Y > + 2500, +2((YR)USw - +h.c.),

while the L, functionals corresponding to renormalization of physical couplings can be
expressed in terms of the monomials of section 3.2 as

Ly = Saaa + 25caca + Sece + 25ecae + Sy,

(4.13)

+ Sece + Spae + Scee + Shepy + Spapn T Svea
Lvnij = Splomupy, (4.14)
L/\mnop == qu}rmop . (415)

Despite the non-nilpotency of by, several of the L, are actually bg-invariant in the
following sense:

bgL, =0 for =G, P, (4.16)

bgLy, =0, (4.17)

ba [6(YR) Ly2] =0, (4.18)

bd [5AmnopL)\mn0P] - O, ( )

where the last two equations hold provided that the renormalization constants 6(Yg) and

0\ satisfy the analogous gauge invariance constraints as eqs. (3.14a), (3.15). In contrast,

00Observing that i, (PR +PLP)Y; = 2it), 5D3R1/)¢ +it; 51/11, we note that there exists a difference between
this calculation and the result given in [30], amounting to: Li;’M Ly = if d? z Y, Pysp:.
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1

the functional L, is not bg-invariant in this sense;'! instead, it is easy to see that

~

baL. = A (4.20)

with the same breaking as in eq. (3.40). As a result, also L,, corresponding to gauge
coupling renormalization, is not bg-invariant. However, one may define the quantity Lz
corresponding to the field strength tensor; this quantity has the useful properties

-1
Lps = — /dda; Fi, F" = Sae + Scee + Sceaa s (4.21)
byLpe =0, (4.22)
Lg = LC —+ LG — 2LF2 . (4.23)

Note, however, that in the limit d — 4 and evanescent terms vanishing, all the L, func-
tionals presented here become invariant under the linear b transformation in 4 dimensions.

5 Evaluation of the one-loop singular counterterm action Ss(it) in the R-
model

In this section, we evaluate the one-loop (order A') contributions that define the singular

. 1
counterterm action Sict) .

The calculations are performed in d = 4 — 2¢ dimensions. Since
the tree-level action Sp also contains vertex terms Kysq¢ with BRST sources Ky, their loop
corrections have to be computed as well. Together with the tree-level action Sy, the singular
counterterm action participates in the definition of the dimensionally-regularized effective
action I'preg. This action may not yet be BRST-invariant, and thus additional finite
counterterms will be necessary to restore the BRST symmetry, up to non-spurious (and
finite) anomalous terms, thus completing the definition of I'preg. Supposing anomalous
terms have been properly cancelled so as BRST symmetry is restored, the renormalized
effective action I'ren is then defined from I'preg at the loop-order of interest by taking the
renormalized limit, i.e. the limit d — 4 and remaining evanescent terms vanishing.

Here and in the rest of the paper, the amplitudes of the necessary Feynman diagrams
have been computed using the Mathematica packages FeynArts [84] and FeynCalc [85-87];
the e-expansion of the amplitudes has been cross-checked using the FeynCalc’s interface
FeynHelpers [88] to Package-X [89]. The group-structure invariants are defined the same
way as in the articles from Machacek & Vaughn [62-64].

5.1 Notational conventions for the quantum effective action and Green’s func-
tions

Before continuing, we define in this section some notations adopted in the rest of this
paper. The quantum effective action (see e.g. chapter 16 in [90] for a review) I'[®] is
the generating functional in the interacting theory for the one-particle-irreducible (1PI,
or “proper”) truncated correlation functions, incorporating all the quantum corrections.

It is defined as the Legendre transform of the vacuum energy functional (i.e. the sum of

"This fact appears to be in contradiction with a claim made in [30].
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all connected vacuum-vacuum amplitudes, itself defined from the partition function 7).
As such T'[®] is a functional of “classical fields” defined as the vacuum expectation values
of their corresponding field operators in presence of suitable external currents. It can be
expanded in generic d-dimensional coordinate space:

o] = Z ‘71“/ (H d?z; ¢i($z‘)> Lo (1,0 T0), (5.1)
n>2 i=1

where |n|! =[] ;ny!, with n; the number of fields of a given type j, spanning all the different
types of fields in the given 1PI function, and n the total number of fields in it. The condition
n > 2 is present because tadpoles can be eliminated (see e.g. [91, 92]) by adjusting the
external sources Jy, that couple linearly to the fields ¢; entering in the definition of the
generating functional Z[J]. The coefficients I'y, ..., (z1,...,%y) designate the correlation
(Green’s) functions defined by:

B oI [P] il () - i)y 1P
Lonegn (@150 n) = 0pn(Tn) -+ 061(21) | 4,0 = ~HnlEn) o frlm)) (52

Note that in a renormalized version of the quantum effective action, the coefficients I, ...,

(thus, the associated 1PI correlation functions) would be finite. Note also that the order of
the fields in the functional derivative matters in the case of anticommuting fields, so that

F¢n"'¢¢+1¢i“'¢>1 (T1,...,2p) = _F¢>n---¢¢¢>i+1-"¢>1 (z1,...,2y) if ¢; anticommutes with ¢;y;.
These formulae can be re-expressed in momentum space, via Fourier transform:

d _ n

n>2 j=1

where the tilde over the fields indicate that they have been Fourier-transformed. The
coefficients Iy, ..¢; (P1,...,pn) are the Green’s functions in momentum space, with all the
momenta taken to be incoming:

5"T[®]
Sn(pn) 301 (p)|5_y  (54)

Cooin (D1, - - sn) = —i{dn(pn) - d1(p1)) 11,

and the delta-distribution ensures momentum conservation for these Green’s func-

Cproin (P15 - - > ) (2) 467 ij (2m)dxn
7j=1

tions (originating from their invariance under spatial translations, in coordinate space).
When there is no ambiguity, we adopt the shortened notation f¢n"'¢l in place of
f¢n...¢1 (p1,.-.,Pn). Under these definitions, the evaluation of (¢, ---¢1) 'F'! is done using
the standard diagrammatic method, and the Feynman rules for the vertex with ordered
fields ¢q - - - ¢, are given by the value of if¢n...¢1 = (¢ - 1) 'PL.

An insertion of a local field-operator O(x) in I', denoted by O(x) - T, is defined by
the set of all Feynman diagrams where O(x) is inserted as an “interaction vertex”, or
equivalently by the generating functional (see ref. [27])

] = Z mr'/ (H d?z; ¢i($i)> (O(2) () -+ Pr (1)) T (5.5)
n>2 i=1
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The integrated insertion O - I is defined by
0. T[®] = /ddx O(z)-T[®], (5.6)

and thus invariance under spatial translations will ensure momentum conservation at the
“vertex” O in momentum space.

All the above relations are generic and may be interpreted both for the theory with or
without counterterms. Now we introduce specific notation for regularized and (partially or
fully) renormalized quantities. In the context of DReg, the effective action is first defined
for d # 4 and obtained from genuine loop diagrams and diagrams involving counterterm
insertions. At the 1-loop level we use the notation 'V for the effective action including
tree-level and genuine 1-loop contributions, but no counterterms; the object Fg%{eg contains
also 1-loop counterterms. Hence, we can write

') = Sy 4 (genuine 1P1I 1-loop diagrams) , (5.7a)
Theg = TM + Set | (5.7b)

where Sy and St denote the tree-level and the 1-loop counterterm action, respectively, and
where the argument [®] is dropped. All these quantities are still e-dependent and contain
evanescent objects. The quantity Fgl)%eg contains counterterms, which by construction must
cancel the UV 1/e divergences; hence this quantity allows the limit ¢ — 0.

The final, fully renormalized effective action at the 1-loop level is then defined by
taking the operation LIMy_,4 described in section 2, i.e. by setting ¢ = 0 and neglecting all
the evanescent objects:

1 1
F%e)n[% ®’ K@a Y, 55 //J] = IdJI—>1\4/l[ F%)]g{eg[QOa (ba K‘I)) Gi, 5’ :U’] ) (58)

where in this equation we emphasised the fact that the effective action, both in the
dimensional-regularized and the renormalized cases, depends on the fields, the external
fields, the coupling constants of the theory, the gauge fixing parameter ¢ and the renor-
malization scale p.

5.2 Calculation of the one-loop divergent terms

We present in this section the results of the divergent parts of the self-energies and vertices
of the theory, evaluated at one-loop order. In the following calculations, all momenta are
taken incoming. The blobs shown in the diagrams represent the collection of the one-
loop corrections not explicitly shown, that can be easily obtained diagrammatically via the
standard methods.

5.2.1 Self-energies

Scalar field: q;m_ _‘ _@:L

p
T nm ih mmn mn— 2Y5(S mn -
TR0 = — s, { (6 - OCalsN™ s = Va(syomp? - 22 gz

(5.9)
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Fermion field: ¢j .

Njio (1) th 2 Y2(R) ij 7
erd—}( 2:0)|giv = 6% (g ¢Cy(R) + —5 oY p Pgr, (5.10)
and for the charge-conjugated fermion field:
== 1 Yo(R)\ i~
Zrzz,cd‘,c(_pa p)|£11\), = 1672¢ (92§CQ(R) + T 6 p Pr,. (5‘11)
Gauge boson: m
2 v
p
=ba.v ’Lh2 13_3 CG_S S a v 14
il (p, —p)| ) = — 92 ( §)Ca(C) ~ 5(S) 5 P(p'p” — p*g")
ihg® 252(R) wpr v o ihg® S2(R) b0 '
5 (phmY ury a 2
1672 3 e A T e
Ghost field: & ‘
~ ihg? 3 —¢
Fbg_ (%):_Z ab2. 1
? cc( pap) div 16m2¢ 4 02(G)5 b (5 3)
5.2.2 Standard vertices
Yukawa vertex: ‘
=jim ih n/yvmysyn m aym a
i i = toa (VEOYE) YR — g€Co()YE' — (3 + T Y TR"),; Pr
; 5.14)
ih 205 (R)(3+ ) — Ca(S)(3 - ©) (
_ Y”Ym*Yn_2 ym P

where the last line is obtained by evaluating (TF*YZ'TR")i;, using eq. (3.14a):
(TR"YR'TR")ij = (C2(R) — C2(S)/2)(YR)]; -

patm (1)
ZF¢O¢¢|div =

ih
1672%¢

Y (5.15)
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Fermion-gauge boson interaction: .

V;

o) ihg [ 23+ ECa(G) + 46Ca(R) | Va(R)\ . 4,
Fdsz div = 1g7r2¢ (g 1 + 9 TRU’Y Pr. (5.16)
PG Scalar-gauge boson interaction:
G 2 q
p1 P2 +(p1,m) < (p2,n) permutation.
(I:Tn_ B _(I)_
ifg’;?”(?’“(q =—p1 — p27p17p2)\élii = (5.17)
ihg® (3 +¢ ihg —
- —(3— 02 — po)¥ Y5 (5)05 — :
i (5 a(6) — (8- 90uS) ) thnlin — 10 + 5 5 Vo1 2
G, 244
Ghost-gauge boson interaction: ]21 ]2
......).... ......) .....
C(’, é(l
3
T~cba 1) _ hg ECQ(G) abc
iletie(p2,q = —p1 — P2,p1>‘div - 167TQGTf Pg- (5.18)
Triple gauge boson vertex:
G, 243
Ll k2 +{(p1, 1, a), (p2,v,b), (ps, p,c)} permutations.
G Gb
Fcba,pz/,u _ _ (1) — 5.19
(2 Nelele] (p1,p2,p3 = —p1 — p2) div (5.19)
—h, 17— 96)C2(G) — 255(S y y y
_ 9 pabe (1T =IO Z255(5) (4, _ gt 4 (1 — )9 + (11 — )™
167 6 12
252(R . v_ L
16”26‘7”“"0 2B () 7 + s ) 8 + o1 )T
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Quartic gauge boson vertex:

pPa P3
N v

H(p1p,a), (p2,v,0) 5 (p3,p,¢), (P4, 0,d)} permutations.

Gy Gy
/pl 292\
.Sabed, v 1
iTeede” i = (5.20)
feacfebd + feadfebc
ih'g4 2(2 — 3§)CQ(G) — S2(S) eab recd ead fecb
= 1672¢ 6 (g;wgpa » JupYvo 7gMJng) ' f f + f f
feabfedc + feacfedb
) feacfebd+feadfebc
— Zhg 2S2(R) (7 = = = = = ) . feabfecd 4 feadfecb
1672¢ 3 g,uugpa 7gupgua 7guagup
feabfedc 4 feacfedb

We employed here a matrix-like “scalar product” to express in a compact form the re-

sult and to indicate how the Lorentz tensors are associated with the corresponding group
structures.

Tadpoles, and interactions with an odd number of scalar fields: for triple scalar
vertex, scalar-gauge boson vertices with one or three scalar fields, at one-loop the only
possibility is that all the scalar fields are connected to a single internal fermion loop; since
we are studying a massless theory these contributions vanish. The same reason also apply
for tadpoles in Dimensional Regularization.

P PGG Scalar-gauge boson interaction:

P4 D3
N ¥ 7
(I)n b N / /q)m
+{(p1,1,a), (p2,v,b)} and {(p3,m), (ps,n)} permutations.
G(I, Gb
M v
/pl P2\

.~mnab,uv 27194 3 + f a
ZF{)@G%M ‘82, = T6n2e (QCZ(G) - (3= §)CQ(S)> {6 ,eb}mngw/

ih
1672¢

(5.21)
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Quartic scalar vertex:

b4 D3
NN\ Y%
(I)P A N Y 4 (1)0
‘ +{(p1,m), (p2,n), (p3,0), (p4,p)} permutations.
/N
q)m/ \(I)n
s N
/Pl pQ\
mnop (1) ih 1 4 2648 2
ZF<I><I><I><I>|div = 167T2€§(3g A— g §A —4H + A )mnopa (5-22)

using the following group invariants, as defined by eqgs. (2.16), (2.17), (2.18) and (2.19)
in [64] and employing the same conventions:

1 1
Amnop = é Z {0557 eb}mn{ea’ Qb}op , Hmnop — 1 Z Tr Y]:{LY; nYﬁng ,
perms perms

) 1 5 (5.23)
Amnop = ) Z AmngrAgrop » Amnop = Amnop Z Ca(k)

perms k=m,n,o,p

where in the definition of A;gnnop the sum is performed on each scalar line represented by
the index k, and Cy(k) is the eigenvalue of the Casimir operator (66%),,, for the scalar
representation of line k. In our case the scalar fields are in the same scalar (and irreducible)

representation, therefore we have A;inap = 4C5(S) Amnop-

5.2.3 Vertices with external BRST sources

We provide here the explicit list of Feynman diagrams necessary to evaluate the Green’s
functions at one-loop, since these are not conventional ones as they contain BRST-source-

vertex insertions necessary for this formalism.

From szdGZ: there exist two different Green’s functions involving this insertion,
whose divergent parts are:

h92 3— é b, 1
— — @ .24
1671'26 4 CQ<G)5 2 (5 )

S~ 1
it (—p,p)|'t) =

<3 3
Tcba,vu (1) ihg 602(G) b
chGp ‘div - 167T26Tfa Cgl”’ : (525)
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4 - ihg® £Co(G
TR = gy 62
ANNANG 16m2e 2
A »
S7p1 NP2
Cp Ce
where we accounted for the diagram’s symmetry factor = 2 due to the fact there

are two interchangeable vertices — the (¢Gc) vertices — leaving the diagram invariant.

From Rz Sd’l,bi:

i
Ru

3
. ~jaiga(1) _  hg® §CH(G) . 4
. ZF¢CR div — 167’[‘26 2 TRij PRa,B . (527)
»
/71 NP2
w;’]—} C(l
From sq¥; R; = R;sqv;
R/
3
Sjaiga (1) _ _ hg® €Ca(G) .,
TG0 = ~ oz g TREPLas - (5.28)
/7{ D1 X P2
From Y,,,sqP,:
ﬁ;))Tn
AN B 3
SO it 0 EC2(G) g (5.29)
VaVaVaVaSy v 16m2e¢ 2
/ \}.
/71 NP2
(I)ﬂ, C(l

5.3 The one-loop singular counterterm action Ss(i,?

After computing all UV divergent one-loop Feynman diagrams, we can determine the
singular one-loop counterterm action. It is defined such that the divergent parts of the
one-loop vertices cancel:

1 1
S =Tl (5.30)

S
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Since it is the first main result of the present paper we present it in two different ways.
First, we provide the contributions with and without scalar fields separately,

1) No Scalar 1) Scalar
S(l) — S(t) contrib. 4 S( )contrlb" (531)

sct sC sct

No Scalar

contrib.

1
where S, represents the terms without any contribution from the scalar fields,

and agrees with eq. (37) of [30], and reads:

(1)No Scalar — pg2 (13 — 3¢ 17— 9¢ 2 -3¢
Sect = T6n2 5 Co(G)Saa + 5 Co(G)Saaa + 3 Co(G)Sacaa
255(R) — _ 3+4¢ _
-— (Sac + Scaa + Scaaa) — ﬁcz(R)(SJ,wR + @GwR) - TCQ(G)SEG'LL'R
3 — Cy(G
#2750 (St 5e) = S5 (S S0+ S+ S+ )|
hgz SQ(R) d 1 ~a 92 Aa
~ l6nZ 3 /d x iG 0°Gy, . (5.32)
Scalar
contrib.

1
The counterterm action Sg represents the terms generated from the scalar contri-

butions, and reads:

WS _ [ aSu(S) (o + Sicom
S, contrib. — e {—g 5 (Scc + Scaa + Sacaa) — 9 (S@ZwR t SEGwR>
3+¢

+%(3 — €)Ca(S) (Spa + Secae + Secas) — QQTcz(G) (Sece + 2Secca)

mnop

1
—Y5(S) (Sea + Sece + Secas) + 5(39414 — PN — 4H + A*)pnopSas

2C5(R)(3+ &) — C2(S)(3—¢)
nymyxyn 2 m
+ (YR (YR ) Yr—yg 2 Yr i SUTRZ-C‘I”"M)R]' the.
_ 58Gy(G) __h (S o~
A A S T aat (5:33)

It contains both additional contributions to the operators without scalar fields and contri-
butions to additional operators involving scalar fields. In both equations the monomials
introduced in eq. (3.36a) have been used; a bar such as in Sgg corresponds to taking all
Lorentz indices in the respective monomial only in purely 4 dimensions; a hat such as in
@ corresponds to taking all Lorentz indices purely in d — 4 dimensions. Using(_)again

the condensed notation [ = [d%z | the new object Soun = I i IPRY; = N %%5?1{%
corresponds to the 4-dimensional kinetic term of the purely right-handed fermion. It differs
from its d-dimensional equivalent S@w' Its appearance can be interpreted as the fact that
only the right-handed fermion component renormalizes, while the fictitious left-handed
component required to properly extend the 4-dimensional chiral fermion kinetic term to d
dimensions, see section 3.2, does not renormalize. This is understandable since all fermion
interaction vertices in the model are explicitly chiral (contain the right-handed projector
PRr), thus any fermion propagator connecting such vertices get their extra left-handed com-
ponent projected out. Any loop correction to a fermion propagator contains at least one
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such vertex connected to the fermion line, therefore such correction will only contribute to
the renormalization of the right-handed part of the fermion kinetic term.

In addition to the explicit evanescent operator in the last line of eq. (5.32), gener-
ating the Feynman rule —iﬁ2§W§“b, we obtain an additional evanescent operator S/c}; =
-1/2 fx d™mI2P™ from the scalar sector, generating the Feynman rule ip?6™". We observe
that, should we have used instead another d-dimensional choice for the fermion-gauge in-
teraction term with a y#Pg, we would have obtained many more evanescent operators.

We can re-express the result for the singular counterterms in the structure announced
in section 4 and make contact to the usual renormalization transformation. The sum of
the singular counterterms can be written as

+ s (5.34)

sct,evan ?

) _ g

sct sct,inv

where the first term arises from renormalization transformation as in eq. (4.2) and is given
by eq. (4.5):

0Zq 0% 07,
2 5 Lot 5 Le

5
+ ;ng + (B(YR)E Ly ™ + huc.) + OA™P Ly non

02—
Sctyinv = LG + ;}R Lﬂ’R +

while the second term contains purely evanescent quantities. The renormalization constants
needed in eq. (4.1) agree with the usual ones (see e.g. [62-64]) and read

h o 5(13 = 3§)Ca(G) — 452(R) — Sa2(5)

1 _
02y = T6n2d : , (5.35)
v _ _—h [ Y2 (R)
5Z¢R T 1672 (g §Co(R) + 9 ) (5.36)
m_ _h
0Zy = T6-2¢ (9°(3 = £)Ca(S) — Y2(9)) , (5.37)
(1) _ 1) ) _ h 5(22 —68)Ca(G) — 4S52(R) — S2(S)
020 = 2020) +62¢) = 5 - . (5.39)
where 5Z£p is the coefficient of S, in Ss(clt) :
h 3-¢
(1) = 2 )
025 = gmzed g 2O)s
—h  522C%(G) — 452(R) — S2(5)
D /g = 2 2 2
09°/9 = 15529 T ; (5.39)
s(Ya)W = sz — (620 + 625 12)(YR), (5.40)
where 62 is the coefficient of S—_¢ in SV
Yiig YRr; QYR sct
m,(1) _ h n Yy my*yn 2202(R)(3+£) _CQ(S)(B_f) m .
0Zyi = 1672¢ ((YR(YR )YR)—g 5 Yr y ;
1 1
5>‘£7%,7)wp = 6Zﬁiq>),mnop - 252&) )Amnop 9 (541)
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where 5Z( )

: o),
10, mnop 15 the coefficient of S¢$nmp in Syt

h 1
5Z4E‘11>) mnop 167m2¢ 2( g4A - 92£AS —4H + A2)mnop .

The evanescent counterterms appearing in eq. (5.34) can be written as

—h So(R
g {92 >(R)

_ _ _ 1. _
(2(500 + Scaa + Sccaa) + /ddl’ 2Ga“§2G,‘j>

sct,evan 1 2
67e 3 ) (5.42)
+Y3(S) ((Scm + Sogae + Secas) + 35<I>q>> } 7
with
So=80—-So for O=GG,GGG,GGGG, 2P, PGP, PGGDP . (5.43)

We close this section with the following remarks:

e The renormalization transformation as usual provides most of the counterterms. It must
be applied to the invariant part of the tree-level action, not to the evanescent part
which contains the d-dimensional extension of the fermion kinetic term. As a result the

counterterms S (1)

sct,iny COntain only purely 4-dimensional fermion terms.

e The remaining evanescent counterterms are specific to the BMHV scheme. They involve

all vertices of scalars and vectors with up to 4 legs. The evanescent terms of the form S, s
are still gauge invariant, despite being evanescent; the two additional evanescent terms
present in eq. (5.42), contributions to the gauge boson and scalar two-point function

counterterms, are not gauge invariant.

e The corresponding result for a gauge theory without scalars has already been obtained in
ref. [30]. The scalars contribute in two ways: they provide additional contributions to the
invariant counterterms S’S(Ct) iy and thus to the renormalization constants in egs. (5.35)—

(5.41). These contributions are standard and equal to the case without the BMHV

scheme. Second, there is an explicit evanescent scalar operator present in eq. (5.42). It

originates from fermion loop contributions to the scalar self-energy.

e The result presented here is specific to our choice of the regularized, d-dimensional theory
eq. (3.34), based on eq. (3.26). In particular, this choice does not generate an extra
evanescent counterterm to the fermion two-point function. Had we used another choice
out of the options indicated in eq. (3.24), the result would have been different. As an
illustration we provide here the results for the self-energies corresponding to replacing
the object Prv,Pr by 7.Pr (choice designated by “Alt”) in the fermion-gauge boson
interaction. The scalar self-energy does not change, but the fermion and gauge boson
self-energies change as

i Alt,(1 =i 1 zhg PN
0l = 0) ) — 155 C2 (RS PPr, (5.44)
a,V, 5 a,V /l/h a ~ v

ZFb N( )dAll\t;( )_ I‘b M( )|Eiliv+167€26 :()) )5 b(pﬂ +2[f)\“p +ﬁ“p 1P g,u ) (5.45)
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We see that both self-energies receive additional evanescent contributions and the struc-
ture of the resulting S, (1)

sct,evan Will become considerably more complicated. In particular,

a new evanescent counterterm to the fermion two-point function would have appeared,

Ss(clt),evan ) h/(167r26)9202(R) fm Z@za[PRQ;Z)z

6 BRST symmetry breaking and its restoration; Bonneau identities

Here we turn to the central point of our study — the determination of the symmetry-
restoring counterterms required in the BMHV scheme. We begin this section with a brief
general overview of the situation and then describe the actual evaluation.

The basic requirement is that after renormalization, the finite effective action I'gren
satisfies the Slavnov-Taylor identity,

S(FRen) =0. (61)

In the previous section 5 we have determined the singular counterterms which render the
theory finite at the one-loop level. Including finite counterterms to be determined below,
the one-loop effective action in d dimensions can be written following eq. (5.7) as

Thes = T + 8L + 542,

1
SC fct

(6.2)

where I') denotes the effective action from tree-level and genuine 1-loop diagrams (without
counterterms). The limit d — 4 exists, and the renormalized one-loop effective action is
obtained by taking the LIMy .4 Fg&eg, as defined in section 2 and eq. (5.8). The Slavnov-
Taylor identity in d dimensions can be written at the one-loop level as

Si(Thheg) = Sa(TD) + baSL) + baSt, ; (6.3)

sct

here the linearized operator by of eq. (3.45) has been used and terms of higher loop order
have been neglected.

The first term on the right-hand side of equation (6.3) is expected to be nonzero. It
corresponds to the breaking of the Slavnov-Taylor identity by one-loop regularized Green’s
functions. The second term by construction cancels any UV divergences present in the first
term. The last term contains the finite counterterms to be discussed in the present section.
These finite counterterms must be chosen such that the finite parts of the previous terms
are cancelled (at least in the LIMy_4).

The determination of the symmetry-restoring finite counterterms thus requires two
technical steps:

1. Evaluate the symmetry breaking caused by the genuine one-loop diagrams and the
required singular counterterms, i.e. evaluate Sy(I'")) and byS, )

sct *
2. Find the symmetry-restoring counterterms .S ()

tet » Whose bg-variation cancels the sym-

metry breaking.

Before presenting these calculations in detail we provide several remarks on these steps.
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o Remarks on the structure of finite counterterms. The symmetry-restoring finite coun-
terterms are not unique. In general, the finite counterterms can always be written as
(see also section 4)

St) = S S estore St (6.4)

fct fet,inv fct,restore fct,evan *

Here StV originates from the renormalization transformation (4.2) and is symme-

fct,inv
. . . 1
try invariant in the sense of (4.3); the evanescent counterterms Sf(ct)’evan

LIMg_,4 by definition and are therefore irrelevant for symmetry restoration at the one-

vanish in the

loop level.'? Therefore, the actual symmetry-restoring one-loop counterterms are given
by g

fct,restore”
by renormalization transformation and/or evanescent terms. What we will provide in

They are clearly only unambiguous up to shifting around terms obtained

the present section is one particular representative choice for these symmetry-restoring
counterterms.

e Remarks on the technical evaluation of the symmetry breaking caused by the first and
second terms on the r.h.s. of (6.3). There are several methods to determine the breaking
of the symmetry. An obvious one is to directly compute all the required Green’s functions
and plug them into the Slavnov-Taylor identity. Such a direct approach was used e.g.
in ref. [32] for comparing the BMHYV vs. the naive 75 schemes in flavor-changing neutral
processes, in refs. [34, 35] in the study of chiral gauge theories and e.g. in refs. [33, 36, 93]
in similar applications on supersymmetric gauge theories. An advantage of this method
is the direct connection to Green’s functions appearing in physical processes and the
explicit control over the symmetry breaking.

A second, more indirect method is based on the reqularized quantum action principle,
established for dimensional regularization in ref. [19]. This regularized quantum action
principle implies

SyrMy=A.TM (6.5)

where A = 545 is the original tree-level BRST symmetry breaking eq. (3.39), while the
full r.h.s. denotes the generating functional of one-loop regularized Green’s functions with
one insertion corresponding'® to A. Using this relation, the computation is simplified
since the r.h.s. involves far fewer, and simpler Feynman diagrams than the left-hand side.
Furthermore, it does not involve the evaluation of products of 1PI Green’s functions, as
would be the case in the direct approach. This indirect method has been applied in
the literature, e.g. in ref. [19] to scale invariance, in [30, 31] to chiral non-abelian and
abelian gauge theories at the one-loop level, and in refs. [51, 94, 95] in a similar way to
supersymmetric theories at the 2- and 3-loop level.

In this work we will apply the second method, that we find more advantageous. Section 6.2
will also present additional reasons why it is so.

12The choice of one-loop evanescent counterterms will have an impact on two- and higher-loop calcula-
tions.

3The r.h.s. of eq. (6.5) also contains the tree-level result eq. (3.39), but this tree-level result will be
irrelevant in the following when we take only the UV divergent part and/or the LIM 4,4 of eq. (6.5).
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In view of these remarks, the condition that the Slavnov-Taylor identity is satisfied at
the one-loop level in the 4-dimensional limit can be written as

0 = LIM ([3 Ty + bgSY + [A - TM]g, + bSH ) : (6.6)

d—4 sct ct,restore

where the subscripts “div”/“fin” denote the 1/e and finite parts, respectively. This is
the defining condition for the one-loop symmetry-restoring counterterms. The following
section 6.1 will present the evaluation of the divergent quantities [3 . F(l)]div and deSt),
and section 6.2 will present the evaluation of the finite parts of [3 . F(l)]ﬁn. In section 6.3

we will determine and present the required finite, symmetry-restoring counterterms.

6.1 Evaluation of [3 . TM]4;v and comparison with des((::lt?

In this subsection we present the evaluation of the divergent quantities appearing in
eq. (6.6), i.e. [3 . F(l)]div and degt). By construction, it is clear that these two quantities
must add up to something finite; however, we will show in the following that they actually
add up to zero. The basic reason is that both quantities are pure divergences, and no terms
of the form e/e are generated from combining evanescent terms with UV singularities.
We start by evaluating des(Clt) .
in the invariant part of the singular counterterms in egs. (5.34), (4.5) are bg-invariant, except

First, as explained in section 4, all the L, terms present

for L. and L, where bgL. 4 = A. Several of the evanescent terms specified in eq. (5.42) are
bg-invariant as well.

We therefore need to evaluate bd((Yﬁ(Yg)*Yﬁ)ﬁSﬁc@me + h.c.) and bg((3g*A —
i i

4H + A2)mn0p5<1>$n nop). In the first term, the action of b; generates a group structure that
can be simplified using the gauge-invariance property eq. (3.14a). After this simplification,
we end up with a structure oc 65, (YA (YZ)'YS + YR(YE)*Y)i; that cancels due to the
antisymmetry of 8%. Let us now turn to the second term:

bd((394A —4H + Az)mnopSCD

4mop)
mnop

a 9
= 4(3g"A —4H + AQ)Wpequ / d%x coSgs - (6.7)

The group factor is completely symmetric in its indices, much like the tree-level scalar self-
coupling Amnop, and its contraction with 05, can be rewritten similarly to eq. (3.15). For
each term involved: Aqnopﬁngq)%mop, Agnopegms% nop and anopﬁgm&p;;mop, we throughly
exploit the allowed symmetrizations in group indices so as to exhibit contractions between
symmetric and antisymmetric symbols or internal cancellations, leading to the complete
cancellation of these three terms. The last term in Hg,,, furthermore requires the usage
of eq. (3.14a).
All in all, we obtain:

y_ _—h §C(G) R, 252(R) 1 vnroia  2Ya(S), —
des(ct) = 1672¢ {92 9 A+923bd/dd.%' §G ko GN + deS@cp , (6.8)

where, in the last two terms, by actually acts like the BRST transformation, leading to:

1. _ _ _ _ _ _
ba / ate GGy = / dz (5, PGl = / A (B ot g PG PGE,  (6.93)

o ~1
baSee = by / A%z 7%52% —— / A% 2 (4P ) 0>, = / A%z igh?, ¢ ®,,0°®,. (6.9D)
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We note that the breaking terms are organized according to the field sectors: one for the
fermions (proportional to the tree-level breaking A), one for the gauge bosons and one for
the scalars. We further note that, as announced, eq. (6.8) is a pure 1/e singular term;

no finite terms are generated by applying the d-dimensional operator by onto the singular
counterterm action.

For evaluating [K-F(l)]div we calculate the one-loop vertex corrections with insertion of
the A evanescent operator. All momenta are incoming and all the results use d = 4—2¢. Be-
low is the list of all diagrams with a A insertion that have a non-vanishing divergent part:

N b. A b . 7\ .
Ac“GH. Acaunﬁ. ActPmP™

s
P N e ok AY
G, 7 p2 G Py p o
+(p1, 1, 0) <> (p2,v,0) +(p1,m) < (p2,n)
permutation. permutation.
A A A A Ca
u -
/7p2 NpL /7p2 NP1 _7{]?2 Apt 7p2 NP1
¥ W) 5
(a) Vanishing diagrams. (b) Diagrams giving the Pr and Py, contributions
respectively.
2
R pbau(l hg® S2(R) cqp ~o
Z[A ’ FC?CM]EH\)I = 167'('26 3 5abp12p1‘u y (610&)
R ba, v (1 —ihg3 Sa(R) ~ o~ 2\—py
A TEEM = Toae 5 "B — 27", (6.10b)
TR a1 —hg 2Y>(S) 9
Z[A ’ Fggca]éix)l = 1672¢ 3 Qﬁm(pf - p22) ) (610C)
3
(R pibai) _ _hg® £C(G) ~ ~
i[A - F‘Z/;fc]div = 16,2 5 TR%(H/I[PR + HQ[PL) . (6.10d)
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The sum of these 1PI contributions evaluated in this section constitutes the non-vanishing
contribution to [A - F]((ﬁ‘),:

1672¢ 2

+2Y2’3(5) / g igegmca@mé%n} , (6.11)

[3 ' 1_‘]511“)/ _ h {92 SCQ(G) 3 + g2 SQéR) /dd$ (gﬂca + gfabcéb,ucc)é?éz

and by comparing with eq. (6.8) that provides the expression of byS () e conclude that

sct
there exists a perfect cancellation between deS(Ct) and [A F]g“), as we expected.

6.2 Bonneau identities and the evaluation of LIMd_>4[3 . F(l)]ﬁn

This subsection presents the evaluation of the finite quantity appearing in eq. (6.6), i.e
LIMd_>4[£ -T(M]g,. This is the central quantity which describes the one-loop symmetry
breaking caused by the BMHYV scheme for 5. As mentioned around eq. (6.5), this calcu-
lation will provide a particularly efficient way to evaluate the symmetry breaking. Indeed,
this finite quantity accounts for the finite part of the Slavnov-Taylor identity which, if we
were using the direct method instead, would be evaluated using products of 1PI Green’s
functions, including their finite parts, which is in general a difficult matter. Here instead,
only UV-divergent parts of specific Green’s functions will be required, as we will see.

At first order in A, our quantity of interest may be expressed as

LIMA - TM]g, = [N[A] - Pes] D, (6.12)
d—4
where the subscript “Ren” implies minimal subtraction and taking the LIM4_,4. Here N[O]
denotes the Zimmermann-like definition [27, 96-98] of a renormalized local operator (also
called “normal product”), defined as an insertion of a local operator O and followed, in the
context!'® of Dimensional Regularization and Renormalization, by a minimal subtraction
prescription [99].

Let us begin with further comments on how to evaluate [N[A] - Tren])). At the one-
loop level, it is reasonably straightforward to carry out a direct computation, extending
the computation of the divergent parts in the previous subsection. However, it is useful to
first discuss the structure of the computation in more detail.

The BRST breaking vertex operator A in its local form is proportional to the evanes-
cent metric: A = Gu A, see eq. (3.40), where A" contains 0#~" covariants, so that A
can be re-expressed as: A= (9w — Guv)AMY. Finite contributions are generated once A is
inserted into loop diagrams, and the evanescent numerator combines with a 1 /e singularity
to form a finite term that behaves schematically as €/e.

Hence, we can expect that the finite symmetry breaking can also be obtained from
extracting only the singular parts of suitable diagrams. Such a relationship is provided by

The actual definition for a “normal product” depends on the chosen renormalization procedure: for
example in BPHZ renormalization, where the renormalization is performed by subtracting the first terms of
a Taylor expansion of loop integrands up to a given order (called “degree” of subtraction), different normal
products are associated to the choice of the “degree” of subtraction [27].
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an identity due to Bonneau [46, 47]. The general form of this identity is very involved,
and we refer to [30, 46, 47] for it. Here we discuss its essence and its form applied to
our one-loop case. This will provide valuable additional understanding of the symmetry
breaking as well as a reference for future two-loop calculations, where Bonneau’s identity
will be even more useful.

The essential property contained in the Bonneau identity can be explained with the
help of the equation

N[A(2)] = Nlgu A" (@)] = N[Gu A" (2)] = N{gu A" ()] = g N[A™ (2)] . (6.13)
The first equation in (6.13) makes explicit the appearance of the evanescent metric, which is
decomposed as g,,, — G- The second equation highlights that pulling the metric out of the
minimal subtraction procedure is possible only for the purely 4-dimensional metric, but not
for the d-dimensional metric where doing this operation would not commute with the min-
imal subtraction procedure, and therefore eq. (6.13) does not vanish. Note that N[A*(x)]
is a 4-dimensional object since it has been submitted to the renormalization procedure,
therefore its contraction with g,, is the same as its contraction with g,, from outside.

Using this notation, the one-loop version of the Bonneau identity then reads

_ SR
N[O Pren] V) = LIM <—r.s.p. [(9 : r} g:()) . (6.14)

Here on the right-hand side “r.s.p.” means the residue of the simple pole in v =4 —d = 2¢

15 The Feynman rules corresponding to

of the 1PI Green’s function under consideration.
the operator O are obtained from the ones for O by formally replacing all the evanescent
Lorentz structures by their corresponding d-dimensional versions contracted!'® with the

symmetric “metric”-tensor g,,,, possessing the following properties:

99"’ = 4wd”’ =39, , Guwg”* =0, gr=1. (6.15)

This symbol can be understood as corresponding to the evanescent metric g,, such that
its trace has been normalized to one. This explains also the appearance of the minus sign
on the right-hand-side of eq. (6.14): its left-hand-side is proportional to g,, which satisfies
Guv§"* = —2¢. The equality eq. (6.14) implements the intuition developed above: the finite
part of the breaking can be obtained by evaluating the UV singularity of suitable diagrams,
involving the object g, .
The significant advantage of using the Bonneau identity is that it further simplifies the
evaluation of the required LIMg_,4[A - TW]g, = [N[A] - Tren]® to an evaluation of
LIM (—r.s.p.[A : r}gjo) : (6.16)
i.e. we need to determine all UV-divergent 1PI 1-loop diagrams with an insertion of A.
Clearly, at fixed loop order there is only a limited finite number of UV-singular diagrams

5] e. since we evaluate the divergent parts of the 1PI Green’s functions in d = 4 — 2¢, we will have to
take a factor 2 into account.
For example: 5 = p,p.§"" — pup.§"” = p*, and so on. ..
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to be evaluated. This constitutes the main advantage of this method. In the following, we
will present an exhaustive list of all diagrams contributing to the breaking and determine
their values.

6.2.1 1-loop vertices with insertion of A

As presented above, we need to evaluate all the non-vanishing contributions to the finite
breaking of the Slavnov-Taylor identity at the 1-loop level, i.e. all the non-vanishing contri-
butions to eq. (6.16). This requires evaluating the contributions to the breaking functional
[N[A] - Tren]®, see eqs. (6.14), (6.16).

We now discuss how this quantity is evaluated in practice, at 1-loop level. Eq. (6.16)

(1)
=0°

tion of 5, that also are UV-divergent so as to give a non-zero contribution when taking

tells us we first need to evaluate [A - T i.e. all the 1PI 1-loop diagrams with an inser-
their r.s.p. As mentioned above, at the level of Feynman rules A is obtained from A by
converting all occurrences of evanescent Lorentz symbols inside it into contractions of their
corresponding d-dimensional versions with the g,, symbol. Evaluation of the obtained
diagrams is then performed using standard loop techniques, and is followed by a complete
tensor contraction and simplification (including Dirac structures) so as to eliminate as
many g, symbols as possible, using the properties eq. (6.15). Finally an e-expansion is
performed in order to keep only the simple-pole terms. The property g = 1 of the g,
symbol has the effect of selecting the contributions of interest originally coming from the
evanescent operator B, that would have otherwise been absorbed into the finite part if the
Juv symbol was not used and the original evanescent metric g, was used instead.

At the end of the calculation the remaining g, symbols that have not been already
eliminated (signalling the contribution of higher-order evanescent quantities) have to be
discarded: indeed, according to the Bonneau identity, these remaining contributions would
be one h-order higher. Finally, the different Lorentz structures arising from the calcula-
tion of the Green’s function can be obtained and their corresponding coefficients can be
extracted out.

In the following, we provide the list of all these non-vanishing contributions. For each
contribution, we provide the associated Feynman diagram, its result, and the correspond-
ing contribution to the breaking functional [N[A] - Tren](!). Besides, since the operators
contained in this functional are fully expressed in 4 space-time dimensions, we will omit all
the “overlines” that would otherwise be present over all the Lorentz covariants (vectors,
tensors, fields, to symbolize their 4-dimensionality), so as to simplify the notation. We are
as well employing the same notations for the integrated field monomials as in eq. (3.36a)
(section 3.2), but now all defined purely in 4 dimensions.
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2
X pbagn() _ —hg” S2(R) cap_o
i[A T gy = 167T26T5 P pit, (6.17a)

corresponding to the contribution

hg® S3(R)

N[A] - Trea]®
INIA] Tren] ™ 2 76755

/ d'z (0c,)(9°G2). (6.17b)

+(p1, p, b) <> (p2, v, c) permutation.

.t X cba,vpy(1 —ih 93 abc [ (— — 2\—uv
A TEE 0 = (o g |Se(BF™ (0~ 72")7"

—2pT"pTY + 2p3"P3”) + Zd%)ce“”paﬁp@(,] , (6.18a)

where we have defined the fully symmetric symbol d%¢ = Tr[Tr*{Tr’,Tg"}] for the
R-representation. This 1PI Green’s function corresponds to the following contribution in
the Bonneau identity and exhibits an anomalous contribution (second line):

~ A 2 S (R)
) (1) - g 2 4 abe,. Ab (a2 Jr  oamary e
[N[A] - TRen]* D 62 3 /d x gf*"caG, (0% 2019")GS
2 jabc
_ 17:ég7r2 d]; /d43: geﬂupaca(apGZ)(ﬁaGf,). (6.18b)
< arib e i,
Ac GuGqu'
A CU

+{(p15 122 b) ) (p27 v, C) ’ (p3a P d)} permutations.”

4
g e —
div — 1672¢ 6 (pl + D2 +p3)a—

X (3G (A 4+ A /2 4 305 (AR + AR /2

o —h
. dcba,prpy(1
i[A - T e u]( ) _

Pl N
b d
G# D1 P3 Gp

A D2

GOAFD + AR 2 DR (6.19)
G

"The third term of our calculation (x §*°g"?) agrees with equation (53) of [30]; however, an apparent
discrepancy arises when comparing the first two terms (o g"”g”? and « g"”g”° with different group factors)
with equation (54) that tells that both p1,g"* and p1,g"" acquire the very same coefficient.
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Introducing the notation (Tg)* % = Tr[Tr™ ---Tr""] for the trace of a product of same
group generators Tr®, we have employed in the previous equation the group factor

A%zcd — (TR)abcd _ (TR)abdc + (TR)acbd _ (TR)acdb + (TR)adbc + (TR)adcb (6.20)
— (TR)abcd + (TR)adcb _ SQ(R)facefbde — (TR)acbd + (TR)adbc . 52(R)fabefcde
— (TR)abdc + (TR)acdb _ S2(R)(fabefcde + facefbde)

((TR)abcd + (TR)adcb + (TR)acbd + (TR)adbC) o 52(2R) (fabefcde + facefbde) ’

and we have defined the fully antisymmetric symbol'® D! = (—4)3! Tr[Tr* TP TR TrY] =
5 (dgbe feed - qgee fedby ggde febe) for the R-representation, following the notations of ref. [30].
The 1PI Green’s function eq. (6.19) corresponds to the contribution

N i 4 abed
IN[A] - Tren]® > wfr?Afg / A4z ¢, (GZGC“G,‘f)

B hg4 DaRbcd
1672 3 x 3!

4 vpo b e ~d
/d T caeP7d), (G#GVG[,) , (6.21)

and also exhibits an anomaly (last term).

Ac“@mq)":

+(p1,m) <> (p2,n) permutation.

—hg Ya(S)

A Toali = [gr g O P1° —P2).  (6:22)
y; N 167m%¢ 6
(DHL /];1 pQ\ (I)n
corresponding to the contribution
~ h Ys(S) .
1 2 4 a a 2
[N[A] - TRen]M D 673 / Atz igh?,, *®,,0°®,, . (6.22D)

X abFgman.
ACGM'I><I>.

X i htad! 1 hg2 1— . :
iR DR = oo b+ P2+ po) T | 2T TRPH(YVE) YR + (VA) YR

TR YR TRYE - Tat (VR TRYE] . (6.233)

where, of course, the different ways of inserting the fields in the fermion loop, as well as
the permutations of field legs of the same type, have to be considered.

The term Tr[---] is equal to (Sg)® = ((Cr)®, + (Cr)?, + m < n)/2,
completely symmetric by exchanges a < b and m <« n, and (Cgp)? =

8Here and in what follows, we employ the standard indicial notation for the (anti-)symmetrization
of tensor indices (or subset thereof): Tl anl — L3 o(m)T W ... T and Tlovant —
% Zw Tr() ... T%(n)
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+(p2,m) > (p3,n) permutation.

Tr [2{Tr* Tr"} (Y)Y — Tr*(YZ)*T5"YE]. Thus, the 1PT Green’s function eq. (6.23a)
corresponds to the contribution

2 h (Sr)i 9’
1 4 b
INIA] - Tren] V) 5 =5 = m / d'e Leod (G/@m@”) . (6.23b)
Besides, it is interesting to note that Tr [Tp*(YZ)* T5'YE]| = Tr [TR°YETR (YE)*], due
to the symmetry properties of the Yukawa matrices and the definition of the generators in
the conjugate representation.

Acad—"’:aa?’bj’ﬁ:
A A A A .
V/'\v /'\ - .
/7p2 NP1 P2 Xp1 '7{102 \pt 7p2 NP1
Y Vh W
3
X a1 hg® [C2(R) —Ca(G)/4 C2(R)/6 — C2(G) /4] . 0o ——
ilA - FZpJ,c]div = 1672¢ 5 +(€—1) 5 Triiph + p2Pr
hg 1 m* a m T L
1671‘261((}/}2 ) Tﬁ Yr )l]m ‘I'HQIPPV (6.24a)

Note that here, contrary to the previous case when we inserted the evanescent A
operator eq. (6.10d), the first two diagrams do not vanish, and the one with the
scalar propagator provides the last scalar contribution in eq. (6.24a). Using charge-
conjugated fermionic legs, the scalar part becomes: %(YIQLTRCL(YQ)*)jimPL =
- 16f:f26((Y£1)*T§“Y§")UMPL. This 1PI Green’s function corresponds to the contribu-
tion

[N[&] . FRen](l) 5 _1Zi2 {92 |:02(R) _ CQZ(LG) + (5 _ 1) <C2éR) . C2EIG)>:| TR?J’

+;((Y£L)*TR“Y£1)@} / d* 2 0, (Py"PrY;) . (6.24b)
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=g
[_J>g

/7{ D1 Np2 /7{ D1 \\ D2 /ﬁpl \\ b2

(a) Vanishing diagrams with fermion-scalar interactions.

A A A
[ ]
[ ]

/; D1 Xp2 /7{ D1 \'\ D2 /ﬁpl \\ b2

(b) Vanishing diagrams with fermion-gauge boson interactions.

A A Ca
[ u -
p?"‘/ Np1 paf \"pl
v v
(c) Diagrams cancelling with each other.
A A Ca
u - A A 5
. -
j%pQ "1 j P2 AP /’1)2 pr 72 \D1
U3 Vs ¥ v

(d) The four contributing diagrams; their group structures simplify considerably when summing the
first two (and last two) diagrams together.

LCGGZ"/_)i,ad’j,B:
4 4
SR T Jnba,p 1 _ _hg §CQ(G) abe_c —p - _hg gCQ(G) a b1 =p
Z[A F?/HLGC ]div = 167‘(‘26 3 Zf TRij’}/ IPR = 167['26 78 [TR ,TR ]Z]’y IPR . (6.25&)

Note that both the diagrams with the scalar propagators, and the diagrams with a gluon
propagator connecting the fermions, are finite and thus do not contribute. Also, in our
model there is no GG® vertex. The two diagrams with a gluon propagator connecting a
fermion and the ghost leg cancel each other. The four remaining diagrams sum in pairs

43 —



and their group structure simplify to get the simple result quoted above.
This 1PI Green’s function corresponds to the contribution

—i ’ Ca(G ; abc c .
167Tg2 E24()/d4$192f ’ TRijCa@bi@bﬂDRipj- (6.25b)

[N[A] - Tren]™ D

D(
| g

7{ D1 X p2 74 D1 \\ D2

(a) Vanishing diagrams with fermion-scalar interactions.

[><

A
[

7{1?1 X P2 741)1 \\m

(b) Vanishing diagrams with fermion-gauge boson inter-

actions.
A A X X
= = 2 2 Ca
| -«
b Nn A N .
P P P P P2t Xp1 p2t. NP1
J /s
() (o
(c¢) Vanishing diagrams with fermion-gauge bo- (d) Diagrams cancelling with each other.
son + fermion-scalar interactions.
A A .
| -«
/{PQ Np1 p2f. piN
J J
(o (o

(e) The two contributing diagrams.
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Acai)m’([)ici,a’([)j,g:

3 3
X piiima 1) _ g €Ch(G) o o _ g’ C(G) o am
i Fww%c]div 1672 8 (YR)ij0mFr - 1672 8 (TR"Y' = Y Tr")isPr -
(6.26a)

Similarly to the previous case Ecan&’aijg, the diagrams with scalar or gluonic propaga-

tors between the fermions, and also those with the vertex G®® and scalar/gluon propagator
between the fermions, are finite and thus do not contribute. Also, the two diagrams with a
gluon propagator between a fermion and the ghost leg cancel each other. The two remain-
ing diagrams form a pair whose total amplitude acquires a simpler group structure, after
using the relation coming from the gauge-invariance of the Yukawa Lagrangian eq. (3.14a).
Thus, the 1PI Green’s function eq. (6.26a) corresponds to the contribution

~ ihg® £Cy(G —
[N[A] - Tren)® o : Gfr . 524() / iz 2 ( R)0% 0 Ca® ™0 PR, . (6.26b)
Associated with this term is the complex conjugate process Acatl)m@i@wfﬂ that generates
a similar contribution to the Bonneau identity:

[N[A] - TRen]® > izg 2502 / d* @ = (YR)E 0%, ca®™ i, PLYS | (6.26¢)

6.2.2 1-loop vertices with insertion of one BRST-source-vertex and A

At one-loop, and up to mass-dimension 4, the only 1PI diagrams containing a single inser-
tion of A and one BRST-source-vertex are those that only have one insertion of Rsgi) or
Rsgp BRST-source-vertex; these diagrams have mass-dimension four. The reasons are as
follows.

These diagrams should also have ghost number one since these are constituents of the
Slavnov-Taylor identity. The restriction on their mass-dimensions imposes that the sum of
the mass-dimensions of their incoming and outgoing fields and derivatives, has to be smaller
than or equal to four. The BRST sources appear only as external fields and cannot be
enclosed into loops, and their mass-dimensions are large (see table 1). Furthermore, both
the operator A and any of the BRST-source-vertices contain only ghost fields, therefore
all ghost lines from A and any of the BRST-source-vertices give rise to an external ghost
line. Thus the mass-dimension and the ghost number constraints allow only the following
operators: pGece, pOce, Ccce, Ripce, Ripcc and Y®ce. The operators pGee, pOce, (cce
and Y®cc imply that the fermions from A are enclosed into a loop, in which case one
cannot form at one-loop level a 1PI diagram with the BRST-source-vertex. The remaining
operators Ricc and Ricc may arise from one-loop contributions if one of the fermions of
A is contracted with a fermion from one of the operators Rsqi or Rsgi.

Only the following diagrams are therefore generated:

EcaCbRi,ade,ﬂ:

—ihg* £Co(G)
1672¢ 8

& i) _ it €02(G)

. pab .
pRec!div 1672¢ ] if CTR% Pr =

[TRa, TRb}Z’j UDR y (6273)
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J
Cq Cy B
+(p2,a) <> (p3, b) permutation.
corresponding to the contribution
~ hg? £05(G N =
[N[A] - Tren]® Fif 24( ) / dz 2% TR v RyPRa; (6.27b)

??pz Afpg g iAD3
Ca Cp
+(p2,a) + (p3,b) permutation.
EcacblﬁiyaRj’ﬁ:

ihig* £Ch(G) _ihgt £C5(G)

i[A - FRicc]div = IGWQETZ]M “Tri;PL = =P (TR, Tr");PL,  (6.28a)
corresponding to the contribution
~ hg? £C9(G 2 -
INTA] - Tiag | > —L9_8C2(G) [ a9 FOeTRS e PLR, . (6.28b)
1672 4 2 J

Note that only the diagrams with a gluon propagator connecting the two ghost lines do
contribute, while those where the gluon propagator connects one ghost line with a fermion
line do not.

6.3 Finding the BRST-restoring finite 1-loop counterterms

In this present section we evaluate the BRST-restoring finite 1-loop counterterms Sf((}t)’rest ore”
From eq. (6.6), we see that these finite counterterms are defined such that their 4-
dimensional linear BRST transformation be(clt),restore cancels [N[A] - Tren]®, which has
been evaluated in the previous section 6.2. We calculate these counterterms without im-
posing constraints on the fermion group representations and we also obtain the expression
for the gauge anomalies as a by-product. These finite counterterms will be sufficient to

restore the BRST invariance if the anomaly cancellation condition is met [28].
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In order to prepare our calculations and make them easier, it is reasonable to as-
sume that SV

fct,restore
monomials whose structure can appear while calculating 1-loop Feynman diagrams. We

will be a linear combination of all possible mass-dimension < 4 field

therefore first evaluate all the linear BRST transformations of these monomials in sec-
tion 6.3.1, then we combine these results and compare them in section 6.3.2 with the terms
from [N[A] - Trea]!) s0 as to find the finite counterterms St

fct,restore”

6.3.1 Evaluation of linear BRST transformation for some field monomials

The following calculations are also performed in 4 dimensions, so we will again omit all the
“overlines” over all the Lorentz covariants so as to simplify the notation. The notations
for the integrated field monomials are the same as in eq. (3.36a) (section 3.2), but now all
defined purely in 4 dimensions. We obtain:

1 a a aoc a
b/d4:c 3G HOPGY = /d4af (0"ca + gf ™G ") *GY, (6.29)
bSag = b [ diz 2Ga(g0? — 040)GE = —gfte [ dia UGl (gh O — 040V)GE, (6.30
ca = z 5 G(g" 0" — )Gy =—gf z G (9" 0" — )Gy, (6.30)
where we used the fact that (9,c%)(g"*9? — 0*9")G% = 0 when using integrations by parts.
2
bSaaaa = _%(fabefcde + face]ebde) /d4$ 9, (GZGCMGdV) . (631)

In this calculation, a term proportional to [ dtz cf GZGb“GﬁGd” actually cancels. Indeed,
its prefactor is given by: (f°9 fbd9 4 fadg fbeg) faef swhich vanishes after symmetrizing with
respect to the group indices e <> b, ¢ <> d, and the set (e,b) <> (¢,d). Also, because
& [d'z FLF*"™ = Saa + Scca + Scaa is gauge-invariant, b [ d*z F, F*" = 0 and
we have:

bSaca = —bSaa — bSaaaa - (6.32)
b(TR)“de/d4x GZGqulc/GdV _ _((TR)ade + (TR)acbd + (TR)adbc + (TR)adcb)
x / dtz 0, (GLGG™) | (6.33)

As before, a term proportional to [ d*z of GZGb“GﬁGd” cancels. Its prefactor is given by:
((TR)™e 4 (Tg)* + (Tg)e 4 (Tg)dcb) faef (using the shorthand notation (7)™ =
Tr[TR% - - - TrY]), and vanishes after symmetrization with respect to the group indices e <+ b,
¢ <> d, and the set (e,b) <> (¢, d).

-1
bSpp = b / d*z ?tbma?@m = / d* z igh?,, " ®,,0°®,, , (6.34)
e
bSecae = — 50 0 }mn / d*z () GL™ D", (6.35)
and because %(DMQY”)2 = Soa + Soce + Secce is gauge-invariant, b(D,®™)? = 0 and we

have:
bSecs = —bSes — bSacaa - (6.36)
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a

For an arbitrary group symbol C% .,

e / d'z (0"®™)GLE™ = —Ch, / d*z (02 ™)P"
— (Gt i) [ dta @) (9,07)
g 1+ O Ch — Ch)] [t Gham v

9 na a a mgn
DO, 00, [t @G, (63)
and, for an arbitrary group symbol C%
bc, / d*z GG = —SI / d*z "9, (Gb%mcﬁ") , (6.38)

where S% = (C2 +Cb +m <+ n)/2, completely symmetric by exchanges a <+ b and m >
n. In this calculation, a term proportional to the field monomial fd4x caGZGdf‘(I)mq)"
actually cancels. Indeed, its prefactor is given by: f4S% — 2 Sb4 and one can show
that its contraction with the field monomial vanishes after symmetrizing with respect to
the group indices (b,d) and (m,n).

We explicitly evaluate in addition the following 4-dimensional linear BRST transfor-
mations of the following fermionic operators, as these are the ones being involved in the
definition of the finite counterterm action, which is naturally defined in 4 dimensions.
(Note that if we were interested in their d-dimensional version, these would contain extra

evanescent contributions.)
bS5y, =b / d* z i, = gTrS; / d*z ¢, (viy"PrY;) (6.39)
b(S 5 S )= -9 ha 4 aFm nC . [N C
( Reyr + Rcz/;R) - —H‘Eenm d*z P (YR)Uwz IPij + (YR)ij %[PL%

2 . _ .
i 1 [ ato o (RPu, - PLRY)
(6.40)
+ 9 " Trj; / d*a ¢, ¢ PR

+ gTR?j /d4 x Oy (@ﬂ“ﬂ’mﬁj) .

6.3.2 Grouping all results together — the finite one-loop counterterms
The total contribution of Ac*GY, + Ac*GLGE + Ac*GELGEGY eqs. (6.17b), (6.18b), (6.21)
is equal to:

_ hg2 SQ(R)
1672 6

2
b (5SGG +Saaa— / d*z G““@QGZ> + %(TR)“deb / d*z GZGb“G,ﬁGd”} ,
(6.41)

together with relevant anomalies

th ( d(}z{bc D?{de

/ d'a ge e, (9,G)) (9,G) + 1 / d*a gPc,e "0, (GﬁGﬁGﬁ)) .
(6.42)

1672 3
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The contribution of Ac*®™®" eq. (6.22b) is equal to:

_h Y5(S)
1672

The contribution of ACQGZ(IY”‘I)” eq. (6.23b) is equal to:

bSaq . (6.43)

h (CR)(TZrlL)n
1672 3

2
g a m n
/d4:v2 GG (6.44)

with (Cgr)2, = Tr [2{Tr" ,TRb}(Ym) Y - Tr(YR) Ty bYR]
The total contribution of Ac® s alip + AceGb T/)zoﬂl}]ﬁ + Ac“q)mipcz Vs t+
Acrdmyp, a?/) + A A Riatjp + Ace i o Rj s egs. (6.24b), (6.25b), (6.26b), (6.26c),

(6.27Db), (6. 28b) is equal to:

—h92 §—1 h ((Ylf}n)*TﬁaY}?)ij 4 a
162 <1+ 6 >CQ(R)bS¢,¢} + 16,2 5 b/d z g, ¢ Pr;
hg* £C5(G)
t 162 4 b(Skepr + Srepr) - (6.45)

All in all, the BRST-restoring finite counterterms defined in 4 dimensions such as

b f(jt)mestore cancels the contributions from [N [ﬁ] -FRen](l), are:
1 h 2(R) apa2a) , Y2(S)a—
Sf(ct)restore 1672 {g 6 <5SGG+SGGG - /d4l‘ G #aQG#> + 3 S(I)@
abed ab 2
_|_g T /d4 GaGquchu (CRg)mn/d4mg2GZGbuq)m(I)n
e OV,
£Co(G)
_92 4 (SRCT/)R +SRC’(Z17R) ’ (6'46)

with (Cr)%, = Tr[2{Tr", Tr"}YZ)*YE — Tr*(Y{?)*T5"Y}], and the relevant (non-
spurious) anomalies are:

h92 d(ll?,bc 4 nvpo b c D?%de 4 2 nvpo b e ~d
~ 167 ( 3 /d x g€ co(0,G,)(05GY) + 33l /d x g c P’ 0, <GMG,,GP>>,
(6.47)
with the fully symmetric symbol d‘}%bc = Tr[Tr*{Tr®, Tg}], and the fully antisymmetric
symbol D = ()3 Te[TrTR*TrTr?] for the R-representation. In realistic renormal-
izable models, the fermionic content and the associated group representations are chosen

so as to cancel these anomalies, i.e. by cancelling separately both ), d“Rbc (proportional to
the usual triangle anomaly) and 3~ p D@<d

This equation eq. (6.46) thus represents the main result of this paper. If the anomalies
eq. (6.47) are canceled, these finite counterterms are necessary and sufficient to restore the

BRST symmetry at 1-loop level in the BMHV scheme. They are necessary building blocks
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for a consistent 1-loop application of the scheme, and they are vital ingredients in two-
loop and higher-loop order calculations. It should be noted that these finite counterterms,
purely 4-dimensional and non-evanescent, are not gauge-invariant! They modify all the
self-energies, as well as some specific interactions: the gauge-boson self-interactions, and
the interactions between gauge-boson and scalars or fermions.

As previously mentioned in the remarks around eq. (6.4), one can also add, to these
BRST-restoring finite counterterms, any other finite counterterms that are BRST-invariant,
or even that are evanescent (because they will nonetheless vanish after taking the LIMy_4),
when being defined in d dimensions. However, both of these will not contribute to BRST
restoration; they will instead only correspond to a change of renormalization prescription
for higher-order calculations, see discussion below eq. (4.4) in section 4. For example, the
BRST-invariant finite counterterms could contain a linear combination of the L, function-
als defined in eqs. (4.7), (4.8).

7 The renormalization group equation in the renormalized model

In the present and the subsequent sections, we present the derivation of the renormalization
group equation in the BMHV scheme. We focus particularly on the role of the extra
counterterms specific to this scheme. Since the result will be equal to the known one, this
serves as a check of the procedure and as an explanation how the additional counterterms
can be treated. The present section uses methods from the abstract framework of algebraic
renormalization theory, while the subsequent section proceeds in the more familiar way
using renormalization constants. In both cases, we see that evanescent contributions play
no role at the 1-loop level but will have an influence at higher orders. Hence, these sections
provide important background information for future multi-loop applications.

As we have shown in the previous sections, the set of operators in the tree-level ac-
tion is not the same set that exists at the one-loop level when using the BMHV dimen-
sional renormalization scheme. Due to the presence of evanescent operators and finite
non-evanescent counterterms needed to restore the BRST symmetry, the formalism of mul-
tiplicative renormalization (with bare fields, bare coupling constants and Z-factors) will
not straightforwardly lead to the true renormalization group equation, that involves only
fields and parameters of the original 4-dimensional tree-level action (see also discussion in
ref. [30]). This will be briefly overviewed in section 8.

Instead if we start with the dimensionally renormalized 1PI functional I'ren, see
eq. (5.8), and we use the Quantum Action Principle and the Bonneau identities, the for-
malism of bare objects and Z-factors can be avoided. From now on we take this effective
action to be anomaly free, i.e. the anomalies described by eq. (6.47) are cancelled.

7.1 Basis of insertions

In the context of the algebraic renormalization framework, it can be shown [28] that the
renormalization group equation corresponds to the expansion of the operator insertion

0
M@PRen =0- I‘Ren (71)
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in a suitable basis of operators of ultraviolet dimension 4, ghost number 0, with contracted
Lorentz indices but free gauge indices (later contracted with group factors from the asso-
ciated coefficients). The basis is compounded of operators that respect the same symme-
tries as the functional pOl'Ren/Jp, and they are, generally speaking, operators comprising
derivatives with respect to the parameters of the theory, and field-counting operators,

OI'Ren < 0 )
— (=Y By + 3" 96Ns ) Ten 7.2
K 8M - Bgag ; YoplVo R ( )

As we will see in section 7.2, evaluating (7.1) and (7.2) independently will result in a system

of equations, overdetermined and solvable by direct comparison of their coefficients.

Let us now specialize these generally valid facts to the model discussed in our pa-
per. Our basis will have the same symmetries as I'gen, so it should respect the following
equations [28]:

IuaS(FRen) - ar‘Ren -0 0 arRen 81—‘Ren

o

a'u - SFRen 1% a’u] — Yy 5B 1% a'u

=0, Gu =0, (7.3)

i.e. respectively the BRST equation, the gauge-fixing condition and the ghost equation [28]
(with G = /¢, + 015/5ph = 6/0pk ), and where
or 0 or o or 1) or 0 oTr
o 4 Ren Ren O Ren O Ren © a 91 Ren
Sren = /d ( Sph oGS, oGS, Sph 0, dc 0c® 6(, +B 0Cq
5FRen d 5FRen o 5FRen o 5FRen o + 5FRen i 5FRen 0
oym 6@, D, YT SRt 51y 5; OR? OR' 54, 6p; ORV)

is the linearized BRST operator of our model. The basis that respects those equations
is constructed from its classical approximation, by employing the functionals L¢g, L., Lg,
Ly, that are b-invariant in 4 dimensions and whose definitions have been introduced in
section 4, eq. (4.7). These functionals can be expressed as linear combinations of field-
counting operators for d = 4 acting on the tree-level action: L, = NSy for ¢ = G, ¢, ®, YR,
as well as the operators Ly, Ly and Ly, defined by differentiating the action with
respect to the coupling parameters of the theory, eq. (4.8).

A quantum extension of this classical basis is constructed [28] by the action on I'ge, of
the symmetric differential operators we have just introduced (see ref. [30] for the details),
and up to order A" the following equation holds:

M@i + 8 9; +(By)i; 6}(2’” + Brmnop GA:jmp —veNG —VeNe — YoNo — YN [Tren = 0.
(7.4)
This is the renormalization group equation of our theory. Now, thanks to the consequence
of the Quantum Action Principle that any differential operator contained in our quantum
basis can be expressed as insertions of normal products in I'gen, and the fact that the first
non-vanishing contribution to these expansions is of order A, at one-loop level we have:

OlRen O 1) 955" oSy assHP)

) _ (4D)
8M - ﬁ g ag (5)/ )z] 8)/1;” 5 mnopa)\mnop +Z N¢SO ’ (75)
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(4D)

where S; 7 symbolizes the 4-dimensional restriction of the tree-level action of our model,
eq. (3.11). The r.h.s. of equation (7.5) is the first constituent needed in the construction

of our system of the renormalization group equations.

7.2 Evaluation of udT'ren/0p

The first non-trivial contribution to the functional pOT'gen/Jp is always of order £, since
the tree-level action does not depend on the renormalization scale u. The problem of
expressing (0T gen/Op as an insertion of normal product operators into I'ren (keep in mind
that p is not a parameter of the action) was solved by Bonneau [46] and generalized by
Martin [30] due to the presence of different types of fields and external sources, evanescent
contributions and finite counterterms. Its restriction to one-loop (h) order reads:

0
prgen = N[rs.p.T5ke,]  Then, (7.6)

where we recall that “r.s.p. Fgﬁieg” means the residue of the simple pole in v =4 — d = 2¢

of all the 1PI Green’s functions described by the dimensionally-regularized effective action
at h order, I'pRreg-

Notice that, since the singular parts of Feynman diagrams contributing to 1PI Green’s
functions are local polynomials in external momenta expressed in d, 4 and/or € (i.e. evanes-
cent) dimensions, the results generally contain evanescent contributions.

In order to handle these evanescent contributions, we will recall the results of the so-
called Bonneau identities that have been first employed in section 6.2 in the specific one-
loop case, eq. (6.14). The Bonneau identities [46, 47] form a linear system whose unique
solution provides an expansion of any anomalous (e.g. evanescent) operator in terms of
a quantum basis of standard insertions. More precisely, any anomalous normal product
can be re-expressed as a linear combination of standard and evanescent monomial normal
products [30], taking at any loop order the form:

N[guuou ] ‘I'Ren = Z o; N “I'Ren + Z a] MJ]( ) 1_‘Reny (77)

J

where the &;, &; coefficients are evaluated similarly to those presented in section 6.2,
eq. (6.14), i.e. as r.s.p.’s in 4 — d of specific 1PI Green’s functions. This engenders a h
power expansion for these coefficients, thus showing that evanescent operators generate
h-order contributions. As shown by the latter term in eq. (7.7), the Bonneau identities can
also generate extra evanescent operators, but ponderated by additional A-sized coeflicients
&;j. Such terms can be further reduced to pure standard operators by recursively applying
the Bonneau identities, so that the anomalous normal product ultimately reduces to

N[gw/(l)u ] 1—\Ren = Z N FRena (78)

where ¢; are formal series in /, having no order A° contribution due to the r.s.p. extractions
on the calculations of 1PI functions entering into the definitions of the «; coefficients. This
equation (7.8) thus holds for a fized h order, after reapplying a finite number of times
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the Bonneau identities. Fortunately, at lowest order in A the linear system is trivial and
decoupled, i.e. loops with anomalous insertions can be transformed in sum of tree-level
diagrams with insertions of standard operators.

In general, for the calculation of the coefficient ¢; at order A", we need the coefficients
a; up to order A" and &; up to order 11, since the evanescent operators count for an order
h higher, according to the Bonneau identities, what is of crucial importance in particular
for the calculation at one-loop level. If we now use these general results for specific operator
pOT Ren /O, the expansion

Haglzen _ Z FRen —+ Z ’I“] FRen (79)

i

holds. Thanks to the Bonneau identities eq. (7.8), the last term of this expansion can be
re-expressed as

N[ ‘T'Ren = Z CjZ ‘T'Ren (710)

where the c¢j; are formal expansions in A, having no order 1Y contribution due to the r.s.p.
extractions. This results in the expansion

aFR"“ Z riNIWi] - TRen (7.11)

and at A order, this equation reduces to:

aPRen Z rz FRen — Z i + ZTJCﬂ I_‘Ren h Z Tz iy (7 12)

(2
where in the last step, the non-zero contributions at lowest A order come from the coef-
ficients 7; only and thus, evanescent contributions do not affect one-loop level RGEs. In
addition, the corresponding field product insertions N[W;]-T'ren are tree-level Y insertions,
simply equal to W;. The general algorithm for calculating of the 7; and 7j coefficients at
any order is explained in [30].
Now, there is a question of choice of basis for the set of 4-dimensional monomials W.
Fortunately, any such basis of renormalized insertions is completely characterized by the
corresponding classical basis [28]. If

{AP. T =AF +0O(h)|p=1,2,...;dim(AP) < d} (7.13)

class

is the set of insertions whose classical approximations form a basis for classical insertions
up to dimension d, then the same set is a basis for the quantum insertions bounded by d.
This means that a convenient choice for the set of monomials are the field operators that
are contained in the tree-level action Sj.

The insertion in eq. (7.1) then can be chosen as a linear combination of operators from
the 4-dimensional action,

aFR n —(1),a; 0 \a;
= i el (7.14)

ief.b. a;
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where f.b. denotes the full basis of field operators (¢1¢2...) in the tree-level action Sp.
Thus, using our notation for Green’s functions, and in regards to eq. (7.6) at one-loop (h)
order only, each contribution in the above equation takes the form

N [r.s.p«—z')@(pn) (o)) “’IH@] T

O(h
=r.s.p.N [Hqﬁir%...m (1, - - - ,pn)] -T é) r.s.p.(—SS(it)AD) = —2655(33’4D , (7.15)

where (1),4D denotes h order and 4-dimensional space, respectively. Therefore, at i order,
the Renormalization Group equation acquires the simple form

a]:‘Ren

1),4D
where Ss(it)’uj is just equal to egs. (5.31), (5.32), (5.33) but projected onto 4 dimensions

only (thus there are no appearance of evanescent operators). We again emphasize that the
absence of any evanescent contribution is a one-loop effect only.

7.3 Solution of the system
By direct comparison of (7.5) with (7.16) we obtain the following system of equations:
(1) _ —2h 5 (13=3§)Ca(G) —455(R) — 52(S)

Sea =2 = 1629 6 ; (7.17)
4 o () 28 5 (1T—=98)Ca(G) —853(R) —25(5)
Saaa— =B 43¢ 1629 5 , (7.18)
—2h 2(2—36)Cy(G) —4S5(R) — Sa(S
SGGGG—>—2ﬁ(1)+4’Yg)= 167r292 ( §)Cs( )6 2(R) — Sa( )7 (7.19)
_ (1_ 20 ([ o Ya(R)
Sy 2 = 153 (9 G (R)+—— ), (7.20)
Sgaen = =0 496 + 29, (7.21)
_ 20 ([ 2BHOCHG) +ALCH(R) | Ya(R)
a 1671'2 4 9 ’
(1_ —2h o
Sop — 27 :@(g (3=¢)Ca(9)-Ya(9)) , (7.22)
Soce — —BD 415 + 298 (7.23)
—2h ([ 5 3+¢
- 1672 <g <(3_§)C2(S)—402(G)> —Yg(S)) s
Seace — =281 +275) 42,40 (7.24)
—2h ([ 5 3+¢€
~ 1672 <9 ((3—5)02(5)—202(G)> _YQ(S)) ,
Sq)?nnop — —ﬁkgrly)mp +4’Y<(1>1))\mnop (725)
—2h 1
~ 1672 5<394A_92§A5—4H + A nop
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1)\m m 1 1
Sl amun, >~V + (R () +20,) (7.26)

YR

o 3¢
SEC?SpC%_Vg)—f—qél) = 1671'292 4

Co(G), (7.27)

SEGC; SPG67 SCCC>

1y _ 20 2€CH(G)

This is an overdetermined system of equations that provides the following solutions for the
B-functions and anomalous dimensions at one-loop level:

5 167;292 (—2202(G) + 4652(}%) + Sg(S)) 7 (7.29)

Bramnon = o539 Arnon ~ Fnop + Mo + Mooy — 3 Nmey), (730

BT} = 1aea (20RO VR = 30(CalR). Y Y + (R ¥a(S) .
SRV + V(R ) |

o= ¢ BT CHE) +45HR) + 51(S) 32)

Y = 167;2 292502(}2 SR (7.33)

Ve = 152 (9%(& = 3)Ca(S) + Ya(9)) (7.34)

., h (6 —22)C2(G) 4+ 4S2(R) + S2(S) (7.35)

~ 16727 6 ’

8 Comparison with the standard multiplicative renormalization ap-
proach in the BMHYV scheme

In this section, we explain the derivation of the RGE using the standard approach based on
divergences of renormalization constants. In the BMHV scheme there are extra divergences
for evanescent operators, and we focus particularly on their role in the derivation.

The standard textbook approach to deriving RGEs in the context of DReg was devel-
oped in ref. [100] and applied e.g. in refs. [62-64]. It starts from the observation that the
bare action (i.e. the sum of tree-level and counterterm action) can be written in terms of
bare fields and parameters which depend on the MS-renormalization scale ;. For a generic
bare parameter g; in a massless theory, and in the MS-renormalization scheme, this may
be written as

oo (n)

Gipare = 1 (gi + 0gi) Sgi = ——, (8.1)

671

n=1
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where p; is a constant, g; the renormalized parameter and dg; the renormalization constant,
(n)

which is a pure divergence. The coefficients a;, ’ depend on the parameters of the theory,
but depend on p only implicitly through the p-dependence of these parameters. The

corresponding (3 function defined as (;(e) = 0g;/01n p is then obtained as

datV
Bi(e) = —piegi — Piagl) + Zpkgk : (8.2)
k

dgr

where the sum runs over all parameters g of the theory. Similarly, the anomalous dimen-
sion is obtained from the renormalization constant associated with an irreducible self-energy
Green’s function, which has the expansion

o] a(”)

_ ¢
Z¢—1+Ze—n, (8.3)
n=1
and, assuming equal renormalization of the fields in self-energy Green’s function, is equal

to L d
=—u—Immnz,. i

Proceeding similarly for all fields of the theory one obtains the generic RGE
0 0
HiFDReg = - Z ﬁk(e)i + Z’}/(b(E)N(i) I‘DReg . (8'5)
o P Ok~ 4

This equation holds even for € # 0. An important detail is that at this level the 5 and v
functions are e-dependent and have the structure

Bi(€),vi(€) = O(e) x (tree-level) + O(%) x (> 1-loop level). (8.6)

8.1 On the influence of the evanescent counterterms

In principle, all of these remarks apply to the BMHV scheme. However, in this scheme,
the action contains evanescent divergent counterterms, see eq. (5.42). These have no tree-
level counterpart. In order to apply the method in the BMHV context we can amend the

tree-level action by additional terms, such that for each term in S ) there is a new

sct,evan
tree-level parameter, i.e. writing

SO,amend = SO,inv + SO,evan + SO,evan,add (87)

instead of eq. (3.35a). The parameters in the new part Sy evan,add Will generically be denoted
as g;. Likewise we can amend the renormalization transformation eq. (4.1) by

Qi — gz + (5@‘ . (8.8)
As a result we can obtain all singular counterterms, including the evanescent ones, from a
renormalization transformation, as

Egs. (4_1)), (8.8)

SO,amend SO,amend + Sct,inv + Sct,evan (89)
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in place of eq. (4.2). Via the logic described above, this leads to an RGE with the generic
structure

0 0 . 0
M@FDReg = < = 5k(6)87% - zk: Bk(f)@ + %:%(6)]\%) I'DReg ; (8.10)

k

where the second sum on the right-hand side is over all parameters g of the evanescent
additional action Sp cvan,add-

In the following, we need to discuss the influence of these additional “evanescent” pa-
rameters gp. We first remark that such or similar parameters have been discussed in various
contexts before. Ref. [101] considered the same problem as the present section, but in the
context of a non-gauge theory, and discussed the influence of such parameters on the RGE.
In the context of regularization by dimensional reduction (DRed), evanescent quantities do
not correspond to 5 but to the extra (4 — d) degrees of freedom of the gauge fields (the
so-called “e-scalars”). Accordingly, the impact of the e-scalar mass term on the 2-loop RGE
of softly broken supersymmetric gauge theories has been discussed in ref. [102]. Finally,
in applications of DRed to non-supersymmetric QCD, the evanescent coupling a. between
the e-scalar and quarks appears. The need for treating this coupling and its S function as
independent has been explained first in ref. [77], for a further overview and references see [8].

We now provide the following remarks:

e Our original formulation of the theory in sections 3-5 corresponds to setting the evanes-
cent parameters g = 0 at tree-level. This is compatible with the RGE in € # 0 only
at one particular renormalization scale p. At other scales y/, the RGE generates non-
vanishing tree-level values gx(u') # 0.

e Non-vanishing g; enter the theory in three ways up to the 1-loop level:

1. at tree-level in the purely evanescent part;

2. at the 1-loop level in finite contributions to standard (non-evanescent) Green’s
functions;

3. at the 1-loop level in 1/€ contributions to evanescent Green’s functions, and in finite

contributions to S8 functions of evanescent parameters.

e Hence, applying the LIM,_,4 operation at the 1-loop level to the generic RGE (8.10), i.e.
its renormalized limit, leads to:
1. the derivative %FDReg reduces to a finite, pure 1-loop quantity;

2. all coefficients B (€), v4(€), and By (€) vanish at tree-level and become quantities of
1-loop order; in the € — 0 limit we denote 3;(0) = Bk, 74(0) = 74 ;

3. the coefficients 35 and v, corresponding to non-evanescent operators are indepen-
dent of the evanescent gy.
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In view of these comments, the renormalized limit at the 1-loop level of eq. (8.10) leads to
the RGE

OT'Ren ( o )
=( - —_— + Ny )TRen , 8.11
"o §k Br o §¢ YoNo | I'r, (8.11)

where both sides are understood to be evaluated up to the 1-loop level. The dependence
on evanescent parameters g; has dropped out, and the non-evanescent coefficients B, vy
may be evaluated by setting the ¢; = 0. This shows that the correct 1-loop RGE in the
BMHYV context may be obtained by the simple recipe of applying the usual procedure of
refs. [63, 100] from the divergences of renormalization constants, ignoring the additional
evanescent objects contained in the amended tree-level action, and instead taking only the
theory as defined in sections 3-5.

On the other hand, this analysis also shows that starting from the 2-loop level, the
situation will be more involved. E.g. the term Bk%FDRGg can be expected to provide
finite, non-vanishing 2-loop contributions, and the 3;, 74 coefficients might depend on the
evanescent parameters g;. Both effects have appeared in the contexts of refs. [45, 77, 101,
102] mentioned above, and additional calculations are required to replace the dependence
on the g; by modifications of the ;, .

8.2 Full system of renormalization group equations

According to the previous discussion, the 1-loop RGE can be obtained from the divergences
of the renormalization constants by ignoring all evanescent contributions. In this way we
obtain schematically

h —22C5(G)+4S2(R) + S5(S)
(1) _ 2 2 2
69" /g — B 167T29< G : (8.12)
h
6)‘%2101) — BAmnop = W (39414771710}3 _4Hmnop +A3nnop +Axlnop - 392A§1n0p) ) (8 13)
m h n M * n m m
BT} = g (20ROR) YR)s 30 (Cal ). YR Y+ (VR Ta()

5(Yr)r ™ — . (8.14)
5 ORER R ).

h 3E—13)Co(G)+452(R)+52(S
1 h 2g%¢Ca(R)+Y2(R)
621(%)% Vo= 1672 9 =—TR, (8.16)
h
07y = =15 (67(E-3)Ca(S)+Ya(S)) = . (8.17)
h 6 —22)Co(G)+452(R)+52(S

This result is the same as the one obtained in section 7, demonstrating that both methods
may be applied to obtain the correct 1-loop RGE in the BMHYV scheme.
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9 The left-handed (L) model

In this section, we indicate how our previous results adapt for a model including only
left-handed fermions. We define the Left-Handed (L) model to be the same as the Right-
Handed (R) model studied so far, except now with the usage of purely left-handed fermions
Y1, = Pry: the gauge, scalar, and gauge-scalars sectors remain unchanged, while only the
fermion kinetic and Yukawa terms get modified. Our aim is to know how our results derived
so far change when considering these left-handed fermions.

It is possible to construct a mapping between the L-model and the R-model: indeed,
using the charge-conjugation construction from section 2, the charge-conjugate of a left-
handed fermion is a right-handed fermion:

YiC =0 =CWPr)T=CPRTY" =CPRTC'CP" =PrC¥’ =PryC =Pri=0n,
(9.1)
with the definition z/ﬁ\ = ¢C.
The same discussion as in section 3.2 holds and we can promote this L-model to d
dimensions. The left-handed fermion-kinetic term is:

Lsermions = Z@zad}z + gTL;‘lj%iaa"#LJ‘ ) (92)

where 17, is the generator for their corresponding representation. Since the kinetic term is
a scalar function, it is also equal to its transpose in spinor space, and thus we obtain:

-
L — . T—T —T
Leermions = i(%;@0i)" + 9T (b, @ br;)" = =il @ oy — gTri;Govn] (V) ¥r;
(—
. 1 g T 1 T _ 1T
= —ig] CT'CP CT'CY; — gTL3GoL] O C ()T C™ 1 Cy,
- (9.3)
—C T ~— —C _
= ith; CP CTH)f + gTriGopr; C(v*) O rf
= <~ ~ = ~ S ~ < -~
= —ith; PP + 9(=T13;)Guri YR = i) + QTZ%¢RZ'$Q¢R]' )
where in the second equality we used the anticommutativity of the fermion fields, in the
second line we inserted 1 = C~'C and used the properties of the charge-conjugation
as defined in section 2, and in the last line we used an integration by parts (supposing
the absence of surface terms) to rewrite the pure kinetic (first) term, and defined in the
interaction term ngj = —17j; corresponding to the complex-conjugated representation of

the left-handed fermions. Posing TE% = T3¢, we see that this conjugated L-representation

ij
corresponds to the representation for the associated right-handed fermions.
Let us now turn to the Yukawa term, which is a real number and therefore equals to

its hermitian conjugate:

2 X Lyukawa = _(YL)Z'LCI)mEijLj — (V)7 @l s = —(Y1)f) *(I)MZR@-CIZRj +h.c.,
(9.4)
and we can define (Y3)7? = (Y7){} * the corresponding Yukawa matrix for the associated
right-handed fermions, which is just the complex conjugate of the one for the left-handed
fermions.
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External sources for the fermion fields need to be introduced in the L-model due to
the BRST quantization procedure:

Step, = Lisg; = igI_/ic“TijlbLj = igiic“TL%Pij ,

;L' = igyr i o ; (9.5)
Sy = sab; L' = ighp ;T4 L = igih PLeTL LY

Since these are scalar functions, we can take their transpose, and use the fact that L and
L are commuting fermions (their ghost number = —1) to obtain:
Sl_/ch = igCaTL?j(I_/iij)T = igcaTL%@DL?[_/ZT = Z’gC“TL%d}L?C*lC’E? 96)
- 9.6
. ——C - == =
= ZQ@DLJ' Ca(*TL?j)(*CLzT) = 19¢RjCaTR?¢Ri = Sﬁcﬁv

where we have employed the notations introduced above and have defined the external
source R; for the corresponding right-handed fermions: R; = —CLT = —L%;. Similarly we
obtain for the other source term:
L . ori—T . i 1 T

Spear = 19 LY TS = igL" W ; ¢ Trf; = igL" C~ iy “Tr; ©7)
_ Ti -1 c_ . el _a '
=ig(=TL};)L" C™ c"Yr;y =igTR{;R "Yr; = Shetn

where we used that EZ =_—IC, = L;TFC_I, stemming from the properties of C.
These calculations demonstrate that we can establish a one-to-one mapping between
a left-handed model with fermions ¢ (¢ = Pp) defined in a left-representation of the

considered gauge group with generators 17, that couple to scalar fields with the Yukawa in-
. (L), anc
Y = (Yr = Prep), in a right-representation Tﬁ?j = Tf?j that couple to the scalar fields
with the Yukawa interaction (Y3)7} = (Y7);} *. Therefore, all of our calculations derived

teraction (Y7)", and a right-handed model with fermions 12 related via charge-conjugation:

so far in this work apply to the left-handed model as well.

We are thus able to evaluate the tree-level breaking of the BRST symmetry by the
action of this Left-Handed model, similarly to what has been done in section 3.3. We find
that the breaking A= 5450 is given by:

A= / dda (gTpy)c {w@- (5& + 5%) w]} = / Az Ar), (9.8)

generating a corresponding Feynman rule:

Cq
_____ S
Ppy Wpr 9Tl (APL+ BPR) o

and the one corresponding to the charge-conjugated fermions:

A= /ddx (9Tg;)c" {1#02 (3?}{ + 3[PL> ?,DJC} ; (9.10)
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generating the Feynman rule:

70 (B +2) + (0h — #2)75) 4

= ngij (171[PR +99|PL)OC/3 —

Cj
B
where the difference with the previous result is in the appearance of the generator Tfa for
the fermionic conjugate representation L.
The group invariants related to the scalar-fields representation C(5), S2(.5), Y2(S) and
those defined in eq. (5.23): Amnops Hmnops Amnop,Aﬁmop all remain the same. The group

invariants Co(L), S2(L), Y2(L) of the left-representation are actually equal to those of the
corresponding right-representation: Co(L)1 = Ty T = (=T1,°T)(~T*") = T T =

Co(D)1 = Co(R)L; Sy(L)6™ = Te(Tp*Tr) = Te((-Tp"")(-T1"")) = Tr(Ty bT ‘) =
$5(T)o% = TH(TRT3) = Sa(R)6%; and Ya(L)1 = (Y)Y = YI(YD)" = (Yg) =

YQ(R)]l by using the symmetry of the Yukawa matrices.

(1) No Scalar a ) Scalar
contrib. + S contrib.

The singular counterterms s —g e

oct ot are then obtained, and are

the same as in egs. (5.31), (5.32), (5.33), except for the replacements:

Sy(R) = Sa(L), Co(R) = Co(L), Ya(R) — Ya(L), YIS Y (9.12a)
Spor 7 Sy oun 7 Fheu TgpCempn, 7 SgCaemy,, (9.12b)
SRepr = SLevs, > SRcw = SmeL : (9.12¢)

Again, we can make contact to the usual renormalization transformation, and express the
singular counterterms as follows:

s _ g

sct sct,inv

+ 5 cvan - (9.13)

The invariant counterterms S (1)

sct.inv acquire the same form as those from eq. (4.5), in terms

of the functionals L., and with the changes:
(5Z¢RL¢,R — 5Z¢LT¢L? (5(YR) LYRU — (5(YL) LYLW , (9.14)

and the corresponding 6Z,, dg; renormalization constants are again the same as their
counterparts egs. (5.35)—(5.41), but with the coefficients changed according to eq. (9.12).

The purely evanescent counterterms st eqs. (5.42), (5.43) are also expressed in the

sct,evan

same way, with the substitution So(R) — Sao(L).
Therefore, following the explanations given in sections 7, 8, the resulting renormaliza-
tion group equations for the Left-handed model are the very same ones as those for the

Right-handed model, with the obvious changes R <> L.
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The BRST-restoring finite counterterms eq. (6.46) now read:

h Sa(L ennza) | Yo(S)o—
St restore = T {92 Qé ) <5SGG + Scaa — / d*z G “BQG#> + 2:()) )SM)

2(TL)ade 4 92 a b p e ~dv (CL)?rZZn 4 92 a b pF M FN
+t— [t Lanatrarat - S [ty Larctrema

3
(V) TEoYm). o
<1+56> Co(L)S5, — (7 > ) /d4xgz/}i$ PLib;
Cy(G
S s, 4 S | (9.15)

where we have used the following group factors:

<ﬂml%—ﬂWM~ﬂ%ﬂ:ﬂM4wﬂ»~g@%%] o100
= (=D)" T[T - T ] = (=1)"(T)" ",
(L)% =T [2{TLa, TP YY) Y — TLa(YL")*beYLm] , (9.16b)

Again, this expression is formally completely unchanged with respect to eq. (6.46), with
the only change R <> L. However, the relevant (non-spurious) anomalies eq. (6.47) now
become:

abcd
33'

+ I (4 / A geP7 e, (9,GL) (9,GE) +
1672 \ 3 ¢

9.1

where the group factors are the fully symmetric symbol d3*¢ = T[T {110, T1° and

Dybed = 5 L(dgbe fecd 4 qace fedb 4 qade febey for the L-representation. The change of sign in front

of the equation, with respect to the one in eq. (6.47), comes from the fact that these group

/ d*z g% ceeP7 0, Gb G Gd )
(
)

factors for the L-representation are related to the corresponding ones in the corresponding
right-handed model by: d%bc = —d%bc and D%de = —D%de. This has phenomenological
consequences for model-building: relevant anomalies can be cancelled in a given model if
ones includes both right-handed and left-handed fermions whose representations are the
complex-conjugate of the other.

10 Conclusions

The present paper starts a systematic study of the BMHV scheme for ~5 and its appli-
cation to chiral gauge theories such as the electroweak Standard Model. Our motivation
is the increasing need for high-precision predictions including electroweak corrections at
the (multi-)loop level. Many alternative -5 schemes have been proposed and used in the
literature. The BMHV scheme is singled out by its mathematical rigor. It is the only
scheme for which mathematical and quantum field theoretical consistency as well as useful
theorems like the ones by Breitenlohner/Maison and Bonneau are fully established at all
orders. Its understanding is thus not only important for practical BMHV calculations but
also as a point of reference and benchmark for the study of alternative 5 schemes.
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In the present paper, we have investigated a chiral gauge theory at the one-loop level.
The theory includes massless chiral fermions and scalars, for simplicity restricting to ir-
reducible representations and a simple gauge group. We have focused on the special,
BMHV-specific aspects of renormalization and counterterms. Our results and conclusions
can be summarized as follows.

e In section 3 we explained in detail the setup of the BMHV scheme on the level of the
d-dimensional tree-level action and the resulting breaking of BRST invariance (similarly
to ref. [30] for a theory without scalars). The breaking of BRST invariance is localized in
one single term, the evanescent part of the fermion kinetic term; the breaking has been
expressed in a set of Feynman rules in section 3.3.

e Section 4 provided a detailed overview of the different renormalization and counterterm
structure in the BMHV scheme compared to the usual case where counterterms can be
generated by a renormalization transformation. Even in the BMHV scheme, a large part
of the counterterms can be generated by the usual renormalization transformation, but
there are several additional, BMHV-specific new counterterm structures.

e Section 5 presented the results for the singular, i.e. UV-divergent 1-loop counterterms.
Most of the counterterms follow the usual pattern and can be written in terms of field
and parameter renormalization constants, see eq. (5.34) and the following equations.
However, there are extra, evanescent singular counterterms. In line with the general
definitions of the BMHYV scheme [18-21] as well as comparable known results in the con-
text of dimensional reduction [8, 76-83] such counterterms are necessary at higher order
to ensure unitarity and finiteness. Most of the evanescent counterterms are still BRST
invariant (despite being evanescent), but there are two non-BRST invariant evanescent
counterterms, related to the scalar and vector self-energies, respectively.

e Section 6 corresponds to the central complication of the BMHV scheme — the breaking
of gauge and BRST invariance. The breaking already present in the tree-level action
implies a violation of Slavnov-Taylor identities at the 1-loop level, and special, symmetry-
restoring counterterms have to be found. We have explained in detail the role and
the structure of these counterterms and described various possible ways of how these
counterterms may be determined. Our calculation is based on the regularized quantum
action principle and the so-called Bonneau identities (this combination of tools has also
been used in ref. [30]); in this way, the computation is simplified to the evaluation of
only UV-divergent parts of specific Feynman diagrams. While not strictly necessary at
the 1-loop level, we expect that this method will lead to significant simplifications at the
2-loop level, which is why we use and explain it here in detail.

The final result for the symmetry-restoring counterterms is given in eq. (6.46). There is
some freedom in this choice, since invariant or evanescent counterterms may be changed.
Our choice is particularly simple, and is constructed to the largest possible extent from
objects which appear already in the tree-level action. The terms in the symmetry-
restoring counterterm action correspond to finite contributions to self-energies of scalars,
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fermions and gauge bosons and finite contributions to a subset of the interaction terms
between scalars, fermions and gauge bosons.

e The symmetry-restoring counterterms may be changed by adding/changing evanescent
terms, corresponding to defining a counterterm action St evan, see eq. (4.4). However,
all renormalized 1-loop quantities are blind to this choice, hence we do not discuss this
option in the present paper. It will be relevant for a 2-loop application of the BMHV
scheme, and a 2-loop calculation might be simplified by an optimized choice of St evan
at the 1-loop level.

e Section 7 and section 8 are devoted to the derivation of the RGE in the context of the
BMHYV scheme. We demonstrate in two different ways that despite the extra, BMHV-
specific counterterms the 1-loop RGE is unchanged compared to the familiar case of
using a symmetry-invariant regularization. However, both the more abstract derivation
using Bonneau identities and the textbook method based on divergent renormalization
constants show that this statement relies on specific simplifications which occur at the
1-loop level. Therefore, it will be interesting and nontrivial to investigate the same
situation at the 2-loop level.

As an outlook, several future extensions are of interest. First, the results can be slightly
extended and specialized to the case of the electroweak SM, which has a non-semisimple
gauge group, reducible representations and both right-handed and left-handed (see sec-
tion 9) chiral fermions. This is work in progress. Second, the results can be extended
to higher loop orders; specifically, a knowledge of the required symmetry-restoring 2-loop
counterterms will open up the possibility of 2-loop calculations in the BMHV scheme, and
the determination of the 2-loop RGE will provide important information on the interpre-
tation and the relationship between BMHV and other calculations.
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