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SUMMARY

The topic of this work is ergodicity (stochastic stability) of variuos types of stochastic pro-
cesses. The urge for analysis of random processes exists in every area of science and real
life - medicine, biology, chemistry, physics, finance, etc., as many phenomena naturally
exhibit some sort of random behaviour in their movement. Mathematical models used
to describe those random movements are called stochastic differential equations (SDEs).
Since the solutions of SDEs often have a very complicated structure or are impossible to
obtain explicitly, it is usually hard to analyse them directly. Therefore, the emphasis has
been placed on analysing their long-term stability. This includes detecting their equilibria
(stacionary distributions) as well as the rate at which convergence occurs. The conver-
gence is observed with respect to some appropriate distance function. In my work the
emphasis has been placed on the quantitative aspect of this problem, namely, on finding
explicit bounds on the rate of the convergence with respect to two distance functions: to
total variation distance and the class od Wasserstein distances (which provides conver-
gence in some weaker sense). As most of the existing results in this area correspond to
the geometric ergodicity (that is, the case when the rate of the convergence is exponen-
tial), and known conditions ensuring sub-goemetric ergodicity are far from being optimal
because there are many known examples of sub-geometrically ergodic systems that do
not satisfy those conditions, the focus of my work is to find sharp and general conditions
in terms of coefficients of the process that will ensure sub-geometric ergodicity of a wide
range of processes.

The results of my research can be divided in two parts. Firstly, I will consider classical
diffusion processes - Markov processes with continuous trajectories (here, the class of
processes with singular diffusion coefficients will be of special interest as they were not

investigated so far).

i1



Summary

The second part of the research deals with somewhat more complicated random pro-
cesses - diffusion processes with Markovian switching, which are processes that, beside
the continuous, diffusive one, have a second, discrete component which changes the be-
haviour of the process at random times. This theory is relatively new so here we still have
many interesting open questions and uninvestigated phenomena that are not characteristic
for classical diffusion processs.

Also, in both cases, I will extend the results on a class of processes with jumps.

Keywords: stochastic differential equations, diffusion processes, diffusion processes
with Markovian switching, ergodicity, sub-geometric ergodicity, ¢-irreducibility, aperi-

odicity, total variation distance, Wasserstein distance.
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SAZETAK

Svrha mog rada je istraZiti problem ergodicnosti (stohasticke stabilnosti) razlicitih tipova
slu¢ajnih procesa. Slucajni procesi iznimno su vazni jer se koriste za modeliranje pojava
u gotovo svim podrucjima znanosti i svakodnevnog Zivota — primjenjuju se u medicini,
biologiji, kemiji, fizici, financijama itd. Naime, u svim tim podrucjima Cesto se dolazi
do zakljucka da se pojave ne mogu opisati deterministickim modelima jer su neki aspekti
njihovog ponasanja slucajni. Matemati¢ki modeli koji se koriste za opisivanje ovakvih
pojava su stohasti¢ke diferencijalne jednadzbe (SDJ). Medutim, buduéi da rjeSenja SDJ-
ova imaju jako kompliciranu strukturu i iznimno ih je teSko analizirati direktnim putem,
naglasak se stavlja na analizu njihove dugorocne stabilnosti. To ukljucuje odredivanje
njihovih ekvilibrija (stacionarnih distribucija), ali i brzine kojom konvergiraju prema tim
ekvilibrijima. Konvergencija se promatra s obzirom na neku odredenu funkciju udal-
jenosti. U mojem istrazivanju naglasak je stavljen na kvantitativni aspekt ovog problema,
odnosno na eksplicitne ocjene brzine konvergencije s obzirom na dvije funkcije udal-
jenosti: udaljenost totalne varijacije i1 klasu Wassersteinovih udaljenosti (koja predstavlja
konvergenciju u nesto slabijem smislu). Kako se veéina dosadaSnjih rezultata odnosi na
geometrijsku ergodicnost (tj. slucaj kada je brzina konvergencije eksponencijalna), a poz-
nati uvjeti za subgeometrijsku ergodic¢nost nisu blizu optimalnih jer su poznati mnogi sub-
geometrijski ergodi¢ni sustavi koji te uvjete ne zadovoljavaju, fokus mog rada je pronaci
oStre 1 opCe uvjete u terminima koeficijenata samog procesa koji ¢e osigurati subgeometri-
jsku ergodi¢nost Siroke klase procesa.

Rezultate mog istraZzivanja mogu podijeliti u dvije cjeline. U prvoj ¢u proucavati
klasi¢ne difuzije - Markovljeve procese neprekidnih trajektorija (gdje ¢e od posebnog
znacaja biti klasa procesa sa singularnim difuzijskim koeficijentima koji do sada nisu

razmatrani).

v



Sazetak

Drugi dio rada proucava nesto sloZenije procese - difuzije sa slu¢ajnim prebacivanjem,
koji osim neprekidne, difuzijske komponente sadrze i drugu, diskretnu komponentu koja
u slu€ajnim trenucima mijenja ponaSanje procesa. Ova teorija je relativno nova pa tu ima
joS puno zanimljivih otvorenih pitanja i neistraZzenih pojava koje nisu karakteristi¢ne za
klasi¢ne procese difuzija.

Takoder, u oba slucaja, rezultate Cu primijeniti na klasu procesa sa skokovima.

Kljucne rijeci: stohasticke diferencijalne jednadzbe, difuzije, difuzije sa slu¢ajnim
prebacivanjem, ergodi¢nost, subgeometrijska ergodi¢nost, @-ireducibilnost, aperiodi¢nost,

udaljenost totalne varijacije, Wassersteinova udaljenost.



PROSIRENI SAZETAK

Svrha mog rada je istraZiti problem ergodicnosti (stohasticke stabilnosti) razlicitih tipova
slu€ajnih procesa. Slucajni procesi iznimno su vazni jer se koriste za modeliranje pojava
u gotovo svim podrucjima znanosti i svakodnevnog Zivota — primjenjuju se u medicini,
biologiji, kemiji, fizici, financijama itd. Naime, u svim tim podrucjima Cesto se dolazi
do zakljucka da se pojave ne mogu opisati deterministickim modelima jer su neki aspekti
njihovog ponasanja slucajni. Matemati¢ki modeli koji se koriste za opisivanje ovakvih
pojava su stohastiCke diferencijalne jednadzbe (SDJ). Medutim, buduéi da rjeSenja SDJ-
ova imaju jako kompliciranu strukturu i iznimno ih je teSko analizirati direktnim putem,
naglasak se stavlja na analizu njihove dugorocne stabilnosti. To ukljucuje odredivanje
njihovih ekvilibrija (stacionarnih distribucija), ali i brzine kojom konvergiraju prema tim
ekvilibrijima. Konvergencija se promatra s obzirom na neku odredenu funkciju udal-
jenosti. U mojem istrazivanju naglasak je stavljen na kvantitativni aspekt ovog problema,
odnosno na eksplicitne ocjene brzine konvergencije marginalnih distribucija procesa prema
invarijantnoj mjeri s obzirom na dvije funkcije udaljenosti: udaljenost totalne varijacije i
klasu Wassersteinovih udaljenosti (koja predstavlja konvergenciju u nesto slabijem smislu).
Kako se vec¢ina dosadasnjih rezultata odnosi na geometrijsku ergodicnost (tj. slucaj kada
je brzina konvergencije eksponencijalna), a poznati uvjeti za subgeometrijsku ergodi¢nost
nisu blizu optimalnih jer su poznati mnogi subgeometrijski ergodi¢ni sustavi koji te uvjete
ne zadovoljavaju, fokus mog rada je pronaci oStre i opCe uvjete u terminima koeficijenata
samog procesa koji ¢e osigurati subgeometrijsku ergodi¢nost Siroke klase procesa.
Rezultate mog istraZzivanja mogu podijeliti u dvije cjeline. U prvoj ¢u proucavati
klasi¢ne difuzije - Markovljeve procese neprekidnih trajektorija (gdje ¢e od posebnog
znacaja biti klasa procesa sa singularnim difuzijskim koeficijentima koji do sada nisu

razmatrani).
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Prosireni sazetak

Drugi dio rada proucava nesto sloZenije procese - difuzije sa slu€ajnim prebacivan-
jem, koji osim neprekidne, difuzijske komponente sadrze i drugu, diskretnu komponentu
koja u slucajnim trenucima mijenja ponasanje procesa. Ova teorija je relativno nova pa
tu ima jo$ puno zanimljivih otvorenih pitanja i neistraZzenih pojava koje nisu karakter-
isticne za klasi¢ne procese difuzija. Tako su za ovaj tip procesa do sada promatrane samo
eksponencijalne brzine konvergencije.

Takoder, u oba slucaja, rezultate ¢u primijeniti na dvije klase procesa sa skokovima.
Prvu klasu procesa ¢emo dobiti tako da skokove dodamo putem infinitezimalnog genera-
tora (dodajuéi u generator Lévyjevu jezgru skokova v). Drugu klasu procesa sa skokovima
¢u dobiti subordiniranjem u smislu Bochnera: napravit ¢u promjenu u vremenskoj kom-
ponenti naSeg procesa - umjesto da se uzme njegovu vrijednost u trenutku 7, uzima se
vrijednost u trenutku S; odredena nekim rastu¢im nenegativnim procesom {S; },>0 kojeg
nazivamo subordinatorom.

Za dobivanje ergodicnosti koristit ¢u dvije osnovne metode. U slucaju udaljenosti
totalne varijacije, primjenit ¢u tzv. Lyapunovljevu metodu energije. Cilj ove metode je
pronaci odgovarajucu testnu funkciju za koju ¢e tzv. Lyapunovljev uvjet drifta biti zado-
voljen. Dodatno, da bi se dobila konvergenciju s obzirom na udaljenost totalne varijacije,
proces mora imati odredena strukturalna svojstva koja ¢e osigurati odredenu razinu regu-
larnosti. Preciznije, mora biti @-ireducibilan i aperdiodic¢an. U slucaju kada to nije zado-
voljeno, konvergenciju moramo promatrati u nekom slabijem smislu. Tada se tipi¢no u
literaturi koristi klasa Wassersteinovih udaljenosti kao funkcija udaljenosti izmedu mjera.
U tom slucaju, za dobivanje ergodicnosti primijenit ¢u tzv. metodu sparivanja refleksi-
jom. Tu ée za dobivanje brzine konvergencije biti klju¢na pomo¢na lema koja je zapravo
nadogradnja poznate Gronwallove leme. Obje metode su ve¢ poznate u literaturi, no ne u
obliku koji bi bio prikladan za ovaj tip procesa pa ¢u ith morati prosiriti 1 prilagoditi.

Kako su strukturalna svojstva procesa nuzna da bismo dobili konvergenciju, u radu ¢u
takoder razmotriti i neke dovoljne uvjete za dobivanje tih svojstava za sve tipove procesa,
a koji e biti jednostavniji za provjeriti od same definicije tih svojstava.

Osim predstavljanja samih rezultata i metoda, dat ¢u i primjere koji ¢e ilustrirati prim-

jenu samih teorema na nekim konkretnim procesima.
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INTRODUCTION TO THE TOPIC

Stochastic modelling has come to play a very important role in science and industry. This
is due to the fact that randomness is incorporated in the behaviour of many phenomena
appearing in nature and everyday life. Numerous applications include modelling of finan-
cial markets, automatic control of stochastic systems, turbulent fluent and gas molecule
movements, modelling of population dynamics, disease transmission etc.

Mathematical models used to describe such movements are called stochastic differen-
tial equations (SDEs). However, real solutions of SDEs are often not explicitly known,
are hard to obtain or given in a closed form suitable to applications. They also often have
a very complicated structure so it is not easy to analyse them directly. For all these rea-
sons, the emphasis has been placed on analysing the stability of the considered stochastic
model. Accordingly, the first step is to seek for conditions that ensure a stable behaviour
of the model. That includes detecting both the equilibria as well as the rates at which con-
vergence occurs. Finding the rates is very important as it allows us to predict movements
of our process through time and detect expected period of stabilization. Such questions
have been tackled before for various types of processes. Depending on the class of the
process, certain aspects of the problem have been fully analysed, but usually most of them
are still completely or partially unsettled. In some cases the solution is given only within
very large boundaries. Therefore, the need for deeper studying of stochastic stability and
searching for more efficient solutions constantly exists.

This work studies such questions for two classes of processes: classical diffusion
processes and diffusion processes with switching. In classical literature a term diffusion
process corresponds to a stochastic process that has continuous trajectories, that is, the
process whose movement through time can be displayed by a continuous curve. Natu-

rally, the behaviour of many phenomena is much more complex than that and cannot be
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captured by such models so they have gradually been generalized. One of the first steps
in that direction is to include jumps: this represents a situation in which the sample path
of our process exhibits jumps of random amplitude at random time points, and moves
continuously in between. The behaviour of classical diffusion (that is, the type of the
observed curve) is not changing with time: after the jump, the process continues to move
in the same way as before. Further generalization allows the process to ”change its mine”
and start to move in a different way at some point. The idea behind this upgrade of the
problem comes from observing hybrid models.

A random process is a movement that can not be completely predicted. Every time
we start the process from the beginning, it will exhibit a different curve. However, some
regularities in its behaviour do exist: certain values will be more or less likely to happen,
depending on the time point. For a fixed time point ¢, the probabilities of being at the
state x from the state space is determined by the so-called distribution function. The
distribution changes as time changes: it is not the same all the time. So, many things in
the behaviour of the process are random, but under certain conditions, we are hoping to be
able to predict its movement in the future to some extent, or at least to be able to control
it. The more control we have over the process, the nicer the process is to us: and nice
processes will be called stable.

Stability for random processes does not mean that we can determine its value in the
future since the movement is always random, but rather that we can control its distribution
with time. Precisely, for a stable process the distribution at time ¢ is starting to look more
and more like some fixed distribution, usually denoted by 7, as time passes by, that is, as

t grows. This problem can be schematically portrayed like this:
?
r(®)||P, — || — 0,
t—+oo
where
e [P, ... distribution of the process at time ¢
e 7 ... equilibrium distribution

e r(t) ... rate of the convergence
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e ||| ... an appropriate norm (function that measures how far away we are at time 7

from the equilibrium)

As the scheme suggests, the problem raises several questions (and we will try to an-

swer all of them in this work):
~- under which conditions does the unique equilibrium state exist?

~~ if we use function |[|-|| to measure the distance between two states (for us, states are

distributions), how far away our process is from that equilibrium at time #?

~ does this distance becomes smaller with time and, possibly, goes to 0 as time goes

by? If so, we will say that our process converges to its equilibrium.
~~ at which rate does the convergence occur?

~ do we get the same results for some more general processes, namely, for processes

that jump at random time points?

~ can we extend this analysis to some even more general stochastic processes like
hybrid models (where we have a discrete component that changes the behaviour of

our process at random time points)?

To answer these questions, we will adopt two main techniques: the so called Lyapunov
energy method and the coupling method.
Lyapunov energy method relies on the idea of Aleksandr M. Lyapunov from 1892

which states that the energy of the stable system does not dissipate. How does this work?

Idea, that comes from physics, is to find a function that describes the total energy of the

system (Lyapunov function) and analyse its behaviour:

* if V is such a function and x a current state of the system (i.e. V(x) is the energy of
the system when it is in state x, so V (x) can be interpreted as velocity of movement

or dissipation of that energy), we want
V(x)=(VV(x),x) <0

- V(x) > 0 = the system is unstable as its energy has a tendency to leave the

center of the state space (the energy is dissipated in the space)
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— V(x) < 0 = the system is stable as its total energy is moving towards the

center of the state space (and therefore, it is being “contained” in the sytem)

On the other hand, the idea of the coupling method is to construct the optimal coupling
strategy - in the sense of the optimal transport theory. This theory is concerned with the
problem of minimizing the cost of the transport of goods between producers (factories)
and consumers. If each factory can produce a limited number of products, the question
is which products should be delivered to which consumer so that all consumers get the
quantity they need and the total cost of the transport is as small as possible. Naturally,
the cost of the transport depends on the distance between the factory and a consumer: the
farther they are, the bigger the cost. In this sense, we will use this method to minimize

the dissipation of the energy of the system - we will try to keep it as low as possible.



1. PRELIMINARIES AND NOTATIONS

After the non-formal introduction to the topic of this work, we start by introducing nota-
tion and presenting objects and mathematical models that will be studied by giving their
formal definitions together with an overview of well-known results in the area of research.
The literature used includes [IW89], [Dur96], [LP17], [Zit15], [SVO06], [GS79], [MT93a],
[MT93b].

All objects we consider will be connected to some probability space. Therefore, we
first define the setting that we will work around.

Fix a complete probability space (Q,.%,IP) with a right-continuous increasing family
{Z }1>0 of o-fields of .#. We call the space (Q,.7,{.%;},>0,P) a stochastic basis that
satisfies the usual conditions, and {.% };>¢ a filtration on (Q,.7,P).

Let I be some time space of interest (for example, some discrete set such as N, [0, +-o0)
or some finite interval [0, T]). A stochastic process is a family of random variables X =
{X,(®) : t € I} with values in R, We call X a discrete or continuous stochastic process
depending on set / being discrete or continuous set. Next, we list some properties a

stochastic process X might posses: X is called

* adapted to {.% },>¢ if X; is .%;-measurable for all 7 € I,

» predictable if the mapping (¢, @) — X, (o) is (.7, %(R?))-measurable, where
- % is o-algebra generated by all left-continuous adapted processes;

* integrable if it is adapted to {.%; },>0 and E[X;] < 4o forallz € I;

- Similarly, we call X square integrable if it is adapted to {.%; },>0 and E[|X;|?] <
+ooforallz € 1.
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* increasing if Xo = 0 and 7 — X; is right-continuous and increasing (that is, non-

decreasing) function a.s.;
3 It follows that X; > 0 a.s.
e continuous if t — X, is continuous function a.s.;

* of bounded variation on a finite interval [a, b] if

n—1
sup{z 1Xi — Xyl ia=t0<t1 < ...tn:b,nEN} < +oo, a.s.
i=0

We can consider two random processes equal in several ways. In one case we identify

them if their trajectories agree up to a [P-null set. It is also possible to identify them on

the basis of their properties.

Definition 1.0.1. * A random process Y = {Y; };¢; is called a modification of a pro-

cess X = {X; }s¢y if, forall t > 0,

P({o:X(0) =Y(0)}) = 1.

* Two random processes X = {X; };c; and Y = {Y; },; are equal, or we call Y indis-
tinguishable from process X, if almost all of their trajectories are equal, that is,
if

P{w:r €l X,(®)coincidetor € I — Y;(w)}) = 1.

* Two random processes X = {X;};c; and Y = {Y; };¢; are equal in distribution if

they have the same distribution, that is,
PXecA)=P(YcA), Ac%E,

where (C,%) is a measurable space defined by the functions @ — X;(®) and use

the filtration generated by @(s), for s <.

% Remark: if X and Y are continuous, and Y is a modification of X, then they
are indistinguishable (because then they are determined by their values on a

countable dense subset of [0, +o)).
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A standard situation in applications is to observe the value of the process at some
random time point of interest in the future. Naturally, in order to analyse them within

mathematical framework, we need to impose certain assumptions on those random times.

Definition 1.0.2. A random variable 7 : Q — [0, +oo| is called a stopping time (with

respect to { % }y>0) if forallz > 0, {t <t} € #.

Y Remark: since .# is right-continuous and increasing family of o-algebras, it is

equivalent to require that {7 <t} € .%; forall t > 0.

In this work we discuss properties of some special types of stochastic processes. In
order to get there, we need to develop the theory for certain broad classes of processes
with some nice and useful properties and gradually extend it more and more. Therefore,

we continue by naming some classes of stochastic processes that will be of interest to us.

Definition 1.0.3. A real stochastic process {X; };c; is called a martingale / submartin-

gale / supermartingale with respect to {.%; },> if
(1) X; is integrable for allt € I,
(if) X is adapted to {.Z;},>0,
(i) E[X; | F| =X,/ E[X; | Z5) < X/ E[X; | Z5] > X; a.s., forall s,7 € [ such that s < t.

Next, we consider a version of such processes which are stopped at some random time

point in the future.

Definition 1.0.4. A stochastic process X = {X;};>¢ is called a local martingale with
respect to {.%; },>¢ if it is adapted to {.# };>0 and if there exists a sequence of (.%;)-
stopping times {7, },>0 such that 7, < 4o for all n € N, 17, T 400 and stopped processes
X™ = {X¢,n }i>0 1s @ martingale for all n € N.

If, additinally, X™ is a square integrable martingale for all n € N, then we call X a

locally square integrable martingale with respect to {.%; };>0.

In many problems the observed motion posses the property that its future behaviour is

determined by a present state of the system, not the past ones. For a system whose paths
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evolve in a random fashion, this means that the current state fully determines the distri-
bution of the path from that point on, that is, it determines with what probability will the
system occupy some state from all possible states at all future time points. That property
is called the Markov property and is very well investigated in the literature since it entails

many other useful features. We discuss it for both discrete and continuous system.

Definition 1.0.5. A discrete stochastic process X = {X,},>0 with values in a countable
set S (which we call the state space of the chain) is called a discrete-time Markov chain

if, for any n € N and set of states i, ig,...,i, €S,
P(Xpo1 =i | Xo=i0,... Xn = in) = PXps1 =i | Xp = i),

under assumption that both conditional probabilities are well defined, that is, P(Xy =
i0,...Xp =1,) > 0.
A Markov chain is called

 time-homogeneous if the transition probability is independent of n, that is, for all

neNandi,jeS
PXyi1=1i|Xn=J) =P(Xp =i | X1 = Jj);

% Such a Markov chain is characterized by transition matrix P = (P, ;); jcs,

where P, j =P(X,41 = j | X, =1i),foralli,jeSandn e N.
* stationary if for all n,m € N and iy,...,i, €S

P(Xo = io,... X =in) =P(Xpn =0, ... Xntm = in);

* irreducible if it is possible to go from every state to every state (possibly in several
moves), that is, if for every i, j € S such that P(Xy = i) > 0 there exists k € N such
that P(X, = j | Xo = i) > 0;

* aperiodic if all states i € S have a period d; = 1, where

- dij:=ged{n > 1:P(X, =i|Xo=1i) > 0}, with the additional definition that
dj = oo, if P(X,, =i | Xop=1i) =0forall n > 1. Here, gcd stands for calculating

the greatest common divisor.
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¢ ergodic if there is some ng € N such that for all n > ng and i,j € S for which

]P’(X()Zi)>0,P<Xn:j’X():i)>0.

9 Remark: it is equivalent to demand that X is irreducible and aperiodic Markov

chain.

A Markov chain is, thus, a process whose evolution in the future depends only in its
present state, and the switch to a following state in the next moment is determined by its
transition matrix P. In other words, whatever happened in the past, stays in the past - it
is no longer important. To consider such process in a continuous-time setting, we assume
the change of the state is again controlled by a transition matrix, but we need to determine
when it will happen. Since it can not happen in the next moment (because that means the
jump happens instantly, all the time, which makes no sense), we let the chain rest in a
present state for some time and then switch it. Of course, waiting times are random and,

to support the idea of a Markov property, independent of each other.

Definition 1.0.6. A continuous-time Markov chain is a continuous-time process {X; };>0

on a state space S determined by two components:

(i) a transition matrix P (that corresponds to a discrete-time Markov chain - we call it

a jump chain or embedded Markov chain),
(ii) holding parameters g : S — (0, +oo).

The waiting time in state i € S is exponentially distributed with parameter ¢(i). All waiting
times are mutually independent. After the waiting time passes by, the jump to the next

state is determined by the transition matrix P.

% So, we can think of a continuous-time Markov chain as a process that has a Markov
chain embedded in it: we first create a set of jumps according to the discrete-time
Markov chain (determined by a transition matrix P), and then we transfer it to a
continuous-time setting by taking a set of independent exponentially distributed
waiting times (in each state i € S we let our process wait some time before jumping
to the next state - the same state where the Markov chain would jump after being in

the state 7).
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3 To see that these two objects indeed define a stochastic process (therefore, they are
also called the local characteristics of a Markov chain), we can look at the integral
equation, namely, it holds that for all i, j € Sand t > 0

. [ .
P(X, = j | Xo = i) = & je 10 + /0 q(i)e 15 Y PuP(X,_ = j| Xo = k)ds.
kFi

A continuous-time Markov chain is called

* regular or non-explosive if its explosion time is infinite. More precisely, if we
denote the final state (sometimes called a cemetary) by d and a time it reaches that
state (the so-called explosion time) by {, that is it holds that X; = d for ¢t > {, we
have

P({ =+oo|Xg=i)=1, i€ES.

% A non-explosive Markov chain indeed satisfies the Markov property, defined

below.

¢ irreducible if we can go with positive probability to any state, starting from any

state, that is, for all i, j € S such that P(Xy = i) > 0, there is #p > 0 such that
P(X,, =j|Xo=1) > 0.

% Irreducibility implies that P(X; = j | Xo = i) > 0 for all # > 0, so this property

is also called aperiodicity.

* ergodic if it is irreducible (or aperiodic) and it possesses a stationary distribution,

that is, a probability distribution 7 such that

lim P(X, = j | Xo=i) = n(j), i,j€S.

f—oo
9 Irreducible Markov chain has at most one stationary distribution.
% A continuous-time Markov chain on a finite state space S has at least one

stationary distribution, so, by the previous remark, it follows that it is ergodic

if, and only if, it is irreducible.

Since continuous-time Markov chains will have a very important role later in the this

work, we proceed by presenting some of their properties.

10
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Definition 1.0.7. With the help of the local characteristics of a Markov chain, we define

the generator matrix 2 = (q; j); jes by

4, =

% Remarks: q;; <0and q; ; > 0foralli,j€S.
% Yjesqi,j =0forallie€S.

% A generator matrix 2 can be expressed in the form of two equations: if we denote
by P(t) the matrix (P(X; = j | Xo = i)); jes, then for all i, j € S the function 7

P(X; = j | Xo = i) is continuously differentiable and
— differential backward equation:

P(t)=2P(t), t>0.

— differential forward equation:

A special case is for r = 0: we get that P'(0) = Q, that s,

qi,j_hlj)% h )

i,jeS.
% The Markov chain can also be obtained from a generator matrix, because we also

have to following equality: for 2 >0 and i, j € S,

1+q;jh+o(h)=1—q(i)h+o(h), i=],

qi,jh +o(h), i,

P(Xy=j|Xo=1i)=

so q; j is also called the transition rate between states 7 and j from S.

% An invariant measure 7 for X satisfies:
nQ=0.

If 7 is a probability measure, we call it an invariant distribution.

11
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% If 4 = (Ui)es is an invariant measure for an embedded Markov chain, that is, 4 =

WP, then T = (7;);cs defined by
i =mq(i), i€S,
1s an invariant measure for continuous-time Markov chain X.

Further generalisation of the notion of a Markov chain leads us to consider a process
that possesses a similar property of not depending on the past, but without assuming that
it changes values only at some discrete set of time points - so, we allow it moves around

all the time, and let the movement be determined only by a present state.

Definition 1.0.8. Let (S,.7) be a measurable space. An adapted stochastic process X =
{X; }+>0 with values in S is called the continuous-time Markov process (or a continuous-
time process possessing the Markov property) with respect to {.# },> if for all A € .

and 0 <s <t
P(X, €A | %) =P(X;, € A| X).

% Remarks: alternatively, the Markov property can be stated in the following way: for

all f: S =R, f€ B(RY),andall 0 < s <t
Elf (X)) | 7] =E[f(X) | o(X;)].
- Here, %,(R?) stands for all Borel-measurable and bounded functions.
If there is a function p(s,x,t,A), where x € S, A € ., 0 < s < t, which satisfies
p(s, X, 1,A) =P(X; € A | Xy)
and possesses the following properties:
(i) x> p(s,x,t,A) is a non-negative measurable function;
(ii)) A — p(s,x,t,A) is a positive probability measure on .7;

(iii) forallxe€ S,A € Y and0<s<t<T,

/p(s7'x7t7dy>p(t7y7 T7A) = p(S?x7 T7A);
S

12
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we say that a Markov process X has a transition probability function or a transition

kernel p(s,x,1,A).

% Remark: transition probability plays the role of the transition matrix of a Markov

chain in a continuous setting.

% Property (iii) is called a Chapman-Kolmogorov equation.

A Markov process is called time-homogeneous if it satisfies additional assumption
that its transition probability depends on s and ¢ only through their difference ¢t — s.
Namely, p(s,x,t,A) = p(0,x,t —s,A) for all 0 < s <f, x € S and A € ., so we can

write p as a function of three variables: p(t,x,dy) = p(0,x,t,dy).
As before, there is a version of these properties concerning a stopped process.

Definition 1.0.9. Take a stochastic process X = {X; };>o with its natural filtration {.%; },>¢

and a stopping time 7.
o Fr:={Ae F NVt >0,{t<t}NAe.Z}

* X is called a strong Markov process (or said to posses a strong Markov property)

if, conditional on {7 < +oo} and X, X7, is independent of .Z.

% This definition is naturally transferred to a discrete setting: a Markov chain
X = {X, }n>0 has a strong Markov property if for i € S, conditional on {7 <
+oo} and X¢ = i, {X¢1n}n>0 is @ Markov chain starting from point i that is

independent of Xy, ..., X;.

A very important example of a stochastic process, one of the most commonly used in
applications and researched in the literature, is certainly Brownian motion. Unintention-
ally discovered by the Scottish botanist Robert Brown in 1827, while observing move-
ment of pollen grains suspended in water under a microscope, it slowly started to play a
key role in most of the mathematical models used to describe phenomena from nature,
finance, physics and other science areas. First formal mathematical notions and analy-
sis of Brownian motion date back to the end of 19th century and are due to the Danish
astronomer Thorvald N. Thiele and the French mathematician Louis Bachelier who was

modelling stock and option markets.

13
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Definition 1.0.10. A stochastic process {X; };>0 is called a (one-dimensional) Brownian

motion with the initial distribution p if
(1) Xo follows the probability distribution L,

(i1) (independent increments) for everyn € Nand all 0 =1y <t < ... <t, the variables

Xo,Xt, — X1y, - -, X, — X, , are mutually independent,
(iii) (normal increments) forall 0 <s <t,X; —X; ~ N(0,t —3s),

(iv) (continuity) trajectories are a.s. continuous, i.e. 7 — X;(®) is continuous for almost

every € Q.

If 1 =0, we call X a standard Brownian motion.
Furthermore, a d-dimensional process whose components are independent one-dimen-

sional Brownian motions is called a d-dimensional Brownian motion.

A concept of such a stochastic motion can be generalized - those processes are called
Lévy processes and we will mention the two most important representatives of that class.

One of them is Brownian motion, and the second will be a Poisson process.
Definition 1.0.11. A stochastic process {X; },>0 that satisfies
(1) Xo=0,

(i1) (independent increments) for every n € Nand all 0 =1y <1t < ... <, the variables

Xo,Xt, — X1y, - -, Xz, — X;,, are mutually independent,
(i11) (stationary increments) for all 0 < s <t it holds that X; — X 4 X,
(iv) (continuity in probability) for all € >0 and s > 0

HmP(|X, — X,| > &) =0,
t—s

is called a Lévy process.

% We can also assume that the trajectories ¢ — X; are a.s. right continuous with exist-
ing left limits (a property that we call cadlag), since we can always find a modifi-

cation of process X with that property.

14
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The next type of stochastic process that we will mention will be important to us when
we will move from continuous processes to a more general class of processes that include

jumps.
Definition 1.0.12. Let A > 0.

* A Lévy process M for which M; ~ Poi(At) for t > 0 is called a Poisson process

with intensity 7.

% Remarks: variables M; can be obtained in another way as well - take a se-
quence of random variables Sy ~ Exp(A) for all k € N. Then, M; can be

defined as M; = max{n € No: Y}, S <t} fort > 0.

9~ Poisson process is one type of a continuous-time Markov chain.

e The process M = {M, };>¢ defined by M, := M, — At for ¢t > 0 is called a compen-

sated Poisson process.
9 Remark: this process is a martingale.

* For a sequence of R?-valued random variables {Z,}n>0 which are independent of
M, the stochastic process Y = {Y; };>o defined by ¥; := Zz/lz’l Zy for allt > 0 is called

a compound Poisson process.

Fix some set E C R? and consider a measurable space (E,%(E)) and a 6-finite mea-

sure U on it with the property that
U(A) < +oo, forall A € B,(E), (1.0.1)

where %, (E) stands for all bounded elements of A(E).

Definition 1.0.13. * A function (random measure) N : (Q,B(E)) — Ny is called a
Poisson random measure or a Poisson point process with intensity measure y if
(i) N(m,-) is a Nyp-valued measure with the property (1.0.1) for a.e. @ € Q,

(ii) for all B € %),(R?), the random variable N(B) follows a Poisson distribution

with parameter p(B),

15
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(iii) for all n € N and pairwise disjoint sets By, ...,B, € Z(R?), the random vari-
ables N(By),...,N(B,) are independent.

* A random measure N is called a compensated Poisson random measure if
N(w,B)=N(w,B)—u(B), Be B,(RY),0eQ,

and intensity measure U is sometimes also called a compensator and denoted by
N.

% Remarks: note that this notation does not make sense if 1 (B) = +oo for some

B € B(R?) (in general, both N(B) and u(B) may be infinite). Therefore,

we define this measure only for sets B such that p(B) < +oo, and integrate

with respect to N only for those functions f € L' (E,%(E), u) for which the

following notation makes sense:

/de:: /de—/fdu.

% If intensity measure U is finite, then the compensated Poisson random measure

N 1is indeed a signed measure.

The reason why a Poisson random measure is also called Poisson point process is
the fact that it can be represented as counting measure for sequence of random points.
Namely, for a Poisson random measure N with intensity y, we can find a sequence of i.i.d.
random variables {Z, },>0 on E and a random variable K ~ Poi(u(E)) that is independent

of {Z, }n>0 such that

K K
N(A) = ;ﬂA(Zn) = ;52,1(%1)7 A€ AB(E),

where 8z, stands for the Dirac measure at point Z,. Furthermore, by considering E as a
product space R? x [0, T] or [0, 4e0) x R, we can observe the function N as a stochastic
process (on the time interval [0, T] or [0, +o0), respectively).

The questions of integration with respect to a Poisson point process is now resolved
since, for a.e. @ € Q, N(®,-) is a measure on E so we can use standard procedures for

integration from measure theory. Namely, for any measurable function f : E — R the

16
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integral [ f(x)N(®,dx) is well-defined (for a.e. @ € Q). Moreover, the function [, fdN

defined by @ — [ f(x)N(w,dx) is a random variable with expectation

E[/Ede} :/Efdu.

As we will talk about jump processes, we will now construct them starting from a
Poisson point process N viewed as a Poisson random measure N on E = R\ {0} x [0, +-o)

with intensity (. As mentioned before, we can write N as

4o
N= Z 8(Yn7Tn)’
n=1

where (Y,,T,) are mutually independent random variables. This will represent a jump
of size Y, at time 7,. For any f € L'(E,%(E),u) we obtain a stochastic process by

integrating f up to time ¢. More precisely, for any ¢ > 0, define
X ::/ / x,s)1 S)N(dx,ds
t 0,o0) ]Rd\{o}f( ) [OJ]( ) ( )

:/0 /Rd\{o}f(x,s)N(dx,ds)
= Z f(Yn»Tn>-

n>1:T,<t
So, we see that this process indeed jumps at times 7;,.
If we integrate with respect to a compensated Poisson random measure N = N — i,

we obtain the following process X:
X :——/ / x,s5)1 sNdx,ds
t 0,+es) JRA\ (0} f( ) [OJ]( ) ( )

t t
= dN—// du, t>0.
/o/Rd\{O}f 0 Rd\{O}f :

Such a process is now a martingale with respect to the filtration .%, where
Z:=0{N(A):Ac &}, t>0.

It turns out that there is a connection between continuous-time Markov processes and
integrals with respect to a Poisson random measure. Let A = {A; },>¢ be the continuous-
time Markov chain with values in S = {1,2...} (that is, it has countable state space) and
with the generator matrix 2 = (q; j)nxN. As discussed in [MYO06, p. 46], any continuous-

time Markov chain can be written in the form of the stochastic integral with respect to the

17
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Poisson random measure (details can be found in [GS82, p. 226-227] and [GAM97]).

Hence, the {A; };>0 has a following martingale form:

1
A = / / h(A yN(dx.ds), 10, (1.0.2)
0 JR

or, equivalently written, satisfies the following stochastic differential equation (we will

formally introduce the notion of a SDE later):
dA; = /dh(A,_,x)N(dx7 dr), t>0 (1.0.3)
R

where N is a Poisson random measure with intensity dr x A(dx) (in which A is the

Lebesque mesure on R?) and /1 : S x R? — R is defined by:

hix) J—1, x&A;jforsome jcS,
I,X) =
0, otherwise,

for all i € S and x € RY. Here {A;j:i,j € S} is a family of disjoint intervals defined on a

non-negative part of the real line as follows

A1z :=10,q12),

A13:=[q12,912+q13,)

A21 = [q(l)vq(1> +q21>7

A2z :=[q(1) +q21,9(1) + q21 +q23) ,

where q(i) = ¥jes\ (i} Qij € (0, +0). If q;; = 0 for some i # j € S, we define A;; = 0.
As mentioned, jump processes will be important to us as we will develop the theory
of ergodicity for them. So we proceed by formally defining jumps and their features.
Recall that a cadlag process X has right-continuous sample paths with left limits,

namely, for any ¢ > O the following limit exists:

X =limX,_,.
t 710 t—h

Definition 1.0.14. » We say a cadlag and adapted process X = {X; };>0 jumps (or has

a discontinuity) at time ¢ > 0 if

AX; ::Xt —th # 0.

18
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% Remarks: X can admit only countably many jumps, so jump times make a
countable set and we denote them by (7,),>1, that is, {r > 0 : AX; # 0} =
T,:n>1.

% T, for n > 1 are stopping times.
% Jump sizes are denoted by (Y;,),,>1, that is,
Y, := AXy, = X7, — X7, € R1\{0}, n>1.
Y, is .7, -measurable random variable for all n > 1.

* The sequence of jump times and jump sizes defines a jump measure Jx of X by

Jx(@,Ax B):=Y 81, (0)7, () (A x B) = card{(t,AX;(w)) € Ax B}, (1.0.4)

n>1

for @ € Q,A x B € B([0,+c0) x RY).

9+ Remarks: a jump measure is a random measure on [0, +c0) x R? and for any
t > 0and B € Z(RY) the random variable Jx ([0,] x B) counts the number of

jumps of X until time 7 such that their size is in B.
Since Lévy processes will be of our special interest, we investigate them further.

Definition 1.0.15. Let X = {X;},>0 be a Lévy process. The Lévy measure or a Lévy
kernel of X is a measure v on (R, Z(R?)) defined by:

v({0}) =
v(A) =E[Jx ([0,1] x B)] = E[card{r € [0,1] : AX; # 0, AX, € B}], Be< ZB(RY).

9> Remarks: if B € (RY) is a compact set such that O ¢ B, then v(B) is finite, since
there is € > 0 such that B is contained in the complement of the ball around origin

of radius € Bf, and the monotonicity of measure v then implies
V(B) < v(Be) = E[Jx ([0, 1] x Bg)] < oo,

beacuse the right hand side is just a number of jumps in one time unit that are larger
in size than €. As X is cadlag, we have only finitely many such jumps. This means

that v is a Radon measure on (R9\ {0}, Z(R4\{0})).

19



Preliminaries and Notations

% It holds that

x?

/Rdu A 2)V(dx) < oo <= V(dx) < +oo.

Rd 1+ |x|?

This condition implies that X might have infinitely many small jumps

%+ v does not need to be a finite measure on R?: there might be infinitely many small
jumps on time interval [0, 1], resulting in a measure v having a singularity at the

origin.

9~ The jump measure Jx is a Poisson random measure on [0, +-o0) x R4\ {0} with in-

tensity dt v(dx).

% For some € > 0, the number of jumps until some time ¢ > O is finite, so we can
define fort > 0

N; :=card{0 <s <t:|AX{| > €}.

Then, N = {N, };>0 is a Poisson process. Particularly, N; = Jx([0, 1] x BS) follows

a Poisson distribution with a finite parameter.

We are now ready to state the most important result regarding Lévy processes: a
theorem that says that any Lévy process is actually a linear combination of a Brownian
motion with drift and a countable sum of independent compound Poisson processes. A
reverse of the result states that such a decomposition is unique, hence, a Lévy process can

be characterized by a triplet of coefficients.

Theorem 1.0.16 (Lévy-Ito decomposition). Let X = {X;},>¢ be a Lévy process with
Lévy measure v. Then there exists a vector 8 € RY a positive, semi-definite, symmetric
matrix ¥ with all positive elements (i.e. ¥ > 0) and a standard Brownian motion B =

{B;}1>0 in R? such that, for all # > 0, X; can be decomposed in the following way:
X, =Bt +7"B + X'+ 1%)”(,8, (1.0.5)
€

where

t
th::// xJx (ds,dx),
0 Jx|>1

t 1
XE ::/ / xJx (ds,dx) = / / x(Jx(ds,dx) —dsv(dx)).
0 Je<|x|<1 0 Je<|x|<1
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All terms in the decomposition are mutually independent. Convergence in the last term is
a.s. and uniform on any finite [0, 7] . The triplet (f3, 7, V) is uniquely determined by X and

is called a Lévy triplet or a characteristic triplet .

% Remarks: if X is a continuous Lévy process, then its Lévy-Itd decomposition sug-
gests it can be decomposed as a sum of a drift and a Brownian motion - we have first
two terms of the decomposition in (1.0.5), since the last two terms encode jumps of

the process.

3 As mentioned in the previous remark, the process N; that counts the jumps until time
t, for all ¢t > 0, is a Poisson process. Next, one can show that the sizes of jumps are
1.i.d. variables (see [CT04, Proposition 3.3]). This, together with (1.0.4), implies
that X! = (X!);>¢ is a compound Poisson process, and it follows from (1.0.4) that it
is actually summing only large jumps (more precisely, jumps larger than 1 in size).
So, X" is a compound Poisson process with a.s. finitely many jumps. This fact will

then imply that Jx is a Poisson random measure, which we stated above.

% Similary, X¢ is a compound Poisson process, too, taking into account small jumps of
sizes between € and 1. Since X might have infinitely many small jumps, we cannot
simply integrate with respect to Jy for such jumps. Hence, the limit limg o XE might
not exist too. So, in this case, we consider the compensated compound Poisson

process and integrate

9 The threshold 1 that separates small and large jumps is arbitrary - any other thresh-
old could be used.

3 Observe that the decomposition implies that X; can be written as a sum of a Brow-
nian motion with drift and a, possibly infinite, sum of independent compound Pois-
son processes, since we can write the limit as a countable sum of X %+1 — X (which
are all independent compound Poisson processes), for some sequence (&,),>1 such
that €, | 0 as n 1 +oo. Hence, we will be able to derive a diffusion process by using

some Lévy triplet.

% There is 1-1 correspondence between Lévy triplets and Lévy processes, as the re-

verse of the theorem holds true. Namely, if we are given a vector 8 € RY, a positive,
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semi-definite symmetric matrix ¥ € R? x R? such that y > 0, and a Radon measure

v on R?\ {0} such that v({0}) = 0 and

[ AP v(dx) <+,
R4

then we can find a Lévy process X with the characteristic triplet (8,7, V) that satis-

fies (1.0.5).

% If {X;}r>0 is a R"-valued Lévy process with Lévy triplet (f3,7,V), the linear trans-
formation for some matrix ¢ € R¢ x R”, that is, the process (0X;)r>0, is again a
Lévy process, and the Lévy triplet (Bs,7s, Vo) of it is given by (see e.g. [Satl3,
Proposition 11.10])

(BosYs5Ve) = (0B +/Rn oy(1g,(0)(0Y) = 1 (0)(¥)v(dy), 070", vo),

where Vo (B) = v({x € R": 6x € B}) for B € #(R%), B/ (0) = {y e R": |[y| < 1}
and By (0) = {x e RY : |x| < 1}.

1.1. ITG’Ss CALCULUS

The problem that motivated the construction of the stochastic integral was the question
of calculating integral fé dxg in a case that x; is nowhere differentiable curve (trajectory).
Since this situation did not fit into the standard framework for integration, 1t6 introducted a
concept of integration that worked for stochastic processes that we call infinitely divisible
processes. Later on, the theory was extended to a class of stochastic processes called
semimartingales.

We observe stochastic process on time interval [0, +eo) and if X is an martingale, we
assume that r — X; is right continuous a.s. (since we can always find a modification of X

such that this holds).

Definition 1.1.1. * Define % to be the space of all real measurable processes X =

{X; }+>0 which are adapted to {.%; };>¢ and such that

T
||X||%T =E {/0 stds} < oo, VT >0.
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* Define also .%) to be a subspace of % of such processes {X; },>¢ for which there is
a sequence of real numbers 0 =ty < t; <1, < ... — +oo and a sequence of random
variables {Z, },,>0 such that Z, is .%; -measurable for all n € N, sup,,cx||Zn || < 400

and

Zo(@), ifr=0,
X (@) =

Zy(w), ifr e (ty,t,11], forn=0,1,...
% Remark: as a result, obviously, X; (@) can be expressed in the following form:
Xi(0) =Zo(®)Ly—gy (7 +ZZ Vi), 120,

For X € %, let
1X]].2 = 22 ([IXl2n A T).

Then, together with a definition that two processes X and Y € % are equal if
|X=Y|l27 =0, forallT >0,

the function (X,Y) — || X —Y|| & becomes a metric on space .%5. It holds that for any X €
% there is another X’ € % which is predictable and which is identical to X. Furthermore,

% is a complete metric space and %y is dense in .% in this metric.

Definition 1.1.2. o M = {X = {X;};>0 is a square integrable martingale with re-
spect to {Z; };>0 and Xo =0 a.s.}

s My ={X € M, :t— X, is continuous a.s. }
We consider two processes X and Y from .#, to be equal if
t— X; and t — Y; are equal a.s.
Furthermore, for X € .45, set
IRt
| X|lr :==E[X7]2, forallT >0,

and

1X L., := Z 27 ([IX [l A T).

23



Preliminaries and Notations 1t6’s Calculus

Now the function (X,Y) — ||X —Y|| 4, makes .#> a complete metric space. Moreover,
M5 is a closed subspace of .#>.

The first type of stochastic integration that we discuss will be integration with respect
to a Brownian motion {B; };>¢. Fix a standard Brownian motion {B; };>( on our probabil-

ity space (Q,.7,P).

Definition 1.1.3. Take stochastic process X € .%. Then, we can write X; (@) = Zy(o) -
Tyoyy (1) + 520 Zu(@) 1y, 4,1 (2),1 > 0. We define a stochastic integral of X with
respect to Brownian motion B to be
¢ n—1
/0 X;(0)dBs(0) := ;(,)Zi(w)(BriH (@) = B;(0)) + Zy(0)(B: (@) — B, (@),
ift, <t <t,.1,n €N, and we use the notation féXsst = féXs(a))st(a)).

% Remark: note that the integral can be expressed in the following form as well:

/Othst = JFZOQZ,'((JO)(B,/\Q+l (@) — B, (0)).

% Furthermore, it holds that the set of integrals I(X), := ( [y XdBy) 1~ Viewed as a
stochastic process (denote it by /(X)) is a continuous .%;-martingale, that is, it is an
element of ./, and is independent of the choice of {tu}n>0. It also holds that, for
all 7 > 0,

)7 = (X7 and  [I(X)[|.z, = [ X]|.25-

After defining the integral for processes in %y, we extend the class of integrands first
to space %>, and then to all adapted processes.
First, since %) is dense in %%, for a process X € %> we can take an approximating

sequence {X, },>0 from space %), that is, the sequence satisfies
|1X —Xpl|l, =0, n— oo

Note that |[1(Xy) —I(Xm) .z, = [ Xn — Xinll .2, s0 {Xy}n>0 is a Cauchy sequence in .23,
which implies that (/(X,)),>0 is a Cauchy sequence in .#5. Since I(X,) € .45, and % is
a closed subspace of ., it follows that /(X ) converges to a unique element Z = {Z; },>¢
from the space .#; . Note that Z does not depend on the choice of {X,},>0. We denote Z

by I(X) since it is clearly determined uniquely from the process X.
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Definition 1.1.4. Take a stochastic process X € .%5. The process I(X) € .45 defined
above is called the stochastic integral of X with respect to the Brownian motion B. We

use the following notation for I(X),: [ XsdBs or 5 Xs(@)dB;(®).
% Remark: the integral satisfies all properties of a linear functional.
We continue to expand the class of integrands to the following set.

Definition 1.1.5. o LJo¢ =X ={X,};>0: X is a real measurable process adapted to
{Z:}1>0 such that for all T > 0, [} X?(@)dt < +o0 a.s}.

% Remark: similarly as before, we will need to identify two processes X and Y

from .ZZIOC. This time, we write X = Y if for all T > 0 we have that
T
/ X (0) — Y(@)Pdt = 0 as.
0

9 Furthermore, for any X € £}°¢ we can find X’ € Z}°¢ which is also pre-
dictable and such that X = X’.

. //21"" :={X = {X;}1>0 is a locally square integrable martingale with respect to

{%#}isoand Xy =0a.s.}
o M= {X € M : 1t X, is continuous a.s.}
Fix any X € 92”21"“. Now, define the sequence of stopping times
(®) == inf{t >0 /(:st(a))ds >n}An, neN.

Then {7,},>0 obviously satisfies properties that 7, < +eo and 7, T +o0, as n — oo. Let
now X" (@) = X;(®)Lis<q,(w)}- It holds that

[ &) as= [" (x@) as <

0

so it follows that X, € %, for all € N, and we have defined integrals of processes in .%5.
So, we have I(X") € .#§. Furthermore, since I(X "), = I(X"™),, for all m < n, it
follows that the process (X) defined by I(X); := I(X"),, for t < 1,, is well-defined, it is

a continuous process and belongs to the space ./, loc
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Definition 1.1.6. For a stochastic process X € .27, the process I(X) € .45 defined
above is called the stochastic integral of X with respect to the Brownian motion B and

1(X), is denoted by [ XsdB; or [ X;(@)dBs(®), as before.

We have successfully defined integration with respect to a Brownian motion for a wide
range of integrands. Now, further generalization leads us to consider a more general set
with respect to which we can integrate. Namely, we want to integrate with respect to
martingales and semi-martingales.

First, fix a martingale M € .. Then, there exists (by the Doob-Meyer’s decomposi-
tion) a unique (up to a modification) integrable increasing process A = {A; };>¢ such that
(M? — A;)1>0 is a martingale.

Similarly, if M and N are in .#,, then there exists a process {A,},>¢ which can be
expressed as a difference of two integrable increasing processes such that (M;N; — A}),;>0

is a martingale.

Definition 1.1.7. * Denote a unique integrable increasing process A defined above by

(M) = {(M), }1>0-

A process A’ defined above is called quadratic variational process corresponding

to M and N and denoted by (M,N) = {(M,N), };>0.

Y Remarks: (M,N) is the unique adapted and continuous process of bounded
variation on any finite interval such that (M,N), = 0 and MN — (M,N) is a

martingale.

% It holds that (M) = (M, M).

Definition of integral with respect to a martingale follows the same procedure as in
the case of a Brownian motion. We just need to adapt the definition of spaces and corre-

sponding integrals.

Definition 1.1.8. Let %5 (M) to be the space of all real predictable processes X = {X; },>0

such that for all
T
(X402 =E | [ x2am)] < +on, w7 >0

% Remark: if M is a Brownian motion, then % (M) = %, defined before.
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Y since every process from the space .7 is left-continuous, therefore also predictable,

it holds that £y C %4 (M).

For X € 4 (M), let

~+oo
Xl 0m) = Y 27" (IX 15, A 1).
n=1

As before, we consider two processes X and Y from .%>(M) to be equal, and write X =Y,

if their difference is O in the corresponding norm, that is, if
IX —Y|)5'y =0, forallT > 0.

Now, we see that the function (X,Y) + [|X —Y|| & (»s) makes the space .25 (M) a complete
metric space and it holds that .%j is dense in %5 (M) with respect to this metric function.
First we define integral for integrands in X € .%. Since, for # > 0, X can be written in

the following form: X; (@) = Zo(®) - Ly—oy3 (1) + X7 Zu(@) 1 (1), we define

tnstn+1]
n—1
M(X); = ;)Zi<w)(Mfi+1 (0) —M;(0)) + Zy(0) (M (0) — M;, (@),

for t, <t < t,.1,n € N. As before, the process I (X) := (IM(X),) is an element of .,
and it holds that |IM(X) ||z = IX||.» (m)- By using this equality, we extend the definition
of the process I (X) for all X € 4 (M).

Definition 1.1.9. For M € ., and a stochastic process X € .%»(M), the process M (X)
is called the stochastic integral of X with respect to the martingale M and ™ (X), is

denoted by [§ X;dM; or [j Xs(®)dM(®).
9+ Remark: if M is a Brownian motion, /(X) defined above coincides with I (X).
& If M € 45, then IM(X) € 5.

We further extend our definition of a stochastic integral to the case of local martin-
gales. The procedure starts by defining quadratic variation for such processes.

Take two processes M,N &€ ,//lzloc . Then we can take a sequence of finite stopping
times {7,},>0 such that 7, T 4c0 as n — +oo a.s. and stopped processes M™ and N
are elements of .#,. Since the quadratic variational process is unique, it follows that, for
m < n,

<MTH7NTn>z/\Tm = (M™ N*).
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Hence, there exists a unique predictable process (M, N) such that (M,N),,, = (M™ ,N™),

AT,
foralln e Nands > 0. If M = N, we write (M, M) = (M) .

Definition 1.1.10. Let M € .#3°. Z1°“(M) = {X = {X;}+>0 : X is a real predictable
process such that there exists a sequence of stopping times {7, },>0 such that 7, 1 4o as

n—+eoas. and B[ [f " X2(w)d (M),] < +eoforall T > 0and n € N}.

Y Remark: le“(M )= ,;2”2100 if M is a Brownian motion, since the condition on the

expectation is equivalent to that fj X?(@)d (M), < +oo forall T > 0 a.s.

We now proceed to define the integral in this case: fix M € 4% and X € £1°°(M).
Then we can find a sequence of stopping times {7, },>0 such that 7, T +c as n — +oo
a.s., the stopped process M™ is in .#, and E [fOTM”XtZ(a))d<M)J < oo foral T >0
and n € N. Define X,(n)(a)) = X1 (0)1{1<z,(w)) and M) := M™_ It holds that M\") € .4,
and X(") = (Xt(n))tzo € % (M™), so by Definition (1.1.9) we can find A (X)) and it

is easy to see that for m < n
(n) (m)
M X0 g, = 1M (X0,

Therefore, there exists a unique process I (X) = {I(X),};>¢ for which it holds that
M(X)ipr, = ™" (X)), for all n € N and ¢ > 0. Obviously, I (X) € .41

Definition 1.1.11. For M € .#3° and X € £}°°(M), the process I (X) defined above is
called the stochastic integral of X with respect to the local martingale M. As before,

1M (X), is denoted by [j XsdM; or [ Xs(@)dM;(®).
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1.2. SEMI-MARTINGALES

As was discussed before, our goal is to create a mathematical framework which will allow
us to model some physical motions and phenomena in nature and real life. Here, we are
interested in situations where motions can not be described by a deterministic model
(some version of a differential equation) since certain level of randomness is incorporated
in their movement. One can think of modeling a random process as creating differential
equation in a random environment. Informally, that type of model can be written as an

equation of the following form:

dXt - b(Xt)dt ‘I— G(X[)dBt, t 2 0,

that is, the motion is a sum of a drift (trend or a mean motion) and a diffusion (fluctuation)
away from that trend. Randomness is incorporated in the movement of such a process via
a Brownian motion B, so such a process will be continuous. If we want to model a motion
that is not continuous by its nature, we would take a model that is moved by a random

process with jumps, for example, a Lévy process:
dX[ - b(Xl)dt + G(Xt)dLl, t Z O,

where L is an underlying Lévy process. We then call such an SDE a Lévy-driven SDE.

To bring this notation to life, we introduce processes that will have such properties.

Definition 1.2.1. A real-valued stochastic process {X;};>¢ is called a on-dimensional

semi-martingale if X; can be expressed in the following form: forz > 0
I+ 1+ _
X, = Xo +A,+Mt+/ /df(x,s,-)N(dx,ds)+/ /dg(x,s,-)N(dx,ds), (1.2.1)
o JR 0o Jr

where

* X is an .%p-measurable random variable,

e Mc %c,loc

2 ’

* the process A = {A; };>0 is a continuous process adapted to .# of bounded variation
(that is, its trajectories t — A; are of bounded variation on each finite interval) such

that Ap =0,
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* N is a Poisson random measure with intensity ¢ and N is its compensated version,

s fELY(E,B(E),u) for E=R?x[0,1) and g € Li’loc, where

- Lf[l"c is the set of all (random) functions g(x,z, ®) which are predictable and

for which there is a sequence of stopping times 7, such that 7, T 4o and for

allneNandr >0

AT,
E{/ / |8(X,S,')!2u(dx,ds) < o0,
0 R4

and it holds that
fg=0. (1.2.2)

If X; can be expressed only by first three terms in (1.2.1), we call it a continuous semi-

martingale.

% Remarks: since there are no non-trivial continuous local martingales of bounded
variation, it follows that the decomposition of a continuous semi-martingale in
(1.2.1) into the initial value, continuous local martingale and a continuous adapted
process of bounded variation is unique (and process M is called a continuous mar-

tingale part of X).
% Continuous semi-martingale is a continuous process.

% Any discontinuity that a semi-martingale X might posses comes from last two terms

in the decomposition (corresponding to the Poisson random measure).

4 The property (1.2.2) means that last two terms in the decomposition do not have

any common discontinuities.

The generalisation to a multi-dimensional case is straightforward: a stochastic process
X=(X'... X% = (X!,...,X%)>0 is called a d-dimensional semi-martingale if, for

t > 0, X; can be written as
. . . . 1+ . t+ . -
Xi =X+ A+ M+ / / fe,s. )N (dx.ds) + / / (x5, IN(dx.ds), (123)
0o JR 0o JR
i=1,....d, (1.2.4)
where
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o X\, ALM!, f',g",N and N satisfy all conditions as corresponding objects above for

alli=1,....d,
* (1.2.2) holds for f' and g/, forevery i, j=1,...,d.

In previous sections we discussed integration with respect to, first, Poisson random
measures and compensated Poisson random measures, and, finally, local martingales.
This included adapted, continuous processes of bounded variation. Actually, it can be
shown that the linear combination of those processes form the largest class of integrators
that we can use, that is, that we know how to integrate with respect to.

In order to do that, we first define the quadratic variational process of a continuous

semi-martingale X = Xo+ M + A to be
(X), =X3+(M),, t>0.

Definition 1.2.2. Let %5 (X) be the space of all real predictable processes H = {H; };>0

such that forall T > 0
T t )
/0 ]Hs(a))]d|A\s+/O H2d (M), < +ooas.

Then, for H € £ (X), we define the stochastic integral of H with respect to the con-

tinuous semi-martingale X to be the process I(H;X) defined by
t t
I(H;X), = / H,dA, + / HdM,, >0, (1.2.5)
0 0
and we use the notation for /(H;X), to be as before: [} HydX; or [{ Hs(®)dX,(®).

% Remarks: note that the integral is well-defined since it is a sum of two integrals that
have been defined before: for H € %4 (X), [ HsdA is a standard Lebesgue-Stieltjes

integral and fé HydM; is a stochastic integral with respect to a local martingale.
% f(; HdA; is an adapted process of bounded variation on finite intervals.
& [SHdM, € o

% Therefore, I(H;X) is a continuous semi-martingale, and its decomposition is given

by (1.2.5) (it consists of two processes).
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We proceed by mentioning one of the most important tools one needs when analysing
semi-martingales - the famous Itd lemma, which says that a transformation of a semi-
martingale is again a semi-martingale and provides a way to calculate it (that is, its

integro-differential form). We give it in a multidimensional case.

Theorem 1.2.3. ( [IW89, Theorem 2.5.1]) Take {X;},>0 to be a d-dimensional semi-
martingale and denote f = (f!,...,f%) and g = (g',...,g%). Assume that the function g

is bounded, that is,
gt 0) <M, Vi=1,....d,t>0,xeR? wecQ.

Take a function F € C2(R?). Then, F(X) = (F(X;));>0 is again a semi-martingale and we

can calculate the value of F(X;) for # > 0 via the following integro-differential formula:

’8F

F(X,)—F(Xo) = 2‘1/ ax, X, )dAL + z‘i/ ax, X,)dM!
+5 Z/ax,ax, d(M' M),

+ " PO+ fs.)) = F(X,-))N(dx.ds)
t+ ~
+/ /d(F(XS+g(xvs7'))_F(XS))N(dx7ds)

// < (X, +g(x,s,7)) — F(Xs)—zgi(x,s,-)a_)q(XON(dxds)
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1.3. STOCHASTIC DIFFERENTIAL EQUATIONS

We are now ready to formalise the problem we are discussing in this work. In the previ-
ous section, we discussed that we are looking for a model that will describe movement
of a random process through time. Informally, one type of random movement will be

described by the equation of the following form:

dX, = b(X,)dt + o (X,)dB,, >0, (13.1)

where B is a standard Brownian motion and the process starts from some (possibly ran-
dom) point Xy. Thus, the above equation assumes that our process follows some drift
function through time, which is given by a coefficient b, and it is randomly fluctuating
around it, which is governed by an independent path of Brownian motion that is addition-
ally transformed by a coefficient .

If we want to observe a d-dimensional stochastic process, the underlying random mo-
tion B can be a standard n-dimensional Brownian motion, where # is some other dimen-
sion than d. To make sense of the equation (1.3.1), we will consider X; and B; for all > 0
and b to be column vectors, and 0 a d X n matrix.

If the starting position Xy is some fixed point x € R?, we denote the process by X* and

write the equation (1.3.1) in the following way:

dX; = b(X)dt +o(X")dB,, X} =xcR?, (1.3.2)

Definition 1.3.1. The model (1.3.1) is called the stochastic differential equation (in

short we will write SDE) and a process X defined by (if the following integrals exist)
t t
X :=Xy+ / b(Xs)ds+ / o(X;)dBg, t>0,
0 0

is called the strong solution of that equation Here, X is an .%j-measurable variable, B is

a standard n-dimensional Brownian motion, ¢ : R? — R4*" b :RY — RY,

% Remark: the term strong solution assumes that the process X is constructed from
a given (fixed) Brownian motion B. If we are allowed to construct the Brownian

motion and the solution at the same time, we would call X the weak solution.
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If Xo = x € R?, the solution of the SDE is a process X* starting from the point x at time 0

and (if the integrals do exist) it is given by
t t
X* = x4+ / b(XX)ds+ / G(X")dB,, 1> 0.
0 0

Definition 1.3.2. We call a solution of the SDE to be pathwise unique if, for any two
solutions X* and X* starting from the same point x € R (that is, Xo = Xo = x) and driven

by the same Brownian motion B, it holds that their trajectories are a.s. equal, that is,
]P)(X[ :X[, \V/t Z 0) - 1
(that is, X* and X* are indistinguishable).

Naturally, the solution might or might not exist, depending on the existence of the
integrals from the definition, and in the case that it does exist, it can be more or less nice.
The theory that discusses the existence and uniqueness of the solution and its properties is
extensive and is a topic in itself. It is very well-studied in the literature, so there are many
references. However, it is beyond the scope of this work so we will just mention the most
common results in this area and restrict ourselves to the special case of our interest - the

so-called diffusion processes.

Definition 1.3.3. A diffusion process is a family of solutions of the SDE (1.3.1) (for each
starting point Xo = xo € R? there is one process which solves the SDE) which is also a

strong Markov process with continuous paths.

% Remark: we will see that a diffusion process can be obtained in another way, by

considering a set of the so-called transition probabilities.

Standard assumptions that ensure existence and (pathwise) uniqueness of the solution
are local Lipschitz property together with the (at most) linear growth of coefficients b and

0. Formally, assume the following:

(C1) local boundedness: for any r > 0,

sup ([b(x)|+[lo(x)[lus) < eo;
x€B,(0)
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(C2) local Lipschitz property: for any r > 0 there is I', > 0 such that for all x,y € B,(0),

2.

2(x—y,b(x) =b(y)) + [[6(x) = ()|l < Trlx—y
(C3) linear growth: there is I > 0 such that for all x € R4,
2(x,b(x)) +[|0(x)lfs < T(1 +|x*),

where B, (x) denotes the open ball with radius 7 > 0 around x € R?, and || M ||?g:=TrMM"
is the Hilbert-Schmidt norm of a real matrix M. Under (C1)-(C3), the solution to the SDE

is a diffusion process. More precisely, from these conditions we conclude that:

% (C2) & (C3) = the SDE in (1.3.2) admits a strong solution that is pathwise unique
(see, for example, [Dur96, Theorems 5.3.1 and 5.3.2]),

% pathwise uniqueness = uniqueness in distribution = X* has a transition kernel

p(t,x,dy) =P(X} € dy),t >0, x € R? (see the proof of [Dur96, Theorems 5.4.1]),
3 (C3) = the solution does not explode,

3 construction of the solution (the so-called Picard’s iteration) ensures that sample

paths are a.s. continuous, that is, the solution is a continuous process,

% (C1) & (C3) = the solution is a strong Markov process (see [Dur96, Theorems
5.4.5,5.4.6 and 5.6.1)),

% the solution X is also a Cp,-Feller process, that is, the corresponding semigroup,

the set of linear operators defined by the kernel p(z,x,dy) with

RIGW) = B0 = [ FO0)plndy), 120, xR, feBRY,
satisfies P;(Cp,(R?)) C Cp(R?) ( [Maj16, Lemma 2.5]).
- Here, B,(R?) and C,(RY) denote the spaces of bounded Borel measurable
functions and bounded continuous functions, respectively.

- This property automatically implies that {X; };>0 is a strong Markov process
with respect to the right-continuous and completed version of the underlying

natural filtration.
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- Remark: in the above-mentioned lemma the author assumes that b(x) is con-
tinuous, but the assertion of the lemma also holds true in the case when b(x)
is locally bounded (condition (C1)). In particular, this automatically implies
that {X; };>¢ is a strong Markov process with respect to the right-continuous

and completed version of the underlying natural filtration.

% If b(x) and o(x) are Lipschitz continuous then {X; };>¢ is a Cw-Feller process, that
is, P(Cwo(R?)) C Cuo(R?) for all £ > 0 (see [RWO00, page 164]), where Co.(RY)

stands for the space of continuous functions vanishing at infinity.

A transition kernel of a Markov process will play a key role in determining a properties
of a solution of the SDE as it describes the movement of a process. Therefore, we list some

properties it possesses:

(i) there exists 8 > 0 such that for all x € R?

|
lim —
t—0 1

[, = yBopex.dy) =0,

(ii) denote c(x) := o(x)o(x)7, then for all x € R?

(a)
im Y [ (y—x)pltx.dy) = b(x),
t—01 JRd

(b)
im® [ (v x)2pt,xdy) = c().
t—01 JRd

% Remark: these properties can be used to take an alternative approach to a diffusion
process. Namely, a diffusion process can equivalently be defined as a Markov pro-
cess whose transition kernel satisfies (i) and (i) for some functions ¢(x) and b(x),
called the diffusion and drift (or displacement) coefficient. One then shows that
conditions (C1)-(C3) ensure that a solution of the SDE is exactly a diffusion process
with diffusion coefficient being the function ¢(x) = o(x)o(x)” and drift coefficient

being the function b(x) given in the equation (1.3.2) (see [GS79, Theorem 3.10.2]).

% Another alternative way of looking at a diffusion process is via the theory of partial

differential equations ( [SV06]). Namely, we consider the fundamental solution

36



Preliminaries and Notations Stochastic Differential Equations

p(s,x,t,y) of the equation

p & 9p

8_+j—21bj<s’x ) Z 4ij(5:3) 9x;0x; -
Under (C1)-(C3), the fundamental solution exists. Take this function p(s,x,,y) to
be the transition probability of a Markov process and call this process a diffusion
process with diffusion coefficent a and drift b. One can check that such a process

also coincides with the solution of the SDE with those coefficients.

% Finally, a last equivalent way to obtain a diffusion process is based on posing a
so-called martingale problem. In order to do that, we need to define a probability
space and a filtration on it. Since we will only be interested in the process X,
and not the underlying space, we take the canonical (sample-path) space Q° =
C(]0,4o0);RY) := {f : [0, +o0) — R? : f is a continuous function }. Then, define
a process X = {X; };>0 on Q° by X;(®) = o(r). We call X a projection process.
Let filtration {.% },> be its natural filtration, that is, the filtration generated by X;
for 0 <t < +oo. Then Q¢ is a complete separable metric space with the topology
defined by uniform convergence on bounded intervals (that is, take .#° to be the
completion of the natural filtration). For a set of coefficients c(x) € R?*¢ and b(x) €
R¢ for x € R? such that ¢(x) is a positive semi-definite matrix, define an operator L
on functions f € C?(R¢) by

d p) 1 4 92
LOW=2105= Lo 345 Y a5 S
We say that a measure P* is a solution to the martingale problem for » and a

starting at the point x € R? if

(i) P* is a probability measure on (Q¢,.% ) such that P*(Xy = x) = 1,
(ii) for all f € C2(RY), f(X;) — f(x) — [§ L f(X,)ds is a local martingale with

respect to the space (Q°,.7¢,P¥).

One can show that, under (C1)-(C3), the solution to the martingale problem for
given coefficients a and b and a starting position xo does exist, it is unique, and it is

equal to the solution of the SDE (1.3.2) with that same coefficients b and o (where
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O is a square root of a) in a sense that a solution to the martingale problem is the
distribution of the solution to the SDE ( [Dur96, Theorem 5.4.5]). Furthermore, the

Cc

process X is a strong Markov process with respect to the filtration {.% },>¢ and it

has continuous sample paths.

Based on these different views over a diffusion process (that is, equivalences of the
definition of a diffusion process), we can deduce many useful properties of such a process.
Since some of them will be important for us later on, we briefly summarise the most

important ones:

¢ conditions (C1)-(C3) ensure that the solution to the SDE (1.3.2) exists, is unique
and possesses a strong Markov property. We denote it by {X;*},>0. This implies
that we can obtain a transition kernel for our p(t,x,dy) = P(X* € dy),t >0, x € RY.
Since there is 1-1 correspondence between distributions of solutions to the SDE and
solutions of the Martingale problem (which are distributions on the canonical space
(Q°,.7¢), we conclude that our transition kernel defines a unique probability mea-
sure P* on the canonical space such that the projection process, denoted by {X; };>0,
is a strong Markov process (with respect to the completion of the corresponding
natural filtration), it has continuous sample paths, and the same finite-dimensional

distributions (with respect to P¥) as {X;*},>0 (with respect to IP).

* Also, it holds that the martingale problem for » and a := oo and starting position

x is well-posed, that is

t
1) = f(x0) - [ Zf(x)ds, 10,
is a P*-local martingale for every x € R and every f € C2(RY), where

ZLfx) = (b(x),Vf(x)) + %TYG(X)G(X)Tvzf(X)

As it turns out, the operator . defined above will play a key role in determining sta-

bility properties of a stochastic process. It has connections with an infinitesimal generator.

Definition 1.3.4. Let {X,},>0 be an R?-valued Markov process with semigroup {P,};>0

(defined as above). The infinitesimal generator (with respect to (||:||«,B,(R%))) is a

38



Preliminaries and Notations Stochastic Differential Equations

linear operator <7 : Z,; — B, (RY) defined by

af =i L e g, = e n@t im ™

Rr—J exists in HHOO} :
t—0 t

% If b(x) and o(x) are continuous, then the infinitesimal generator (.27, Z.,) of the
solution of the SDE {X,};>¢ (with respect to the Banach space (B,(R%),||-||-))
satisfies C2(R?) C 9, and

A9, =2

- |||~ and C2(IR) denote the supremum norm and the space of twice continu-

ously differentiable functions with compact support, respectively.

- Obviously, the domain of the operator .2 (denoted by Z¢) is larger than
the domain of 7, so we call .Z the extended generator of the process X

(see [MT93b, Section 1] for more details).
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1.4. ERGODICITY

In previous sections, by defining objects and mathematical models of our interest, we set
the basis for formalising the problem we want to tackle and methods that we will use.
Doing that will be the final step we will take before presenting all our results.

We want to discuss stochastic stability of a diffusion process X. Recall that such
a process has the transition probability p(z,x,dy) = P*(X; € dy) for t > 0 and x € R?
which defines the set of linear operators { P },>¢. Our problem is to investigate a possible
convergence of the process to some stable state - equilibrium. Mathematically, we can

write it in the following form:
?
r(O|P*(X; € ) == ()| — 0,
where
e P*(X; € ) is the distribution of the process at time ¢ which started from point x,
e 7(-) is its invariant distribution (the equilibrium),
e r(¢) is the rate of the convergence,
e ||| is an appropriate norm.

A process that satisfies that will be called ergodic.

Namely, this problem raises the following questions:

~» under which conditions on the coefficients does the diffusion process admit a unique

invariant probability measures?
~ do the marginals of the process converge to the invariant measure, in some norm?
~» at which rate does the convergence occur?

~+ do we get the same results for non-local operators (that is, when we add jumps to

our process)?

~+ can we extend this analysis to some more general stochastic processes?
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From an above formula we see that for an ergodic process the distribution at time ¢ is
starting to look more and more like some fixed distribustion 7 that we call an invariant
distribution. This distribution itself has some nice properties - invariance and finiteness.
To define this, we will need the following notation: for a positive measure [l on a measur-

able space (R?, Z(R?)) we write
uR(A) = [ plxA)u(dn). 1=04€ B®)
R

Definition 1.4.1. Let X be a Markov process. A (positive) measure 7 on (R, Z(R?)) is
called

* finite if E(Rd ) < oo, otherwise, it called non-finite,
s probability measure if 7(R?) = 1,
* invariant or stationary measure for X if

nPh=xn, t2>0.

Obviously, in order to check whether our process approaches to some equilibrium
state, we need to be able to measure how far away from it this process is at some point.
More precisely, we need some function that measures the distance between two distribu-
tions. In mathematics, such a distance function is called the norm. Therefore, ergodicity
properties of our process need to be discussed with respect to a certain norm function:
maybe convergence does not occur in one norm, but it does in some other. Hence, we pro-
ceed by naming several possible norms that will be of our interest. For a Borel-measurable

function g : RY — R and a signed measure y on (R?, Z(R%)) denote

t(g)= [ glu(dx).
R

Definition 1.4.2. Let f : R? — [1,+o0) be a Borel-measurable function. For a signed

measure y on (R, Z(R?)) define the following norms:

* f-mormiis ||t = supge< [1(8)],

* the total variation norm is || it||ty := sup,cpa U(A) —infy a1 (A).
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% Remark: for f(x) =1 for all x € R4, that is, for a constant function equal to 1, the

f-norm (i.e. 1-norm) is nothing more than the total variation norm.

% [|pllv = supge g(ra) | (B)] for a signed measure y1 on B(RY).

As it turns out, in order to obtain convergence in f-norm (for a Borel function f > 1)
one needs assume a certain level of regularity in the behaviour of a process X. Namely,
we will need to ensure the process is irreducible and aperiodic. This will usually be pro-
vided by imposing certain regularity assumptions (like uniform ellipticity) on a diffusion
coefficient c¢(x). In the case when c(x) is not regular enough, the topology induced by
the total variation distance becomes too “rough”, that is, it cannot completely capture the
singular behaviour of {X;},;>o. Formally, p(z,x,dy) cannot converge to the underlying
invariant probability measure (if it exists) in this topology, but it still might converge in
some other (see [San17] and the references therein). If we find it, this other topology will
then provide convergence in some weaker sense. In this situation, we naturally resort to
Wasserstein distances which, in a certain sense, do induce a finer topology, because, as we
will see, convergence with respect to a Wasserstein distance implies the weak convergence

of probability measures (see [Vil09, Theorems 6.9 and 6.15]).
Definition 1.4.3. Let p be a metric on R? and p > 0.

e Let ]Rf, denotes the topology induced by p and % (]Rg) be the corresponding Borel

o-algebra. So, (Rg,%’ (Rg)) is a measurable space.

— An important example of a metric is the standard d-dimensional Euclidean
metric, denote it by pg. Then Rg is the set of all open subsets of R?, in

classical sense.

* Define &, , to be the space of all probability measures ( on % (]Rg) having finite

p-th moment, that is,
/ ) p(x0,x)”p(dx) < oo, for some (and then any) xo € RY.
R

- Ppo:= P - this is just the space of all probability measures on % (Rg)

- 'gZpEvo = (@p
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—ypE::e@

e If p>1andu,v € &y, the £P-Wasserstein distance between u and v is defined

as

1/p
Wpp(L,v) = inf (/ )P T (dx,d > ,
P (1, V) etk i e PO T, dy)

where €’(1, V) is the family of couplings of u and v, that is, IT € €' (u,v) if and

only if IT is a probability measure on R? x R? having i and v as its marginals.

Y% Remarks: W), satisfies the axioms of a (not necessarily finite) distance on &

— However, if we observe a restriction of %}, ,, to &, ,, such a distance function

is finite ( [Vil09, Theorem 6.4]).

% If (RY,p) is a Polish space, then (2, ,,#, ,) is also a Polish space (see [Vil09,
Theorem 6.18]).

% Of our special interest will be the situation when p takes the form p(x,y) = f(Jx—
y|) for x,y € R? (that is, p = f o pg), where f : [0,+o0) — [0,+c0) is a non-
decreasing concave function satisfying f(¢) = 0 if and only if r = 0. In this sit-
uation, the corresponding Wasserstein space does not have to be a Polish space and
is denoted by

(Ppp:sWo.p) = (Prp:s W5 p)-

= If f(t) = 19,400 (2), then #} (1, v) =t — ||y forall p > 1.

- Iff(t) =1, then p is an Euclidean metric so &, , = &), and the correspond-
ing Wasserstein space is denoted just by (22, #,,) (which is always a Polish

space).

%~ Wasserstein distances metrize weak convergence. Namely, this means that, for a se-
quence of measures { L, },>0 in &y , and a measure p in &, then the convergence
with respect to a Wasserstein distance implies the weak convergence of probability

measures. Mathematically, it holds that

W p(fns ) — 0 == W, — [, 1 — oo,
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— The weak convergence of u, to u, denoted by u, i W, means that for any

g € Co(RY), pu(g) — u(g).

% We mentioned that the control in Wasserstein distance is somewhat weaker then
the control in total variation distance. However, it holds that if (R?, p) is a Polish

space, then for all xy € RY

» 1( NP1
<20 / X0, X > , —+—=1,
pp = Rdedp( 0,%) p P

so in a special case that p = 1 and p(R9) < oo, we have that for all u,v € 2,

Wo1(u,v) <D||u—V|tv, forsomeD > 0.

Now that we have discussed all aspects of the convergence, it is time to formally define

the convergence to an equilibrium itself.

Definition 1.4.4. We call a Markov process {X; };>o r-ergodic with respect to the norm
||-|| if it possesses an invariant probability measure 7 and there exists a non-decreasing

function r : [0,+o0) — [1,4o0) such that

lim r(1) || p(r,x,dy) = m(dy)|| = 0, xR’

o0

An ergodic process X is called

* geometrically (or exponentially) ergodic if

r(t) =€, for some k >0,

* sub-geometrically ergodic if

1
lim nr(t)
f—oo

=0.

% Remarks: the speed of the convergence of a sub-geometrically ergodic process is

less than exponential.

In the discussion above we already mentioned that the type and speed of the con-

vergence we can obtain will depend on the structural properties of the process. The
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aim of this work is to detect those conditions and conlude what kind of a convergence
they imply. So, in order to do that, we will recall some of the features of Markov
processes together with the most import results concerning them. Our main references
are [MT93a], [Twe94], [BG68]) and [FRO5].

As always, we have a stochastic basis (Q,.%,{.%; };>0, {P*} ,cge), Where p(t,x,dy) :=
P*(X; € dy), fort > 0 and x € RY, correspond to a Markov process X with cadlag sample
paths and state space (R?, Z(R¢)). Also, assume that p(z,x,dy) is a probability measure,
that is, {X; };>0 does not admit a cemetery point in the sense of [BG68]. Observe that
this is not a restriction since, as we have already commented, our assumptions on the

coefficients will imply {X; };>¢ is non-explosive.
Definition 1.4.5. A Markov process X is called

* ¢-irreducible if there exists a o-finite measure ¢ on % (R%) such that for all B €
B(RY)
—+o0
¢(B) >0 :>/ p(t,x,B)dt >0, forallx € RY;
0

% Remarks: the condition for ¢-irreducibility is equivalent to asking that when-

ever ¢(B) > 0, we have that

EX

—+o0
/ EB(X,)dt} >0, forallxeR?,
0

which can be interpreted as a condition that we expect our process to stay
sufficiently long (or positive amount of time) in any large-enough set (in a

sense that it is a set of positive measure).

% If X is ¢-irreducible, then the irreducibility measure ¢ can be maximized (in
the sense of absolute continuity). More precisely, this means that there ex-
ists a unique “maximal” irreducibility measure Y such that for any measure
@, {X; };>0 is @-irreducible if and only if ¢ is absolutely continuous with re-
spect to ¥ (see [Twe94, Theorem 2.1]). In view to this, when we refer to an

irreducibility measure we actually refer to the maximal irreducibility measure.

% If 7 a an invariant measure, then 7 is a maximal irreducibility measure.
For a ¢-irreducible process, we define a set C € Z(R?) to be
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— accessible if y(C) >0,

— a petite set if there exists a probability measure 1¢ on %([0,+o0)) and a non-

trivial o-finite measure v¢ on % (R?) such that
oo J
/ plt,x,B)ne(dr) > ve(B), x€C,Be B(R).
0

% Remarks: a meaning of a petite set is that it is small enough so that we can
guarantee that, starting from it, for any fixed set, the expected amount of time
our process stays in that fixed set is longer than some positive constant (which

depends on the size of that set).
3 a ¢-irreducible process always possesses an accessible closed petite set.

% 1f X is ¢-irreducible and Cp-Feller process, then every compact set is petite.

A ¢-irreducible process is further called

— transient if there exists a countable covering of RY with sets {B i}jen C
B(RY), and for each j € N there exists a finite constant Y; = 0 such that
I5> p(t,x,B;)dt <y, holds for all x € RY;

% Remark: note that a transient Markov process cannot have a finite invari-
ant measure. Indeed, assume that {X; },>0 is transient and that it admits a
finite invariant measure 7, and fix some ¢ > 0. Then, for each j € N, with

Y; and B; as above, we have
t
i1(B;) = / 1P,(B;)ds < 7m(RY).
0

Now, by letting t — o we obtain 7(B;) = 0 for all j € N, which is impos-
sible.

— recurrent if for all B € Z(R?)
oo J
¢(B) >0 :>/ p(t,x,B)dt =+, for all x € RY;
0

9 Remarks: similarly as discussed above, the process will be transient if
we can cover the state space with sets which have the property that the

process cannot stay in them forever, that is, we expect the process to visit
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them only limited amount of time. On the other hand, the process is
recurrent if the process is expected to spend infinite amount of time in

any large-enough set (so, it must keep returning to any such set).

% Every y-irreducible Markov process is either transient or recurrent (see

[Twe94, Theorem 2.3]).
% If X is recurrent, then it possesses a unique (up to constant multiples)
invariant measure 7 (see [Twe94, Theorem 2.6]).

A recurrent process is called

x positive recurrent if its invariant measure is finite.

% Remark: in that case, the invariant measure may be normalized to a

probability measure.

* null-recurrent otherwise.
* open-set irreducible if the support of its maximal irreducibility measure v,
suppy = {x € R?: y(0) > 0 for every open neighborhood O of x},
has a non-empty interior;

% Remark: open-set irreducibility and Cp-Feller property ensure that every com-

pact set is petite (see [Twe94, Theorems 5.1 and 7.1]).

* aperiodic if it admits an irreducible skeleton chain, that is, there exist #p > 0 and a
o-finite measure ¢ on Z(R?), such that for all B € (R¢)
¢(B) >0 = Z p(ntg,x,B) >0, forallxeR%.
n=0
% Remarks: this actually means that we can extract a Markov chain (X, )nen
out of our process X such that it is a ¢-irreducible Markov chain (that is, its

expected time of staying in any large-enough set is positive).

% a sufficient condition, perhaps more intuitive to think about because it brings
the meaning of aperiodicity to life, is the following: X is ¢@-irreducible and
there exist an accessible petite set C and 79 > 0 such that p(z,x,C) > 0 for all

x € C and t > ty. Therefore, in this sense, the aperiodic process excludes any
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cyclic behaviour (which is precisely the definition of aperiodicity in a discrete
setting). Furthermore, [MT93a, Proposition 6.1] states that positive Harris-

recurrent and aperiodic process satisfies this condition.
* Harris-recurrent if there exist a o-finite measure ¢ such that for all B € %(R%)
+o0 J
¢(B) >0 :>IP”‘</ 14(X)dt = —l—oo> =1, forallxeR“.
0

% Remarks: equivalently, we call X Harris-recurrent if there exist a o-finite mea-

sure ¢ such that for all B € (R9)
¢(B) >0 = P* (15 < +o0) =1, forallxec R’

where 75 := inf{r > 0: X, € B} is the hitting time of set B.
% Obviously, Harris-recurrence implies ¢-irreducibility and, hence, also recur-

rence as defined above.

% A Harris-recurrent (right-continuous) process does admit a (possibly infinite)

invariant measure.
A Harris-recurrent process is further called
— positive Harris-recurrent if its invariant measure is finite.
* Cp-Feller (or sometimes, weak Feller or just Feller) process if

P(Cy(RY)) C Cp(RY).

* strong Feller process if

P(By(R?)) C Cy(RY).

With this definition we close the discussion on the properties of a Markov process. It
remains to explain methods that we will adopt in order to obtain ergodic properties of our
process. In general, there are two basic methods that we will use: one is the so-called
Lyapunov energy method (and it will be used to obtain convergence with respect to a total
variation distance) and other is called the coupling method (and it will be used in the
case when we need to consider convergence in a weaker sence then with respect to a total

variation distance).
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Lyapunov energy method The idea is to observe the generator of our process .Z and
construct the appropriate energy function 7 (the so-called Lyapunov energy func-

tion). Then, £¥ describes the total dissipated energy of the system. So, if

o £V >0, then we have an unstable system;

o £V <0, then we have a stable system.

Furthermore, the better the bound is, the better our control over the dissipation

of the energy is. So, if we can obtain better results like

- 2V < =7, we then know that the speed of the stabilization if exponen-
tial,

- &V < —@(¥), for some concave function ¢, we can conclude that the
stabilization is happening, but at some slower pace, depending on the

function ¢.
Mathematical object that decribes .Z” could be

* “derivative of the distribution P;”, that is, an infinitesimal generator < from
the previous section. However, this approach will narrow down the domain of

% so it will be harder to find a function ¥'.

* Therefore, we adopt the probabilistic approach to the generator .Z" and con-

sider instead the extended generator defined by the martingale problem.

Such an technique has been used for determining stability of first, Markov chains
(see [Hai16]). It was called the Foster - Lyapunov method. Later, it was extended to
continuous-time Markov processes. The version for sub-geometric ergodicity was
developed in [DFG09]. The method itself consists of finding an appropriate petite
(recurrent) set C € %(R?), and constructing an appropriate function ¥ : RY —
[1,4o0) (the Lyapunov function) contained in the domain of the extended generator
</ of the underlying Markov process {X;},>0, such that the Lyapunov equation

(also called the drift inequality )

LYV (x) < —o(¥(x)) +Blc(x), xeR?, (1.4.1)
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holds for some B € R (see [DFG09, Theorem 3.4]). Recall that for a diffusion
process we know how the extended generator looks like: its domain C?(R?) C 2,

and for every f € C2(RY),

L) = (b0, VW) + 5Tr [0 () V27 ()]

The second step, after establishing the drift inequality, is to use the following result

(which we give here because of its importance):

Theorem 1.4.6. ( [DFG09, Theorem 3.2]) Let X be ¢-irreducible and aperiodic
process. Assume that (1.4.1) holds for some C, 7", ¢ such that sup- 7 < +eo and
lim;, 1 @'(t) = 0. Then, for any probability measure A such that A (%) < oo,

there is an invariant measure 7 and it holds
lim @(® (1)) /Rduaxp, _ |y A(dx) =0.
Furthermore, there exists D < oo such that, for all # > 0 and x € R?

¢(~(1))]|8:F — v < DY (x).

9 Remarks: the idea of the proof is to obtain ergodicity by applying the results

for Markov chain (since we have an irreducible skeleton chain).

% In full length, the theorem actually provides results for f-ergodicity for vari-
ous f-norms, not just the total variation norm. It then follows that the strength
of the norm is compensated by the rate of the convergence in a sense that the
stronger the norm, the slower the rate. The maximal rate is achieved with the

total variation norm, and the minimal with the f*-norm, where f*:= @o 7.

4 The theorem gives the existence of the invariant distribution 7. This is ob-
tained from the drift condition. Namely, the equation in (1.4.1) implies that
for any § > 0 the @ o @ !-moment of the §-shifted hitting time of set C
0 :=inf{t > § : X, € C} of {X,};>0 on € (with respect to P*) is finite and

controlled by ¥'(x) (see [DFG09, Theorem 4.1]), that is
T
E* / Pod (s)ds| < oo
0

This implies that the process X is positive Harris-recurrent which then implies

that the invariant probability measure exists.
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3 However, it is known that positive Harris-recurrence alone does not immedi-
ately imply ergodicity of {X; },>¢. Namely, we also need to ensure that a sim-
ilar property holds for any other “reasonable” set, which will be ensured by
assuming ¢-irreducibility. Together with aperiodicity, or in this case, the prop-
erty of existence of a irreducible skeleton chain ( [MT93a, Proposition 6.1]),
the sub-geometric ergodicity will follow. Similar conditions are required to
obtain ergodicity in a discrete setting. There, {X;},>o can also show certain
cyclic behaviour which causes ergodicity not to hold (see [MT93a, Section
5] and [MTO09, Chapter 5]), so aperiodicity is required (which excludes this
type of behaviour). Intuitively, petite sets take a role of singletons for Markov
processes on non-discrete state spaces (see [MT93a, Section 4] and [MT09,

Chapter 5] for details). To be more precise, the reasoning goes as follows:

- If {X; };>0 is y-irreducible and C is a petite set, then indeed for any § > 0
the ¢ o @~ !-moment of 73, for any B € Z(R?) with y(B) > 0, is again
finite and controlled by ¥'(x) (see [DFG09, the discussion after Theorem
4.1]). Recall also that y-irreducibility implies that the state space (in
this case (R¢, 2(R?)) can be covered by a countable union of petite sets
(see [MT93a, Propositio 4.1].

- By assuming aperiodicity, the sub-geometric ergodicity of {X;},>o fol-
lows from [FROS5, Theorem 1], which states that finiteness of the ¢ o
&~ !'-moment of Tg implies sub-geometric ergodicity of {X; },>o with rate

r(t) = @(@7'(1)).

Coupling method As mentioned in the introduction, the aim of this method is to con-
struct the optimal coupling strategy so that we are able to control the dissipation
of the energy of the system. A usual approach is to control the dissipation by the
so-called asymptotic flatness condition, which we will state later in the work. In
general, this method is more flexible than the Foster - Lypaunov method as it al-

lows a certain level of singularity in the behaviour of the process.

The last note of this section is the reflection over some extensions and other versions of

the Foster - Lyapunov method that have appeared in the literature. An analogous approach
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was used in [Khal2, Chapter 4] to discuss positive recurrence of the process {X; };> with
globally Lipschitz coefficients and with ¢(x) being positive definite (hence, according to
Theorem 2.2.1, {X; },>0 is open-set irreducible and aperiodic). Based on this result, and
analysing polynomial moments of hitting times of compact sets, in [Ver97, Theorem 6]
polynomial ergodicity of {X; };>¢ has been obtained. In the follow up work, by using anal-
ogous techniques the same author established polynomial ergodicity of {X;},>0 without
directly assuming y-irreducibility and aperiodicity of the process, but basing on a local
irreducibility condition which we discuss below (see [Ver99, Theorem 6]).

An alternative and, in a certain sense, more general approach to our problem is based
on a local irreducibility condition. In this approach, instead of (1.4.1), we assume a

slightly more general form of the Lyapunov equation:

LY (x) < —(¥(x))+ B, xeRY, (1.4.2)

for some 3 € R, and instead of assuming y-irreducibility and aperiodicity of {X;};>0,
we assume the so-called (local) Dobrushin condition (also known as Markov-Dobrushin
condition): the Lyapunov function ¥'(x) has precompact sub-level sets, and for every

Y > 0 there is t, > 0 such that

sup |\ p(ty,x,dz) — p(ty,y,dz)|Tv < 1, (1.4.3)
(xy)e{(uy): ¥ (w)+¥ (v)<y}

see [Hail6, Theorem 4.1] (see also [Kull5, Chapter 1.4] and [Kull8, Chapter 3]). Ob-
serve that this condition actually means that for each (x,y) € {(u,v) : ¥ (u) + ¥ (v) <y}
the probability measures p(ty,x,dz) and p(ty,y,dz) are not mutually singular. Intuitively,
the Dobrushin condition encodes y-irreducibility and aperiodicity of {X;},>0, and pe-
titeness of sub-level sets of #'(x). By using a coupling approach with an appropri-
ately chosen Markov coupling of {X; };>0, say {X };>0, the Lyapunov equation and Do-
brushin condition, analogously as before, imply that the hitting (that is, coupling) time
T, :=inf{r > 0: M¢ € diag} of {M¢},>¢ on diag := {(x,x) : x € R} is a.s. finite (with
respect to the probability measure corresponding to {M}},>¢ with any initial position
(x,y) € RY x RY). Moreover, it follows that the &~'-moment of 7. is finite and con-

trolled by 7#'(x) + ¥ (y). Then from the coupling inequality it follows that {X; },>¢ admits
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a unique invariant ¥ € &, and

sup (@~ (1) [p(r..dy) ~ m(dy) v <=, xE R,
(see [Hail6, Theorem 4.1], or [Kull5, Chapter 1.4] and [Kul18, Chapter 3] for the skele-
ton chain approach).

Observe that (1.4.2) follows from (1.4.1). Also, y-irreducibility and aperiodicity (to-
gether with (1.4.1)) imply that the Dobrushin condition holds on the Cartesian product of
any petite set with itself. Namely, according to [MT93a, Proposition 6.1], for any petite
set C there is t¢c > 0 such that for the measure 71)¢ (in the definition of petiteness) the Dirac
measure in f¢ can be taken (with some, possibly different, non-trivial measure v¢). Thus,
p(tc,x,B) > vc(B) for any x € C and B € #(R¥), which implies

sup Hp(tCrx;dZ) _p(tC7y7dZ)HTV < 1. (144)
(x,y)eCxC

If in addition {X;},>0 is Cp-Feller and open-set irreducible, as we have already com-
mented, every compact set is petite so the above relation holds for any bounded set C,
showing that, at least in this particular situation, the approach based on the Dobrushin
condition is more general than the approach based on y-irreducibility and aperiodicity.
In situations that we are interested in and will discuss, where we obtain conditions that
ensure these properties, like uniform ellipticity and Lipschitz continuity of ¢(x) or the
ones from Theorem 2.2.1, if we don’t make further regularity assumptions on b(x) and
c(x), it is not clear how to check the Dobrushin condition. Situations where it shows a
clear advantage are discussed in [Kul09] and [AV10]. In the first reference the author
considers a Markov process obtained as a solution to a Lévy-driven SDE with highly ir-
regular coefficients and noise term, while in the second a diffusion process with highly
irregular (discontinuous) drift function and uniformly elliptic diffusion coefficient has
been considered. In these concrete situations it is not clear whether one can obtain Y-
irreducibility and aperiodicity of the processes, whereas the authors obtain (1.4.4) for any
compact set C (see [Kul09, Theorem 1.3] and [AV 10, Lemma 3]). For more on ergodic
properties of Markov processes based on the Dobrushin condition we refer the readers

to [Hail6], [Kul15] and [Kul18].
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2. DIFFUSION PROCESSES

The theoretical framework in which we work is set, so we are ready to present our results
for the first type of processes that we will discuss - diffusion processes.

To repeat, we are interested in ergodicity of the solution of the following SDE
dX* = b(X")dt + o(X")dB,, Xi=xeR?, (2.0.1)

where {B; },>0 is a standard n-dimensional Brownian motion (defined on a stochastic basis
(Q,.7 {7 };>0,P) satistying the usual conditions), and the coefficients b : RY — R¢ and
o : R4 — Rdxn satisfy conditions (C1)-(C3) from the previous chapter.

As discussed before, under (C1)-(C3), for any x € R4, the stochastic differential equa-
tion in (2.0.1) admits a unique strong non-explosive solution {X;}'},>¢ which is a strong
Markov process with continuous sample paths and transition kernel p(z,x,dy) = P(X/* €
dy), t >0, x € R?. In the context of Markov processes, it is natural that the underly-
ing probability measure depends on the initial conditions of the process. Using standard
arguments (Kolmogorov extension theorem), it is well known that for each x € R? the
above defined transition kernel defines a unique probability measure P* on the canoni-
cal (sample-path) space such that the projection process, denoted by {X;},>0, is a strong
Markov process (with respect to the completion of the corresponding natural filtration), it
has continuous sample paths, and the same finite-dimensional distributions (with respect
to P*) as {X}'},>0 (with respect to P). Since we are interested in distributional proper-
ties of the solution to (2.0.1) only, in the sequel we rather deal with {X;},>0 than with
{X Fr>o0.

Testing the process (or a solution of the SDE) for ergodicity by checking whether
conditions in the definition hold or not can be tricky - it would require of us to know the

distribution (that is, the transition probability kernel) explicitly. However, the solutions
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of SDE:s are rarely explicitly known. With the help of the Foster - Lypaunov method, this
issue was reduced to checking a certain drift condition (i.e. (1.4.1)), which is given in
terms of the extended generator of our process, together with some distributional proper-
ties of the process. Now, since the generator is given in terms of the coefficients of our
process (the drift » and diffusive coefficient ¢), which are known to us, we will be able
to check this drift condition for a certain process. In this way, by assuming our process
does possess those nice properties, we would be able to find sufficient conditions on the
coefficients of the process that would ensure the ergodicity to hold. The second step could
then be to check whether these conditions are sharp in the sense that we check whether

they could be strengthened.

2.1. LITERATURE OVERVIEW

As stochastic models appear as appropriate solutions to model various phenomena in
nature and everyday life, and their stability is one of the most interested features they pos-
sess, the research on this issue is vast and extensive. Here we present a brief overview of
the results concerning ergodicity of diffusion processes with respect to the total variation
norm and Wasserstein distances.

There are many books and articles that discuss ergodicity of diffusion processes. De-
pending on the type of the convergence we are interested in, there are more or less results
regarding it.

First, if we consider the qualitative aspect of the problem, we can see that it is very

well researched. For example:

* [MT93a], [MT93b]

% With the assumption on open-set irreducibility and aperiodicity, they prove

that ergodicity is equivalent to positive Harris-recurrence.

* [FRO5]

3 Discussion on the ergodicity with respect to the structural properties of the

process like positive recurrence and aperiodicity.
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Secondly, from the quantitative aspect, we can divide results based on the obtained

rate of the convergence. Most results are for the case of geometric ergodicity.

¢ Geometric rate: most results in this case.

TV: Very well investigated situation. See [DMT95], [Wan08].

WASS: This case is considered in recent years. See [Ebell], [Ebel5], [LW16],
[HMS11] (some contractivity results), [VRS0S5], [Wan16] or [Maj17].

* Sub-geometric ergodicity: there are results, but most of them are not optimal (we
can find examples of processes that can not be covered by existing results in the

literature).

TV: In this case, the problem ergodicity has been considered in the literature (see

[DFGO09], [FROS5], [Kull5], [Kull8], [Sanl6a], [Ver97] and [Ver99]).

WASS: This case was considered only recently, so there are only few results (see

[DFEM16], [But14]).

56



Diffusion Processes Irreducibility and Aperiodicity

2.2. IRREDUCIBILITY AND APERIODICITY

After an brief overview of the existing results regarding the ergodicity of diffusion pro-
cesses with and without jumps, we present our contribution to the topic. As our first step
is to consider ergodicity with respect to the total variation distance, and we have discussed
in the previous chapter that this will be possible only for processes that behave nicely in
a certain way, we start the analysis by looking for sufficient conditions that would ensure
these nice properties to hold and that would be easy to check (or at least easier than the
properties themselves).

More precisely, we have seen that the secret, but crucial ingredients in the Foster -
Lyapunov method that ensured the ergodic property were ¢-irreducibility and aperiodic-
ity. Both of those conditions require one to know the transition kernel, that is the distri-
bution of the process, to be able to check them. As the explicit formula for the kernel
is known in only few special cases, these conditions would in general be hard to verify.
Since our problem is presented in the form of an SDE, the only information we do have
about our process are its drift coefficient b and diffusive coefficient o. Therefore, we turn
our attention to finding conditions that would be given in terms of the coefficients of the
process and would imply irreducibility and aperiodicity.

A usual sufficient conditions for open-irreducibility and aperiodicity that can be found
in the literature are Lipschitz continuity and uniform continuity of the diffusion coefficient

c¢. The uniform ellipticity property holds for c if there is ¥ > 1 such that

Y P < oelx)y) < vbIP yeR?. 22.1)

Further requirement is the at most linear growth of b and o, that is, the existence of I' > 0
such that
b+ llclfs < T(1+[xP),  xeR?. (2.2.2)

Now, assumptions (2.2.1) and (2.2.2), together with Lipschitz continuity of ¢ and (C1)-
(C3), imply that

* X is a Cp-Feller and strong Feller process ( [RWO00, Theorem V.24.1] and [Dur96,
Theorem 7.3.8]),
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* X is open-set irreducible and aperiodic ( [ST97, Remark 4.3])).

In the following theorem we show that {X; },>o will be open-set irreducible and ape-
riodic if b(x) and c(x) are §-Holder continuous (for some 6 > 0) and ¢(x) is uniformly

elliptic on an open ball only (not he whole space), without assuming Lipschitz continuity

of ¢(x).

Theorem 2.2.1. Assume (C1)-(C3). Further, assume that there are xo € R? and ry > 0,

such that

(i) there are §,I", ¥ > 0, such that for all x,y € B,,(x9) we have that

2.

1b(x) —b()| + [le(x) —c()|lus < Tlxr—y|° and  (y,c(x)y) > vly

(ii) PX(TB,O(xo) < +o0) > 0 for all x € RY, where 7 := inf{t > 0: X, € B} is the first

hitting time of a set B C R¢.
Then, {X; },>0 is open-set irreducible and aperiodic.

Proof. Due to [Dur96, Theorems 7.3.6 and 7.3.7] there is a strictly positive function
q(t,x,y) on (0,00) x By, (x0) x By, (xo), jointly continuous in #, x and y, and twice con-
tinuously differentiable in x on B, (xo), satisfying

Ex(f(Xl>7TB§0(x0) > t) = /B ( )q(t,x,y)f(y)dy, 1>0,x¢€ Bro(x0)7 fe Cb(Rd)7
ro X0

where Th (x0) = inf{r > 0:X; € Bf, (x0)}. Clearly, by employing dominated convergence
theorem, the above relation holds also for 1, for any open set O C B,,(xp). Denote by &

the class of all B € #(B,,(xo)) (the Borel c-algebra on B,,(xp)) such that

P*(X; € B, T, (x) >t1) = /Bq(t,x,y) dy, t>0,x€ By (x0).

Clearly, 2 contains the 7-system of open rectangles in B, (xo), and forms a A-system.
Hence, by employing Dynkin’s 7-A theorem we conclude that 2 = Z(By,(xo)). Conse-

quently, for any t > 0, x € B,,(xo) and B € Z(R?) we have that

pixB) > [ glxy)dy.
BﬂBrO(xo)
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Setnow ¢(-) := A(-NB,,(xo)), where A stands for the Lebesgue measure on R?. Then, ¢
is a o-finite measure whose support has a non-empty interior.
Let us now show that {X; },>¢ is ¢-irreducible. Let x € By (xo) (for x € By (xo) the

assertion is obvious) and B € Z(R%), ¢(B) > 0, be arbitrary. For all s > 0 we have

/ th
0

th

= [l
// —s,x,dy)p(s,y, B) dt
L b

v

—s,x,dy)p(s,y,B)dt

= p<S7yaB>/ p(t—s,x,dy)dt,
Bro(x()) s

where in the second equality we used the Chapman-Kolmogorov equation.

The assertion now follows from the fact that p(s,y,B) > 0 for y € B,,(xp), and

| ple=sxBu))di = [ pt.x,By(x0)) dr = B [/0 Ly e ey | > 0,

since {X;};>0 has continuous sample paths, B,,(xo) is an open set and, by assumption,
PX(TB,O(xo) < o) > 0 for every x € RY.

Finally, let us prove that {X; },>0 is aperiodic. We show that
Zp(n,x,B) >0, xeR?,
n=1

whenever ¢ (B) > 0, B € 2(R¥). Again, for x € B,,(xo) the relation obviously holds. For
x € By (x0) and B € B(RY), ¢(B) > 0, we have that

(o]

I’ZXB / Zp(n_taxvdy)p(t7ya3)7 te(ovl)‘
Bro(XO) 1

ng

Since p(t,y, ) > 0 for y € B, (xo), it suffices to show that

i —1,%,By,(x0)) = P* <O{Xnt EBrO(x())}> >0

n=1

for some ¢ € (0,1). Assume this is not the case, that is,

IP"(D{X”_,EB,O()CO)}> =0, t€(0,1).

n=1

This, in particular, implies that

Pl U {(XeByx0)} | =0,
q€Q\Z+

59



Diffusion Processes Irreducibility and Aperiodicity

which is impossible since {X; };,>( has continuous sample paths, B,,(xo) is an open set and

PX(TB,O(xO) < 0) > 0 for every x € RY. Thus,
Zp(n,x,B) >0, xeRY,
n=1

whenever ¢ (B) > 0, which concludes the proof. |

The second assumption in Theorem 2.2.1 again requires computing the distribution of

the process X. So, we also provide a sufficient condition for this assumption to hold.

Proposition 2.2.2. Assume (C1)-(C3). Then for any xg € R% and ry > 0, provided that

c(x) is positive definite for all x € R¥, |x — xo| > ry, it holds that

P*(Tg (y) <+) >0, xcR?.

) (XO)
Proof. Let0 < € < rp, and let
_ r
Y (r):= / e oy, r>rg—¢€.
ro—€&

Then, for r > ry — € we have

7(r)

V' (r) = e ) > 0 and 7"(r) = — Ly, (7).

Further, let 7 : R? — [0,0), ¥ € C?(R%), be such that ¥ (x) = ¥ (|x — xo|) for x € R¢,
|x — xo| > ro. Now, for x € RY, |x — xq| > ro, we have

7" (Jx —xo])

|x — xo

2LV (x) = Cy ()7 (|5 —xo]) + (2A(x) — Cyy(x) + 2B, (x))

7 (x—xo))

|x — xo| (2A(x) — Cyy(x) + 2By, (x) — Cyy (x)1(Jx — x0))

<0.

Further, as we have already discussed, for every x € R¢ the process
t

V(%) — ¥ (Xo) —/ LV (X)ds, 120,
0

is a local P*-martingale. For n € N, define 7, := Tp(y,). Clearly, 7,, n € N, are stopping
times such that (due to non-explosivity of {X; };>0) T, — e P*-a.s. asn — e forall x € R4,

Hence, the processes
AT,

VY Xope)—V (Xo)— [ LV (X)ds, t>0,n€eN,
0
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are P*-martingales. Now, for x € R¢, |x —x0| > ro, we have

2BV (1Xentuntg, ) = %01)] =27 (Jx = x0l) = 2BV (Xinz,ngy, o)) — 2B (X0)]

x0)

l‘/\Tn/\TBrO(xO)
—E / 2L (X,)ds
0

<0,
that is,
ﬂnyﬂXM@A@mmﬂ—xd)]S/fﬂx—xd)
Thus,
E* 1Y (|Xins, =X)Lz, >m] < V(x—xol), x€RY |x—xo| >rp.

By letting  — oo Fatou’s lemma implies

/y(n)Px(TB,O(xo) > Tn) < 77(‘)6—)60’), X e Rd, ’X—XO| >10-

Consequently, by letting n — oo, we conclude

< ¥ (|x —xol)

Py =) S 5 <1 v€RS kw2,
that is, PX(TB,.O (x0) < o) > 0 for all x € RY. [ |
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2.3. ERGODICITY IN THE TOTAL VARIATION

DISTANCE

We now continue by discussing the property of a stochastic process that we are most
interested in: ergodicity. In this sequel we obtain sub-geometric ergodicity of classical
diffusions and diffusions with jumps with respect to the total variation norm. Before
stating the main results, we introduce some notation we need in the sequel.

Fix xo € R? and ry > 0, and put

A(x) := =Tre(x), xeR?,
By, (x) = (x—x0,b(x)), xeRY,

Yoo (r) = inf Cy,(x), r>0,

|x—xo|=r
2A(x) —C 2B
L, (r) == sup (x) = Gy (x) 2B, (%) , r>0,
lx—xo|=r Cro (%)
L, (r) = / le(s)ds, r>rp.
ro S

The notation given here might seem complicated and puzzling. However, note that
all functions are defined by coefficients b and o, they are some transformation of the
coefficients. Therefore, they somehow capture and describe the behaviour of our process.
The relation (2.3.1) that we will introduce below will summarize all this information about

the movement of the process in one single coefficient: A.

Theorem 2.3.1. Assume (C1)-(C3), and assume that {X; },>( is open-set irreducible and
aperiodic. Further, let @ : [1,00) — (0, ) be a non-decreasing, differentiable and concave

function satisfying lim; .. ¢’(¢) = 0 and

Sl u elxo(”)
A ::/ q)(/ e—fxo<V>dv+1> du < oo 23.1)
1o 1o %co(”)

for some xo € RY and ry > 0, and assume that ¢(x) is positive definite for all x € R9,

|x —xg| > ro (hence, the above functions and the relation in (2.3.1) are well defined).
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Then, {X; };>0 admits a unique invariant & € & satisfying

lim (@~ 1(1))||6F — 7|ty =0, xeR?,

300

where

" ds
D(1) ::/IW, t>1.

Proof. xldeax We prove this result by using the Foster - Lyapunov method explained in

the previous chapter. There are two steps in this method:

* finding appropriate function ¥ and petite set C so that the drift-inequality (1.4.1)
holds,

* applying Theorem 1.4.6 that would provide existence of the invariant probability
measure 7 and establish the convergence of the marginal distributions of the process

to 7 in total variation norm.

e Set a(r) = @(t)/A, where A is given in (2.3.1), and observe that @ (7) has the
same properties as @(t). Next, define
_ r oo % eIxO(V)
V(r) = / elXO(”)/ QA </ e o™y 4 1) dvdu, r>rp.
ro u ro Yo (V)

Clearly, for r > ry it holds that

WAS/CWWW (2.3.2)
ro

P'(r) = e o) /oo oA </ue1xo(v)dv—|— 1) elo® du
r ro Txo (u)

_ o u Lo (1) [N ( " eil'o(u)dl/l + 1)
() _lxo<r)eIxO(r)/ (/ e’xo(v)dv+1> e o .
( ) r r Pa o 'yxo(u) fyxo(r)

Further, fix r; > rg and let 7 : R? — [0, 4-00), 7 € C*(R?), be such that ¥ (x) = ¥ (Jx —

xo|) + 1 for x € R, |x — xo| > r;. Now, for x € R, |x —xq| > r{, we have

2Y(0) = 3Co()7" () +

lx—xo]
< _l(PA (/ ' e ToWgy + 1)
2\ s,

7' (Jx —xol)

o) (2A(x) — Cyy (x) 2By, (x))
X —Xp
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< o),

where in the final step we employed the fact that ¢(z) (that is, @ (7)) is non-decreasing
and (2.3.2).

Define C = B, (xo) (the topological closure of the open ball B, (xo)). It is a closed set,
so y-irreducibility and Cp-Feller property imply that it is also petite. Also, sup. 7" < o0
because 7 is a continuous function.

Moreover, we have obtained the relation in (3.11) in [DFG09, Theorem 3.4 (i)] with
0(t) = @a(t), C, and b = sup . |-LV (x)|. Now, [Twe94, Theorems 5.1 and 7.1], together
with open-set irreducibility, aperiodicity and Cj,-Feller property of {X;};>0, imply that
{X; }+>0 meets the conditions of [DFG09, Theorem 3.2] with ¥;(t) =t and ¥, (¢) = 1,

which concludes the proof. |

% Remarks: as mentioned before, the drift condition implies the existence of a unique

invariant probability measure.

% (C1)-(C3) imply existence of the solution that is a time-homogeneous and non-

explosive strong Markov process that also satisfies the Cj-Feller property.

9 The drift inequality (for a function @) together with aperiodicity imply sub-geometric
ergodicity. Namely, as mentioned before, the sub-geometric ergodicity with rate
r(t) = @(@71(t)) comes from finiteness of the ¢ o ®~!-moment of §-hitting time
of petite set C, which we denote by ’L'g, and aperiodicity, which says that the pro-
cess cannot exhibit any type of cyclic behaviour ( [FR0O5, Theorem 1]). Now, since
¢-irreducibility says that we can cover the state space with the countable union of
petite sets, we obtain the finiteness of the ¢ o @~ !-moment of 8-hitting time of any

petite set, and thus conclude sub-geometric ergodicity.

% In our case, the role of petite set C is played by a closed ball around the origin
with large enough radius. Thus, in view of the previous remark, to obtain sub-
geometric ergodicity we need to control ¢ o @~'-moment of its §-hitting time ‘cg

by function ¥". We do this through the relation (2.3.1), since this relation is crucial

in the construction of the appropriate Lyapunov function ¥ (actually, it appears as

a part of it).
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% Observe that in the proof of Theorem 2.3.1 we did not use the fact that {X;},>o
is a unique strong solution to (2.0.1). All that we needed is that the martingale

problem for (b, c) is well posed, which is equivalent to that (2.0.1) admits a unique

(in distribution) weak solution (see [RWO00, Theorem V.20.1]).

% Even though the steps of the proof are precise and clear, note that the appropriate
Lyapunov function was presented out of the blue, without any clear motivation. It
is shown that it satisfies all conditions required and that it works for our purpose,
but it is not clear how one comes up with this formula. Actually, versions of this
formula did appear in the literature before and were used to obtain various types
of drift inequalities: .£"7" < 0 (which implies recurrency), .Z# > 0 (which implies
transience), .27 < —7 (to obtain geometric rate of the convergence) and so on
(see [Dur96, Section 6.6.4], [Bha78, Theorem 3.3], [MT93b, Theorem 9.1]). The
idea comes from solving a partial differential equation of order 2. For example, take
a solution to the SDE X and calculate its extended generator .Z - it is a second-order
partial differential operator. If f is twice-differentiable function, it is in the domain
of the extended generator and f(X;) — f(Xo) — Jo L f(Xs)ds is a local martingale.
If f further satisfies -2 f = 0, then we know that ¥; := f(X;) is a local martingale,
it solves a martingale problem for drift coefficient 0 and some diffusive coefficients
h, so it follows that we can calculate ¥; by time changing Brownian motion. Then,
X; can be obtained as X; := f~!(¥;) and it will have some nice properties like re-
currence. Similarly, if we are interested in geometric ergodicity, we need to solve
the partial differential equation (in short, PDE) . f = — f. By using techniques of
PDEs, one can obtain the solution in the form of the integral, as we have in our

proof.
From Theorem 2.3.1 we see that the rate of the convergence is equal to

r(t) = o(@7(1)).

So, by changing the the function ¢, we get different rates: the convergence can be slower
or faster. As there are various similar results concerning sub-geometric ergodicity, our

result might coincide with some of those in some special cases. As mentioned before, it is
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important to position our result among existing ones and, also, check whether it is sharp
enough. In this case, it turns out that our result can be related to some other similar ones,
but some of them are far from being optimal and our result improves them. Here is a list

of some special cases:

() p=1= r(t)=1,i ff;;"eyxo du < +oo

% The same would follow for any bounded function ¢.

9 This is exactly the condition for (strong) ergodicity established in the paper
[Bha78, Theorem 3.5].

% In one-dimensional case, similar results can be found in [Wan08, Theorem

1.2] and [Man68, Chapter IV].

(ii) @(r) =t = assumptions of the Theorem 2.3.1 not satisfied since lim;_, ;. ¢'(¢) =

1 #0.

% For such ¢, in one-dimensional case exponential ergodicity was proven in
[Wan08, Theorem 1.3] under (2.3.1) (with ¢(¢) = ). In Proposition 2.3.6 we

extend this to the multi-dimensional case.
(i) @(r) =1%for0< o <1 = r(t) =1*(1=% (if the corresponding A < o)

3 Condition for sub-geometric ergodicity, precisely, the polynomial ergodicity.

% Similar results do exist already, see for example [DFG09, Theorem 5.4], [FROS,

page 1581], [Kull5, Theorem 1.30], [Kull8, Theorem 3.3.6], [San16a, Theo-
rem 3.3 (iv)], [Ver97, Theorem 6] and [Ver99, Theorem 6]. But they are not

sharp enough, as we discuss below.

The case of a polynomial rate that follows directly from Theorem 2.3.1 can be related
to [Sanl6a, Theorem 3.3 (iv)]. There, the author has shown that {X;},>0 will be sub-
geometrically ergodic with rate r*/(1=%) (that is, @ (1) = %), o € (0,1), if there exist

Y>0,I" >0 and ry > 0, such that

Alx) — (1 - g) Co(x) +Bo(x) < —Tx|™™ 72, |x| > . (2.3.3)
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However, this results is not sufficiently sharp as there are examples that cannot be covered
by it, and they are covered by our result. Namely, in Proposition 2.3.3 we show that (2.3.3)
implies (2.3.1), and in Example 2.3.2 we give an example of a diffusion process satisfying

conditions from Theorem 2.3.1, but not the condition in (2.3.3).

Example 2.3.2. Let 6(x) = 1, and let b(x) be locally Lipschitz continuous and such that

b(x) = —sgn(x)(cosx+ 1) for all |x| large enough, where

I, x>0,
sgn(x) = | .
—1, x<0.

Clearly, b(x) and o(x) satisfy (C1)-(C3) and define, through (2.0.1), an open-set irre-
ducible and aperiodic diffusion process {X; };>0. The condition in (2.3.1) now reduces to

showing that there is o > 0 such that

o u . o .
/ </ e2smv+2v_|_1) e—2smu—2udu < oo,
0] 1o

which can be obviously obtained for any 0 < o < 1. On the other hand, the condition in
(2.3.3) 1s equivalent to showing that there are y > 0, I > 0 and ¢ > 0, such that

—1
YT —xsgn(x)(cosx+1) < —x|7* 72, x| > rg.

However, observe that in the points of the form x = (2k+ 1)7, k € Z, the second term on
the left-hand side in the above inequality vanishes. Thus, we conclude that it is necessary
that 0 < y < 1 and ya — y+ 2 < 0, which is impossible. Note also that if we take b(x) to
be locally Lipschitz continuous and such that b(x) = —sgn(x)(cosx + p) for all |x| large
enough, where p > 0, then we again easily conclude that (2.3.1) holds for any 0 < o¢ < 1.
On the other hand, by the same reasoning as above, (2.3.3) can never hold. Observe that
for 0 < p < 1 the drift function generates a region in which the process is “pushed towards
infinity” (set of points for which sgn(x)b(x) > 0). The condition in (2.3.1) says that this
region is small compared to the region in which the process is “pushed towards the center
of the state space” (set of points for which sgn(x)b(x) < 0) and which is responsible for

the ergodic behavior.

Proposition 2.3.3. Assume (C1)-(C3). Further, assume that y < 2/(1 — &) and there are
ro > 0and A > 1, such that A=! < Cy(x) < A for all |x| > rg. Then, (2.3.1) (with xg = 0)

is a consequence of (2.3.3).
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Proof. We have that

10(r) = sup 2 (A(x) — (1 — %/) CO(Z) +B0(x)) + (1 —y)Co(x) < _Eryafy+2 tl-y
Ix|=r 0(x) A

for all r > ry, for some r| > rq large enough. Thus, there are I'y > 0 and r, > ry, such that
1(r) < [y rYer2, r>r.

This automatically implies that there are [ > 0 and r3 > r;, such that
Ih(r) < — Vo2, r>r3.

Now, by employing L’Hospital’s rule (here we use the assumption ¥y < 2/(1 — «)), we

have that

u I
- (frse o) gy + 1) .
U—»oo e—IO(“)

Hence, there is r4 > r3 such that

Finally, we conclude
oo a oo
/ (/ue_IO(V)dv—l— 1> el gy < / ell=0h() gy oo,
r4 r4 r4

which proves the assertion. |

Condition in (2.3.1) might be hard to check since the formula is somewhat compli-
cated. Sometimes, another version of this condition might be easier to verify. In order
to obtain it, we first present an auxiliary result (the following Proposition 2.3.4, which
actually generalizes [Che00, Lemma 1.2] to the sub-geometric case) and then state the

sufficient condition in Corollary 2.3.5.

Proposition 2.3.4. Let ¢ > 0, and let p(7) be a non-negative and non-decreasing dif-
ferentiable function defined on [0,0). Further, let f(r) and g(r) be non-negative Borel

measurable functions, also defined on [0, ), satisfying

A= supp </rrg(u)du+c> o /rwf(u)du < oo (2.3.4)

r>ry

for some ry > 0 and B > 0. Then,
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() if B >0,

/roop </r:g(v)dv+c> fluydu < A(lg—ﬁ)l) (/r:g(”)du+c) v ; r>ro.

(i) if B =0, and [~ g(r)dr < oo or p(t) is bounded,

r>ry.

/er </r:8(V)dv+c> fu)du < A-l—Alnl; Eﬁ}:jé:ij:ij 5

Proof. Set F(r) = [" f(u)du, r > ry. Then, by assumption,
r -1-B
F(r) < Ap (/ g(u)du+c> , r>r.

ro

Consequently, for r > ry, we have that

/roop (/r:g(v)dv+c> f(u)du
—— "o ([ stdv-re) ar

<p </rrg(u)du+c> F(r)+/roop' (/r:g(v)dv+c> g(u)F (u)du

0

< Ap </r0rg(u)du+c> ﬁ-l—A/rwp/ (/r:g(v)dv—l-c) g(u)p (/r:g(v)dv—l—c)lﬁdu.

Now, under the assumption in (i) we have that

/rwp (/,:g(v)dV+C> £(u) du
<Ap (/rorg(u)du—kc)_ﬁ_% r”dp </r:g(V)dv+c>_ﬁ

< Ap (/r:g(u)du+c>_ﬁ+%p </r:g(u)du+c>_ﬁ

= A(lg—ﬁ)p (/mrg(u)du+c)_ﬁ,

where in the second step we employed integration by parts formula. On the other hand,

under the assumptions in (ii),

/roop (/r:g(v)dv—l—c) flu)du < A—l—A/roodln (p (/r:g(v)dv—i—c))
p (J7 g(u)du+c)
p(J;ewdu+c)’

which concludes the proof. [ |

= A+Aln
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With the help of Proposition 2.3.4, we now have a sufficient condition for the relation

(2.3.1).

Corollary 2.3.5. (2.3.1) holds true if for some 8 > 0:

r 1+ﬁ oo elxo (u)
sup @ < / e Doy + 1) / du < oo,
T r ’}/XO (u)

r=>rg 0

As a final discussion regarding continuous diffusion, we present the extension of the
result from J. Wang from 2008 to the multi-dimensional process. We obtain the geometric

ergodicity for function ¢ that do not satisfy condition lim;_,. ¢’(r) # 0.

Proposition 2.3.6. If in Theorem 2.3.1 liminf;_. ¢'(z) > 0, then {X;},>¢ is geometri-

cally ergodic.

Proof. First, observe that since ¢@(r) is differentiable and concave, t — @'(¢) is non-
increasing. Thus, since ¢(¢) is also non-decreasing, there are constants I" > v > 0 such

that
vi—y+o(l) <o) <It—T+e(l), t>1.

Consequently, the condition in (2.3.1) is equivalent to

(<) u IX (M)
/ </ e_I"O(V)dv—l—l> e du < oo
ro ro Yo (1)

(recall that @(1) > 0). Denote this constant again by A. Analogously as in the proof of
Theorem 2.3.1, let

77( ) ! reflo(”) /Oo (/velo(W)d + 1> eIXO(V)d d >
r)i= — ¥ * w vau, r=ro,
A, VA %o V) ’

and, for arbitrary but fixed r; > ro, let 7 : R? — [0,00), ¥ € C*(R?), be such that ¥ (x) =

¥ (Jx —xo|) + 1 for x € R?, |x — xo| > 1. Then, for all x € R?, |x — xo| > ry, it holds that

LY (x) < —%”f/(x), (2.3.5)

which is exactly the Lyapunov equation on [MT93b, page 529] with ¢ = 1/2A, f(x) =
¥ (x), C = By, (x9) and b = sup,.¢|-LV(x)|. The fact that C is a petite set follows

from [Twe94, Theorems 5.1 and 7.1], together with open-set irreducibility and Cp-Feller
property of {Xr}zzo- Next, from [MT93a, Proposition 6.1], [MT93b, Theorem 4.2] and
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aperiodicity it follows now that the are a petite set € € Z(R“), T > 0 and a non-trivial

measure Vg on Z(R?), such that v (%€) > 0 and
p(t.x,B) > vg(B), x€%,t>T,BecBRY).

In particular,

p(t,x,€) > 0, xXe€C,t>T,

which is exactly the definition of aperiodicity used on [DMT95, page 1675]. Finally,
observe that (2.3.5) is also the Lyapunov equation used on [DMT95, page 1679] with ¢ =
1/2A, C = By, (x0) and b = sup, ¢ |-ZV (x)|. The assertion now follows from [DMT95,
Theorem 5.2]. n

2.3.1. Diffusion processes with jumps

Whats happens with ergodicity when we add jumps to our process? After establishing
results for classical diffusions, which are continuous solutions of the SDE with coeffi-
cients b and o, this question naturally appears. In order to see whether we can extend
our results to this case, we first need to define a jump-process. Actually, we can create
a jump-process in many ways, depending on the times of jumps and their size. We will
mention two types of jump-diffusions. In both cases, the results for ergodicity will come
up as an application of Theorem 2.3.1.

Recall that one way of defining a process is by through the martingale approach, that
is, by setting its extended generator. So, in the first case, we create jumps by adding a
“jump measure” to the generator of our process. This measure will determine the proba-
bility of any jump size, depending on the position of the process at the time of the jump.
We call it a Lévy measure, as it will correspond to a jump measure of some Lévy process
with jumps. Hence, we consider a jump-diffusion processes generated by the operator of

the form

Zf(x) = (b(x),V f(x))—I—%Trc(x)Vz £(x)
4 [ (649100~ VW) s W) Vdy), @236

where b(x) is an R?-valued Borel measurable function, c(x) is a symmetric non-negative

definite d x d matrix-valued Borel measurable function, and v(x,dy) is a non-negative
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Borel kernel on (R?, %(R%)) (or a Radon measure on RY x {0}), called the Lévy kernel,
satisfying
v(x,{0}) = 0, and /d(1 APV dy) < o,  xeRY,
R
% Remark: if v(x,dy) is a null-measure, then .Z becomes a diffusion operator.

As before, we will need certain assumptions that will ensure the process is regular
enough to be a candidate for an ergodic process with respect to the total variation norm.

So, assume that

(A1) there is a cadlag Markov process (Q,.% ,{.% }1>0,{6: }r>0, {Xi }r>0, {P*} cpa), de-
noted by {X; };>0 in the sequel, which we call jump-diffusion process, such that for

every f € C2(R?) the process
1060~ f%0)— [ Z2rX)ds, 120,
is a P* local martingale for all x € R under the natural filtration;
(A2) the process {X; };>0 satisfies the C,-Feller property;
(A3) the process {X; };>0 is open-set irreducible and aperiodic;

(Ad) there is p > 0 such that v(x, Bj, (—x)) =0 and [ (o [y| v(x,dy) <eoforall x € RY,

I

k[ > p;
(A5) the functions b(x), c(x) and x — [5, )y V(x,dy) are continuous on B, (0).

- Cﬁ (R9) denotes the space of twice continuously differentiable functions with bounded

derivatives.

% Remarks: (A1) always holds for the infinitesimal generator (<7, Z,/) of {X;};>0
(see [EK86, Theorem 2.2.13 and Proposition 4.1.7]).

% Sufficient conditions, in terms of b(x), c(x) and v(x,dy), ensuring (A1) and (A2)
are (see [BSW13, Theorems 2.37, 3.23, 3.24, 3.25] and [Str75, Remark after Theo-
rem 4.3]): b(x) is continuous and bounded, ¢(x) continuous, bounded and positive

definite, x — [5(1 A [y|?)v(x,dy) continuous and bounded for any B € #(R?), and
. 1 i .
(,8) = {8 b)) + 5 (& c(x)E) + /R (1= i ) 15,0 () V(x,dy)
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is continuous. Namely, this condition imply that

(i) there is a unique non-explosive strong Markov process {X; },>¢ with infinites-
imal generator (7, %,,) such that C*(RY) C 2, and &/ |c=(ray takes the
form in (2.3.6), where C=*(RY) stands for the space of smooth functions with

compact support;
(ii) the operator .Z := &/ |C30(Rd) satisfies (A1);

(iii) the semigroup of {X;},;>¢ satisfies the Feller and strong Feller property ,

% There are many conditions ensuring (A3), that is, open-set irreducibility and ape-
riodicity of jump-diffusion processes. References, depending on the type of the

process, are:

— the so-called stable-like processes: [Kol0O] and [Kol11],

— jump-diffusion processes with bounded coefficients: [KS12], [KS13], [KC99],
[PS16, Remark 3.3] [San16b, Theorem 2.6] and [Str75],

— special case of a class of jump-diffusion processes obtained as a solution to
certain jump-type SDEs: [APS19], [BC86], [IshO1], [KK18], [Mas07,Mas(09]
and [Pic96, Pic10],

— [Twe94, Theorem 3.2]: open-set irreducibility and aperiodicity are proven
in the case the process X is strong Feller (actually it suffices to assume that
{X:}+>0 is a T-model in the sense of [Twe94], which is a certain weak version
of the strong Feller property) and P*(X; € O) > 0 for every t > 0, x € R? and

non-empty open set O C R

% (A4) means that when {X;};>¢ is far away from the center of the state space, it
admits bounded jumps only, with maximal intensity equal twice the distance to the

origin. Also, with each jump, it comes closer to the center of the state space.

We are now ready to state the first result regarding these processes. We will use the

same notation as in Theorem 2.3.1, with the exception of

By, (x) == <x—x0,b(x)—/Bl(o)yv(x,dy)>, xeRY.
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Theorem 2.3.7. Let {X;},>0 be an open-set irreducible and aperiodic jump-diffusion
process with coefficients b(x), ¢(x) and v(x,dy), satisfying (A1)-(A5). Further, let ¢ :
[1,00) — (0,0) be a non-decreasing, differentiable and concave function satisfying
lim; .. ¢'(¢) = 0 and the relation in (2.3.1) for some xo € R? and ry > p + |xo|, and
assume that ¢(x) is positive definite for all x € R?, |x — xo| > ro. Then, {X;},;>0 admits a

unique invariant 7 € & such that

lim (@1 (1))|| 88 — ||tv= 0, xeRY,

t—ro0

where ®(¢) is as in Theorem 2.3.1.

Proof. We proceed as in the proof of Theorem 2.3.1. Define

] . oo v Ly (v)
V(r) = / eIXO(”)/ ()N </ el"O(w)dw—i—l) €’ dvdu, rzro,
ro u ro YXO(V)

where @, (1) = ¢(t)/A. Clearly,
P (r) < / e oWy >, 2.3.7)
ro

and, because of (AS5), ¥ (r) is twice continuously differentiable on (rg, ). Further, for
arbitrary, but fixed, r; > rg let ¥ : [0,00) — [0,0) be non-decreasing on [0,0), ¥ (r) =
#(r) on [ry,0), and such that # (x) := ¥ (|x—xo|) + 1 is twice continuously differentiable
on R?. Now, because of (A1) and (A4), LY (x) is well defined and the process

”//(Xt)—”//(Xo)—/oloiﬂ”//(Xs)ds >0,

is a local martingale. For x € R?, |x| > r1, we have that

2V (x) _ECXO( V7 (1 —xo \)4—%(ZA@)—Cxo(x)+2(x—xo,b(x)>)
+ 040 =7 (6 = 0V ()L, 0)() V()
< 27" (b —xol) + S oA ) - € (028, (9)
|x — xo]
< - %(DA </X_XO|e_IX0(”)du+ l>
<o),

where in the second step we used (A4) and properties of #'(x) (that is, v (r)), and the
final step follows from (2.3.7). Finally, because of (A2) and (AS), as in the proof of
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Theorem 2.3.1, we are again in a position to apply [DFG09, Theorems 3.2 and 3.4 (i)]
and [Twe94, Theorems 5.1 and 7.1], which concludes the proof. [ |

G Remarks: If 2A(x) — Cy, (x) + 2By, (x) < 0 for all x € R?, |x — x| > rp, then we can

replace ¥y, (r) and 1, (r) by

Yoo(r) = inf Ny (x), r>0,

lx—xo|=r

2A(x) — Gy (x) + 2By (%)

IXO(F) B \xf)li)l?zr NXO (X) ’ i 07
where
Mo (y) = @ ) e

|x —xo|?

and n(x) = (nj;(x)); j=1,...a With njj(x) = [p, ) yiy;v(x,dy). Also, in this situation,

the requirement in Theorem 2.3.7 that ¢(x) is positive definite for all x € RY, |x —
Xo| > rp, can be replaced by the requirement that ¢(x) 4+ n(x) is positive definite for

all x € R9, |x —x0| > ro.
% If @(¢) is bounded, then (2.3.1) reads

oo IXO(M)
/ e—du < oo,
’

o Yoo (ut)

and gives a condition for ergodicity (see [Wan08, Theorem 1.2] for the one-dimensional

case).

% If in Theorem 2.3.7 liminf,_,. ¢’(¢) > O then, as in Proposition 2.3.6, we conclude
that {X; },>0 is geometrically ergodic (see also [Wan08, Theorem 1.3] for the one-

dimensional case).

Let us now give an example satisfying conditions from Theorem 2.3.7.

Example 2.3.8 (Lévy-driven SDEs). Let {Y;},>¢ be an n-dimensional Lévy process, and
let @ : RY — R4*" be bounded and locally Lipschitz continuous. Then, in [SS10, Theo-
rems 3.1 and 3.5, and Corollary 3.3] (see also [BSW13, Theorem 3.8]) it has been shown
that the SDE

dX, = ®(X,_)dY;, Xo=xeR?, (2.3.8)
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admits a unique strong solution which is a non-explosive strong Markov process whose
semigroup satisfies the Feller and Cp-Feller property (thus (A2) holds true). Also, it has
been shown that {X;},>¢ satisfies (A1) with certain coefficients b(x), c¢(x) and v(x,dy),
which in a special case we give below. Observe that the following SDE is a special case

of (2.3.8),
dX; = ®1(X;_)dt + D2 (X, )dB; +D3(X,)dZ,, Xo=x€eR?, (2.3.9)

where @; : RY — R4, &, : R? — R4*P and P53 : RY — R4*4, with p4+qg=n—1, are locally
Lipschitz continuous and bounded, {B;};>¢ is a p-dimensional Brownian motion, and
{Z;}/>0 is a g-dimensional pure-jump Lévy process (that is, a Lévy process determined
by a Lévy triplet of the form (0,0,vz(dy))) independent of {B; },>¢. Namely, set ®(x) =
(@1 (x), P2 (x), P3(x)), and ¥; = (1,B,Z;)", 1 > 0. Assume now thatd = p =g = 1. Then,

from [SS10, Theorem 3.1] we see that the corresponding coefficients read

D (x), P3(x) =0
o) — () o=

D (x)+ JrYy (131(0) () = LB, ) (0) ()’)) vz (q);i%}x)) , P3(x) #

c(x) = @3(x)

0, P;3(x) =0,
vz (¢3(x)) 5 CI)3<X) 7& 0.
Take now, for simplicity,
-1, x>1,
Cbl(x):d>3(x): —x, -1 <x<1,
1 x < —1

®,(x) = 1, and vz(dy) = f(y)dy with f(y) being the probability density function of the
continuous uniform distribution on the segment [0, 1]. It is straightforward to see that
{X; };>0 satisfies (A4) and (A5). Open-set irreducibility and aperiodicity of {X; },>0 have
been considered on [Mas07, page 43] (see also [KC99, Theorem 3.1]). Finally, since

By(x) =
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it is elementary to check that {X; };>¢ satisfies (2.3.1) with xo =0, ro = 1 and @(¢) =%,
o € (0,1). Thus, {X; };>0 is sub-geometrically ergodic with rate %/ (1=,

Observe that the same conclusion follows by employing a version of the relation
in (2.3.3) including jumps (see [Sanl6a, Theorem 3.3]). However, if we take ®;(x) =
—sgn(x)(cosx+3/2) (analogously as in Example 2.3.2), then it is not hard to see that
(2.3.3) does not hold. On the other hand, Theorem 2.3.7 (with xo = 0, ro = 1 and

() =1t% o € (0,1)) implies that {X;};>¢ is again sub-geometrically ergodic with rate
po/(1—a)

An alternative approach to obtain a class of Markov processes with jumps (from dif-

fusion processes) is through the Bochner’s subordination method.

Definition 2.3.9. * A subordinator {S;},>¢ is a non-decreasing Lévy process on

[0, 4+o0) with Laplace transform

E [e_”S’} = e 100 u>0,t>0.

* A function ¢ : (0, 4o0) — (0, +o0) is called a Bernstein function if it is of class C*

and (—1)"¢" (u) >0 forall n € N.

% Remarks: the characteristic (Laplace) exponent ¢ of a subordinator is a Bernstein

function.

3 Every Bernstein function admits a unique (Lévy-Khintchine) representation

o(u) = bu+ : )(l—e*”y)v(dy), u>0,
0,00

where b > 0 is the drift parameter and v is a Lévy measure, that is, a measure
on #((0,%0)) satisfying [(.)(1 Ay)v(dy) < ee. For more on subordinators and

Bernstein functions we refer the readers to the monograph [SSV12].
We will now define the jump process via the Bochner’s subordination. We start from
a Markov process {X; };>0 with state space (R?, %(R9)) and transition kernel p(t,x,dy).

Definition 2.3.10. Let {S;},>( be a subordinator with characteristic exponent ¢ («), inde-
pendent of a Markov process {X; };>0. The process X¢ = {Xt(p }>0 defined by X,¢ = Xg,,
for t > 0, is referred to as the subordinate process {X; };,>o with subordinator {S;};>¢ in

the sense of Bochner.
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9+ Remarks: process X? is obtained from {X;},>0 by a random time change through

{Sz}tzo-

SR {M? }+>0 1s again a Markov process with transition kernel

Plndy) = [ plaxdy)m(ds),
[0, 4-<9)

where 1, (-) = P(S; € -) is the transition probability of S;, 7 > 0.

% 1 measures of both processes coincide. Namely, if 7 is an invariant probability

measure for {X; },>0, then 7 is also invariant for the subordinate process {X,¢ }e>o0.

% It has been proven (see [DSS17]) that if {X;},>¢ is sub-geometrically ergodic with
Borel measurable rate r(¢) (with respect to the total variation distance), then {X,q) }>o0

is sub-geometrically ergodic with rate ry (t) = E[r(S;)].

— This result implies that, as an direct application of Theorem 2.3.1, we obtain

sub-geometric ergodicity results for a class of subordinate diffusion processes.

78



Diffusion Processes Wasserstain Distance

2.4. ERGODICITY WITH RESPECT TO THE

WASSERSTAIN DISTANCE

In order to obtain ergodicity in total variation norm (that is, to apply the Foster - Lyapunov
method), we had to impose certain regularity assumptions on our process. Namely, we
had to assume open-set irreducibility and aperiodicity. As we discussed later on, these
properties were sometimes hard to check, so we had found sufficient conditions ensur-
ing them. However, these conditions imposed quite strong regularity and smoothness
assumptions on the coefficient ¢(x). In a case this is not satisfied, for example, when the
diffusion coefficient o is a singular matrix, we would not be able to derive ergodicity with
respect to the total variation norm. The case of a singular coefficient 6 corresponds to the
situation when the diffusive part of the SDE corresponding to the Brownian motion can
be projected to a space of lower dimension.

In such cases we turn our attention to search for a different approach that will pro-
vide some type of the convergence, typically weaker in some sence. As we discussed,
we will consider the Wasserstein distances as our distance functions, and use the so-
called synchronous coupling method (see [Che05, Example 2.16] for details) to derive
sub-geometric ergodicity.

We start with the following auxiliary result, which will be crucial in the proofs of The-

orems 2.4.2 and 2.4.4, and which is a version of non-linear convex Gronwall’s inequality.

Lemma 2.4.1. LetI' >0, andlet f:[0,7) — [0,00), with 0 < T < oo, and y : [0,00) —
[0,00) be such that

(i) f(z) is absolutely continuous on [fg,?;] forany 0 <1y <t; < T}

(i) f'(t) < -Twy(f(z)) ae. on[0,T);

(i) w(/(1)) > 0ae. on [0,T), and ¥ q)(r) = " (&5 < wo for all £ € (0, £(0)).

Then,
f) W), 0<t<T "Wy (0)AT.
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In addition, if there is & € [f(0),c0] such that W (z) := [* % < oo fort € (0, k], then

f) W),  0<t<T "Wy (0)AT.

Also, if y(t) is convex and vanishes at zero, then ¥ #(0) (0) = oo, that is, the above relations

hold for all t € [0, T).

Proof. By assumption,

f(0) t £
ds —/ f(s)ds < —TIt, t€[0,7).
0

o) = | virs)

7o) wis)
Now, the first assertion follows.
The second claim follows from the fact that W' ;o) (t) < Wi (t) for all # € (0, £(0)],

while the last part follows from

Y1) = wlt+(1—1)0) < ty(1)+ (1—0)w(0) = rw(1),  1€[o,1].

Theorem 2.4.2. Let o(x) = o be an arbitrary d x n matrix, and assume (C1)-(C3). Fur-

ther, let p > 1 and let f, y : [0,00) — [0,0) be such that

(i) f(¢) is concave, non-decreasing, absolutely continuous on [fy,#;] for any 0 < 7y <

t1 <o, and f(¢t) =0if and only if 1 = 0;
(ii) w(r) is convex and y(z) = 0 if and only if r = 0;
(iii) there are y >0, " > 0 and # > 0, such that f(zp) < yand

Pl b))y < 4 TETIVURD Sl <

07 f(’X—yD>}/,
(2.4.1)
a.e. on R
Then,
(a) forallx,y € RY, f(]x—y|) <7, it holds that
-1
W p(0uF,00P) < ‘I’f(|x7y|)(l—‘t), t>0, (2.4.2)

where Wi (1) := [ Vf(ss) for k >0andt € (0, x].
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(b) forall x,y € R?, f(|Jx—y|) <7, and all kK > v it holds that

Wy p(8:P,8P) < W'(Ir),  1>0. (2.4.3)

In addition, if Weo(7) := [ l;l(i) < oo fort € (0,0), then

Wyp(8:5,8,P) < W' (T1), 1>0. (2.4.4)

(c) for any x,y € R? it holds that
W5 p(8:P,8,P) < [8lx—y[1¥, ' (Tr),  12>0, (24.5)

where § :=inf{t > 0: f(t~!) < v} and [u] denotes the least integer greater than
or equal to u € R. Also, according to (b), ¥, 1(I't) in (2.4.5) can be replaced by
W ! (I't) for any k > ¥, and by W ! (I't) if We(t) < oo for ¢ € (0,00).

Proof. xldeax The proof of Theorem 2.4.2 is based on the so-called synchronous coupling
method (see [Che05, Example 2.16] for details) and the asymptotic flatness condition
given in (2.4.1). The idea of the method is to choose two solutions to the SDE starting
from different positions (but corresponding to the same Brownian motion B) and observe
the time when they meet (the so-called coupling time). Note that we do not know that the
coupling time is finite, but it will be of no problem to us.

e Fix x,y € RY, x # y, and let {X; };>0 and {Y; };>0 be solutions to (2.0.1) starting from

x and y, respectively. Further, define 7 := inf{t > 0:X, =Y} and

Y, t<r,
Z[:: tZO

X, t2>7,

By employing the strong Markov property it is easy to see that P?(Z; € -) = P¥(Y; € -) for

all + > 0. Consequently,
Wyp(8:Pr, 8,P) < (E(F(1X —Z])')P,  1>0.

Next, since the mapping ¢ — |X; — Z| is absolutely continuous on [0, 7), the function
t — f(|X; — Z) is differentiable a.e. on [0, ) and we have that

f(1X —2))

d
—f(X:r — %) =
dtf(| 1 t|) |Xt_Zt|

(Xi = Z1,b(X;) = b(Z1)),
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dt ! ! ’

a.e. on [0, 7), which implies that the function 7 — f(|X; — Z|) is non-increasing on [0, o).
Take now x,y € R? such that 0 < f(Jx — y|) < y (which exist by (iii)). Thus, for such

starting points, f(|X; —Z|) < y on [0,%0). Now, by assumption,

d
X =2]) = “Ty(f(1X - Z))),
a.e. on [0, 7), which together with Lemma 2.4.1 gives

~1
(X —2]) < ‘Pf(\x—y|)

(I't), t>0.
For ¢t > 7 the term on the left-hand side vanishes, and the term on the right-hand side is
well defined and strictly positive (y(z) is convex and y(¢) = 0 if and only if # = 0). Now,

by taking the expectation and infimum we conclude

Wip(8cB 8P) < ¥y

(I't), t>0,
which proves (a).

The relations in (b) now follow from (a) and Lemma 2.4.1.

Let us prove (c). If f(Jx—y|) < yforall x,y € R¢, then the assertion follows from (a).
Assume that there are x,y € R such that f(|x —y|) > 7. Observe that, § = 0 if and only

if f(t) <yforallt € [0,c). Thus, § > 0, and we have that
x =yl -1
Pl ) < g <.
[S]x—yI]
Take zop, ... s Z[8x—y|] € R4, such that zy = x and

y—X .
il =%+ =7, i=0,....[0x—yl]—1.

By construction, f(|zo —z1]) = -+ = f(|z[5jx—y[]=1 — Z[sx—y1|) < ¥- Thus, using (b) we
conclude that for x,y € R such that f(|x—y|) > 7,

%ﬂp(@cptv 5yPt) < %C>P(6ZOPN 521Pt) +eeet 7/1”71?(6

<[8lx—y[1-1

Ptaéz( Pl)

Slx—yl]

< [l —y1¥, (), 1>0.

Finally, observe that if 7 > 0 is such that f(¢) <7, then 6 < 1/¢, thatis, 8¢t < 1. Hence, for

x,y € R? such that f(Jx—y|) <y we have [8|x —y|] = 1, which concludes the proof. M
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% Remarks: we needed our two solutions to have the same underlying Brownian mo-
tion in order that the diffusive component ¢ is canceled when calculating £ f(|X, —

Z).

% Observe that f(¢) is A([0, +o))-measurable, implying that the relation in (2.4.2) is
well defined.

This result is in general broader than the existing ones, but in some special cases it
coincides with some known ones. We proceed by listing some special cases of the theorem

and their connection with the existing results:

(i) y(t) =t = geometric rate of convergence with ‘P;dx_y‘) (Tt) = f(Jx—y|)e !

9 This result can be obtained in an alternative way (without Lemma 2.4.1, that is,

Gronwall’s  inequality), by applying It6’s lemma to processes

{f(1X: = Zi|) }i>0 and {e"" f(|1X; — Z[) }s>0

(ii) p=2and f(t) = w(t) =t = again ‘I’}dx_y\)(m = |x—yle T

% In [vRSO05] it has been shown that the relation in (2.4.2) is equivalent to the

asymptotic flatness condition (in the sense of [ABG12])
(x=y,b(x) =b(y)) < —Tlx—y,  xyeR: (2.4.6)

3 Even though at first sight the condition in (2.4.1) seems to be less restrictive
than the condition in (2.4.6), they are actually equivalent. This can be easily
observed by taking an equidistant subdivision of the line segment connecting
x and y, such that the distance between consecutive points is strictly less than
¥, and then applying triangle inequality. On the other hand, in the case when
y(t) is not the identity function this does not hold in general. Namely, y(7)
is not sub-additive, but super-additive. A typical example of a drift function
(in dimension d = 1) satisfying (2.4.1) (and (2.4.8)), but not (2.4.6), is b(x) =
—sgn(x)[x|?, p > 1, together with f(t) =¢ and y(¢) = [¢t|” (see Example 2.4.5).
More generally, no drift function that is sub-linear near the origin can satisfy

(2.4.6), but it might satisfy (2.4.1).
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Let us now give several remarks regarding out result.

Remark 2.4.3. (i) If the condition in (2.4.1) holds for some ¥ > 0, then it also holds
forany 0 <y <7.

(i) By replacing the condition in (2.4.1) with

Fx=yDP (=) (x = y.b(x) = ()

—S =y (P (e=yD), fPle-y) <7,
0, fPx=y) >,

<

a.e. on R? for y > 0 and T" > 0, leads to analogous results (f(¢) is replaced by f7(t)

in every relation).
(iii) For any u,v € & it holds that
Wy p (B VR) < (S v)+ DWF AT, 120,
In particular, for f(¢) =t we have that

W,
V(Wb vE) < (#+1> v, (1), >0

(iv) In the case when f(¢t) = y(¢) =t, according to (2.4.6), we get
Wp(uP,VR) < #p(u,v)e ™, p>1,u,veP, 120, (24.7)

which is the same results as in [VRSO0S5] (for p =2). Also, by an analogous approach
as in the proof of Theorem 2.4.4, from (2.4.7) we see that {X; },>0 admits a unique

invariant 7 € N,>1 <) such that

Wy(ub,m) < Wp(u,me™,  p>1,ue P, 1>0.

(v) From (2.4.7) we see that the mapping & > u — uP; € & is a contraction for fixed
t > 0, that is, the right-hand side in (2.4.7) is strictly smaller than %, (i, v). On the
other hand, in the general situation, this is not the case anymore (see (iii)). However,
if

fx =D =ybx) =b) < ~Th—ylw(f(x=y)), xyeR?
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then from (2.4.2) we have that for all x,y € R and all ¢ > 0,

Wip(8eP &P) < Wi (1) < Wi 1(0) = f(le—yl),
that is,
Wi p(WP,VE) < Wy p(1,V), p>l,uveZ,1>0.
Thus, the mapping & > u — ub; € & is contractive for any fixed ¢ > 0.
Finally, as a consequence of Theorem 2.4.2 we conclude the following.

Theorem 2.4.4. 1In addition to the assumptions of Theorem 2.4.2 with f(¢) =t, assume

(x—y,b(x) =b(y)) < ~Tlx—yly(lx—y]), xyeR’ (2.4.8)

Then, the process {X;},>¢ admits a unique invariant 7 € N,>1%,, and for any x > 0,

p>landu € &2,

Wp(U,T)

A% g( ”K +1> v (), r>o0. (2.4.9)

Proof of Theorem 2.4.4. First, we prove that {X; },>0 admits an invariant probability mea-
sure. According to [MT93a, Theorem 3.1], this will follow if we show that for each x € R4
and 0 < € < 1 there is a compact set C C R? (possibly depending on x and €) such that

1 t
liminf C)ds > 1—¢.
im inf Op(s,x, )ds >

By taking y = 0 in (2.4.8) we have that
(x,b(x)) < (x,b(0)) ~Tlx|y(lx]) < [6(0)[]x| ~Tlxly(lxl),  xeR’.
In particular, for 7 (x) = |x|> we have that
LY (x) = 2(x,b(x)) +Troo? < Troo? +2|b(0)||x| — 2T |x|w(]x]), xeR?.

Now, since every super-additive convex function is necessarily non-decreasing and un-

bounded, we conclude that there is ro > 0 large enough such that
Troo” +2[b(0)|lx] < Tlxlw(x), x| >ro,
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that is,

LY (x) < (Troo’ +2[b(0)[|x| — 2L |x| y(|x])) 15, ()
+(Troo” +2/b(0)||x] — 20| y(lxd)) L
< (Troo” +2[p(0)|lx] — 2Ty (|x])) 15, (o = Tlxlw(lx]) Tgg (o
< (Troc” +2[b(0)|ro+Troy(r0)) 1p, ) —Trow(ro),  |x[=>ro.

Clearly, the above relation holds for all » > r( also. Now, according to [MT93b, Theorem

1.1] we conclude that for each x € R and r > ry we have

N _ Try(r)
1 f— B.(0))ds > .
iminf > J, U0 Br0))ds 2 G e )i Trw(r)

The assertion now follows by choosing r large enough.
Let us now show that any invariant 7 € & of {X;},>0 has finite all moments. Fix
p > 2 and let ¥),(x) = |x|”. By the same reasoning as above, it is easy to see that there are

rp>0,I,1>0and I',5 > 0 such that
L9,(x) < Tpilp, (0)(x) ~Tpal” (),  xeR.
Now, from [MT93b, Theorem 4.3] it follows that
_ I'pi
[ yaaan) < 22
R P2
for any corresponding invariant T € Z.
Finally, let us prove that {X; };>0 admits a unique invariant probability measure which

satisfies (2.4.9). Let w, @ € & be two invariant probability measures of {X;};>0. Then,

for any k¥ > 0 and p > 1 Remark 2.4.3 implies that

W,(m, )

Vw3 = tp(ar,ar) < (P20 e, o

Now, by letting r — oo we see that %}, (7, ) = 0, that is, {X; },~¢ admits a unique invariant
7 € &, Finally, for any k >0, p > 1 and u € &, by employing Remark 2.4.3 again, we

have that
/4
Wymur) = tympopr) < (ZUER Vel i,

which concludes the proof. [ |
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A special case of this is result is again for y(¢) =¢. In this case, ergodicity results have
already been obtained, and they provide geometric rate of the convergence. However,
these results do require ¢ to be a regular matrix and they correspond to the following
version of an asymptotic flatness condition: there are some I'y > 0, I, >0 and A >0

such that

F1|x_y|2’ |X—y|§A, d
(x—y,b(x) =b(y)) < x,y€RY, (2.4.10)
—Daolx—y?, |x—y| > A,

The connection to our result is the following:

% If o(x) = o is quadratic and non-singular matrix, and b(x) satisfies (2.4.10), by
using the so-called coupling by reflection method (see [Che(05, Example 2.16] for
details), in [Ebel1] it has been shown that there is a concave function f(r) (given
explicitly in terms of the constants I'j, I'; and A, and coefficients ¢ and b(x)) defin-
ing a metric p(x,y) = f(|x —y|) on R under which {X;};>¢ satisfies contraction
property of the type (2.4.5) with geometric rate of convergence, and geometric er-

godicity property of the type (2.4.9).

— An example from before: b(x) = —sgn(x)|x

P, p > 1, satisfies (2.4.1) and
(2.4.8), but clearly it also satisfies (2.4.10). However, if o is non-singular, we
would not be able to use this result to obtain geometric ergodicity. On the
other hand, singularity does not impact the validity of Theorem 2.4.4 and we

can thus apply it in this case.

% If o is non-singular, by taking y = 0 in (2.4.10), one can easily see that {X; };> is
geometrically ergodic with respect to the total variation distance (see Proposition

2.3.6).

% In [BGG12] and [vRSO05], the coupling approach and the asymptotic flatness prop-
erty in (2.4.6) are employed to establish geometric contractivity and ergodicity of
the semigroup of a diffusion process with possibly singular diffusion coefficient,

with respect to a Wasserstein distance.

As an illustration, we give a simple example satisfying (2.4.1) and (2.4.8).
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Example 2.4.5. Let p > 1, b(x) = —sgn(x)|x|’, 6(x) =0 €R, f(t) =t,y>0and y(r) =
tP. Now, it is easy to see that b(x) cannot satisfy the relation in (2.4.6). On the other hand,
an elementary computation shows that there is I' > 0 such that (2.4.1) holds true. Thus,
we have (2.4.5) with § = y~1. Also, lim; e "V1W¥! (1) =1/ "/p—1, Kk > 0.

Let us also remark that one can show that the same result holds in the multidimen-

sional case with b(xy,...,xz) = (—sgn(xy)|x1|?, ..., —sgn(xy)|xq|?).

2.4.1. Ergodicity of jump-processes

Just as in the case of a total variation distance, so in the case of Wasserstein distances too
we take into account the situation of a jump-process and its ergodicity.

We will consider the situation where jumps come from a Lévy process. We considered
this situation in the case of the total variation distance too. More precisely, we are looking

at the solutions of a Lévy driven SDE that takes the form:
dX; = b(X,)dt+dY,, Xo=x€eRY, (2.4.11)

where {Y; };>0 be a d-dimensional Lévy process with Lévy triplet (8,7, V) (coming from
the Lévy-Itd decomposition) and b : RY — R? a continuous function.

We impose the following conditions on the coefficients:
(J1) for any r > 0 there is I', > 0 such that for all x,y € B,(0),
(x=y,b(x) =b(y)) < Trpx—y*;
(J2) there is I" > 0 such that for all x € R4,
(xr,b(x)) < T(1+[x?).
% (J1)-(J2) imply that admits a unique strong non-explosive solution {X; };>o which is

a strong Markov process and satisfies the Cp-Feller property (see [Maj16, Theorem

1.1, and Lemmas 2.4 and 2.5]).

Lemma 2.4.6. Assume that E[|Y;|?] < e (or, equivalently, fo(O) [y|Pv(dy) < oo) for

some p > 0. Then, there is a constant A > 0 such that
E¥[1X%|7] < (xP+1De¥, >0, xeR?.
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Proof. Let x € C*(R?) be such that x(x) > 0, x(x) < |x|? and x(x) = |x|? for x € BS(0).
Further, for n € N, let x, € C2(R%) be such that x,(x) > 0, x.(x) = x| B, (0)(x) and
An(x) = x(x) as n — oo, and 7, := inf{r > 0: X; € B5(0)}. Then, according to Itd’s
formula (see [ABW10, Remark 2.2]), we have that

ATy
B (X)) < 20(a) + (A7) + 45| [ 7))
t
< xn(x) +Ant—|—An/ E* [xn(Xsnz, )] ds, neN, >0, xeR?,
0

where the constants A, > 0 depend on p, B, 7, b(x) and the constants [ (o y[2v(dy),
V(B{(0)), supycpy (o) [Van(x)| and sup,cg, o) V2 ()|, for R > 0 large enough. Clearly,
the functions ), (x) can be chosen such that A := sup, .y A, < . Now, since the function

t — E*[x1(Xinz,)] is bounded and cadlag, Gronwall’s lemma implies that
En(Xing,)] < (a(x)+1)e¥ =1, neN,1>0,xeR?.

By letting n — o monotone convergence theorem and non-explosivity of {X;};>o imply
that
E (X)) < (x(x)+1De¥—1, >0, xeR’.

Finally, we have that
E*[1X]P] < E*[x(X)]+1 < (x(x)+ e < (|xP+1)e?, >0, xeR?.
[

Lemma 2.4.7. Assume that v(R?) < oo, Then, the sample paths of {X; },>¢ are piecewise

continuous P*-a.s.

Proof. Define 1y := 0 and
T, 1= inf{t > T X — X | > 0} = inf{t > T |, —Y—| > 0}, n>1.

Clearly, {7, },en areiid. and P*(7) >7) = e V®) (thatis, 7 is exponentially distributed
with parameter v(R?)) for any x € R?. Hence, {X, },>0 is continuous on [, T,,41), n > 0,

P*-a.s. for all x € RY. [ |
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In establishing ergodicity, we will need the help of a generator of our process. Under
certain additional conditions, we will be able to calculate it. Namely, let {X;},>0 be a
solution to (2.4.11) with b(x) satisfying (J1) and (J2), and with {Y;},>0 having finite
p-th moment, p > 1, and finite Lévy measure. Then, according to Lemmas 2.4.6 and
2.4.7, if b(x) satisfies (2.4.1) we conclude that {X;},>¢ satisfies (2.4.2), (2.4.3), (2.4.4)
and (2.4.5). Further, according to [ABW10] and [Mas07], for any f € C?(R¢) such that
X fB‘i (0)f (x+y)v(dy) is locally bounded,

1060 = f(%0)— [ ZrX)as, 120
is a local P*-martingale, x € R9, where
Zf(x) =(x),Vf(x)+ (B, VSflx )>+%TrYV2f(X>
+ [ (043 = 100 = (V100 Ly 0)0)) V().

Proposition 2.4.8. Let p > 1. Assume that b(x) satisfies (J1), (J2) and (2.4.8), and that
{Y:}+>0 has finite p-th moment and finite Lévy measure. Then, {X; },>o admits a unique

invariant 7 € &), such that for any k >0, 1 <g < p and u € &, it holds that
Wy(m,up) < (@Jr 1) v (), r>o0. (2.4.12)
Proof. First, observe that
L1100 =), V) + B+ [ yv(@), VI) ¢ 5TV )
+ /R ,(FO+3) = 100 = (V) v(@y).
By taking a non-negative ¥, € C2(R?) such that ¥,(x) = |x|? on B{(0) from [APS19,
Lemma 5.1] we have that

sup
xeRd

L, al43) = 150 = 0.9 7,0 v(dy)| <

Now, by completely the same approach as in the proof of Theorem 2.4.4 we conclude
that {X; },>0 admits a unique invariant 7 € & such that [pa |x|?~'y(|x|)7(dx) < e. Thus,
n € &,, and the relation in (2.4.12) follows by the same reasoning as in the proof of

Theorem 2.4.4. |
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The second type of jump processes that we discuss will be, just like in the case of a
total variation distance, Markov processes with jumps obtained through Bochner’s subor-

dination method.

Proposition 2.4.9. Let {X;};>¢ be a Markov process with state space (R, Z(R%)) and
semigroup {P},>0. Let {S;};>0 be a subordinator with characteristic exponent ¢ (u),
independent of {X;};>o. Further, let p be a metric on R¢ such that (R?,p) is a Pol-
ish space and %’(Rﬁ) C B(RY), that is, p induces a coarser topology than the stan-
dard d-dimensional Euclidean metric on R?. Assume, that {X:}+>0 admits an invariant
m € P such that #p (8P, ) < T(x)r(t), t >0, x € RY, where r: [0, +o0) — [1,4o00) is
Borel measurable and I'(x) > 0. Then, %,p(SXP,q),n) <T(x)ry(t), t >0, x € R, where
ro(t) = (E[P(S))'"

Proof. First, recall that if 7 is an invariant measure for {X; };>¢, then it is also invariant
for {Xt‘p }i>0. Next, [Vil09, Theorem 4.1] implies that for each s € [0,00) there is Il €
% (OxPs, ) such that %J,(SXPS(P, TT) = Jpaypa P(3,2)Is(dy,dz). Now, we have that

WEp6p ) = int [ pr(na)T(dy.ds)
e (8,P! ) /R <R

< / P (y,z) / I,(dy,dz) p; (ds)
R4 x R4 [0,00)

< [ PEpopmmas)

P(x rP(s)u; (ds
ST [ sl
= DP(WE[(5)],

which completes the proof. [
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3. DIFFUSION PROCESSES WITH

MARKOVIAN SWITCHING

A problem that motivated the research of the so-called diffusion processes with switching
comes from physics - from observing systems which did not behave in the same way all
the time, but instead, they changed their behaviour every now and then, at some random
times. We call them hybrid systems. One can look at those systems as two-component
ones: one component is continuous, and corresponds to a classical diffusion, and another
is discrete, which corresponds to the notion of Markov chain. The role of the discrete
component, usually independent of the continuous one, is to say when is a time for a
continuous component to start behaving differently, and in what way (that is, how will
this new motion look like). The continuous motion will then remain the same, until the
discrete component changes its value again.

Mathematically, we say that such a system is a system with Markovian switching, or
a regime-switching system, and look at it as a paired process (X,A), where X; denotes
a position of our process at time ¢, and A, the state of the discrete component at time ¢.
The value of X is constantly changing, and the value of A; remains the same for a certain
period of time after changing. We call it a diffusion process with Markovian switching
or a regime-switching diffusion process. The model which describes the movement of
such a process can be written in the form of the SDE, just, unlike before, this SDE will be
a bit more complicated as all coefficients will depend on both components of the process.
Actually, one can think about this process as a diffusion living in an random environment
- and the environment is changing at discrete, random times.

We start the analysis by formally posing the problem, model and discussing its prop-

erties. Denote the process with regime-switching by (X,A) = {(X (x,i;1),A(x,i51)) }>o0.
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The first (continuous-state) component is given by

dX (x,i3t) = b(X (x,i50),A(x,is1))dt + 0 (X (x,i31), A(x,i51) ) dB(t)
X(x,i;0) = xe R4 (3.0.1)
A(x,i;0) =i €S,

where {B()},;>0 denotes a standard n-dimensional Brownian motion (starting from the
origin), and the second (regime-switching) component is a right-continuous and time-
homogeneous Markov chain with finite state space S. The processes {B(t)};>0 and
{A(x,i;t) };>0 are both defined on a stochastic basis (Q,.7,{.% };>0,P) satisfying the
usual conditions.

Then, A possesses the generator matrix (or the infinitesimal generator) 2(x) =
(qi,j(x)); jes which describes the movement of this Markov chain (elements of 2(x) are
intensities of waiting times if this process which are exponentially distributed), where
x € R? is the starting point of the system. So, once we determing the starting position,
the behaviour of A is fixed, it stays the same till the end, and is not influenced by the

continuous-state component X;. Recall, this matrix satisfies the following properties:

* q;j(x) =lim; w fori # j,

* Qii(x) = — X2 4i(%).
Some properties:

» Continuous-state component X does have a continuous trajectories, and in the case

when we add jumps, they will be cadlag.
* Maximum principle and Harnack inequalities do hold, see [CCTY19].

* The biggest structural difference between a regime-switched diffusion and a stan-
dard diffusion process is the fact the regime-switched process X is not a Markov
process - this is obvious because the value of X at time ¢ does depend on the past
(through the discrete component A;). Therefore, in order that the problem of ergod-
icity makes sense in this setting, we need to work with a joint process (X, A) as this
will indeed be a Markov process. In this spirit, the problem of ergodicity can now

be portrayed as:
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r(O B (X0 Ar) € ) = ()| =0,

and the same questions as before are being tackled. Similarly, all properties from

before will be defined in the same way, just on a product space instead.

* Feller and Cj-Feller properties: have been considered, see [KZ20].

However, we may ask ourselves, is this situation that much different than a normal,

standard diffusion process? The answer is: NO! There are some very big differences
between these two types of processes which make this analysis interesting and important.
Adding a switching mechanism does make the whole system much more complicated - it

can exhibit some strange behaviour.

% For example, it is possible that all diffusions which form a switching process are
positive recurrent, but the whole system is not. Or conversely, for all i € S the
corresponding diffusions are transient, but the regime-switched diffusion as a whole

process is positive recurrent. See [PS92].

So, we proceed with the analysis. We assume that the coefficients b : R? x S — R?

and 0 : R x S — R?*"_and the process {A(x,i;1)};>¢ satisfy the following:
(A1) forany r >0andi €S,

sup (|b(x,1)| +[lo(x,i)[[ns) < +e,
x€%,(0)

(A2) foreach (x,i) € R? x S the regime-switching stochastic differential equation (shortly
RSSDE) in eq. (3.0.1) admits a unique non-explosive strong solution {X (x,#;7) };>0

which has continuous sample paths,

(A3) the process {(X(x,i;1), A(x,i;t)) }s>0 is a temporally-homogeneous strong Markov
process with transition kernel p(t, (x,i),dy x {j}) = P((X (x,i;t),A(x,i5t)) € dy X

{1

(A4) the corresponding semigroup of linear operators {#; },>¢, defined by

P (x,i) = /

R4 x

S0P (i) dyx {}),  fe Bp(R? xS),

satisfies the ), -Feller property, that is, 2, (%},(R? x S)) C %,(R? x S) for all t > 0,
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(A5) forany (x,i) € R? x Sand f € €%(R? x S) the process

{f(X<x, 1), A(x,is8)) — £ (x,i) — /O ZF(X(, i;s%A(x,i;s))ds}

t>0

is a [P-local martingale, where

ff(x,i) = .,%f(X, i) + Q(x>f<x7 i)

with

Lif(x) = (b(x,i),Vf(x))+ Tr( (x,i)o(x,) Vf(x),  fECHRY),

and

=Y F()aijlx fes’.

JES

- %,(x) denotes the open ball with radius » > 0 around x € R,
- (,-) stands for the standard scalar product on R?,

- || = (-,-)!/2 is the corresponding, Euclidean norm

- The symbols Z(R? x S), %,(R? x S), €,(RY x S) and €*(R? x S) stand for the
spaces of all functions f : R? x S — R such that x — f(x,i) is Borel measurable,
bounded and Borel measurable, bounded and continuous and of class €2 for all

i €S, respectively.

% Conditions ensuring (A1) — (AS) can be found in [FGC19], [KZ20] and [MY06])

3.1. LITERATURE OVERVIEW

The research on regime-switching diffusions started in the 90’s, after it was observed that
standard models can not capture some interesting movements. Namely, people started to
find examples of phenomena which change their behaviour at random time points. Such
system, called the hybrid system, were then modelled by two stochastic components: one
continuous, and one discrete.

As in the case of a classical diffusion, we can divide results based on the type of the

convergence.
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From the qualitative aspect, the properties of such models will relate to ones for stan-

dard SDE, since our process here (X,A) is a Markov process. Thereforem , we will ob-
serve the same properties, just on a different space (everything will be done on a product

space instead of a just RY).
e [MYO06]

9~ The main reference for this topic. Provides sufficient condition for various

properties (for example, using the assumption of M-matrix).
* [KZ20]

94 Here the authors discuss structural properties of regime-switching diffusions

like Feller and Cp-property and irreducibility.

From the quantitative aspect, we again have much more results concerning geometric

convergence with respect to the total variation norm.

* Geometric rate: as the whole theory itself, the results are quite recent for this case.

TV: Most results correspond to the total-variation distance. See [Shal3], [LX22]
or [Shal3].

WASS: Only few results. See [Shal4] and [CH15].

* Sub-geometric ergodicity: this situation was not yet discussed in the literature for

switching diffusions.
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3.2. IRREDUCIBILITY AND APERIODICITY

As we have thoroughly discussed in the previous chapter, the necessary ingredient to use
with a Foster - Lypaunov method is to assume open-set irreducibility and aperiodicity. As
we have done a lot of research on those properties for classical diffusions, we will be able
to extend those results to regime-switching diffusions as well.

We start by adapting the definitions of those properties to our new setting (the state

space of the process is not R? any more, but rather a product space R x S).
Definition 3.2.1. The process { (X (x,i;t), A(x,i;t))}s>0 is said to be

s ¢-irreducible if there exists a o-finite measure ¢ on Z(R¢) (the Borel c-algebra
on R?) such that whenever ¢(B) > 0 we have [;° p(t,(x,i),B x {j})dt > 0 for all
(x,i) €RYxSand j€S.

If it is ¢-irreduciblen then we call it

- transient if there exists a countable covering of R? with sets {Bj}reny C
%(RY), and for each k € N there exists a finite constant ¢; > 0 such that
Io p(t, (x,i), By x {j})dt < c; holds for all (x,i) € R xSand j €S

- recurrent if ¢(B) > 0 implies [, p(¢, (x,i),B x {j})dt = oo for all (x,i) €
R?xSand jeS.

* open-set irreducible if the support of its maximal irreducibility measure 1,
supplp = {x € R? : s(0) > 0 for every open neighborhood O of x},

has a non-empty interior,

* aperiodic if it admits an irreducible skeleton chain, that is, there exist #y > 0 and
a o-finite measure ¢ on Z(RY), such that ¢(B) > 0 implies Y>>, p(nto, (x,i), B x
{j}) >0forall (x,i) € RY xS and j €S.

Recall, a right-continuous temporally-homogeneous Markov chain {A(i;7)};>0 on S
given by state-independent generator 2 is irreducible if for any i, j € S, i # j, there are

m € Nand ko, ...k, € S with ko =i, k,, = j and k; # k; 1 for I =0,...,m — 1, such that
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Qi > O0forall/=0,...,m— 1. Due to finiteness of S, it is well known that {A(i;7) }:>0
is then geometrically ergodic. Let {A(i;t)};>0 be an independent copy of {A(i;t)},>0.

Put
inf{r > 0: A(i;t) = A(j;1)}, i#J,
Tij =
0, i=J,
and ¢ = inf; jesP(A(i;1) = j). Observe that 0 < { < 1 (recall that S is finite and

{A(i;t) };>0 is irreducible). Define ¥ := —log(1 — {). It holds that

P(7;; > 1) <e O (3.2.1)
foralli,jeSandr > 0.
Lemma 3.2.2. For {A(i;t) },>¢ irreducible and {A(i;t)},>¢ its independent copy,

inf{r > 0: A(i;t) = A(j;t)}, i#J,

0, 1=,

qj::

§ =inf; jesP(A(i;1) = j) and ¥ = —log(1 — {). Then,
P(1;; > 1) < e ol
foralli,j€Sandt > 0.

Proof. First, observe that for any initial distribution p = (;);es of {A(i;t) };>0 and all
J € S it holds that

Y PG =j)w > ¢ (322)
icS
Thus, for any initial distribution IT = (T, ;); jes of {(A(i;2),A(j;1)) }r>0 we have that

Y P(A(1) £ A1)

i,jES

= Y Y P(AG) #AG ), A1) =TT
i,jESkeS

= Y Y (PAG:1) #A(:1), Alis 1) = k) +P(A(i; 1) = A(j: 1), A(is 1) = k)
i,JESkeS

= Y Y PG = = Y Y P(A@G1) =k A1) =011,

i,jESkES i,jESkES
=1-Y ) P(A( K)P(A(j;1) = k) T1;
i,jESkeS
<1-¢.
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Let r > 1 be arbitrary. Then, t = |7] +s for some s € [0,1). We have that

P(tjj>t) =P(r; >, 1 >t—1) < P(A(i1) #A(jst), 1y >t —1).

Observe that {7;; >t — 1} € .%,_1. Here, {.%},>0 stands for the natural filtration of the
process {(A(i;t), A(j;t))}r>0. This and eq. (3.2.3) imply
P(A(i;1) # A(jst), Tj >1—1)
= P(A(izt) # A(jit) | Fi-1)dP
{‘L’,’j>l*1}

= Jio sy PG =1:1) # ARG~ 1):1)) aP

< (1-0)B(z;>1—1).

Thus,
P(‘L’l’j >t) < (1 —C)]P)(Tij >1— 1).

Iterating this procedure we arrive at
P(i>1) < (1)) = el
for all + > 1. Howeyver, it is clear that the relation holds for all # > 0. [ |

We now move to discuss irreducibility and aperiodicity properties of (X,A).

Fix i € S and consider the following stochastic differential equation (SDE):

dX(x:t) = b(X(x:t),i)dt + o (XD (x:1),i)dB(t) 324
| (3.2.4)

Assume the following:

(A1) foreachic Sandx e R? the SDE in eq. (2.3.1) admits a unique nonexplosive strong
solution {X®)(x;r)};50 which has continuous sample paths and it is a temporally-

homogeneous strong Markov process with transition kernel

P (1,x,dy) =P(X (x;1)) € dy),

(A2) there is A > 0 such that for each i € S, inf cpa qii(x) > —A,
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(A3) there are A, @ > 0 such that for all x,y e R¢ and i € S,
Y laii(x) —aij(v)] < Alx—y|*
jes\{i}

b

(A4) there are xp € R? and ro > 0, such that
(i) there are ct,A, S > 0, such that for all x,y € B,,(xp) and i € S,

[b(x,i) = b(y, )| +[lo(x,)) — o (3i)lus < Alx—y|* and [o(x,i)y| > 8]y

)

(ii) foralli e S and x € RY,

where )= inf{r > 0: X" (x;r) € B,,(x0)}.
BrO (X()) 0

% Remark: conditions from [FGC19] ensuring (A1)-(AS) imply also (A1).

We now prove the main result of this section.

Theorem 3.2.3. Assume (A1)-(A5), (A1)-(A4) and that for any i,j € S, i # j, there are
n e Nandky,...,k, € Swith kg =1i, k, = jand k; # k; | for [ =0,...,n— 1, such that the
set {x € By, (x0): Qik,., (x) > O} has positive Lebesgue measure for all / =0,...,n— 1.

Then the process { (X (x,7;¢), A(x,i;1) };>0 is open-set irreducible and aperiodic.

Proof. We show that for all (x,i) € R? xSand j € S,

o5}

/pr(;,@c,i),Bx (Pde>0 and Y p(m,(ni).Bx{j}) >0

m=0
whenever Leb(BN B, (xg)) > 0. In other words, we show that {(X (x,i;t), A(x,i;1) }1>0
and the skeleton chain {(X (x,i;m), A(x,i;m) >0 are ¢-irreducible with ¢(-) :== Leb(- N
By, (x0))-
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From the proof of [FGC19, Theorem 4.8] we have that
p(t,(x,0),Bx {j}) > 8;P(XV(x;r) € B)e ™

+(1=8;)e ™ / / / ../PX(ko) ) ed
J Z ko, ,kmeS Rd R4 ( (1) yl)qkok1<)’1)

0<z <ot <t
! N ki#k
ko=i,km=j

P(X5) (1300 —11) € dy2) Quyk, (v2) Wy )P (X5 (yist — 1) € B) dity ... dlt,
(3.2.5)

where d;; is the Kronecker delta. In particular,

p(t,(x,i),Bx{j}) > &;P(X X0 (x;1 1) €B)e —At

vse [ [ RO ) € ) s ()
rOXO By, (x0)

0<t| <... <ty <t

P(X®) (yi:2—11) € dy2) Qs (2) Gty 1k ) P (X (it —t0) € B) ity ...t

where for i # j, m € N and ko, ...k, €S are such that ko =i, k,, = j, and k; # k;;.| and

Leb ({x € By,(x0): Qr,,, (x) > 0}) >0

for / =0,...,m— 1. Next, assumptions of the theorem together with the proof of [LS21,
Theorem 2.3] imply that for B € Z(R?) with Leb(BN B,,(xo)) > 0,

(i) P(X?(x;r) € B) > 0 for all x € By, (xo), i € Sand 7 > 0

(11)/ ) (x;1) ) €B)dt>0foralli€SandxeR?
(iii) ZIP’ ) (x;m ) €B) >0foralli€ Sandx € R

Thus, for all (x,i) € RY xS, j € S and B € Z(R¢) with Leb(BN B,,(xo)) > 0,

(oo}

/Omp(t,(x,i),B x{j})dt >0  and Y. p(m,(x,i),Bx{j}) >0,

m=0

which proves the assertion. |
Let us now give several remarks.

Remark 3.2.4. (i) The conclusion of Theorem 3.2.3 also remains true in the case of

infinitely countable state space S (say S = N) if, in addition to the assumptions of
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(i)

(iii)

the theorem, there is ¥ > 0 such that for all i, j € S, i # j, sup,cga qij(x) < yj377/.
This additional assumption is required to conclude the relation in eq. (3.2.5) (see

[FGC19, Lemma 4.7]).

The problem of open-set irreducibility and aperiodicity of regime-switching diffu-

sion processes has already been considered in the literature (see [KZ20] and the

references therein). In all these works a crucial assumption is uniform ellipticity of

the matrix o (x,i)o(x,i)7, that is,

o(x,i)T

xERd.,yG%Rgif\{O},ieS% = 0. (32.6)

On the other hand, in Theorem 3.2.3 we require uniform ellipticity of o (x,i)o (x,i)”

on the open ball B, (x() only, while on the rest of the state space it can degenerate

provided P(Tl(;’i)(xo) <o) >0foralli€SandxecRe
0

According to [LS21, Proposition 2.4], (Ad) (ii) will hold if |o(x,i)y| > 0 for all
icS,xcR?andyc R\ {0}. Clearly, this condition is much weaker than (3.2.6).
A simple example of a regime-switching diffusion process satisfying (A4) (as well
as (A1)-(A5) and (A1)-(A3)) with degenerate o (x,i)o(x,i)T is given as follows.
Let So C S, and let by € €1 (RY x S.), by(x,i) = (b (x,0),..., b3 (x,i)) with
bgk) cE'(RIxS), k=1,...,d,and 6 € €' (R? x S) be such that:

(a) 0 < inf by(x,i) < sup by(x,i) <eoforallie€Ss;
x€R4 xeRd

(b) sup (x,ba(x,i))/|x|* < ooforallieSS;
xeR4\ {0}

(c) forallie S, o(x,i) > 0if, and only if, x € B,,(0) for some r; > 0;
(d) o(x,i)>0forallxc RY andi € S¢.

Define
_bl(xui)xa i€ S> s

b2()€,i>, iGS;,

b(x,i) ==

and o (x,i) == o(x,i)]1;, where I; stands for the d x d identity matrix. It is clear
that such a regime-switching diffusion process satisfies (A4) with xy = 0 and any

0 < rp < minjegs_ 7.
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3.3. ERGODICITY IN THE TOTAL VARIATION

DISTANCE

We start the discussion on ergodicity of a regime-switching diffusion by finding sufficient
conditions for recurrence and transience. Such questions naturally appear when address-
ing the stability of the process as positive recurrence is a necessary condition for existence
of an invariant probability measure.

Let us introduce the notation similar to the one in the previous chapter: Fix xo € R?

and rp > 0, and put

o(x,i)o(x,i)f, xeR%ieS,

c(x,i

(1/2)Tre(x,i), xeRies,
{

(

A(x,i
( X —x0,b(x,1)), xeR4iesS,
(

Cuy (x,1) == |x — x0| 7% (x — x0,¢(x,) (x — x0)), xe R\ {xo},i €,

) =
):
By, (x,i) :=
)
)=

Y (r

—X0

inf inf Cy,(x,i), r>0,

i€S |x—xg|=r

7x0(r) = Sup Sup CX()(X7 l)? r > 07

i€S |x—xo|=r

Ty, (r):=sup sup (2A(x,i) — Cy,(x,i) +2By,(x,i))/Cx, (x,1), r>0,

i€S |x—xo|=r

- rT
Ix07(r) ::/ xo<s>ds7 7’2’”07
o

S

1. (r):=inf inf (2A(x,i) —Cy,(x,i) + 2By, (x,i))/Cx,(x,i), r>0,

=0 i€S |x—xg|=r

i1, (S
L, (1) ::/r ﬂds, r>rp.
0

S

Now, similarly as in [Bha78], one obtains the following conditions ensuring recur-

rence and transience.

Theorem 3.3.1. Assume (A1)-(AS5) and assume that the matrix c(x, ) is positive definite
for all x € R? and all i € S so that all functions above are well defined. If there exist some
x0 € R? and ro > 0 such that

(1)

~+oo —
/ e_IXO (u)du — _‘_007

0
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then the diffusion is recurrent,

(i1)
~+oo
/ e bWy < foo,

0

then the diffusion is transient.

Proof. (i) A sufficient condition for a process to be recurrent is to find a Lyapunov

function # such that for all x € R? such that |x —xo| > rp and all i € S
LV (x,i) <0,

see [MT93b, Theorem 3.1.].

Define 7 : [0, +o0) — [0, +o0) by
Y (r) :/ e Ty, r>r.
ro

Then fix r; > rp and define 7 : RY x S — [0, 400) by ¥ (x,i) = ¥ (|x —xo|) + 1
for x € R? such that |x — xo| > |, and for all other x € RY in such a way that
x> ¥ (x,i) € C3(R?), for all i € S. Since for any i € S 1imyy oo (3, 8) = oo,
it holds that ¥ is norm-like function, that is, a Lyapunov function. Note that the
function ¥ (x,7) does not depend on the value i if |x — x| > r;. Since the sum of
elements in a row of the matrix 2 is equal to 0, for all x € R¢ such that |x —xo| >ry

and all i € S we have:

) 1 ey 7/ X — X0 ) . .
L (5i) = 3Gl =)+ 75220 A1) = oy 1) + 28 5:)
+Y a7 (x))
jes
Cx (x7i) = —1I, (Jx—
G (o))
~ 2Jx—xo| [ Lo (P = xo[)e 0 +
T (el 2A(x, 1) — Cy (x,1) + 2By, (x, 1) .
+ ¢ Tro(k=%ol) 0\ 2 4 (%) Y qi
CxO(X,l) :| ( )J;g »J
<O0.

(ii) Define functions # and ¥ as above, but using / instead of 1. Then fix | > rg. So,

for all x € RY such that |x —xo| > | and all i € S, it holds that 7/(\x —xp|) >0, so
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we have that ¥ (x,i) > 0. Define

T :=inf{r > 0: (X;,A;) € By, (x0) x S},

Tk i=inf{r > 0:|X;| > K}.

It holds that Tx — 40 as K — +oo because the process is non-explosive.

By the optional sampling,

INTYN\TK
7/(Xz/\10/\1:1<7rz/\10/\1:1<> —/0 .,?”//(Xs,rs)ds

is a P& -martingale, for |x — xo| < K. Hence,
INTHONTK

Ex,i[y(xt/\fo/\f[{a rl‘/\‘L'()/\T[{)] - 7/(x7 l) = Ex,i 0 Dg%(XS; l"s)dS Z 0.

Hence,

K lx—xol

P& (g9 > 1) / e 1 ay. (3.3.1)

ro

e LW gy, > /

o
Letting K — oo and using fr?)“” ¢ Lo dy < 4o0, we obtain

]PJX,I(TO — +00) > O,

so the process is transient.

We proceed by giving the illustrating this result on two examples.

Example 3.3.2. Consider a regime-switching diffusion process in one dimension where
the Markov chain {A,},>¢ takes two values, that is S = {1,2}, the diffusion coefficient

o = 1 and the drift coefficient is as follows:

b(x,1) = —% sgn(x) cos(x),

1
b(x,2) = —5%

Take xo = 0 and rp = 1. Then, for all x € R and i € S, it holds: C(x,i) = 1, A(x,i) =
y(r)=7v(r) =1,

1
29

1(r) = maxmax2B(x, i)
icS |x|=r
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— max{—xsgn(x)cos(x), —x*}

x==%r
= max{—rcos(r), —r*} = —rcos(r), r>1,
1(r) = /0 @ds __ /1 " cos(s)ds = sin(1) — sin(r).

Now, we have

/“:f%wmu:/*“gmmﬂmmdu:+m,
. !

0

so by Theorem 3.3.1 the diffusion process is recurrent.

Example 3.3.3. Consider now a similar diffusion process with random switching as in

the previous example, but with the following drift coefficient:

b(x, 1) = —% sen(x)(cos(x) — 1),
b(x,2) = x.

Take again xo = 0 and ryp = 1. Then, for all x € R and i € S, it holds: C(x,i) =1,
A(x,i) = 5, Y(r) =7¥(r) =1,

1(r) = minmin 2B(x, )
i€S |x|=r

= min {—xsgn(x)(cos(x) — 1),2x7}

= min{—r(cos(r) —1),2r*} = —r(cos(r) — 1), r>1,

I(r)= /rr&ds = —/lrcos(s) —1ds=sin(1)— 1 —sin(r)+r.

0o S

Hence,
/ eIXO(M)dI/t:/ eSIH(M)_M_Sln(1)+1du<+°°,

o 1

so by Theorem 3.3.1 the diffusion process is transient.

Since recurrence is not enough to conclude our process possesses an invariant proba-
bility measure, we need a stronger condition, namely, positive recurrence. In the spirit of
the previous theorem, we continue by providing a sufficient condition for this property as

well.

Theorem 3.3.4. Assume (A1)-(AS) and that the diffusion process is recurrent. If there

exist xo € R? and rg > 0 such that

106



Diffusion Processes with Markovian Switching Total Variation Distance

1)
o0 eIX()( )
/ du< too, (3.3.2)
ro ZXO(”)
and such that ZXO(r) > 0 for all r > ry, then the process in positive recurrent.
(i1)
K _*x T, (1)
. ro € Iy (s) I %OO(M) duds
lim = oo, (3.3.3)
K—+o0 fK e_lxo (”)du
ro

and such that 7XO(r) < 4o for all r > rg, then the process is null-recurrent.

Proof. (i) Let ¥ : [0,400) — [0, +o0) be such that

_ r too lxy (1)
”//(r)Z/ e_l*‘o(”)/ e du, r 2 ro.
o u ZXO(”)

Similarly as before, fix | > ry and define # : R x S — [0,40) by ¥ (x,i) =
¥ (|x —x0|) + 1 for x € R? such that |x — xo| > ry, and for all other x € R in such
a way that the function x — ¥ (x,i) € C*(R¢), for all i € S. Because of (3.3.2), the
function V is well defined. Since value #'(x,i) does not depend on the value i if

|x —x0| > r; and the sum of elements in a row of 2 is 0, we obtain the following

for [x —xp| >rjandalli € S:

—
LY (x,i) = 1ch (x, )7 (Jx—xo|) + M(ZA(X, i) — Cyy (x,1) + 2By, (x,1))
2 2|x —xo|
+Y a7 (x.))
Jjes

7 oo jx u
e ,-)lxo(|x—xo|>ezxouacxo)/'+ el

u
2 |x — xo *=xol Zxo(u)
| ) ol (r—==ol)
L i) Tt £
) o (X,1) ]_/XO(‘X_?COD
o~ I ([x=xo])
o]
. /+oo elxo (u) du ZA(X, l) B CXO ()C, l) + ZBXO (x, l) Cxo (xa l)
lx—xo| Zxo (I/l) Cxo (x,l)
+7(x,0) Y i,
jes
Lo oy olE =) 7, o) [*= €
< ——Cxo(xal>—e N ’ / o
2 x — xo| =0l ¥y, ()
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o~ Tro (o)) /+oo ol ()

———du Ty, (|x —x9|)Cy, (x,1
7 Tl Dl

T 2|x — xo|
1 Cyy(x,i)

2ZXO(|X—XO|)
+ 7 (x,0) Y qij

JjES

1 1
<0—=+40=—=
=07at 2’

hence by [MT93b, Theorem 4.2.], our process is positive recurrent.

(ii) This time, define ¥ : [0, +o0) — [0, 4-0) by
_ r - S Tx (M)
V(r) = / e_IXO(S)/ et du, r>ro,
o ro Vo (14)
and, for a fixed r{ > ry, define function 7 : RY x S — [0, +-o0) by ¥ (x,i) = ¥ (|x —
xo|) + 1 for x € R? such that |x — x| > ry, and for all other x € R? so that x —

¥ (x,i) € C*(R?), for all i € S. Now, for [x —xo| > ry and all i € S:

7 _ - lx—xo| plxo ()
LV (x,i) :—lcxo(x,i)Me*’xo“*%') / T

2 |x — xo o Talt)
. . ef)(o (lx—x0])
+ =Cy, (x,1 e’1x0(|x*x°|)——
3 xo( ) ’}/xo(|x_x0|)
o~ Txo (o))
' /|xXQ EIXO (u) du 2A (x7 l) - CXO (x7 l) + ZBXO (x’ l) CXO <x7 l)
" 'ny (M) C-x() (X7 l)
+ Y (x,i) Z di,j
jes
coxl Guld
27, (Jx—xo|)
1
< —,
-2

Now we proceed similarly as in the proof of Theorem 3.3.1: first, we define stop-

ping times 7 and Tx and obtain, for x € R such that r; < lx—xo| < Kandi€Ss,

INTHONTK

Z]Ex,i[V(Xt/\To/\TKJ rt/\T()/\TK)] - 2%()‘:7 l) = ZEx,i 0 D%,V(Xsa rs)ds
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< Ex,i[t N To N\ TK],
so by letting t — +oo0, we get:

Ex,i[TO /\ TK] Z 2Ex,i[V(XT0/\TKarT()/\T[()(]l{TN<To} + ]1{1,'1\]2170})] - 2%()67 l)
Z 2Ex,i[V(XT()/\T](a rT()/\T]()]]-{TN<T0}] - 27/()6', l)
7( ) XI(TN < TO) 27/(};7 i)
f'x X0l o=1(u) gy,

Ke*l( W) du

| \/

27 (K)™2° —2Y (x,i),

where in the last step we used (3.3.1). Finally, by letting K — +-c0 and using (3.3.3),

we get:

x—x \ 74
Exz [To] > 2/ ’ ) gy 1im V(K) =27 (x,i) = oo,

K—H—oof e LW duy

so by [ST97, Theorem 4.1.] the process is null-recurrent.

Example 3.3.5. Let 0 = 1 and the drift coefficient to be

b(x,1)= —%sgn(x) <cos(x) + \/lm> ,

b(x,2) = —

Take again xo = 0 and ry = 1. Then, for all x € R and i € S, it holds: C(x,i) =1,
A(x,i) = 3. 7(r) = y(r) =1,

1(r) = maxmax2B(x, i)
i€S |x|=r

:,Icr_laixr{_xsgn(x) <COS(X)+ 1 ) _sz}
ax{ = (cost 1) 2 } et
(

/Orzss _/rCOS( )+ —= ds =sin(1) +2 —sin(r) — 2/r.

Firstly, we have:

%I

/+°° o Lo () gy — /+°° S +2yu—sin(1)=2 5, _ oo,
T 1

0
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so by Theorem 3.3.1 we conclude that the diffusion process is recurrent. Secondly,

o] Tx u o0
/+ elvo(®) n— /* Sin()=2vu=sin(D+2 7, - 4 oo
o Y(u) I

so (3.3.2) holds and by Theorem 3.3.4 we conclude that the process is positive recurrent.
Example 3.3.6. Take again 6 = 1 and
1
b(x,1) = —3 sgn(x) cos(x),
1
b(x,2) = —3 sgn(x).

Take xp = 0 and r9o = 1. Then, for all x € R and i € S, it holds: C(x,i) = 1,
A(x,i) =5, 7(r) = ¥(r) = 1,

1(r) = maxmax 2B(x, i)
€S |x|=r

—max{ —xsgn(x)cos(x), —xsgn(x)}

= max{—rcos(r),—r} = —rcos(r),
I(r) = /ror @ds = —/lrcos(s)ds =sin(1) — sin(r), r>1,

1(r) = minmin 2B(x, i)
i€S |x|=r

= mm{ —xsgn(x)cos(x), —xsgn(x)}

x_

= min{—rcos(r),—r} = —r,

ry r
[(r):/ @ds: —lds=—r+1, r>1,
1

Now, we have

/+oo efixo(u)du _ /+°° esin(u)—sin(l)du = oo,

ro 1

so by Theorem 3.3.1 the diffusion process is recurrent. Furthermore,

K _ix s s ETXO(”)
‘ o e 0( )fro Wdu ds . fK —sin(r)+sin(1 fr sin(u)—sin( )dl/t dr
lim 0 = lim & = oo,
Kb (Koo Way K—rtoo J{er-tdr

so by Theorem 3.3.4 the process is null-recurrent.
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We now address the main question of this chapter: sub-geometric ergodicity with
respect to the total variation distance. As we have seen, the regime-switching process
might have some unusual behaviour. Namely, since the process is basically made up
as a combination of standard diffusions, one might think it will inherit their properties.
So, if all diffusions are ergodic, the regime-switched process will be as well. However,
this might not be true. We first consider this special case and find condition that ensures

ergodicity of such a process.

Theorem 3.3.7. Assume (A1)-(A5) and that (X;, A;);>0 is open-set irreducible and aperi-
odic. Further, let ¢ : [1,+o0) — (0, +c0) be a non-decreasing, differentiable and concave

function satisfying lim, »;.. ¢’(t) = 0 and

+o0 u _ elxo(u)
A= / Q (/ e ol gy + 1) du < oo, (3.3.4)
o o ZXO(M)

for some xp € R and ry > 0 such that Y, (r) > 0 for all r > rg (hence, the above functions

are well defined). Then, (X;,A;);>0 admits a unique invariant & € & satisfying

lim (@ )| 8P — 7|7y =0, xeRkes
t /oo ’

where

t
¢l::/£7 tZl
1 o(s)

Proof. Let ¥ : [0,4-o00) — [0, +oo) be such that

o r _ —+oo v _ jx (V)
q//(r> _ / e]xo(u)/ (PA (/ e*lx()(w)dw—f— 1> e d\/dl/t7 r Z ro,
ro u o ZX() (V)

where @, (t) := @(t)/A. So, the function 7" does not depend on the state i of Markov

chain r and the following inequality holds for all r > ry:

V(r) < /re_’)‘o(“)du.
ro

Now, fix r{ > ry and define a function # : R? xS — [0, 4+-o0) by ¥ (x,i) = ¥ (|x—xo|) +
1 for x € R? such that |x — xo| > 1, and for all other x € R? so that x — ¥ (x,i) € C2(RY),
for all i € S. Note that the function 7 (x,i) does not depend on the value i if |x — xg| > ry.
Secondly, note that the sum of elements in each row on the matrix £ is equal to 0 (since

it is the generator matrix). Then, for all x € R4 such that |x —xo| > ry and all i € S,
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. 1 N 7/ X —X . . .
L (5i) = 3Gl (=l + 752 A1) Gy 1)+ 28 5)
+Y a7 (x.))
jes
Lo o Bole=sol) g g (7o ([" el
=, (i) 2o T X0 T ) xo>/ " /e Ty 0 gy 4 1 du
20t ) ANLAVA 7.
Lo oy U e o dus 1)
— 0K, 1
2o )_/xo(\x—x0|)
o Tro(—0)) oo ‘o ol ®)
+—/ 0 </ e_l"o(v)dv—l—l> du -
2lc—x0| Jpgl Ny 7, ()
2A(x,i) — Cyy(x,1) + 2By, (x, 1) .
Cy, (x,0) Co (1)
+Zqi7j%(x7j)7
jes

SO

T _ - o0 u - Iy (u)
LY (x,i) < —%Cxo(x,i)Me—’xoﬂx—Xo) / P ( / e—fxo<v>dv+1> C du
0]

¢ = xo x| v, @)
o~ Tro(lr—0])
i 2x—xo|
oo u - eixo(u)
: / N ( / e oW dy 4 1) ———du Ty (| — x0])Cog (x, )
x—axo] ro Yo (u)
Lo e ® (ol el 4 1)
— FCx X1
2l ¥ (o)
+Y a7 (%))
jes
|x—xo| -
SO_l(PA (/ 0 e_lxo(”)du+1) + 7 (x,0) ) qi
2 "0 Jjes

= oA (D) +0

= oA (D),

that is, we have established sub-geometric drift condition and conclude that the diffu-

sion is sub-geometrically ergodic. [

% Remarks: the condition (3.3.4) for sub-geometric ergodicity considers the worst
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case for all diffusion processes {X () (x;r)};50 for a fixed starting position x € R?.

Namely, all those diffusions are ergodic.

% The ergodicity condition (3.3.4) does not include any information about the matrix
2. Hence, the ergodicity depends on 2 only through the condition that the process

is irreducible and aperiodic.

Example 3.3.8. Take now a switching diffusion process with ¢ = 1 and the drift coeffi-

cient b(x,i) as follows:

b(x, 1) = —% san(x)(cos(x) + 1),
b(x,2) = —sgn(x).

Take xo = 0 and ry = 1. Then, for all x € R and i € S, it holds: C(x,i) = 1, A(x,i) = %,
y(r)=y(r)=1,

1(r) = maxmax2B(x, i)
i€S |x|=r

= majltxr{—xsgn(x) (cos(x)+1),—2xsgn(x)}

xX=

= max{—r(cos(r)+1),—2r} = —r(cos(r)+ 1), r>1,

I(r)= /ror T(S)ds = —/lrcos(s) +1lds=sin(1)+ 1 —sin(r) —r.

S

Consider a function ¢(¢) =t%, for o > 0. Then, we have
el ()
y(u)

+oo u - «
A= / (/ e 10 gy + 1> du
ro [/ ro

oo . uo . o
:/ e*Sln(u)fu+51n(1)+1 </ 651n(v)+v51n(1)1dv+1> du < oo,
1 1

which is true for any 0 < o < 1. So, by Theorem 3.3.7, the diffusion process is subgeo-

metrically ergodic and the rate of the convergence is polynomial - it equals ro(1-a),

A special case is ¢(f) =t - corresponding to geometric ergodicity. In this situation we

can impose weaker conditions to obtain ergodicity.

Theorem 3.3.9. Assume (A1)-(A5) and assume that (X;, A;);>0 is open-set irreducible

and aperiodic. Furthermore, assume
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(1)
/+°° Ix ( )d
U < oo, (3.3.5)
oo Y, @)
(i1)
rooo- +oo Ixo(”)
sup e_lxo(”)du/ ——du < +oo, (3.3.6)
r>rogJrg r Zxo( )

for some xo € R? and ry > 0 such that ZXO(r) > 0 for all r > ry. Then, (X;, As);>0 admits

a unique invariant 7 € & satistying
lim |8 P — 7|7y =0, x€RYkeS
t /oo
that is, (X, A¢);>0 is geometrically ergodic.

Proof. Similarly as before, define 7 : [0, 4+-00) — [0, +o0) be such that

. r _ ~+oo vV —_ P ix (V)
7/(”) — / e]xo(u)/ </ e*lx()(w)dwﬂ— 1) e dVdLl, r Z ro,
ro u o Zxo (V)

where p € (0,1) is fixed. So, the function #" does not depend on the state i of Markov

chain r.

Again, fix r| > ry and define a function ¥ : R? x S — [0, 400) by ¥ (x,i) = ¥ (Jx —
xo|) + 1 for x € R? such that |x — xo| > r1, and for all other x € R? so that x — ¥ (x,i) €
C%(R?), foralli € S. So, the function ¥ (x, i) does not depend on the value i if |x — x| > 7}
and the sum of elements in each row on the matrix 2 is equal to 0. Then, for all x € R¢

such that |x —xg| > rj and all i € S,

L1 - 7 (Jx—x . . .
LY (x0) = 5y (07 (r—20]) + H@Am i) = Cuy(%,1) + 2By (x,1))
+ Zqi,j”// X
jes
] |x—xo| - p

< L Gylxi) </ ’ e Lo gy 4 1> +0

2y, (k= xo!) ro

0] Iy (u)

1 (f du+ 1)
< —= ).
- 2 7/(x i) V(%)

We will now show that

> 0. (3.3.7)
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It holds:
. (f e Tl du—l—l) e (f e Tl du—H)
r>rg ’V(r) r>ry er _] f—‘,—oo( T. (W)dW—I— 1)17 7/lxo( )d vdu
Y
p( r oL gy 1)p_1e’7(r)
> inf ———° - P
0 ) [ (e o Mdv 1) £k du

—*0
= inf p( ro € ol )du—i—l)p_

r>rg 4o () p XQ() ’
f (ro dv+1) Xo(u)du

where we employed Cauchy’s mean value theorem. Now, we use [Che00, Lemma 1.2]

and obtain

-1

+o0 u _ p Iy (“) roo- p
/ </ e oM gy + 1> Y du<c (/ e Lo gy 4 1> . forall r > ro,
r ro ZXO(”‘) ro

for some constant C > 0, hence (3.3.7) holds.

As an upgrade of the above result for sub-geometric ergodicity, in the following theo-

rem we do not require nice behaviour from all separate diffusions X ().

Theorem 3.3.10. Let {(X(x,i;1),A(x,i;t) };>0 be an open-set irreducible and aperiodic

regime-switching diffusion process satisfying (A1) — (AS). Assume

(i) there are {c;};es C R, twice continuously differentiable ¥ : RY — (I, +o0) and

twice continuously differentiable nondecreasing concave ¢ : (1,4o0) — (0, +o0),

such that
. LY (x)
lim ¢'(u) =0,  limsup———= < ¢;,
U—>-o00 || — 400 oV (x)
. 9o (x) ZLigo ¥V (x)
lim ——— =0, lim sup————= =0
|x|—=-o0 /V(X) |x|—+oo IGg (po’7/(x)

(i) 2(x) = 2+0(1) as |x| — +oo!, where 2 = (q;;); jes is the infinitesimal genera-
tor of an irreducible right-continuous time-homogeneous Markov chain on S with

invariant probability measure A = (A;);cs

"We use the standard o notation: for & : R? — RY we write h(x) = o(1) as |x| — oo if, and only if,

limyy| ;4.0 () is the zero function.
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(i) Y eiAi <O.

i€S

Then, {(X(x,7;1),A(x,i;7) };>0 admits a unique invariant probability measure 7t and

lim r(t)Hé(x,i)c@t_ﬂHTV =0

f—>—+oo

for all (x,i) € RY x S, where r(t) = ¢ o ®~!(¢) with

! du
(IJ(t):/l o

Proof. xldeax In this case, the Foster - Lyapunov method consists of finding an appro-

priate recurrent (petite) set C € Z(R?) x Z(S) and constructing an appropriate function
¥ 1R xS — [1, +o0) (the so-called Lyapunov (energy) function), such that the Lyapunov
equation

LV (x,0) < —@o Y (x,i) + K 1c(x,i)

holds for some k¥ € R. Under the assumptions of the theorem (in particular, open-set
irreducibility and aperiodicity of the process), we show that C is of the form K x S for
some compact set K C R?, and # (x, i) is given in terms of {c;};cs, @(u) and ¥ (x).
o Let B :=—Y csciAi > 0. Clearly,
Y (ci+B)Ai = 0.
i€S
From [YZ10, Lemma A.12] it then follows that the system
Y a4y = —ci—B, i€S,
JeS
admits a solution (7;);es. Let m > max{f,2} and let ¥ : R? x S — [I,+o0) be twice

continuously differentiable (in the first coordinate) and such that

P (x,i) = g(waWOW»

for all i € S and all |x| large enough. Observe that the assumptions in (i) ensure existence

of such a function. For all i € S and all |x| large enough, we now have

LY xi) = 2210+ oo (0) + LoV (x) 200y

B p p
me; " oo O+ Zpo (x ijYj
<GPV W+ LipoT () + 50 ”f/()jEZSqurO(l)
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(LR X)L\
— (o n 22 i B) oo v ) +ol)
— (3 Z22 L) ) oy (w40

where in the second line we use assumption (ii). By assumption, for all |x| large enough

it holds that
B

m

ZigoV (x)
PoV(x)
Thus, for all i € S and all |x| large enough,

sup
i€S

Yi

LY (x,i) < —(m—=1)@o ¥ (x) < —(m—1)Q(¥ (x,i)/(m—1)) < —@o ¥ (x,i),

where in the last step we employed the subadditivity property of ¢ (u). The assertion of
the theorem now follows from [Twe94, Theorems 5.1 and 7.1] (which ensure that every
compact set is petite set for {(X(x,i;¢), A(x,i;t) };>0) and [DFG09, Theorems 3.2 and
3.4]. |

In the next proposition we show that if ¢ (u) is linear, then {(X (x,i;7), A(x,i;u) };>0 is

geometrically ergodic.

Proposition 3.3.11. Let {(X(x,i;t),A(x,i;t) };>0 be an open-set irreducible and aperi-

odic regime-switching diffusion process satisfying (A1)-(AS). Assume

(i) there are {c;};cs C R and twice continuously differentiable # : RY — (1, +o0), such
that

lim sup 2V )
oo V(%)

< ¢,

(i) 2(x)=2+0(1) as |x| = oo,
and either one of the following two conditions

(iii) 2 = (q;j)i jes is the infinitesimal generator of an irreducible right-continuous time-
homogeneous Markov chain on S with invariant probability measure by A = (A;)es

and Z cih; < 0.

i€S

(iii”) the matrix —(2 + diagc) is a nonsingular .# -matrix, where ¢ = (¢;)es.
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Then, {(X (x,7;1), A(x,ist) }s>0 is geometrically ergodic.

Proof. Assume first (1)-(ii1). Analogously as in [Shal5, Theorem 2.1] we conclude that

there are £ € (0,1), n > 0 and y = (7);es With strictly positive components, such that
(2+ Cdiage)y = —ny.
Define ¥ (x,i) == %% (x). Since { € (0, 1), it is straightforward to check that
L) <V LY ()
forallx e R? and i € S. Thus, for all i € S and |x| large enough, we have

LY (x,0) = 1LV () + V¢ (x) 2(x) 7

< eV (x) + 75 (x) Y qijvi+o(1)
Jjes (3.3.8)

= —n¥%Y(x)+o(l)
S —71 /V(X,l')—FO(l),

which is exactly the Lyapunov equation on [MT93b, page 529] with ¢ = n, f(x,i) =
¥ (x,i), C = B,(0) x S for r > 0 large enough and b = sup(, ;)¢ |-£¥ (x,i)|. According to
[Twe94, Theorems 5.1 and 7.1], together with open-set irreducibility and %)-Feller prop-
erty of {(X (x,7;1), A(x,is1) };>0, it follows that C is a petite set for { (X (x,i;7), A(x, 1) }r>0.
Consequently, from [MT93a, Proposition 6.1], [MT93b, Theorem 4.2] and aperiodicity it
follows now that there are a petite set 4 € B(RY) x Z(S), T > 0 and a non-trivial mea-
sure V¢ on B(R?) x Z(S), such that v (%) > 0 and

p(ta(xvi)aB) > ‘V(K(B>
for all (x,i) € €,t>T and B € B(RY) x Z(S). In particular,
p(t,(x,i),¢) >0

for all (x,i) € ¥ and r > T, which is exactly the definition of aperiodicity used on
[DMT95, p. 1675]. Finally, observe that eq. (3.3.8) is also the Lyapunov equation used
on [DMT95, p. 1679] with c =1, ¥ (x,i) = ¥ (x,i), C = B,(0) xS for r > 0 large enough
and b = sup, ;)¢ |7 (x,1)|. The assertion now follows from [DMT95, Theorem 5.2].
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Assume now (i), (i) and (iii’). Since — (2 +diagc) is a nonsingular ./ -matrix, there

is a vector ¥ = (7%;);es With strictly positive components such that the vector
6 = (6i)ies = — (L +diagc)y

also hast strictly positive components. Define ¥ (x,i) := %% (x) and B = infjcs 6; > 0.

Analogously as above we see that for all i € S and all |x| large enough,
LYV (x,0) < =BV (x,i)+0(1),
which concludes the proof. [

As a final step in this sequel, we discuss an example satisfying conditions from Theo-

rem 3.3.10.

Example 3.3.12. Let S = {0, 1}, and let qo; = qi0 = 1. Hence, A = (1/2,1/2). Further,

let
b, i=0,

—sgn(x)B(x), i=1,
with b € Rand B : R — [0, +c0) satisfying

lim |x|'"?PB(x) = +oo (3.3.9)

x| =0
for some p € [1/2,1), and let o (x,i) = o (i) > 0 (implying open-set irreducibility and ape-
riodicity of the process). Define # : R — (1,+o0) by ¥ (x) := 1 +x2, and @ : (1, 4o0) —

(0,+o0) by @(u) :== u”. Clearly,

. / . . oV (x) _
ugTww () =0 and \x\liniw Vo) 0.
Further,
2bx+0(0)?, i=0,
LV (x) =

—2sgn(x)xB(x) +o(1)?, i=1.
From this and eq. (3.3.9) it follows that

lim —= = =
oo @OV (X)  |xlotee @O Y (x) —oo, i=1.

LV (x) . LoV (x) 0, =0,

Hence, the process satisfies the conditions from Theorem 3.3.10 with arbitrary c¢o > 0 and

¢1 = —2cg, which implies subgeometric ergodicity with rate r(¢) = ¢?/(1=P).
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3.4. ERGODICITY WITH RESPECT TO THE

WASSERSTAIN DISTANCE

Again, for processes that exhibit some level of singularity, namely, are not open-set irre-
ducible and aperiodic, we consider ergodicity with respect to the Wasserstein distance. In

addition to (A1)-(AS), throughout the section we assume

* {A(x,i;t)};>0 and o(x,i) are state independent, that is, A(x,i;t) = A(i;z) and

o (x,i) = o(i) for all (x,i) € R xSand t > 0;
* {A(ist) }4>0 is irreducible.

The definition of the Wasserstein distance needs to be adapted as well.

Let p be a distance on R? x S. Denote by B,(R? x S) the Borel c-algebra on RY x S
induced by p. For p > 0 let &, , be the space of all probability measures p on ‘Bp(Rd X
S) having finite p-th moment, that is, [pa,sp((x,7),(y,/))?n(dy x {j}) < e for some
(and then any) (x,i) € R? x S. For p > 1 and u,v € Py p» the LP-Wasserstein distance
between p and v is defined as

1/p
W V)= inf </ ), (v )P TI(d N.d ) ,
(V) i= I\ s p((x,0), (3,)) " T (dx x {i},dy x {j})

where €' (1,Vv) is the family of couplings of w and v, that is, IT € € (u, V) if, and only if,
IT is a probability measure on (R? x S) x (R? x S) having p and v as its marginals. The
restriction of %}, , to &, , defines a finite distance.

Of our special interest will be the situation when p takes the form

p((x,1), (%)) = Lz (i, ) + £ (Jx =) (3.4.1)

for some non-decreasing concave f : [0,4o0) — [0, +o0) satisfying f(u) = 0 if, and only
if, u=0.

Our methods used naturally generalise those used for a classical diffusion. Therefore,
we first adapt the key ingredient - Lemma which is a version of the well-known Gronwall

inequality.
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Lemma3.4.1. Letic€S,7>0,{T'j}jcs C (—0,0], F:[0,7) = [0,4ec0) with0 < T < co,
and y : [0,+o0) — (0,o0) be such that

(i) F(t) is absolutely continuous on [ty,#;] forany 0 <ty <1, < T;
(i) F'(t) STagirW(F(2) ae. on [0,T);
(i) (o) (1) == f;7V ds/y(s) < oo forall 1 € (0,F(0)].
Then
F(t) < ‘P;(lo) (—/0[ FA(i;r+S)ds>

for all 1 € [0,7) such that — [Ta(rigds < Wr(o)(0). In addition, if there is
¥ € [F(0),+o0] such that ¥y (¢) = [ ds/y(s) < oo forall € (0,7], then

t
F(r) < ‘P;l (_/O FA(i;T—i—S)dS)

for all ¢ € [0,T) such that 0 < — [; L p(isr+5)ds < ¥Py(0). Furthermore, if y(z) is convex
and vanishes at zero, then W q) (0) = H-oo. In particular, the previous relations hold for

allt €[0,7).

Proof. We have,

1) ds t F'(s)ds t
= < [ Tapirind
/o w(F(s)) —/o Atz @8

for all r € [0,T), which proves the first assertion. The second claim follows from the fact

o) = [ =

that Wp(g)(¢) < Wy(t) for all € (0, F(0)], while the last part follows from the convexity
of y(z):

y(r) = w(t+(1-0)0) <ry(1)+(1-1)y(0) =ry(1)
forall ¢t € [0, 1]. ]
Theorem 3.4.2. Assume (A1)-(A5), and suppose that {A(x,i;7)},>0 and o (x,i) are x-

independent. Assume also that {A(i;7) },>¢ is irreducible and let A = (A;);cs be its invari-

ant probability measure. Further, let f, y : [0, 4-o0) — [0, +o0) be such that

(i) f(u) is bounded, concave, non-decreasing, absolutely continuous on [ug,u;], for all

0 <up <ujp < 4oo,and f(u) =0if, and only if, u =0
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(ii) y(u) is convex and y(u) = 0 if, and only if, u =0

(iii) there are {I';};cs C (—oo,0] such that

f’(]x—y\)<x—y,b(x,i)—b(y,i)> S Fi’x_y‘ W(f(|x_}7|)) (342)
a.e. on RY
(iv) Y TiA; <O.
i€S

Then, for p given by eq. (3.4.1), and all p > 1 and (x,i), (v, j) € R? x S it holds that

lim %5 (8(eiy 1,800,y Z) = 0. (3.4.3)

t—roo

Additionally, if y(u) = u4 for some g > 1, then

1/(1-g)
e -
Yim AT, (8 P80, ) < <—2q2mi> -

i€S

If w(u) = xu for some x > 0, then

lim e“/> 5 (8(2.) P, S5,y P1) = 0

o0

forall 0 < a < min{®/p, —kY;cs A}, where ¥ is given in eq. (3.2.1).

Proof. Let {A(i;t) };>0 be an independent copy of {A(i;t)},>0 (which is also independent
of {B(t) };>0). Define
. AGjit), t <7,
A = { MU :
A(i;t), t> Tijs
for ¢ > 0. By employing Markov property, it is easy to see that {A(j:;#)};>0 is a Markov
chain with the same law as {A(j;1) };>o0.
Fix now (x,7), (v, /) € RY xS, and let {(X (x,i;¢), A(is1)) }r>0 and {(X (v, j:1), A(j;1)) }r>0
be the corresponding solutions to eq. (3.0.1). Define
T = inf{t > 0: (X (x,i;¢),A(i;1)) = (X (3, j:1),A(js1))}
Clearly, T > 7;;. Put
X(jst), <1,

Y(y,jit) =
X(x,ist), t>1,
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for ¢ > 0. The marginals of the process {(Y (v, j;t),A(j;t))}i>0 have the same law as the
marginals of {(X(y, j:t),A(j:t))}s>0. Namely, we have that
P((Y(y,js1),A(j:1)) € Bx {k})
= P((Y(y,js1),A(js1)) € Bx{k}, 1 < T) +P((Y(y,)31),A(js1)) € Bx {k}, 1> 1)

= P((X(y,js1),A(j:1)) € Bx {k},t <T) +P((X(x,i31),A(is1)) € Bx {k}, 1> 7).

Further, by the strong Markov property we have that

A

P((X (x,ist),A(ist)) € B x {k}, 1 > 1)

[E [ﬂ{t T+1>71} ﬂBx{k}(( ()C,i;l— T—I—‘L’),A(i;t - T+T)) | gﬂ-”
(L) P((X (X (x,i57), A(i:T)31 — T), A(A(isT)st — 7)) € Bx {k}, 1 —T > 0)]
[

E
E
E[LysnP((X(X(3,i57),Al: 1)t — ), A(A(i:7): — 7)) € Bx {k}, 1 — 7> 0)]
P

((X(y,ist),A(is2)) € Bx {k}, 1 > 1),

which proves the assertion. Consequently,

WYy By P8y P1) < Elp((X(x,i50), A1), (Y (v, i), A(jst)) ] -

Now, we have

W2 (8(ci)Z0:80,) 1) < E [p((X(x,i5), AGist)), (Y (3, 3 )AG0))) L 502y
+E [p((X(x,i30), AG:1)), (Y (3, 55)AG30))) i <02y
< (14+y)Pe WA LB | F(IX (i) =Y (3, 7:0)]) Lgy<ryy]

where in the last step ¥ := sup,- f(f) and we employed Lemma 3.2.2. After time 7;; the
processes {A(i;t) }>0 and {A(j;1)}:>0 move together. Hence, by eq. (3.4.2) it holds that

(here we also use the fact that 6(x,i) = o(i))
d : .
S (X(xin) =Y (v jsn)]) <0
a.e. on [7;j,4o0). Thus, r — f(|X (x,i;¢) =Y (y, j;1)|) is non-increasing on [7;j,4-e0) and

VL (8iy P28, P)

< (14+y)Pe PV LB (X (it +1/2) =Y (0, 25 +1/2))) gy -

123



Diffusion Processes with Markovian Switching Wasserstain Distance

Define
F(t) = f(IX(x,i:154+1) =Y (3, ji1ij +1)|)

fort > 0. By employing eq. (3.4.2) again, it follows that

d

EF(I) S FA(i;Ti‘]‘-i-t)W(F(t))

a.e. on [O, T— "L',-j>. By Lemma 3.4.1 we have that

l‘+‘L','j
/C” FA(i;s)dS

t
F(t) S \ijl <—/O FA(i;Tij-i-s)ds) = IP;I <—
ij
on [0,+oc0). For ¢t > 7 the term on the left-hand side vanishes, and the term on the right-
hand side is well defined and strictly positive (y(u) is convex and y(u) = 0 if, and only

if, u = 0). Thus,

. P
WY (8iy Dby Pr) < (1+ e o2 g | (wot [ - z/2+rl,/r L
Fip\Ox) T HO(y,j) ) = 14 Y . A(izs) S :

ij
Birkhoff ergodic theorem implies that
2 1/241;; A
tlgg; . Uiz ds = iezél"i i <0, P-a.s.
Hence, since y/(u) is convex and y(u) = 0 if, and only if, u = 0,
) O t/2+7;;

Jm Fy | - /c,-,» asyds ) =0

P-a.s. This, together with dominated convergence theorem, shows the first assertion.

Assume now that y(u) = u? for ¢ > 1. Then,

1 J—
Wy(t) = F(ll_q—}’]_q) and \P}jl(z) — (yl—qu(q_ 1)[)1/(1 q)_

By employing Birkhoff ergodic theorem and Fatou’s lemma, we have

e[ (v, (- T A(l.;s)ds»p}

liminf

o0 _ p/(1—q)
_ 2417 p/(1—q)
o <,},1 1+ (1 - CI) f’;é T I_‘A(i;s)ds>
= liminfks 1 p/(1=)
(Y52 ¥ s i)
> 1.
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On the other side, Birkhoff ergodic theorem, Fatou’s lemma and Jensen’s inequality imply

Gogry pa )P0
liminf (527 LiesTN)

T m[ (W (< T Tagds))|

s 247 p/(1=q)7
(yl 1+ (1 - CI) fég o I_‘A(i;s)ds>
= liminfls 1 P
I (( YT i7\i) |
s 2417 p/(1=q)7
('Yq ! + (1 - C[) f‘l% T I_‘/\(i;s)ds>
> liginfE 1 DTG
I (( Y s T i7\i) |
=1.
Thus, ,
E|(w,! (= /2Dy ds
lim (' =) >”:1,
t—too

(@ ¥ Fi7\i) p/(1-q)

which proves the second relation.

If w(u) = xu for ¥ > 0, then

¥y (t) = %ln (%/) and W, '(t) = ye M.

Arguing as above, it holds that for any 0 < B < —k Y ;cs [iA;,

E [(qj;l (_ f%zwﬁ FA(i;s)dS>>p}

Jm o PBi2 =0
Hence, by taking 0 < o < min{®/p, —kY;cs'iA;} the assertion follows. |

Crucial assumption in Theorem 3.4.2 is that the function f(u), that is, distance p, is
bounded. In the following theorem we discuss the situation when this is not necessarily

the case.

Theorem 3.4.3. Assume (A1)-(A5), and suppose {A(x,;¢) };>0 and o (x, i) are x-independent.

Assume also that b(x, ) is locally Lipschitz continuous for every i € S, and that {A(i;1) };>0
is irreducible and let A = (A;) ;s be its invariant probability measure. Further, assume that

there is 0 < K < ¥ (recall that ¥ is given in eq. (3.2.1)) such that
2(x,b(x,i)) + Tr(o(i)o()") < K(1+|x]?) (3.4.4)

forallx € R andi € S. Let f,y : [0, +o0) — [0, +o0) be such that
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(i) f(u) is concave, non-decreasing, absolutely continuous on [ug,u;], for all 0 < ug <

u; < oo, and f(u) =0if, and only if, u =0
(ii) w(u) is convex and y(u) = 0 if, and only if, u =0
(iii) there are {I';};cs C (—o0,0] and 7 > inf{ f(u«) | u > 0}, such that

Cile—ylw(f(lx=y)), fllx=yl)<n,

0, otherwise
(3.4.5)

F(|x=y1)(x—y,b(x,i) = b(y,i)) <

a.e. on RY
(iv) Y TiAi <O0.
i€S

Then, for p given by eq. (3.4.1), and all (x, i), (y, j) € R? x S it holds that

lim #5.1 (8(c) P, 80, %) = 0. (3.4.6)

—>o0

Additionally, if y/(u) = u? for some g > 1, then E [|X (x,i; 7;j) — Y (, j; %ij)|*] < o and

limtl/(‘]_l)%,l(5(x,i)<@ta5(y7j)‘@f)

t—o0

v f1-a 1/(-q)
< E[[8[X(x,i:7) — Y (v, 2 %j)|1?] <Tzri7\i> )

D)

where 8 :==inf{r > 0: f(1/t) <n}. If y(u) = ku for some x > 0, then

lim ew/2 V/ng (B(x.,i) @t, 6(y,j) 321) =0

—>o0

forall 0 < o < min{®¥, —kY ;esTiNi}.

In order to prove this result, we discuss conditions under which the process {X (x, ;1) }1>0

has second moment.

Lemma 3.4.4. Assume eq. (3.4.4). Then,
E[X (x,i52)[*] < (14 |x[*)eX.

Furthermore, for any {.% },>o-stopping time 7 such that E[e*K?] < o it follows that
1
E[1X(x,i:7)]] < |x[+ (1+|x)E [¥7] +asupTr(o(j)o(j)T) 2 (1+x?)°E [2%7] 2.
jes
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Proof. Recall that {X (x,i;1)};>0 satisfies

X (x, i3t —x—i—/ X(x,i;8),A(is5) ds+/ (i35))dB(s).

For n € N, define
T, = inf{r > 0: |X(x,i;¢)| > n}.
By employing It6’s formula we conclude that
X (x, 651 ATy |?
INT, tATy, T
— |x|2—l—2/ <X(x,i;s),b(X(x,i;s),A(i;s))>ds—|—/ Tr(o (A(i;s)) o (A(iss)) " )ds
0 0
AT,
+2 X(x,i;s)TG(A(x,i;s))dB(s)
0
t AT,
< 1P +1</ (14X (x,i55) [2) Lo 1, (5) ds + 2/ X(x,i:5)T 0 (Alx, :5))dB(s)
O svn 0
t AT,
< +1</ (141X (x,izs A ) ) ds + 2/ X(x,i:5)7 6 (A(x,i55)) dB(s).
0 0
Since the last term on the right side is a martingale, we conclude that

1+E [|X (x,isr A5 2] < 1+|x|2+1</t(1+1[-z[|X(x,i;smn)|2})ds.
0

The first assertion now follows by employing Gronwall’s inequality and Fatou’s lemma

(observe that since {X (x,i;¢) };>0 is nonexplosive, P(lim,_c T, = o) = 1).

[CZKT]

Assume now that 7 is a stopping time such that E < co. By employing Itd’s

lemma again we have that
X(x,i:0)2 < |2 + K +1</Ot \X(x,i;s)|2ds+2/OIX(x,i;s)TG(A(i;s))dB(s) .
Gronwall’s inequality then gives
X(r,i0) < ]x]z+Kt+2/(:X(x,i;s)TG(A(i;s))dB(s)
+/OlK <|x|2 +Ks+2/OSX(x,i;u)TO'(A(i;u))dB(u)) eK=9) gy
Consequently,

X (x,i:t AT)|?

INT

< |xP4+K@EAT)+2 A X(x,i;s)TG(A(i;s))dB(s)
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INT s
+ / K(|x|2+Ks+2 / X(x,i;u)TG(A(i;u))dB(u)> eKNT=5) g
0 0
tAT
= XP+K@EAT)+2 [ X(x,i55) o (Ali;s))dB(s)
0
+ |x|2(eKt/\T . 1) +eKt/\T . K(l A T)
+2K/ <]l[0mf K(tnt—s / X (x,iu)" o (A(; u))dB(u)> ds
< |x]2+2/ X (x,1;) TG(A(i;s))dB(s) +(1+ ]x|2)eKT
N
+2K /O <11[07M (s)eKtAT=s) /O X(x,i;u)TG(A(i;u))dB(u)> ds.
Taking expectation (and the previous result) we have that
E[|X (x, it AT)[?]
< ¥+ (1+ [x[*)E [eX7]
t N
+2K / E | Ljg g (s) eXET) / X (x,i3u)" o (A(isu))dB(u) | ds
0 0

< |x|2 + (1 + |x|2)IE [em}

1/2

12K /OIIE[]l[OJ/\T](S)eZK(t/\T 92 [( / T g X (x,is10) G(A(i;u))dB(u))2] ds

< |x‘2 4 (1 + ’x’2)E [CKT} —|—2KsupTr(G(j)G(j)T) 1/2]E [ezKr} 1/2
JES

t N
[ e | [t Wi P

< |+ (14 ) B [e59] + 2K supTre(o () ())T) R [e267] 2
JES

oo s 1/2
/ e BE {/ |X(x,i;u)]2du} ds
0 0

< |x*+ (1+ |x|2)IE [em} +2K§u}S)Tr(G(j)6(j)T)l/2(l + |x|2)1/2E [ezm} 2 /Owe_Ks/zds
je

1/2
} ds

1/2
= el (1) [57] +-4supTr(0 (/)0 ()") V21 1 xf2) R[] V2,
je
where in the third step we used 1t0’s isometry and in the fifth step we used the first asser-

tion of the lemma. |

We are now ready to prove Theorem 3.4.3.
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Proof of Theorem 3.4.3. By using the same reasoning (and notation) as in the proof of

Theorem 3.4.2, we have that

Wi 8ty P18, P1) < Elp((X(x,i:0),AGi:0)), (Y (3, ji1),A:1)))] -

Further, for € > 0 such that K + K& < ¥ (such € exists since by assumption K < 9) it

follows that

E [p((X (x,i:0), A(50)), (¥ (3, 1), Ajst))

=E [(H{A(i;t);éf\(j;t)} + F(IX (x,50) =Y (3, j51)])) ﬂ{rij>t/(l+£)}}
+E [ F(X 0 650) =Y (50, 55D Ly <e/14e))

<E[(1+ F(X (o)~ ¥ (s iin))2]
HE[FIX (i) =Y (0 350D D<o/ (1))

< E[(14+ (X (i) + (Y (3 js0)]))?] e @20/ v
+E[F(X (i) =Y 055D D </ 116

< 32 (14 E[f(X (5,502 +E [£(¥ (5 jso)])2] )7 e (/2 /4]
+E [ f(X (xi0) =Y (3, j:0)) Lz, <0/ 1ve)

< 0 (14 B [[X(x,i0)P] + B [[¥ (v, jir) ] ) 2 e @2 e/ (1)
+E [f(|X(X,i;f) - Y(y,j;f)!)]l{rijgz/(ue)ﬂ

1/2
< C2(1+|x|2—|—|y|2) / eKt/Z—(ﬁ/Z)Lt/(l—i-e)J_|_]E[f(|X(x,i;t)—Y(y,j;t)|)1{r[j§t/(1+€)}} ’

P(t;; > 1/(1+€))"/?

for some C1,C; > 0. Here, in the third step we used subadditivity property of concave
functions and Lemma 3.2.2, in the fifth step we used the fact that f(u) < Au+ B for some
A,B > 0 (f(u) is concave), and in the last step we used Lemma 3.4.4. Clearly, the first
term on the right-hand side will converge to zero (as ¢ goes to infinity) due to the choice
of € > 0.

We next discuss the second term. Analogously as in the proof of Theorem 3.4.2, by

employing eq. (3.4.5), it holds that
CHX (i)~ (5 i0)) <0
a.e. on [7;;,4o0). Thus, 7 — f(|X(x,i;¢) =Y (y, j;1)|) is non-increasing on [7;j,0) and
Wi (30 PS5 20) < Co (1P +1y) 2 K202l 140)
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+E [F(et/(148) Lig;<i/i+e)}] -
where F (1) is given (as in the proof of Theorem 3.4.2) by
F(t) = f(IX (x5 +1) =Y (v, j:Tij+1)])
for r > 0. We now have that

518y P1,8(,)71)

1/2
< G (14l + ) e/ 1) .

FE[F(et/(1+8)) Lz, <1/06)) L5 (isey) -V iz D<)

+E |F(et/ (14 ) Lig, <101 Lip(x imy) Y 0rjsmp)on) ] -
On the event {f(|X(x,i;7;;) —Y(y,/:7ij)|) < N} we have the following. By employing
eq. (3.4.5) again, it follows that

d

EFO) < FA(i;Tij+l)lI/(F(l))

a.e. on [0, T— Tl'j>. Lemma 3.4.1 now implies that

t 1+7T;j
—1 -1
F(r) < ¥ r(x e -y (0njim) <_/o FA(i;Tif+s)ds> =¥y <_/r FA(i;s)ds>
on [0,+oe0). For t > 7 the term on the left-hand side vanishes, and the term on the right-

hand side is well defined and strictly positive (y(u) is convex and y(u) = 0 if, and only
if, u = 0). Thus,

E [F(et/(14 €)1 (<)1) L{(x (riry)—Y (i) )<}
. et/(1+€)+1;
LN /T Cati)d | L{p(x (rism) =Y (i) <nd | -
ij

Birkhoff ergodic theorem implies that

<E

lim ——
t—o £t

FA(i;s)dS = Zl“ili <0

14+¢ [et/(1+e)+7;
/Ti.i icS
P-a.s. on {f(|X(x,7;7j) =Y (v, ;7)) < n}. Hence, since y(u) is convex and y(u) =0
if, and only if, u = 0,
lim ;! <— / e ds> ~0
fim¥o (= [ AGs)

Ly
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P-a.s. This, together with dominated convergence theorem, shows that

t—roo

On the event { f(|X(x,i;7;j) — Y (y,/;7;)|) > n} we proceed as follows. Recall that
8 =inf{r > 0: f(1/t) <n}. It clearly must hold that § > 0. Thus, since for x,y € R?,
[8]x—y|] > 8]x —y]|, we have that

x—|
f(m) < f(1/8) <n.

Let zg, ... s Z[8IX (x,isti ) —Y (v.ji5j)[] € R? be such that 20 =X (x,1; ’L'ij) and

X (x,i577) = Y (3, J; Tij)
(01X (x,i57j) =Y (v, j5 Tij)| ]

By definition, z7sx (xirr)—¥ (vjiz)] = ¥ (53 Tij)s 200 Z[8[x (ximy) ~¥ (i) ] &T€ Py

Tkl = 2+ k=0,....[0|X(x,i;7;) =Y (y, j;7;)|] —1.

measurable and

X (x,8:7;) =Y (3, j: Tij)|

81X (x,i37j) =Y (v s wij) [

50 f(lzks1 —zl) <m fork=0,...,[8|X (x,i;7;) =Y (,/;7j)|] — 1. Forz > 0, let B(t) ==

B(1;j+1) — B(t). Clearly, {B(t) };>0 is a Brownian motion. Further, let {X ([0 (x£5)=Y07:m)1) (1)}, =

{Y(y,j;fij—l-t)}tzo, and for k=0,..., [5‘X(X,i;fij) —Y(y,j;‘c,‘j)ﬂ —1let {X(k)(l‘)}tzo be

|zk1 — 21| < [

solution to

dXW(1) = b(X O (1), A(ist))dr + o (A(isr) ) dB(r)
~(k)(()) =z
A(;0) =ie€S

Observe that {X(%)(£)},50 = {X(x,i; 7 +1) };>0. We now have that
F(1) < f(|j((0) (t) _X(l)(m) 4. .+f(|X(’—6|X(x7i§fij)_y(y7j;fij)|-|_1)(t) _X((5|X(x,izfij)—Y(y,j;rij)H)(t)’) 7

and from the first part of the proof it follows that

) . _ 1+7ij
F(t) < |—6|X(x>l;7ij)_Y(yaj;fij)ﬂlpnl <_/1_ I_‘A(i;s)ds> .

Ly

By taking expectation we get

E [F(et/(l + 8))]1{rij§t/(1+s)}l{f(\X(x,i;rij)—Y(y,j;Tij)D>n}]
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_ . . et/(1+€)+1;
< E|[8|X(x,i57;) =Y (v /3 1) [ 1¥y —/T Dpizs)ds

ij

ﬂ{fijéf/(l +€)} ﬂ{f(X(x7i§Tij)_Y(y7j§Tij)|)>n}]

<E [(5|X(x,i;fij) —Y(y»ﬁfijmz} '

1/2

4 et/(1+€)+71; 2
LN /m Painds | Lay<e/1e)y (X (i) -Y Ofimp)>n}

From Lemma 3.4.4 we now that E [[8]X (x,i;%i;) — Y (3, j; Tij)[]?] < eo. Thus, analo-

gously as in eq. (3.4.8) we have that

lim B [F (et /(14 €))Lz <o/ 140y L icny) - jmphom)] = O- (3:4.9)

f—o0

Now, by combining eqs. (3.4.8) and (3.4.9) the first assertion follows.
The cases when y(u) = u? and y(u) = Ku are treated in a completely the same way

as in Theorem 3.4.2. [ |

As a consequence of Theorems 3.4.2 and 3.4.3 we conclude the following ergodic

behavior of {(X (x,i;7),A(x,i;1) }1>0.

Theorem 3.4.5. In addition to the assumptions of Theorem 3.4.2 or Theorem 3.4.3, sup-
pose that there are non-negative ' € €2(R? x S) and locally bounded g : RY — R, such
that

lim g(x) = oo and LYV (x,i) < —g(x) (3.4.10)

Jx[ e
for all (x,i) € R? xS. Then, {(X (x,i;¢), A(x,i;t) }s>0 admits a unique invariant probability
measure 7t and

lim Wf,p (6(x,i) <@[,’7'[) =0

f—oo

for all (x,i) € R? x S. Additionally, if y(u) = u for some ¢ > 1, then

e 1—gq 1/(1=9)
lim 7'/(4~ )%7p(6(x7i)<@;,7t) < <Tzri7\i> ;

f—>o0 4
i€S

and if y(u) = xu for some x > 0, then

lim e®/2 W, (8 (. P4, ) = 0

f—yo0

forall 0 < oo < min{¥/p, —kY;csTiA;}. Recall that in the case of Theorem 3.4.3 p = 1.

132



Diffusion Processes with Markovian Switching Wasserstain Distance

Proof. Observe first that eq. (3.4.3) holds for any two initial distributions p and v of
{(X(x,i;t),A(i5t)) }s>0, that is,

lim #p (0P, vP1) = 0.

From this we conclude that if {(X (x,i;7),A(i;1)) };>0 admits an invariant probability mea-
sure, then it must be unique. Namely, if 7t and 7t were two invariant probability measures

of
{(X(x,i51),A(i51)) }i>0, then

Wf?p(ﬂ,ﬁ) = lim Wf?p(ﬂzgzt,ﬁ(@t) =0

t—roo

which implies 7t = 7t. Thus, if { (X (x,i;7),A(i;t)) };>0 admits an invariant probability mea-

sure 71, then

lim %c,p(s(m%,n) = lim Wf’p(é(x./,-)%,m@t) =0.

t—>+oo t—>o0

In the sequel we show that eq. (3.4.3) guarantees existence of an invariant probability
measure of {(X (x,i;t),A(i;1)) }r>0. According to [MT93a, Theorem 3.1] this will follow
if we show that for each (x,i) € R x S and 0 < € < 1 there is a compact set C C R?
(possibly depending on (x,i) and €) such that

1 t
liminf— [ p(s,(x,i),CxS)ds > 1 —¢.

t—oo )0

Let r > 0 be large enough so that

inf > _ inf .
o (O)g(x) > = In (O)g(X)

Such r exists since lim|y|_,., g(x) = oo. Observe that if the previous relation holds for some

ro, then it also holds for all ¥ > ry. We have that

LV (x,i) < —g(x)1p (0)(x) — g(x) Lpe(0) (%)

. 1/2 . 1 .
< A c
< ((dnf #0)"7+ inf ) 0,00~ 5 inf, g0 Las0(6)

. I N
= <( inf g(x))1/2 + Exelj_%f(o)g(x» Lp,(0)xs(x:i) — Exelgr;fm)g(x)'
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Now, according to [MT93b, Theorem 1.1] we conclude that for each (x,i) and r large

enough,

’ = Linf,epe
timint [ (s, 0. B,(0) x S ds > 2o 8 |
(infiepe(0)8(x)) '~ + 7 infiepe (o) (x)

t—oo )0
The assertion now follows by choosing r large enough. |

Finally, we discuss sufficient conditions ensuring eq. (3.4.10). First, recall that an
m x m matrix M is called an .#-matrix if it can be expressed as M = yI,, — N for some
¥ > 0 and some nonnegative m X m matrix N with the property that p(N) < v, where [,
and p(N) denote the m x m identity matrix and spectral radius of N. According to the

Perron-Frobenius theorem, M is nonsingular if, and only if, p(N) < 7.

Theorem 3.4.6. Assume (A1)-(A5) and 2(x) = 2+ o(1). Furthermore, assume that

there are {c;};cs C R such that either one of the following conditions holds:

(1) 2 is the infinitesimal generator of an irreducible right-continuous temporally- ho-
mogeneous Markov chain on S with invariant probability measure A = (A;)cs,
Yiescidi < 0 and there are twice continuously differentiable 7 : RY — (0,0) and

twice continuously differentiable concave 6 : (0,00) — (0,0), such that

. . LV (x)

lim 6o 7 (x) = oo, limsup ———= < ¢,

x| oo ®) x|eo 007 (%)

. 607 (x) , Z00Y (x)

lim ————- =0, lim sup——= = 0.
e V(%) x| jes 807 (x)

(i) 2 is the infinitesimal generator of an irreducible right-continuous temporally- ho-
mogeneous Markov chain on S with invariant probability measure A = (A;)cs,
Yics cihi < 0 and there is a twice continuously differentiable 7 : R? — (0,0) such
that

lim 7(x) = oo and limsup 21V x)

|X|—>°° ‘x‘—wo /V(.X')

<c¢. (3.4.11)

(iii) (—Z2 + diagc) is a non-singular . -matrix, where ¢ = (¢;);cs, and there is a twice

continuously differentiable ¥ : RY — (0, o) satisfying eq. (3.4.11).

Then there are non-negative 7" € €2(R? x S) and locally bounded g : R? — R, such that
eq. (3.4.10) holds.
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Proof. In case (1), analogously as in the proof of Theorem 3.3.10 we conclude that there

is a non-negative 7 € €*(R¢ x S) such that

lim inf6 o ¥ (x,i) = oo and LYV (x,i) < =007 (x,i)

|x| —>e0ic€S

for all i € S and |x| large enough. In cases (ii) and (iii), by the same reasoning as in the
proof of Proposition 3.3.11 we see that there are 1) > 0 and non-negative ¥ € €2(R¢ x S),
such that

lim inf ¥ (x,i) = o and LYV (x,i) < —n V¥ (x,i)

|x| —2e0i€S
for all i € S and |x| large enough. The desired result now follows by setting f(x) :=
inf;cg 0 o ¥'(x,i) in the first case, and f(x) := ninf;cs ¥ (x,i) in the second and third

case. [ |

Typical examples satisfying conditions of Theorems 3.4.2, 3.4.3, 3.4.5 and 3.4.6 are

given as follows.
Example 3.4.7. (i) LetS= {0, 1}, let

_ b, i=0,
b(x,i) = .
—sgn(x)|x|?, i=1,

with b € R and ¢ > 1, and let 6(x,i) = 0. The processes
dX9(x;1) = b(XV(x;1),0)dt + 0 (X9 (x;1),0)dB(r) = bt
X(O)(x;O) =xeR,
and
dXW(x;1) = b(X D (x;1), 1)dt + 0 (XY (x;1),1)dB(r)
= —sgn(XW(x;1)) XD (x;0) |9 dr
XW(x;0) = xeR,
are given by X (O (x;1) = x+ bt and

sgn(x) ([x|'~14 (g— 1))/ x#0,
0, x=0.

XW(xr) =
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Clearly, both {X(©)(x;1)},0 and {X()(x;1)};>¢ are not irreducible and aperiodic.
Hence, we cannot apply Theorem 3.3.10 to these processes. In the case when b # 0
the process {X 0) (x;1) };>0 does not admit an invariant probability measure, while
in the case when b = 0 it admits uncountably many invariant probability measures:
{d (x) }xer. On the other hand, & {0} 1s a unique invariant probability measure for
{XW(x;1)};50. However, convergence of the corresponding semigroup to S50y
(with respect to some distance function) cannot have exponential rate and this con-

vergence cannot hold in the total variation norm.

Let now qo; =q10 = 1. Hence, A = (1/2,1/2). The process {(X (x,i;7),A(is1)) }r>0
is also not irreducible and aperiodic (hence, we cannot apply Theorem 3.3.10), and
since |8y ) P — 8(yi) Psllrv = 1 foralli € S, x #y and 1 > 0, the semigroup cannot
converge to the corresponding invariant probability measure (if it exists) in the total
variation norm. The previous discussion suggest that this convergence (with respect
to some distance function) cannot have exponential rate. Observe that in the case
when b = 0 the unique invariant probability measure for {(X (x,i;7), A(is1)) >0 is

5{0} X A.

Let f(u) = u for all u small enough and f(u) = 1—1/(1+u) for all u large enough,
and let y(u) = u? (with ¢ > 1). Obviously, b(x,0) satisfies eq. (3.4.2) with Iy =0,
and an elementary computation shows that b(x, 1) satisfies eq. (3.4.2) with some
I'y < 0. Hence, we can apply Theorem 3.4.2 to {(X(x,i;t),A(i;1)) }s>0. Further,

take 7 (x) = x? and observe that
LV (x) =2bx and LY (x) = =27,

Thus, for arbitrary small ¢o > 0 and arbitrary large —c; > O (recall that g > 1) it
holds that
L0V (x) < o (x) and A7 (x) < ¥ (x)

for all |x| large enough. Hence, according to Theorems 3.4.5 and 3.4.6 the process
{(X(x,;1),A(i5t)) }s>0 admits a unique invariant probability measure 7t and the cor-

responding semigroup converges to 7t with respect to %7 , with subgeometric rate
/(g=1)
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(i) Let b(x,i), {A(i;t) }s>0 and y(u) be as in (i). Further, let o(x,i) = o(i), n € (0,1)
and f(u) = u. Observe that

dX ) (x;t) = bdt + 6 (0)dB(t)

X0(x;0) =xeR

is transient if b # 0 (as a deterministic drift process or Brownian motion with drift)
and nullrecurrent if b = 0 (as a trivial process or Brownian motion). In [LS2I,

Example 3.3] it has been shown that

dXW(x;t) = —sgn(XW (x;0)) [ XV (x;7)|7 dr + o(1)dB(t)

XD(x;0) =xeR

is subgeometrically ergodic with respect to %/ with rate Y/a=1) " Further, ob-
viously b(x,0) satisfies eq. (3.4.5) with I') = 0, and an elementary computation
shows that b(x, 1) satisfies eq. (3.4.5) with some I'; < 0 for all x,y € R satisfying
f(x—=y|) = |x—y| <n. Hence, {(X(x,i;t),A(i;t))};>0 satisfies assumptions of
Theorem 3.4.3. Finally, by completely the same reasoning as in (i) we again con-
clude that {(X (x,i;t),A(i;1)) };>0 is subgeometrically ergodic with respect to #7 |

with rate £1/(@=1),

3.4.1. Regime-switching Markov processes with jumps

In this section, we briefly discuss ergodicity properties of a class of regime-switching
Markov processes with jumps.

Firstly, we consider the case of jump-process obtained through the Bochner’s subor-
dination method.

Let now {S(f) };>0 be a subordinator with characteristic exponent ¢ (1), independent

of {(X(x,i;1),A(x,i;1))}r>0. Recall, the process
(X?(x,i30),A% (x,i51)) := (X (x,i55(r)), A(x,i;S(¢))), t>0

is obtained from {(X(x,i;¢),A(x,i;t)) };>0 by a random time change through {S(7)};>o.

Also, as marked before, it is known that many fine properties of Markov processes (and
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the corresponding semigroups) are preserved under subordination. It is easy to see that
{(X?(x,ist),A?(x,ist)) }s>0 is again a Markov process with transition kernel
PP o)y x (1) = [ pls Coi).dyx (7)) w(as),

where 1, (-) =P(S(¢) € -) is the transition probability of S(z), # > 0. Also, it is elementary
to check that if 7t is an invariant probability measure for {(X (x,i;7),A(x,i;t))};>0, then
it is also invariant for the subordinate process {(X?(x,i;t),A?(x,i;t))}i>0. In [DSS17]
and [LS21, Proposition 3.7] it has been shown that if {(X(x,i;7), A(x,is7))}>0 is sub-
geometrically ergodic with Borel measurable rate r(¢) (with respect to the total varia-
tion distance or an .Z’”-Wasserstein distance), then {(X? (x,i;t), A®(x,i;¢)) };>0 is subge-
ometrically ergodic with rate ry(¢) = E[r(S(¢))] (in the total variation distance case) and
ro(t) = (E[rP(S(t))])"/? (in the .#P-Wasserstein distance case). Therefore, as an direct
application of Theorems 2.3.1 and 3.4.5 we obtain subgeometric ergodicity results for a
class of subordinate regime-switching diffusion processes.

Second approach, also discussed before for diffusion processes, is to replace the Brow-
nian motion {B(¢) };>0 in eq. (3.0.1) by a general Lévy process and adapt Theorems 3.4.2,
3.4.3,3.4.5 and 3.4.6.

Let {L(¢)};>0 be an n-dimensional Lévy process (starting from the origin) with Lévy
triplet  (B,7,v). Consider the regime-switching jump-diffusion process
{(X(x,i;t),A(i5t)) }s>0 with the first component given by

dX (x,i3t) = b(X (x,i51),A(is1))dt + o (A(i;1—))dL(1)
X(x,i0) = x € R (3.4.12)
A(i;0) = i €S,
and the second component, as before, is a right-continuous temporally-homogeneous
Markov chain with finite state space S. The processes {L(¢)};>0 and {A(i;¢)}>0 are
independent and defined on a stochastic basis (Q,.7,{.% },>0,P) (satisfying the usual

conditions). Assume that the coefficients » : R x S — R? and ¢ : S — R4*", and the

process {A(i;t)};>0 satisfy the following:

(ANl) forany r >0andi €S,

sup |b(x,i)| < o
x€B,(0)
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(;&3) for each (x,i) € R? x S the RSSDE in eq. (3.4.12) admits a unique nonexplosive

strong solution {X (x,i;7) },>0 which has cadlag sample paths

(A3) the process {(X(x,5;1),A(i5t)) }s>0 is a temporally-homogeneous strong Markov
process with transition kernel p(z,(x,i),dy x {j}) = P((X(x,i;t),A(i51)) € dy x
{/})
(Ad) the corresponding semigroup of linear operators { % },>¢ satisfies the %)-Feller
property
(A5) for any (x,i) € R xS and f € €*(R? x S) such that (x,i) = [ga f(x+,i)vi(dy)
is locally bounded, the process
t
{f(X(x,i;t),A(x,i;t)) —f(x,i)—/ zf(x(x,i;s),/\(x,i;s))ds}
0 t>0

is a P-local martingale, where v;(B) = v({x € R": ¢(i)x € B}) for B € B(R?) and
ZLf(x,i) = Zif (x,i) + 2f (x,i)
with

247x) = (blxi) + 0B+ [ )y (La,0)(00) ~ 1oy ) V(). V1))

3T (0070 () V21 (x >}

+ [ (f+y) = () = (0, V£ () Lp, 0) () Vi(dy)

R4

and 2 = (q;;);,jes being the infinitesimal generator of the process {A(i;?) }/>o.
94~ Conditions ensuring (Ki)—(;&vb') can be found in [FGC19] (see also [KZ20]).

It is straightforward to check that Theorem 3.4.2 (and Theorems 3.4.5 and 3.4.6) holds
also in this situation (under the additional assumption that the functions #'(x, i), ¥'(x) and
6 (u) appearing in Theorems 3.4.5 and 3.4.6 are such that (x,i) — [pa ¥ (x+y,i)Vvi(dy),
(x,0) — [ga ¥ (x+y)Vi(dy) and (x,i) — [pa O © ¥ (x+y)Vi(dy) are locally bounded). On
the other hand, in order to conclude the results from Theorem 3.4.3 we need to extend the

results from Lemma 3.4.4 to the jump case.

139



Diffusion Processes with Markovian Switching Wasserstain Distance

Lemma 3.4.8. Assume that [p.(|y|* V [y]*)v(dy) < o (or, equivalentely, E[|L;|*] < o for
all > 0) and

2(x,b(x,i) + o (i) +/Rn o (D)y(1re (0(i)y) — Lp,(0)(¥)) V(dY))
L Te(a(i)yo(i)) + /R yPvidy) (3.4.13)
< K(1+x%).

Then,
E[X (x,i52)[*] < (14 |x[*)eX".

Furthermore, for any {.% }>o-stopping time 7 such that E[e?K7] < o it follows that

E[|X (x,i:7)]]

< |)c|2 + (1 + |x|2)IE [em}

+ (14 ) [207] 7 <4supTr(o<j>o<j>T) +supTe(o()a()7)? [ yl*vidy)/K
jES jES R"
2

1/
+HaswpTr(o(j)o()) R +asupTr(o(7)o (") /. \va(dy)) .

Proof. Forn € N, let f,, : R — [0, 4+0) be such that f;, € ‘sz (R9) (the space of bounded
and twice continuously differentiable functions with bounded first and second order deriva-

tives), f,(x) = |x|? on B,;1(0) and f;,(x) < f,41(x) for all x € R?, and
T, = inf{r > 0: |X(x,i;¢)| > n}.
Further, for t > 0 and B € B(IR") denote
N((0,7],B) = Z Ip(L(s)—L(s—)) and N(dt,dy) := N(ds,dy) —v(dy)ds,
0<s<t
as we defined in the first chapter the poisson random measure and its compensated ver-

sion. By employing 1td’s formula and the assumption that [z (|y|> V [y|*)v(dy) < o we

conclude that for n large enough,
(X (x,556 A T))

_ fn(X)Jr/ONn <<vfn(x(x,i;s)),b(x(x,i;s),A(i;s)) +0(A(iss))B

140



Diffusion Processes with Markovian Switching Wasserstain Distance

+/Rn o (A(i;5))y(1ra (0 (AEss))y) — 131(0)(Y))V(dY)>
—I—%TI‘(G(A(Z';S))}/G(A(i;S))TVan<X(x,i;s))>

+/Rd (£ (X (o izs) +3) = fa (X (x,25)) = (0. V(X (x,0:5)))) VA(i;S>(dy)>ds
[ s) o (AG)aB()
[ L Ui+ 0 (A5 ) — i) Nianas
- |x|2+2/0m" <<X(x,i;s),b(X(x,i;s),A(i;s)) +0(A(i:s)) B
+/Rn o (A(i;5))y(1ra (0 (A(is5))y) — IlBl(o>(y))V(dy)>

+Tr(o (A(izs)) yo (Alizs)) ) + /R yPvags) (dy)>ds

o [V 9) o (A)) B

+/Omn /Rn (fa (X (x,535=) + 0 (Ai35-))y) = fu(X (x,155-) ) )N(dy, ds)
< |x|2+K/0t(1+|X(xai§s)|21[o,rn]<s))ds

o [0 o (A)) B

+/Om" /Rn(fn(x(x,i;s—)+0'(A(i;s—))y)—fn(X(%i;S—)))N(dy’dS)’

where in the last step we used eq. (3.4.13). By taking expectation, we have that
THE [[X (i) P10, (1)
<14E [fu(X(x, 550 AT))]
t
< 14+ +1</0 (1+E [1X(5,i:5)P] 10,0 (s)) s

t
_ 1+yx12+1</0 (1+E[IX (x,:5) P15, (5)] ).

The first assertion now follows by employing Gronwall’s inequality and Fatou’s lemma.

2K1:]

Let now 7 be a stopping time such that E[e < 0. It0’s lemma then gives

X (xizo)l §1x|2+Kl+K/0t |X(x7i;s)|2ds+2/O[X(x,i;s)TG(A(i;s))dB(s)
+/Ot/Rn(’G(A(i;s—))y|2+2X(x,i;s—)Tcy(A(i;s_))y)N(dy,ds).
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Denote
t
t) ::2/ X(x,15) TG (A(i;s))dB(s)
+/ /n o (A(iss— ))y|2+2X(x,l,s )To (Ai;s—))y)N(dy,ds).
Gronwall’s inequality then gives
t
X (x,i:0)* < |x|2+Kt+OC(t)—i—/ K (|x*+Ks+a(s)) Xt =as.
0
Consequently,
X (x,it AT))?
< PP +HKEATD) +altAT)+ (KT — 1) + XN —K(1AT)
! K(iAT—s)
+K (]1[077} (s)e a(s)) ds
0
t
< |x|2-|-06(t/\1')+(1+|x|2)em+K/O (ﬂ[o’ﬂ(s)e’((tm_s)a(s)) ds.
By taking expectation, we have that
E[|X (x, it AT)[?]
t
< P4 (14 P)E [eX7] + K / E 1) (s) X" a(s)] ds
0
t
< P+ (1+xP)E [eX }+K/ E[IL[OJ}(S)GZK(W—S)}
0

< |Ix*+ l—Hx]) [ ‘]

+KE [32 }1/2/ (4supTr( [/ | X (x,i5u)| du}

1/2

E [Oc(s)z} ds

JjES
+supTr(o /\y\4 (dy)
JjES
+4supTr(o /|y|2 (dy)E {/ | X (x,i5u)] 2du}
JjeS

JjES

s 1/2
+4supTr(G(j)G(j)T)3/2/Rn yPv(dy)E M |X(x,i;u)|du} ) ds
< |x*+ (1+|x| )E [eX7]

+KE 2KT ooe—’(s<4supTr(C7(j) o(J) )(1+\x|)2 -
0 Jj€s

+supTr / |y|4 v(dy)
JjES
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+4spTr(o(7)()T) [ Pl (1+ i) ef

1/2
+4;ugTr(c(j)a(j)T)3/2/H§n ]y]3v(dy)(l+]x])eKs/2> ds
j€

< ¥+ (1+[x[*)E [eX7]

+E [ (4 supTr(o ()0 ()") 1+ )+ supTe(a (o ()")? [ bl*v(an)/K

+asupTr(o()o()) [ V(e (14 )

1/2
+4s_upTr(o(j)c(j)T)3/2/ !yPV(dy)(HIXD) )
JjeS R™

where in the third step we used It6’s isometry and in the fourth step we used the first

assertion of the lemma. [ |

Theorem 3.4.3 now follows by replacing eq. (3.4.4) by eq. (3.4.13) and [ ([y|* V
[*)v(dy) <.
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CONCLUSION

The aim of my thesis was to explore the ergodicity of a wide range of diffusion pro-
cesses with respect to two distance functions: the total variation distance and the class of
Wasserstein distances. The focus was placed on identifying conditions on the drift and
diffusion coefficients which result in sub-geometric ergodicity of the corresponding semi-
group. In order to consider convergence with respect to the total variation distance, the
process needed to possesses certain regularity properties (open-set irreducibility and ape-
riodicty). In cases when that was not true, convergence was considered in some weaker
sense, namely, with respect to the Wasserstein distances.

The sub-geometric ergodicity was discussed for two types of processes: diffusion pro-
cesses and diffusion processes with switching. In each case, I obtained sharp conditions
on the coefficients of the process that implied sub-geometric ergodicity with respect to
both distance functions. All results were followed by examples that illustrated applica-
tion to some specific choice of coefficients. Since structural properties of the process
are crucial in obtaining the convergence, I also provided several sufficient conditions that
ensure those properties for each type of the process. Finally, the results were also ex-
tended to a situation when the trajectory of the process is not continuous, that is, when
the processes jumps at some random time. In each case, I considered two types of jump

processes.
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