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SUMMARY

This doctoral thesis deals with semilinear equations for non-local operators in bounded
domains in higher dimensions: For a bounded domain D C R4, d > 2, anon-local operator

L, and a function f: D x R — R, the following problem is being solved
Lu(x) = f(x,u(x)), x€D, (1)

where we also impose boundary conditions in D¢ and/or on dD, depending on the type of
the non-local operator L.

The first type of non-local operators that are studied are infinitesimal generators of
transient subordinate Brownian motions. Here the domain D can be any bounded domain
inRY, d > 2, and we impose boundary conditions both in D and on dD. A Martin
representation formula for non-negative generalized harmonic functions is proved and a
new type of boundary trace operator for this non-local setting is developed. A solution
to the problem (1) is found for a large class of functions f and conditions on f are given
such that there is no solution to (1).

The second type of non-local operators that are observed are infinitesimal generators
of subordinate killed Brownian motions. Here a smoothness assumption on the boundary
of the domain D is imposed as well as the boundary condition on dD in addition to (1).
An integral representation formula for non-negative harmonic functions is given and also
an equivalence between non-negative harmonic functions and non-negative functions that
satisfy a certain mean-value property with respect to the underlying subordinate killed
Brownian motion is established. A solution to the problem (1) is found for a large class
of functions f and conditions on f are given such that there is no solution to (1).

Keywords: semilinear differential equations, non-local operators, killed subordinate

Brownian motion, subordinate killed Brownian motion, harmonic functions
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PROSIRENI SAZETAK

U ovoj disertaciji proucavaju se semilinearne jednadZbe za nelokalne operatore u omedenim

domenama u vi§im dimenzijama, tj. u omedenoj domeni D C R?, d > 2, i za nelokalni

operator L, i funkciju f: D x R — R, rjeSava se sljedeci problem
Lu(x) = f(x,u(x)), x€D, ()

gdje joS dodatno, u ovisnosti o tipu nelokalnog operatora L, postavljamo i rubne uvjete na
D¢ i/ili na dD.

Prvi tip nelokalnog operatora koji se promatra je infinitezimalni generator prolaznog
subordiniranog Brownovog gibanja pri cemu je Laplaceov eksponent subordinatora potpu-
na Bernsteinova funkcija koja zadovoljava slabo skaliranje u beskonacnosti. Problem (2)
se promatra u proizvoljnoj omedenoj domeni D, a rubni uvjeti su dani i na D¢ i na dD.
Kako bi se problem (2) uspjesno rijesio, prvo se razvijaju pomoéne tehnike i objekti.
Proucavaju se generalizirane harmonijske funkcije u odnosu na dani proces subordinira-
nog Brownovog gibanja te se pokazuje da su takve generalizirane harmonijske funkcije
glatke te da ih pripadni operator L poniStava u slabom smislu. Takoder, proucava se i
relativna oscilacija kvocijenta generaliziranih harmonijskih funkcija te se uz pomoc toga
pokazuje Martinova integralna reprezentacija nenegativnih generaliziranih harmonijskih
funkcija. Kao dio dokaza te reprezentacije, definira se i novi tip rubnog operatora, tj. oper-
atora traga, koji je pogodan za analizu semilinearnog problema i za generalnije nelokalne
operatore, a definicija mu ne zahtjeva glatkoCu ruba domene D. Nakon tih pripremnih
rezultata, razvija se metoda sub- 1 superrjeSenja za (2) koja se potom primjenjuje na ne-

linearnost f koja zadovoljava ocjenu

|f(x0)] <p(x)A(ft]), xe€D,teR, (3)

v



Sazetak

uz odredene uvjete integrabilnosti funkcija p i A. Glavni oslonac u rjeSavanju problema
(2) je pristup s gledista teorije potencijala pa je tako rjeSenje problema (2) prikazano kao
suma Greenovog, Poissonovog i Martinovog potencijala. U slucaju glatkog ruba domene
D, daju se istanCaniji uvjeti na funkciju f uz koje problem (2) ima rjeSenje. Takoder, daje
se i uvjet na f uz koji problem nema rjeSenja. Kako bi bilo moguce dati ljepSe uvjete
na f, dobivene su i oStre ograde za Greenov, Poissonov i Martinov integral. Svi rezultati
usporeduju se s poznatim rezultatima u slu€aju frakcionalnog Laplaceovog operatora.

Drugi tip nelokalnog operatora koji se promatra dolazi kao infinitezimalni generator
subordiniranog ubijenog Brownovog gibanja te je i ovdje Laplaceov eksponent subordi-
natora potpuna Bernsteinova funkcija koja zadovoljava slabo skaliranje u beskonacnosti.
Ovaj operator spektralnog je tipa te se u disertaciji pokazuje da moZe biti definiran spektra-
Ino, to¢kovno, ali i slabo (distribucijski), uz ekvivalentnost definicije kada operator djeluje
na dovoljno glatkim funkcijama. Iz Greenove funkcije za dani nelokalni operator pomocu
derivacije na rubu u smjeru normale definira se i Poissonova jezgra. Poissonova jezgra
intenzivno se koristi kako bi se pokazala integralna reprezentacija nenegativnih harmonij-
skih funkcija s obzirom na dani nelokalni operator. Takoder, pokazuje se i 1-1 korespon-
dencija izmedu nenegativnih klasi¢nih harmonijskih funkcija i nenegativnih harmonijskih
funkcija s obzirom na promatrano subordinirano ubijeno Brownovo gibanje. Prije nego se
napadne semilinearan problem, pokazuje se nekoliko rezultata regularnosti Poissonovog i
Greenovog integrala. Semilinearni problem (2) rjeSava se uz pomoc¢ Katove nejednakosti
dokazane u disertaciji za ovaj tip nelokalnog operatora. Razvija se metoda sub- i su-
perrjeSenja za (2). Metoda se primjenjuje na razne tipove funkcija f gdje je ponovno
uvedena pretpostavka da funkcija f zadovoljava ocjenu (3) uz odredene uvjete integrabil-
nosti funkcija p i A. Osim metode sub- i1 superrjeSenja, daje se primjer upotrebe metode
monotonih iteracija. Na kraju se promatra specijalan slucaj spektralnog frakcionalnog
Laplaceovog operatora te nelinarnost polinomnog tipa f(x,7) = +t” za koje se moZe do-
biti oStra ograda na parametar p € R za koju jednadZba (2) ima rjeSenje, tj. moZemo
iskazati u kojim slucajevima jednadzba (2) nema rjeSenje.

Kljucne rijeci: semilinearne diferencijalne jednadzbe, nelokalni operatori, ubijeno
subordinirano Brownovo gibanje, subordinirano ubijeno Brownovo gibanje, harmonijske

funkcije
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INTRODUCTION

Let D Cc R, d > 2, be an open bounded set, f : D Xx R — R a function, and L a non-local

operator. In this thesis we deal with the following semilinear problem
Lu(x) = f(x,u(x)), x€D, 4)

where we also impose boundary conditions in D¢ and/or on dD, depending on the type of
the non-local operator L.

We are interested in two types of operators. The first type of the operator L is an
integro-differential operator which can be written in the form L = ¢(—A), where ¢ :
(0,00) — (0,0) is a complete Bernstein function satisfying a certain weak scaling condi-
tion at infinity. More precisely,

o(=AJu(x) =PV. | | (u(x) —u(y)) j(x =Dy, (5)
if u is a sufficiently smooth function and where the singular kernel j is completely de-
termined by the function ¢. The operator —@(—A) can be viewed as an infinitesimal
generator of a subordinate Brownian motion where the subordinator has ¢ as its Laplace
exponent. Our cornerstone for obtaining a solution to the problem (4) for the operator
¢ (—A) is the potential theory for the underlying subordinate Brownian motion developed
in recent years, which we heavily exploit. The best known example of this operator is the
fractional Laplacian (—A)%/2, where ¢ (1) = A%/2. Here the underlying process is called
the rotationally invariant (or isotropic) a-stable process. In this setting, since the under-
lying subordinate Brownian motion can exit the set D with a jump, we impose boundary
conditions both in D¢ and on dD.

The second type of the operator L we are interested in is also an elliptic type of non-

local operator which can be written in the form L = ¢(— A|,) where, again, ¢ : (0,0) —
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(0,0) is a complete Bernstein function satisfying a certain weak scaling condition at in-
finity. The operator ¢ (— A|;)) can be written as a principal value integral in the following

way

(= Alp)ux) = V. [ (u(x) =u(s)) I (x.y)dy + K(u(x), ©

if u 1s a sufficiently smooth function and where the singular kernel Jp and the function
Kk are completely determined by the function ¢. Here the operator —¢(— A|,) can be
viewed as an infinitesimal generator of a subordinate killed Brownian motion where the
subordinator has ¢ as its Laplace exponent as we show in the thesis. In this setting,
the subordinate killed Brownian motion is a strong Markov process which has a strong
potential-theoretic connection to the underlying Brownian motion which had been devel-
oped in recent years. Again, we use this connection and the potential theory as a corner-
stone for obtaining a solution to (4) for the operator ¢ (— A|,). In addition to (4), we will
impose a boundary condition on dD since our underlying subordinate killed Brownian
motion is killed inside the set D. The best known example of this operator is the spectral
fractional Laplacian (—A, p)%/%, where (1) = 1%/2.

Before we move into the details, let us say a word about the work that has been done
before this thesis in the theory of semilinear equations. In the classical (local) setting
of the Laplacian, semilinear problems have been studied for a long time now. In the
monograph [64] it is said that this study is at least 50 years old now. However, the study
of semilinear problems for non-local operators is quite recent and mostly oriented to the
problems driven by the fractional Laplacian, see e.g. [1,2,6-8,20,27,38,39]. To the best
of our knowledge, for more general operators than the fractional Laplacian which fall
into our setting (or which generalize our setting) only linear problems were discussed, see
e.g. [43,47]. A direct contribution of this thesis to the theory of semilinear equations for
operators more general than the fractional Laplacian is already published in [10,11], and
these results are given in every detail in Chapters 1 and 2. We note that this breakthrough
was possible by the recent development of such operators in potential-theoretical and in
analytical sense, see [12,13,47-49].

The spectral fractional Laplacian is also a fairly known operator and most of work has

been done in comparing the spectral to the regular fractional Laplacian, see [22,25,41,72].
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However, there are just a few articles discussing the semilinear Dirichlet problem for the
spectral fractional Laplacian, see [3,36]. To the best of our knowledge, the work done
in this thesis, which will be presented in Chapter 3, is the first one to study semilinear
problems for spectral-type operators more general then the spectral fractional Laplacian.
We note that these results were possible by the recent potential-theoretic and analytic
developments in the theory of subordinated killed Brownian motions, see [58, 60, 74].
Before we continue, let us note that a typical difference between local and non-local
setting is that in the non-local setting even solutions of the linear Dirichlet problem can
explode at the boundary whereas in the local setting this does not happen. To be more pre-
cise, there exist harmonic functions with respect to ¢ (—A) and ¢ (— A|,)) which explode
at the boundary. In this thesis we will restrict ourselves to the so-called moderate blow-
up solutions, that is those bounded by harmonic functions with respect to the underlying

operator.

A brief overview of chapters

Let us now give a brief description of the content of each chapter in the thesis. A more
detailed one can be found at the beginning of each chapter.

Our main assumption on the operators ¢ (—A) and ¢ (— A|p) is on the function ¢:

(WSC). The function ¢ is a complete Bernstein function which satisfies the weak scaling

condition at infinity: There exist constants &, & € (0,1) and aj,a, > 0 such that
aA%9(r) < P(Ar) < aA®¢(r), A>1,r>1. (WSC)

In Chapter 1 we prove a representation formula for non-negative generalizred har-
monic functions with respect to a class of subordinate Brownian motions in a general
open set D C R?, d > 2, where the Laplace exponent of the corresponding subordinator
satisfies (WSC). We look at pairs (f,A) such that f is a function on D and A is a measure
on D¢ that we call, following [21], functions with outer charge. We prove the following
result: if f is a non-negative harmonic function in D with a non-negative outer charge A,

then there is a unique finite measure g on dD such that

f=PpA+Mpu, inD.
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Here PpA denotes the Poisson integral of the measure A and Mpu the Martin integral
of the measure u, with respect to the subordinate Brownian motion. In the chapter we
also study the boundary trace operator Wp, see Definition 1.4.5. The operator Wp plays
a significant role in the semilinear Dirichlet problem for the fractional Laplacian. We
generalize the operator for the case of the subordinate Brownian motion and use it as a
tool to obtain the finite measure for the Martin integral in the representation of generalized
harmonic functions. Motivated by the article [21] where harmonic functions with outer
charge were introduced for the case of the isotropic ¢-stable process, we use the same
concept to define ¢ (—A)-harmonic functions with outer charge. We prove that a function
is ¢ (—A)-harmonic if and only if the operator ¢ (—A) annihilates it in the weak sense and
that every ¢ (—A)-harmonic function is infinitely differentiable.

In Chapter 2 we study the semilinear problem for ¢(—A). Let D C RY,d > 2, be a
bounded open set, f : D x R — R a function, A a signed measure on D° = R4\ D and p

a signed measure on dD. We study the problem

O(—Au(x) = f(xu(x)) inD
u = 2 in D¢ (7
Wpu = U on dD.

Recall that the operator ¢(—A) can be written as a principal value integral in the form
(5), and in the fractional case, i.e. when ¢ (¢) = 1%, a € (0,2), ¢(—A) is the fractional
Laplacian (—A)%/? and the kernel j(|x — y|) is proportional to |x — y|~¢~%*. We consider
solutions of (7) in the weak dual sense, see Definition 2.3.1, and show that for bounded
C'! open sets this is equivalent to the notion of weak L' solution as in [1, Definition 1.3].

For the nonlinearity f throughout the chapter we assume the condition

(F). f:D xR — R is continuous in the second variable and there exist a function p :

D — [0,0) and a continuous function A : [0,00) — [0,0) such that | f(x,2)| < p(x)A(]¢]).

The goal of this chapter is to generalize results from [1, 20] and at the same time to
provide a unified approach. The first main contribution of this part of the thesis is that we
replace the fractional Laplacian with a more general non-local operator. The second main
contribution is that we obtain some of the results from [1] (which deals with C!! open

sets) for regular open subsets of RY.
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In Chapter 3 we deal with the problem

¢(—Alpulx) = flxu(x)) inD,

PgLG = ¢ on dD,

®)

where D is a bounded C!! domain. The operator ¢(—A) in its principal value form is
given in (6). The notion of the boundary condition is a bit abstract, but it can be interpreted
as a limit at the boundary of u/ ch in the pointwise sense, or in the weak sense of (3.77),
depending on the smoothness of the boundary datum, where ch is a reference function
defined as the Poisson potential (with respect to the subordinate killed Brownian motion)
of the d — 1 dimensional Hausdorff measure on dD. We consider solutions of (8) in the
weak dual sense, see Definition 3.4.1. The main goal of this chapter is to generalize results
from [3] where the semilinear problem was studied for the spectral fractional Laplacian,
and to generalize results from Chapter 2 to a slightly different type of a non-local operator
in the special case of C!! bounded domain. For the nonlinearity f in (8) in our results we
again assume (F).

The thesis also contains Appendix, which consists of five parts. The first part deals
with an approximation of excessive functions - a known technique applied to our setting
of subordinate (killed) Brownian motions. In the second part we provide technical proofs
of sharp bounds of Green and Poisson potentials, where the proofs are modelled by the
proofs of known results in the case of the fractional Laplacian. In the third part we provide
a proof of the sharp bound of the Green function of the subordinated killed Brownian mo-
tion - a slightly strengthened result already proved for a large class of subordinate killed
Brownian motions. In the forth part of the Appendix we prove a uniform integrability
property of a class of functions in which we find a solution to the semilinear problem in
Chapter 3. In the final part of the Appendix we prove that the transition density of the
killed Brownian motion is regular up to the boundary in the case of bounded C'** domains

- a result which appears to be known but for which we could not find an exact reference.

Notation

For an open set D C RY: C(D) denotes the family of all continuous functions on D, Cj,(D)

the family of all bounded C(D) functions, Cy(D) the family of all continuous functions
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vanishing at infinity (i.e. f € Cy(D) if for every € > 0 there exists a compact subset K C D
such that | f(x)| < & for all x € D\ K), C¥(D), k € N, k times continuously differentiable
functions on D, C*(D) infinitely differentiable functions on D, and C°(D) infinitely dif-
ferentiable functions with compact support on D. For & € (0,1] and k € N: C%% denotes
the space of k times differentiable functions whose all k-th partial derivatives are Holder
continuous on D with exponent . Also, by e.g. C (D) we denote the family of functions
in C¥(D) whose all derivatives of order less than k have continuous extension to D, by
e.g. C1%(D) we denote functions in C!(D) whose first partial derivatives are uniformly
Holder continuous in D with exponent «, etc. All these function spaces are equipped with

their standard supremum norms: e.g.

Y

B () DB
1 flcrampy= Y. sup{[DP f(x)]} + Y sup IDP f(x) —DPf(y)]

—vy|&
|B|<kx€D |B|=k*-yED |x y|

where B in the sums above denotes a multi-index, and DP f(x) denotes the partial derivate
of f at x of order 3.

For a set D C R? and a measure won D: LP(D,u), 1 < p < oo, is the space of all
p-integrable functions on D with respect to u, and Lf’ LoD, 1) the space of all locally
p-integrable functions on D with respect to . If u is the Lebesgue measure restricted
on D, we simply write LP(D) and L}, (D). Also, if in addition D = R?, we write L?
and L’ . The Sobolev space W!?(D) denotes the space of L?(D) functions whose weak
partial derivatives belong to L?(D), equipped with the standard Sobolev norm. The space
H} (D) denotes the closure of C°(D) with respect to the Sobolev norm in the Sobolev
space W12(D).

When we say V is a measure, we mean that v is a non-negative measure on R?. By |V|
we denote the total variation of a signed measure v. When we say V is a signed measure
on D C R, we mean that v is a signed measure on R¢ and |v|(D¢) = 0. The Dirac
measure of a point x € R? is denoted by &,. The set Z(R?) denotes Borel measurable
sets in RY as well as the set of Borel measurable functions in R? and its usage will be
clarified each time. We suppose that all functions in the article are Borel functions and all
signed measures are Borel signed measures. For D C R?, .# (D) denotes o-finite signed
measures on D.

The boundary of the set D is denoted by dD. Notation U CC D means that U is a
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nonempty bounded open set such that U C U C D where U denotes the closure of U. By
|x| we denote the Euclidean norm of x € R and B(x, r) denotes the ball around x € R with
radius > 0. We abbreviate B, := B(0,r). For A,B C R? let §4(x) = inf{|x —y| : y € A°}
and dist(A,B) = inf{|x —y| : x € A,y € B}. Unimportant constants in the article will be
denoted by small letters c, c1, c3, ..., and their labeling starts anew in each new statement.
By a big letter C we denote some more important constants, where e.g. C(a,b) means
that the constant C depends only on parameters a and b. However, the dependence on the
dimension d will not be mentioned explicitly. All constants are positive finite numbers.
For two positive functions f and g we write f < g (f < g, f 2 g) if there exist a finite
positive constant ¢ such that ¢! f < g < cf (f < cg, f > cg). Finally, a Ab = min{a, b},
aV b =max{a,b}.



1. GENERALIZED HARMONIC

FUNCTIONS

In this chapter we prove a representation formula for non-negative harmonic functions
with respect to a class of subordinate Brownian motions in a general open set D C R¢,
d > 2, where the Laplace exponent of the corresponding subordinator is a complete Bern-
stein function satisfying the weak scaling condition at infinity- (WSC). In this setting, the
novelty is that we look at pairs (f,A) such that f is a function on D and A is a measure
on D¢ that we call, following [21], functions with outer charge. We prove the following
result: if f is a non-negative harmonic function in D with a non-negative outer charge A,

then there is a unique finite measure g on dD such that
f:PDA, +Mpu, 1inD. (1.1)

Here PpA denotes the Poisson integral of the measure A and Mpu the Martin integral of
the measure p, with respect to the subordinate Brownian motion, see Theorem 1.5.13.
Such representation was proved for the case of the isotropic «-stable process in [21]
more than 10 years ago. A similar representation for functions (in the classical sense) was
proved recently for more general Markov processes in bounded open sets in [62], and in
nice and general open sets in [55]. Analogous result for non-negative classical harmonic
functions on the ball B(x,r), i.e. harmonic functions with respect to the Brownian mo-
tion, is better known as Riesz-Herglotz theorem, cf. [S]. In the chapter the case d =1 is
excluded since it would require somewhat different potential-theoretic methods.

On the way to obtaining the representation, motivated by results in [21], we study the
relative oscillation of the quotient of Poisson integrals. The novelty of these results is that

we prove that the oscillation can be uniformly tamed. To be more precise, for a positive
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function f on a set D we define the relative oscillation of the function f by

supp f
ROpf = ——.
S = 1k f
We prove that for every 17 > 0 there is 8 > 0 such that for every D C B(0,R) and measures

A1 and A, on B(0,R)¢ we have

RODHB(O,é)ig—t <l1l+n,
see Lemma 1.5.5. Uniformity lies in the fact that 6 is independent of the set D and the
measures A; and A,. Similar claims on the relative oscillation of harmonic functions were
recently proved for more general processes in [55, Proposition 2.5 & Proposition 2.11]
and [54, Theorem 2.4 & Theorem 2.8] but the claims lack the aforementioned uniformity.

In the chapter we also study the boundary trace operator Wp, see Definition 1.4.5. The
operator Wp was introduced in [20] building on results in [21]. In [20] it plays a significant
role in the semilinear Dirichlet problem for the fractional Laplacian. We generalize the
operator for the case of the subordinate Brownian motion and use it as a tool to obtain the
finite measure for the Martin integral in the representation.

Motivated by the article [21] where harmonic functions with outer charge were intro-
duced for the case of the isotropic o-stable process, we use the same concept to define
¢ (—A)-harmonic functions with outer charge, see Definition 1.3.7. Here ¢(—A) stands
for the integrodifferential operator which generates the subordinate Brownian motion, see
(1.14). In Theorem 1.3.16 we prove that ¢(—A) annihilates all ¢(—A)-harmonic func-
tions in the weak sense. In Theorem 1.3.18 we prove a converse claim, i.e. if ¢(—A)
annihilates a (generalized) function in the weak sense, then the function is ¢(—A) har-
monic. Also, the novelty of the study of ¢(—A)-harmonic functions is that we prove that
all such functions are continuous, see Proposition 1.3.9, whereas in [21] the continuity
condition was used as a part of the definition. Moreover, motivated by results in [44], in
Theorem 1.3.12 we prove even an stronger result which says that every ¢ (—A)-harmonic
function is infinitely differentiable.

The chapter is organized as follows. Section 1.1 is a lengthy preliminary section
where we define the process of interest - subordinate Brownian motion and its killed

version, introduce the Green and the Poisson kernels, and state some well-known results
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on the process that will be needed in this and the following chapter. A short Section
1.2 deals with elementary properties of Green potentials. In Section 1.3 we prove basic
results on the Poisson kernel, define ¢(—A)-harmonic functions and study their basic
properties as well, as some more sophisticated properties such as smoothness. In Section
1.4 we recall already known facts on the theory of the Martin kernel and connect them
to ¢(—A)-harmonic functions. Section 1.5 begins with results on the boundary trace
operator Wp. After we prove results on the relative oscillations of the Poisson integrals,
we finish the chapter by proving the representation formula for non-negative ¢(—A)-

harmonic functions.

1.1. PRELIMINARIES

Let S = (S¢)r>0 be a subordinator with the Laplace exponent ¢, i.e. S is an increasing

Lévy process with Sy = 0 and

Ele *5] =) 2.1 >0.

It is well known that ¢ is a Bernstein function of the form
O(1) = bA +/ (1— e M)u(dt), A >0, (1.2)
0

where b > 0 and  is a measure on (0,e0) satisfying [; (1 A7) (dt) < oo, see [71, Chapter
5]. The measure u is called the Lévy measure and b the drift of the subordinator.

Throughout the chapter we impose two following assumption on ¢.

(WSC). The function ¢ is a complete Bernstein function, i.e. the Lévy measure u(dr)
has a completely monotone density (), and ¢ satisfies the following weak scaling con-

dition at infinity: There exist aj,a; > 0 and 01,6, € (0, 1) satisfying
aA% (1) < (A1) < ad®¢(r), 1>1,A>1. (1.3)

This assumption yields that » = 0. The condition » > 1 in (1.3) is important in the
sense that the scaling holds true away from zero. By using the continuity of ¢, it is easy

to show that if Ry > 0, then (1.3) is also valid for » > Ry but with different constants

10
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ay and ay (8 and &, remain the same). Further, the scaling condition (1.3) implies the

well-known bound

¢’(l>x@, A>1, (1.4)

where, in fact, the upper bound holds for every Bernstein function and every A > 0, and
the lower bound follows from (1.3).
The second assumption on ¢ will be important for the transience of the subordinate

Brownian motion defined a few paragraphs below.

(T). Ifd =2, we assume that
LdA
0o o(A) =7

The best-known subordinator with the properties (WSC) and (T) is the ¢-stable sub-
ordinator where ¢ (1) = A%/2, for some o € (0,2), which satisfies exact (and even global)
scaling condition (1.3). However, there are many other interesting subordinators which
fall into our setting. For a short list of these, see e.g. [57, p. 3].

Let W = (W;);>0 be a Brownian motion in R?, d > 2, independent of S with the
characteristic exponent £ + |£|?, & € RY. This means that the transition densities p(t,x, y)

of W are given by

1 lx—y[?

—e 4t ,
(4mt)d/2

p(t,x,y) = t>0,x,yeR% (1.5)

The process X = ((X;):>0, (Px),cpre) defined as X; = W, is called a subordinate Brownian
motion in R¢. Here P, denotes the probability under which the process X starts from
x € R?, and by E, we denote the corresponding expectation. For an open set D C R, let
7p = inf{r > 0:X; ¢ D} be the first exit time of the process X from D. We define the
killed process X” by

Xl7 t < TD,
XtD =

aa IZ D,

where 9 is an adjoint point to R? called the cemetery. The process X is called the killed
subordinate Brownian motion. We deal with semilinear problems driven by this process

in Chapter 2.

11
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Since we assume that ¢ satisfies the weak scaling condition (1.3), thus b =0, X =
(Xt)i>0 = (Ws,)s>0 is a pure-jump rotationally symmetric Lévy process with the charac-

teristic exponent & — W(&) = ¢(|€|?). The exponent has the following form

W(E) = (€)= [ (1—cos(E-x)J(dx), &R,

where the measure J satisfies [pa(1 A |x|?)J(dx) < o and it is called the Lévy measure of

the process X. Also, J has a density given by J(x) = j(|x|), x € R, where

j)i= [ pexypod = [ @m) R S pnar, o,
0 0

Obviously, the density j is positive, continuous, decreasing and satisfies li_)m Jj(r)=0. For
F—>o0
the details on the subordination see e.g. [68, Section 30 & 31] and [71, Chapter 13].
It is well known that under the assumption (WSC) the kernel j enjoys sharp two-sided

estimates for small r > 0: For every R > 0 there exists C = C(R) > 1 such that

Clo(r 2 rd<jir)<Co(r2)r, 0<r<R, (1.6)

see for example [19, Eq. (15) & Corollary 22]. Moreover, since ¢ is a complete Bernstein

function, the following properties of j hold. There exists C = C(¢) > 0 such that
jr)<cCj(r+1), r>>1. (1.7)
For every M > 0 there exists C = C(M,¢) > 0 such that
jr)<Cj2r), re(0,M), (1.8)
cf. [51, (2.11), (2.12)]. Further, for every n € N there exists C, = C,,(¢) > 0 such that
(&)
cf. [18, Proposition 7.2]. Finally, by [54, Lemma 4.3], for every ry € (0, 1),
J(r)

lim sup =1. (1.10)

§=0r>ry j(r+06)

<Gi(n,  r>1, (1.9)

Properties (1.7)—(1.10) are used in some of the results that we quote later. Similarly as
before, since j is continuous, inequalities (1.7) and (1.9) also hold for r > Ry but with
different constants C = C(¢,Rp) > 0.

By using (1.10) we easily prove the following technical lemma.

12
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Lemma 1.1.1. LetR >0, & >0, and 0 < ¢ < 1. There exists p = p(q,€,R) < ¢ such
that for all z € Bjg and y € Bg
L. : :
T3/ D =illy—zl) < (1+2)j(bD).
Recall that throughout the chapter we assume (T). This means that X is transient, i.e.

P, (lim; 0 |X;| = o0) = 1, x € R?. Indeed, the Chung-Fuchs condition implies that

ds
(&)

X is transient <—> / < oo, forsomeR >0
0,R

B(0,
R

)

d—1
— /—d?t < oo, forsomeR >0
| 6(2%)

1;Lal/z-l
— dA < oo, (1.11)
/ ¢(1)
0
see [68, Corrollary 37.6]. Since it holds
Ian< @) ua arso, (1.12)
¢(r)

which easily follows from (1.2), we have that X is always transient if d > 3 and if d = 2,
the transience is achieved if and only if [; ¢(4)~'dA < eo, which is exactly our assump-

tion (T).

1.1.1. Additional assumptions

In some results dealing with unbounded sets we will occasionally make additional as-
sumptions on the density j and the exponent ¢. The first assumption strengthens the

assumption (WSC).

(GWSC). (Global weak scaling condition) There exist constants &;, & € (0,1) and

ai,ap > 0 such that
aiA9(r) < o(Ar) <aA®¢(r), A >1,r>0. (GWSC)

Note that if (GWSC) holds, then by (1.11) we immediately have that X is transient even
ifd=2.

The second assumption comes as an addition to Lemma 1.1.1.

13
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(E). Forevery R>1,&>0,and g € (1,00), there exists p = p(q,€,R) > g such that for
all z € Byg and y € Byr

(e < v —2l) < (1-+)i(12D.

To the best of our knowledge it is not clear if the assumption (E) is true for every
density j generated by a complete Bernstein function. However, it is known that if for
some o € (0,2) we have limy _ % = 1, where [ is a slowly varying function at 0,
then the condition (E) is satisfied, see [54, Lemma 4.6(a)].

Note that the isotropic o-stable process, o € (0,2), satisfies all mentioned assump-

tions, since in that case we have ¢(A) = A%/2 and j(r) = c(d, Oc)ﬁ.

1.1.2. The semigroup, the operator and the potential kernel

For a bounded or non-negative function u € (R%) and t > 0, define R,u(x) := E,[u(X;)].
Then (R;);>0 is the semigroup corresponding to X. It is well known that this semigroup
has the Feller property, i.e., R; : Co(R?) — Co(R?).

Under our assumptions, the process X is also strongly Feller, i.e., R, : L”(RY) —

Cp(R?). Indeed, by using (WSC), for t > 0 and n € N we have
n — n — 2 n
L grag = [ e @gprag = [ el ag

< C(d) (/l rd1+ndr+/weta1¢(1)r5l rd1+n) < oo,
0 1

which implies that X; has a density r(f,x,y) = r(t,y — x) given by the inverse Fourier

Eg [eié X }

transform

1
r(t,x) = W/Rd cos(x-E)e ™M g, 1>0,xeRY.

The density r(¢,x) is smooth in x and decays to 0 when |x| — 0, see e.g. [68, Proposition
28.1]. This immediately implies the strong Feller property. Also, r(¢,x,y) are transition
densities of X (or the heat kernel) in the sense that R;f(x) = [gar(t,x,y)f(y)dy. Fur-
thermore, since X is obtained by the subordination of the Brownian motion, the density
r(t,x,y) can be also written as

bl 1 l—y |

—a P(S, € ds). (1.13)

r(t,x,y) = /Ooop(s,x,y)IP’(St € ds) :/

0 (47rs)d/ze

14
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From the representation (1.13) it is obvious that x — r(z,x) is radially decreasing.
Since X is a Lévy process, the space C(RY) is contained in the domain of the
infinitesimal generator of the semigroup (R;);, which we denote as —¢(—A), and for

u € C2(R?) it holds that

O(—Au(x) = /Rd(M(X)—u(y)+Vu(X)-(y—X)1{|yxgl})j(ly—X\)dy

= lim (u(x) —u(y)) j(ly —x|)dy, (1.14)

€20 J|y—x|>¢
see [68, Section 31]. In the familiar case of the isotropic stable process the operator
@ (—A) is the fractional Laplacian.

We extend the definition of ¢(—A) by (1.14) for every x € R? and u : RY — R such
that the limit above exists. We note that if ¢ € C2(R?), i.e. ¢ is a twice continuously
differentiable function with compact support, then ¢(—A)@(x) exists for every x € R,
Indeed, since j is radial, for ¢ € C2(RY) we have

O(-8)9(x) = lim [ (9(x)— 00y —l)dy

— lim (9(x) = @(y) +Vo(x) - (y =X)Ly yj<1))dy

e—=01 J]y—x|>¢

- /R (9(x) = @)+ Vo(x) - (v =X)L jyi<1}) i (ly = x[)dby.

Therefore, ¢ (—A)@(x) exists for every x € R since by Taylor’s theorem

9(x) = () + V() - (y =)L y<py| Sc(IAf—yP), yeR,

and since the density j satisfies [pa(1 A |x|?)j(]x|) < co. In fact, it is easy to see that there

is a constant C = C(K, ¢) > 0, where suppp C K CC R, such that

[6(=2)0 ()| < Cll@llco@a (1A j(1a]), xeR. (1.15)

Here || - ch(Rd) denotes the standard norm for twice differentiable functions.

—_—

For functions u € ' := L'(R?, (1 A j(|x|))dx) we define the distribution ¢(—A)u as

—_

(O(-8)u.0) = (0.0(~8)p) = | u(x)o(~A)g()dx, ¢ € CT(RY).

The condition u € £ is needed to ensure that the integral above is well defined, see

1
loc*

(1.15). Also, note that since j is positive, we have .Z! C L! . By following exactly the

15
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same calculations as in [15, Section 3], it is easy to show that if u € C? (D)NZ ! then

O (—A)u(x) exists for every x € D and q)f(:X)u = ¢(—A)u as distributions on D, i.e.

(0(=D)u,0) = (9(=A)u,9), @€ C(D).

Furthermore, we extend the definition of ¢ (—A) to measures in the following way

—_—

(9(=8)4,9) = (2,0(-A)¢) = | #(-A)o(x)A(dx), ¢ECI(RY),  (L16)

for all signed measures A such that [pa(1A j(]x|))|A|(dx) < eo. This last condition ensures
that the integral in (1.16) is well defined.
Since the process X is transient, we can define the potential kernel of X, i.e. the Green

function of X, by
Gx) ::/ r(t,x)di, xR (1.17)
0
The kernel G is the density of the mean occupation time for X, i.e. for f > 0 we have

/Rd G(x—y)f(y)dy = Ex [/Omf(Xt)dt} . xeRY

From [53, Lemma 3.2(b)] it follows that for every M > 0 there is a constant C = C (¢, M) >
0 such that

1 1
g 2) = O = g2y MI=M (L3

In particular, G is finite for x # 0. Further, (1.17) implies that G is rotationally symmetric

Cfl

and radially decreasing so we will slightly abuse notation by denoting G(x,y) = G(x —

y) =g(jx =)

1.1.3. The potential kernel for the killed process and the Poisson kernel
The killed subordinate Brownian motion X has the semigroup (RP),>( defined by
RYf(x) = Ex[f(XP)] = Ex[f(X,),t <7p], f €L™(D).

By applying the strong Markov property, we get that X? has transition densities which

are for t > 0 and x,y € R? given by

rD(t,x,y) = r(t7x7y> _]Ex[r(t o TD7XTD,y)1{TD<t}]7 (1.19)

16
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ie. RPf(x) = [prP(1,x,y)f(y)dy.

It follows that 0 < rP < r and by repeating the proof of [33, Theorem 2.4] we get
that 7P is symmetric. Also, [60, Proposition 2.3] implies that rp is jointly continuous in
D x D, hence (RP), is strongly Feller. Since the process X has right continuous paths, it
follows that 7 (¢,x,y) = 0if x € D  ory € D".

The Green function of the killed process X? is defined by

Gp(x,y) = /0 Pt x,y)dt, x,y €RY,

which is the density of the mean occupation time for X?, i.e. for f > 0 we have

[ Gotnroits = | [ x|, vem

since we extended every Borel function f on D to DU{d} by letting f(d) = 0. Also, note
that G = GRd'

For x € R4 the P, distribution of Xz, is denoted by @y, i.e.
Po(Xq, € A) = 0H(A), A€ B(RY).

The measure @y, is concentrated on D and since we are in the transient case, (1.19)

implies the following formula for x,y € R?

Gp(x,y) = G(x,y) = Ex[G(X,y)] = G(x,y) — /D _G(w,y)ap(dw). (1.20)

It follows from (1.19) that Gp is non-negative and symmetric. On (D x D)\ {(x,x) : x €
D} the kernel Gp is jointly continuous which we get by using the joint-continuity of the
densities rp, the bound 0 < rp < r, see also (1.13), and by the dominated convergence
theorem.

Further, by using the strong Markov property and (1.20) it follows that for all open

U C D and x,y € RY we have

Gp(x,y) = GU(x,y)—i—/UC G (w,y) o (dw). (1.21)

Equation (1.19) also yields that Gp(x,y) = 0 if x € D or y € D°. Furthermore, if y € 9D,
then Gp(x,y) = 0 for all x € D if and only if y is a regular point for D. A point x € dD

is regular for D if P,(tp = 0) = 1, i.e. if @}, = ;. A point at dD which is not regular

17
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is called irregular and it is well known that the set of irregular points is polar, i.e. the
process X never enters the set of irregular points for D almost surely. This property will
be used many times throughout the chapter.

Equation (1.21) yields that for every x,y € R? and open U C D we have Gy (x,y) <
Gp(x,y). In fact, if we have open sets Dy C D, C --- C D and U,D,, = D, then Gp, (x,y) T
Gp(x,y), for every x,y € R? except if x or y are irregular for D. This follows from (1.20),
the continuity of G off the diagonal and the quasi-left-continuity of X.

For an open set D C R?, we define Pp, the Poisson kernel of D with respect to X, by
Pp(x,y) = / Gp(x,w)j(lw—yDdw, (x,y) € R!xD". (1.22)
D

If x € D the measure @y, is absolutely continuous with respect to the Lebesgue measure
in the interior of D¢ and its Radon-Nikodym derivative is Pp(x,-), see [54, Eq. (1.1)].

Further, if the boundary of D possesses enough regularity, e.g. if D is a Lipschitz set, then
op(dy) = Pp(x,y)dy, on the whole D€, (1.23)
see [65, Proposition 4.1].

By integrating (1.21) with respect to j(|y — z|)dy on R?, with z € D¢, and by using

Fubini’s theorem we get

Pp(x,z) = Py(x,2) + D\UPD(W, 2oy (dw), (x,z) €U x D°, (1.24)

where we used that the sets of irregular points at dD and dU are polar.
Suppose for a moment that the set of irregular points of D is empty. E.g. this holds
if D is a Lipschitz set. Let v € .Z (D) and set u(y) = GpVv(y) := [, Gp(y,v)Vv(dv). Then

for z € D we have u(z) = 0, hence

—¢(=Au(z) = lim (M(y)—M(Z))j(ly—ZI)dy=/RdGDV(y)J'(|y—Z|)dy

8-)0 |y—Z‘>£

= [ ([ Gotmvian) ity-2)ay

= [ ([ otmilly-)ay) via
D \JD
= [ Po(s2)viav),
D
if the last integral absolutely converges. In particular, if v = §, for x € D, where 0, is the

Dirac measure at x, then u(y) = Gp(x,y) and

—9(=A)Gp(x,-)(2) = Pp(x,2),

18
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which gives an alternative expression for the Poisson kernel. Further, let y : D — R be

bounded, u = Gpy and A € .# (D). Then

_/Cd)(—A)u(Z)/l(dz) = /DC </DPD(y,Z)1y(y)dy> A(dz)
= /DII/()’) (/DCPD()’,Z)l(dz)) dy:/D‘l’()’)PDl(y)dy. (1.25)

This alternative expression of the Poisson kernel will be further discussed in Chapter 2.

1.1.4. Harmonic functions and Harnack inequality

A function u : R — R is said to be harmonic with respect to the process X in an open set

D C R? if for every open U CC D and all x € U it holds that I, [|u(Xz,)|] <  and
u(x) = Ey[u(Xg,)] (1.26)

We say that u is regular harmonic in D if (1.26) holds with U = D. If u is harmonic in D
and u = 0 in D, then u is said to be singular harmonic. From (1.21) we see that for y € D
the function x — Gp(x,y) is harmonic in D\ {y} and regular harmonic in D\ B(y,€) for
every € > 0.

We say that the scale invariant Harnack inequality is valid if there exists ryp > 0 and a
constant ¢ = c(rg) > 0 such that for every xo € R?, every r € (0,r9) and every function

u : R? — [0,0) which is harmonic in the ball B(xg, r) it holds that
u(x) <cu(y), x,y € B(xp,r/2).

It is well known that the scale invariant Harnack inequality is valid under the weak scaling
condition (WSC), cf. [42, Theorem 1, Theorem 7]. Moreover, it was proved in [44,

Theorem 1.7] that if u is harmonic in an open set D, then u € C*(D).

19



Generalized harmonic functions Green potentials

1.2. GREEN POTENTIALS

Definition 1.2.1. Let D C R be an open set and f : D — [—oo,c0]. The Green potential
of f is defined by

Gpf(x / Gp(x,y)f(y)dy, (1.27)
for all x € R? such that the integral above converges absolutely.

Lemma 1.2.2. Let f > 0. If the integral [,,Gp(xo,y)f(y)dy converges at one point
xo € D, then Gpf < ae., Gpf e L and fe L]
then Gpf € L(D).

(D). In particular, if D is bounded,

loc

Proof. Let0 < s < dp(xp), and denote just for this proof B = B(x, s). By using the strong

Markov property we have

> Gpf(x0) > By, | [ fO0)dt| =By |Ex,, / F(X,)dr
" (1.28)

B

X() GDf X‘EB / GDf .XO, )

From [44, Lemma 2.2] we have that Pg(xo,y) > c1j(Jxo —¥|), y € B°. Further, since
J decreases and vanishes at infinity, pick ry € (1,e0) such that j(|y|) < 1, for |y| > r.
y|), for

Inequality (1.7) implies that there is a constant ¢, > 0 such that j(|y|) < c¢2j(
all |y| > ro. Let m := inf{ j(|xo —y|) : y € B, |y| < ro} > 0. Thus, for y € B° we have

LA(yl) < max{ez, 1/m}j(Jxo = y])-

Therefore, there is c3 > 0 such that Pg(xo,y) > c3(1 A j(|y|)) >0,y € B'. This yields

/Bc Gpf()(IAJ(Iyl))dy < o,

hence Gpf < ~ a.e. on BC. Starting the calculations again from the point ¥ € D\ B such
that Gpf(X) < e, we also get [zGpf(y)(1 A j(|y]))dy < e. Hence, Gpf < e a.e. and
Gpf € £'. Since j is non-negative, this also means Gpf € L' (D) if D is bounded.

To prove that f € L} (D) take U CC D and x € D\ U such that Gp f(x) < . Recall

that the function y — Gp(x,y) is harmonic in D\ {x}, hence bounded from below and
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above on U by the Harnack inequality, see Subsection 1.1.4 or [42, Theorem 7], so

w0 > Gpf(x) > /U Gp(x,y)f(¥) > ¢ /U F)dy.
[ |

The following proposition is an extension of [16, Lemma 5.3] to more general non-

local operators.

Proposition 1.2.3. Let D be an open set. If f: D — [—oo, 09| satisfies Gp|f|(x) < oo for
some x € D, then (pf(:Z)(GDf) = finD.

Proof. In [43, Lemma 3.5] the claim was proved for bounded D and for f € L!(D). Recall
that Lemma 1.2.2 yields that Gpf is well defined almost everywhere and f € Ll]{)c (D).
Without loss of generality we can assume that f > 0.

Suppose that D is unbounded and f € Lllo (D). There is an increasing sequence of
open precompact sets (D), in D such that U,D,, = D. Define f, = f1p, € L'(D,) and
note that D,, is bounded. Further, Gp, f = Gp, f, so by the monotone convergence theorem
we get Gp, f, 1 Gpf a.e. in D and also in Z! by Lemma 1.2.2. Hence, due to (1.15) for
all € C°(D) we get

S

(6(=D)Gpf.9) = (Gnf,6(~8)9) = lim (Gp, 1, (~A)g)

= lim (fu,0) = (f.0),

where in the third equality we used [43, Lemma 3.5] since for all large enough n € N we

have suppg C D,,. |
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1.3. POISSON KERNEL AND ¢(—A)-HARMONIC

FUNCTIONS

Proposition 1.3.1. Let D be an open set. Then Pp : D x D — (0, ) is jointly continu-

ous.

Proof. We imitate the proof of the similar claim for the isotropic a-stable process, see [76,
Theorem 5.7]. Let (x,), C D and (z,), C D such that x, —x € D, and z, — z € D°. Let
0 < €,0 < 1 such that op(x) > 28 and pc(z) > 2¢. Then for all large enough n € N we
have 6p(x,) > & and &pc(z,) > €. By (1.22) we have

|Pp(xn,2n) — Pp(x,2)| = /GD(xn,y)j(|y—zn|)dy—/GD(x,y)j(ly—ZI)dy
D D

<| [ Golnilb—zbdy— [ Golxy)ily—z)dy

NB(x28)° DNB(x,28)°
+ [ Gotwyily—zbdy+ [ Goley)ily—zl)dy.
B(x,28) B(x,28)

Recall that j is continuous and that Gp is continuous off the diagonal. Thus, for the first
term we have by the dominated convergence theorem

tim [ Goluy)ily=zdy= [ Golny)i(y—z)d.

n—soo
DNB(x,28)¢ DNB(x,28)¢

Indeed, we can apply the dominated convergence theorem since Gpq 1s radially decreasing
so there is ¢; > 0 such that Gp(w,y) < Gga(w,y) <c; forallw € B(x,8) andy € B(x,20)°.
Also, by using (1.7) there is ¢; > 0 such that j(|y —g|) < c2j(|y —z]|) for ¢ € B(z,€) and
y€DNB(x,26)°.

For the other two integrals we use the estimate (1.18), i.e. we use

1
=yl (lx—y[2)’

GD(ny) SGRd(x>y) §C3 |X—y| <37
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where ¢3 = ¢3(¢) > 0. Now for all w € B(x,d), and g € B(z,€) we have

/Gpwy) i(ly—ql)dy < j(e / Gp(w,y)d

B(x,25) B(x,28)
< j(e) / Gp(w,y)dy + / Gp(w,y)dy
B(x,286)NB(w,5) B(x,28)NB(w,0)¢
0 J 3B g 30 J
. r r . r 6—0
cies( [ [P ) e [ Yoo
e\ S s e / 7002
where for the convergence of the integral part we use for example (1.3). |

Definition 1.3.2. Let D C R be an open set and let A be a o-finite signed measure on

D¢ such that for all x € D

| Potey)IAl(ay) < (1.29)

The Poisson integral of A is defined by

PoA(x) = /D Pp(x.y)A(dy). xeD.

We extend the definition of the Poisson integral for non-negative o-finite measures by

the same formula, i.e. for o-finite measure A we define
PoA(x / Po(x,y)A(dy) € [0,09], x€D.

Although this seems as an extension of the definition, it will follow from Theorem 1.3.5
that either Pp|A| = o or Pp|A| < o in D, see Remark 1.3.6.
It will be of considerable interest to extend PpA to the whole R? in the following

sense. We define the (signed) measure P;A by
PpA(dy) = PpA(y)1p(y)dy +1pe(y)A(dy), (1.30)

i.e. P5A is on D the (signed) measure with the density function PpA and on D¢ it is the
(signed) measure A. This extension was introduced in [21, Eq. (25)] for the case of the

1sotropic o-stable process.

Remark 1.3.3. Suppose that Pp|A|(x) < oo for all x € D. Then A is finite on compact

subsets of D°. Indeed, let K be a compact subset of D and let s € (0, 1) such that B(x,s) C
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D. For y € D° by [51, Proposition 4.7] we have Pp(x,y) > Ppy5)(x,y) > c1 j(]x— ),

where ¢; > 0. Thus, since j is continuous and strictly positive, we have

o> [ Poxy)[Al(dy) = A (K)

where ¢, > 0. Furthermore, in Remark 1.4.2 we will see that A can have some mass on

dD but only on the specific part of the boundary at so-called inaccessible points.
Lemma 1.3.4.

(a) LetR € (0,1). There is a constant C = C(¢) > 0 such that if A is a o-finite measure

supported on By, and D C Bg, then for all x € DN Bg, it holds

C'Bep [ J(DPOAy) < PoA() < CEp [ j(h)PsAWY.  (13D)
By By
(b) Suppose (GWSC) and let R > 1. There is a constant C = C(¢) > 0 such that if A is

a o-finite measure supported on Bg, and D C By, then for all x € DN By it holds

CPo(,0) [ P3A(dy) < PR () < CRo(x,0) [ Py, (132
EZR EZR
Proof. For the part (a) we will use [51, Lemma 5.4]. The inequality from the statement

of [51, Lemma 5.4] applied in our case when zg =0, U = D, and r = R gives us

C'E.7p (/D\B j(lwI)PD(w,y)dW+j(!y!)>
R /2 (1.33)

< Pp(x,y) <CE1p (/D j(|W|)PD(W7)’)dW+j(|Y|))a

Br»
forall (x,y) € (DNBg/2) X Bg. In [S1, Lemma 5.4] the second point y had to be in By ND°
but the claim is also true for the points y € dD which can be seen by inspecting the proof
of the lemma since [51, Eq. (5.1)] can be extended to (1.24). Hence, to finish the proof
we just need to integrate the inequality (1.33) with respect to the measure A (dy).

For the part (b) we will use [52, Lemma 3.4]. Similarly as above, the inequality from
the statement of [52, Lemma 3.4] applied in our case with a =2, U = D and r = R gives
us

C~'Pp(x,0) </m3 Pp(w,y)dw + 1>
R (1.34)

< Pp(x,y) < CPp(x,0) </ Pp(w,y)dw + 1) ,

DNByg
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which is valid for any (x,y) € (DN Bag") x Bg and not only for (x,y) € (DNBag") x Bg
which can be checked by inspecting the proof. Again, the only difference is in the fact
that [52, Eq. (3.10)] can be extended to (1.24). To finish the proof we need to integrate
the inequality (1.34) with respect to the measure A (dy). [

Lemma 1.3.4 yields the following version of a uniform boundary Harnack principle.
Theorem 1.3.5.

(a) There is a constant C = C(¢) > 1 such that for every R € (0, 1), for all open D C R?,

x1,X2 € DN Bg/2, y1,y2 € DN By, and for all o-finite measures p, A on B we have

Pp(x1,y1)Pp(x2,y2) < CPp(x1,y2)Pp(x2,y1) (1.35)

and

PDp(xl)PDl(xz) < CPDp(xz)PDl(xl). (136)

(b) Suppose (GWSC). There is a constant C = C(¢) > 1 such that for every R > 1, for
all open D C RY, x1,x, € DN\Bag, y1,y2 € D° N Bg, and for all o-finite measures p,

A on B we have

Pp(x1,y1)Pp(x2,y2) < CPp(x1,y2)Pp(x2,51) (1.37)

and

PDP(X])PDA,(.XQ) < CPDp(XQ)PDl()q). (1.38)

The first part of this theorem is an extension of [51, Theorem 1.1(ii)] with D being
replaced by D¢, i.e. the difference is that points y; and y; in (1.35) can be at dD. This
subtle difference comes as a consequence of Lemma 1.3.4 and will play a very important
role in proving the results on the relative oscillation of Poisson integrals, e.g. Lemma

1.5.5.

Proof of Theorem 1.3.5. We give the proof of the first claim. The second claim follows

similarly.
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Let Dg = DN Bg. From (1.24) follows that for x; € DN Bg/,, i € {1,2}, and y; €
D°NBg, j € {1,2}, we have

PD(xiayj) :PDR(xhyj)—i_/Dv PD(W7yJ)a)BR(dW)

R

= Po (%, ;) +/fo Po(w,y)Pog (xi; w)dw.

®
Indeed, the last equality holds true since the boundary of Dg has a part D N dBg which
is smooth, and for the other part of the boundary of Dg we use the fact that the irregular
points for D at dD are polar. Thus, we proved that Pp(x;,y;) = PpgA;(x;) for some mea-
sure A; supported on By. Now (1.35) follows from Lemma 1.3.4. By integrating (1.35)
with respect to the measures p(dy;) and A(dy,) we get (1.36). [

Remark 1.3.6. Note that for the o-finite measures p and A appearing in Theorem 1.3.5
we do not assume (1.29). However, by fixing p = §,, where y; € D", it follows from
(1.36) that if for a o-finite signed measure A on D we have Pp|A|(x) < oo for some
x € D, then we have Pp|A|(x) < oo for all x € D. This means that either Pp|A| = oo or
Pp|A| <ooin D.

Now we bring a generalization of harmonic functions with respect to X, see Subsec-

tion 1.1.4.

Definition 1.3.7. Let D C R be an open set. We say that f : D — R is ¢ (—A)-harmonic
in D with outer charge A if A is a o-finite (signed) measure on D¢ and if for every U CC D

and x € U we have

10 = [ Poeyaan+ [ sy (1.39
De D\U
where the integrals converge absolutely.

The definition above was first used in [21] for the isotropic -stable process with an
additional assumption of the continuity of the function f. We prove in Proposition 1.3.9
that this additional assumption can be dropped. Moreover, in Theorem 1.3.12 we prove
that f € C*(D). Furthermore, note that a function u : R — R which is harmonic in D

is ¢(—A)-harmonic in D with outer charge A(dy) = u(y)dy. Indeed, take U CC D and
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x € U. Equation (1.26) implies

u(x) = Eulu(¥e, )] = | uly)op(ay)

¢ (1.40)
- /D Py(x,y)u(y)dy+ /D u(y) g (dy),
c \U

where we used that Py(x,-) is the density of @y, in the interior of U°. Hence, every
harmonic function is ¢ (—A)-harmonic. Furthermore, if u is ¢ (—A)-harmonic in D with
outer charge A such that A is absolutely continuous with respect to the Lebesgue measure
on D¢, then u is harmonic in D. In particular, if u has zero outer charge, i.e. A =0, then u
is a singular harmonic function.

If fis ¢(—A)-harmonic in D with outer charge A we sometimes abbreviate notation
by saying (f,A) is ¢ (—A)-harmonic in D. Property (1.39) is often referred to as the mean-
value property because of the connection with (1.40). Similarly as in (1.30), integrating
with respect to (f,A) means that we integrate with respect to the measure f(y)1p(y)dy+
1pe(y)A(dy).

We continue with a few basic properties of ¢(—A)-harmonic functions.

Lemma 1.3.8. Let D be an open set. If (f,A4) is ¢ (—A)-harmonic in D, then

LLAniMALLIAD@y) << (141
In particular, f € L] (D) and if D is bounded, we have f € L' (D).

Proof. Let B(x,s) CC D. With the same calculations as in Lemma 1.2.2 we get that
Py (x,y) = (1A j([y])) >0,y € B(x,s)°. Hence, from the absolute finiteness of (1.39)

for U = B(x,s) we obtain

o> [LANFODIAE@)+ [ PO D@).  14)

By considering & € D\ B(x,s) and repeating the argument which lead to (1.42) we also

get that

J O A D) ) < (143

Thus, f € L} (D) and (1.41) holds. Obviously, if D is bounded, then y — (1 A j(|y|)) is

bounded from below and above, so we have f € L!(D). |
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Proposition 1.3.9. Let D be an open set. If (f,A) is ¢(—A)-harmonic in D, then f €
C(D).

Proof. Letx € D and (x,), C D such that x, — x. Let 0 < € < 1 be such that dp(x) > €.
Without loss of generality suppose that for all n € N we have x,, € B(x,€/2). By using
(1.39) with U = B(x, €) and applying (1.23) we have

10 = [ Pwe)e@)+ [ 5)Pagee) ()
De D\B(x,e)

fxn) = / Pp(xe) (Xn,y) A (dy) + F()Ps(x.e)(Xn,y)dy.
D¢ D\B(x.¢)

Note that Proposition 1.3.1 yields Pg(y ¢)(xn,y) — Pp(x¢)(x,y). Also, inequality (1.35) for
D = B(x,¢) implies that there is a constant ¢ > 0 such that Pg(, ¢)(xs,y) < ¢ Pp(x¢)(X,¥),

for all n € N and all y € B(x,s)°. Now by the dominated convergence theorem we have

f(xn) = f(x). _

In Theorem 1.3.12 we strengthen the previous proposition by proving that f € C*(D).
This is achieved using the same technique as in [44, Proposition 3.2 & Theorem 1.7].

First we invoke [44, Proposition 3.2] and its consequences.

Lemma 1.3.10. Let 0 < g < r < o. There is a radial kernel function f’q,r ‘RY SR, a
constant C = C(¢9,q,r) > 0, and a probability measure y, , on [g,r] with the following

properties:

(a) 0<P,,<Cin R9, P,,=0in By, Py, =Cin B, \ By, P, is radially decreasing,

and P, ,(z) < Pg,(0,z), for |z| > r;

(b) forany A € (R?) it holds
/I_Jq,r(z)dz:/ /PBS(O,y)dyuqJ(ds). (1.44)
A lq.r] /A

Equality (1.44) implies the following claim.

Lemma 1.3.11. Let0<g<r<eande>O0.If(f,A)is ¢(—A)-harmonic in B¢, then

10 = [, , Par( 1))
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In particular, if (f,A4) is ¢ (—A)-harmonic in By, ¢, then for x € B, it holds

16 = [y Parle =2 2)(a2)
ie. f=(f,A)*Py,in B,.

The following theorem is a generalization of [44, Theorem 1.7] to ¢ (—A)-harmonic

functions.

Theorem 1.3.12. Let D be an open set. If f is ¢ (—A)-harmonic in D with outer charge
A, then f € C*(D).

Proof. The claim can be proved in the same way as in [44]. However, in [44] it was
assumed that f is bounded so we will repeat and slightly extend the first part of the proof
to justify the calculations that follow.

Due to the translation invariance of the process X, we can assume that 0 € D. Let
r € (0,1) and k € N be such that By ;. 1), CC D. Set ¢ = 0 and let C; denote C(¢,0,7) >0
of Lemma 1.3.10. Further, let k¥ be a non-negative smooth radial function which takes
values in [0, 1], which is equal to 1 in Bj, /2, and which is equal to 0 in Bj,. Define

7y(z) = Po,r(2)k(z), and I, (z) = Po-(2) (1 — k().

Note that Proposition 1.3.9 yields that f is bounded on By 1), so set m := supp_ ety |f] <

co. From Lemma 1.3.10(a) for x € By, we have

(If1; A]) % Po,(x) = / £ (@)|Po,r(x—z)dz+ / Por(x=2)(If],121)(dz)

B(x,2r) B(x,2r)c

<amCot [ Pay(x2) (712D, (1.45)
B(x,2r)¢

where ¢; = ¢ (r) > 0 is the volume of a ball with radius r. From [51, Proposition 4.7] we
have Pg(, ) (x,2) < c2j(|x —z| —r), where ¢2 = c2(¢,7) > 0. Thus, by using (1.7), we get

that there is c3 = ¢3(¢,k,r) > 0 such that for all x € By, and z € B°(x,2r) it holds

PB(x,r)(va) < C3(1 /\](|Z|))

Applying this inequality in (1.45) and recalling Lemma 1.3.8 we get that there i1s M =
M(¢7k7r7f7l> < oo such that

(|f|7‘;u)*p0,r§M> inBZk}“ (146)
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Obviously, since Py, = 7, + I1,, we have |f| « @, < M and (|f],|A]) *I1, < M in Byy,.

Also, since f = (f,A)* P, in By, we have
f=fsm+(f,A) %L,  in By (1.47)

Finally, inequality (1.46) implies that the convolution property (1.47) can be used itera-

tively to get that for x € B, it holds
f= G+t ) e (F,0) + %

Since all derivatives of the jumping kernel j exist and are absolutely integrable in Bg, for
every € > 0, see [18, Proposition 7.2], we may proceed with the proof in the same way as

in [44, Theorem 1.7]. [ |

Corollary 1.3.13. Let D be an open set. If A is a o-finite signed measure on D¢ satisfy-

ing (1.29), then foreveryx € U C D

PoAG) = [ Puey)Ay)+ [ A (a), (148)

In particular, PpA is ¢(—A)-harmonic in D with outer charge A and PpA € C*(D) N
L} (D). Also, if D is bounded PpA € L' (D).

Proof. Take U C D and x € U. By integrating (1.24) with respect to A (dz) we get (1.48).
In particular, PpA is ¢(—A)-harmonic in D with outer charge A. Hence by Theorem
1.3.12 and Lemma 1.3.8 we have PpA € C(D)NL}, (D) and if D is bounded, then PpA €
L' (D). u

Remark 1.3.14. Note that (1.48) holds for every U C D which is a lot stronger than
needed in (1.39). This property will be heavily used in proving results on the relative

oscillation of Poisson integrals.

We finish this section by proving two theorems about the connection between har-

monic functions and the operator ¢ (—A). First we prove an auxiliary result.

Lemma 1.3.15. Let D be an open set and A be a o-finite signed measure on D¢ such that

(1.29) is satisfied. Then ¢(—A)(P5A) =0in D.
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Proof. First recall that for ¢ € C°(D) we have

¢(-A)p(x) =P.V. Rd("’(x) —0()Jj(lx=y[)dy,

O=B) (). 0) = (P52, 0(~8)9) = | PoAX)0(-A)p(0)dx+ [ 6(~2)9 (1A (dx)
=1 +D5I.

Note that PpA(x) = Gpf(x), x € D, where f(z) = [ j(]z—y|)A(dy). Hence, by Propo-

sition 1.2.3 we have

h=[ ma@o-ae@dr=[ ([ jl-rDara@n)omar. (149

For the integral I, recall that supp@ C D and ¢ =0 on D°. Hence

b= [ o(-20wrw) = [ ([ ~o0)ilx—s)dr) a(an
=~ [ o0 (/ (e—yDA) )y, (150)
where we can change the order of integration by Fubini’s theorem since f € L; OC(D)
Thus, from (1.49) and (1.50) we obtain (¢(—A)(P51),@) =0forall € C*(D). W

Theorem 1.3.16. Let D be an open set and u ¢ (—A)-harmonic in D with outer charge

A. Then ¢(—A)(u,1) = 0 in D.

Proof. Let ¢ € CZ(D). There is U CC D with Lipschitz boundary such that suppg C U,
i.e. @ € C2(U). From the mean-value property (1.39) for u and U, we have u = PyA in U,
where A(dy) = u(y) 1p\y(y)dy +1pe(y)A(dy). This means that u is the Poisson integral

on U so Lemma 1.3.15 implies

[ o(-mpwux)dr+ / 6(~2)9()2(d
D

_/¢ (x)Py(x dx+/¢ )o(x)A(dx) = 0.

Since ¢ was arbitrary, we have the claim. |
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Remark 1.3.17. The proof of the previous theorem is valid in a much greater generality.
Indeed, the only non-trivial part of the proof was the property q)f(:X)(GD f)=finD
proved in Proposition 1.2.3. One can check that Proposition 1.2.3 is true with the same
proof for the isotropic unimodal Lévy process with the condition (1.7) on the jumping
kernel since the auxiliary results [43, Lemma 3.5] and Lemma 1.2.2 also hold in this

setting.

In the next theorem we prove a converse of Theorem 1.3.16, which implies that
¢ (—A)-harmonic functions and generalized functions which are annihilated by ¢ (—A)
are essentially the same. This equivalency is known for classical functions in slightly

more general non-local setting, see [43, Theorem 3.4].

—_—

Theorem 1.3.18. Let D be an open set and (u, A ) such that (1.41) holds. If ¢ (—A)(u,A) =

0 in D, then u has a modification i in D such that (i, 1) is ¢ (—A)-harmonic in D.

Proof. The proof relies on the proofs of [43, Lemma 3.2 & Lemma 3.3].

First we prove the claim for u € C?(D) by following the proof of [43, Lemma 3.2]. Let
Dy CC D be a Lipschitz set and define & = Py, [(#,A)]. By Corollary 1.3.13 &is ¢(—A)-
harmonic in D; and u € C*(Dy), thus ¢(—A)u(x) =0, x € Dy, by Theorem 1.3.16. Now
we prove that u is also continuous up to the boundary of D;. Indeed, take D, such that

D{ CC D, CC D and note that

u(x) :/DzﬂDi Pp, (x,y)u(y)dy—k/DgPD1 (x,y)(u,A)(dy). (1.51)

Note that u € L (D) since u € Co(D), and that Pp, (x,z) < c(1A j(|z])) forx € D and z €

D;. Since for (u, A ) the integrability condition (1.41) holds, we see that lim  u(x)=
o D, axax()e&D]

u(xg), i.e. u in C(Dy)NL*(D;). Define h = u —u on D; and extend the function

h by O outside the set D;. From what we have already proved, it follows that i €

C2(Dy)NL*(D;)NC(Dy). Hence, there is xo € D; such that xo = argmax,ep, 2(x). No-

tice that ¢ (—A)h(x) = 0, x € D;. Hence, for xy it holds that

0= 9(=a)h(x0) =P-V. [ (hx0) k() i(lx0 =3

i.e. h <0 since j is strictly positive. Similarly we get ¢ > 0. This means that # = u in

Dy, i.e. (u,A) satisfies the mean-value property (1.39) for every Lipschitz set D} CC D.
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Now we prove that u satisfies (1.39) for every U CC D. In essence, this follows by
using the strong Markov property. Take x € U CC D and find a Lipschitz set V such that
U CCV CCD. Since V is a Lipschitz set, it holds that

)= [ IRyt | Ay, xev. (152)

Now implement (1.24) for sets U and V in (1.52) to get
uw) = [Pyt [ u)P ny)dve (dw)
D\V V\U D\V

+ [ Ry yiian+ / | Aw ()t aw)
(1.53)
_ o u(y)Py(x,y) dy+/ w) g (dw) +/ Py (x,y)A(dy)

— [ ueptan + [ Putey)aia),
D\U D¢

i.e. (u,A) satisfies the mean-value property (1.39).

Take now general (u,A) such that M(u,l) = 0. We follow the proof of [43,
Lemma 3.3]. Take a Lipschitz set Q CC D, define p = (1 Adist(Q,D¢))/2 and letV =Q+
By ={xeR¥:x=v+b,veV,beBy}. For0 < &€ < p/4 consider a standard mollifier
¢¢. The translation invariance of ¢(—A) implies ¢ (— )(q)g * (u, 1)) = @ * q;(tX) (u, 1)
in Vg = {x € D : dist(x,V) > €}. By the first part of the proof, since @ * u is smooth, we

have

P xu(x) = Po (@e * (u,4)) (x), x€Q. (1.54)

Also, since u € L] (D) we have, up to the subsequence,

loc

lim @ *u(x) = u(x), a.e.inD. (1.55)

£—0

We proceed with the proof in the same way as in [43] by showing that

lim P (9ex(w,A) 1y, ,) () =Pa ((u,A) -1y, ,) (x). (1.56)

It is worth noting that in V,, , we have e * (u,A) = @¢ * u.

To prove the relation

lim Py (¢£ s (u,A) - 1%) (x) = Po <(u,/l) : 1%) (%), (1.57)
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we first split the integral Pg ((pg *(u,A);V 5 /2) by the part which uses u and by the part

which uses A as the integrator, and then change the order of the integration:

Pa (96 (4, 4):VE ) /5/2 s 00—z )
+ / oy O D@Ly
= e e o0 DU )y
<o/ DNB(y

+/C/B(y78) de(y — 2)Pa(x,y)dyA(dz).

By using (1.55) for the first integral where the convergence also holds in .2, see [43,
Lemma 2.9], and by using ¢ * Po — Pq in D€ and in .Z! for the second integral, as well
as the integrability condition (1.41) for (u,A), we get (1.57).

Thus, we have obtained that for every Lipschitz set Q@ CC D and a.e. x € Q we have

u(x) = lim Ge xu(x) = lim Po (9e * (1, 1)) (x) = Po (1, 1)) (x). (1.58)

£—0

Now we define # which will be a modification of u such that (i, A ) is ¢ (—A)-harmonic
in D. For x € D choose some Lipschitz U CC D such that x € U and define i(x) =
Py ((u,A))(x). Let us show that @ is well defined. Suppose that we have Lipschitz sets
U; CC D and U, CC D such that x € Uy NU; and Py, ((u,A))(x) > Py, ((u,4))(x). By
Corollary 1.3.13 PUj((u,),)) is continuous in U;, j € {1,2}, so there is € > 0 such that
for every y € B(x,€) C Uy NU, we have Py, ((u,4))(y) > Py, ((u,A))(y) + €. But u=
Py, ((u,?t)) = Py, ((u,?t)) a.e. in Uy NU, by (1.58) so we have a contradiction. Hence, i
is well defined.

Recall that since D is an open set, it is a countable union of balls. Also, every ball is
a Lipschitz set so it is obvious from the construction of i that u = ii a.e. in D.

Now we prove that i is harmonic in D. Note that since u = ii a.e. in D, we have for

all Lipschitzsets V CC Dand allx € V

i) = [ R Cs)dvt | e

= [ IR )yt [ P2 (@) = P (@) ()

D\V
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In other words, (u,A) satisfies the mean-value property (1.39) for every Lipschitz set
V CC D. By repeating the calculation of (1.53) we have that (u,4) is ¢ (—A)-harmonic
in D. |
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1.4. ACCESSIBLE POINTS AND MARTIN KERNEL

In this section we give a summary of results concerning the Martin boundary. All of the
results are already known but some are not plainly stated. Our goal is to state and prove
results that are important in this chapter for the reader’s convenience.

In the case where only (WSC) holds many results concerning the Martin kernel can
be proved only for bounded sets so the additional assumptions (GWSC) and (E) will be
occasionally assumed to get results for unbounded sets.

For D C R9 let us denote

D, if D is bounded, oD, if D is bounded,
D* = 9*D =
DU{eo}, if D is unbounded, dDU{e}, if D is unbounded,

where oo is an additional point in Alexandroff compactification and it is called the point

at infinity.
Definition 1.4.1. Let D be an open set. A point y € dD is called accessible from D if
Po(x0,y) = /DGD(xo,z)j(|z—y|)dz — o, for some xp € D.
The point at infinity is accessible from D if
Ex, T = /D Gp(xo,y)dy =0,  for some xy € D.

If y € 9*D is not accessible it is called inaccessible. The set of all accessible points is

denoted by dyD.

Remark 1.4.2. In [55, Proposition 4.1 & Remark 4.2] the following claims were proved.
(a) Lety € dD. If Pp(xp,y) < oo for some xo € D, then Pp(x,y) < oo for all x € D.
(b) Assume (GWSC). If E,;7p < oo for some xy € D, then E,7p < oo for all x € D.

Note that we could also get the claim (a) directly from Theorem 1.3.5(a). Also, from
the definition of accessible points it is clear that if A is a signed measure on D¢ such that
Pp|A| < oo, then A is concentrated on RY \ (DU dyD), i.e. A can have no mass on the set

of accessible points.
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For an open D C R? we fix an arbitrary point xo € D and define the Martin kernel on

D by
Gp(x,
MD<xay) = Ma X,y € Dvy%XOa
. GD(x’V) * .
Mp(x,z0) = lim ————=  x€D,zp€d™D.

D3v—zy Gp(xo,v)’
In [54] and [55] many important and useful results about the Martin kernel of more general
processes than the subordinate Brownian motion were proved. E.g. it was proved that
Mp(x,z0) exists, is finite and strictly positive for every zo € d*D (with the additional
assumptions (GWSC) and (E) if z is the point at infinity). We summarize some of those

results in the following theorem.
Theorem 1.4.3. Let D be an open set, and zg € d*D.

(a) Let zo € dyD and if zg = oo, assume (GWSC). The function x — Mp(x,z0) is

¢ (—A)-harmonic in D with zero outer charge and for every open U CC D it holds
Mp(z) = [ Mp(r20)0 (@), xeU.

(b) Let zg ¢ dyuD (for zg = oo assume (GWSC) and (E)). The function x — Mp(x,zo)
is not ¢ (—A)-harmonic in D with zero outer charge and for every open U CC D it

holds
Mp(x,z0) > /D\UMD(y,Zo)wf/(dy), xeU.

Proof. First notice that by adding the assumptions (GWSC) and (E) where needed all
assumptions of claims from [54] and [55] are satisfied, see [54, Section 4.1] and [55,
Section 4.1]. Also, recall that Lemma 1.1.1 is exactly the assumption E1 of [54].
Suppose that zg ¢ dyD. From [54, Theorem 3.1] we have that
Pp(x,20) ifzo €0
) 0 €< Da
MD(X,ZO) — Pp(x0,20)

]ExTD
EXO 3’

if zg = oo.

Hence, for finite zo ¢ dy D, x — Mp(x,20) is ¢ (—A)-harmonic with outer charge &,,/Pp(xo,20)

but it is not ¢ (—A)-harmonic with zero outer charge, see Corollary 1.3.13. Also, for every
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x € U CC D we have by the mean-value property of ¢ (—A)-harmonic functions

PU (X, ZO)

Mp(x,z9) = /IJ\UMD(y’ZO)wf/(dy)+PD(xo 20)

> Mp(y,z0)a;(dy), x€U.
D\U

If zp = oo, then Mp(x, o) is not ¢ (—A)-harmonic with zero outer charge because for x €

U CcC D we have

1 1 (7))
Mp(y,00) a5 (dy) = — B [Ex. tp] = —F, U 1dt}
/D\U D(y ) U( y) IE:f)coﬂl:D [ XTU D:| EXOTD (2

Ex (7))
]Ex() (73]

:MD<X7°°)7

where the strict inequality comes from the fact that for x € U there is € > 0 such that
B(x,e) CU and E 1y > EyTg(xe) > 0 by [51, Lemma 4.3].

Suppose now that zy € dyyD. Then we have that x — Mp(x,zo) is ¢(—A)-harmonic
with zero outer charge. For the finite point zqg this follows from [54, Theorem 1.2(b)]
(see the proof), or [55, Theorem 1.1], and for the point at infinity we apply [54, Theo-
rem 1.4(b)], or [55, Theorem 1.3]. In either case by the mean-value property of ¢(—A)-

harmonic functions we get for every U CC D and all x € U

Mp(x,z0) = /D \UMD(MZO)w??(dy)
n

Remark 1.4.4. It will be very useful to note that in [55] two specific mean-value formu-
lae were proved. If zo € dy D\ {eo}, then for every r < I|zo —xo| and U, := D\ B(zo, r) it
holds that

Ml0) = | Mp(nz)ap, (@), x€ U (1.60)

see [55, (3.14)].
Also, if zy = o € dyD and if we additionally assume (GWSC), then for every R >
4|xo| and Ug := DN B(0,R) it holds that

MD(X,OO) = UCMD(ya Oo)wék(dy), X € UR7 (161)
R

see [55, (3.4)].
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In fact, from (1.60) it follows by using the strong Markov property that (1.60) is true
for every U C D open such that zo ¢ U. By similar reasoning (1.61) holds for every U C D

open and bounded such that Ug C U for some R > 4|xg|.

Definition 1.4.5. Let D C R? be an open set and u a finite signed measure on 9*D

concentrated on dy;D. The Martin integral of u is defined by

Mpp(x) = /aMDme,y)u(dy), xR,

Remark 1.4.6. Let u be a finite measure concentrated on dyD. From Mp(xo,z) = 1,
z € "D, we see that Mp(xg) = u(dyD). It will follow from Corollary 1.5.8 that Mpu
is finite at some point (or all points) if and only if u is finite. Also, due to harmonicity of
x — Mp(x,z0) for zg € duD, it is easy to check that Mpu is ¢(—A)-harmonic in D with
outer charge zero. That is the reason why we look, regarding the Martin integral, at finite

measures concentrated on dyD in what follows.
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1.5. REPRESENTATION OF ¢ (—A)-HARMONIC

FUNCTIONS

Let D be an open set, u : D — [—o0,00|, and let U CC D be a set with Lipschitz boundary
such that xo € U, where x is the fixed point from the definition of the Martin kernel. We

define the signed measure nyu by

nou(a) = [Gulo2) | [ Je=sDub)y |dz A B@).
A D\U
Definition 1.5.1. If (ny|u|(D))y is bounded as U 1 D and (nyu)y weakly converges to

a signed measure | as U 1 D, then we denote Wpu = U, 1.e. Wpu = [lleIIDl Nuu.

The boundary trace operator Wp was used in [20] as the boundary condition in the
Dirichlet problem for the fractional Laplacian and it was used as a tool to get the repre-
sentation of non-negative a-harmonic functions in [21]. As one can see, the definition of

Wp is rather delicate. Also, for a bounded function f we have Wp f = 0 since

nolf0) = [ Polo.2lfIQde S [ Poo.de b0, U LD,

However, Wp can be applied to many more functions, e.g. we will show that Wp(Mpu ) =
u and Wp(Gpf) = Wp(PpA) = 0, see also Proposition 2.4.8. In what follows, we prove
that some important properties of Wp are also true in the case of subordinate Brownian
motions and at the end of the chapter we will use the operator to get the representation of
non-negative ¢ (—A)-harmonic functions.

Also, the operator Wp will appear as the boundary condition in the Dirichlet problem
for the non-local operator ¢ (—A) in Chapter 2, and more on the boundary trace operators

in the setting of the operator ¢ (—A) will be said therein.
Lemma 1.5.2. Wpu is concentrated on 9*D.

Proof. Let A CC D. Then there is a Lipschitz set Uy CC D such that xo € Uy and A CC
Uys. Now we will show that Gy (xg,y) < Gp(xp,y), for all y € A and for all Lipschitz U

such that Uy CC U CC D.
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Let € > 0 be such that B(xp,2¢€) C Uy. For y € B(xg, €) and all Lipschitz U such that

Uy CCU CC D we have

GB(x(),ZS) (.X(),y) <Gy (X(),y) < GRd (X(),y) < CGB(XO,ZS) (XOJ), (1.62)

where C > 1 is independent of U. Indeed, by (1.18) and [44, Theorem 1.3] we have for

Yy € B(x0,€)
Gpa(x0,y) <c !
(x0,y) < ¢ —
K [xo = ¥19 (|xo —y|2) (1.63)
1 J([xo—yl)

Gp(x V) 2 — '
Blxo,2¢) (X0, ) c2 (K(Jxo —y]) + L(Jxo —y|))?

where K(r) = [5( ) |f—';j(lz!)a’z and L(r) = [g(o e J(|2])dz. Define h(r) = K(r) + L(r) =
Jra (1 A |f—|22> J(|z])dz. By [19, Eq. (6) and Lemma 1] we have that h(r) < d)(riz) so by

using [51, Theorem 2.3] for all small enough g > 0 we have that

1 d

K(q) < K(q)+L(g) =h(q) < C3¢(q2) <c4j(q)q".

By using this inequality with the inequalities (1.63) we get (1.62).

For y € B(xp, £)°NA notice that 0 < ¢5 < Gy, (x0,y) < Gy (x0,y) < Gp(x0,y) < ce < oo
because Green functions are continuous and strictly positive on B(xg,r) NA since A CC
Uy CC D. Thus, Gy(xo,y) < Gp(xg,y), for all y € A and for all Lipschitz U such that
Uy CcCcUcCcD.

Hence, for all such U we have

. UtD
nulul(A)X/GD(xO,y)/ J(lz=yDlu@)ldzdy 2 0
A D\U

10asU 1D
by the dominated convergence theorem. In other words, we proved that Wpu does not

have any mass in D. |
Remark 1.5.3.

(a) If we take a closer look at the proof of the previous lemma, we have actually proved

that if (ny|u|(D))y is bounded as U 1 D, then for every A CC D we have
li A)=0.
im N ul(A)
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(b) The measures (Nyu)y depend on xo € D but we can prove quite simply that for any
other x € D, the measures
bl (@) = Gue) ([ i —y)lu(a)lde) dy
D\U
are also bounded as U 1 D if (ny|u|)y are. Indeed, let M := limsup Ny |u|(D).

UtD
Notice that by Fubini’s theorem

nolul0) = [ Goton2) ([ ilz=sDiutldy)
= [ Pty luy)ldy
D\U

Find R € (0,1) such that 6p(xg) > 2R and let (Uy,), be some increasing sequence
of Lipschitz sets such that xy € Uj, 8y, (x0) > R, and such that for all n € N it holds
U, CC D and U,U, = D. Also, fix some y € D°. Theorem 1.3.5 yields that there is
C > 0 such that for all n € N, all x € B(xo,R/2), and all y € Uy

PU,, (-xuy)

PUn X, SC =
( y) PUn(x()ay)

PUn(x07y)'

Notice that

PUn<X,)7) < PD(X,)7) < maXZGB(xo,R/Z)PD(Z7)7)
Py, (x0,9) ~ Puy(%0,5) = Pr(xp,r/2) (X0, )

Scl<°°7

where ¢; > 0 depends on xp, R and § but it is independent of n € N and x €
B(xo,R/2). Finiteness of ¢ is due to the continuity of the Poisson kernel. Thus,
there is ¢; > 0 such that for all n € N, all x € B(xo,R/2) and all y € U we have

Py, (x,y) < 2Py, (x0,y). Hence
M Jl(D) = [ Pu, (x.3)lu(y)ldy
D\U,
< Py Grolu(y)ldy < oM,
D\U,
i.e. (ng|u|(D))y is bounded as U 1 D, for all x € D.

Proposition 1.5.4. Let D be an open set, f : D — [—oo, 0| such that Gp|f|(x) < e for

some x € D, and A a o-finite signed measure on D¢ such that (1.29) holds. Then

Wp(Gpf) = Wp(PpA) = 0.
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Proof. The proof is exactly the same as in the isotropic o-stable case, see [20, Lemma

1.17]. |

We now focus on proving the mentioned property Wp(Mppt) = p. We use an adapta-
tion of the technique used in [21] where the property was shown for the isotropic ¢-stable
process. In the next few results we have twofold statements - for sets near the origin, and
for sets away of the origin. In the isotropic a-stable case the Kelvin transform allowed
the authors to deal only with sets near the origin but in our setting this is not the case.

Let us recall the definition of the relative oscillation of a positive function f on a

nonempty set D
supyep f (%)

RO = Sk F)

If D=0 weputROpf =1.

The first lemma is the one that generalizes [21, Lemma 8].
Lemma 1.5.5.

(a) Forevery R € (0,1) and > 0 there exists 6 > 0 such that for all open D C Bg and
all o-finite measures A, A, on B satisfying (1.29) we have

PpA
Rom%ﬁ <1+n. (1.64)

(b) Assume (GWSC) and (E). For every R > 1 and 1) > 0 there exists 0 > 0 such that
for all open D C F,C;, and all o-finite measures A;, A, on By satisfying (1.29) we

have

PpAi

Before we bring the proof let us emphasize the results of the previous lemma. In both
parts of the lemma ¢ is chosen independently of the set D, and the measures A; and A;. In
similar results on the relative oscillation of harmonic functions, e.g. [55, Proposition 2.5,
Proposition 2.11], 9 is dependent on the set D, see also the proofs of [54, Theorem 2.4,
Theorem 2.8]. This subtle but big difference will be used as a crucial and indispensable
step in proving Wp(Mpu) = u, see (1.77).

Moreover, the previous lemma yields that the Martin kernel Mp(x,z) is well defined

Gp(x,y)

and strictly positive for x € D and z € 9*D. Indeed, recall that Mp(x,z) = lim,_,, e ETRIL
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where if z = o we look at the limit as |y| — co. Since the process X is translation invariant,
we can assume that for the finite point z it holds z = 0. Further, notice that from (1.21) we

have forp >0
Gp(%,y) = Ppng,[Gp(%,v)dv](y), %€ D\Bp,y€DNBy,

and

Gp(%,y) = Pprgs [Gp(%,v)dV|(y), ¥€DNBp,y€B\B).

Now the claim follows from (1.64) and (1.65). However, for this result the uniformity of

0 was not important.

Proof of Lemma 1.5.5. We prove only part (b). The proof of part (a) is almost identical
to the proof of the [21, Lemma 8]. The only difference is that instead of the unit ball B
we look at the ball Bg and instead of [21, Eq. (48)] we use Lemma 1.1.1. The proof of
part (b) follows the same idea and we present the proof to emphasize the differences. To
establish a connection between our proof and the proof of [21, Lemma 8] we will keep a
similar notation.

For an open set D and R, p,q > 0 denote by

H»C
D,=DNB,,
DY =(D\D,)UBk,

Dy g =Dg\Dp.
For a measure u let

Ao p(tt) = /B u(dy),

Aopq(H) = / u(dy).

P

FixR>1,DC E;, and o-finite measures A; and A, on By, satisfying (1.29). We will
see at the end of the proof that 6 will not depend on D, 4; or A, so this is not a loss of
generality. Let ¢ denote C(¢) > 1 of Lemma 1.3.4(b) and notice that Theorem 1.3.5(D)
holds with the constant C = ¢*. Thus, (1.65) holds for § = % with 1+ n replaced by ¢*.
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We denote
R.gR 7PR.gR
fi=Pohi, F0 = P [Upy e PO, F70 = P [1pe PO,
£ _ pry PR,qR* — p* [1 P l] ZPR,qRx _pr [1 P*A]
/i DN fi Dpr "Dprgr" D74l fi Dpr DG Dl

Recall that PpA satisfies the mean-value formula for every U C D by Corollary 1.3.13.
Hence, by using (1.23) we have f; = fPR9% 4 fPRAR anq fr = ppRoafe . pPRaRs gor
i=1,2. For § € (0,3] we denote mgss = infp, ;(f1/f2) and Mg/s = SUPD, 5 (f1/f2)- As
we have already noted we have Mg /s < c*mp /5

Let € > 0 such that 1 €& < ¢ and let ¢ > 2. Assumption (E) yields that there is

p = p(q,€,R) > 2q such that for z € D g, and y € Byg we have

ﬁ jl) < (2 =) < (1+&)(lz]). (1.66)

Thus, for x € D g/, we have

EPR/Z’qR(X) = / GDpR/2 (X,Z)j(|Z—deZfi* (dy)
DI;R Dyrya

<(1+ E)Aoqu(fi*)PDpR/z (x,0),
and similarly

FPRPAR () > (14 &) Aogr(f)Pp, 2(x,0).

Let us examine consequences of the following assumption:

Aoprgr(fi) < €Mogr(f), i=1,2. (1.67)

If (1.67) is true, then by using Lemma 1.3.4(b) we have for x € D g

R/2,qR R/2,qR* *
fip /2.q (x) < CPDpR/z(an)AO,pR(ﬁp /2.4 )S cPDpR/z(X,O)AO,pR,qR(fi)

S C&'PDPR/2 (x, O)Aoqu (fl*)
Recall that f; = ﬁPR/27qR —I-JA‘;-”R/Z’C’R so if (1.67) holds, we have for x € D,

(1+&)""Aogr(fi) _ filx)
(ce+1+¢€)Aogr(f5) ~ fa(x)

(ce+1+4€)Aog4r(fT)

1.68
(1) Nogrl(f3) (1.68)

<
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and finally

S

ROp,, = < (ce+1+¢€)*(1+¢)*. (1.69)

We are satisfied with (1.69) for now.
Let2 < § < p/4 < oo, g = fIR/PAR _ o fPRIZAR and = Mg fPRIR _ pPRIZAR,
Note that on Dg /> the functions g and & are the Poisson integrals of non-negative mea-

sures. If Dr # 0, then by (1.38)

fﬁR/ 2,gR
supm—qu—sup R§2 = <t 1nfm
DﬁR 2p aq D 2p 7q [JR fp 7‘1

and similarly

fPR/zqu 4 f]ﬁR/zqu
_ J1_ < o A SR
Mar = 11)n£ pr/27qR S| Mar i)ug

By adding these two inequalities we obtain

\ lﬁR/Z,qR fR/2,qR \
(c"+1) sDup pR/z,qR bni pr/z,qR < (c"—1)(Mgr — mgr). (1.70)
2

Let us examine consequences of the following assumption:

Aogr(fi) < €Mopr/2gr(fT); (1.71)

for j big enough such that j(|z —y|) < cj(|z) for all z € D;g/» and y € By (see (1.66)).

We have for all x € D;g /2 and y € EqR

Pops(6) = [ Gy (5,201 =31z < Py, (0,

PR/2

hence
FRIZAR / prR/z (x,9) 7 (dy) < cPpy , (x,0) A0 gr (f;')-

From the previous inequality, by using the assumption (1.71) and Lemma 1.3.4(b), we

have for x € Djg

EPR/zqu(x) < csPDﬁR/2 (x,0) A, PR/2, q‘R(fi*)

R/2,GRx pR/2,GR
< c€Ppy, (x,0) A0 s (7P T%) < P IR ().
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Recall f; = fil3 R/2.qR + f:p R/24R o0 D R /2 SO the previous inequality and (1.70) yield
(¢ +1) (Mpr/(1+ &) = mpr(1+c€) ) < (¢! = 1)(Mgr — mqp).

Since mpr > mgg, dividing by mgg we finally get

R0f1<12212c4_1R iy 1.72
DﬁRJTZ_(Jrce)Jr( +c€)c4+1 ODqRJTZ— . (1.72)

We now come to the conclusion of our considerations. Let > 0. If € is small enough,
then the right hand side of (1.69) is smaller than 1+ 1 and the right hand side of (1.72)
does not exceed @(ROp, (f1//2)), where

4
_1.n
o) =1+5+ 377

(t—1), t>1.

Let o' = ¢, ¢/t = po ¢!, I € N. Observe that ¢ is an increasing linear contraction
with a fixed point = 14 1(c* + 1)/2. Thus the [-fold compositions ¢’(c*) converge to
1+1n(c*+1)/2 as | — oo. In what follows let / be such that

o' (M <14+n(c*+1).

Let k be the smallest integer such that k — 1 > ¢?/¢?. We denote n = lk. Note that n
depends only on 1 and ¢. Let g0 =2, gj+1 = p(q,,€,R) for j=0,1,...,n—1, from
(1.66), and & = qln. Note that 0 depends only on 7, R and ¢. If for any j < n the relation
(1.67) holds with ¢ = g; and p = p(q) = gj+1, then

fi fi
]72 < RODf/j+1R]72 <1-+n,

by the definition of € and (1.69). Otherwise for j=0,...,n—1, we have Ao 4, ,r ¢;r(f]") >

RODR/5

€Nog;r(f;") for i =1 or i =2. Note that by Lemma 1.3.4(b)

B R
¢ A07qu( i*) < Dy /2 (x,0) < CAO,qJ-R(f;_,'),

Hence AO,quR,qu(fi*)/A07qu(fi*) < 62A0761j+1R,thR(f32k—i)/AOﬂjR(f;—i) and so A07q1‘+1R¢IjR(fi*) >
¢ 2eNog;r(f7) for both i =1 and i =2 (and all j=0,...,n—1). If0< j <[ and

X e Dle+1R7CIjR'

P =4(j+1)k 4 = qjk- then
* * £ * — *
Mok /2R (f7) 2 Doy Rauk(f7) = (K= 1) =5 Mogr(f) > € Nogr(f7),

47



Generalized harmonic functions Representation of ¢ (—A)-harmonic functions

so that (1.71) is satisfied. We conclude that (1.72) holds. Recall that go =2 and ROp, . (f1/f2) <

c¢*. By the definition of / and the monotonicity of ¢

S il ! fi 4
qlkRE < Q (RODq(ll)kRE> <... < () <ROD‘10RE> < 1+n(C + 1),

1.e. RODM% < 14+n(c*+1). Since n > 0 was arbitrary and § is dependant only on 1, R

ROp

and ¢, the proof is complete. |

Corollary 1.5.6. Let D be an open set, D, the set of all regular points for D, z € oD,

and0<r<1<R.

(a) Let f1 and f> be non-negative functions which are regular harmonic in DN B(z,r)
and f; = 0 on (D°UD,) NB(z,r), i = 1,2. Then
fim 1109

D>x—z fz (x )

exists and is finite.

(b) Assume (GWSC) and (E). If f; and f> are non-negative functions which are regular
harmonic in DN By and f; = 0 on (D UD,g) N By, i = 1,2, then
lim A1)

D>x—ro0 f2 (x )

exists and is finite.
Moreover, the speed of convergence in the limits above does not depend on the set D.

The previous corollary is an immediate consequence of Lemma 1.5.5, cf. [54, Theo-
rem 2.4, Theorem 2.8] and [55, Corollary 2.6, Corollary 2.12] where the speed of conver-

gence depends on the set D.

Proof of Corollary 1.5.6. For the part (a) it is enough to notice that from the assumptions

of the corollary we have for x € DN B(z,r) and both i = 1,2

() = () " d:/p,,,-d. 1.73
fi(x) /DCUB(z,r)vf(y) DBz (dY) (e PG ) (6 3) fi(y)dy (1.73)

Indeed, the boundary part DNdB(z,r) of DNB(z,r) is smooth, f; =0 on Dy, N By, and the
irregular points for D at dD are polar, so we can replace oy, - B(er) (dy) by Ppap(z,r) (x,y)dy
in (1.73).

The claim now follows from Lemma 1.5.5(a). Part (b) follows similarly. |
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The following results generalize [21, Lemma 12].

Lemma 1.5.7. For every 0 < p < 1 and 11 > O there is r > 0 such that for all open D it
holds

RObeﬂB,-MD(x7y) <14mn, ifx,xp€D\Bp, (1.74)
and with the additional assumptions (GWSC) and (E) it holds
ROyeD*\EI/rMD(x,y) <1+mn, ifx,xo€DNByyp. (1.75)
Proof. Let1 > p >r > 0. Note that

G G
sup Mp(x,y) = sup M, inf Mp(x,y) = inf Golxy)
yeDNB, vepnB, Gp(x0,Y) " yeDnB, yeDnB, Gp(xo,Y)

Since Gp(X,y) = Pprg,|Gp(%,v)dv](y) for ¥ € D\ By, the claim (a) follows from Lemma

1.5.5(a). For the part (b) we apply Lemma 1.5.5(b) in a similar way. |
Corollary 1.5.8. Let D be an open set. If D is unbounded suppose (GWSC) and (E).
(a) For every fixed x € D, the function z — Mp(x,z) is continuous on 9*D.

(b) Let u be a measure on dyD. Then Mpu(x) = oo for some x € D if and only if

Mpl = o in D, and in that case u is an infinite measure.

Proof. Lemma 1.5.7 directly yields that d*D > z+— Mp(x,z) is continuous for every x €
D, which proves the part (a). Moreover, Lemma 1.5.7 also yields that z — Mp(x,z) is

bounded from below and above from which the the part () easily follows. |

Now we state two lemmas that appeared in [21] for the case of the isotropic a-stable
process. The lemmas will be useful for proving uniqueness of the representation of non-

negative ¢ (—A)-harmonic functions with zero outer charge.

Lemma 1.5.9. Let D be an open set. Suppose that 0 < g < f on D, and that f, g are
¢ (—A)-harmonic in D with zero outer charge. If U C D and f(x) = [, f(y) @y (dy),
x €U, then g(x) = [y 8(y)oy(dy), x € U.

Proof. The proof is exactly the same as the proof of [21, Lemma 9]. |
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Lemma 1.5.10. Let D{ and D; be open sets such that
diSt(Dl \Dz,Dz \Dl) > 0.

Set D = D UD; and assume that @},(D¢) > 0 for one (and therefore for all) x € D. Let

f >0 be a function on R? such that f =0 on D¢, and for i = 1,2 and all x € D; we have

16) = [ £, (a).

Let D; be bounded and if D, is unbounded assume (GWSC). Then f = 0 on the whole
of D.

Proof. The proof is the same as the proof [21, Lemma 10] where for inequalities (70)
and (71) of [21] we use Harnack inequality for the subordinate Brownian motion [42,

Theorem 7]. [ |
Now we have a generalization of [21, Lemma 14].

Proposition 1.5.11 (Martin representation). Let D be an open set. If D is unbounded we
additionally assume (GWSC) and (E). Suppose f > 0is ¢ (—A)-harmonic on D with zero

outer charge. Then there is a unique finite measure @ > 0 on dyD such that

) = /a Mp(xy)u(dy), xeD, (1.76)

and we have Wpf = u. Conversely, if u is a finite measure on dyD and if we define
J(x) = J5,p0Mp(x,y)pt(dy), x € D, then f is ¢(—A)-harmonic in D with zero outer

charge.

Before we prove the proposition we connect the result with the Martin boundary of D
with respect to X D in the sense of Kunita-Watanabe, see [61]. From [54,55] it follows that
in our setting the (abstract) Martin boundary of the set D can be identified with d*D. Also,
the minimal Martin boundary can be identified with dy;D. However, in [55, Corollary 1.2
& Corollary 1.4] the Martin representation of harmonic functions with respect to X? was
proved only for the case dyD = 0*D, cf. [61, Theorem 4]. Hence, the proposition above
extends [55, Corollary 1.2 & Corollary 1.4] on more general sets but on less general

processes.
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Proof of Proposition 1.5.11. The second claim is almost trivial. Since u is a finite mea-
sure on dy D, we have that f := Mpu is well-defined by Corollary 1.5.8. It is also ¢ (—A)-
harmonic in D with zero outer charge since for every z € dyD the Martin kernel Mp(-,z)
is ¢ (—A)-harmonic in D with zero outer charge, see Theorem 1.4.3.

The first claim is proved similarly as in [21, Lemma 14] but because of some differ-
ences at the end of the proof we give the full proof for the reader’s convenience. Let
(Dy), denote an increasing sequence of open sets with Lipschitz boundary such that for
all n € N we have D, CC D and D = |J,_; D,,. By the mean-value property we have for
xeD,

)= [ Poe) sy

D\D,,

— [ M, (x) | Go,(x0) [ ilv=y)f)dy | dv

D, D\D,

_ /MDn (x,v)Np, f(dv),

Dy

where np, f is the measure from Definition 1.5.1. For brevity’s sake, we write 7, for
Np,f- Since N,(D) = f(x¢) < oo, by considering a subsequence we may assume that the
sequence (1,), weakly converges on D* to a finite non-negative measure p*. It follows
from Lemma 1.5.2, more precisely Remark 1.5.3(a), that u* is supported on d*D.

Let € > 0and x € D. By Lemma 1.5.7 for every y € d*D there exists a neighbourhood
Vy of y such that

ROv,ru-My(x,-) < 1+¢, (1.77)

for all U € {D,D;,D;,...}. From {V, :y € d*D}, we select a finite family {V;: j =
1,...,m} suchthat V:=V;U---UV,, D d*D. For j € {1,...,m} letz; € DNV,. Let k be
so large that for n > k we have z; € D, and

MD(X,Z]')

(14+¢€)71 < > e

<(1+4¢), j=1,...,m.

The last inequality can be achieved because Gp, T Gp pointwise in D as n — oo. If v €
D, NV;j, then by (1.77) and the last inequality we get

(1+e) < Mp(x,v) Mp(x,z;) Mbp,(x,z;)

< ' <(l1+e¢).
Mp(x,z;) Mp,(x,z;) Mp,(x,v) (1+e)
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Therefore

-3 ¢ Jpv Mp(x,y) M (dy)
= Jprw Mp, (x,y) M (dy)

Notice that (7,,), also weakly converges to u* on D* NV and that x,xo ¢ DNV. Since

(1+¢) <(14+¢&) n>k (1.78)

Mp(x,-) is continuous and bounded on D* NV by Lemma 1.5.7, we have

L oleina@) = [ Mpleoutdy) = | Molwy)u’ (@),

Further, note that f(x) = [~y Mp, (x,y)Nx(dy) + [payve Mp, (X,y)Nn(dy) and that there is
k so large such that DNV C Dy. Hence for n > k we have

L Mo (e maldy) < [ Mo, (x,)ma(dy)
DNve Dy

= [Go,ee) [ iv=yD)s)dvav
Dy

D\D,
<a [Gotwnar | [ [ fo) Ay | =0,
k D\Dn

since f € ! by Lemma 1.3.8 and since Gp(x,-) € L} . which we get from Gp(x,") <

Gra(x,-) and (1.18). By letting n — oo in (1.78) we obtain

3 = JorpMp(x,y)u*(dy)
- f(x)

ie. f(x) = [3:pMp(x,y)u*(dy).
We now prove that the measure pu* is concentrated on dyD. Let x € U CC D. If

y € d*D, then by Theorem 1.4.3 Mp(x,y) > fD\U Mp(z,y)oy;(dz) and equality holds if

(I+e) < (1+¢).

and only if y € dy/D. By Fubini’s theorem we have

0=~ [ s@opid) = [ (Mol = [ Moo u'a).
D\U d*D
hence u*(0*D\ dyD) = 0.
Now we prove uniqueness. Consider first the case f(-) = Mp(-,z0) = Mpd,,(-) and
suppose that there is another measure y on dyD such that f = Mpu. If zq is finite,
then the uniqueness is proved in the same way as in [21]. Therefore, we deal with the

case zg = oo. For s > 0 define Dy, = D N By and take R > 0 such that (1.61) is true, i.e.
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Mp(x,0) = Ex[Mp(Xx,,,)], x € Dg. Define the function g : R4 — [0,00) as g(x) =
Jiyj<gMp(x,y)pt(dy). For x € D\ Dag, by Fubini’s theorem and the comment about (1.60)

in Remark 1.4.4, we have that

[, s@0s 0,0 = [ ([ Mo(ey)0hp,,(02))

= Mp(x,y)u(dy) = g(x).
ly|<R

Further, for x € D3 it holds that g(x) = [p\p,, 8(2)@p,, (dz). Indeed, g < f and f(x) =
Jp\Dye f(2) @), (dz) because of (1.61) so Lemma 1.5.9 yields the claim. Lemma 1.5.10
yields g = 0 on whole D, in particular g(xo) = u({|y| < R}) = 0. Since this is true for all
big R > 0, we see that i is concentrated at the point at infinity. Thus, we have uniqueness
for the function f(-) = Mp(+,).

Consider now f = Mppu for a finite measure 1 on dyD and let (np, f), be the corre-
sponding sequence of measures for f from the beginning of the proof. We want to show
that u* = p. Since (np, f)n converges weakly to u*, by the uniqueness of the weak limit
it is enough to show that for every relatively open set A C D we have liminf, np, f(A) >
1(A). To this end, by using Fubini’s theorem, Fatou’s lemma, and what was already

proven for the case of the Dirac measures we have

liniinfnpnf(A) :lilginf/GDn(xo,v) / Jv,y)Mpu(y)dy | dv
D\D,
—timint [ [Gp,00) ([ i(v-sDMpln2)dy | av | uidz)
ouD \ A D\D,
liminf /GD X0,V / J(lv=y)Mp(y,2)dy |dv | u(dz)
ouD D\D,
— [ timintmo, (Mp(,2) (W) = [ E(A)RE) = p(A).
aMD 8MD

Thus, we have proved uniqueness.

Notice that due to uniqueness of the measure , any choice of the sequence (D),
from the beginning of the proof gives u as the limit of 1n)p, f so we have proved that Wp f
is well defined and that Wp f = . |
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Remark 1.5.12. Since for a finite measure y on dyD we have that Mpu is ¢(—A)-
harmonic with zero outer charge, we have that Mpu € C*(D)N.#"! and if D is bounded
we have Mpl € LI(D), see Lemma 1.3.8, and Theorem 1.3.12.

Combining Propositions 1.5.4 and 1.5.11, we get that (under the additional assump-

tions (GWSC) and (E) if D is unbounded)
Wp(Gpf+PpA +Mpp) = . (1.79)

Theorem 1.5.13 (Representation of non-negative ¢ (—A)-harmonic functions). Let D be
an open set. If D is unbounded additionally assume (GWSC) and (E). If f is a non-
negative function, ¢ (—A)-harmonic in D with a non-negative outer charge A, then there

is a unique finite measure iy on dyD such that f = PpA +Mpjis on D.
Proof. The proof is exactly the same as the proof of [21, Lemma 13]. |

The following corollary is an extension of [21, Proposition 1] to more general non-

local setting.

Corollary 1.5.14. Let D be an open set and x € D. If D is unbounded assume (GWSC)
and (E). The harmonic measure @y, is absolutely continuous in D¢\ dy/D with respect to

the Lebesgue measure with the density Pp(x,-).

Proof. The proof is almost identical to the proof of [21, Proposition 1] and we give it for
the reader’s convenience.

Let K be a compact set in D¢\ dyD. Note that the function RY 3 x — @},(K) is by
the strong Markov property harmonic in D, hence ¢ (—A)-harmonic with outer charge 1k,
and also by the strong Markov property the mean-value property (1.39) holds for @} (K)
for every U C D. Let f: R? — [0,00) such that f(x) = @} (K) — Pp(1x)(x), x € R
Obviously, f is ¢(—A)-harmonic with zero outer charge. Note that by Corollary 1.3.13
the function Pp (IK) satisfies the mean-value property (1.39) for every U C D, hence f
satisfies it, too. Also, Theorem implies that there exists a finite measure t on dy;D such
that f = Mpp.

We now show that y = 0 which implies 0}(K) = Pp(1x)(x) for every x € D. Let
L C dyD be a compact set and define g = Mp (,LLIL). Obviously, 0 < g < f and g is
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¢ (—A)-harmonic with zero outer charge. Since for fixed x € D we have z — Mp(x,z) < 1,

to get u = 0 it is enough to show g = 0. To this end define € = (diamD A 1)/2 and

Dy ={xe D:dist(x,L) < 2¢},

Dy ={x e D:dist(x,L) > €}.
Since g < f and f satisfies the mean-value property (1.39) for U = Dy, by Lemma 1.5.9
so does g. Also, by Remark 1.4.4, see the comment about (1.60), it follows that g satisfies

the mean-value property (1.39) for U = D;. Therefore, since D is bounded, by Lemma
1.5.10 it follows that g = 0. [
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2. SEMILINEAR PROBLEM FOR ¢(—A)

Let D C R9, d > 2, be a bounded open set, f: D x R — R a function, A a signed measure
on D¢ = R4\ D and u a signed measure on dD. In this chapter we study the semilinear
problem
O(—-Au(x) = flru(x) D
u = A in D¢ (2.1)
Wpu = u on dD.

The operator ¢(—A) is an integro-differential operator where ¢ : (0,00) — (0,00) is a
complete Bernstein function without drift satisfying the weak scaling condition at infinity
- the condition (WSC). Recall that by (1.14), ¢(—A) can be written as a principal value
integral

o(—A)u(x) =PV. /Rd(u(x) —u(y))J(ly—x|)dy,
where the singular kernel j is completely determined by the function ¢. Recall also that
if ¢(r) =1%2, a € (0,2), $(—A) is the fractional Laplacian (—A)*/? and the kernel
j(|y —x|) is proportional to |y —x|~4~%.

The operator Wp is a boundary trace operator first introduced in [20] in the case of the
fractional Laplacian, and extended to more general non-local operators in Chapter 1 — see
the beginning of Section 1.5 for the precise definition.

Motivated by the recent preprint [4] we consider solutions of (2.1) in the weak dual
sense, cf. Definition 2.3.1, and show that for bounded C!>! open sets this is equivalent to
the notion of weak L! solution as in [1, Definition 1.3].

For the nonlinearity f throughout the chapter we assume the condition

(F) f: D xR — R is continuous in the second variable and there exist a function p : D —

[0,00) and a continuous function A : [0,c0) — [0,00) such that |f(x,7)| < p(x)A([z]).
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The study of semilinear problems for this type of non-local operators is quite recent
and is mostly focused on the fractional Laplacian, see [1,2,6-8,20,27,38,39]. One of the
important differences between the local and non-local equations is that in the non-local
case the boundary blow-up solutions are possible even for linear equations. To be more
precise, there exist non-negative harmonic functions for the operator ¢(—A) that blow
up at the boundary. In this chapter we will restrict ourselves to the so called moderate
blow-up solutions, that is those bounded by harmonic functions with respect to the oper-
ator ¢(—A). This restriction is a consequence of the problem (2.1) itself, namely of the
boundary trace requirement on the solution. In this respect we follow [1,20] where the
boundary behaviour of solutions was also imposed. Note that in [1] the theory was devel-
oped for the fractional Laplacian in a bounded C'! open set D, while [20] extends part
of the theory to regular open sets. This extension was possible mainly due to potential-
theoretic results from [21].

The goal of this chapter is to generalize results from [1,20] and at the same time to
provide a unified approach. The first main contribution of this part of the thesis is that we
replace the fractional Laplacian with a more general non-local operator. This is possible
due to potential-theoretic and analytic properties of such operators developed in the last
ten years, see [12, 13,47-49]. The second main contribution is that we obtain some of
the results from [1] (which deals with C"! open sets) for regular open subsets of R¢. To
achieve this goal we combine methods from [1] with those of [20].

Let us now describe the content of the chapter in more detail. In Section 2.1 we briefly
recall the preliminary notions and results from Chapter 1 since in both chapters we work
in the same setting. In Section 2.2 we invoke Kato class of functions and there we show
some auxiliary results on Green potentials.

Section 2.3 is central to the chapter and contains two main results on the existence of
a solution to the semilinear problem (2.1) in arbitrary bounded open sets. The first result,
Theorem 2.3.6, can be thought of as a generalization of [1, Theorem 1.5]. It assumes
the existence of a subsolution and a supersolution to the problem (2.1) and gives several
sufficient conditions for the existence of a solution. As in almost all existence proofs of
semilinear problems, the solution is obtained by using Schauder’s fixed point theorem. As

a corollary of the third part of that theorem, in Corollary 2.3.8 we obtain a generalization
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of the main result of [20]. Theorem 2.3.10 deals with non-positive function f and is a
generalization of [1, Theorem 1.7]. The main novelty of our approach is contained in
using Lemma 2.3.9 to approximate a non-negative harmonic function by an increasing
sequence of Green potentials. This replaces the approximation used in [1] which works
only in smooth open sets.

In the last two sections we look at the semilinear problem for ¢(—A) in bounded C'!
open sets and at some related questions. In Section 2.4 we first recall the notion of the
renewal function whose importance comes form the fact that it gives exact decay rate of
harmonic functions at the boundary. We then state known sharp two-sided estimates for
the Green function, Poisson kernel, Martin kernel and the killing function in terms of
the renewal function. Subsection 2.4.3 may be of independent interest - there we give
the boundary behaviour of the Green potential and the Poisson potential of a function of
the distance to the boundary. We next provide a sufficient integral condition (in terms
of the renewal function) for a function of the distance to the boundary to be in the Kato
class. In Subsection 2.4.6 we invoke a powerful result from [47] to show the existence of
generalized normal derivative at the boundary which is used in the equivalent formulation
of the weak dual solution. We end the section with a discussion on the relationship of the
boundary trace operator Wp with the boundary operator used in [1,2].

The last section revisits Theorem 2.3.10 and Corollary 2.3.8 in bounded C!-! sets. In
case when f(x,7) = W(Jp(x))A(r) for some function W, we give a sufficient and neces-
sary integral condition for (a version of) Theorem 2.3.10 to hold in terms of W, A and
the renewal function. Building on Lemma 2.4.5 we next give a sufficient condition for
Corollary 2.3.8 to hold in a bounded C!!' set. Finally, we end by establishing Theorem
2.5.3 that extends Corollary 2.3.8 for non-negative nonlinearities f. This result general-
izes [1, Theorem 1.9].

To the chapter is also connected a part of Appendix. In the first part of Appendix
we provide a proof of Lemma 2.3.9 in a more general context. In the second part, we
give quite technical proofs of Propositions 2.4.1 and 2.4.2. The proof of Proposition 2.4.1

is modelled after the proof of [4, Theorem 3.4], while the proof of Proposition 2.4.2 is
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somewhat simpler.

2.1. PRELIMINARIES

The setting in which we work in this chapter is the same as the one in Chapter 1. The only
addition or restriction is that in this chapter we always assume that D is bounded. Here
we will just briefly recall the assumptions and the objects from the preliminary section of
Chapter 1.

Let S = (S, );>0 be a subordinator with the Laplace exponent ¢ (A) = [5°(1 —e~*")u(t)dt
which satisfies the assumptions (WSC) and (T). Let W = (W;);>0 be a Brownian mo-
tion in RY, d > 2, independent of S with the characteristic exponent & — €|, & € R,
The underlying process of this chapter will be subordinate the Brownian motion X =
((X;)r>0, (Py) cpa) defined as X; = Ws, and its killed version X? - the process X killed
upon exiting the set D.

Recall from Subsection 1.1.2 that the operator ¢ (—A) is defined as

¢ (—A)u(x) = lim (u(y) —u(x)) j(ly—x|) dy,

£e—0 ‘yfx‘>g

for every u such that the previous relation is well defined. This is true if e.g. u € C>(D) N
L'(R4, (1A j(|x|))dx), where

i) = [ plery)pd = [ @anRe @O o,

With Gp we continue to denote the Green function of X in D, and with Pp the Poisson
function of X in D, see Subsection 1.1.3. Finally, please recall that by Mp we denoted the
Martin kernel, and that dy/D denoted the set of all accessible points from D, see Section

1.4.
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2.2. KATO CLASS AND GREEN POTENTIALS

Recall that D is a bounded open subset of R?. We say that a function g : D — [0, 0] is in
the Kato class _# with respect to X if the family of functions {Gp(x,y)|q|(y) : x € D} is
uniformly integrable (with respect to the Lebesgue measure on D). Obviously, if |v| < |g|

andge ¢ thenve 7.

Next, we show that a function g : D — [—eo, co| satisfying

limsup [ 1g()ig (=317 b=yl dy =0 22)
lx—y|<e

E%OxeRd

is in the Kato class _#. Extend the function ¢ to all of R? by setting q(y)=0forye
D¢. Since Gp(x,y) < G(x,y), to show that g € _¢Z it suffices to show that the family
of functions {G(x,y)|q(y)| : x € R} is uniformly integrable. By using (1.18), one can
check that [79, (24) & Lemma 5] holds true. Hence, we can apply [79, Theorem 1] with
A(t) = [§1q(Xs)|ds, which together with (1.18) implies that (2.2) is equivalent to

hm sup E, [/ lg(X. |ds] =0, (2.3)

0 xeRrd
ie. g is in the classical Kato class K(X) from [31] and [29]. By (2.2), ¢ € L' (D)
and therefore by repeating the proof of [29, Theorem 2.1(i1)] in our setting, we get that
q € Ku(X), ie.

Ve >038 >0VB e B(R?) suchthat A(B) <8 = sup [ |q(y)|G(x,y)dy < €. (2.4)

x€R4 /B

cf. [31, Definition 2.1(ii)]. Furthermore, by [31, Proposition 2.1], ¢ € K.(X) implies that
q is Green bounded. Together with boundedness of D, [69, Theorem 16.8(iii)] gives that
the family {G(x,y)|g(y)| : x € R?} is uniformly integrable, and therefore g € _Z.

Note that under (WSC), the condition (2.2) is satisfied for g € %b(Rd), SO every
bounded function ¢ is in the Kato class ¢

Recall that the boundary point z € dD is said to be regular (for D) if P,(1p =0) =
1. The set D is regular if every boundary point is regular. The same proof as in [20,
Proposition 1.31] shows that if D is regular, then g € ¢ if and only if Gplg| € Co(D),
and then Gpq € Cy(D).
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Let z € dD be regular. Then for all x € D,

li G =0.
y—é,r)l;lED D(x7y>

A proof of this well-known result can be found in [59, Proposition 6.2]. The next result is

also known — we include the proof for the sake of completeness.

Lemma 2.2.1. Let D be a bounded open subset of R?. Then Gp1 € C(D) and lim,_,, Gp1(x) =

0 for every regular boundary point z € dD.

Proof. Let (x,),en be any sequence of points in D. Since the constant function 1 is
in _#Z, the family {Gp(x,, ) : n € N} is uniformly integrable. If x, — x € D, then
lim,, e Gp(x,,y) = Gp(x,y) for a.e. y € D, hence by Vitali’s theorem, see [69, Theorem

16.6 (ii) < (iii)], it follows that

lim [ Gp(x,,y)dy = /D Gp(x,y)dy,

n—e Jp
proving that Gp1 € C(D). If x, — z € dD with z regular, then lim,_,.. Gp(x,,y) = 0 for

all y € D. Again by Vitali’s theorem we get that lim, e [, Gp(xn,y)dy =0. [

Denote by D' the set of all regular boundary points of D. For § > 0, let Dg := {x €
D: dist(x,dD) > 8}.
Lemma 2.2.2. Letv:D — [0,c) be a locally bounded function and p : D — [0, o) such
that Gpp € C(D) and pvGpl € L' (D). Then, for every x € D it follows that

tim | [Go(x.) = Go(w.)|p()v(y)dy = .

w—X

Proof. Let r > 0 such that B(x,r) C D and take a sequence (x,), C B(x,r/2) such that
X, — x. Since v is locally bounded in D, there exists a constant ¢; > 0 such that v(y) < ¢;

for all y € B(x, r). Therefore,
[ 1Gotn) = Gotwe ) ()v(3)dy < e1 [ 1Gp(n.y) ~ Gyl (r)dy

-+ /DDB(XJ)C |GD(xn,y) - GD(x,y)lp(y)v(y)dy

Since Gp(x,,y)p(y) = Gp(x,y)p(y) as n — oo, for a.e. y € D, by Vitali’s convergence

theorem, [69, Theorem 16.6 (i) <= (iii)], it is enough to show that

lim GD(xn,y)p(y)dy:/DGD(x,y)p(y)dy and

n—e Jp
lim GolaupOPOIdy = [ Golry)p(»)v()dy:
n—e | DAB(x,r)¢ DNB(x,r)¢
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The first limit follows directly from the assumption Gpp € C(D). For the second integral,

we will show that there exists a constant ¢» > 0 such that
Gp(w,y) < c2Gpl(y), weB(x,r/2), ye DNB(x,r). (2.5)

Therefore, since pvGpl € L' (D) and x, € B(x,r/2), we can apply the dominated conver-

gence theorem to obtain

lim GolapOre)dy= [ Gplx ()0 dy:
n= JDNB(x,r)¢ DNB(x,r)¢

It remains to show (2.5). First note that Gp(+,y) are harmonic functions in B(x, r) for

all y € DN B(x,r)¢. By the Harnack principle, there exists ¢3 > 0 such that
Gp(w,y) < c3Gp(x,y), forallwe B(x,r/2)and all y € DNB(x,r)°. (2.6)

Let y : D — |0, 1] be a function with support in B(x,r/2). Then both Gpy and Gp(x,-)
are regular harmonic in D N B(x,r)¢ and vanish in the sense of the limit on D& and by
definition on D°.

Let z € dD. By [54, Theorem 1.1], there exists a finite limit

L GD(xvy)
a(z) := y—zyeD Gpy(y) '

Therefore, there exists a 0 < £(z) < dist(B(x,r),dD)/2 such that

G]_)(X,y)
Gpy(y)

<a(z)+1, forallye DNB(z,&(z)).

By compactness of dD, there are finitely many points z;,22,...,2, € dD and 8 > 0 such
that 9D C D\ Ds C U}_,B(z;,&(z;)). Thus for any y € D'\ Dj it holds that
GD (x7y)
————= < max (a(z;)+1) =:cy4. 2.7)
Gpy(y) j:l,...,n( (z)+1)
Further, since both Gpy and Gp(x, -) are continuous (and strictly positive) on the compact

set Dg N B(x,r)¢, we get that

GD(xay) N
<c¢s, yeDsNB(x,r)C. (2.8)
Gpy(y) : 8N Blxr)
Combining (2.6)—(2.8) together with Gpy < Gpl, we get (2.5). |

Lemma 2.2.3. Let |g| < f such that Gpf € Cy(D). Then Gpg € Cy(D).
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Proof. Let (x,), C D be a sequence that converges to x € D. We have

Gp8() = Gg()| < [ G (xs,3) = G(x.)llg()ldy

< [ 1Gb(n.) = Gl )dy. (2.9)
D

Since Gp(xn,y)f(y) — Gp(x,y) f(y) as n — o and Gp f € Cy(D) by Vitali’s theorem [69,
Theorem 16.6 (i) <= (iii)] we have that the right-hand side of (2.9) tends to 0. Hence,
Gpg € C(D).

To see that Gpg € Cy(D) it is enough to notice that 0 < |Gpg(x)| < Gpf(x) in D so

when x — z € dD we have Gpg(x) — 0. |
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2.3. THE SEMILINEAR PROBLEM IN BOUNDED

OPEN SET

Let us now turn to the semilinear problem. For functions f: D xR —-Randu:D — R

let f,, : D — R be a function defined by

fu(x) = f(x,u(x)).

Definition 2.3.1. Let f: D xR — R be a function, A € .# (D) and u € .#(dD) a
measure concentrated on dyD, such that Pp|4|+Mp|u| < = on D. A function u € L' (D)

is called a weak dual solution to the semilinear problem

o(—Au(x) = f(xu(x)) inD
u = A in D¢ (2.10)
Wpu = u on dD

if u satisfies the equality
| utydr = [ fixu(0)Goyx)ds
—I—/L_/DPD(x,z)l//(x) dxA(dz)
—l—/aMD/DMD(x,z)l//(x)dxu(dz), (2.11)

for every yw € C°(D). If in the equation above we have > (<) instead of the equality and
the inequality holds for every non-negative y € C;°(D), we say that u is a supersolution

(subsolution) to (2.10).
Remark 2.3.2. Let us give short comments on the previous definition.

(i) Recall from Remark 1.3.6 and Corollary 1.5.8(b) that if Pp|A|(x) + Mp|pt|(x) < oo for
some x € D, then Pp|A|(x)+ Mp|u|(x) < oo for all x € D. Also, since Pp|A| < oo, A is a
measure on R? \ (DU dyuD), see Subsection 1.4, so conditions in (2.10) in D¢ and on dD

are indeed complementary.

(i1) Note that by Fubini’s theorem and symmetry of Gp, the above definition implies that

the weak dual solution u of (2.10) satisfies

u(x) = Gpfulx) + PpA (x) + Mppi(x),
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for almost every x € D. Moreover, if we set g = PpA + Mpu, then (3.2) is equivalent to

[ uvdr= [ feu)Goydet [ gxyixa (2.12)
D D D

Also, suppose that u € L} (D) satisfies (2.10). This also implies that u = Gpf, + PpA +
Mpu ae. in D. Since Gp f,., PpA, Mpu € L! (D), see Lemma 1.2.2, Corollary 1.3.13 and
Remark 1.5.12, we have u € L' (D), i.e. every function that satisfies (2.10) must be in
L' (D).

Before we show an existence and uniqueness theorem for a wide class of problems
we show an auxiliary result. For a Borel set A C D and x € A, let ) (dz) := Py(Xg, €
dz) denote the harmonic measure. If u : RY — [—oo,00], let Pyu(x) := B [u(Xs,)] =
Jre u(y) @} (dy) whenever the integral makes sense. Note that the functions Pyu and Pyu
are not the same, but they are same if A is e.g. a Lipschitz set. We also recall that
Ga(x,y) = 0if y € A“UA, and that the set of irregular points for A is polar. Finally, if
the function u is defined only on D, we extend it to all of R by setting u(x) = 0 for x ¢ D,

and denote the extended function by ulp.

Lemma 2.3.3. Let D be an open bounded set in R?, f : D — [—oo, 0] a function on D

and A € . (D°) such that
Gplf|(x0),Pp|A|(x0) < oo for some xg € D.
Let u be a function on D satisfying
u(x) = Gpf(x)+PpA(x)forae. x €D
and A C D an open set. Then for a.e. x € A,
u(x) = Gaf () + Palulp) () + | Pa(xy)2(a). 2.13)

Proof. Firstrecall thatif Gp|f|(xo),Pp|A|(x0) < oo for some xg € D then Gp|f|(x),Pp|A|(x) <
oo for almost every x € D, see Lemma 1.2.2 and Remark 1.3.6. By the strong Markov

property we have that

Gp(x,y) :GA(x,y)+/D\AGD(z,y)wX(dZ), x€A,y€eD,
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and then (1.22) implies that
Polsy) =)+ [ Poley)aids), xeAyeD”
D
Therefore, for a.e. x € A we have

= [ ol seiay+ [ L Gole) )y + [ Po)a(@)
_ / Gia (x,3) f(3)dy+ / / Gp(z,y)@}(dz) f (y)dy

/D\A/ Gp(z,y) w5 (dz) f(y dy+/ Pp(x,y)A(dy)
:/AGA(x,y dy—i—/ (/ Gp(z,y)f d)’) w; (dz)
+ [ Po)a(ay
:/AGA(x,y dy+/ z)wy (dz)
_/D\A </‘PD(Z7)’)7L(dY)> wﬁ(dz)+/ Pp(x,y)A(dy)
:/AGA(x’y dy+/ 2) w3 (dz) +/ Py (x,y)A(dy).

[ |

Remark 2.3.4. Letu=Gpf+ PpA as above and set u = A on D°. For an open setA C D
with a Lipschitz boundary consider the linear problem —Lus = f in A, uy = u in A€, and

Waua =0 on dA. Then Lemma 2.3.3 says that uy = u in A.

Proposition 2.3.5. Let D C R be a bounded open set and let £ : D x R — R be a function
which is non-increasing in the second variable. Then the continuous weak dual solution

to (2.10) is unique.

Proof. Let u; and u be two continuous solutions to (2.10). Remark 2.3.2(ii) yields that
u; = Gpfuy+PpA+Mpu ae. on D, i=1,2, hence u; —u» = Gpfy, — Gpfu, a.e. on D.
Note that A := {x € D : uj(x) > up(x)} is open and that f(x,u;(x)) < f(x,uz(x)), x € A,

since f is non-increasing. Using Lemma 2.3.3 we get fora.e. x € A

0 < u1(x) —uz(x) = Ga(fuy = fup)(x) + Pa((ur —u2)1p) (x) <0

hence A = 0. Similarly we get {x € D : up(x) > u;(x)} = 0. |
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Let us recall the condition (F) on the function f:
(F). f:D xR — R is continuous in the second variable and there exist a function p :
D — [0,0) and a continuous function A : [0,00) — [0,0) such that |f(x,#)| < p(x)A(]t]).

Theorem 2.3.6. Let D C R? be a bounded open set and let £ : D x R — R be a function
satisfying the condition (F). Let A € .# (D) such that Pp|A| < e and u € .#(dD) be a
finite measure concentrated on dy;D. Assume that the nonlinear problem (2.10) admits a
weak dual subsolution u € L' (D) NC(D) and a weak dual supersolution # € L' (D)NC(D)
such that u <. Set g := PpA +Mpu and h := |u|V |u|. If one of the following conditions
holds

(i) u =0, Gpp € Co(D) and u,u € L= (D) such that for every open subset A C D and a.e.
xXeA
u(x) < Gafu(x) + Pa(ulp) (x) + PaA(x), (2.14)

u(x) > Ga fu(x) + Pa(ulp) (x) + PaA (x); (2.15)

(ii)u =0, A is non-decreasing, Gp(pA(h)) € Co(D) and u and # satisfy (2.14) and (2.15),

respectively;
(iii) A is non-decreasing, Gp(pA(h)) € Co(D) and there exists a constant C > 0 such that,
on D, Gp(pA(h)) <Candu—g< -C<C<u—g;
then (2.10) has a weak dual solution u € L! (D) N C(D) satisfying

u<u<u. (2.16)
If, in addition, f is non-increasing in the second variable, then u is a unique continuous
weak dual solution to (2.10).

Remark 2.3.7. Note that by Lemma 2.3.3 a supersolution # to the nonlinear problem

(2.10) satisfies the condition (2.15) if, for example, # is a solution to the nonlinear problem

O(-Au() = f(ru(x) inD
o= A in D¢
Wpu = 0 on dD
for some A € .4 (D) such that PD\I] <ooonDand A < A (for details see the proof of

Theorem 2.3.10 and the functions u,, x).
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Proof of Theorem 2.3.6. First note that by using (2.12) and (1.79), a function u € L' (D)

is the solution to (2.10) if and only if u — g is the solution to the homogeneous problem

o(-A)w(x) = f(x,w+g) inD
w o= 0 in D 2.17)
Wpw = 0 on dD.

Thus, we solve (2.17). For general v € Cy(D), the function f, does not need to satisfy the

Kato condition Gp|f,| € Co(D), so we define a modification of f in the following way:
fleux)),  1>u(x) —g(x)
Flot)=q flar+g(x)), ulx)—g) <r<mux)—g) (2.18)

fx,u(x)), t <u(x)—g(x).

\

Note that F is continuous in the second variable. Furthermore,
if v e Cy(D), then Gp|F,| € Cy(D), (2.19)
since
e under (i), Gpp € Cp(D) and
W@m@ﬂhﬂﬂ@gﬁ%A@% (2.20)

where M := max{||u|, [|#]|} and ¢ := max,cjo y A(y) < oo so the claim now

follows from Lemma 2.2.3;
e under (if) and (iii), Gp(pA(h)) € Co(D) and
IF(x,v(x))] < p)A(u()| V [a(x)]) = p()A(h(x)), (2.21)
and the claim again follows from Lemma 2.2.3.

Next we consider an auxiliary problem

¢(—A)u(x) = F(x,u) inD
u = 0 in D¢ (2.22)
Wpu = 0 on dD,

whose solution will be given by the Schauder fixed point theorem. To this end,
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e under (i), set C := [|Gpp || p=p) | All =(jo,m])3
e under (ii), set C := ||Gp(pA(h))|=(p);
e under (iii), let C be the constant from the assumption (iii);

and let K = {v € Cy(D) : ||v||- < C}. Define the operator T by

Tv(x) = [ F())G(xy)dy. v e (D). (2.23)

From (2.19) we have Tv € Cy(D). We now prove the continuity of 7. Suppose the
opposite, i.e. suppose that there are € > 0, (x,), C D, (v,)n C Co(D) and v € Cyp(D) such
that ||v, — V|| — 0 and |Tv,(x,) — Tv(x,)| > €, for all n € N. Since D is compact there

is x € D and a subsequence of (xn)n denoted again by (x,), such that x, — x. We have

€ <|Tvu(xn) = Tv(xn)| < |Tvp(x) = Tv(x)| + |Tvn(xn) — Tvu(x)| + |Tv(x) — Tv(x,)].
(2.24)

Note that if x € dD, then Tv,(x) = Tv(x) = 0 by (2.23). Since F is continuous in the
second variable using the dominated convergence theorem with bounds from (2.20) and
(2.21) for the first term, for x € D we have |T'v,(x) — Tv(x)| — 0 as n — oo. For the second
and the third term let us also look first at the case x € dD. Note that from (2.20) and (2.21)

we have
e under (i)
Tw()| < ey /DGD(xn,y)p(y)dy = 1Gpp(xa) >0, asx,—x, we {nun),
since Gpp € Cy(D);
e under (if) and (iii)
|Tw(x)| < /DGD(xn,y)P(y)A(h(y))dy = Gp(pA(h))(xn) = 0, asx, —x, we{vw},
since Gp(pA(h)) € Co(D).

If x € D then Gp(x,,y) — Gp(x,y) so using [69, Theorem 16.6 (i) <= (iii)]
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e under (i)
ITw(xa) — Tw(x)| < 1 /D G (tm,y) — Go(6,y) [p()dy = 0, asxy—x, we {nva},
since Gpp € Cy(D);

e under (ii) and (iii)
Tw(,) = Tw(@)] < [ [Go(y) = Gole P BIAGM)dy 0, as, 5 we {n},
since Gp(pA(h)) € Co(D).

Thus, we have a contradiction with (2.24), i.e. T is continuous.

Also, from (2.20), (2.21) and the choice of constant C we get T(K) C K.

We are left to prove that 7(K) is a precompact subset of K. By Arzela-Ascoli the-
orem it suffices to note that the functions {Tv : v € K} are equicontinuous by the same
calculations as above.

Hence by the Schauder fixed point theorem there is a function u € K such that

u(x) = [ FOu(»)Golx.y)dy,

1.e. u is a weak dual solution to (2.22). It follows immediately from (2.18) that, if u — g <
u <u—g,then u is also a weak dual solution to (2.17). Finally, we show that the obtained
solution u to (2.22) is between u — g and u — g. In case of assumption (iii), this is obvious.
Under (i) or (ii), set A = {x € D : u(x) > u(x) — g(x)}. Note that F,(y) = faz(y) for all
y € A and that A is an open subset of D, since both u# and & — g are continuous on D. Then,

for every x € A, by (2.13) we have

u(x) + g(x) = GaF,(x) + Py ((u+g)1p) (x) + PsA (x)
< Gafa(x) + Py (ulp) (x) + PsA (x)

< ﬁ(x)v

where the first inequality comes only from the middle term and the second one is (2.15).

This implies that A = . By using (2.14), one can analogously show that {x € D : u(x) <
u(x) —g(x)} =0.

Uniqueness follows from Proposition 2.3.5. [ |
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In the following corollary we extend the main result from [20] to our setting of more

general non-local operators.

Corollary 2.3.8. Let D C R? be a bounded open set and let f: D x R — R be a function
satisfying the condition (F) with A non-decreasing. Let A € .# (D) such that Pp|A| < o
and u € .4 (dD) a finite measure concentrated on dyD. Set g := PpA +Mpu and g :=
Pp|A| + Mp|u|. Assume that Gpp € Co(D), Gp(pA(2g)) € Co(D), and that either (a)
A is sublinearly increasing, lim;_,. A(¢)/t = 0, or (b) m is sufficiently small. Then the

semilinear problem

o(—Au(x) = mf(x,u(x)) inD
u = A in D¢ (2.25)
Wpu = u on dD

has a weak dual solution u € L! (D) NC(D) such that |u| < g+ C, for some C > 0.
If, in addition, f is non-increasing in the second variable, u is a unique continuous

weak dual solution to (2.25).

Proof. We use Theorem 2.3.6(iii) with m f instead of f and first choose the constant C > 0.
Set r1 :=sup,.p Gpp(x) and rp := sup,.p Gp(PA(2g))(x). By the assumption, we have
that r; < oo and rp < oo. If (b) holds, given any C > 0 we can find m small enough such
that m(A(2C)ry +ry) < C. If (a) holds, then since A is sublinearly increasing, we can find
C > 0 large enough so that again m(A(2C)r; +r;) <C.

Let#i:=C+g,u:=—uand h:= ||V |u| = C+3. Clearly, % and u belong to L' (D) N
C(D) and satisty u —g < —C < C <u—g. We check that % is a supersolution of (2.25).
Indeed,

|Gp(mfy)+g| < mGp|fciz| +8 < mGp(pA(C+g))+3
< mGp(p(AQ2C)+A(28))) +8<m(AQ2C)r1 + 1) +3<C+g =0

In the same way we see that u is a subsolution. It remains to check that Gp(mpA(h)) €

Co(D) and Gp(mpA(h)) < C. By the same computations as above we have

Gp(mpA(h)) < mA(2C)Gpp +mGppA(23)) (2.26)

< m(A(ZC)I”l —|—r2) <C.
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Since Gpp € Cyp(D) and Gp(pA(2g)) € Co(D), by (2.26) and Lemma 2.2.3 we also have
Gp(mpA(h)) € Co(D).

Uniqueness follows from Proposition 2.3.5. |

Our next goal is to extend Corollary 2.3.8 to a wider class of non-positive functions
f. First we show an additional auxiliary result. This result provides an approximation of
a non-negative harmonic function on D by an increasing sequence of potentials. It is a
consequence of a rather well-known fact that we prove in the appendix, see Proposition
4.1.3. We can use this result because the semigroup (PP) >0 18 strongly Feller, the process
XP is transient, non-negative harmonic functions are excessive, and the potential Gp1 is

continuous and satisfies 0 < Gpl < co on D.

Lemma 2.3.9. Let/: D — [0,0) be a harmonic function with respect to the process X?.

There exists a sequence (f;)r>1 of non-negative, bounded and continuous functions such

that Gp fi 1 h.

Theorem 2.3.10. Let D C R? be a bounded open set. Let f: D xR — (—o,0] be a
function that satisfies (F) with Gpp € Cyp(D). Assume, additionally, that f(x,0) = 0.
Let A € .#(R?\ D) be a non-negative measure such that PpA < o and u € .#(dD) be a
finite non-negative measure concentrated on dy;D. Let g := PpA +Mpu. If the semilinear

problem (2.10) satisfies one of the following conditions:
() u=0;
(i) # 0, the function A is non-decreasing and pA(g)Gpl € L'(D);

then the problem (2.10) has a non-negative weak dual solution u € L'(D)NC(D). If, in
addition, f is non-increasing in the second variable, then u is a unique continuous solution

to (2.10).

Proof. Let (ﬁ)k be a sequence of non-negative, bounded and continuous functions on
D from Lemma 2.3.9 such that Gpf, T Mpu. Let (Kyn)n be an increasing sequence of

compact sets such that K;, T D°. Then, for n € N the measure A,,(-) = A(-NK,) is a finite
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non-negative measure on D°. Consider the following semilinear problem

O(—Au(x) = flx,ulx))+ fi(x) inD
u = Ay in D¢ (2.27)
Wpu = 0 on dD.

Since f(x,0) =0 and ﬁ >0, u =0 is a subsolution to (2.27). Furthermore, since f is
non-positive, as a supersolution to (2.27) we take the solution u,i") = GDﬁ + PpA,, of the

linear problem

¢(—Au(x) = filx) inD
u = A, in D¢
Wpu = 0 on dD.

Fix k € N. Notice that u,(cn) € C(D) and that, by Lemma 2.3.3, u,En) satisfies (2.13). More-
over, since A,, is finite and

sup  Pp(x,z) < j(dist(D,K,))supGpl(x) < oo,
xeD,zeK, xeD

u,((n) is bounded. This means that we can apply Theorem 2.3.6(i) so that for n = 1 the

problem (2.27) has a solution u; ; € C(D) N L*(D) such that 0 < u;; < u,(cl). Note that
since A1 < Ay, uy 4 is also a subsolution to the problem (2.27) for n = 2 such that (2.14)

holds for every open subset A C D, that is for a.e. x € A

1 (x) = Gafuy , (x) + Gafi(x) + Py (u 41p) (x) 4+ Padi (x)

< Gafuy (%) + Ga fe(x) + Pau1 41p) (x) + Pada(x).

Since u; x < ulgl) < u,(f) , again by Theorem 2.3.6(i), there exists a solution u ; € C(D)N

L~(D) to the problem (2.27) with A, on D¢, such that u; ; < wupj < u,((z). By iterating this
procedure, we obtain an increasing sequence (u, x)necn of solutions to problems (2.27)
for different n € N. Moreover, the sequence (i, x)necn is dominated by the function ug

associated with the linear problem

O(—A)ud(x) = fi(x) inD
ug = A in D¢

WDug =0 on dD.
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Hence, the pointwise limit limy, co 1, = 1y is well defined in D. We will now show that

uy is a weak dual solution to the problem

O(—Au(x) = flxux)+fi(x) inD
u = A in D¢ (2.28)
Wpu = 0 on dD.

Take any y € C°(D), y > 0. Then by Fatou’s lemma and the continuity of the function
f in the second variable, we get that

~ || £l () Gowx)dx < ~timsup [ f(x,1,4())Coy(x)d
D D

n—soo

= —limsup | u,x(x)y(x)dx+ /Dﬁ(x)GDw(x)dx

n—oo JD

+A&ﬂmw@w

=~ [ wlvdr+ [ f0Goywds+ [ Porwxa

where we used the monotone convergence theorem in the last line. The inequality above
implies that i, is a weak dual subsolution to (2.28). To show that u is also a supersolution
to the same problem, set D' = suppy CC D and build a sequence (D;);cn of sets with
Lipschitz boundaries such that D’ CC D; CC D and D; 1 D. Obviously, y € C°(Dy), and
both Gp,y T Gpy and Pp,A 1 PpA pointwise in D. Also, notice that ug = GDﬁ + PpA is

continuous, hence locally bounded. Furthermore, in D; we have

| (%, tn i (x)) |G, W (x) < Cp(x)Gp, p(x),

where C := maxyep, A(ud(y)) < e, and pGp,y € L' (D) since [, pGp, ¥ = [, WGp,p <

JpWGpp < . By using the dominated convergence theorem in the first equality and
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Lemma 2.3.3 in the second, we have

n—yoo
D

J 1) + Tl Gy W) = i [ 13t (0)) + 0] Gy W)
Dy

— lim / g ()W () lx — / Poy it 1 () W(x)dx — / Pp, A (X)W (x)dx

n—yoeo
D, D, D,

< lim / g ()W () dx — / Pp, A (x) W (x)dx

n—yoo
D

— [w@w@drt [ P wdx
D

D

Letting [ — o we obtain

[ tao) + 0IGow@dx < [u(ydr+ [ Poa(wds,
D D D
which proves that i is a supersolution, and therefore the solution to (2.28). Notice that

for u = 0 we have ﬁ = 0 so we have found a solution to the problem (2.10) under the
assumption (i).

Suppose that we have a function A with properties as in the assumption (ii) of this
theorem. With the Arzela-Ascoli theorem we will now find a suitable subsequence of
(ux )i that converges to a function u that is a solution to the problem (2.10). To this end

first notice that uy is given by
() = [ Gole ) F0nm)) +A0Vdy+ [ Polry)A(dy)

= [ Golx.y)f 0(3))dy + G filx) + PoA (). (2.29)

Since f is non-positive, uy < g = PpA + Mpu so we have the pointwise boundedness of
the family (i )x. Since GD]";< increases to the continuous function Mpu, by Dini’s theorem
the convergence is locally uniform so the usual 3€-argument gives equicontinuity of the
family (Gpﬁ) x atevery point x € D. Also, PpA is continuous in D so it remains to analyse

the first term. We have
] [ G310y = [ Gole,) fm(3))dy
D D
< / 1Gp(x,y) — Gp(2.9)|p () Al (v))dy
D

< / |Gp(x,y) — Gp(z,y)|lp(y)Alg(y))dy.
D
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Equicontinuity of the first term in (2.29) now follows from Lemma 2.2.2. Now by Arzela-
Ascoli theorem we extract a subsequence (u,); which converges pointwise to a continu-
ous function u. Without loss of generality, assume that u; — u. It remains to prove that u

is a weak solution to (2.10), i.e., for every y € C°(D)

/D u(x) w(x)dx — /D £, u(x))Gpyr(x)dx + /D PoA(x)w(x)dx + /D Mpp () y(x)dx.
(2.30)

We know that u; satisfies

/ (X)W (x)dx = / £, up(x)) Gy (x)dx + / PoA(x) y(x)dx+ / G o (X)W (x)dx.
D D D D
(2.31)

Since u; — u pointwise and u; < g, by the dominated convergence theorem the left-hand
side of (2.31) converges to the left-hand side of (2.30). Furthermore, by the monotone
convergence theorem the last term of (2.31) converges to the last term of (2.30). To show

the convergence of the first term on the right-hand side, note that

|f (6, uk (%)) Gpw (x)] < c1p(x)A(g(x))Gpl(x).

Now the assumption (ii) implies boundedness in L' (D), so the convergence follows from
the dominated convergence theorem. Hence, u is a solution to the problem (2.10). Unique-

ness follows from Proposition 2.3.5. |

Remark 2.3.11. (i) Note that the condition pA(g)Gp1 € L!(D) from Theorem 2.3.10 is
weaker than the condition Gp(pA(2g)) € Co(D) from Corollary 2.3.8.

(ii)Recall that if D is regular then ¢ € ¢ if and only if Gp|g| € Co(D). Hence, if we
assume that D is regular in Theorem 2.3.6 then we can equivalently assume p € _# and
pA(h) € ¢ instead of Gpp € Cyp(D) and Gp(pA(h)) € Co(D), respectively. Obviously,

a similar argument applies to Corollary 2.3.8 and Theorem 2.3.10.
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2.4. AUXILIARY RESULTS IN BOUNDED C!!

OPEN SETS

2.4.1. The renewal function

We start this section by introducing a function which plays a prominent role in studying
the boundary behaviour in C!*! open sets.

Let Z = (Z;);>0 be a one-dimensional subordinate Brownian motion with the char-
acteristic exponent ¢(02), 8 € R. We can think of Z as one of the components of the
process X. Let M; := supy,<, Zs be the supremum process of Z and let L = (L;);>0 be
the local time of M; — Z; at zero. We refer the readers to [9, Chapter VI] for details. The
inverse local time L, ! := inf{s > 0: Ly >t} is called the ascending ladder time process
of Z. Define the ascending ladder height process H = (H;);>0 of Zby H; := M =2
if L, ! < oo and H; = oo otherwise. The renewal function of the process H is defined as

Vi) ;:/ P(H, <1)ds, 1€R.
0

Then V(1) =0forz <0,V (0) =0, V(o) =00, and V is strictly increasing. The importance
of the renewal function V lies in the fact that V|(07°°) is harmonic with respect to the killed
process 7(0=) This fact was for the first time used in [56] in order to obtain the precise
rate of decay of harmonic functions of d-dimensional subordinate Brownian motion.

In the case of the isotropic o-stable process, it holds that V() = t*/2. In general,
the function V is not known explicitly, but under the weak scaling condition (WSC) it is

known, see e.g. [56], that there is a constant C = C(Ry) > 1 such that
Clo™ ) V2<v)<co(™>)7 V%, 0<t<Ry. (2.32)

For more general results, covering also the case Ry = o, see [63, Theorem 4.4 and Remark
4.7].
Note that (2.32) and weak scaling (1.3) of ¢ imply that for all Ry > 1 there are con-

stants 0 < a; < ap depending on R; such that

i (2)6@%352(2)&, 0<s<i<R. (2.33)
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2.4.2. Estimates in C! open set

Recall that an open set D in R? (d >2)issaidtobea Ch! open set if there exist a localiza-
tion radius R > 0 and a constant A > 0 such that for every z € dD, there exista C LI func-
tion ¥ = y, : R¥~! — R satisfying y(0) =0, Vy/(0) = (0,...,0), || V| < A, |[Vy(x) —
Vy(z)| < Alx —z|, and an orthonormal coordinate system CS;: y = (v, ,Yq4_1,Yd) :=

(¥, yq) with origin at z such that

B(z,R)ND ={y = (y,ya) € B(O,R) inCS; :ya > y(y)}.

The pair (R, A) is called the characteristics of the C!:! open set D. We remark that in some
literature, the C!»! open set defined above is called a uniform C'-! open set since (R, A) is
universal for all z € dD.

From now until the end of this section let D be a bounded open C'! set. It is well
known that all boundary points of a C!:! open set are regular and accessible. Thus, dyD =
dD. Recall that 8p(x) denotes the distance of the point x € D to the boundary dD, while
8pe(z) denotes the distance of z € D° to dD.

Under the weak scaling condition (WSC) the following sharp two-sided estimates of
the Green function, Martin kernel and the Poisson kernel are known. The comparability
constant depends on the constants in (1.3) and the diameter of D. We give the estimates

in terms of the renewal function V:

- V(dp(x)) V(8 () \ V(x—y])?
GD(X,_)/) = <1/\m> (1/\V<‘x—y|)> |_x—y|d 5 X,yED, (234)
Mp(x,z) = % , x€D,zedD, (2.35)
Pp(x,z) = V(9p(x)) xeD,zeD". (2.36)

V(8pe(2))(1+V (8pe(2))) [x — 27
For (2.34) see [30, Theorem 7.3(iv)], (2.35) follows immediately from (1.59) and (2.34),
while (2.36) is proved in [46, Theorem 1.3]. We will also need sharp two-sided estimates

of the killing function

Kp(x) := /ch(|y—x|)dy, x€D. (2.37)

It holds that
kp(x) <V (Sp(x))2, xeD. (2.38)

78



Semilinear problem for ¢ (—A) Auxiliary results in bounded C'-' open sets

The upper bound is straightforward and valid in any open set D, while the lower bound

holds in open sets satisfying the outer cone condition, see e.g. [58, proof of Lemma 5.7].

2.4.3. Green and Poisson potentials

In this subsection we state two results which should be of independent interest. The first
one gives sharp two-sided estimates of the Green potential of the function x — U (Jp(x))
for a function U : (0,00) — [0, 0) satisfying certain assumptions. The estimates are given
in terms of the function U and the renewal function V. A similar result was shown in [4,
Theorem 3.4]. Since our proof is modelled after and is very similar to the one in [4], we
defer the proof to Appendix. The second result is a sort of a counterpart of the first one
and gives sharp two sided estimates of the Poisson potential of the function z — U (8pe(z))
for a function U : (0,00) — [0,00). The proof of this second result is simpler and will be
also given in Appendix.

To be more precise, let U : (0,00) — [0,00) be a function satisfying the following

conditions:
(U1) Integrability condition: It holds that

/01 Ut)V(t)dt < oo (2.39)

(U2) Almost non-increasing condition: There exists C > 0 such that

U(t) <CU(s), 0<s<t<I; (2.40)

(U3) Reverse doubling condition: There exists C > 0 such that

U(t) <CU(2t), te(0,1); (2.41)

(U4) Boundedness away from zero: U is bounded from above on [c, ) for each ¢ > 0.

Note that if U(r) = 1B, B € R, satisfies (2.39), then it satisfies (U1)-(U4). In particular,
if the process X is isotropic a-stable, then (2.39) (hence (U1)-(U4)) is equivalent to —f3 +
o/2>—1.
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Proposition 2.4.1. Assume that a function U : (0,00) — [0, ) satisfies conditions (U1)-
(U4). Then

DX dp(x) diam(D)
G050 = LD [y vy vispi) [ VOV

dt.
Op(x) Op(x) t

(2.42)

Morover, if U is positive and bounded on every bounded subset of (0,c0), then
Gp(U(dp))(x) <V (dp(x))-

The asymptotic behaviour of Gp(U(Jp)) is given by the largest term that appears in
(2.42). In this generality, this is not easy to determine (but see [4, Theorem 3.4]). It will
follow from the proof that Gp(U(J0p)) < e if and only if (2.39) holds true. Clearly, if
f D — [0,00) is such that f(x) < U(dp(x)), then Gpf(x) is asymptotically equal to the
right-hand side of (2.42).

Proposition 2.4.2. Let g: D° — [0,0) be such that
2(y) = U(8pe(y)), y € D, (2.43)

holds for some function U : (0,e0) — [0,00). Assume that U is bounded on every compact

subset of (0,00) and satisfies

LU(r) = U(r)
A Wdt—f—/l V(t)ztdt<°o‘ (2.44)
Then
Ppg(x) =V (8p ))/diam(D) U0 4 vep (2.45)
PEREEE )y Ve T |
and
Ppg(x) < %()(Cx)))’ x€D. (2.46)

Remark 2.4.3. In the case of the fractional Laplacian and the power function U (1) =
B, condition (2.44) becomes —o < f <1 —« /2. Further, it is easy to see that for
—B < a/2, the integral in (2.45) is comparable to &p(x) " A~*/2, in the case B = —a/2 it
is comparable to log(1/8p(x)), while for —B > ¢¢/2 it is comparable to a constant. We

conclude that for g(y) = 8pe(y) P

8 (x) P, —a<pB<—a)
Pog(x) = 8p(x)*/*log(1/8p(x)), B=—-0a/2,
Sp(x)%/2, —a/2<B<1-a)/2.
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2.4.4. Boundary estimates of harmonic functions

Let ¢ denote the (d — 1)-dimensional Hausdorff measure on dD. It follows immediately

from (2.35) and the estimate

o(dz) 1
= , €D,
/aD\x—zw S’ "

that

Mpo(x) = aDMD()c,z)G(dz) = %(ix)))’

The following result appears as [17, Theorem 4.2] for the fractional Laplacian.

x€D. (2.47)

Proposition 2.4.4. Lethc L'(dD,c) and let u(d&) = h(&)o(d&). If his continuous at

z € dD, then
Mpu (x)
x—zxeD Mpo (x)

= h(z). (2.48)

Since the proof is essentially the same as the proof of [17, Theorem 4.2], we omit it.
Proposition 2.4.4 has the following two consequences. Assume that / is non-negative,
continuous in D, not identically equal to zero, and set u(d{) = h({)o(d{). Then since
both Mpu and Mpo are continuous and D is bounded, we first conclude that there exists
C = C(h) > 0 such that

Mpu(x) <CMpo(x), x€D.

Secondly, there exist z € dD, € > 0, and C = C(h) > 0 such that
Mpu(x) > CMpo(x), x€DNB(z,¢€).

Together with (2.47), these last two estimates imply that there is a constant C = C(h) > 1

such that
V(ép(x))
MD,LL(X) < CT()C), XGD, (249)
Mpu(x) > C_lm, x€DNB(z,¢€). (2.50)
Op(x)

2.4.5. Kato class revisited

In this subsection we give a sufficient condition for a function of the distance to the bound-

ary to be in the Kato class _¢ . First, note that by (1.22) and (2.37), we have that

supGpkp(x) < 1. (2.51)
xeD
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Recall from (2.38) that kp(x) =< V(8p(x))~2. The first part of the following result is an

analogue of [20, Lemma 1.26].

Lemma 2.4.5. Let f: (0,00) — [0,00) be bounded on (0,M] for every M > 0, and
lim; o f (1) /t = 0.

(a) Let D be a bounded open set, 4 > 0 a locally bounded function on D such that 7 — oo
at dD and

sup [ Gp(x,y)h(y)dy < ee. (2.52)
xeDJD

Then fohe ¢Z.
(b) Let D be a bounded C! open set. Then x +— £(V(8p(x))~2) is in the Kato class .
(c) Let D be a bounded C!*! open set and let U : (0,00) — [0, 0) satisfy condition (U4). If

lim U (s)V(s)* =0, (2.53)

s—0

then x — U(8p(x)) is in the Kato class 7.

Proof. (a) We will take advantage of the equivalence of (i) and (ii) of [69, Theorem 16.8].
Denote ¢ := sup,p, [, Gp(x,y)h(y)dy and let n > 0. There is fo > 0 such that f(¢)/r < 1
for every 1 > fy. Also, since h — oo at dD there is F CC D such that & >ty on D\ F and
since h is locally bounded we have M := supy h < co. Hence

sup | G (x,)f (h(y))dy < sup | G (,)f (h(y))dy sup Gp(x,y)f(h(y))dy

< (supomf) SugEx[TD] +1 < oo,
xXe

i.e. we have property (a) of (ii) in [69, Theorem 16.8]. Note that 1 € _# since D is
bounded so there is wy € LY (D) and § > 0 such that for all B C D with [wy < § we

have sup,.p [z Gp(x,y)dy < . Hence, for all such B it holds that

_n_
sup (o, f

sup [ Gp(x,y)f(h(y))dy <sup [ Gp(x,y)f(h(y))dy+sup [ Gp(x,y)f(h(y))dy
xEDB xeDBﬁF xGDB\F

< (sup(o,mf) sup Gp(x,y)dy | +1 <2n.
xXe
B

Since 1 was arbitrary we have () of (ii) in [69, Theorem 16.8.],i.e. fohe 7.
(b) This follows immediately from (a) by using (2.51) and (2.38).
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(c) Define f(t) := U(V~1(r=1/2)) so that f(V(t)~2) = U(t). By the assumption on U,
the function f is locally bounded. Moreover, by using the substitution # = V(s)~2 and the

assumption (2.53), we get

Cf V) B
fim = = Hm Sy s = EmU (¥ (9)* =0.

The claim now follows from (b). |

2.4.6. Generalized normal derivative, modified Martin kernel and equiva-

lent formulation of the weak dual solution

We now invoke the powerful recent result from [47] on boundary regularity of the solution
to the equation
O(-Au(x) = y(x) inD
u = 0 in D¢
where y is a bounded continuous function on D. It is proved in [47, Theorem 1.2] (see
also [47, Theorem 3.10]), that u = GpV is the (viscosity) solution to the above equation,

u/V(ép) € CY(D), and

u
< |||,
HV(5D) crp) ¥

for some constants ¥ > 0 and C > 0 depending only on d, D and ¢. Here CY(D) is the

space of y-Holder continuous functions on D with the corresponding Holder norm. It
follows that u/V (8p) can be continuously extended to D. In particular, for any bounded
and continuous function y : D — R and for every z € dD, there exists a finite limit

d . Gpy(y)
W(GDW) (z) = y_}g;lel)m- (2.54)

We can think of d(Gpy)/dV as the generalized normal derivative of the function Gpy —
instead of the distance function dp we use V(Jp).
If y is non-negative and has compact support, then Gpy is regular harmonic in D \

supp(y). By [54, Theorem 1.1], for any x € D, there exists a finite limit
Gpy(y)

y—zyeD Gp(x,y)

Combining with (2.54), we see that for every x € D and every z € dD, there exists

G
Kp(x,z) := lim p(x.y)

— 2.
A Y (6p0) (2.55)
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We call Kp(x,z) the modified Martin kernel, because given xo € D, we have that

Gp(x,y)
Kp(x,z) lim (D ) — lim Gp(x,y)

op(y
Kp (xo, Z) y—z,y€D GED(X?O)’% y—=zGp (X(),y)

= Mp(x,z). (2.56)

Lemma 2.4.6. Let D be a bounded open set and let ¥ : D — R be a bounded function

with compact support and set u = Gpy. Then

7) = /D Kp(y,2)y(y)dy.

Proof. Let 2¢€ = dist(supp(y),dD), z € dD, and x € D such that |x —z| < €. By using
(2.34), we get that for y € supp(y),

Go(xy) _ V(x—y|) _ V(diam(D))
V(op() =Tyl = el

Thus we can use the bounded convergence theorem to conclude from (2.55) that

d . Gpy(x) / /
dv M(Z) xﬂg)lcleD V(SD (x x%z xED V dy D b (y7 Z) ll/(y) dy

Recall the weak dual formulation (2.11) of the semilinear problem (2.10). We will
now rewrite the last two integrals in (2.11) in the case when D is a C"! bounded domain.

Let y € C°(D) and set ¢ = Gpy. First, by using (1.25) we see that

/Dc/ Pp(x,2)w(x)dxA(dz) = /C¢(_A)§0(Z)l(dz).

Further, for i € .# (D), let [1(dz) := Kp(x0,z) "' (dz). By Lemma 2.4.6 and (2.56)

| [ moeaydruin = [ [ Koleoyodsilds) = aD%wz)ﬁwz).

Since ¥ = ¢(—A)@, we see that the function u is a weak dual solution to the problem

(2.10) if and only if

[ o=@ dr= [ rwuw)owdi— [ o(-Alp@aw+ [ o@(s).

D

This formulation of a solution to the problem (2.10) (in bounded C L1 open sets) can be

found in [1] in the case of the fractional Laplacian.
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2.4.7. Another boundary operator

Following [1, Subsection 1.2] (see also [26, Eq. (2.2) and Appendix B]) we now introduce
another boundary operator. For a measure € .#(dD) set Kpu(x) := [5, Kp(x,z)u(dz),
x € D. Note that by Remark 2.4.7(i), Kp(xp,-) is continuous on dD. In the context of
the Proposition 2.4.4, let u(d&) := f(§)o(d{), u(df) := Kp(xo,{)u(d&) and v(d§) :=
Kp(xp,8)o(d). Then

Kpu(x) _ . Mpi(x)  Kp(xo,2)f(2)

= 1 =
Dax—z Kpo(x)  Dax—z MpV(x) Kp(x0,2)
Foru:D — R and z € 9D, let

= f(2). (2.57)

, u(x)
E = 1
DM(Z) Dal)lggz KDG(X) ’

whenever the limit exists and is finite.
Remark 2.4.7. We will need the following elementary calculations several times below.

(i) Let u : D — R be a function and assume that for every z € dD there exists a finite limit

u(z) = lim u(x). (2.58)

D>x—z

Then, by applying the usual 2e-argument, it follows that u : dD — R is continuous.

(ii) Assume further that D is bounded and u(z) = O for all z € dD. Then convergence in
(2.58) is uniform in the sense that for every € > 0 there exists a compact set F C D such
that |u(x)| < € for allx € D\ F. Indeed, due to compactness of dD we easily find a finite
cover V :=U" | B(z;,ri), zi € 9D, of dD such that [u| <eonDNV.

Proposition 2.4.8. Let u: D — R. If Epu(z) exists for every z € dD, then Wpu exists
and

Wpu(dz) = Epu(z)Kp(xo,z)0(dz).

Proof. Assume that Epu(z) exists for every z € dD. By Remark 2.4.7(i), Epu is continu-
ous on dD. Let v(dz) = Kp(x0,z)0(dz), i(dz) = Epu(z)v(dz) and

v(x) :=Mpu(x) = /aDMD(x,z)EDu(z)v(dz) = /aDKD(x,z)EDu(Z)G(dz).
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By (2.57), for every z € dD,

v(x)

1
x—z,x€D Kpo (x)

= Epu(z),

hence Epv = Epu, so that limy_,; «cp(u(x) —v(x))/Kpo(x) = 0 for every z € dD. By
Remark 2.4.7(i1), this implies that for every € > 0 there exists a compact set ' C D, such

that

% <eg, forallxeD\F.
Since Kpo is a non-negative harmonic function, the same proof as [20, Lemma 1.16]
gives that Wp(u —v) = 0. Notice that the set of functions on D for which Wp, is defined
is a vector space and Wp is linear on that space. We conclude that Wpu exists and Wpu =

WDV+WD(M—V) :WDVZWD(MD[.L) = u by (1.79). [ |
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2.5. THE SEMILINEAR PROBLEM IN BOUNDED

C!'! OPEN SET

2.5.1. Corollary 2.3.8 revisited

Recall that in Corollary 2.3.8 we assumed that the function f: D x R — R satisfies
(F) with A non-decreasing and that Gpp € Co(D) and Gp(pA(2g)) € Co(D), where
g = Pp|A| + Mpl|u|. We give sufficient conditions for these assumptions in case of a
bounded C"'! open set. We will additionally assume that p (x) = W (Sp(x)) for a function
W : (0,0) — [0,00) and that A satisfies the following doubling condition: There exists
C > 1 such that

AQ21) < CA(t), t>0. (2.59)

This implies that for all ¢; > 1 there exists ¢; = ¢2(C, ¢1) such that
Alcrt) < eaA(t), t>0,
which can be rewritten as follows: For every ¢ € (0, 1), there exists ¢, > 0 such that
A1) > BHA(1), t>0. (2.60)
Secondly, assume that

_ V(ép(x))
gx) < T(x)v

By (2.46) and (2.49), this will be the case provided pt(dz) = h(z)o(dz) for a continuous

x€eD.

function & : 9D — R, and A(dy) = g(y)dy with |g(y)| < U(8pe(y)) where U is non-

negative, bounded on compact subsets of (0,0) and satisfies (2.44). Then we have

p(IA2E)(x) < W (3p(x))A (%) . xeD,

for some ¢ > 0. By using Lemma 2.4.5(c), we see that Gp(pA(2g)) € Co(D) if

lim W (r)A (M) V() =0,

t—0 t
while Gpp € Co(D) if lim, oW (t)V(¢)> = 0.
In the case of the fractional Laplacian, W (¢) =¢~P and A(r) = ¢?, these two conditions

become B+ p(1 — 0 /2) < a.
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2.5.2. Theorem 2.3.10 in bounded C! open set

In this subsection we revisit Theorem 2.3.10(ii) in case of a bounded C!! open set D.
Recall that the assumptions of that theorem were that f : D X R — (—o0,0] satisfies (F)
with Gpp € Cy(D), f(x,0) = 0 and the function A is non-decreasing. As in the previous
subsection, we will additionally assume that p (x) = W (9p(x)) for a function W : (0,00) —

[0,00) and that A satisfies the doubling condition (2.59).

Proposition 2.5.1. Let D C R¢ be a bounded C'-! open set. Let f: D x R — (—o0,0] be
a function that satisfies (F) with p(x) = W(8p(x)), where W : (0,00) — [0, 0) is bounded
away from zero, and such that A is a non-decreasing function satisfying the doubling

condition (2.59). Assume that

limW 1)V (1)> =0. (2.61)

t—0
Let A(dy) = U(8pe(y))dy where U : (0,00) — [0,00) is bounded on every compact sub-
set of (0,00) and satisfies (2.44), and let u(dz) = h(z)o(dz) where h: dD — [0,00) is

continuous and not identically equal to zero. If for some 1 > 0

/OnW(t)V(t)A(@> dt < oo, (2.62)

then the semilinear problem (2.10) has a non-negative weak dual solution u € L'(D) N

c(D).

Proof. We first note that the assumption (2.61) implies by Lemma 2.4.5(c) that p =
W(ép) € 7, and thus by Subsection 2.2, p € Cy(D). Hence, in order to see that the semi-
linear problem (2.10) has a non-negative solution it suffices to check that pA(g)Gpl €
L' (D) where g = PpA + Mpp. By (2.46) and (2.49) there exists a constant ¢; > 0 such

that
V(ép(x))

Solx) xeD.

g(x) <c

Together with (2.59) this implies that
V(5D(X))) (V(5D(X))>
A <A ( SOV ) <A 222 ), xeD,
) <A(e i) <on (L)
for some c¢p > 0. Therefore, there is ¢3 > 0 such that

PIAE)Go100) < il @A (V225 ) v Go), weD. i

88



Semilinear problem for ¢ (—A) The semilinear problem in bounded C'' open set

By using boundedness of W (dp)A (%‘ZD)) V(8p) inside D and the co-area formula near

the boundary of D with the assumption (2.62) we see that

/ Ww(s ( ESiD(<)>)> V (8p(x))dx < oo.
Now it follows from (2.63) that pA(g)Gpl € L' (D). u

Remark 2.5.2. (a) Proposition 2.5.1 allows a partial converse. Assume that f(x,7) =
—W (8p(x))A(|t]) where A : (0,00) — (0,00) is a non-decreasing and unbounded function

satisfying (2.59) Assume further that there exists 179 > 0 such that for all 1 € (0, o]l

/O "WV (oA (@) dt = oo, (2.64)

Let u(dg) = h({)o(d&) with non-negative continuous i, & # 0. Then the semilinear
problem (2.10) does not have a non-negative weak dual solution u € L!(D) such that
Epu is well defined. To show this, suppose that there exists a non-negative u that solves
(2.10). Then u(x) = Gpfu(x) + PpA(x) +Mpu(x) a.e. Since by assumption, Epu exists,
by Proposition 4.8 Wpu also exists and Wpu(d{) = Epu({)Kp(xo,{)o(dl). On the other
hand, since u = Gp f,, + PpA +MpuL, we have by (2.15) that Wpu = Wp(Mpu) = w. Since
u(dg) = h(g)o(dg), we get

Epu({) = )

KD(x07 C)
Choose z € dD such that Epu(z) = h(z)/Kp(xo,z) > 0. Since

: u(x)
Epu(z) = lim ———
DM(Z) x%g)IClGD KDG<)C) ’

c(df)—ae.

there exists € > 0 such that

1 h(z)

1
u(x) > S Epu(2)Kpo (x) = 2 Ko (x0,2)

Kpo(x) = c1Kpo(x), for all x € DN B(z,¢),

where ¢; = ¢(z,h) > 0. By using (2.34) and (2.55) to get the same estimate of Kp(x,z)

as the one of Mp(x,z) in (2.35), we see in the same way as for (2.47) that

V(dp(x))
6D(x) ’

This implies that there exists ¢ = ¢(z,h) > 0 such that

02V

KDG(X) = x€eD.

for all x € DN B(z,¢€).
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Therefore, by using (2.60) this implies that for some ¢3 > 0

V(5D(Y))> > eiA <V(5D()’))

——F—=, forallye DNB(z€).
500) o)) y€DNB(.e)

Choose x € D so that 6p(x) < |x—y| < 1 whenever y € DNB(z,€). By (2.34), there exists
>

Aw) = A (e
c4 > 0 such that Gp(x,y) > ¢4V (0p(y)). Hence,

V(B0 W(En0)A (52 )

By use of the co-area formula it follows that the last integral is equal to some constant

/OeV(t)W(t)A (@) dr.

By (2.64) it follows that Gp f,,(x) = —eo for points x in some open subset of D. This is a

Gpfulx) = /D Gp(x,y)f(y,u(y))dy < —c3cq /D

NB(z,€)

multiplied by

contradiction with Gp f;, > —oo a.e. which follows from u > 0, PpA < o and Mpu < oo.
(b) Note that the power function A(7) = ¢” is increasing and satisfies the doubling
condition (2.59). Assume that W (¢) = P and the underlying process is an isotropic o(-
stable process (so that V () = t%/2). Then (2.61) reads B < a, while the integral criterion
(2.62) is equivalent to B+ p(1 —a/2) < 1+ /2. In case f(x,1) = —tP, we see that
the problem (2.10) has a non-negative solution u if p < (2+ a)/(2 — @), while in case
p> (24 a)/(2 — o) a non-negative solution u such that Epu is well defined does not

exist.

2.5.3. Extending Corollary 2.3.8 to a wider class of non-negative nonlin-

earities

Our next goal is to extend the results of Corollary 2.3.8 for non-negative nonlinearities
f. Unlike Theorem 2.3.10, this approach relies heavily on the estimates of Green and

Poisson potentials in bounded C!>! domains.

Theorem 2.5.3. Let f: D xR — [0,00) be a function, non-decreasing in the second
variable, satisfying (F), with p = W(8p) for some function W : (0,00) — [0,), A non-
decreasing and satisfying the doubling condition (2.59). Let A € .# (D) be a non-

negative measure which is absolutely continuous with respect to the Lebesgue measure
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with density U(8pc), where U : (0,00) — [0,00) is a function bounded on compact sub-
sets of (0,0) satisfying (2.44). Let h: dD — [0,00) be a continuous function and let
1(d&) =h()o(df) be a measure on dD. Suppose that one of the following conditions
hold:

(i) the functionz — W (¢)A (@), t > 0, satisfies the conditions (U1)-(U4);

(ii) h =0 and the function WA(U) satisfies the conditions (U1)-(U4). Morover assume

that
diam(D) [ () - U(s)
/0 OCnRERInL (2.65)
s ~ sU(s)
/O WOVONDO) S5,
_ N 2.66
am(0) W)V (AD() | U(s) -
/s t ~V(s)
where the constants do not depend on 0 < s < dh%(m.

Then there exists a constant m; > 0 such that for every m € [0,m;] the semilinear problem

—Lu(x) = mf(x,u(x)) inD
u = A in D° (2.67)
Wpu = U on dD

has a non-negative weak dual solution u € L' (D).

Proof. First we prove the theorem under assumption (i). Since f is non-negative, the
function ug = PpA + Mpu is a subsolution to (2.67). Recall from (2.46) and (2.49) that

there exists a constant ¢; > 0 such that

up(x) < Cl%()(cx)))’ xe€D.

Next we construct a supersolution % for (2.67) of the form

() = e o),

p(x)

i.e. find a constant ¢, > ¢; such that

u(x) > mGp f(x) +uo(x), x € D, (2.68)
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for m small enough. To be exact, we show that for every ¢, > c| there exists m; > 0 such
that (2.68) holds for every m € [0,m]. Fix ¢; > ¢;. First note that by (F) and the doubling
property (2.59) for A we have

V(dp(x)) V(dp(x)) V(dp(x))
50 (x) )SW(‘SD(X))A(CZ 50 (x) )SQW(SD("))A( Sn(x) )

for some constant c¢3 > 0. Now by Proposition 2.4.1 there exists ¢4 > 0 such that

V(ép) V(ép(x))
5 ﬂ () S e o5

f (J@ 2

Gpfa(x) < c3Gp [W((SD)A(

By choosing m; = 626;4‘1 we get that for every m < m;

mGp fu(x) +uo(x) < (mca+cy) V(S(ZD(S)C)) = mctj ° u(x) <u(x).

Now we can apply the classical iteration scheme in the following way: For k € N let uy

be the weak L' solution to the linear problem

O(—A)ug(x) = mf(x,up—1(x)) in D
we = A in D°

Wpu, = U on dD.

The constructed sequence (i), is non-decreasing and dominated by u. To see this,

take x € D. Since f is non-negative, we have that
ui (x) —up(x) = mGp fu,(x) > 0.
Furthermore, since f is non-decreasing in the second variable and uy < u, we have that
u1(x) = mGp fu, (x) + uo(x) < mGp fu(x) +uo(x) < u(x).

Assume now that u;_(x) < ux(x) < #(x) for some k € N. This implies that f,, ,(x) <
fuk(x) S fﬁ(x)’ SO

1 () — 1 (x) = MG fu, (¥) — mGp f_, (x) > 0

and
up+1(x) =mGp fy, (x) +ug(x) < mGp fa(x) +uo(x) < u(x).

The claim now follows by induction.
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Therefore, we can define a pointwise limit u := limy_.., #; which, by the monotone

convergence theorem and the continuity of f in the second variable, satisfies

() = lim [ £0,(1)Gox.y)dy+ o (x)

—/ hmf Y, ur(y))Gp(x,y)dy + up(x)

Dk
_/fy, ))Gp(x,y)dy + up(x),

i.e. uis a weak L! solution to (2.67).

Next, consider the proof of the theorem under the assumptions (if). Note that we only
need to find a supersolution # > uy = PpA satisfying (2.68). The rest of the proof then
follows from the proof of (i). Note first that (2.45) and (2.65) imply that there exists a
constant ¢5 > 0 such that

uo(x) < esU(8p(x)), x € D.

Therefore, in this case we fix a constant cg > ¢5 and show that the function u of the form
u(x) = c6U(6p(x)),

is indeed a supersolution to (2.67) for m small enough. As in the previous case, by (F)

and the doubling property for A

£ (x,¢6U(8p(x))) < W (8p(x))A (U (8p(x))) < W (8p(x))A (U (8p(x)))

for some constant ¢; > 0. Now by Proposition 2.4.1 and (2.66) it follows that

Gp falx) < c7Gp |W (8p)A (U(8p(x))) | (x) < esU (8p(x)).
By choosing m; = % we get that for every m < m;

mGp f(x) +uo(x) < (meg +c5)U (8p(x)) =

Assume that functions W and A satisfy (2.62), W satisfies conditions (U2)-(U4), and

A is non-decreasing and satisfies the doubling condition (2.59). Then the function U (¢) =
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W(t)A (@) satisfies conditions (U1)-(U4). Indeed, since W is almost non-increasing

and A is non-decreasing it follows that

W(t)A(m) . A( ()) (223)/\( ()) 239

t

WOA(E) TAE) T ACE)

N N N

I, s<t<I1.

Furthermore, since W satisfies the reverse doubling condition (2.41) and A is non-decreasing,

we have that

<+> A(YE) e A(YE) e
( ) (()> A(5Y) . A(a25-1Y1) S 1L te(0).

Finally, note that U is bounded away from zero, since both W and ¢ — ( ) satisfy (U4)
and A is non-decreasing. Similarly, note that the function U = WA(U ) satisfies conditions

(U2)-(U4) if we additionally assume that U satisfies (U2)-(U4).

Remark 2.5.4. (i) Consider the isotropic a-stable case and take A(f) = ¢’ and W (¢) =
=P for some p > 0 and B; > 0, as in Remark 2.5.2. The function U(t) = W ()A (@)

satisfies conditions (U1)-(U4) if and only if B; + p(1 — /2) < 14+ a /2. Hence, if
f(x,t) = tP, then Theorem 2.5.3 holds for p < 372

(i1) When U (1) = 17P2, the function WA([7 ) satisfies conditions (U1)-(U4) if and only if
B1+ pB2 < 14 /2. The condition (2.65) is satisfied for B < 1 —a /2. When f; = 0 the
conditions in (2.66) are satisfied when B(p — 1) < a. Since B, < 1 — ¢/2 we have that

l% +1< 1+ﬁa/ 2 50 Theorem 2.5.3 states that the solution exists for p< ﬁ + 1.
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3. SEMILINEAR PROBLEM FOR q)(— A] D)

Let D C R?, d > 2, be a bounded C!:! domain, f:D xR — R afunction, and ¢ a signed
measure on dD. In this chapter we study the semilinear problem

O(—Alpu(x) = f(xu(x)) inD

3.1
= ¢ on dD, G-D

_u
Pgo
where ¢ : (0,00) — (0,0) is a complete Bernstein function without drift satisfying the
weak scaling condition at infinity - (WSC). The boundary condition will be described

below whereas the operator ¢(— Al,) can be written in its spectral form as well as a

principal value integral:
O(—Alp)u(x) = Z OAj)ujp; = P.V./D(u(x) —u(y))Ip(x,y)dy+ k(x)u(x), xe€D.
j=1

Here (4;,;)jen are eigenpairs of the Dirichlet Laplacian in D, and the singular ker-
nel Jp as well as the function k are completely determined by the function ¢. This said,
¢(— Alp) is a non-local operator of elliptic type which in case ¢ (1) = 1%/2, a € (0,2), is
the spectral fractional Laplacian (—A, p)%*/2. The operator —¢(— A|},)) can be also viewed
as the infinitesimal generator of the subordinate killed Brownian motion, where the sub-
ordinator has ¢ as its Laplace exponent.

The notion of the boundary condition is a bit abstract but, at this point, let us say that
it can be understood as a limit at the boundary of u/ ch in the pointwise sense, or in the
weak sense of (3.77), depending on the smoothness of the boundary datum, where Pg ois
a reference function defined as the Poisson potential of the d — 1 dimensional Hausdorff
measure on dD.

Motivated by the recent article [3], see also the preprint [4], we consider solutions of
(3.1) in the weak dual sense, see Definition 3.4.1, and we prove that the solutions have a

special form of a sum of the Green and the Poisson potential, see Theorem 3.3.3.
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In the past there have been just a few articles discussing the semilinear Dirichlet prob-
lem for the spectral fractional Laplacian, see [3, 36]. To the best of our knowledge the
work in this thesis is the first one to study semilinear problems for spectral-type operators
more general then the spectral fractional Laplacian.

In this setting a typical difference between local and non-local setting is experienced,
1.e. even solutions of the linear Dirichlet problem can explode at the boundary whereas in
the local setting this does not happen. To be more precise, there exists a harmonic function
with respect to ¢ (— A|,) which explodes at the boundary, e.g. the reference function Pg c
is such one for which we prove the explosion rate, see (3.61).

The main goal of this chapter is to generalize results from [3] where the semilinear
problem was studied for the spectral fractional Laplacian, and to generalize results from
Chapter 2 to a slightly different type of a non-local operator in the special case of C!!
bounded domain. To achieve this goal, we intensively use the potential-theoretic and
analytic properties of the killed Brownian motion subordinated by a subordinator with the
Laplace exponent ¢, the process that gives —¢ (— A|) as its infinitesimal generator. Some
of these properties are well known for a long time and belong to the general potential
theory. However, some properties are pretty recently proved such as the sharp bounds
for the potential kernel and the jumping kernel, the (boundary) Harnack principle, etc.,
see [58, 60].

Let us now describe the central results of this chapter which are given in Section 3.4.

For the nonlinearity f in (3.1) in our results we assume that

(F). f:D xR — Riscontinuous in the second variable, and there exist a locally bounded

function p : D — [0, ] and a non-decreasing function A : [0,0) — [0,0) such that | f(x,#)| <

p(x)A(Jt]),xe D, t € R.

First in Proposition 3.4.4 we prove Kato’s inequality for ¢(— Al,,) using which we de-
velop a method of sub- and supersolution for ¢(— A|,) in Theorem 3.4.9. This theorem
directly generalizes [3, Theorem 32] to our setting of more general non-local operators
and also extends Theorem 2.3.6 to slightly different non-local operators. In Theorem
3.4.10 we prove existence of a solution when the nonlinearity f is non-positive and when
the boundary measure { is non-negative. This theorem comes as a generalization of [3,

Theorem 8] to our setting of more general non-local operators. Moreover, we consider
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a more general boundary condition which can also be a measure, whereas in [3, Theo-
rem 8] only continuous functions where considered. The nonlinearity in our theorem is
also slightly more general then the one in [3, Theorem 8]. A similar result in a different
non-local setting can be found in Theorem 2.3.10. By the method of monotone iterations,
in Theorem 3.4.14 we find a solution to the semilinear problem when both f and { are
non-negative. Finally, for a signed f and a signed {, in Theorem 3.4.16 we find a solution
by the technique used in [20, Theorem 2.4]. After each theorem, we give a comment on
the existence (and non-existence) of a solution in the spectral fractional Laplacian case
for the power-like nonlinearity f, see Remarks 3.4.13, 3.4.15 and 3.4.17.

Let us now give a short summary of the rest of the chapter. In Section 3.1 we introduce
assumptions on ¢ and recall the known results on the Green kernel. We connect the op-
erator ¢ (— Al) to the subordinate killed Brownian motion as its infinitesimal generator,
give a pointwise characterization of ¢(— A|,), and study regularity of the Green poten-
tials. The last part of the section deals with Poisson potentials and harmonic functions.
In Proposition 3.1.19 we prove existence of the Poisson kernel as a normal derivative of
the Green function and in Theorem 3.1.22 we prove an integral representation formula
for non-negative harmonic functions for ¢ (— A,,). We finish the section by proving that
harmonic functions are continuous, and by Theorem 3.1.26 in which we show that non-
negative harmonic functions are those which satisfy the mean-value property with respect
to the subordinate killed Brownian motion.

Section 3.2 deals with a boundary behaviour of potential integrals. Here we emphasize
Theorem 3.2.6 which gives the boundary behaviour of the Green potentials. This theorem
generalizes [36, Proposition 7] to our setting of more general non-local operators and
more general functions. Furthermore, this theorem with Proposition 3.2.4 shows that in
some cases the boundary condition (3.1) can be understood as a limit at the boundary in
the pointwise sense. Finally, the section also contains Proposition 3.2.5 and Proposition
3.2.7 which show that the boundary condition in (3.1) can be viewed as a limit at the
boundary in the weak sense.

Section 3.3 contains the basic properties of the linear Dirichlet problem where we
prove that every weak solution to the Dirichlet problem is a sum of the Green and the

Poisson potential, see Theorem 3.3.3.
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Section 3.4 contains already described main results.

Lastly, in connection to this chapter, we refer to the following results in the Appendix.
Firstly, we provide a proof of a Green function sharp estimate in our setting, see Lemma
4.3.1, modelled after [58, Theorem 3.1]. We also give a technical proof of Theorem 3.2.6
modelled after the proof of [4, Theorem 3.4], as well as prove Lemma 4.2.4, which is
an additional and a bit lengthy calculation providing an interpretation of the boundary
condition. In the final part of the Appendix we prove that the heat kernel of the killed
Brownian motion upon exiting a C"%* domain is differentiable up to the boundary - a fact

that appears to be known but for which we could not find an exact reference.

3.1. PRELIMINARIES

The setting of this chapter is slightly different from the one from Chapters 1 and 2. Here
instead of the killed subordinate process we look at the subordinate killed process, i.e. we
change the order of the subordination and the killing. These two processes are different
which will be easily seen in this preliminary section.

Recall that by (W;),>0 we denoted the Brownian motion in R4, d > 2, with the charac-
teristic exponent & > |£|2, & € RY. Let D be a non-empty open set, and Tp := inf{t > 0
W; ¢ D} the first exit time from the set D. We define the killed process WP upon exiting
the set D by

WP — W, t<1p,
Jd, t>1p,
where 9 is an additional point added to R called the cemetery.

Recall that S was a subordinator independent of W with the Laplace exponent
A 0(A) = bA+ / w(dr). (3.2)

The process Y2 = ((Y,?),>0, (Py)xep) defined by Y, := (WP)g, is called the subordi-
nate killed Brownian motion. Here [P, denotes the probability under which the process Y

starts from x € D, and by E, we denote the corresponding expectation.
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3.1.1. Assumptions

The first assumption that we impose throughout the chapter concerns the set D. Although
some results will be valid for general open sets, we always assume that D is a bounded
! domain.

Again, same as in Chapters 1 and 2 we assume:

(WSC). The function ¢ is a complete Bernstein function, i.e. the Lévy measure u(dr)
has a completely monotone density (), and ¢ satisfies the following weak scaling con-

dition at infinity: There exist aj,a; > 0 and 01,5, € (0, 1) satisfying
a A0 (1) < o(At) <aA®¢(1), t>1,1>1. (3.3)

However, we do not assume that ('T) holds.

Allow us to give some comments on the assumptions above. Since we assume (WSC),
the function ¢*(1) := ﬁ is a complete Bernstein function, too, see [71, Proposition 7.1],
and @* is called the conjugate Bernstein function of ¢. We easily see that (3.3) also holds
for ¢* but with different constants a;, ay, and d; and &, thus (WSC) also holds for ¢*.
By v(dt) = v(t)dt we denote the Lévy measure of ¢*.

In what follows we discuss properties of ¢ and the same will hold for ¢* or, to be more

precise, for the counterparts of the function ¢*. Recall that for ¢, by (WSC), it holds that
A
9'(2) = # A>1, (3.4)

see the comments below (1.4). We will use (3.4) many times through the chapter. The
Lévy measure p(dr) is infinite, see [71, p. 160], and the density p(z) cannot decrease too

fast, i.e. there is ¢ = ¢(¢) > 1 such that
p(t) <cu(t+1), t>1,
see [56, Lemma 2.1]. Moreover, it holds that
¢'(t")

/,L(t)g(l—Ze_l)_lt—z, t>0, and u(r)>c

o( ")

12

L 0<t<M, (3.5)

for M > 0 and ¢ = c(¢,M) > 0, see [58, Eq. (2.13)] and [50, Proposition 3.3].
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The potential measure U of the subordinator S, defined by U(A) := [y P(S; € A)dt,
A € B(R), has a decreasing density u which satisfies [y u(r)dt < oo, see [71, Theorem
11.3]. In addition, it holds that

u(r) < (1 —26—1)—1%, t>0, and wu(r)> c%, 0<t<M, (3.6)

for M > 0 and ¢ = c(¢,M) > 0, see [58, Eq. (2.11)] and [50, Proposition 3.4]. The
potential density of ¢* will be denoted by v.

Recall also that for a general Bernstein function from (3.2) a version of a global scaling
condition holds
¢(A1)
(1)

In [58,60] important aspects of the potential theory of the process Y were developed

INA < <1VA, A>0,>0. (3.7

such as scale invariant Harnack principle and boundary Harnack principle. Our assump-
tion (WSC) implies (A1)-(A4) but not (A5) (that is, our assumption (T), which we do not
assume in this chapter) from [58, 60], so each time we use a result from [58,60] we will
explain how the assumption (AS5) (or in our notation (T)) can be avoided.

Again, in the chapter the case d = 1 is excluded since it would require somewhat

different potential theoretic methods.

3.1.2. Green function

With p(z,x,y) we denoted the transition density of the Brownian motion W, i.e.

2
p(t,x,y) = (47rt)_d/ze_%, x,yeRY 1> 0. (3.8)

Then the transition density of the killed Brownian motion WP is given by

pD(taxvy) :p(trxvy)_]Ex[p(t_TD7W‘Epvy)1{TD<t}]a x7y€Rd' (39)

It is well known that pp(t,-,-) is symmetric and it seems that it is known that pp(-,-,-) €
C'((0,00) x D x D) since Dis a C"! open domain. However, as we were unable to find an
exact reference for the regularity up to the boundary of the transition density, we prove it in

Appendix in Lemma 4.5.1. Furthermore, the following heat kernel estimate holds: There
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exist constants Tp,cy,cy > 0 (dependent on D) such that for all x,y € D and ¢ € (0,Tp] it
holds that

op(x)dp(y) 1 JX;};\Z op(x)0p(y) 1 _cabk?
[ ; /\1} cltd/ze 2 < pp(t,x,y) < { /\l} td/ze . (3.10)

Moreover, the right hand side inequality in (3.10) holds for every t > 0. For the proofs
see [78, Theorem 1.1] and [73, Theorem 3.1 & Theorem 3.8].

The semigroup (PP);>¢ of the process WP is given by

PPS() = [ polexy)f ()dy =B/ (Wit < o] = E[FWP)), f€L7(D), G.1D)

where f(d) = 0 for all Borel functions on D by convention. It is well known that the
semigroup (PP),>¢ is strongly Feller since D is C!'!, i.e. PP(L™) C Cy(D), and can be
uniquely extended to a L?(D) semigroup. For details see e.g. [33, Chapter 2].

The potential kernel of W2 (or the Green function of W?) is defined as

Gb(x,y)z/o po(t,x,y)dt, x,y € R

The kernel GL') is symmetric, non-negative, finite off the diagonal and jointly continuous
in the extended sense, see [33, Theorem 2.6], and it is the density of the mean occupation

time for W2, i.e. for f >0 we have

/DGb(x,y)f(y)dy =E, /wa(WtD)dl} , x€D.

The superscript 1 in G1, will obtain its meaning in Lemma 3.1.1 and it also allows us to
differentiate between Gp - the Green function in D of the subordinate Brownian motion,
and the Green function of WP,

By (QP); we denote the L?(D) transition semigroup of Y. It is well known that for

every t > 0 we have

oPf = /0 CPPFB(S, € ds), f e L2(D),

see [71, Proposition 13.1], hence Q,D admits the density

qD(t,x,y)Z/O pp(s,x,y) P(S; € ds).
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The semigroup (QP), is also strongly Feller since (PP); is, see [14, Proposition V.3.3].
The process Y has the potential kernel (i.e. the Green function of Y”) which is given by

[}

GO(x,y) = /O an(t.x,y)dt = /0 po(txyu()ds, xyeRL — (3.12)

The kernel Gg is symmetric, non-negative, and by the bound (3.10) finite off the diagonal.

Moreover, Gg is the density of the mean occupation time for Y7, i.e. for f > 0 we have
/DGE'S(x,y)f(y)dy =E. u) f(YtD)dt} , xeD.

The closed form of G,q_)) is not known, but in [58, Theorem 3.1] the sharp estimate was

obtained, i.e. we have

0 ey = ((E)O() :
Gy = (M) ety

x,y €D, (3.13)

where the constant of comparability depends only on d, D and ¢. We note that the usage
of the transience assumption (AS) from [58] in [58, Theorem 3.1] can be avoided, see
Lemma 4.3.1 in the Appendix for the details. Further, by using the upper bound of (3.10)
and the bounds (3.13), we can repeat the proof of [58, Proposition 3.3] to get that Gg is
infinite on the diagonal and jointly continuous in extended sense in D x D.

By the characterization of Bernstein functions the conjugate Bernstein function ¢*
generates a subordinator (7;);>0, see [71, Chapter 5]. From the previous subsection it
follows that (7;),>0 has a potential measure which also has the decreasing density which
we denote by V(dt) = v(t)dt, see [71, Theorem 11.3 & Corollary 11.8]. We define the

potential kernel generated by ¢* with
Gh () = [ poltxyeldr, xyeR?, (3.14)
0

Since ¢* satisfies (WSC), G(f; is also symmetric, finite off the diagonal, jointly continuous
in extended sense D x D and satisfies the sharp bound (3.13) where ¢ is replaced by ¢*.
Of course, the kernel GgF can be viewed as the potential kernel of the subordinate killed
Brownian motion ((W?)7,) 50"

The kernels Gll), Gg and Gg* are also connected by the following well-known factor-

ization.
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Lemma 3.1.1. For x,y € D it holds that

| Ghx.&)68 (£.3)dE = Ghlx.y). (3.15)

Proof. The claim follows from [71, Proposition 14.2(ii)] where we set y = §,. |

3.1.3. Operator ¢ (— Alp)

Let {¢;} jen be a Hilbert basis of L?(D) consisting of eigenfunctions of the Dirichlet
Laplacian —A|p, associated to the eigenvalues A;, j € N, i.e. ¢; € Hi(D)NC=(D)N
Ch! (D) and

—Alp @i =A;9;, inD, (3.16)

see [23, Theorem 9.31] and [40, Section 8.11]. Here (3.16) can be viewed in various
equivalent ways, e.g. as a distributional or a pointwise relation. Also, A|,, in (3.16) can

be viewed as the L?(D)-infinitesimal generator of the semigroup (PP);, i.e.

PPu—
Mlpu=Tlim === ue 2(Alp),
t

where Z(A|,) = H} (D) is the domain of the generator A, and the limit is taken with
respect to I? (D) norm. For the details, see [33, Chapter 2] and [23, Chapter 9]. Note that

since @; is an eigenfunction, we have

PP =eMig;, (3.17)

see [70, Lemma 7.10]. Further, since we assume that D is C!!, it is well known that

0< A <A <A3<...,and by the Weyl’s asymptotic law we have
A= M4 jeN. (3.18)

Also, we choose the basis {@;} jcn such that ¢; > 0 in D, see [23, Chapter 9]. Hence,

another very important sharp estimate for ¢; holds:
¢1(x) < op(x), x€D. (3.19)

The interior estimate is trivial since ¢; is smooth and positive. The boundary bound

follows from Hopf’s lemma, see e.g. [37, Hopf’s lemma in Section 6.4.2].
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Consider the Hilbert space
Hp(¢) = {V =Y vigje*(D): HVH%ID(@ =Y ¢’ < °°} :
j=1 j=0

The spectral operator ¢(— A|p,) : Hp(¢) — L?*(D) is defined as

— Alp)u Z A))d;@;, u€ Hp(9). (3.20)

Note that Hp(¢) < L?(D) and we will show in the next proposition that C*(D) C Hp(¢),
see (3.27). Now it is obvious that ¢(— A|,) is unbounded operator, densely defined in
L?(D) and has the bounded inverse [¢(— A| D)]_] : L*(D) — Hp(¢) given by

o= M) =¥ 53

uj<pj, u € L*(D). (3.21)

In the next proposition we prove that a potential relative to Gg is the inverse of

¢(— Alp). The proof is similar to [3, Lemma 9] but we give the complete proof for the

reader’s convenience since some elements of the proof will be important in what follows.

Proposition 3.1.2. Let f € L2(D). For a.e. x € D it holds that G (x,-) f(-) € L'(D) and
[0(— Alp)]~ / Go\(x,y)f (3.22)
Proof. First we prove (3.22) for f = ¢ > 0. Fubini’s theorem yields
[ Gbnmody = [“uo) [ polec)oidsr = [ e P ou(e)ar
1

)
(3.23)
= 5?0 =100 8p) " 919, forae.xeD,

where in the third equality we used (3.17) and in the last equality (3.21). By the el-
liptic regularity there exist constants C = C(d, D) and k = k(d) such that [|[V@;|;=(p) <
(C?Lj)k||(pj||Lz(D) = (CA;)X, see (4.43). Recall that ¢; € C1'!(D) and that ¢, vanishes on

the boundary so the mean value theorem implies

Since ¢; =< Jp, by the previous inequality, Fubini’s theorem, and the same calculations as

@

< (caj)k. (3.24)
Op

L=(D)

in (3.23), we have that (3.22) holds for every @;, j € N. By linearity the same is true for

the linear span of {¢; : j € N}.
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Let

/ GD x,y)f(y)dy, (3.25)

for f € L>(D) and x € D such that the integral exists. In what was proved, G f(x) is well
defined for every f € span{¢, : j € N} and a.e. x € D. Moreover, from G¢; = m(pj =

]
[0(—Alp)] ™! ¢, it follows that for f € span{¢; : j € N} we have

1G-S 1g) = /1220 (3.26)

Hence, the map f — G f uniquely extends to a linear isometry from L?(D) to Hp(¢) which
coincides with [¢(— A|,)] "', Further, a consequence of (3.23) is that Gg(x, ) e LY(D)

for a.e. x € D since by Fubini’s theorem

/D (/DG%@W)dy) 1 (x)dx

Next we prove that (3.22) holds a.e. in D for f =y =} Vip; € C(D). Take the

y)dy < oo

approximating sequence f, = }j_; V;p;, n €N, and note that Gf,, = [¢(— A|D)]_1 fu—
[@(— Al D)]_l f=Gfin L*(D) since f, — f in L?(D). Moreover, by integrating by parts

m € N times we get

7= [ vweiwdr="S0" [ Aryg

which implies

1AMy 1
Y| < A—mL(D) = C(m,y)—. (3.27)
j

Hence, by using (3.18), (3.24), and (3.27) for large enough m € N, it follows that f,

converges uniformly in D to f = y. This implies that Gf,, = [, G ( V) fa(y)dy —
hG ( y)f(y)dy a.e. in D since G(P( -) € L'(D) for a.e. x € D. Thus, by uniqueness of

the limit G.f = [p(— Alp)] ' f = [ GD(-7y)f(y)dy a.e. in D.
Take now f € L?(D), and let (f;,), C C°(D) which converges to f in L?(D). Hence,

Gfu=1[¢(— A|D)]_1 fa—10(— A|D)]_1 f =Gf in L*(D). On the other hand,

/D‘/DG}g(x,y)(fn(y)—f(y))dy o1 (x dx<—/ O o) — F)|dy

< ¢(7Ll) — flle2y) =
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which shows that Gg(-,y)f ) e L (D) a.e. in D and by taking the subsequence we get
Gfy = /D G () fa(y)dy = /D GO () f(r)dy ac.inD,

thus [ (= Alp)] ™' f = Jp GH(-y)f()dy ae. in D. .

In what follows, for the operator G from the proof of the previous lemma we will

write

Go f(x) /G¢xy y)dy =Gf(x), x€D. (3.28)

Remark 3.1.3. Proposition 3.1.2 implies that Gg (L*(D)) = Hp(¢) and that

0(— Alp)(Gof)=f, feL*D).

By the general theory of semigroups, this means that —¢(— A|,)) defined by (3.20) is
the infinitesimal generator of the semigroup (QP), and that Hy (D) is the domain of
—¢(— Alp), seee.g. [67,77]. In particular, H} (D) = Z(A|p) C Z(—¢(— Alp)) =Hy(D)
by [71, Theorem 13.6].

For sufficiently regular functions ¢(— A|,)u can be expressed pointwisely. At this
point we only consider u € C""!(D) N H} (D) but later on in Proposition 3.1.15 we will

prove the pointwise representation of ¢(— A|,) for u € C!(D)NHy (D).

Lemma 3.14. Letu € C"!(D)NH} (D). Then for a.e. x € D

6(~ Alp)u(x) = PV. / W (e, y)dy+ K()u(x), (3.29)
where

iote)i= [ poltxu@dn x@ = [ (1= [ polerdy) o
In particular, (3.29) holds for u € C*(D).

Remark 3.1.5. The function Jp is called the jumping density and the function x is called
the killing function of the process Y2. Obviously, Jp is non-negative and symmetric. It is
also finite off the diagonal and satisfies [}, (1A [x—y|?)Jp(x,y)dy < o since the following

estimate holds

8p(x)8p(y) /\1> ‘P(|X—y\*2>7 xyeD. (3.30)

lx—y|?

Ip(x,y) < (
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Here the constant of comparability depends only on d, D and ¢ and the proof of (3.30)
is essentially the same as the proof of (3.13). By applying comments given for the proof
of [58, Proposition 3.5] and using similar manipulations as in the proof of Lemma 4.3.1
to avoid using (AS) from [58], we easily obtain (3.30), so we skip the proof.

The killing function k is continuous and k € L!(D, 8p(x)dx). Indeed, since the semi-
group PP is strongly Feller, 1 — PP1(x) = P,(tp < t) is continuous in x. Further, for
€ > 0 such that &€ < 29p(x) it holds that Py(tp <t) < Px(tg(ce) < 1) = Po(Tp(0,1) <
%) < c1(e)(1 At), where the last inequality follows by e.g. [45, Theorem 1]. Now the
dominated convergence theorem yields the continuity of x. Finally, [, k(x);(x)dx =

¢ (A1) [, @1 (x)dx by (3.17), s0 (3.19) yields k € L (D, 8p(x)dx).

Proof of Lemma 3.1.4. 1t is known that for all u € H} (D) it holds that

0(~Alphu= [ (u=EPu)n(o)d (3.31)

see [71, Theorem 13.6], since Hé (D) C Hy(D) by Remark 3.1.3. The rest of the proof is
dedicated to showing that the right hand sides of (3.31) and (3.29) are equal.

Letu € C1(D)NHY (D) and x € D. First we show that the principal value integral in
(3.29) is well defined. Indeed, fix 8 > 0 such that § < (1 A dp(x)/4) and let € > 0 such

that € < 6. We have

/D\B(x,s) (u(x) N ”()’))Jp(x,y)dy

~ Ip\Blee) (u(x) = u(y) + Vu(x) - (v =) 1pr.5) () ) Ip (x, y)dy

Vu(x) - (y —x)Jp(x,y)d
/B(X,S)\B(x,e) M(X) (y ) D(x y) Y
—1—D.

By a C!! version of Taylor’s theorem we have

() = u(y) + Vu(x) - (y =) 50| < e1 (LA e =), (3.32)

where ¢; > 0 depends on & and [|u|c11(p(x,5,(x)/2))- Hence, the integral /; is finite and

converges as € — 0 by the dominated convergence theorem.
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For the second integral, by Fubini’s theorem and (3.9), we have
B [ VUGl )avito)
B v (v —x)Ex[p(t —7 Wep, 1 d t)dt
/0 / e ) O = VEp(E = 0, Way ) g < Jdy (1)
=J1— /.

The integral J; is zero for all € <  since the kernel p(z,x,y) is symmetric in y around

x, and since the region of integration is symmetric around x. For the integral J, note that

[Vu(x) - (y = x)| < 20, y € B(x,0), where c3 = c2(u) = maxp(y s,(x)/2) | V(x)],
depends on local properties of u around x. Also,

(4;;)—61/2 _ p?
Pt =% Wey Nl mpeny < (= sgme P Y S es(lA1), -y € B(x,0),

(3.33)
where ¢3 = ¢3(d, 0p(x)) > 0. Thus,

/ [Vu(x) - (y—x) | Ex[p(r — TDaWrD>)’)1{rD<z}]dY < C45d+1(1 At), t>0,
(x,0)\B(x,€)
(3.34)
where ¢4 = c4(d,D,u,dp(x)) > 0. In other words, we showed that
|12| S c66d+17

where ¢ = c¢(d,D,u, dp(x), ) > 0. Moreover, the bounds (3.33) and (3.34) imply that
the integral J, converges as € — 0 by the dominated convergence theorem. Hence, I,
converges as € — 0. Finally, this means that the principal value integral in (3.29) is well
defined.

Now we prove (3.29). For the fixed 6 > 0 from above, by using (3.31) we have

(= Mlpu(a) = [ (o) ~ )PP +u(x) P (x) — BPu(a) 1)

= [7 ([ )= u))poles iy ) (s + oyt

= [l [ () =)+ V) =51 0)) . 9)d ) )
- (;lgg) L, (V) (5 =) (e, .y)dy ) (et + ()

—tim [ (o) =)o)+ K(ut)
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where the change of the order of integration, as well as taking the limit outside the integral,

was justified by (3.32), (3.33) and (3.34). |

Remark 3.1.6. Lemma 3.1.4 suggest the pointwise definition of the operator ¢ (— A|,),

i.e. we define

9p(— Alp)u(x) =P.V. /D [u(x) = u(y)Up (x, y)dy + K (x)u(x), (3.35)

for every function u# and x € D for which (3.35) is well defined. E.g. this is true for every

x € Difuc C"1(D)NL' (D, 8p(x)dx) by the proof of Lemma 3.1.4 and the bound (3.30).

To conclude the subsection, we bring the well-known factorization of the Dirichlet
Laplacian —Ap which is closely related to Lemma 3.1.1. Since ¢* satisfies (WSC), the
operator ¢*(— A|,) can be defined in the same way as ¢ (— A|,)), and the same properties
hold for ¢*(— A|). In what follows, such comments on the objects defined relative to ¢

and relative to ¢* will be skipped.
Lemma 3.1.7. For y € C°(D), it holds that

0(— Alp) o ¢*(— Alp)w = 9" (— Alp) o d(— Alp)W = (—Ap)W, ae.inD.
Further, (—Ap)y = —Ay.

Proof. Recall that the operator Ap is the infinitesimal generator of the semigroup (PP),
which on C;°(D) functions acts like the standard Laplacian A. Hence, the claim follows

from [71, Corollary 13.25] since C*(D) C HJ (D) = P(Ap). |

3.1.4. Green potentials

In this subsection we prove some useful identities related to the Green potentials, develop
some integrability conditions and prove two regularity properties for Gf) f.

The next lemma says that the definition of the Green potential Gg f 1n (3.28) makes
sense for f € L'(D,8p(x)dx), too, and that the operator f Gg f is bounded from
L' (D, 8p(x)dx) to itself.

Lemma 3.1.8. It holds that

G?6p(x) < 8p(x), xeD, (3.36)
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where the constant of comparability depends only on d, D and ¢. Further, if A € .# (D)
such that [, 8p(x)|A|(dx) < oo then

x—= GIA(x) / G? (x,y)A(dy) € L' (D, 8p(x)dx), (3.37)
and there is C = C(d,D, ¢) > 1 such that ||GD)L||L1(D,SD(x)dx) <C [p6p(x)|A|(dx).
Proof. Recall that ¢ (x) < dp(x), x € D, by (3.19), thus by (3.23)

1
GHop(x) =< Ghe1 (x) = ——@1(x) < 8p(x), x€D.
¢(A1)
The second and the third claim follow from Fubini’s theorem and (3.36). [ |

Corollary 3.1.9. There is C = C(d,D, ) > 0 such that for every f € L' (D, 8p(x)dx) it
holds that [| G, f 21 (D.6p(x)ax) < CUS L1 (0,6 (x)av) -

Remark 3.1.10. Let us note that by using (3.13) it easily follows that Gg f € L (D) for
feL”(D).

Operator ¢ (— A|,)) revisited

In the next lemma we prove the boundary estimate of ¢ (— A|,)y for y € C*(D) which

will allow us to the define the operator ¢ (— A|) in the distributional sense.

Lemma 3.1.11. For y € C°(D) there is C; = Cy(d,D, ¢, y) > 0 such that
|0(—Alp)w(x)| <Ci1ép(x), xe€D. (3.38)

In addition, if y > 0, y # 0, then there is C; = C>(d, D, ¢, y) > 0 such that
o(—Alp)v(x) < —Cép(x), x€D\suppy. (3.39)

Proof. Let y € C°(D) and note that ¢(A) < (1 AA) by (3.7). Thus, from (3.18), (3.24),

and (3.27) for large enough m € N, we have
9(=Alp)
6DD Z | lljj | (P

For the other bound let x* = argmax,cp Y(x), and let r > 0 such that B(x*,2r) C

<Ci(d,D,9,y).
L=(D)

5D

suppy and ¥ > ¢ > 0 on B(x*,2r). For x € D\ suppy, by using the representation (3.29)
and the bound (3.30), we have

oAy =~ [ wOupls iy <= [ erdp(dy < ~Crdp(x), (40

where C; = C,(d, D, y,¢) > 0. [ |
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Definition 3.1.12. For f € L' (D, 8p(x)dx) we define the distribution ¢ (— A p)fin D by

G- Ap)f.¥) = (. 0(= Alp)y) = [ F@O(= Ap)p(ids, yeCT(D)

Remark 3.1.13.  Sometimes for ¢ (— A p)f wesay ¢(— Alp)f in the distributional sense.
Notice that Lemma 3.1.11 implies that the integral defining ¢ (— Alp)f is well defined.

By following the calculations from [15, Section 3], we get that for f € C1!(D)N
L'(D, 8p(x)dx) we have ¢ (— Alp)f = ¢,(— Alp) f.

The next proposition says that the relation from Remark 3.1.3 can be also extended to
9(~ Alp).
Proposition 3.1.14. Let it € .# (D) such that [, 8p(x) || (dx) < eo. Then ¢(— A|,)GHu =
W.
Proof. Let y € C2(D) and recall that ¢ (— A|,)w € L?(D) which follows by taking m € N
large enough in (3.27). Hence, by Proposition 3.1.2 we have a.e. in D

v =[0(—Alp)] ' (9(— Alp)w) = Gh(9(— Alp) ).

Thus, by using Lemma 3.1.8 and Lemma 3.1.11, Fubini’s theorem gives us

(@(— Alp)Gou, w) = (G, o (— Alp) )

= [ ([ chwmian ) o(- alp)wixds
= [ (] Gbteno- Alpwiax) ua) = [ wiru(ay)

The following proposition connects the spectral, the distributional and the pointwise

definition of ¢ (— A|,)) for nice enough functions.

Proposition 3.1.15. If u € C"'(D) N Hy (D), then
¢(—Alp)u= 5(_ Alp)u= ¢p(—Alp)u

holds a.e. in D.

Proof. Letu e C"(D)NHy (D). Recall that Hy (D) = G (L*(D)) € L*(D) € L' (D, 8p(x)dx),
SO U= Gf)h for some h € L2(D), and ¢ (— A|,)u=h. However, u € C11(D) s0 ¢ (— Al )u =
¢p(— A|p)u by Remark 3.1.13, and ¢ (— Alp)u = h by Proposition 3.1.14. |
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Regularity of Green potentials

In two following claims we deal with regularity properties of Gg f. The first claim says
that Green potentials are continuous and this fact is rather simple to see and prove. We
also prove that the Green potential of a C2°(D) function is a C!"!(D) function, i.e. we

prove a smoothness result for a specific class of functions.
Proposition 3.1.16. If f € L' (D, 8p(x)dx), then G f € C(D).

Proof. First note that L' (D, 8p(x)dx) C L7 (D) since 8p =< 1 away from dD.
Letxe D, n € (0,6p(x)/2) and (x,), C D such that x, — x and |x, —x| <1 /2,n € N.
We have

Gh () =GR (| < [ G (603) = G317l dy

9 9
</DﬂB(xn) |Gp (. y) = Gp ()| f(v)ldy (3.41)
(0
+ [ GBI )
+ G (x, dy. 3.43
[ GOl G4

The first integral (3.41) goes to 0 as n — oo by the dominated convergence theorem since
Gg is continuous, f € L! (D, 6p(x)dx), and since the bound (3.13) holds.

For the integrals (3.42) and (3.43) note that M = supycp(, 5,(x)/2) |f ()| < oo since
f € LY(D,8p(x)dx) C L} (D). Further, by (3.13) for all w € B(x,1/2) we have

1
[ GotelFOlidy < [ dy
B(xn)

w,zn ) [w—=yl49(lw—y|~2)

n d n M
<02M/2 ! C3]‘4/2 3¢ = 634 ) (344)
PO o(5k)

where in the last equality we used the substitution = ¢ (r~2) and c3 = c3(d,D,¢) > 0.

Thus, the second and the third integral can be made arbitrarily small. |

Remark 3.1.17. From Proposition 3.1.16 it follows that

lim [[1G5(6.9) - G|l )]y =0, (3.45)

uniformly on compact subsets of D.
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Indeed, fix a compact set K C D and € > 0. First choose 11 > 0 from Proposition 3.1.16
such that dist(K,dD) > 21 and (03M)/¢(947) < €/3, where M = sup,cx.. go.n) |f V)],
see (3.44). Thus, we tamed the integrals (3.42) and (3.43). For the integral (3.41) notice
that the convergence limg_, Gg(é ,y) = Gg (x,y) is uniforminx € K and y € DN B(x,n)¢
since Gg is jointly continuous and since Gg continuously vanishes at the boundary by

(3.13). Hence, (3.45) holds uniformly on compact sets.
Proposition 3.1.18. If f € C*(D), then G%,f € C1'(D).

Proof. By Proposition 3.1.2 we have Ggf =) f] @; a.e. in D. However, GDf €

J=1 oA
C(D) by Proposition 3.1.16. Also, recall that there is ¢; = ¢;(m, f) > 0 such that |fj| <
cl/'Lj*m, Jj € N, by (3.27), hence in the light of (4.41) and (4.42), for large enough m € N

we have

SZ 1+2’)d/4+1<oo

Z )fJ‘PJ
= c11(D)

by (3.18) and by (3.7), where ¢; = cz(d D,m, f) > 0.
In other words, Ggf =Y fJ(p] everywhere in D and Ggf e ChY(D). |
J

3.1.5. Poisson kernel and harmonic functions

Recall that the Poisson kernel of the Brownian motion (i.e. of the Dirichlet Laplacian)

can be defined as

d
Pp(x,2) = —%G})(x,z), xeD,z€adD, (3.46)

see [37, Section 2.2.4], where aa_n denotes the derivate in the direction of the inner normal.
In this subsection we study the Poisson kernel of the process Y? which we define as the
normal derivative of the Green kernel of the process Y'? and we study harmonic functions

relative to ¢ (— A|p), or, as we show at the end of the subsection, relative to YP.

Proposition 3.1.19. The function

)
Pd(x,2) = —ﬁGg(x,z), x€D,z€dD, (3.47)
is well defined and (x,z) — PI()P (x,z) € C(D x dD). Moreover,
1)
PY(x,2) = D) x€D,z€dD, (3.48)

e — 22 (|x—2[72)
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where the constant of comparability depends only on d, D and ¢. Finally, it holds that
/ GY (x £,2)dé = Pp(x,z), x€D,z€dD. (3.49)

Proof. Letx € D and z € dD. For y € D we have

¢
Gny
R ol 0

In what follows, we always consider y € D which is in the direction of the normal deriva-

tive in z, close enough to z so that dp(x) < 2|x —y|.
Recall that pp € C'((0,00) x D x D) since D is C*!, see Lemma 4.5.1, hence —aa—npD(t,x,z) =

li_r}n %{y{’)y) exists. Further, from (3.10) it follows that
V=7

CH [ X— 2 C X2
po(t,x,y)u(?) < Op(x) _abl ulf) < Op(x) _aipl? "

Soly) it (1) < 1 gmrre (2). (3.50)

Recall that u is decreasing and that fol u(t)dt < oo, hence the right hand side of (3.50) is in

L ((O, o), dt). By using the dominated convergence theorem we conclude that PI()P (x,z) is

well defined and

Pg (x,z) = lim

¢ X, -
Yz GgD(( ;7) = _/o %PD(Z‘,X,Z)U(t)dt.

Moreover, (3.48) immediately follows from the definition of PI()P and from (3.13).

Now we show that Pg is jointly continuous on D x dD. Let (x,), C D such that
Xn — x € D and such that 8p(x,) > 8p(x)/2. Also, take (z,), C dD such that z, — z € dD.
By taking the limit y — z in the first inequality in (3.50) without the term u(z), we obtain

foralln € Nand all 7 € (0,00)

9 Sp(xn) _cbu-al _ Sp(x,) i’
0< =5 ppltxma) Seigrre T Seagmge (3.51)

which also holds for z instead of z,,. Since %pp (t,x,2) € C((0,00) x D x dD), see Lemma
4.5.1, by using the dominated convergence theorem with the bound derived from (3.51)
we get

)

d
ﬁpD(%xnaZn) - %pp(t,x,z) u(t)dt —0, asn— oo,

P8 (x,2) — PS (x,20)| < /0

We are left to prove (3.49). Obviously, Lemma 3.1.1 implies

(/G¢ )d&)() Pp(x,z), x€D,z€dD.
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We need to justify that the normal derivative can go inside the integral. To this end, let
x €D, z € dD, and € > 0 such that dp(x) > 3€. Again, we only consider y € D which is
in the direction of the normal derivative. For |z —y| < £/2 we have
0 o o
¢* GD(&?.Y) / ¢* GD(éay) ¢* GD(éay)
Gy (x,§)———=d& = Gy (x,§)—=—>dé+ Gy (x,§)———+d
/D b (%:5) 3p(y) : DrB(ze) D (x.¢) Sp(y) : DrB(ze) D (x.¢) 8p(y) .
=1+D5I.

For the integral /1 by the sharp bounds (3.13) we have

Gh(E.y) _ 5p(€)
So(y) "~ IE—MTR(E—2)

0
Thus, if & € DN B(z,€)¢, we have Ggl)(f;;) < c¢36p(&), where ¢3 = c3(¢,D,d,€) > 0.

Further, ng Op = Op by Lemma 3.1.8, hence the integral I; converges to

¢ 0
AT

(3.52)

asy — z.

The integral I, we break in two additional integrals

B o o Gh(E.y)
2 oy %0 8 §D<> “
Gp(&.y) o o Go(E.Y)
< ) OB IR [ iy O 8 T
= J;+ 5.

Recall that 3€ < 8p(x) so ¢lx—z| < |[x—&| < 2|x—z| for all £ € B(y,2¢). Hence, (3.13)

applied on Gg* implies
G (x,8) <csdp(&), &€ B(y,26)ND, (3.53)

where ¢4 = c4(d,D,9*,|x —z|) > 0 and is independent of € in the sense if € — 0, the
constant ¢4 remains the same.

For J note that 8p(&) < 38p(y) for & € B(y,8p(y)/2) so by using the bounds (3.13)
and (3.53) we have

Op(§
J1§cs/( M) 5oy

|
/(r 2) 1
97/0 Ao = G50

) 1 <C/ 1
) 1€ =2170(1& —y172) = " Jp(n22) [ —y|70 (1€ =3I 2)
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where cg is independent of y and €. In the second to last inequality we used (3.4) and for
the last one we used the substitution r = ¢ (r~2).

For J; note that 8p (&) < 8p(y)

(y,0p(y)/2)¢, hence by
the sharp bounds (3.13) we have

<o | 1 oo ) arcen !
c . <c —————dr<c ,
22 (300 200 E—3FRUE —312) = "yt P0G 22 =MoL

4e
where c1; 1s independent of y and €. Hence, for sufficiently small € the integral /; can be

made sufficiently small. Thus, (3.49) holds. |

Now we deal with harmonic functions with respect to the operator ¢ (— A| ). Our first
goal is to show the integral representation of positive harmonic functions which we show
in Theorem 3.1.22. After that, in Theorem 3.1.24 we show the continuity of harmonic
functions and at the end of the subsection we connect harmonic functions with functions

that satisfy a certain mean-value property with respect to Y, see Theorem 3.1.26.

Definition 3.1.20. A function /1 € L' (D, 8p(x)dx) is called harmonic in D if ¢ (— A p)h=

Oin D.

First we present a connection between harmonic functions and classical harmonic

functions.

Proposition 3.1.21. A function 2 € L'(D, 8p(x)dx) is harmonic in D if and only if G(g*h
is a classical harmonic function in D. In particular, for every z € dD, the function x —

Pg (x,7) is harmonic in D.

Proof. The first part of the claim follows by the following calculation. Take y € C°(D).

Then by using Lemma 3.1.7, Proposition 3.1.2, and Fubini’s theorem we have

Amwm—Nqum»i/mw[< Alp) ™o (~A) ()] da
= [ h)GH (~2)w)

/ G h(x) Ay (x)dx,

i.e. & is harmonic if and only if G%*h is a classical harmonic function in D (since G%*h €

C(D)).
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If z € dD, then Pg(-,z) € L' (D, 8p(x)dx) by the bound (3.48), see also the beginning
of the proof of Theorem 3.1.22 with { = &,. The second claim now follows from (3.49)

and the fact that the kernel P5(~,z) is classical harmonic function. |

Theorem 3.1.22. If a non-negative function i € L!(D, 8p(x)dx) is harmonic in D, then

there exists a finite non-negative measure § € .# (dD) such that
= / PY(x,2)¢(dz), forae. xeD. (3.54)
aD

Moreover, there is C = C(d,D, ¢) > 0 such that

120l 21 (D5 (x)ax) < ClI S|z op)- (3.55)
Conversely, every function of the form (3.54) is harmonic in D.

Proof. Let h be represented as (3.54). Since Pg (x,-) € C(dD) for fixed x € D by Proposi-
tion 3.1.19, hence bounded, the function A is well defined. Further, since dp(x) < |x —z],

z € dD, from (3.48) and Fubini’s theorem we get

1
/ ( SD dx<cl/aD/ ’x Z’d+2 |x Z| z)dxé'(dz)
1
=€ /aD /Bmiamm Py LA CL)
¢(dz)
= ADW <o,

where ¢) = CQ(d,D,(])) >0,1e he Ll (D, 5D(x)dx) and HhHLl(D,BD(x)dx) < C”CH//[((?D)

Take now y € C°(D). Fubini’s theorem and Proposition 3.1.21 yield

/DPg C(x)9 (= Alp)w(x)dx = /

[ ([ P20 alp)weia) ¢ ae) =o
1.e. h is harmonic in D.

Conversely, let & be a non-negative harmonic function in D. Then ngh is a classical
non-negative harmonic function in D by Proposition 3.1.21. Note that Gg*h € C(D) by
Proposition 3.1.16 so by the representation of non-negative classical harmonic functions
there is a non-negative finite measure § € .# (dD) such that

G? h(x) = | Po(x,2){(dz), xeD. (3.56)
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Applying (3.49) to the right hand side of (3.56) we get

| 6b womee = [ 6y o) | [ mEacwa)a, vep. s

By using Proposition 3.1.14 in (3.57) we obtain

h(&) = /a Pg(é ,2)€(dz), forae. & inD.
D
|
Motivated by the previous theorem, we introduce the definition of the Poisson integral.

Definition 3.1.23. For a finite signed measure § € .# (dD) we define the Poisson inte-
gral of { by

PgC(x) = [)DPg(x,z)C(dz), x€D.

Note that finiteness of the (signed) measure { in the previous definition is a neces-
sary and sufficient condition for the integral defining P;)PC to be finite, see (3.48). If
¢ € L' (D), we slightly abuse the notation in Definition 3.1.23 where we set ch (x) =
L5p Pg (x,2)€(z)o(dz), where o is the d — 1 dimensional Hausdorff measure on dD. Since

the set D is C!'!, the measure o is finite so we can define the Poisson integral of o
Pgd(x) = /a Pg (x,z)o(dz), x€D, (3.58)
D

which will be of great importance for the boundary condition of the semilinear problem.

We finish the subsection with two properties of harmonic functions of the form Pg C.

Theorem 3.1.24. A non-negative harmonic function in D is continuous in D (after a
modification on the Lebesgue null set). Furthermore, for every finite (signed) measure

§ € #(dD), we have ch e C(D).

Proof. Let h € L'(D, 8p(x)dx) be a non-negative harmonic function in D. By Theorem
3.1.22 there exists a finite non-negative measure § € .# (dD) such that h = PgC a.e. in
D. In Proposition 3.1.19 it was proved that the function Pg (+,-) is continuous in the first
variable and that the sharp bounds (3.48) hold, so we can use the dominated convergence

theorem to get PgC € C(D). |
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In the theory of Markov processes, harmonicity of a function is considered relative to
the process itself, i.e. it is said that a function f : D — [—oo, 0| is harmonic in D with
respect to Y7 if for every U CC D and x € U

h(x) = Exh(Y)p)] (3.59)

U

holds, where TgD =inf{t > 0:Y? ¢ U} and where we implicitly assume Ex[|h(YTlgD )|] <o
for every x € U CC D. The relation (3.59) is often referred to as the mean-value property
of the function f with respect to Y. In order not to confuse, if f is harmonic in D with
respect to Y2, we will say that f satisfies the mean-value property with respect to Y. We
note that Ex[|h(Y%D)|] < oo for every x € U CC D implies that f € L' (D, 8p(x)dx), see
the proof of [58, Lemma 3.6] where instead of the inequality UP-5(x,y) < Gx(x,y) use
UPB(x,y) < G (x.y).

The connection between non-negative functions that satisfy the mean-value property

with respect to Y2 and non-negative functions that satisfy the mean-value property with

respect to WP is known due to [74, Theorem 3.6] which we cite in the next claim.

Theorem 3.1.25. If a non-negative function / satisfies the mean-value property in D
with respect to Y2, then s := Gg h satisfies the mean-value property in D with respect to
WP Conversely, if a non-negative function s satisfies the mean-value property in D with

respect to WP, then
h(x) = / (s(x) = PPs(x)) v(e)dt = 9} (— Alp)s(x), x€D, (3.60)
0
satisfies the mean-value property in D with respect to Y2, £ is continuous and GO h=s.

Proof. Everything follows from [74, Theorem 3.6] except the second equality in (3.60).
To finish the proof, it follows from the proof of [74, Lemma 3.4] that

s(x) — PPs(x)| < c¢(1 A1), x€K,

where K is any compact subset of D and ¢ = c¢(d, D, sx) > 0. Also, s € C*(D) since it is

a classical harmonic function so by the same calculations as in Lemma 3.1.4 we get that

/Ooo (s(x) = PPs(x)) v(1)dt = ¢ (— Al p)s.
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The following theorem says that non-negative harmonic functions and non-negative

functions with the mean-value property with respect to Y2 are essentially the same.

Theorem 3.1.26. If a non-negative function & € L'(D, 8p(x)dx) is harmonic in D, then
(after a modification on the Lebesgue null set) 4 satisfies the mean-value property with
respect to Y2, Conversely, if 4 > 0 satisfies the mean-value property with respect to Y2,

then A is harmonic in D.

Proof. Let h > 0 be harmonic in D. Theorem 3.1.22 implies that we can modify 4 such
that h = PgC in the whole D for some non-negative and finite { € .#(dD). This also
means that 2 € C(D) by Theorem 3.1.24. Since G%*h = P)¢ in D by (3.49), the claim
follows from Theorem 3.1.25 because Pp{ is a (smooth) classical harmonic function,
hence it satisfies the mean-value property with respect to W2.

Conversely, if 4 > 0 satisfies the mean-value property with respect to Y2, then Gg*h
satisfies the mean-value property with respect to W2 by Theorem 3.1.25. By the classical
theory of harmonic functions, Gg*h is a classical harmonic function in D. Proposition

3.1.21 now implies that 4 is harmonic in D. |
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3.2. BOUNDARY BEHAVIOUR OF POTENTIAL

INTEGRALS

In this section we study the boundary behaviour of Poisson and Green integrals which
will serve as a foundation for understanding of the boundary condition of the (semi)linear
problem and for understanding of the connection between weak and distributional solu-
tions in the next section. However, these problems are also interesting in itself. First we

give a sharp bound for P;)P o.

Lemma 3.2.1. It holds that

1
" Op(x)29(3p(x)2)

where the constant of comparability depends only on d, D and ¢.

P)o(x)

xeD, (3.61)

Proof. In Proposition 3.1.19 we have proved that

O N 6p (x)
)= g (a2

xeD,zedD,

where the constant of comparability depends only on d, D and ¢. Also, in the following
calculations, it is easy to check that every comparability constant remains to depend only
ond, D and ¢.

For the upper bound, note that dp(x) < |x —z
3p(x)*¢(p(x)?) < [x—z[*¢(lx — 2 7?), thus

, Z € dD so by using (3.7) we have

9 ) 6p(x) 1
5900 % |, e ) S e

since [y, [x—z|7¢ =< 8p(x)~!, x € D.
For the lower bound fix x € D and choose I'= {z € dD : |[x —z] <2dp(x)}. Recall that

¢ 1is increasing so

0 Op (%) ! o (dz)
P, = dz) > 0, —_—
8o )7 2 T ) e
1
" p(x)?9(8p(x)2)’
since [r|x—z|74 =< 8p(x)~!, x € D, by reducing to the flat case, see Lemma 4.2.1. W
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Remark 3.2.2. For the classical Poisson kernel Pé, defined in (3.46), it is well known

that Pl')(x,z) = S‘i (szl, for x € D and z € dD. Moreover, since Pll) is the density of W,
we have P)o(x) = E,[1(Wy,)] = 1. In particular, by the sharp bound (3.61) and by the
scaling condition (3.3), Pg o explodes when approaching the boundary of D whereas PLI)G

obviously does not.

Remark 3.2.3. In what follows we will need the following inequality

Pp(x.2) _ p(x)

< , xeD, (3.62)
Plo(x) ™ [x—z

which holds by the sharp bounds (3.48) and (3.61), and since by (3.7) it holds that
8p(x)%¢(8p(x)~2) < |x—z*¢(]x —z|72), for x € D and z € ID.

Two following propositions deal with the boundary behaviour of Poisson integrals.

They generalize [3, Proposition 25 & Theorem 26] to our more general non-local setting.

Proposition 3.2.4. Let { € C(dD). It holds

0
P
lim D C(x)
Dox—z€9D pg o(x)

=¢(2)

uniformly on dD.

Proof. Note that { is uniformly continuous since D is bounded and let M =2 sup_5p | (2)|-
For € > 0 choose 7 > 0 such that if y,z € dD and |y — z| < 1, then |{(y) — {(z)| < €. For
z€dDletT, ={ye€dD:|y—z| <n}. Now if |x —z| < 7, then by using (3.62) we have

PHE() 1 )
p§a<x) - 'S Plo() /aDPD(x,y)\C(y)—C(z)\c(dy)
gaan(x)/r M(i;g_;yfd(zﬂc(dy)n%l%(x)/amr %6(@)

—d
< 26 +18p(x)Ma(ID) (g) ,

where in the last inequality for the first term we used 8p(x) <[5, |x —y|¢o(dy), hence

¢y =cp(d,D,¢) > 0. Now the claim follows by taking x close enough to z. |

Proposition 3.2.5. For any { € L'(dD) and any ¢ € C(Q) it holds that

00 (x ,
L e [ omeden)

1 Jow<r) Pho(x)
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Proof. We can repeat the proof of [3, Theorem 26] almost to the letter. Indeed, take
¢ € C(D) and note the hy of [3] is our PgG, and ¢ of [3] is our ¢. We repeat the proof up

to the definition of

¢
D(t,y) := l/ Plz)(x,y) @(x) dx.
t J{op(x)<t} Pho(x)

Now we use Remark 3.2.3 and the boundedness of ¢ to obtain

)| <o PR [ 0,
t {(8p(x)<r} [x—Y|

by the reduction to the flat boundary, see [3, Lemma 40], where ¢, = ¢»(¢,D,d, @) > 0.

The rest of the proof is now the same as in [3]. |

Now we turn to the boundary behaviour of Green integrals. Here the pointwise limits

are harder to get and we must assume some kind of uniformity of the integrating function.
Theorem 3.2.6. Let U : (0,00) — [0, o0) such that
(61) integrability condition holds
/01 U(0)tdi < oo: (3.63)
(62) almost non-increasing condition holds, i.e. there exists C > 0 such that
Ut)<CU(s), 0<s<t<I; (3.64)
(63) reverse doubling condition holds, i.e. there exists C > 0 such that
U(t) <CU(2t), te€(0,1); (3.65)

(INJ4) boundedness away from zero holds, i.e. U is bounded from above on [c, o) for each

c>0.

Then U(8p) € L' (D, 8p(x)dx) and

p(x) diamD
0 _ 1 U(r)
GH(U(80)) () = g s 0/ U(t)tdt+3D(x)+50(x)5 (/ i dr.
(3.66)
In particular,
0
im G2V (3.67)

D3x—z€9D ng(x)

123



Semilinear problem for ¢(— A|,) Boundary behaviour of potential integrals

This theorem generalizes [36, Proposition 7] to more general non-local operators and
more general functions since in [36] this result was proved in the case of the spectral

fractional Laplacian and for functions of the form U (¢) = 5.

Proof of Theorem 3.2.6. The proof of this claim is very technical and follows the proof
of [4, Theorem 3.4], hence we moved it to Appendix, see Section 4.2.

The following proposition appears as [3, Theorem 27] for the case of the spectral frac-
tional Laplacian but in our more general setting the proof gets a little more complicated,

cf. [3, Eq. (46)] and (3.70).

Proposition 3.2.7. Let A € .# (D) such that [, dp(x)|A|(dx) < co. Then

9
1 / GpA(x) t10 —
- X)dx 250, @ ecC(D). (3.68)
t J{sp)<t} Plo(x) P ¢ € D)

Proof. Without loss of generality we may assume that A is a non-negative measure. It is

enough to prove that (3.68) holds for ¢ = 1. By using Fubini’s theorem it follows that

o o
! / Gph() / (1 / GD(x’y)dx>7L(dy). (3.69)
t Jop)<ry Pho(x) p \ t J{sp)<t} Pho(x)

Lemma4.2.3(b)forU=12 1/P$G and Lemma 4.2.4 imply that there is C =C(d,D, ¢) >

0 such that

9 Ctéop(y), 6 < L
/ Gp(x,y) dx < p(y), p(y) <3 (3.70)
{8p(x)

<t} ch(x) B Cf(y,t), op(y) > %’

where 0 < f(y,t) <t0p(y) in {Sp(y) > 5} and f(y,r)/t — 0 as r — O for every y € D.
Hence, (3.69) and (3.70) imply

¢ ~
l/ Gﬁl@dxéc SD(y)l(dyHc/ f(y’t)z(dy)
t o=} Po(x) {80 <4} O

from which the claim of the lemma follows by using the dominated convergence theorem.
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3.3. LINEAR DIRICHLET PROBLEM

In this section we deal with a linear Dirichlet problem for ¢ (— A|,,) and develop some
basic properties of a weak solution to the problem. At the end of the section, we connect

the weak formulation of the problem with the distributional.

Definition 3.3.1. Let A € .# (D) and { € .#(dD) such that

/D 8p(x)|A|(dx) + |£|(9D) < eo. 3.71)

We say that u € L} (D) is a weak solution to the problem

loc

¢(—Alp)u=A, inD,
(3.72)
Pg_d = C, on 8D,

if for every y € C*(D) it holds that

0
u(x xdx:/Gq) xldx—/ —Gow(2)¢(dz). 3.73
Luwvac= [ Ghywaa- [ Schwid. 67
If in (3.73) we have < (>) instead of the equality and the inequality holds for every non-

negative y € C°(D), then we say u is a weak subsolution (supersolution) to the problem

(3.72).

Remark 3.3.2.  (a) Let y € CZ°(D). From the calculations in the proof of Proposition

3.1.19, see also (3.47) and (3.48), it follows that %Ggy/(z) is well defined and

d
—EG%W(Z)Z/DPg(y,Z)W(y)dy, z€ 9D,

holds, hence aa—nGgl,l/ € L*(dD). Moreover, Lemma 3.1.8 implies that |G?) v(x)| <

Op(x), thus the condition (3.71) ensures that the integrals in (3.73) are well defined.

(b) If u is a solution to the linear problem (3.72), then by using Fubini’s theorem in

(3.73) we get that
u=GIA+PS¢, ae. inD. (3.74)

This implies that u € L'(D, 6p(x)dx). Indeed, G%?L € L' (D, 8p(x)dx) by Lemma
3.1.8, and PY¢ € LY(D, 8p(x)dx) by (3.55).

Conversely, the function defined in (3.74) is the solution to linear problem (3.72)

which we also get by using Fubini’s theorem in (3.73).
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The following theorem summarizes the previous remark.

Theorem 3.3.3. Let A € .# (D) and § € .# (dD) such that (3.71) holds. Then the linear
problem (3.72) has a unique weak solution u for which it holds that u € L'(D, &p(x)dx)

and
u(x) = GOA(x)+ P (x), forae. xeD.
Furthermore, there is C = C(d, D, ¢) > 0 such that

il aa <€ ( [ BotolAl@n +1El@D)). 375

In the next corollary we bring a version of a maximum principle for the weak solution.

Corollary 3.3.4. Let A € .# (D) and { € .#(dD) such that (3.71) holds. If A > 0 and

{ > 0, then the unique solution u of the linear problem (3.72) satisfies u > 0 a.e. in D.

Now we connect the weak and the distributional formulation of the Dirichlet problem.

First we give the definition of the distributional solution.

Definition 3.3.5. We say that u € L' (D, 8p(x)dx) is a distributional solution to (3.72) if
for every y € C°(D) it holds that

[ ut)6(~ Alp)wdx = [ wix)a(ax). (3.76)
D D
and if for every @ € C(D) it holds that

1 u(x) B

0 oo | o@s(d). (3.77)

Proposition 3.3.6. Let A € .# (D) and { € L'(dD) such that (3.71) holds. Then the

weak solution to (3.72) is also a distributional solution to (3.72).

Proof. The weak solution is given by u = Gg/l —|—ch so the relation (3.76) follows from
Proposition 3.1.14 and Theorem 3.1.22. The boundary condition (3.77) follows from
Proposition 3.2.5 and Proposition 3.2.7. |
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3.4. SEMILINEAR DIRICHLET PROBLEM

In this section we study the following semilinear problem.
Definition 3.4.1. Let f: D xR — R and { € .#(dD) such that |{|(dD) < . We say
thatu € L] (D) is a weak solution to the problem

6= Alp)u(x) = f(x,u(x)), inD,

u
= on dD
PgG Cu )

(3.78)

if
Jutvix) = [ Ghw@ st [ 2GyELd). weCD). (9)
D D JdD

If in the equation above we have < (>) instead of the equality and the inequality holds
for every non-negative y € C°(D), then we say u is a weak subsolution (supersolution)

to (3.78).

Note that if u is a solution to the semilinear problem (3.78), then it is implicitly as-
sumed that x — f(x,u(x)) € L'(D,8p(x)dx) since only then the first integral in (3.79)
is well defined. For the sake of brevity, we will frequently use the notation f,(x) =
f(x,u(x)), x € D, which is also known as Nemytskii operator. Further, in the same way
as in the linear case we can see that if u is a weak solution to (3.78), then by Fubini’s

DJu D : :

Conversely, if u satisfies (3.80), then u is a weak solution to (3.78).
In the following subsection we prove Kato’s inequality in our setting. This will help
us to obtain existence and uniqueness results for various different nonlinearities f in the

semilinear problem, which we do in the final subsection of the chapter.

3.4.1. Kato’s inequality

The proof of Kato’s inequality in our setting, i.e. Proposition 3.4.4, is motivated by the
proofs of Kato’s inequality found in [3,28] for the case of the spectral fractional Laplacian

and the fractional Laplacian, respectively. First we need a lemma.
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Lemma 3.4.2. Let w be the weak solution to the linear problem

0(— Alp)u=h, inD,

=0, on dD,

pga
for h € L'(D, 8p(x)dx). Let A € C*(R) be a convex function such that A(0) = 0, and such
that |A’| < C for some C > 0. Then

/ A(w — Alp)p(x)dx < / A (w YW(x)dx, yweC(D),  (3.81)
and
A(w) <G [N (w)h] ae.inD. (3.82)

Proof. Recall that w = GOh € LY(D, 8p(x)dx).
Let h € C°(D). Then by Proposition 3.1.18 we have w = G¢h € CH1(D) from which
we can calculate ¢ (— A|,)w and ¢ (— Al,)A(w) pointwisely, see Proposition 3.1.15. We

have

6(— Alp)[Aow](x) = B. / AGH(R) — Alw(3)) 1o ,3) dy -+ () A(w(x)
PV/ W (x,y) dy+ K(x) Alw(x))
—Pv/( I Inle) [ A"O8(0) +abwly) ~ w1~ 1)) dy
< N (w(x)) 0(— Alp)w()

where we have used that A” > 0 in R and that A(r) <tA’(¢), which follows from A(0) =0
and the fact that A’ is non-decreasing. Integrating the previous inequality with respect to
y(x)dx, where 0 < y € CZ°(D), we get (3.81). Furthermore, since w € L*(D), both sides

of the previous inequality are in L=(D) so we can apply Proposition 3.1.2 to get
Alw) = G}W’(— Alp)A(w)] < Gg [A'(w)h] ae.inD,

1.e. (3.82) holds.
Let h € L' (D, 8p(x)dx) and (hy), C C(D) such that h, — h in L'(D, 8p(x)dx) and
a.e. in D. By Corollary 3.1.9 we have w;, .= Gf)hn — win L'(D, p(x)dx) so by consider-

ing a subsequence we may assume that w,, — w a.e., too. From the first part of the proof
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we know

/ Alwn ()9 (= Alp) w(x)dx < /D A (W () Yo () W (x)dx (3.83)

A(wn) <GS [N (wy)h,] ae. inD, (3.84)

foralln € Nand all 0 < y € C(D).

Now we will take n in (3.83) and (3.84) to infinity. Recall that |¢(— Al,)y| < Ci1dp
by Lemma 3.1.11. Also, since |A’| < C, we have |[A(t) — A(s)| < C|t —s|. By using these
two facts and the fact that both w,, — w and i, — hin L' (D, §p(x)dx), both sides of (3.83)

converge. Hence, by taking the limit in (3.83) we obtain

/A Ay dx</A’ Y (x)dx.

Before we take the limit in equality (3.84), note that A € C%(R) so A(w,) — A(w)
and A'(w,) — A’(w) a.e. in D. Further, again by |A’| < C and the fact that h, — h in
L' (D, 8p(x)dx) we have

(G [N (wa )] = G [N/ (w)h] | < G I (w) = A (wa) ]
F GO [N (wa)|[h—ha|] =0, n— oo,
where the first term goes to zero by the dominated convergence theorem, and the second

by the continuity of G% acting on L' (D, 8p(x)dx), i.e. by Lemma 3.1.8. This calculation

justifies taking the limit in (3.84) to get
Alw) < Gg [A'(w)h] a.e.inD.
|

Remark 3.4.3. For h € L*(D) the inequalities (3.81) and (3.82) hold for every convex
function A € C?(R) such that A(0) = 0 since the assumption |A’| < C was used only as
a technical tool to justify the usage of the dominated convergence theorem for general

h e LY(D, 8p(x)dx).

In the next proposition we prove Kato’s inequality which says that we can take A(z) =

tT =¢Vv0in Lemma 3.4.2.
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Proposition 3.4.4 (Kato’s inequality). Let w be the weak solution to the linear problem

¢(—Alp)u=h, inD,

—— =0, on dD,

Pho

for h € L'(D, 8p(x)dx). Then for every y € C*(D), w > 0, it holds that
/ w() o (— Alp)w(x)dx < / h(x)w(x)dx. (3.85)
D {w>0}
Moreover, it holds that
w < Gh [1py=0ph], ae.inD. (3.86)

Proof. First, let us prove (3.85). Set A(r) =tVvV0and w= G(gh where h € L' (D, 8p(x)dx).
Also, for every n € N let A, : R — R be defined by

0, t<0
n?s3 1
LA t€(0,+]
An(t) =4 ° " (3.87)
I
\t—%, t>2,

We have that A, € C?(R) ,0< A, <A, and 0 < A/, < 1inR. Also, A, — A and A}, —

1(0700) in R as n — oo. Thus, Lemma 3.4.2 yields

[ a0 (= Blp)(0)dx < [ AL (wx)h(0)p(x)d (3.88)

and the relation (3.85) follows from (3.88) by using the dominated convergence theorem.
Let us now turn to (3.86). Consider again the sequence A, defined above. Lemma

3.4.2 yields
An(w) < G‘LP) [A,(w)h], ae.inD and foralln € N. (3.89)
Again, by taking n — o and by using the dominated convergence theorem we get

wh < Gg [1{W>0}h] , a.e.inD.
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Remark 3.4.5. By modifying the proof of the previous proposition we also get

/ W(x) O (= Al w(x)dx < / h(x) y(x)dx, (3.90)
D

{w=0}

and
wt <GP [1s0ph],  ae. inD. (3.91)

Indeed, in the proof we only need to change A, to A, € C*(R) such that A, () = A, (¢ +
2y _ % For A, it holds that

n

S| =

<A <A, 0<A, <1, limA,=A, and limA, =1,
n n ’
in R. By repeating the procedure in the proof of the previous proposition we get the claim.

Remark 3.4.6. Note that Kato’s inequality was proved only for weak solutions of linear
problems with a zero boundary condition whereas the classical Kato’s inequality holds
for subsolutions even if the considered linearity is a measure, see [24]. To the best of our
knowledge it is not clear whether the inequality (3.85) holds for subsolutions since the
non-local nature of the operator ¢ (— A|;)) causes problems in the calculations in Proposi-
tion 3.4.4. Even in simpler non-local cases as in [3] and [28] Kato’s inequality was proved

only for solutions, see [3, Lemma 31] and [28, Proposition 2.4].

In the next corollary we bring a simple consequence of Kato’s inequality which is the

fact interesting in itself.

Corollary 3.4.7. Let u and v be weak solutions of (3.78). Then max{u,v} is a subsolu-

tion to (3.78).

Proof. Applying Proposition 3.4.4 to the w := u—v and h(x) = f(x,u(x)) — f(x,v(x)) we

get

/DW+(X)¢(— Alp)y(x)dx < / [f (e u(x) = fxv(x)] w(x)dx,  yeCZ(D), ¥ =0.

u>v
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Since max{u,v} = v+ (u—v)" =v+w' we have for all non-negative v € C*(D)

| max{u, v} (00 (= Al (x)dx
< [ ser@van— [ 2 v

aD
+/u>v [f (o, u(x)) — £, v(x))] w(x)dx
= /u<vf(X,V(x))1I/(X)dx— / %Ggll/(z)g(dz)

oD
+  Fleu()y(x)dx
:/Df(x,max{u,v}(x))l//(X)dx—/%GgW(Z)C(dZ)-
oD

3.4.2. Semilinear problem

In this subsection we prove existence and uniqueness results for the semilinear problem
(3.78). As such, the subsection is central for the chapter.
For the nonlinearity f in the following problems we will almost always assume that

the following condition holds true.

(F). f:D xR — Riscontinuous in the second variable, and there exist a locally bounded
function p : D — |0, o] and a non-decreasing function A : [0,00) — [0, o) such that | f(x,#)| <

p(x)A(|t]), xe D, t € R.

From now on, the function f will be solely used as a nonlinearity in the semilinear
problem and the functions p and A are solely used as the functions in the condition (F)
for f.

Our first result is the uniqueness theorem for general nonlinearity f which is non-

increasing in the second variable.

Proposition 3.4.8. If the nonlinearity f in (3.78) is non-increasing in the second vari-
able, then the weak solution to (3.78), if it exists, is unique (up to the modification on the

Lebesgue null set).
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Proof. Let u and v be two solutions of (3.78). Then w := u — v solves the linear problem

¢ (= Alp)w(x) = fx,u(x)) = f(x,v(x)), inD,

—— =0, on dD.
Pyo

By Kato’s inequality (3.86), since f is non-increasing in the second variable, we have

W <G (Lo - (= )] <0. (3.92)

Thus, u < v a.e. in D. Reversing the roles of u and v we get u > v a.e. in D, hence u = v

a.e. in D. |

The next theorem, Theorem 3.4.9, deals with a semilinear problem with a zero bound-
ary condition and it is a generalization of [3, Theorem 32] to our setting of more general
non-local operators. Theorem 3.4.9 will be of great importance for a general semilin-
ear problem (with a non-zero boundary condition), and it is, in fact, the cornerstone of
the proof of Theorem 3.4.10. A somewhat similar role for the semilinear problem in a

slightly different non-local setting is played by Theorem 2.3.6.

Theorem 3.4.9. Let f satisfy (F). Assume that there exist a supersolution % and a sub-

solution u to the semilinear problem

(= Alp)u(x) = f(x,u(x)), inD,
(3.93)

— =0, on dD,
Plo

of the form u = Ggh and i = Ggﬁ such that u <@, h(x) < f(x,u(x)) and f(x,u(x)) < h(x)
a.e. in D, and such that @#,u € L'(D,8p(x)dx). Further, assume that pA(|u| V [u]) €
L' (D, 8p(x)dx).

Then there exist weak solutions u1,uy € L'(D, 8p(x)dx) of (3.93) such that every so-

lution to (3.93) with property u < u < u satisfies
us<uy <u<u <u

Further, every weak solution u of (3.93) with property ¥ < u < u is continuous after
the modification on a Lebesgue null set.
Additionally, if the nonlinearity f is non-increasing in the second variable, the weak

solution to (3.93) is unique.
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Proof. Step 1: existence of a solution to (3.93). Define the function F' : D x R — R by

(

[l u(x)), (%),

t<u
F(x,t) =9 f(x,1), u<t<u,

flxu(x)), ulx) <t

\

and denote by F,(x) := F(x,v(x)). Note that since f is continuous in the second variable,

sois F. Further, |F,| < pA(|u|V|i|), hence F, € L'(D, p(x)dx), forall v € L' (D, p(x)dx).

Also, the mapping v  F, is continuous from L' (D, 8p(x)dx) to L' (D, 8p(x)dx). In-
deed, take v, — v in L'(D, 8p(x)dx) and let (v,, )i be a subsequence of (v,), which con-
verges to v a.e. By Lemma 4.4.1 the family {Fvnk : k € N} is uniformly integrable with
respect to the measure 8p(x)dx, hence by Vitali’s theorem [69, Theorem 16.6], we get
F,, — F,in L' (D, 8p(x)dx) because F is continuous in the second variable. However,
the limit does not depend on the subsequence (v, )¢ so v — F; is continuous.

Next we prove that the operator .# : L'(D, 8p(x)dx) — L'(D, 8p(x)dx) defined by

Hv() = [ Ghx Py, xeD,

is compact. Since v — F, is continuous in L!(D, 8p(x)dx), Corollary 3.1.9 implies that
A is continuous L!(D, 8p(x)dx), too. To have compactness, we are left to prove that
£ maps bounded sets to relatively compact sets. To this end, take a bounded sequence
(vi)n C LY(D, 8p(x)dx). Recall |F, | < pA(|u|V [a]) so (£ vy,), are pointwisely bounded
by Proposition 3.1.16 and equicontinuous by Remark 3.1.17. By Arzela-Ascoli theorem,
there is a subsequence (% vy, )i of (% v,), Which converges pointwisely to some u €
C(D)NL'(D,8p(x)dx). Since #'v, = Gngn, Lemma 3.1.8 implies that that {.%v,, :
k € N} is uniformly integrable with respect to the measure dp(x)dx since {Fy, :k € N}
is. However, v, — u pointwisely so by Vitali’s theorem [69, Theorem 16.6] we have
vy, — uin L1 (D, 8p(x)dx).

This means that Z" is compact so by Schauder’s fixed point theorem there is u €

L' (D, 8p(x)dx) such that #'u = u in D, i.e. u solves

¢(— Alp)u(x) = F(x,u(x)), inD,

u_ —, on dD.

0
Pyo
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We need to prove that u < u < u in D which would mean that u also solves (3.93). For
this step we will use Kato’s inequality. More precisely, applying Proposition 3.4.4 to
W=u—u= Gg(Fu —E) we get

(u—a)" < G Mpomy - (Fu—1)] < G Moy - (fa— f)] =0, (3.94)

where the second inequality holds since F (x,u(x)) = f(x,u(x)) on {u > u} and since we
assume f(x,u) < ha.e. in D. This means u < % a.e. in D. Similarly we get that u < u a.e.
in D. Hence, we found a solution to the problem (3.93).

Step 2: finding the maximal and the minimal solution. We adapt a method from [34,
Theorem 1.3] which uses Zorn’s lemma.

Let & := {uc L'(D,dp(x)dx) : u < u < and usolves (3.93)}. Let {u;}jcr be
a totally ordered subset of &. Since u; € & and since we assume pA(|u| V |u|) €
L' (D, 8p(x)dx), it follows that {u;}c ~ is equicontinuous in D. In fact, by Remark 3.1.17
the set {u;};c.» is equicontinuous on every compact subset of D. Hence, the function
u = sup;c_~ u; is continuous and u can be approximated by {u;};c » uniformly on com-
pact subsets of D. Moreover, D is o-compact so we can choose an increasing sequence
(t4n)n C {ui}ic.s such that lim, u,(x) = u(x) for all x € D.

By the dominated convergence theorem, since |f,, | < pA(|u| V [u]), it easily follows
by the continuity of f in the second variable that u = lim,, u,, = lim,, Gg ( fun) = G% ( fu),
i.e. u € &. Now Zorn’s lemma implies that there exists the maximal solution u, of (3.93).
We find the minimal solution #; in the same way.

Step 3: continuity of solutions. We prove that every solution to (3.93) with property
u < u < uis continuous up to the modification. Indeed, every solution satisfies u = Gg Su
a.e. in D. Furthermore, since u < u < and pA(|u|V [@|) € L(D,8p(x)dx), we have
Gg fu € C(D) by Proposition 3.1.16. Finally, i := G‘g fu is a continuous modification of
u, hence f,, = f; a.e. in D, hence ii = Ggf,; in D.

Step 4: uniqueness of solution. In the case when f is non-increasing in the second vari-

able, uniqueness follows from Proposition 3.4.8. |

By using the previous theorem, a method of sub- and super-solutions and the ap-
proximation of harmonic functions, we solve a semilinear problem which deals with a

non-positive nonlinearity f and a non-negative boundary condition {. Theorem 3.4.10
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generalizes [3, Theorem 8] to our setting of more general non-local operators. Moreover,
we consider a more general boundary condition which can also be a measure, whereas
in [3, Theorem 8] only continuous functions where considered. The nonlinearity in our
theorem is also slightly more general then the one in [3, Theorem 8]. A similar result in a

slightly different non-local setting can be found in Theorem 2.3.10.

Theorem 3.4.10. Let f: D x R — (—o0,0] such that f(x,0) =0, x € D, and such that f

satisfies (F). Further, let { € .# (dD) be a finite non-negative measure such that
pA(P)G) € L' (D, 8p(x)dx).
Then the problem

¢(— Alp)u(x) = f(x,u(x)), inD,

u
= on dD
P¢ Cv )

(3.95)

has a weak solution u € C(D) NL! (D, 8p(x)dx).
Additionally, if f is non-increasing in the second variable, the continuous weak solu-

tion to (3.95) is unique.

Proof. Let (fi)x be a non-negative sequence of bounded functions such that Ggﬁ 0 PgC
in D. This sequence exists by Subsection 4.1 in Appendix since the semigroup (QP), is
strongly Feller, Gg Op =< Op by Lemma 3.1.8, and since PgC is a continuous function with
the mean-value property with respect to Y?, see Theorem 3.1.24 and Theorem 3.1.26.

We build a sequence of solutions to the following semilinear problems

¢ (= Alp)u(x) = f(e,u(x)) + fr, inD,

—— =0, on dD.
Plo

(3.96)

For every k € N, a subsolution to (3.96) is u = 0 since f(x,0) = 0 and since fk >0. A
supersolution to (3.96) is u = Ggﬁ because f is non-positive. Note that both u and u
are bounded functions, so it is trivial to check that the assumptions of Theorem 3.4.9
are satisfied. Hence, for every k € N there is a solution u; > 0 to (3.96) which is also

continuous in D and satisfies

we = G fu + G, inD. (3.97)
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Now we find an appropriate subsequence of (uy); which converges to a solution to
(3.95). Since Gf)ﬁ is continuous and increases to the continuous function Pg £, by Dini’s
theorem the convergence is locally uniform so the usual 3&-argument gives equicontinu-
ity of the family (Ggﬁ)k. Also, since |f, | < pA(PgC ), equicontinuity of (Gg( Su))k
follows by Proposition 3.1.16 and Remark 3.1.17. Hence, Arzela-Ascoli theorem gives
us a subsequence, denoted again by (u ), which converges to a continuous function u.

Now we show that u is a solution to (3.95). Obviously, since u = limy_,, 14y and 0 <
u < Ggfk < Pgé‘ < oo, i is non-negative and finite. Further, Ggfk T ch , SO we are left
to prove that G% fu, = Gg fu. However, this is easy since | f,, | < pA(qu)’ ), so continuity
of f in the second variable and the dominated convergence imply Gg Su, = Gg Su-

Uniqueness, if f is non-increasing in the second variable, follows from Proposition

3.4.8. |

Remark 3.4.11. Applying the Zorn’s lemma argument from the proof of Theorem 3.4.9
we get that for the problem (3.95) there exists a minimal solution #; and a maximal

solution u, such that for every solution u of (3.95) we have
0<u §u§u2§Pg(:, in D.

We say that A : [0,00) — [0,00) satisfies the doubling condition if there exists C > 0

such that
A(2t) <CA(t), t>1. (3.98)

If A is non-decreasing, the condition (3.98) implies that for every c¢; > 1 there is ¢; =

c2(C,c1) > 0 such that
Alcrt) < eA(r), t>1. (3.99)

Corollary 3.4.12. Let f: D xR — (—o0,0] such that f(x,0) =0, x € D. Let f also
satisfy (F) such that A satisfies the doubling condition (3.98).
If pA (ﬁ) € L'(D, 8p(x)dx), then the problem
55¢6(6p7)

¢ (— Alp)u(x) = f(x,u(x)), inD,
==, on dD,

=
Pho

(3.100)
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has a continuous weak solution for every non-negative function { € C(D). Additionally,

if f is non-increasing in the second variable, the continuous weak solution is unique.

In particular, if f(x,) = —|¢|?, then the equation (3.100) has a unique continuous

weak solution for p < ]_]—51, where 8, comes from (3.3).

Proof. Note that for { € C(D) we have PgC < clm by Lemma 3.2.1 since { is
D D

bounded on dD. Thus, from the doubling condition we have

PA(PLE) < capA ( e L'(D, 8p(x)dx)

1
81%¢<552>)
so we can apply Theorem 3.4.10 to get the claim.

In the special case f(x,t) = —[t|’ we have p = 1 and A(r) = t” so (3.3) and the

reduction to the flat case give us

1
[ oA (ﬁ) odx = | D e |t
D 8590(8,°) D &7 (5,2)2P 0

which s finite if p < 5. _

Remark 3.4.13. Assume that we are in the spectral fractional Laplacian case in the
previous corollary, i.e. if §(A) = A*, for some s € (0,1). Then we can find a solution to
(3.100) for f(x,t) = —|t|? and for every non-negative { € C(dD) if p < ﬁ since 01 =
in this case.

Conversely, if f(x,t) = —|t|? for p > IL_S, and we additionally demand that the bound-
ary condition holds pointwisely for a non-negative { € C(dD) such that { # 0, then
the problem (3.100) does not have a solution. Indeed, assume that u is a solution to
(3.100) and that the boundary condition holds pointwisely. Then u = 55“2 near z € dD
such that {(z) > 0 since ch = 872 near such z, see Proposition 3.2.4. Thus, |u|P ¢
L'(D,8p(x)dx) since p > 1. i.e. Gf)fu = oo in D by Lemma 3.1.8, which is a contradic-

tion.

One of the weaknesses of Theorem 3.4.9 is that one has to have a supersolution and a
subsolution which are strictly Green potentials, i.e. a supersolution and a subsolution can-
not consist of Poisson integrals which are annulled by ¢ (— A|), since only then we may
use Kato’s inequality (3.86). However, in some cases we can exploit some other methods

for obtaining a solution to a semilinear problem. For example, in the next theorem we
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deal with a non-negative nonlinearity f and a non-negative boundary condition { and we

use a method of monotone iterations to obtain a solution.

Theorem 3.4.14. Let f: D x R — [0,0) satisfy (F), and let f be a non-decreasing func-

tion in the second variable. Let { be a non-negative finite measure on dD such that
¢ ¢ ¢ .
GD(pA(2PDC)) <P,¢, inD. (3.101)
There there is a continuous non-negative solution to

(= Alp)u(x) = f(x,u(x)), inD,

u
o g, on dD.

(3.102)

Proof. We use a method of monotone iterations. Let uy = 0, and define forn > 1
Un = Gg(fun—l> +ch'

Since f is non-negative and non-decreasing in the second variable, it follows that (u,),
is non-negative and non-decreasing, too. However, by induction it is easy to see that

0<u, < 2Pg§ . Indeed, for u this fact is trivial, and for n > 1 by (3.101) we have
tn = G (fur 1) + P3¢ < Gp(PARPE)) +PRE < 2P5C.

This means that u =7 lim,_,.u, is well defined. Since f is continuous in the second
variable by (F) and since the integrability condition (3.101) holds, by the dominated con-
vergence theorem we get

u=Gpfu+Py¢,

i.e. we found a solution to (3.102).
For the continuity of u, note that since u < ZPg {, the condition (3.101) implies that
fu € LY(D, 8p(x)dx) in the following way

/D Ful) 8 (x)dx = /D Fu(X)GO8p (x)dx = /D G2 (f.) (x0)8p(x) < /D POE(x)8p(x)dx < oo.
Now Proposition 3.1.16 and Theorem 3.1.24 give u € C(D). |

Remark 3.4.15. If we are in the spectral fractional Laplacian case in the previous the-

orem, i.e. if (1) = A%, for some s € (0, 1), then there exists a solution to (3.102) for
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any non-negative { € C(dD) and for the nonlinearity f(x,7) = m|t|P, where m > 0 is
sufficiently small and p < ;. Indeed, in this case ch < 8p(x)>~%, and (ch )L
LY (D, 8p(x)dx) if p < ﬁ Obviously, we chose the parameter m > 0 so small so that
(3.101) holds.

Conversely, if p > ﬁ, then the problem (3.102) does not have a solution for f(x,7) =
m|t|P for any m > 0 and for any non-negative { € C(dD) such that { # 0. Indeed, assume
that u solves (3.102). Then u > Pg § since f > 0 and Pg ¢ > 857, near z € dD such that
{(z) > 0, see Proposition 3.2.4. Hence for p > 1 the function (Pg &) ¢ LN (D, 8p(x)dx)
which implies u = G f, + P} 2 G ((P§{)?) = <o in D, by Lemma 3.1.8.

To obtain a solution to a semilinear problem with an unsigned nonlinearity f and an
unsigned boundary condition { we need some stronger assumptions on the nonlinearity f.
The following theorem is in spirit same as [20, Theorem 2.4] and Corollary 2.3.8 which

were proved in a different non-local setting.

Theorem 3.4.16. Let f: D x R — R satisfy (F) and let { be a finite measure on dD.
Assume that G%p € Co(D) and Gg (pA(ZPg 1])) € Co(D). Assume additionally that: (a)
A is sublinearly increasing, i.e. lim;_ A(f) /t =0, or (b) m > 0 is sufficiently small. Then
the semilinear problem

(P(_ A|D)u(x) = mf(x7u<x))7 in D,
(3.103)

Pga =, on dD.

has a weak continuous solution u such that |u| < C +Pg ||, for some constant C > 0.
If, in addition, f is non-increasing in the second variable, u is a unique weak solution

to (3.103).

Proof. The proof follows the proof of [20, Theorem 2.4] and we repeat the main steps for
the reader’s convenience.

Define the operator T on Cy(D) by

Tv(x) = /I)Gg(x,y)mf(y,v(y) —f—PI()PC)dy, ve Cy(D), xeD.

Our goal is to get a fixed point of the operator 7 from which we will extract a solution to

(3.103).
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Let rp = sup,¢p G(gp(x) <o and ry = sup,¢p Gg (pA(2P3|C|))(x) < oo, LetC>0
and define K := {v € Cy(D) : ||v||] < C}. 1Tt is easy to show that for a,b > 0 we have
A(a+Db) < A(2a) + A(2b). Hence,

FO0v() +PHEON] < pOA(Y)] +PHIEI0)) < p()AQRC) +pARPIEI(Y), veK,

so Tv € Cy(D) by the upper bound and the same calculations as in Proposition 3.1.16.

Moreover,

I7vle = sup] [ Ghlx.yImf(v(y) + PEE ()
xeD JD

< sup | Gp(x.y)m(p(ARC) +PARPSIE|(M)))dy < m(rpA(2C) +r¢).

If m is sufficiently small or A sublinearly increases, there is C > 0 such that m(rpA(2C )+
rC) < C. Fix this C. We will now use Schauder’s fixed point theorem on 7. By the
choice of C, we have T[K] C K. Also, T is a continuous operator on K. This is proved
by assuming the opposite as in the proof of Theorem 2.3.6 (iii) for the operator defined
in (2.23), see also (2.24). Further, the family {Tv: v € K} is equicontinuous in D by the

inequality

Tv(0) ~To(E)| < [ [Gh(x.3) — GHEMIm(PHIARC) +PACES L)) dy, ve K,

and by the Remark 3.1.17. Arzela-Ascoli theorem implies that 7'[K] is precompact in K,
thus, by Schauder’s fixed point theorem there exist uy € K such that Tug = ug. To finish

the proof, notice that the function

u(x) = u0(0) +BYE(0) = [ Ghxy)mf (rur)dy+PHL)
solves (3.103), and it holds that u € C(D) and |u| < C+ P} |C]|. ]

Remark 3.4.17. In the spectral fractional case where ¢(A) = A*, for some s € (0,1),
when { € C(dD), we have a solution to (3.103) for the nonlinearity f which satis-
fies |f(x,2)| < [¢|P if p < . Indeed, in that case Pgm < 8372, hence (Pgm)p €
L' (D, 8p(x)dx) and G(LP) ((Pg|§|)p) € Cyo(D) by Theorem 3.2.6, or see [36, Proposition
7]. Note that the range p < > is worse then the one for Corollary 3.4.12 and Theorem
3.4.14, see Remarks 3.4.13 and 3.4.15.
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4. APPENDIX

4.1. APPROXIMATION OF EXCESSIVE

FUNCTIONS

Let (X;,Py) be a Hunt process on a locally compact space D and let (P);>0 denote its

semigroup. Let U be the potential operator of X, that is

oo ¢ oo
Uf(x) = Es /0 F(X,)di = E, /O F(X,)di = /O Pf(x)d.

Here { denotes the lifetime of the process. We assume that X is transient in the sense that
there exists a non-negative measurable function 4 such that 0 < Uh < oo, see [32, p. 86],
and also that (P,) is strongly Feller. What follows essentially comes from [32, Section
3.2]. Recall that a measurable function f : E — [0,00] is said to be excessive relative to

(P)i>0if f > B f forallr > 0 and f = lim,_,o P, f (see for example [32, Section 2.1]).

Lemma 4.1.1. Suppose that f is excessive, P, f < oo for all + > 0 and lim; s P f =
0. Then there exists a sequence (g,),>1 of non-negative measurable functions such that
f =71imUg,. Moreover, if f is continuous and bounded, then one can choose g, to be

continuous.

Proof. This is proved as [32, Theorem 6, p. 82]. The function g, is given by

8n :n(f_Pl/nf)'

If f is bounded, then Py, f is continuous (by the strong Feller property). If f is also

continuous, then f — Py /, f is continuous. [
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Remark 4.1.2. Transience is not needed in this result. The assumption P, f < oo is satis-
fied if f < oo since P, f < f. The assumption lim;_,. P; f = 0 is not satisfied for harmonic

functions (since they are invariant).

Proposition 4.1.3. Let f be excessive. If (B) is transient, there exists a sequence (g,)n>1
of bounded measurable functions such that f =1 lim, ,.Ug,. Moreover, assume that
there exists 4 > 0 such that 0 < Uh < o and Uh is continuous. If f is continuous and ()

is strongly Feller, then one can choose g, to be continuous.

Proof. Let h, = nh with 0 < Uh < 0. and put
fu=fNUh, \n.

By [32, Theorem 8, p. 104], f, is excessive (minimum of excessive function is exces-
sive). Note that under additional assumptions, f,, is continuous (and clearly bounded). By

Lemma 4.1.1, there exists a sequence (g )x>1 such that f, =1 limy_,, U gy In fact,

8nk = k(fn _Pl/kfn> <kn.

Under additional assumptions, g,; are continuous. From the proof of Lemma 4.1.1,
cf. [32, Theorem 6, p. 82],
1/k
Ugnk:k Psfnd5§n~
0

For each n, U g, increases with k (this is part of Lemma 4.1.1); for each k, U g,x increases

with 7 (this follows from f,, < f,,+1). Now, by [32, Lemma 1, p. 80],
T lim f, =7 lim T lim Ug,; =1 lim Ugy;,.
n—oo n—o0  fk—soo n—oo
On the other hand, by the same [32, Lemma 1, p.80] and monotone convergence
li =1 li limP f,, =T 1i lim P, IimPf=f.
T lim f, =1 lim T im 3o =1 tlngnglgo 1S T im S =f

Therefore, by setting g, = gun»
=t im Vs
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4.2. BOUNDARY BEHAVIOUR OF POTENTIAL

INTEGRALS - AUXILIARY RESULTS

Lemma 4.2.1. ForI'={y € dD:|x—y| <20p(x)} it holds that

/ =y = 8p(x)"!, xeD.

r

Proof. Since D isa Cl! set, for small enough 8p(x) the boundary part I' can be described
asT'={g € R |8p(x) — f(q)|* +|q|* < 48p(x)?}, for some C"! function f on R4~
such that f(0) = 0 and Vf(0) = 0, whereas x can be viewed as x = (0,...,0,5p(x)).

Hence
s V@)
do(y) < 8p(x) da
T‘X—y|d Op(x) — f(q)|* + q2d/2
{geR41:|6p (x)— £ (q)|*+q*<40p(x)*} (18p(x) = f(a) > +1al*)
1
- / (5 ) 4%
2RI 1= (8p(x)2) /o () 2+le2<4) (‘1——1 (3oR +|z|2)

where we first used that |V f| is bounded by the Lipschitz property and then the sub-
stitution ¢ = 8p(x)z. Since f € CH(RY~1) such that £(0) = 0 and Vf(0) = 0, by the

dominated convergence theorem the last integral converges to

1

——=dz
(1+ |22
{z€RI-1:1+4|7|2<4}

< oo

as Op(x) — 0.
[

Let € = £(D) > 0 be such that the map @ : dD x (—¢&,¢&) — R? defined by ®(y,5) =
y+ n(y) defines a diffeomorphism to its image, cf. [4, Remark 3.1]. Here n denotes the
unit interior normal. Without loss of generality assume that € < diam(D)/20.

Lemma 4.2.2. Letn < €.

(a) Assume that conditions (U1)-(U4) of Proposition 2.4.1 hold true. Then for any
x € D such that 8p(x) < n/2,

O o)

G (U(8p)1(gycm)) (x) = %(i))) /O U)WV (1) dt +V (8p(x) /OnU(t)V(t)dt
n U)V(t)

+V(Sp(x) /3 e @.1)
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In particular, Gp (U (0p)1(s,<n)) (x) < oo if and only if the integrability condition
(U1) holds true.

(b) Assume that conditions (le)-(fJ4) of Theorem 3.2.6 hold true. Then for any x € D
such that dp(x) < 1/2,

op(x)
SD(x)2¢(16D<x>-2) /0 Ul)tdt + op(x) /On U(t)rdi

n U(t)
o) /36D(x) n12¢(172) i

G (U(8p)1(5y<)) (¥) =<

4.2)

In particular, Gg (U(8p)1(5,<n)) (x) < oo if and only if the integrability condition
(3.63) holds true.

Proof. We will prove both claims simultaneously. Note that (U2)-(U4) of Proposition
2.4.1 are the same conditions as (INJZ)—(INM) of Theorem 3.2.6. Fix some ry < € and x € D
as in the statement. Define

D, = B(x,p(x)/2)

Dy = {y:8p(y) <n}\B(x,ro)

D3 = {y:0p(y) < op(x)/2}NB(x,rp)

Dy = {y:38p(x)/2 < p(y) <n}NB(x,ro)

Ds = {y:0p(x)/2<8p(y) <38p(x)/2} N (B(x,r0) \ B(x,0p(x)/2)).

Thus we have that

GD(U(5D) 5D<77 Z/ GD X y 5D( )) Zlﬁ
5
G (U(8p)1 (<)) Z/ Gp(x:)U (80(»)) dy ZTJ

Estimate of /; and 71: We show that

B UGV (00 < YD Py gy ar
p(x) Jo
Bo() ! oo
i et )~ SR O
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Indeed, let y € Dy. Then 8p(y) > Op(x)/2 > |y — x| implying that
1
=y (jx—y[72)’

since V(1) < q)(t’z)’l/ 2 by (2.32). Further, by using first (U2) and then (U3) we have

Gp(x,y) < Gh(x,y) =

that
U(dp(y)) <c1U(dp(x)/2) < cU(p(x)). 4.3)

Therefore, by using weak scaling of ¢ in the penultimate asymptotic equality,

1

=l |, VGO g @
1 o) ]
SUGE) [ o S V@) [
1
= U(5D(x))m = U(8p(x))V (8p(x))>.
Finally, by (U2) and the upper weak scaling (2.33) of V,
1 o) U(3p(x))V(dp(x)) [ V(t)
3p(x) /o vevidr 2 6p(x) /0 V(dp(x)) &
U(Sp(x)V(Sp(x)) [t ¢+ \*
R 5 (%) /0 <5D (x)) i
=< U(8p(x))V(dp(x))
Similarly,
1 /SD(X) U(t)ldt > U(SD(x))
Sp(x)29(8p(x)~2) Jo ~ ¢(6p(x)72)
Estimate of I, and 72: Next, we show that
n
b= V(8p(x)) / UV () dr, (4.4)
0
- n
b = 8p(x) /O Ut)ids. 4.5)

Lety € D,. Then ry < |y —x| < diam(D) so that |y — x| < 1. This implies that Gp(x,y) <
V(6p(x))V(Sp(y)) and Gg(x,y) = 8p(x)6p(y). Therefore
L =V(ép(x)) | U(ép(y)V(ép(y))dy= V(5D(x))/ U(dp(y))V (6p(y))dy.
D, p(y)<n

Finally, (4.4) follows by the co-area formula. Similarly

T = 8p(x) / U (8(3))8p(y) = Sp(x) /O "Uyear.

dp(y)<n
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In estimates for I3, I; and I5 (and for 73, Z; and fs) we will use the change of variables

formula based on a diffeomorphism @ : B(x,rg) — B(0, rp) satisfying

®(DNB(x,r)) = B(0,r9) N{z €R?: z-¢4 > 0},

®(y) - eq = 8p(y) forany y € B(x,ro), B(x) = dp(x)ea,

see [4, p. 38]. For the point z € R = {z € RY: z- ¢4 > 0} we will write z = (Z,24).

Several times we also use the following integrals:

a Sd*2 (1 _|_ 1/a)17d

ds= 0 4.6

/o (1+5)4 % d—1) a>9 (4.6)
a Sd_2 ad_l )

/0 (192 8= Aygyan (2a(1+a)+d+2ad+d°), a>0. (47

Estimate of 5 and I5: It holds that

L= %S)) /O P v dr. 4.8)
L= > ! — /6D(X)U(t)tdt. (4.9)
p ()29 (8p(x)~2) Jo
To see this, take y € Ds. Then 8p(y) < Sp(x)/2 implying [x — y| > 8p(x)/2, and thus
o S,
G (x,y) =< 6p(x)dp(y) @.11)

T =y 29 (jx—y[2)°
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Therefore

h = Vi |, U(5D(|i’)z‘;’(d5D()’)) "

U(za)V(zq)
V) [ o mmom T8 2 L

Sp(x)/2
V(6 / / D (x U(zq)V(zq) dzgdz
2]<ro JO (|op(x

dz

)

)

) —za| +12])?

_ 0 W()/2 U(zg)V(za)

= V(Sp(x / ”/ o002, 57 e
/&) 12U (8p(x)h)V (Sp(x)h)

= op(x s¢ s

V(8p( ))/0 /0 (1) +s)" dhd

r0/dp(x)  gd—2 1/2

= V(6p(x)) /0 T UEntomV (@t dn

1-d
_ vyt 51;()?{“’) OI/ZU(SD(x)h)V(SD(x)h) dh

1/2
= V(8p(x)) /0 U (8p(x)h)V (8p(x)h) dh

x)) [Op(x)/
= %{i)))/o 2U(t)V(t)dt.

This proves the upper bound in (4.8). For the lower bound, note that by the upper weak

scaling (2.33) of V and the almost non—increasing condition (U2), we have
p(x)/2 dp(x 8p(x) 5
/ UV de = 2/ U(t/2)V(t/2)dt > 2/ esU()a ' 270V (1) dr
0
— C4/ UtV (1) dr.
0

By repeating the first five lines of the calculations for the integral /3 with the bound
(4.11) for G3, we get
~ r0/0p (%) 1/2 U(Sp(x)h)h
I = / sd_z/ ) (9p(x)h) dhds
0 0 ((L1=h)+5)"""¢(8p(x)"2((1 —h)+s)72)

= /rO/sD(X) sal—Z/l/2 U(op(x)h)h dhds (4.12)
0 0 (1—|—s)d+2¢(5D(x)72(1—|—S)72) ’

where the last line comes from % < h < 1. Further, for ¢ it holds that

(1+5) 720 (8p(x) %) < 9 (8p(x) *(1+9)7%) < d(Sp(x)72), (4.13)
see (1.12). Since we have
r0/0p(x)  gd—2 ro/p(x)  gd—2
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by (4.6) and (4.7), by applying the inequalities (4.13) to (4.12) and by using (4.14) we

obtain

~ 1 1/2
b= S /0 U (8p(x)h)hdh

1 Op(x)/2
STRETT O

This proves (4.9) since the almost non-increasing condition (INJZ) implies

6p(x)/2 Sp(x) dp(x)
/ U(t)tdt:/ U(t/z)tdtz/ U(t)tdr.
0 0 0

Estimate of I, and I;: By applying the same change of variables as in the previous step,

we show that

" U@V
I =V (6p(x)) /3 - (’)t © 4. 4.15)
~ n U(t)
Iy = 3[)()6) /38D(x)/2 —t2¢(t72) drt. (4.16)

Let y € Dg. Then |x —y| > dp(x)/2 and |x —y| > Op(y)/3, hence Gp(x,y) is of the
form (4.10) and G%(x, y) is of the form (4.11). By following the first five lines in the

computation of /3, we arrive at

Iy =< V(ép(x)) / rO/aD(X)Sd_ /3n/8D(X) Vo )h)V(Ep(x)h) dhds

/2 ((h—1)+s5)
- n/8p(x) X)WV (Sp(x)h) [ 47>
= /3/2 i1 I (14 r)a 4rdh
_ /WD OV (Bp()h) (14 (h—Dap()/r0) ™
3/2 h—l d—1
- n/%p(x) x)h)V (6p(x)h)
A /3/2 h—l dh
5 /"/50 OV (Bp(oh)
3/2 h
= x))/ dt.
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Appendix Boundary behaviour of potential integrals - auxiliary results

By following the computation for the integral /; we have

r0/8p(x) 1n/8p(x) U(Sp(x)h)h
I = 5472 dhd
N / /3/2 (h=1)+5)""20(8p(x)2((h—1)+5)72) '
r0/6p(x) -2 n/8p(x) U(Sp(x)h)h
= dhd
/ /3/2 (h+5)" "0 (8p(x)"2(h+5)2) S
ro/(dp)h) /() U (op(x)h)
= dhds, (417
/o ' /3/2 12 (1+5)" 20 ((8p(x)h)2(1+5) 2 R

where the second line comes from %h < h—1 < h. By applying (4.13) in (4.17), since the
relations (4.14) also hold for ro/(8p(x)h) instead of ro/dp, we get
~ N/ U(Sp(x)h Ut
- . (Sp(x)h) . dhx5D(x)/ %dt
32 h29((8p(x)h)~2) 38p(x)/2 120 (172)

Estimate of /5 and 75: Under the almost non-increasing condition (U2) and the doubling

condition (U3) it holds that

Is SU(8p(x)V (8p(x))* S M/SD(X) UV (1)dt, (4.18)
p(x) Jo

=~ U(bp(x)) 1 3 (x)

Is S ¢(5D(x)—2) S 5D(x)2¢(5D(x)_2)/0 U(l)td[. 4.19)

Indeed, lety € Ds. Then |x—y| > Op(x)/2 > dp(y)/3, hence Gp(x,y) is of the form (4.10)
and G,q_)) (x,y) of the form (4.11). Also, the estimate (4.3) and the analogous one with V

hold true. Therefore

= Vi [ ULV,
S UGV [ .
Similarly,
[ASE NS U(dp(y))dn(y) U(dp(x)) 1
B=0000) || o e P S 58002 Jos o

It is shown in [4, page 42] that the integral |, Ds Tx— | ———=dy is comparable to 1. This proves the
first approximate inequalities in (4.18) and (4.19), while the second were already proved
in the estimate of I; and 71

The proof is finished by noting that I} +I5 < I3 and Li+1s < L. [ |

Lemma4.23. Letn <e.
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(a) Assume that conditions (U1)-(U4) from Proposition 2.4.1 hold true. There exists

c(n) > 0 such that for any x € D satisfying 6p(x) > 1n/2,
Gp(U(8p)L(sp<n)) (x) <e(n). (4.20)

(b) Assume that conditions (INJI)-(INJ4) from Theorem 3.2.6 hold true. There exists
c(n) > 0 such that for any x € D satisfying 6p(x) > 1n/2,

G (U (8p)(5,<)) (x) < c(n). (4.21)

Proof. Again, we will prove both claims simultaneously. Fix x € D as in the statement

and define
Dy = {y:p(y) <n/4},
D, = {y:n/4<dp(y)<n}.
Then
2
G (U(8p)1(5<)) Z / Gl U (Sp()dy = Y05, (422)
j=1
2 ~
GH(U(8p)L(5p<n)) (x Z/ Gh(x.y)U(Sp(y))dy=: Y J;. (4.23)

j=1

~.

Estimate of /| and JNI: We show that

J<1 nU V(t)d 4.24
S [ v, (424)
~ 1 n

<

INT]2¢(71_2)/0 U(t)tdr. (4.25)

Let y € D;. Then dp(y) < n/4 < dp(x)/2, hence by using |x —y| > ép(x) — p(y) we
have that [x—y| > dp(y) and |x —y| > Op(x)/2. This implies that Gp(x,y) satisfies (4.10)
and Gg (x,y) satisfies (4.11). Therefore,

Jle(5D(x))/ U(5D(y))V(5D(y))dy</D UG ()V(al)) ;0

D x —y|d ~ lx — yl¢

and

Y

jlv(;D(x)/D Udp()oply) ) )/ U(p(»))op(y) ,

- T 29 (—y[2) Y~ 2 (n 2 x—y[d
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Appendix Boundary behaviour of potential integrals - auxiliary results

since on D we have |x —y| > 1 /4, hence |x — y|?¢ (|x —y| =) = n%¢(n=2) by (1.12).
By using the co-area formula we get (below dy denotes the Hausdorff measure on

{6p(y) =1})

J /mﬂu(nq)(/’ ! d>d d
= NV (t - t, an
) o=t x4

~ SD(X) n/4
NS 262 Jo WW(&@ W%U

The inner integral is estimated as follows: For dp(y) =1 it holds that |x —y| > dp(x) —1,

(4.26)

)=t |x —yl

hence |x —y|™¢ < (8p(x) —t)~?. The Hausdorff measure of {Sp(y) = ¢} is larger than
or equal to the Hausdorff measure of the sphere around x of radius op(x) —¢ which is
comparable to (8p(x) —¢)?~!. This implies that the inner integral is estimated from above

by a constant times (8p(x) —¢)~'. Thus

n/4
AgA UV (1) (8p(x) =)' di, and

~ Sp n/4 _
J1 < —/ U(t)t (5p(x) —1)~ .
e ARUOUCAR

If t <n/4,thent < p(x)/2, implying dp(x)/2 < dp(x) —t < Op(x). Therefore,

/4
J1 S #(x)/on U)V(t)dt < %/On U(t)V(t)dt, and

~ 1 n
J1 S —/ Ul(t)tdt.
n*¢(m-2) Jo
Estimate of J, and J5: It holds that

L SUM/4) and J, SU(n/4). (4.27)

Let y € D;. By the almost non-increasing condition (U2) we have U (dp(y)) < cU(n/4),

hence
V(lx—y|)? V(jx—y|)?
J 5/) U(Sp(y))——Ldy<U 4/ ANV
? n/4<8p(y)<n (%)) eyl (n/4) nja<sp)<n -yt
V(|jx—y])?
< U 4/ — = dy<U 4).
< U(n/4) psaiam)y  r—yd O (n/4)

The last estimate uses the fact that the integral is not singular. Identically,
h<UM/4).
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By putting together estimates for J; and J> (and Ji and J,), we see that there exists

¢> > 0 such that

Go(U (@)L 3y) ) =2 (- [T VOV War+U)) = el

Gh(U(E0)1(5,n) ) < 2 (s [ Ut +U /) = el

Proof of Proposition 2.4.1 and Theorem 3.2.6. We prove the proposition and the theo-
rem simultaneously. Recall that the assumptions (U2)-(U4) for the proposition are the
same as the assumptions (62)—(64) for the theorem.

Fix some 1 < € and treat it as a constant. Note that on {Sp(y) > n} it holds that U is

bounded (by the assumption (64)). Therefore
G (U(8p)L(5y5n)) (¥) S GHdp(x) < dp(x), x€D, (4.28)

by Lemma 3.1.8. For the lower bound of this term note that on {Sp(x) > 1n/2} we have

1 1
G (U(8p)1 > dy=———>1, (429
U@ WZ [ e = e 2 429

and on {Op(x) < n/2} we have

GH(U (B0 o) (W) 2 0(3) | DO vz o). @30)

Sp(v)=n [x =y 29 (|x—y|2)
Since dp(x) < 1 on {dp(x) > n/2}, we have just obtained Gg (U(8p)1(5,>7)) (x) =< Op(x)
in D. Further, by Lemma 4.2.3, if 8p(x) > 1/2, then Gy (U(8p)1(s,<y)) (x) < c(n).
Hence,
Gp(U @) () =1, Sp(x) =1/2
Similarly
Go(U(80)1 (520 (¥) = Gol () =< V (p()). @31)

and if 8p(x) > 1/2, then Gp(U(8p)1(s,<n)) (x) < c(n) by Lemma 4.2.3. Hence,
GD(U(6D))(X) = 1, SD(X) > Tl/2

Since for 6p(x) > 1 /2 the right-hand sides of (2.42) and (3.66) are also comparable to 1,

this proves the claims for this case.
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Appendix Boundary behaviour of potential integrals - auxiliary results

Assume now that dp(x) < /2. By Lemma 4.2.2 and (4.31) we have that

Gp(U(6p))(x) = Gp(U(6p)1(5,<n))(x) +Gp(U(6p)L(5,>n))(x)

xM/OsD(X)U(t)V(t)dt+V(61)(x))/nU(t)V(t)dt

6p(x) 0
#vol) [0 O vip()
_ V(@) o) NGO
A_EKE_A U@W@Mpmq%unlgﬂ_jf_m.

Clearly, in the last integral we can replace 1) by diam(D).

Similarly, by following the previous calculations, and by using (4.28) and (4.30), we
obtain that for 6p(x) < 1n/2 the relation (3.66) holds.

Assume that the function U from Proposition 2.4.1 is bounded on every bounded

subset of (0,c0). Obviously, by (4.31),

Gp(U(dp))(x) < Gpl(x) = V(dp(x)).

On the other hand, analogously as in (4.4),

GolU(E0))0) > [ U(6n()Golxy)dy =< V(o) [ U@V (1,

D,
hence Gp(U(8p)) = V(8p) in D. This finishes the proof of Proposition 2.4.1.
To finish the proof of Theorem 3.2.6, we prove that G%(U (0p))(x) /ch(x) — 0
as x — dD. It is obvious that Pgo annihilates the first and the second term of (3.66).
For the third term, note that on {t > 8p(x)} we have t2¢(t~2) > 8p(x)?>¢(8p(x)~?) and

U(t)dp(x) < U(r)t. By applying the dominate convergence theorem we obtain

op(x) f diamD _U(t dt diamD
¢’% 5 U (1)8p(x)dt — 0,
Ppo(x) dp(x)

as dp(x) — 0.
|

Lemma 4.2.4. Let t < rg. There exists C = C(d,D,¢) > 0 such that for 8p(x) > 5 it
holds that

¢ ~
[ Dy e,
Sp(n<t Pho(y)

where 0 < f(x,1) < 18p(x) on {8p(x) >1/2} and f(x,1)/t — 0 as t — O for every fixed

xeD.
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Appendix Boundary behaviour of potential integrals - auxiliary results

Proof. We need a little adaptation of Lemma 4.2.3. We break the set D; in three pieces.

Fix x € D as in the statement and define

Dy ={y: op(y) <1/4},
Dy ={y:t/4 <8p(y) <t}NB(x,t/4),
Dy ={y:1/4<6p(y) <t}NB(x,1/4) NB(x,ro),

Dy={y:1t/4<6p(y) <t}nB(x,ro)°.

Then
4

Gny /Gny _vy
Joore z =Y

<t P¢ qu))G i=1
Estimate of J;: We prove

Ji <2 (4.32)

Lety € D;. Then 8p(y) <t/4 < dp(x)/2, hence |x —y| > dp(x)/2 > Sp(y). This implies
that Gg(x,y) satisfies (4.11), and Gg (x7y)/PgG(y) < 8p(x)8p(y)/|x —y|¢. Therefore, by

using the co-area formula in the second comparison, we get

nE80 [ |fli<§|)d = on(x) /(:/4}‘ </5 = <dy|)d> dh.

The inner integral is estimated as before, see the paragraph under (4.26), i.e. the inner

integral is bounded from above by a constant times (Sp(x) —/4)~!. Thus

t/4 h
Jl 5 6D()C) 0 Wdh

However, when & < t /4 we have %SD(x) < Op(x) —h < 8p(x), therefore
/4
Ji < hdh < 1*.
0

In the following integral estimates we have y € D such that/4 < dp(y) <t so Pg o(y) =<

.
2o(2)
Estimate of J,: We prove

Jr <12 (4.33)

On D, we obviously have G px,y) =< hence

x— y\d¢(lx —y[72)

1 _ 1
dy =1*¢(17?) 2,

Jr <12 t_2/
L Y Py (Pa )
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Estimate of J3: We prove that J3 < f(x,7) for a function f which satisfies 0 < f(x,1)/t <

Op(x) and f(x,t)/t — 0 as t — O for every fixed x € D.

To this end, since y € D3, hence |x—y| >t /4, it holds that Gg(x y) =< = y\dfg(p((ﬁx —F

Hence,

B 1
J3=2(172)ép(x) /03 X =y (|lx —y]72)

Since |x —y| >t/4, we have |x — y|>¢ (|x —y|72) = 12¢(t~2) by (1.12), hence

dy = f(x,1). (4.34)

1
Flen)/t < 8p(x) /D o (4.35)

Also, by reducing to the flat case we have

dhd
/mx T //4 raD h|+> '

1
d dr.
/z/4 (s /rr|pr+1> P

Since p — 1/(|p|+1) is bell-shaped, and the inner interval [(t /4 — 6p(x))/r, (t — p(x)) /7]

has fixed length, the inner integral is maximal when the inner interval is symmetric (which

is when dp(x) = %t), thus, we get

3t/(8r)
d d
/D3|x ylg ™~ //4/31/8r |p|-|—1) par

3¢/(8r)
dpd
// p+1)pr

Further, 1 <p+1<3t/(8r)+ 1 <3 s0 we get

1 a
/ < / Lars<i, (4.36)
Ds [x—y| t/4rT

Inserting the bound (4.36) into (4.35), we get that 0 < f(x,)/t < Op(x) where the constant
of comparability depends only on d, D and ¢.

Further, if we fix x and let7 — 0, then it is clear that 1p, — 0, and that |x —y| —d=2¢( |x—
y|72)~! < ¢ for every y € D; for all small enough ¢ > 0. Hence, f(x,t)/t — 0 ast — 0.

Estimate of J;: We prove
Jy P2 p(x). (4.37)

For y € D4 we have G p(x,y) S O)dpl) < Op(x)t since rg < |x —y| < diamD.

~ =y TR (f—yl )
Hence, Jy < 13¢(t72)8p(x).
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To finish the proof, note that we can take f(x,) = c(?+ fx,t) + 29 (17%)8p(x)) for

some constant ¢ = ¢(d,D,§) > 0. |

Proof of Proposition 2.4.2. Fix n < €. Letx € D and ro > Op(x) +n. We split D¢ into
three parts,
D= {Z e D" 5DL'(Z) > n}

Dy ={ze€D°NB(x,ry

~—

HOpe(z) <m}

D3 ={ze€ D\ B(x,rg

~—

: Ope(z) <M}
and apply (2.43) to get that

Ppg(x) < Dlﬁ(%c(Z))PD(x,Z)der D2l7 (8pe(2))Pp(x,2)dz+ D3l7(5Dc(Z))PD(x,Z)dZ

=L+bL+15.

Estimate of /;: For z € D¢ such that dpc(z) > 1, the estimate (2.36) is equivalent to
V(dp(x
Pp(x,z) < ( Dg ) e
V(6pe(2))*0pe(2)
By applying this estimate and the co-area formula to /1, we arrive to

17(506 (2))
D, V(8pe(2))*0pe(2)

~ - Ul
~V(6p(x)) /n T Jy, Yont—o el

I <V(op(x)) dz

= U(r)
— V(8p(x) / dr.
) n V()
As before, dw in the first two lines denotes the Hausdorff measure on 8p(w) =t and we
used that
{we D : pe(w) =1} =471 r>n.

Estimate of I;: First note that for z € D° N B(x, ry) estimate (2.36) implies that

_ V(épx))
Pp(x,z) < V(SDc(Z))’X_Z’d'

Next, as in the proof of Lemma 4.2.2 we will use the change of variables formula based

on a diffeophormism @ : B(x,ry) — B(0, rp) satisfying

®(D°NB(x,r0)) =B(0,r0) N{w e R : w-e; < 0},

|®(z2) - eq| = 8p(z) forany z€ D NB(x,ry), P(x)=3p(x)ey.
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Similarly as before, for the point w € RY = {w € R? : w-e; < 0} we will write w =

(w,wy). Therefore, by the change of variables given by the diffeomorphism @ it follows

that
U(8p<(2))
L =V(ép(x dz
2=V f VS @)l
U(—wa)
=V (op(x / ——dw.
0D Jrctom)m<ms<o) V) (80(6) — wal + )7

Next, we apply the substitution wy; = —t and switch to polar coordinates for w to obtain
that

_ nuy(t) [ro 542
IZAV(‘SD(X))/O V(t)/o Gol) +1 190

(g)V(SD@C))/On v(z)(g(t) it

p(x)+1)
_ V() UG
= TH0 b V)

Estimate of I3: Lastly, note that for z € D\ B(x, ry) such that 8p(z) < 7, estimate (2.36)

dt.

is equivalent to
V(6p(x))
V(0pe(z))
Therefore, similarly as in the estimate of /; we have
U(8p:(2))
I =<V (ép(x ———22dz
=V Ve (o)

_ n0(r)
~V(8p(x)) /O o /D IR LRI

xV(SD(x))/On %m.

Since for # < 1 we have that op(x) +1 < diam(D) + 1, it follows that I3 < .

PD(X,Z) =

This proves that

- n U(t) = U(t)
Pog(x) = V(8p(x)) (/0 V(t)(SD(x)+t)dt+/n Wdt) ,xeD.
By fixing 1 and noting that

diam(D) ﬁ(t) = Ut)  _
L Vot v

we obtain (2.45). Inequality (2.46) follows immediately. [ |
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4.3. ESTIMATE OF THE GREEN FUNCTION G}’;

Lemma 4.3.1. Under assumption (WSC) it holds that

6 (¢ ) = (2p)D(Y) :
b = (N M) gy

x,yeD, (4.38)
where the constant of comparability depends only on d, D and ¢.

Proof. We slightly modify the proof of [58, Theorem 3.1] where the claim was proved
under assumptions (A1)-(A5) from [58]. Since (WSC) implies (A1)-(A4) from [58], we
show that assumption (AS5), which assumes that fol ¢(A)~'dA < oo, can be dropped in our
setting. To shorten the proof, we note that every constant of comparability in the proof
will depend at most on d, D and ¢.

The lower bound proved in [58] does not use (AS) so we need to modify just the
calculations for the upper bound.

Similarly as in [58], let us define

L(r) = /0 g (M A 1) 42T u(t)dt,

t

(2diamD)? o
h(r) = / <M/\l)t_d/2e_tzu(t)dt,

2

L= e M8 (x) 8p (y)u(t)dt,
(2diamD)?
where A, is the first eigenvalue of —Ap, see Subsection 3.1.3, and the constant ¢ is the

constant ¢ from (3.10). In addition to the bounds (3.10), there is another one for all big

enough r > O:
_2{1[ (3.19) _2{1[ .
pD(t7x7y) =e (Pl(x)(Pl()’) = e 6D(x)6D(y), X7y€D7tZdlamD7

see [35, Theorem 4.2.5] and [73, Remark 3.3]. Hence,

p |x—y|? (2diamD)?
Gp(x,y) =/ pp(t,x,y)u(t)dr = / / / pp(t,x,y)u(r)d
0 [x—y[2 (2diamD)2

< L (=) +B(x—y]) + L. (4.39)
Obviously,

. 5p(x)8 5p(x)8 1
L< 3 (8p0) | e Hule) = Dfp()?tﬁ( Y5 D\a(czyﬁiy)“) (2
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Appendix Estimate of the Green function Gg

since |x —y| ¢ (|x — y|~2)~! explodes at x = y by (WSC).
For I} we imitate the calculations for [58, Eq. (3.7)]. Since u(t) < [2¢¢E 5 by (3.5) for
all £ > 0, and since t — ¢'(t 1) /¢ (¢~ 1)? increases, by the change of Varlables crt/t=s

we have
Il(r),S/Or (61)(X)I5D(Y)/\1> —~d2,~ ¢¢E % Jr
D) 7 (B0, ) a2
Op(x)d '(r2 oo s Op(x)d 1
S ( D 22D(y) /\1) rdfzsﬁ(r_)z)z/c s4/2+1, ds < (—D( 32D<y> /\1) —rd¢(r_2)’

where the last inequality follows from (1.4).
The calculation for I is slightly different then the one for [58, Eq. (3.8)]. Note that
1(g=1 51 ) ) .
u(t) < tz(p¢22—1;2 S t¢(t171) N r28;¢("72), for 2 <t < (2diamD)?, where in the last approxi-
mate inequality we used 1.3. Hence

(2diamD)?
12<f>5—252¢1< =) A (—SD(X)ISD( >“)f82 e a
r r r

op(x)d 1 op(x)6 1
< (PP s [ s (2 A )

The claim now follows from (4.39).
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4.4. UNIFORM INTEGRABILITY OF SOME

CLASSES OF FUNCTIONS

Lemma 4.4.1. Let f: D xR — R be continuous in the second variable and uy,u; €
L' (D, 8p(x)dx) such that u; < up. Assume that for every u € L'(D, §p(x)dx) such that

uy <u<upae. in D it holds that x — f(x,u(x)) € L' (D, 8p(x)dx). Then the family
F ={f(,u(-)) € LN(D,8p(x)dx) : u; <u<upae.inD}

is uniformly integrable in D with respect to the measure p(x)dx, hence bounded in

L' (D, 8p(x)dx).

Proof. Before we start the proof, we refer the reader to [69, Chapter 16] for details on the
uniform integrability. Also, the proof is motivated by the proof of the similar claim which
can be found in [66, Section 2].

Suppose that the family .# is not uniformly integrable. Then there is € > 0, a sequence
(va)n C LY (D, 8p(x)dx) such that u; < v, < u, a.e. in D, and a sequence (E,), consisting

of measurable subsets of D with property

[ 1rem)lsodr e, nen,

Now use [66, Lemma 2.1] with w,,(-) = | f(-,va(-))|8p(-) /€ € L' (D) to extract a subse-

quence (vp, )i of (v,), and disjoint sets F C E,,_ such that
€
/ £ (v, () |p()dx > £, keN.
Fy 2
To finish the proof, define

Vn, (%), x € F,
v(x) =

u(x), xeny Ff.

We have u; <v <uy in D, hence v € L' (D, 8p(x)dx). Further,

[ 17 v(00) 8o (x)dx > r S ()I8n(e)dx =

which is a contradiction. [ |
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Appendix Regularity of transition densities

4.5. REGULARITY OF TRANSITION DENSITIES

The following result on the regularity up to the boundary of the transition kernel of the
killed Brownian motion appears to be well known, but we were unable to find an exact
reference. In Chapter 3 we assumed that D is a C"! bounded domain, but this result we

give for a slightly more general open set since the claim is important in itself.

Lemma 4.5.1. Let D be an open bounded C!** domain for some o € (0,1]. For the
transition density pp(-,-,-) of the killed Brownian motion upon exiting the set D it holds

that pp € C'((0,0) x D x D).

Remark 4.5.2. Moreover, we will see in the proof of the previous lemma that pp is
somehow independently regular, variable by variable. E.g. we can differentiate pp(z,x,y)
in x up to the boundary, then differentiate the obtained function in y up to the boundary,
and then differentiate in ¢ as many times as we want. This can be done up to C1**(D)
regularity in the second and the third variable and up to C*(0, o) regularity in the first

variable.

Proof of Lemma 4.5.1. Note that pp(t,x,y) < p(t,x,y) everywhere by (3.9) so for fixed
t >0 and x € D we have that the mapping y — pp(t,x,y) is in L*(D) C L*(D). Hence,
by the spectral representation of L?(D) functions we have
p(t,x,y) = Z ?;(y), (4.40)
j=1
where we have used (3.17).
Now we show that the sum in (4.40) converges uniformly and is bounded in a certain
strong sense. First note that ¢; € C1:%(D) by [40, Theorem 8.34]. Furthermore, by [40,

Theorem 8.33] the following estimate holds

19)llcrempy < cr(1+ ) @jll=(p) (4.41)

where || - [|c1.a(p) is the standard C*(D) Holder norm and ¢; = ¢ (d,D) > 0. Also, the

eigenvalues satisfy the well known estimate

19ll=() < 24T 410l 2 () = 247, (4.42)
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see e.g. [75, Theorem 1.6], where ¢; = cz(d) > 0. In particular, this inequality and the

inequality in (4.41) imply
IV;ll=0) < CLll+ 21910y < e3(1+ A7, (4.43)

for c3 = c3(d,D) > 0. Also note that since ¢; vanishes on the boundary, by the mean-
value theorem for every x € D there is some x between x and the closest boundary point

to x such that

@j(x)
5D (x

Hence, for the sum in (4.40) the following uniform bound holds

= |Vo,(®)| < IVY)ll=(n)

(o) (o]

Z M (x)] |9 (v) Z 2 | (o) |95 | =)

j: :

. (4.44)
Z -2 I;Ld/z oo,

iy
(y\ Ze’”mum Y93l

Ze /lt|(pj

(4.45)

where ¢4 = c4(d, D) > 0 and the sums converge by Weyl’s law, see (3.18). Similar bounds
hold if we take the derivate by the variable ¢ or by the variable y.

Since ¢; € C 1.@(D) and since the bounds (4.44) and (4.45) hold, we can pass the
needed limits inside the sum (4.40) to get pp € C'((0,0) x D x D).

In addition, since the bounds (4.41)-(4.43) hold, we can pass the limits inside the sum
in the representation (4.40) to get that the density pp is regular, variable by variable up
to C1%(D) regularity in the second and the third variable and up to C*(0, ) regularity in
the first variable, see Remark 4.5.2. [ |
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The aim of this thesis was to solve the following semilinear problem in a bounded domain

D C R4, d > 2, for a non-local operator L:
Lu(x) = f(x,u(x)), xeD. (4.46)

This was done for two types of non-local operators. The first type of the operator L was
the operator ¢ (—A), where —¢(— A|,)) is the infinitesimal generator of the subordinate
Brownian motion where the subordinator has ¢ as its Laplace exponent. On the exponent

¢, the following was imposed:

(WSC). The function ¢ is a complete Bernstein function which satisfies the weak scaling

condition at infinity: There exist constants 61, 6, € (0,1) and a;,a, > 0 such that
ailo(r) <o(Ar) <aA®¢(r), A>1,r>1. (WSC)

In addition to the equation (4.46) we imposed boundary conditions in D¢ and on dD. For
the boundary condition on dD a new type of a boundary trace operator was constructed
- the operator Wp, motivated by the recent developments of such an operator for the case
of the fractional Laplacian. In the thesis for the operator ¢(—A) it was assumed that the

nonlinearity f from (4.46) satisfies

(F). f:D xR — R is continuous in the second variable and there exist a function p :

D — [0,0) and a continuous function A : [0,00) — [0,0) such that |f(x,7)| < p(x)A(]t]).

There were given a number of sufficient conditions on f (i.e. on p and A from (F)) such
that the problem (4.46) has a so-called weak dual solution. Such solutions are continuous
as it is proved in the thesis. The set D in the problem (4.46) was an arbitrary bounded

domain. In the special case when the set D is a bounded C''! domain, the sufficient and
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necessary conditions on f such that (4.46) has a solution were given. In order to obtain
a solution to (4.46), the theory of generalized harmonic functions was developed. The
Martin integral representation of such generalized harmonic functions was shown, as well
as the fact that such harmonic functions are smooth inside D.

The second type of the studied non-local operator was the operator ¢ (— A|,), where
—@(— A|p) is the infinitesimal generator of the subordinate killed Brownian motion, with
the Laplace exponent ¢ of the subordinator. Again, (WSC) was imposed on ¢. Fur-
ther, in this setting only bounded C''! domains D were considered, and the boundary
condition was given only on dD. In the thesis the existence of Poisson kernel relative
to ¢(— Al,) was proved, and the kernel was used to obtain an integral representation
of non-negative harmonic functions relative to ¢ (— A|,). Furthermore, an equivalence
between non-negative harmonic functions relative to ¢(— A|,) and non-negative func-
tions that satisfy a certain mean-value property with respect to the underlying subor-
dinate killed Brownian motion was obtained. Under assumption (F), many sufficient
conditions on f were given such that the problem (4.46) for ¢(— A|,)) has a so-called
weak solution. Furthermore, it was proved that these solutions are continuous. Fi-
nally, in the special case when ¢(A) = A°, s € (0,1), and f(x,t) = £¢P, there were

given sharp bounds on the parameter p € R such that the problem (4.46) has a solution.
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