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SUMMARY

In this thesis we consider the dynamics of the two-parameter Lozi family of planar home-
omorphisms, more precisely, the relationship between the stable and unstable manifold
of the hyperbolic fixed point X of that family in the first quadrant together with their
intersections, homoclinic points. We describe the zigzag structure which the stable man-
ifold of X forms in the third quadrant, prove that all homoclinic points in the border case
are tangential and construct polygons bounded by the stable and unstable manifold of X
which allows us to conclude that all border homoclinic tangencies consist of iterates of
two distinct points 7y and Vj which are the points at which the stable and the unstable
manifold, starting from X, intersect the horizontal and vertical axis for the first time re-
spectively. In addition, by posing analytic conditions on the stable and unstable manifold
of X, we compute the equations of the first few curves representing the border of the set
of existence of homoclinic points for that fixed point.

The determined border is utilized for the introduction of a region in the parameter
space for which there are no homoclinic points for X and the period-two cycle is attract-
ing. In this region we further investigate the unstable manifold of X, construct polygons
which are in part bounded by it and invariant under the square of the Lozi map and in ad-
dition, prove that every part of the unstable manifold which is a finite polygonal line has
an open neighborhood disjoint from its complement. We ultimately prove that the topo-
logical entropy of the Lozi map is zero for all parameter pairs in the mentioned region
if the unstable manifold of X intersects the coordinate axes at Ty and its inverse image
only. Along with this result, we also show that the topological entropy is zero on the
complement of the accumulation set of the unstable manifold of X. These results expand
the already known ones about the zero entropy locus by a large set of parameters.

In addition, these results are used to observe the basin of attraction for the Lozi map.

il



Summary

We turn our attention to the stable manifold of the fixed point Y in the third quadrant:
we prove that it intersects the horizontal axis at a point right to 7p which implies that it
tends to infinity and accumulates on the stable manifold of X in the first quadrant. As a
consequence, the stable manifold of Y separates the plane into two connected components
and we prove that the basin of attraction is contained in one of them.

Keywords: Lozi map, stable manifold, unstable manifold, homoclinic points, homo-

clinic tangency, topological entropy, basin of attraction.
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SAZETAK

U ovoj disertaciji promatramo dinamiku dvoparametarske Lozijeve familije homeomor-
fizama ravnine, preciznije, odnos stabilne i nestabilne mnogostrukosti hiperbolicke fiksne
tocke X te familije u prvom kvadrantu zajedno s njihovim presjecima, homoklinickim
toCkama. Opisujemo cik-cak strukturu koju stabilna mnogostrukost od X tvori u tre¢em
kvadrantu, dokazujemo da su sve homoklini¢ke to¢ke u granicnom slucaju tangencijalne
i konstruiramo poligone omedene stabilnom i nestabilnom mnogostrukosti od X iz ¢ega
mozemo zakljuciti da se sve homoklinicke toCke u grani¢nom slucaju sastoje od iter-
ata dviju istaknutih tocaka 7p 1 Vp, toaka u kojima stabilna i nestabilna mnogostrukost,
krecuci od X, redom sijeku horizontalnu i vertikalnu os po prvi put. Uz to, postavljajuci
analitiCke uvjete na stabilnu i nestabilnu mnogostrukost od X, racunamo jednadzbe prvih
nekoliko krivulja u parametarskom prostoru koje predstavljaju granicu skupa egzistencije
homoklinickih tocaka za tu fiksnu tocku.

IzraCunatu granicu moZemo iskoristiti za uvodenje regije u parametarskom prostoru
za koju ne postoje homoklini¢ke toCke za X i ciklus perioda dva je privlatan. U ovoj
regiji dalje istrazujemo nestabilnu mnogostrukost od X, konstruiramo poligone djelomice
omedene njome i invarijantne za kvadrat Lozijevog preslikavanja te uz to, dokazujemo da
je svaki dio nestabilne mnogostrukosti koji je poligonalna duzina ima otvorenu okolinu
disjunktnu s njegovim komplementom. Ultimativno dokazujemo da je topoloSka entropija
Lozijevog preslikavanja nula za sve parametarske parove u spomenutoj regiji ako nesta-
bilna mnogostrukost od X sijeCe koordinatne osi samo u tocki 7p i njenoj praslici. Uz
taj rezultat pokazujemo i da je topoloSka entropija jednaka nuli na komplementu skupa
gomiliSta nestabilne mnogostrukosti od X. Ovi rezultati proSiruju ve¢ postoje¢e o po-
drucju entropije nula za velik skup parametara.

Uz to, ovi rezultati se koriste kako bismo promatrali bazen atrakcije za Lozijevo pre-

v



Sazetak

slikavanje. Sada pozornost skreCemo na stabilnu mnogostrukost fiksne tocke Y u treCem
kvadrantu: dokazujemo da sijeCe horizontalnu os u tocki desno od 7 Sto povlaci da tezi
u beskonacnost 1 gomila se na stabilnu mnogostrukost od X u prvom kvadrantu. Kao
posljedicu dobivamo da stabilna mnogostrukost od Y dijeli ravninu na dvije komponente
povezanosti te dokazujemo da je bazen atrakcije sadrzan u jednoj od njih.

Kljucne rijeci: Lozijevo preslikavanje, stabilna mnogostrukost, nestabilna mnogostrukost,

homoklini¢ke tocke, homoklinic¢ka tangentnost, topoloska entropija, bazen atrakcije.
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INTRODUCTION

Maps on surfaces play a notable role in chaotic dynamics. One class of such maps
was introduced by Hénon in 1976 as a two-parameter family of planar diffeomorphisms
Hyp: R? = R?,

Hyp(x,y) = (14+y—ax’, bx).

Numerical computations conducted in [7] for parameter values a = 1.4 and b = 0.3 sug-
gested the existence of a strange attractor, a set of points in the plane which possesses a
neighborhood such that iterates of all points in it converge to that set. These consider-
ations were fomalized by Benedicks and Carleson in 1991 when they proved in [2] the
existence of parameter pairs (a,b) for which there exists a strange attractor for the Hénon
map. Despite the fact that the Hénon family is one of the most studied dynamical systems,
still not much is known about its dynamical properties.

This family of maps motivated Lozi to define in his 1978 paper [11] a new two-

parameter family L, , R? — R?,
Lap(x,y) = (1 4y —alx], bx),

which is obtained by replacing the quadratic term in the Hénon map by an absolute value
one. The results of Lozi’s numerical computations for parameter values a = 1.7 and
b = 0.5 also suggested the existence of a strange attractor (see Figure 1).

Although the family of the Lozi maps was initially introduced as a simpler model
than the Hénon map family, it turned out that this map induces complicated dynamics
and has been an object of research ever since. One of the first breakthroughs in the study
of the Lozi maps was in 1980 when Misiurewicz proved in [12] that the Lozi map has a
strange attractor for a large open set of parameters which is also known as the Misiurewicz

parameter set.
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Figure 1: The Lozi attractor for the original choice of parameters (a,b) = (1.7,0.5).

To enrich and broaden the already existing theory and results about the Lozi map
family, we will consider two main dynamical characteristics of that family: homoclinic
points (see Definition 1.3.1) and topological entropy (see Section 1.4).

We start with a particular set of interest in the parameter space (see Figure 3.2); more
precisely, we determine the most intricate part of its boundary by computing the equa-
tions of curves which represent the border of the set of existence of homoclinic points
for the fixed point X in the first quadrant (Section 2.2). We also determine all possible
homoclinic points for X on that border (Theorem 2.1.10). As we will see in the first
chapter, homoclinic points are mainly studied in the context of diffeomorphisms (i.e. one
typically requires differentiability of the map in consideration) so these results represent
a step towards a comparable theory for homeomorphisms of the plane.

After determining the border of existence of homoclinic points for X, we consider the
locus of points in the parameter space for which the corresponding Lozi maps have zero
topological entropy. Even though the maximal entropy locus for the Lozi map is already
known (see [8]) and some partial results about zero entropy were also obtained (see [21]),

we will expand the latter results in Theorem 3.3.1 by proving that the topological entropy
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of the Lozi map is zero for a large set of parameters for which there are no homoclinic
points for X and the period-two cycle {P,P'} is attracting. In addition, we will consider
the basin of attraction for the Lozi map and prove that the basin is contained in a subset of
the plane bounded by the stable manifold of the other fixed point Y in the third quadrant
(Theorem 4.3.3). This result generalizes the one in [1] for the Misiurewicz parameter set.

As a byproduct of all these investigations, we will also obtain various results concer-
ning the geometric structure of the stable and unstable manifolds of the fixed points for
the Lozi map which help with the general understanding of the dynamics of that map and
some of which can be applied to an even broader set of parameters than the one considered
in this work.

Homoclinic points (Section 1.3), together with the dynamical behavior of nearby or-
bits, are of special interest in dynamical systems. In the case of the Lozi family, Ishii has
proved in [8] the existence of homoclinic (heteroclinic) tangencies for all parameter pairs
on the boundary of the region H for which the map contains a full Smale horseshoe (see
Proposition 1.4.28 and Theorem 1.4.30). In Chapter 2, we investigate homoclinic tan-
gencies associated to the fixed point X in the first quadrant, more precisely, the border of
the set of existence of homoclinic points for X. The main result we prove in this chapter
is Theorem 2.1.10 in which we determine homoclinic tangencies in the border case: all
possible homoclinic points in the border case are iterates of Ty and Vp, points at which the
unstable manifold Wy and stable manifold Wy, starting from X, intersect the x- and y-axis
respectively for the first time.

The question of topological entropy, as a non-negative value which is a measure of
complexity of a dynamical system, has also been of interest, but little is still known about
the topological entropy of Lozi maps. Buzzi proved in [5] that the topological entropy
is lower semi-continuous for piecewise affine homeomorphisms of compact surfaces and
asked if the same could be concluded for upper semi-continuity. Yildiz gave a negative
answer by using Lozi maps as a counterexample: he proved in [22] that the topological
entropy for the Lozi map can jump from zero to a value above 0.1203 as one crosses
a particular parameter and is thus not upper semi-continuous in general (see Theorem
1.4.27). A general formula from which the topological entropy of the Lozi map could be

derived from the parameters is unknown.
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Other results concern the monotonicity of topological entropy. Ishii and Sands have
proven in [10] the monotonicity of entropy for the Lozi map in a neighborhood of the a-
axis in the parameter space and Yildiz additionally contributed in [21] by showing mono-
tonicity in the vertical direction around a = 2 and in some other directions for 1 < a < 2;
see Theorems 1.4.21, 1.4.22 and 1.4.23. Moreover, pruning theory enabled Ishii in [9]
to establish partial monotonicity of the topological entropy as well as of bifurcations for
the Lozi family near horseshoes and in addition, to prove that the Lozi map has maxi-
mal entropy (equal to log2) for parameter values in the aforementioned region H in the
parameter space ( [8]; see also Theorem 1.4.29).

Zero topological entropy is of special interest for this dissertation. In [21], Yildiz has
determined several regions in the parameter space for which the Lozi map has zero topo-
logical entropy; see Theorems 1.4.24 and 1.4.25. In the latter theorem, Yildiz proved that
hiop(Lap) = O for parameter values in a small neighborhood of (a,b) = (1,0.5) and his
numerical computations suggested that this point belongs to a much bigger region in the
parameter space for which L, ;, should also have zero entropy (see Figure 1.5). In Chapter
3, we prove in Theorem 3.3.1 that /,,(L, ) = O for all parameter pairs (a,b) in a region
R in the parameter space for which the cycle {P, P’} of period two is attracting, there are
no homoclinic points for the fixed point X and the unstable manifold Wy intersects the
coordinate axes only at the point 7y and its preimage To_l. Moreover, by expanding the
parameter set to a region R for which Wy also intersects the coordinate axes at additional
points, in Theorem 3.3.7 we show that the topological entropy of the L.ozi map, restricted
to the complement of the set £ of accumulation points of Wy, is also zero. We conject that
¢ ={P,P'}, which would imply that the whole %R is the zero entropy locus for the Lozi
map when the period-two cycle is attracting.

In this dissertation we take a geometric approach to investigate the aforementioned
dynamical properties of the Lozi map; this approach is used throughout the chapters of

this dissertation for which we now give an overview:

* In Chapter 1 we give a review of some concepts of interest and known results about
them, including elementary notions of topology and dynamical systems, introduc-
tory facts concerning the Lozi family (fixed and periodic points, stable and unstable

manifolds), tangential homoclinic points and finally, the definition of topological
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entropy together with some properties and results about the entropy of Lozi maps.

This is the chapter in which we also present the notation used in the following ones;

* In Chapter 2 we investigate homoclinic points for the hyperbolic fixed point X in
the first quadrant. In Section 2.1, we determine the homoclinic points in the bor-
der case: we prove that all such points are tangential in Lemma 2.1.8, describe
the zigzag structure which the stable manifold of X forms in the third quadrant in
Proposition 2.1.3, and finally, in Theorem 2.1.10, we conclude that all border ho-
moclinic tangencies consist of iterates of 7y and Vp. In Section 2.2, we move on to
calculating the equations (2.4)-(2.14) of some curves representing the border of the

set of existence of those points in the parameter space;

* In Chapter 3 we consider the zero entropy locus for the Lozi map. We introduce the
regions R and R in the parameter space for which there are no homoclinic points for
X and the period-two cycle {P, P’} is attracting. We further investigate the unstable
manifold of X: in Lemma 3.2.5 we construct polygons which are in part bounded
by it and invariant under the square of the Lozi map and in addition, we prove in
Corollary 3.2.7 that every part of the unstable manifold which is a finite polygonal
line has an open neighborhood disjoint from the rest of it. In Section 3.3 we state
and prove Theorem 3.3.1, the main result about zero entropy for all parameter pairs
in R, Theorem 3.3.7 about zero entropy outside the accumulation set £ of Wy for all

parameter pairs in R as well as the corresponding conjecture for the set /;

* In Chapter 4 the main focus is put on the basin of attraction for the Lozi map. We
turn our attention to the stable manifold of the fixed point Y in the third quadrant:
in Proposition 4.2.3 we prove that it intersects the positive x-axis at a point right to
To which implies that it tends to infinity and converges to the stable manifold of X
in the first quadrant (Corollary 4.2.6). As a consequence, the stable manifold of Y
separates the plane into two connected components 7] and .o%. In Theorem 4.3.3
we show that all points in 27 tend to infinity under the Lozi map which implies that
the basin of attraction is contained in .2/j. Moreover, in Theorem 4.3.7 we prove
that .7 \ Wy is the basin of attraction for the accumulation set £ from the previous

chapter.



1. PRELIMINARIES

In this chapter we introduce elementary notions of interest for the following chapters:
preliminaries from topology and dynamical systems, the Lozi map, homoclinic points
and topological entropy. We define these notions and give an overview of known relevant

results about them.

1.1. BASIC DEFINITIONS AND RESULTS

1.1.1. Orbits of points

Definition 1.1.1. A dynamical system is a pair (X, f), where X is a topological space
and f: X — X a function.

For every n € N, we put f* = fo fo...of; specially, we define f° as the identity
—_——

n times

map. Additionally, if f is invertible, we also denote f " = f 1o flo...of 7.

n times

Definition 1.1.2. A set A C X is f-invariant if f(A) C A.
Definition 1.1.3. The forward orbit of a point x € X under the map f is the set 0 (x, f)
of all iterates of x under f, i.e.

O (x, f) = {f"(x): n € No}.
If f is also invertible, the backward orbit of x under f is defined as the set &~ (x, f) of all
iterates of x under f 1 je.

O~ (x,f) ={f"(x): n€No}.
The full orbit of x under f is the set of all iterates of x under f and f~!, O(x,f) =
{f"(x): neZ}.
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Specific points of interest are fixed and periodic points.

Definition 1.1.4. A point p € X is said to be a periodic point for f if there exists n € N
such that f"(p) = p. The smallest such n will be denoted by 7(p) and called the prime
period of p. Specially, if T(p) = 1, we say that p is a fixed point for f.

More generally, one can consider points whose neighborhoods do not “wander away™.

Definition 1.1.5. A point x € X is said to be a non-wandering point if for every neigh-
borhood U of x there exists n € N such that f*(U) NU # 0. The set of all non-wandering
points for f, the non-wandering set, is denoted Q(f). A point y € X is said to be a wander-
ing point if there exists an open neighborhood V of y and ny € N such that f*(V)NV =0

foralln € N, n > ny.
We next define the notion which describes the “equality” of two dynamical systems.

Definition 1.1.6 (Topological conjugacy). Let (X, f) and (Y,g) be dynamical systems.
These systems are fopologically conjugate if there exists a homeomorphism 4: X — Y
such that

goh=hof.

The proof of this well-known result about topological conjugacy can be found in e.g.

[6].

Proposition 1.1.7. Let (X, f) and (Y, g) be topologically conjugate dynamical systems

and h: X — Y a conjugacy between f and g.
1. Forevery x € X, h(O*(x, f)) = 07 (h(x),g), i.e. h maps orbits of f to orbits of g.

2. For every p € X, p is a fixed (periodic) point for f if and only if 4(p) is a fixed

(periodic) point for g.

3. Conjugacy h maps Q(f) to Q(g), i.e. a point x € X is a non-wandering point for f

if and only if i(x) is a non-wandering point for g.
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1.1.2. Hyperbolicity

Now let M be a smooth surface (two dimensional manifold) and f: M — M a diffeomor-

phism. We denote the differential of f by Df.

Definition 1.1.8. An f-invariant subset A C M is said to be a hyperbolic set if for every

p € A, the tangent space to M at p admits a splitting
T,M=E ;, S El’ﬁ
such that:

1. there exist positive constants C and A < 1 satisfying
IDf"(p)v]| < CA"||v]|, forall v € E},

|IDf " (p)vl| < CA"||v|, forall v € E},

foralln € N,

and Df (p)E% = E*

2. Df(p)ES = E} U= E!

f(p) (p)° 1.e. the splitting is D f-invariant.

The subspaces Ey, and E}; are respectively called the stable and unstable subspace at p.

Remark 1.1.9. If M is a surface and E f,, E I”)‘ are both non-trivial spaces, notice that these

spaces are lines (and are therefore called the stable and unstable lines).

Definition 1.1.10. Let f: M — M be a diffeomorphism and A C M a hyperbolic set
for f. For p € A and € > 0, the local stable and unstable manifold of p are defined

respectively as
Wye={xeM: ’1li_r>r°10dist(f"(p),f"(x)) =0 and dist(f"(p), f"(x)) < e forall n € Ny},

Wi e={xeM: limdist(f"(p),f "(x))=0and dist(f"(p),f "(x)) <& forall n € No}.

n—soo

The stable and unstable manifold of p are respectively

Wo=U " Wipe) Wo= U Wf)e)-
n=0 n=0



Preliminaries Basic definitions and results

The definition does not depend on the choice of €. In the case of diffeomorphisms of
the Euclidean plane, the following theorem guarantees the existence of local stable and

unstable manifolds for hyperbolic sets.

Theorem 1.1.11 (Unstable manifold theorem; [6, Theorem 7.9]). Let f: R? — R? be
a diffeomorphism and A a compact, invariant, hyperbolic set for f. Then there exists a

8 > 0 such that for any p € A, there is a smooth curve ¢, : [~8,8] — R? satisfying
1. ¢,(0) =p,
2. ¢,(0) #0,
3. ¢,,(0) lies along the unstable line E,,
4. f~Ye,) C Cr1(p)s
5. lim dist(f " (6,(0)).1 (1)) =0,

We see that the curve ¢, from the previous theorem corresponds to the local unstable
manifold of p. An analogous result can be obtained for the local stable manifold by

applying the previous theorem on the inverse of f.

Remark 1.1.12. The notions of hyperbolicity, stable and unstable manifolds are here
presented in the two-dimensional setting since that will be the case of interest; however,

analogous definitions and results can be obtained in higher dimensions, see e.g. [19].

One special class of diffeomorphisms that is extensively studied in hyperbolic dynam-

ics are the so-called Axiom A diffeomorphisms.

Definition 1.1.13 ( [20]). Let M be a smooth manifold. A diffeomorphism f: M — M

is said to be an Axiom A diffeomorphism if
1. the non-wandering set Q(f) is hyperbolic and compact,
2. the set of periodic points of f is dense in Q(f).
We will conclude this section by giving a classification of hyperbolic periodic points.

Definition 1.1.14. Let M be a smooth manifold and f: M — M a diffeomorphism.
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1. A periodic point p for f of prime period 7(p) is hyperbolic if all eigenvalues of the

differential of f*(7), D f*(P)(p), have absolute value different than 1.
2. A hyperbolic periodic point p for f is said to be
(a) asink or attractive periodic point if all eigenvalues of D f*(P) (p) have absolute
value less than 1,

(b) a source or repelling periodic point if all eigenvalues of D f*(?)(p) have abso-

lute value greater than 1,

(c) asaddle point if it is neither a sink nor a source.
3. If p is a periodic point for f of prime period t(p), we say that f is said to be:

(a) area dissipative at p if |det D7) (p)| < 1,
(b) area expansive at p if |detDf*(P)(p)| > 1,

(c) area preserving at p if |detDf*(P)(p)| = 1.

10
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1.2. LOZI MAPS

In this section we will define the central object of this dissertation - the Lozi map family.
We will present some elementary notions concerning the dynamics of maps of that family

and explain the notation which will be used in the following chapters.

1.2.1. Fixed and periodic points

Definition 1.2.1. The Lozi map family is a 2-parameter family of piecewise affine planar

homeomorphisms given by
Lop: R? = R? Lyp(x,y) = (14+y—alx|, bx), (1.1)
where a,b € R, b # 0.

We will often omit the parameters and write L := L 5.

The inverse of L is given by

1
L VRS R? Ll (xy) = <By,x— 1 +g|y|> : (1.2)

From (1.1) and (1.2) we directly see how L and L~! act on quadrants in the Cartesian
plane for positive values of parameters a and b, see Lemma 2.1.1 and Figure 1.1.
The following result shows that it suffices to consider Lozi maps L, , such that |b| < 1

- namely, Lozi maps with || > 1 are conjugate to inverses of maps with |b| < 1.
Remark 1.2.2. Let |b| > 1 and a € R. Then
h: R* = R, h(x,y) = (—y,—x)

is a topological conjugacy between L, ; and L, I ie. Lypoh=hoL,
bh b

=

Furthermore, a direct calculation gives us results about fixed and periodic points of
Lozi maps and their hyperbolic character. Notice that the Lozi map is not differentiable
on the whole R? so we can consider its hyperbolic structure only at points at which hyper-
bolic splittings exist. The differential of L at all points in the right half-plane is constant

and equals
—a 1
DL+ = )
b 0

11
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Lozi maps
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Figure 1.1: Images of quadrants in the Cartesian plane under the Lozi map L (above) and

its inverse L~! (below), for positive values of parameters a and b.

and similarly, the differential of L at all points in the left half-plane is equal to

12
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Remark 1.2.3 (Fixed points for the Lozi map). Let0 < |b| < 1anda € R.
1. If a < b—1, then the Lozi map L does not have any fixed points.
2. Ifb—1<a<1—bandb # 1, L has one fixed point

X_( 1 b )
“\l+a-b'14a—b/"

This point lies in the first quadrant for » > 0 and in the fourth one for b < 0. If

b=—1anda€ (-2,2),or b=1—a, X is not hyperbolic. For other parameter

values in this case, i.e. b < 1 —a, X is an attracting fixed point.

3. If 1 —b < a, L has two fixed points,

X_( 1 b >Y_< 1 b )
\l4+a—b"14a-b)"" \l—a—-b'1—a—->b/’

These points lie respectively in the first and third quadrant for b > 0, i.e. in the

fourth and second quadrant for » < 0. Both of these points are hyperbolic saddle

points for all parameter values in this case.
Remark 1.2.4 (Periodic points for L of period 2). Let0 < |p| < 1 anda € R.
1. If a < 1—b, L does not have any periodic points of prime period 2.

2. If a=1—b, there is a line segment / of period-two points for L given by

b 1
I= R2: b -~ _0< <—}.
{(x,y)é Aty = 0SS

The segment / is contained in the first quadrant for » > 0 and in the fourth one for

b < 0. These points are not hyperbolic.

3. If a > 1—b, L has two periodic points of prime period 2,

p_ [ 1ta=b b(l—a=b)\ ,, ( l-a=b b(l+a=b)
S \aZ+(1-b)2a+(1-b)2) "  \a2+(1-b)? a>+(1-b)? )"

These points lie respectively in the fourth and second quadrant for b > 0, i.e. in the

first and third quadrant for b < 0. If b € (0,1] and a = b+ 1, these points are not
hyperbolic. If b € (0,1) and 1 — b < a < 1 + b, these points are attracting. Finally,

if | —a < b < a—1, these points are hyperbolic saddles.

13
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From now on, we will observe parameter pairs (a,b) for which 0 < b < 1, a > 0 and
a-+b > 1. In that case, the differential of L at its two hyperbolic fixed points X and Y in
the first and third quadrant respectively is given by DL(X) = DL and DL(Y) = DL_.

The eigenvalues of the differential of L are

1 1
A =5(—a—Va+4b) and Ay = (—a+Va?+4b) at X,

and

1 1
M =5 (a+Va>+4b) and Ap = Z(a—Va>+4b) at Y.

Observe that A¥ < —1, Ay > 1land 0 < A§ < 1, —1 < A} < 0. Furthermore, the eigenvector
corresponding to the eigenvalue A is (2)
Recall that the stable manifold of the fixed point X is the set of all points in the plane

whose forward iterates under L converge to X:

n—soo

Wg ={T e R*: L'(T) X}

Similarly, the unstable manifold of X is the set of all points whose backward iterates under
L converge to X:

n—yoo

Wi ={T c¢R*: L™(T) X}

As a direct consequence of these definitions, we see that Wy and Wy are L- and L1
invariant sets which both contain X.

Moreover, Wy and Wy are broken (polygonal) lines in the plane (and therefore not
manifolds in the true meaning of that notion), see Figure 1.2. Namely, observe the unsta-
ble manifold Wy: locally at X, it is a straight line segment whose slope is parallel to the
eigenvector corresponding to A¢. This line segment intersects the positive x-axis at the

point

2+a++Va*+4b
To = 0.

2(14+a—>b)
For n € Z, put T = L"(Tp). Since X and Ty are both contained in the right half-plane, L
will act on the straight line segment X T as an affine map and therefore, L(XTp) is again a
straight line segment whose endpoints are X and Tol. Since TO1 lies in the second quadrant,

X TOl intersects the positive y-axis and the point of intersection is Tofl, the inverse image

of Tp. The straight line segment X TO_1 is contained in the right and TO_ITO1 in the left

14
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50-
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> 0.0-
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-5.0 -25 0.0 25 5.0

Figure 1.2: The stable (red) and unstable (blue) manifold of the fixed X for parameter

values a = 1.46, b = 0.86, together with some iterates of Ty and Vj.

half-plane so L acts on each one of them as an affine map. The image L(X TOI) is thus a

broken line and consists of two straight line segments, X7 and TOTOZ. By taking further
forward iterations of X 7 while considering the intersections with the y-axis we construct
the polygonal line Wy and we see that
Wy = |J L"(XTo).
n=0
Additionally, we denote by W)?Jr the half of Wy starting at X and going to the right, passing
through 7y. The other half which starts at X and goes to the left, passing through To_l,
will be denoted by Wy ™. Observe that

wy = 10Ty, wiEt = U L*M(ToT3).

N——oc0 Nn——oo

15
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Similarly, observe the stable manifold Wy which is, locally at X, a straight line seg-
ment whose direction vector is parallel to the eigenvector corresponding to Ay. That line
intersects the negative y-axis at the point

vielo a—2b++a®+4b
o=\ T 2(t+a-b) )

For n € Z, put V! = L"(Vp). Then XV, intersects the positive x-axis at Vol, the forward
image of V. Since X_VO1 is the contained in the upper and m in the lower half-plane,
L~! will act on these segments as an affine map and L™! (XV) is a broken line consisting
of two line segments, XV and VOTO_I. By taking further backward images of XV, while
considering the intersections with the x-axis we construct one half of Wy which will be

denoted by Wy~ and we have
Wy = U L7(XVp).
n=0

The other half does not intersect the x-axis, it is a half-line starting from X and going to

infinity in the first quadrant. We denote it by Wy .

1.2.2. Notation

Before presenting some results about the Lozi map, we will first introduce the notation
which is going to be used throughout this dissertation. We start with the notation for the
standard number sets: by Z we denote the set of integers, by N the set of positive integers
and No = NU {0}.

Since we are working in the Euclidean plane, we will also use the following notation

to denote geometrical objects and their topological characteristics:

* points in the plane will be denoted by capital Latin letters, possibly with indices:
A/B.C,...,A1,B1,Cy,... One exception is L which will always denote the Lozi

map,

* specially, T and Vj will always denote points on Wy and Wy respectively, as defined
in the previous subsection (see Figure 1.2), as well as X and Y, the fixed points of

L,

16
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» for a point A € R?, A, and A, will be the x and y coordinates of A respectively,

s for A, B € R?, the straight line segment with A and B as endpoints will be denoted
by AB,

s for A € R? and € > 0, B¢(A) will represent the open ball in the plane centered at A

of radius €,

* small Greek letters a, 3,7, etc. will stand for line segments, straight or polygonal

ones,

* capital scripted letters .o/, A, etc. will denote two-dimensional subsets of the plane,

typically polygons,
o dist: R? x RZ — R will be the Euclidean metric in R2,
« for 7 C R? we will use the following notation:

— Int” ... interior of <7,

- Cl& ...closure of <7,

- d<7 ...boundary of <7,

— Conv./ ... convex hull of .o7.

Finally, we will use specific notation concerning the Lozi map and the stable and

unstable manifolds Wy and Wy:

« forevery n € N, L will denote the composition LoLo...oLand L " =L 'oL 'o.. . L7
—_—— N

~
n times n times

Specially, we let LY be the identity map,
« for every k € Z, we put T = L*(Tp) and V§ = LK(Vp),
* for points A, B € Wy, we put:

- [A,B](“) C Wy ... polygonal line lying on Wy with A and B as endpoints,
— specially, if [A, B]™ is a straight line segment, we denote it by AB" ,

- [4,B)" = [4,B)")\ {B},

17
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~ (A,B]") := [A,B]")\ {A},

- (A,B)® :=[A,B|"\ {A,B},

« for A,B € Wy, we define the sets [A,B]), AB", [4,B)", (A,B]®) and (A,B)

analogously.

18
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1.3. HOMOCLINIC POINTS

Homoclinic points were first defined by Poincaré in 1899. In his study [16] of the re-
stricted three-body problem, Poincaré considered asymptotic curves of periodic solutions
which are nowadays known as stable and unstable manifolds. Poincaré noted that even
though these curves can not self-intersect, they can still intersect each other at points
which he called homoclinic points, double asymptotic points. In Poincaré’s own words,
..., these intersections form a kind of lattice-work, a weave, a chain-link network of in-
finitely finite mesh; each of the two curves can never cross itself, but it must fold back on
itself in a very complicated way so as to recross all the chain-links an infinite number of

times.”

Definition 1.3.1. Let M be a smooth manifold and f: M — M a diffeomorphism with a
periodic point p of prime period T(p). A point ¢ € M is said to be a homoclinic point for

pif g # p and g lies in the intersection of W and W}

In other words, homoclinic points are points whose forward and backward iterations
under £7() both tend to p. There are two types of homoclinic points: transversal homo-
clinic points at which W/ and W, intersect transversally and homoclinic tangencies which

will be of interest in the second chapter (see Figure 1.3).

Remark 1.3.2. As previously mentioned, Lozi maps are not differentiable on the whole
R? and the stable and unstable manifolds of the hyperbolic fixed points are polygonal
lines (the differential of L can not be continuously extended to the whole plane). However,
transversal and tangential homoclinic intersections can be defined even in this case and

these notions are formalized in Definition 2.1.7.

Today we know that homoclinic points are associated with complicated dynamical
behaviour which is often linked to chaos. Poincaré noticed that the existence of one
homoclinic point implies the existence of infinitely many of them. In addition to that,
Smale, [20], presented in 1967 his well-known theorem which states that for every dif-
feomorphism f of a smooth manifold M which has a transversal homoclinic point x, there
exists a Cantor set A C M containing x and a positive integer m such that f’"‘A is topo-

logically conjugate to the shift automorphism on 2 symbols (see Definition 1.4.17). In
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WS

N

N

Figure 1.3: Point ¢ is a tangential homoclinic point for p. All other points of intersection

of W7 and W, different from p on this picture are transversal homoclinic points.

particular, in every neighborhood of a transversal homoclinic point there is a periodic
point.

One should note that the assumption of transversality of the homoclinic point in the
previous result is essential (see e.g. [4]). In other words, tangential homoclinic points
do not pose the same dynamical setting as transversal ones and are therefore subject to a
separate study. Survey [15] describes one typical way of creation of homoclinic tangen-
cies: let {f; : A €0, 1]} be a parameterized family of C”-diffeomorphisms of the plane.
For such families it frequently occurs that there is a saddle fixed point p; continuously
depending on A such that, for some parameter Ay, a homoclinic tangency is created at
a point go. Specifically, there exists an € > 0 such that locally, on a small neighbor-
hood of gy, the stable manifold W, and the unstable manifold Wy, do not intersect for
Ao — € < A < Ay, intersect tangentially at go for A = A and intersect at two distinct points
for Ag < A < Ap + € (see Figure 1.4).

Tangential homoclinic points are also a source of various dynamical phenomena.
Mora and Viana in their 1993 paper [13] have given an answer to a conjecture by Palis
by proving that for a one-parameter family (fy)u of C*-diffeomorphisms on a surface

such that fo has a homoclinic tangency associated to some periodic point, under generic
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A< A=A A > Ay

Figure 1.4: Creation of a homoclinic tangency (reworked picture from [15, Figure 7]).

assumptions, there is a positive Lebesgue measure set E of parameter values near 4 = 0
such that for y € E the diffeomorphism f, exhibits a strange attractor or repeller near the
orbit of tangency.

Existence of tangential homoclinic points disrupts the structural stability of a dynam-
ical system, i.e. the qualitative behavior of the trajectories is affected by small perturba-
tions. One of the first results which formalize this statement were given by Newhouse
in [14].

Let M be a compact surface and let Diff” M be the set of all C"-diffeomorphisms
f:M— M.

Theorem 1.3.3 (Newhouse [14]; [3, Theorem 3.3]). Let f: M — M be any surface dif-

feomorphism with a homoclinic tangency associated to a saddle point p. Then

1. there exists an open subset % of Diff> M containing f in its closure, such that every
g € % may be approximated by a diffeomorphism with a homoclinic tangency

associated to the continuation of p;

2. if f is area dissipative, respectively area expansive at p, then there exists a residual
subset Z C % such that every g € Z has an infinite number of periodic attractors,

respectively periodic repellers.

Remark 1.3.4. As stated in [3], no element of %/ can be uniformly hyperbolic. On the
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other hand, the second claim states that maps with infinitely many sinks or sources are

dense in Z .

In addition to that, Pujals and Sambarino in their paper [18] have established the
relationship between diffeomorphisms with homoclinic tangencies and Axiom A diffeo-

morphisms (Definition 1.1.13).

Theorem 1.3.5 ( [18, Theorem A]). Let M be a two-dimensional compact manifold
and let f € Diff! M. Then f can be C'-approximated by a diffeomorphism exhibiting a

homoclinic tangency or by an Axiom A diffeomorphism.

As stated by the authors, this result gives a partial answer to a more general conjecture

stated by Palis for C"-diffeomorphisms in higher dimensions.
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1.4. TOPOLOGICAL ENTROPY

In this section we present the notion of topological entropy - a numerical quantity which is
an invariant of topological conjugacy and measures the complexity of a dynamical system
in a certain sense. After giving the definition of topological entropy, we will focus on the
known results about the topological entropy of the Lozi family, with a special emphasis

on zero topological entropy.

1.4.1. Definition and basic properties

We present the definition in steps as given in [17] using open covers. In addition to that,
we will also state one characterization and some basic properties of interest.

Let X be a compact metric space.

Definition 1.4.1 (Topological entropy of an open cover). Let A be a finite open cover for

X. The topological entropy of the cover A is
H(A) = logN(A),

the logarithm of the smallest number N(A) of sets that can be used in a subcover of A

(i.e. that still form an open cover of X).

Definition 1.4.2 (Refinement of open covers). Let X be a compact metric space. If
Al = {A(lr)7 ... ,A](\;r)}, r=1,...,k, are finite open covers of X, then their refinement is

defined as

k
VAD = (A nal? . nal e (1, N =1, k)

r=1
Remark 1.4.3. If f: X — X is a continuous map and A = {A},...,A,} a finite open
cover for X, we know that f~'(A) := {f~!(A}),...,f ' (A,)} is again an open cover for

X. This allows us to consider refinements of the form
k—1 _
VA =Av A v v EDA)
i=0

={A,nf AN DA )L <, S

fork > 1.
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The following lemma gives some elementary properties of topological entropy of open

covers.
Lemma 1.4.4 ([17, Lemma 3.1]).
1. H(A) > 0 for all finite open covers A.
2. If B is a subcover of A, then H(A) < H(B).
3. If A and B are two finite open covers for X, then

H(AVB) <H(A)+H(B).

4. If f: X — X is continuous and f(X) =X, then H(A) > H(f~!(A)).

5. If f: X — X is a homeomorphism, then H(A) = H(f~!(A)).
Definition 1.4.5 (Topological entropy of maps relative to an open cover). Let f: X — X
be a continuous map. The topological entropy of f relative to an open cover A is

n—1
h(f,A) = limsup Ly \ (A)
i=0

n—e N

Remark 1.4.6 ( [17, Lemma 3.2]). The limit from the previous definition is finite;

namely, for every n € N,

%H n\_/l fH(A) | <H(A).
i=0

Definition 1.4.7 (Topological entropy of continuous maps). If f: X — X is a continuous

map on a compact metric space X, then the topological entropy of f is defined by
hiop(f) = sup{h(f,A): A is a finite open cover for X }.

One important property of topological entropy is that it is preserved under topological
conjugacy, i.e. one can use topological entropy for detemining whether two systems are

dynamically equivalent.

Proposition 1.4.8 ( [17, Proposition 3.11]). Let X; and X, be compact metric spaces

and f1: X1 — X1, f2: Xo — X5 continuous. If f; and f, are topologically conjugate, then

ht()p (fl) — ht()p (fZ)
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In addition, for a given continous map f on a compact metric space X, one can also

express the topological entropy of iterates of f in terms of A (f).

Proposition 1.4.9 (Abramov’s theorem; [17, Corollary 3.8.1]). Let f: X — X be a con-

tinuous map on a compact metric space X. Then for every m € N we have A, (f") =

mhtop (f)

Topological entropy can be characterized by using the notions of separated and span-

ning sets.

Definition 1.4.10. Let f: X — X be a continuous map on a compact metric space (X,d)

and let n be a positive integer and € > 0.

1. A finite set S C X is called an (n, €)-separated set if for any two distinct points
x,y € S there exists i € {0,1,...,n— 1} such that d(f'(x), fi(y)) > &. Let s(n,€)

denote the maximal cardinality of any (n, €)-separated set.

2. A finite set R C X is called an (n,€)-spanning set if for every x € X there exists
y € R such that d(f'(x), fi(y)) < € for all i € {0,1,...,n— 1}. Let r(n,&) denote

the least cardinality of any (n, €)-spanning set.

Proposition 1.4.11 ( [17, Proposition 3.8]). The topological entropy of a continuous
map f: X — X on a compact metric space X is given by

1
hiop(f) = lim limsup —log(r(n, €))

e—0 pose N

and

1
hiop(f) = lim limsup —log(s(n, €)).

E-0 e N
Remark 1.4.12. The quantity s(n, €) can be interpreted as the number of orbit segments
of length n which one can distinguish up to the precision of €. Therefore, in view of
Proposition 1.4.11, ,,(f) can be interpreted as the qualitative measure of the average
exponential growth of distinguishable orbit segments so we see that topological entropy

measures the complexity of a dynamical system in that sense.

The following well-known result should illustrate the interpretation discussed in the

previous remark.
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Lemma 1.4.13. Let (X,d) be a compact metric space and f: X — X a continuous isom-

etry on X. Then A, (f) = 0.

Proof. Lete > 0. Then {B¢(x): x € X} is an open cover for X which, due to compactness,
can be reduced to a finite subcover, i.e. there exist k € N and xi,...,x; € X such that
{Be(xi): i=1,2,...,k} is a finite open cover for X.

We claim that {xj,...,x;} is an (n,€)-spanning set forevery n € N. Letn € Nand y €
X be chosen arbitrarily and fixed. Then we can find j € {1,2,...,k} such that y € Be(x;).

Because f is an isometry, for every i € {0, 1,...,n— 1} we have

d(f'(y), f'(x})) = d(y,x}) <&,

which proves our claim.

As a consequence, r(n, €) < k for all n € N. Proposition 1.4.11 now implies

1 k
hiop(f) = lim limsup —log(r(n,€)) < lim limsup— = 0.
E=0 0 N =0 300 N

Since A0, (f) = 0 (which is a direct consequence of Lemma 1.4.4(1) and Definition 1.4.7),
we conclude that /;,,(f) = 0. |

Remark 1.4.14. This result is aligned with the intuitive interpretation of topological
entropy: the number of distinguishable orbits under isometries does not change. In par-

ticular, the topological entropy of the identity map on X is 0.

Another example of maps of significance for dynamical systems for which we can

determine the topological entropy are the so-called full shifts on k& symbols.

Definition 1.4.15. For k > 2, let

Xe={(...,x_2,x_1,X0,x1,%2,...) ENZ: x, € {1,2,... .k}, n€ Z} = H{I,Z,...,k}.
nez

For x = (Xn)nez, ¥ = (Yn)nez € X, we put
N(x,y) =min{N € Ng: xy # yy or x_y #Y_N}-
We define a metric d: X; X X; — R by

()™ ifx

0, otherwise.

d(x,y) =
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Lemma 1.4.16 ([17, Lemma 1.1]). X} is a compact metric space.

Definition 1.4.17 (Full shift on k symbols). For x = (x,),cz, we define a map o: X —

Xy by (0x), = x,4 forall n € Z.
Lemma 1.4.18 ([17, Lemma 1.2]). The map o: X; — X} is a homeomorphism.

The following known result states the topological entropy of the full shift (see [17,

Example on p. 22]).

Proposition 1.4.19 ([17]). If o: X; — X is the full shift on k symbols, then A;,,(0) =
logk.

1.4.2. Some results for the Lozi map

Remark 1.4.20. The Lozi map is defined on R? which is not compact. To be able to in-
vestigate the topological entropy of the Lozi map, we take the one-point compactification

of R? and extend the map continuously to this set.

Ishii and Sands in [10] established monotonicity of topological entropy for the Lozi

map L, in a neighborhood of the a-axis in the parameter space.

Theorem 1.4.21 ( [10, Theorem 1]). For every a, > 1 there exists b, > 1 such that, for
any fixed b with |b| < b, the topological entropy of L, is a non-decreasing function of

a> day.

Additional results concerning the monotonicity of topological entropy were given by
Yildiz in [21]. In contrast to Ishii and Sands, the author showed monotonicity in the

vertical direction around a = 2 and in some other directions for 1 < a < 2.

Theorem 1.4.22 ( [21, Theorem 1.2]). For any fixed a* in some neighborhood of a = 2,
there exist b7 > 0 and b3 < 0 such that the topological entropy of L, j is a non-increasing

function of b for 0 < b < b} and a non-decreasing function of b for b5 < b < 0.

For the next result we put G = {(a,b) € R?>: a > 1+ |b|}.
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Figure 1.5: Regions (i) (blue), (ii) (green) and (iii) (green line) in the parameter space for
which the topological entropy of the Lozi map is zero (Theorem 1.4.24). Point (a,b) =
(1,0.5) belongs to a region bounded by the green, red and black curve in the first quadrant
for which it was numerically observed that the topological entropy could also be zero
(cf. Figures 2.8 and 3.2). The purple region on the very right is the maximal entropy
region determined by Ishii (Proposition 1.4.28, Theorem 1.4.29). This picture is reworked
from [21, Figure 6].

Theorem 1.4.23 ( [21, Theorem 1.3]). For every 1 < a < 2 there exist N;, Nf eRT
and two lines ¢j2: (=012, 812) = G, 812 > 0, given by ¢;(t) = (a +Nlt, —t1), e2(t) =
(a+ N2t,t), such that the topological entropy of Le ) and Le,(;) is a non-decreasing

function of z.

In addition to that, Yildiz also states some regions in the parameter space for which

the topological entropy of the Lozi map is equal to zero.

Theorem 1.4.24 ( [21, Theorem 5.1]). If the Lozi map L, satisfies either
(i) - 1<b<Oanda<b—1,
(@) 0<b<landa<1—-b,
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(iii) 0O<b<landa=1-b,
then /0p(Lgp) = 0.

These regions are represented on Figure 1.5. Recall that for 0 < [p| < 1 anda < b—1
the Lozi map family does not have any fixed or period-two points. For 0 < b < 1 and
b—1 < a<1-—b>bithas aunique fixed point X: if a < 1 —b, X is attracting and the map
does not have period-two points; if a = 1 — b, X is not hyperbolic and it is a midpoint of
a line segment of period-two points.

Yildiz has also shown that the topological entropy is zero around a specific point in

the parameter space which does not belong to the three aforementioned regions.

Theorem 1.4.25 ([21, Theorem 1.4]). In a small neighborhood of the parameters a = 1

and b = 0.5, topological entropy of L, j is zero.

Remark 1.4.26. This case will be of specific interest as the point (a,b) = (1,0.5) be-
longs to a larger set R in the parameter space (see Figure 3.2) for which it will be proven

in Chapter 3 that the topological entropy of L, is also zero.

In order to disprove upper semi-continuity of topological entropy of piecewise affine
surface homeomoprhisms, Yildiz has also shown in [22] that Lozi maps have a jump up

in entropy.

Theorem 1.4.27 ( [22, Theorem 1.2]). In general, the topological entropy of the Lozi
maps does not depend continuously on the parameters: there exists some &, > 0 such that

forall 0 < € < &, and |&| < &,,

1. the topological entropies of the Lozi maps L, j, with (a,b) = (1.4+ &, 0.4+ &) are

Z€10.

2. the topological entropies of the Lozi maps, /;p(Li.4+¢ +¢,,0.4+e,), have a lower

bound of 0.1203.

Results about maximal topological entropy of the Lozi family were also obtained.
Namely, Ishii in his paper [8] defined a region H of points (a,b) in the parameter space
for which @ > 1 + |b| and the Lozi map, restricted to the set Kz, of points whose forward
and backward orbits remain bounded, is topologically conjugate to the full shift on two

symbols (see Figure 1.5).
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Proposition 1.4.28 ( [8, Corollary 1.4]). The boundary of H forms an algebraic curve g.

Moreover, g is a graph of the following functions:

( 1+b+3V1+b2
a= > when b > 0,
—6a> + 15a* — 8a + V4ab — 2045 + 33a* — 1643
b= when b < 0.
L 8a2 —16a+8

Theorem 1.4.29 ( [8, Corollary 1.5]). The topological entropy of L, is maximal, i.e.
htop(Lap) = log2, if and only if (a,b) is in the closure of H.

In the same paper, Ishii also considered tangencies between the stable and unstable
manifolds of the Lozi map on the boundary of the set H and gave a solution to the so-

called first tangency problem.

Theorem 1.4.30 ( [8, Theorem 1.3]). Leta > 1+ |b|. Forevery (a,b) € dH, the mapping
L, has a heteroclinic (resp. homoclinic) tangency when b > 0 (resp. b < 0). In this case,

the combinatorics of L, ;, on K;, depends only on the sign of b.

Remark 1.4.31. As stated by the author, all tangencies of the stable and unstable mani-
folds for parameter values on dH are (pre)images of a special tangency on the x-axis.
Specially, in the case b > 0, the heteroclinic tangency between Wy and Wy corresponds
to the point C which we define and investigate in Chapter 4 (see Proposition 4.2.3).
For a fixed b > 0, moving along the positive a-axis in the parameter space from greater
to smaller values, from the interior of the maximal entropy set H to its boundary (see
Figure 1.5), we can conclude that the point C and all of its forward and backward iterates

are points of first tangency for the Lozi map.

Remark 1.4.32. In the case b > 0, in Chapter 2 we investigate and determine homoclinic
tangencies between Wy and Wy on the boundary of the set of existence of homoclinic
points for the fixed point X. As it turns out, all possible tangencies in that case are forward
and backward iterates of points Ty and V{y defined in Subsection 1.2.1.

As in the previous remark, we can continue to move along the positive a-axis in the
parameter space, passing the aforementioned boundary and entering the region where
there are no homoclinic points for X. Therefore, in contrast to Theorem 1.4.30, we can

consider Ty, Vy and their iterates as the points of last tangency.
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2. HOMOCLINIC POINTS FOR THE LOZI

MAP

In this chapter we would like to investigate the structure of homoclinic points for the fixed
point X of the Lozi map; more precisely, we would like to describe borders of the area
of their existence in the parameter space. Recall that a point 7 is said to be a homoclinic
point for the fixed point X if T is contained in the intersection of its stable and unstable
manifold, 7 € Wy NWy¢. In this chapter we will observe parameter pairs (a,b) such that

O<b<landa-+b>1.

2.1. BORDER OF EXISTENCE OF HOMOCLINIC

POINTS FOR X

2.1.1. Structure of the stable manifold

In this subsection we will describe in greater detail the shape that the stable manifold Wy
forms in the third quadrant which will give us some insight into the order of appearance
of breaking points on it. The two following technical lemmas will be useful during that

analysis.
Lemma 2.1.1 (Some geometric properties of L and L™1).

1. The image of the y-axis under L is the x-axis and the image of the x-axis under L is

the curve x = 1 — ¢ |y|.

2. The image of the x-axis under L~! is the y-axis and the image of the y-axis under
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L~ is the curve y = alx| — 1.

3. Let a be a line segment in the lower half-plane which lies on a straight line whose
slope coefficient equals k;. Then the image of o under L~! lies on a straight line

whose slope coefficient equals

1
ky=b-——a.
2 k. a

Proof. All claims easily follow from straightforward calculations - we will prove the third
one here.

Let (x1,y1) and (xp,y>) be two points lying on . Because

_ 1 a
L l(xay): (Ey7x_1+g|y|)

and taking into account that y; < 0 and y, < 0, we have that

_ 1 a _ 1 a
L l(xl,yl)Z(Eyl,xl—l—BM), L™ (x2,3) = (Eyz,xz—l——yz)-

Because « is contained in the lower half-plane, L~! will act on it as an affine map. Hence,

o x—l-gyp-x+l+gy

a
— - — 1
ky = b.xz xl_[i()’Z Y1) )
b

2 —y1) Y2 =y

We know that Vj is the intersection of the y-axis and a straight line through X whose

slope coefficient equals ko = % (a +Va®+ 4b). Furthermore,

Wy U{X} = X_VOI(S) ulJL™ (VOVO1 ©) ) ,
n=0

(5)

so we see that the part of Wy~ which doesn’t contain XV~ consists of preimages of a

line segment lying in the lower half-plane. Notice that the third claim of Lemma 2.1.1

gives a recurrence for the slope coefficients for certain parts of those preimages.

Lemma 2.1.2. The sequence (k,)ncn, given by the recurrence

1
kn+1:b'__07 n>07 (21)
kn

with kg = % (a +vVa?+ 4b>, has the following properties:
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1. if k,, > O for some n; € Ny, then k, > 0 for all n < ny,
2. if k,, < 0 for some n, € Ny, then k,, < 0 for all n > ny,
3. for all n € Ny, if ko, -1 > 0, then k15 > 0,

4. (k) converges and nlgrolok = % (—a — \/M)

Proof. First two claims immediately follow from recurrence (2.1) and a,b > 0. In order

to prove the third claim, let

1 1
M, ::—(—a—\/a2+4b), M, :z—(—a—l— a2+4b>

2 2

be the roots of the equation M2 +aM — b = 0, i.e. fixed points of the function

FIR\(0) SR, f)=b —a,

which defines recurrence (2.1). Because a,b > 0, we see that M} < 0, M, > 0 and |M;| <

|M|. By setting

kn_Ml
in , n¢€Np,
Jn k., — M, 0
we see that | |
. enbg—ma=My b —b-yg M,
Jn+1 = = *JIn
b-pt—a=My b-f—b-g M

M
for every n € Ny. If p := 1\72’ we have —1 < pu < 0 and (j,),cn, satisfies the recurrence
1

1
et = s 0> 0: o=~ (a+V/@+4b) >0, (2.2)

Therefore, ji, > 0 and jy,+1 < O for all n € Ny. Now assume that k3,11 > 0 for some
n € Ny. Due to the fact that

Ml _MZjn

k, =
" 1_jn

,  n €N, (2.3)

and since jp, 11 < 0,1i.e. 1 — jy,41 > 0, it follows that M| — M3 jo,,..1 > 0. A direct calcu-

lation now gives

Koy (2.3) My — Mz jon+a (22) My — Mol jonv1 M} — M3 joni
" 1= jon+2 1 — W jon+1 My —Msjong1’

which combined together with M’ 12 — M% Joan+1 > 0yields kp,40 > 0.
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Finally, since |u| < 1, we see that 1i_r>n |Jn| = 1i_r>n ||" jo = 0. Consequently,
n oo n oo

2.3 My —M>j
lim k, =) fim 2L =Y
n—oo n—eo 1 —j,

which proves the fourth claim.

01

Figure 2.1: Illustration of the proof of Proposition 2.1.3. The zigzag part of the stable

manifold is represented in red.

Proposition 2.1.3 (Zigzag structure of Wy in the third quadrant). There exists a positive
integer n such that V; " lies in the second quadrant. The smallest such positive integer n
is odd, [Vp, VO_(no_l)](S) is contained in the third quadrant and all breaking points of Wy

on it are negative iterates of Vj.

Proof. Observe the backward orbit (V") ,cn, of Vo. Because

v — O2b—a—\/a2+4b (o _ 2b
’ " 2(1+a-b) " —a+2b+\a?+4b

and —a++/a%+4b > 0 for b > 0, we see that V; lies on the negative y-axis. In general, if a

point lies in the third quadrant, its image under L~! is contained in parts of the second and
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third quadrant below the curve y = a|x| — 1. For every n € N, let o, := [VO_(n_]) V™)
and notice that &, 1 = L™!(a,). Since L™ acts as an affine map in the lower half-plane,
we see that oy = L™ (m(ﬂ) is a straight line segment and inductively, if o, is a straight
line segment contained in the third quadrant, oy, is again a straight line segment which
may intersect the x-axis. If it intersects the x-axis, it follows that o, > (and consequently
all a; for i > n+2) intersects both coordinate axes in the third quadrant - more precisely,
its intersection with the third quadrant is a straight line segment whose one endpoint lies
on the x-axis and the other one on the y-axis.

In order to prove the first claim of the proposition, we suppose by contradiction that
the polygonal segments o, are all contained in the third quadrant. That implies that they
are all straight line segments and the slope coefficient of each ¢; is exactly the element k;

of the sequence from Lemma 2.1.2. Since

(lby> - (%(a—\;M)) =5 (o= Ve an) <%(—a—1¢M)>’

we see that the limit of their slope coefficients, M| = %(—a —+va?+4b) (Lemma2.1.2(4)),
is equal to the stable direction for L at its fixed point Y in the third quadrant. By combin-
ing this together with the fact that L~! is continuous, it follows that there exist n’ € Ny

and 1 > 0 such that
length(cy,.1)
length(oy,)

>n>1,
for all n > n’ (L™! stretches all vectors in the direction ();f ) by the factor @ > 1 when
it acts as an affine map). The lengths of ¢, are thus unboundedly increasing so one of
those line segments will eventually intersect the x-axis, which is a contradiction with
the original assumption that all segments ¢, are contained in the third quadrant. As a
consequence, there exists an n € Ny for which ¢, intersects the x-axis and the smallest
n € N for which that happens yields the desired ng, 1.e. iterate Vofn" and proves the first
claim.

It also immediately follows from previous discussions that [Vo,Vof("Ofl)](s) is con-
tained in the third quadrant, together with the claim about the breaking points of Wy lying
on it (since 0, 0y, ..., 0y, are all straight line segments).

(no+1)

We now claim that k,, < 0. Notice that Vj, lies in the preimage of the second

quadrant, i.e. parts of the first and fourth quadrant below the curve y = a|x| — 1 and also,
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[Vofn",VO_("OH)](S) has a breaking point P on the y-axis below Vj (it is below the point

. . . “ny - )
(0,—1) because o, intersects the negative x-axis), i.e. [V, "°,V, (nOH)](S) =V, P

PVO_(n°+1)(S). If k,, would be positive, VO_"OP(S) would intersect [Vp, VO_("O_I)](S) which is
not possible. We thus conclude that k,,, is negative.

Let iy be the smallest element of the set {1,...,np} such that k;, < 0. The third claim
of Lemma 2.1.2 implies that iy is odd. Let Q1 be the intersection of the x-axis and the
straight line through VO_(iO_z) and VO_(iO_l) (see Figure 2.1). Because VO_(iO_z) lies on

Vo @00, vy 07 will lie on vy PL=1(Q1). e, V[0 > vy 07V

7y . Similarly, if Q> is the

intersection of the x-axis and the straight line through VO_iO and Vof(iOH), then Vof(iOH)

lies on V, °L=1(0Q3) so VO_?yiO > Vojy(’b“)

Because the second claim of Lemma 2.1.2 implies that k; < O for all i > iy, we con-

clude by using the same argument that Vo_y” > Vofy(”*l)

for all odd » such that iy < n < ny.
Namely, for any such n, let Q’ be the intersection of the x-axis and the straight line through
VO_(n_z) and VO_("_I). Since VO_(n_l) lies on VO_(n_Z)Q’, V, " will lie on VO_("_])L_I(Q’)

and thus Vofy" > Vofy("fl) (n=1)

since the slope coefficient of the straight line through V;,
and L~'(Q'), k,, is negative.

Since Vojy"(’ >0> Vojy(no_l)

, it follows that ng is odd, which finishes the proof. [ |
Remark 2.1.4. Even though the first claim of Proposition 2.1.3 holds in general, notice
that it can be proven more easily in the case when there exist homoclinic points for X - in
. . B e 1 0)) S .
that case Wy has a non-empty intersection with TO1 T, "7, the latter of which is a straight
line segment in the second quadrant and thus disjoint from W§+. This implies that Wy~

intersects that line segment so one negative iterate of Vy will eventually lie in the second

quadrant in order for that to happen.

Definition 2.1.5. The broken line [Vo,V, "]*) from Proposition 2.1.3 will be called the

zigzag part of Wy.
Corollary 2.1.6. Wy accumulates on Wy.

Proof. Let np and the polygonal segments ¢, n € N, be as in the proof of Proposition
2.1.3 and moreover, let 3,, n € N, denote the intersection of ¢, with the third quadrant -
notice that all 3, are straight line segments and that all 8,,, n > ny, intersect both coordinate

axes.
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Now observe the triangle OA1A,, where O is the origin of the coordinate system and
Ay, Ay are the intersections of f3,,11 with the x- and y-axis, respectively. If ¥ would be
contained in that triangle, then the part of its stable manifold Wy which is a part of a
straight line passing through ¥ would intersect the zigzag part of Wy or &, 1. Since Wy
and Wy cannot intersect, this is a contradiction and we thus conclude that Y is contained
in the third quadrant outside of the aforementioned triangle.

On the other hand, the part of the unstable manifold of ¥, Wy, which is a part of a
straight line passing through Y intersects the y-axis in the point

(o a+2b—\/m>:(o - 2b )
" 2(1—a-b) " at2b+Var+4b)’

for which we easily see that is higher (has a larger y-coordinate) than Vj). Therefore,

Wy intersects 3,,+1 and consequently, due to L~ '-invariance, every f8,. The sequence of
those intersection points converges to ¥ which, combined together with the convergence
of the slope coefficients of B, (Lemma 2.1.2.4), implies that 3, accumulate on the arc
component of Wy in the third quadrant passing through Y. Since Wy can be obtained as a

countable union of iterates of that arc component under L™!, the result follows. |

2.1.2. Classification of border homoclinic points

To further investigate and characterize the border of the set of existence of homoclinic
points for the fixed point X, we will first define two possible types of intersections of lines

in the plane.

Definition 2.1.7. Let y and 0 be two (broken) lines in the plane intersecting at a point
T. For € > 0, let yr¢, 87,¢ be connected components of YN Be(T), 6 N B (T) containing
T, respectively.

We say that the intersection of Y and 0 at T is tangential if there exists € > 0 such that
Be(T) \ yre consists of two connected components only one of which contains dr¢. If

such € does not exist, we say that the intersection at 7" is transversal.

As already mentioned, Wy and Wy are broken lines in the plane. Points at which these
lines break, i.e. endpoints of maximal line segments contained in Wy and Wy, will be

called breaking points.
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Lemma 2.1.8. The border of existence of homoclinic points for X consists of exactly
those parameter pairs (a,b) for which each intersection point of Wy and Wy different

from X is tangential, i.e. is a breaking point of at least one of those manifolds.

Proof. We know that the border of existence of homoclinic points for X consists of param-
eter pairs (a,b) in each open neighborhood of which there are corresponding Lozi maps
which do and do not exhibit homoclinic points. Notice that all breaking points of Wy and
Wy, and thus Wy and Wy themselves, depend continuously on (a,b). Therefore, if Ly
has a transversal homoclinic point for some (a’,b’), that intersection will be transversal on
some open neighborhood of (a’,b’) in the parameter space which implies that this point
lies in the interior of the set of existence of homoclinic points for X. Hence, on the border

of that set all homoclinic intersections are tangential. |

In order to finally determine homoclinic points in the border case, we first describe
the general structure of the unstable manifold Wy.
Observe the forward orbit (7}j'),en, of To. Because

T _ 2—|—a+\/a2+4b0 _ 2 0
0 2(l+a—b) 2+a— Va2 +4b’

and a —va?+4b < 0 for b > 0, we see that Ty lies on the positive x-axis and Tox > 1.

Therefore,

Tl 2—a—+a*+4b 2b
O " \ova—Va@rab 24a—Va214b)’

Notice that fora+5b > 1 and b < 1 we have
a>1-b=a*>1-2b+b

which implies

P rav/a@+4b+2b>1-2b+b*+a\/1—2b+b2+4b+2b

=1+b*+a(l1+b)
=1+4+bla+b)+a
>1+a+b>2.
Hence,
0~ 2—a*—avVa®?+4b—2b  2—a—a>+4b _
2(14+a—b) 2ta—vVa2+4ab
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and TO1 lies in the second quadrant - that is why TO2 will lie in the fourth or third quadrant
and [Ty, T¢]™ will not contain 7. In general, because L is order reversing, [Ty, 2]
will not contain any odd iterates of 7y (for any given k£ € N) and vice versa. We will put

Yo = [T, TN WS, = (127, T3 2™ for every n € Ny, and

r=Umn a=Jé.
n=0

Figure 2.2: Sketch of the general structure of Wy.

With this notation we have I'= Wy ™\ [X, TO’I)(”) and A = Wi\ [X, Tp) ™. In general,
if TOZ”+1 is in the second quadrant above the curve y = alx| — 1 (i.e. in the half-plane
y > —ax — 1) for some n € Ny, TOZ”+2 1s mapped to the fourth quadrant and TOZ"+3 to the
second or the first quadrant. Therefore, neither I" or A do not have to intersect the y-axis
except at TO*1 which lies on I'. However, if there exist homoclinic points for X, notice that
I' intersects that axis at additional points because, due to Lemma 2.2.1, it intersects Wy
on X_Vo(s) in the first or fourth quadrant. This leads us to our two main cases of interest:

either A intersects the y-axis or it doesn’t.

Lemma 2.1.9. Assume that A intersects the y-axis. If iy is the smallest i € Ny such that
(u)

0; intersects that axis, then Jj, is a straight line segment, §;, = T02i0 TOZ’.OJr2
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x=1-3yl

Figure 2.3: Proof of Lemma 2.1.9 - further iterations of ; under L? do not intersect

L~ !(¢) outside the shaded polygon .Z.

Proof. We claim there are no other breaking points of Wy on §;, apart from the corre-
sponding iterates of 7. If the converse would hold, % would transversally intersect the
y-axis for some i € Ny, i < ip (notice that this implies i > 0). Observe the broken line
[Tol,Tozi“](”) - it doesn’t intersect the curve y = alx| — 1 (because of the choice of ip)
and therefore it doesn’t intersect the x-axis either (which is the second image under L
of the aforementioned curve). Therefore, the straight line segment ¥ will intersect the

positive y-axis at some point Q. Let .# denote the polygon in the second quadrant with

boundary d.% = [TO_I,Q] ONy QTO_I. Observe that, because Tp , > 1, ﬂ(u) is above
and [T}, Q]™ is below the curve x = 1 — &|y| in the upper half-plane (because that part is
obtained from images of the corresponding &, which lie in the fourth quadrant; see Figure
2.3).

Notice that if ¥ intersects the positive y-axis, then §;_; intersects the intersection of

the curve y = a|x| — 1 with the fourth quadrant, i.e. a straight line segment which will
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be denoted by ¢. In that case, ¥, intersects L~!(¢) which is a line segment in the left
half-plane (with one endpoint lying on y = a|x| — 1 and the other one on the y-axis). In
general, if 7 intersects the y-axis below Q for some / € N, then };_; intersects L~ (¢)
outside .7

On the other hand, observe the forward images of ¥ under L?>. Notice that points
in the first quadrant are mapped under L to the first and second quadrant above the line
x=1-—7|y| and those in the second quadrant to the right of the line y = a|x| — 1 to those in

the fourth quadrant. Therefore, in order for some ¥; to reach the second quadrant, it will

first intersect QTO_I, i.e. #. Since Wy has no self-intersections, further forward images
of ¥; can only intersect L~ !(¢) inside .# which leads us to the conclusion that no further
forward images of ¥ under L? intersect the y-axis below Q, and, by consequence, neither
the curve y = alx| — 1 in the second quadrant. This is a contradiction with the assumption

that A intersects the negative y-axis so §;, is indeed a straight line segment. [

Theorem 2.1.10. If all intersections of Wy and Wy different from X are tangential, the

only possible homoclinic points are iterates of Ty and Vj.

Proof. 1° Main idea of proof

(s)

Lemma 2.2.1 implies that it suffices to observe homoclinic points on XV;" . Further-

more, because X VO1 ) ={X}ulU,_, L”(VOVO1 v ), it suffices to observe homoclinic points

() .. e o
on VOVO1 . Lemma 2.1.8 now implies that two possibilities can occur in this case: Vj can

be a homoclinic point as a breaking point of Wy or there is a breaking point of Wy lying

on VOVO1 (S). For the latter case, notice that every breaking point of Wy is an iterate of a
transversal intersection point of Wy with the y-axis. We will show that these intersection
points are contained in polygons whose boundary consists of parts of Wy and the zigzag
part of Wy and which do not contain any other parts of Wy. If so, notice that there are two
ways in which Wy can intersect Wy at these points: either the boundary of the aforemen-
tioned polygon intersects it or some other part of Wy does. In the former case, Proposition
2.1.3 and Lemma 2.1.8 imply that these points coincide with some iterates of Vj, i.e. V
is a homoclinic point. In the latter one, Wy intersects transversally the boundary of the
polygon in order to pass through its interior point. Since Wy has no self-intersections, it
will intersect the part of the boundary belonging to Wy which contradicts the assumption

of the theorem. The only remaining possibility is that these points lie on the boundary of
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the polygon, in which case it will be clear by construction that the only such point is TO*I,
i.e. Ty is a homoclinic point.

Let [Vo,V, "] (5) be the zigzag part of W. Because X_VO(S) ={X}ul,_oL" (WVOI(S)),
we see that there exists a homoclinic point for X on W(s) and thus also on each of the

iterates (positive or negative) of that line segment. Specially, there exists a homoclinic

(s)
point on VO_(”‘)_I)VO_"O :

Furthermore, let I', A, 7, and &, be as defined at the beginning of this section. As
already stated, we will consider two main cases of interest depending on whether A inter-
sects the y-axis or not.

2° First case: A does not intersect the y-axis

Figure 2.4: Proof of Theorem 2.1.10 in the case when A does not intersect the y-axis: Ty
lies on the line segment 6, TO2 on VOVO1 g and I', together with all its intersections with the

y-axis, is contained in the shaded triangle X VOTO1 .
Assume now that A does not intersect the y-axis, i.e. it is contained in the first and

42



Homoclinic points for the Lozi map Border of existence of homoclinic points for X

fourth quadrant. Notice that if ng > 1, Proposition 2.1.3 implies that ng > 3. In that case,
L(Vof(nofl)VO_”O (S)) and Lz(Vof(nofl)Vo_”o (S)) are two line segments that both belong to
the zigzag part of Wy, i.e. they are both contained in the third quadrant and there is a
homoclinic point on each one of them. Notice that, because L(7;,) = 8, and L(5,) = Yn+1
for n € Ny, one of those points belongs to A. This is a contradiction with the assumption
that A does not intersect the y-axis, so it follows that ng = 1.

Furthermore, if A does not intersect the y-axis, I" does not intersect its image nor

its preimage under L, i.e. the x-axis and the curve y = a|x| — 1. Moreover, notice that

VO_1 lies on the latter curve and because Vojyl > —1, VOVO_1 ) lies above that curve in the
second and the third quadrant. However, because parts of further preimages of that line
segment under L in the third quadrant have negative slope coefficients (Proposition 2.1.3)
and intersect the negative y-axis, they will all be below that curve in the third and intersect
it in the second quadrant (those intersections will be preimages of breaking points of Wy
on the negative y-axis).

Because Wy = Uy L" (X_To(u)) and XTp" = (XIuUr_ L2 (TOT({Z(M)), it follows

that in the case there exist homoclinic points for X, there also exists a homoclinic point for

X lying on Tj TO_Z(M) and consequently, there exists a homoclinic point on all of its iterates
under L. Specially, there exist a homoclinic point for X on 7, and &, for all n € Nj.

Now observe & - because 9y is a line segment in the second quadrant, & will also
be a line segment (in the fourth quadrant due to the assumption that A does not inter-
sect the y-axis). We know there exists a homoclinic point for X lying on &) which im-
plies that this line segment intersects Wy in the fourth quadrant. On the other hand,

. o708 ) ) .
parts of Wy in the fourth quadrant are VoVO] and the preimages of intersections of

L’”(VO_(""_I) v, " (S)) =L" (VOTO*I(X)) with the second quadrant. If & intersects one of
those preimages for some n > 1, then I' (more precisely, ;) will intersect L"‘(VOTO_I(S))
in the second quadrant below the curve y = a|x| — 1. This contradicts our assumption and
so it follows that Oy intersects either W(s) or the intersection of Lil(VOTO’I(S)) with
the fourth quadrant which we will denote by 6. However, notice that both m(s) and
0 are both line segments with endpoints V), VOl , VO_2 (which can lie in the fourth or first

quadrant) and a breaking point of Wy on the y-axis (the preimage of the intersection of

—) . . . . . L
VoV, " with the x-axis). Since A does not intersect the y-axis and the homoclinic inter-
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section on &y is tangential, the only possibility is that the homoclinic point is a breaking

point of W¢ lying on &y, i.e. Ty and T02. In this case we see that 7j will lie on 6 and TO2 on

(s) . 31 T3 .
in the second and T; lies on VoVy In the first

WVOI(S). Therefore, TO1 lies on VOVO_1
quadrant so 7; is the first element of the sequence (7, ),cn Which intersects the y-axis.

Finally, observe now the triangle XV, Ty and its boundary, [X, T)]*) U [T}}, X]™). No-
tice that I" is contained in that triangle since it cannot (transversally) intersect its sides.
Therefore, all intersections of Wy with the y-axis are contained in that triangle. This fact,
together with the discussion at the beginning of the proof, finishes the proof in this case.
3° Second case: A intersects the y-axis

In the second case, when A intersects the y-axis, we define iy as in Lemma 2.1.9.

Notice that ¥, then intersects the preimage of the y-axis, y = a|x| — 1, in the second or

third quadrant.

Figure 2.5: Parts of Wy in the third quadrant: segments f3, (violet) and ¢,. All possible

homoclinic points on §;, in the third quadrant can lie only on fy, B; or ;.

3.1° Claim: the first homoclinic point on A in the third quadrant lies on the zigzag part
or on the preimage of its last segment
Like before, let [Vp, VO_"O](S) be the zigzag part of Wy. We claim that the first homo-

clinic point which occurs on A in the third quadrant lies either on the zigzag part of Wy or
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e —)
on the preimage of the segment V|, (mo 1)VO_"O

Now observe §;, and homoclinic points lying on it. If none of them are lying in the
third quadrant or on the y-axis, then by Lemma 2.1.8 it follows that the homoclinic point
on 0, is a negative iterate of Vp. Notice that 0, lies in the third and also possibly
fourth quadrant and has a breaking point on the curve x = 1 — 7|y|. If the aforementioned

(n=2)

iterate of Vy would be V" for some n > ng + 1, then V, would lie on &;,1 in the

fourth quadrant. In that case Wy would transversally intersect [TO,R](“), where R is the

intersection of 9;, with the y-axis. This is a contradiction with the assumption of the

(no+1)

theorem and hence we see that V, is the homoclinic point lying on J;,. In this case

VO_(no_l) lies on &;,+ as a breaking point of the zigzag part.
If there is a homoclinic point on §;, in the third quadrant, Lemma 2.1.8 again implies
that this point is either a breaking point of J;,, i.e. an iterate of Tp (due to Lemma 2.1.9),

or a breaking point of Wy on the y-axis. In this case, for every n € Ny, let o, be the inter-
(s)
"

section of L™"(V,, (no_z)VO_(”O_l ) with the third quadrant and let 3, be the intersection
of o, with the half-plane x > 1+ 7y (i.e. the part of @, below the curve x = 1 — 7|y)).
Observe that, by construction of the zigzag part, all 3, are non-empty for all n € Ny and
all o, are straight line segments with endpoints lying on the coordinate axes for all n > 2.
Moreover, notice that L~ (e, \ B,) = 04,41 for all n € Ny (see Figure 2.5).

Notice that the homoclinic point on J;, in the third quadrant lies on some f3, (because
it is an image of the corresponding homoclinic point on J;,—; in the second quadrant).
If n would be greater than 2, then §;,; would transversally intersect o, in the third
quadrant in order to intersect ,_» and the curve x = 1 — %| y|. Hence, n < 2, so the claim
follows.

Now suppose that a homoclinic point P on §;, is a breaking point of Wy on the y-

axis. From previous conclusions it follows that P; is the preimage of the intersection

of VO_("O_I) V, " with the x-axis. Observe the triangle PIVO_(HOH)PZ, where P, is the

: . : e O N . .
preimage of the intersection of V, "0p, " with the x-axis. If P; would not be a breaking

point of &;,, 6;, would transversally intersect one of the sides of that triangle that doesn’t

O’
lie on the y-axis, i.e. the polygonal line [Py, P;] ) in order to tangentially intersect Wy at
P;. Therefore, P; is a breaking point of §;, and thus an iterate of 7.

3.2° Construction of the corresponding polygons in the second case; end of proof
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Figure 2.6: Polygons ¢ and .7 in the second case of the proof of Theorem 2.1.10. Point

M is the first homoclinic point on A in the third quadrant.

Finally, let M be the first homoclinic point on A lying in the third quadrant. Let ¢
be a polygon whose boundary is 04 = [X,M] U [M,X]®) (Figure 2.6). Notice that the
only breaking points of Wy contained in [M,X ](S) are iterates of Vjy and possibly M itself
(and the previous argument implies that M coincides with some iterate of Tj in that case).
Moreover, because Wy doesn’t intersect transversally the sides of ¢ and [M JL2(M )](”) is
contained in it, ¢ contains A and all of its intersections with the y-axis. Similarly, if we let
 be a polygon whose boundary is 9.7 = [X,L(M)]™ U[L(M),X]"), then . contains
I and all of its intersections with the y-axis (notice that [X,L(M)]® intersects the y-axis
only at TO’I). Applying the argument from the beginning on these two polygons finishes
the proof.

|
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2.2. EXAMPLES OF BORDER CURVES

In this section we compute and describe some curves in the parameter space which repre-
sent a part of the border of the region of homoclinic points for the fixed point X, i.e. the
locus of tangential homoclinic points for X (Lemma 2.1.8). We obtain the equations of

all those curves in the form

Cp... Pi(a,b)+Qnla,b)\/a?>+4b=0,

where P, and Q, are polynomials in a and b. Since these equations can be written in
the form (P,(a,b))? — (Qu(a,b))*(a® +4b) = 0, we see that these curves are algebraic
curves. They are represented in the parameter space on Figure 2.8 and the corresponding
configurations of Wy and Wy for a few curves can be seen on Figure 2.7.

The following simple result will allow us to start the analysis.

Lemma 2.2.1. Assume there exists a homoclinic point for the fixed point X different
from X. Then there exists a homoclinic point for X different from X on the line segment

A

Proof. If T, T # X, is ahomoclinic point for X, then, because 7' € Wy, it follows that there
exists an n € Ny such that T € L™" (X_VO(S)). Therefore, L"(T) € xv, ", L"(T) # X since
L is a homeomorphism, and because Wy is L"-invariant, L"(7') is the desired homoclinic

point. [

Notice that the line segments TOTO1 “ and X_VO(S) intersect only at the point X - that

is why the previous lemma implies that the first possibility for a homoclinic point (dif-

ferent from X) to occur happens when the line segments TOToz(u) and X Vo(s) intersect.

Considering the border case leads us to our first case of interest.

2.2.1. First case: TO2 lies on XVO(S)
This happens if the slope coefficients of the lines X TO2 and XV are equal, that is

3 -Xy Vo,—X, 1
W y:—(a+ a2+4b>.
Tgo— X Vox—Xo 2
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Figure 2.7: The stable (red) and unstable (blue) manifold of X for parameter pairs on the

border curves C; - Cg (left to right, top to bottom).
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T T T T T T T T T T T T T T T T

0.8 4

0.6 4

0.2 4

00F, . . T
0.0 0.5 1.0 1.5 2.0

Figure 2.8: Borders for the area of existence of homoclinic points: curves C; (blue),
C, (brown), C3 (green), C4 (red), Cs (orange), Cg (purple), C; (black), Cg (magenta),
Cy (cyan), Cyg (blue) and Cy; (brown). The values of parameter a are presented on the

horizontal and those of b on the vertical axis.

A straightforward computation tells us that this condition is satisfied on a curve Cj in the

parameter space described by the implicit equation

Ci... @ —4a+(a*—2b)\Va*+4b=0. (2.4)

The curve is given on Figure 2.8. Since TO2 lies either in the third or fourth quadrant, the
corresponding border is only a part of the curve starting at the point for which To2 coincides
with L(Vy), (ao,bo) = (v/2,0), and ending at the point (a;,b;) for which 7§ coincides
with V. In the former case, all points i/ fall on the same point on the x-axis and Wy

is a line segment. For the latter case, numerical computations give approximate values
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(a1,b1) = (1.51950144,0.549133899) and parts of the stable and unstable manifold in

that case are presented on Figure 2.9.

50-

25-

> 0.0-

-2.5-

-5.0-

' ' ' '
-5.0 -25 0.0 25 5.0

Figure 2.9: The stable (red) and unstable (blue) manifold in case when TO2 and V) coincide

(endpoint (ay,b;) of the curve Cy).

Remark 2.2.2. By writing down (2.4) in its algebraic form, we obtain the equation
2a* —4a® —3a’b+4b> =0,

which corresponds to the curve

2a = \/3b2+4+ \/ (362 +4)2 — 3213

used in [12, p. 349] as the fourth condition for the construction of the Misiurewicz param-
eter set. Notice that this curve and the curve Cj in our case are derived from posing the

same geometric condition on Wy and Wy (see [12, p. 358]).
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2.2.2. Second case: V) lies on T02T1 “

Notice that in the first case, both TO2 and V; are homoclinic points. Therefore, the next

homoclinic point that occurs is V. In this case, TO2 lies in the third quadrant so there

exists an intersection point of ToToz(u) whose forward image under L will be denoted by
T_1. Furthermore, m(u) is a part of the unstable manifold Wy with the y-axis which
intersects the y-axis at a point whose forward image will be called 7;. Point V will remain
a homoclinic point when it lies on ﬁ(u).

Equating the slope coefficients of lines Vj TO2 and VpT; yields a curve C; in the param-

eter space with an implicit equation given by

Cy... 4ab’ —(8a* —4)b* — (4d® + 8a® + 15a° 4+ 4a+4)b> + (15a* + 164> + 11a*)b?
+(4d” +24° —8a” — 10a*)b — (2a° — 24°) + | (—4d" + 4* — @)D’

—(8a* +a® —3a)b” + (4d° + 6a° — 6a°)b — (24" —2a°) | V/a? +4b=0. (2.5)

The border of the area of existence of homoclinic points is a part of this curve starting

at (ap,by) (the point of intersection with the curve C;) and ending at the point (ay,b;)

. - _ (s) : .
for which TO2 again lies on Wy, this time on the segment V0’1V1 , where V] is the image

) . —(s) . . . .
under L~! of the intersection of VoV, " and the x-axis. Numerical computations again

give (az,by) = (1.61870652,0.613234325) and this case is depicted on Figure 2.10.

. 2 - ] (s)
2.2.3. Third case: Tj lieson V,; V)

" 1, . : . :
After hitting the segment V,, 'vi ", the point TO2 will stay on it and thus remain a homo-

clinic point. This is achieved for parameter values on the curve C3 given by

Cs... (40> +3ad°b* — (a* + 64> +4a)b — (4a* + 4a° 4 24°))

+ [-3ab® — (a® —2a)b+ (4a° +4a* +2a)| Va2 +4b =0. (2.6)

The border is a part of this curve starting at (ay,b) and ending at the point (as,b3)

for which TO2 and V| coincide, where V| is the backward image under L of the point

. . —7(s) . . .
of intersection of VyV,, ™" and the x-axis. Approximate numerical values for the latter

endpoint are (a3, b3) = (1.50065366,0.911203728) and this case is shown on Figure 2.11.
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50-

25-

> 0.0-

25-

-5.0-

-5‘0 -2‘5 OIO 2‘5 5'0

Figure 2.10: The stable (red) and unstable (blue) manifold in the border case (a,b) =

(az,b7) (second endpoint of the curve C,).

5o —5(5)
2.2.4. Fourth case: Tj lies on V1V,

After coinciding with V7, TO2 will continue to lie on the segment V| VO_Z(S) until it coincides
with VO_Z. In order for V| to exist, notice that there has to exist a point of intersection
of VOTO’I(S) and the x-axis, i.e. VO’1 has to be above the x-axis. This condition permits a
slightly simpler calculation of V0;2 and VO;Z and the standard equating of slope coefficients
of straight lines V0_2T02 and V0_2V1 gives the equation of the fourth boundary curve in the

parameter space

Cy... 4ab’+(—9a° +4a)b* + (2a° — 4a’ + 4a)b+ (4a° — 2a%)
+ (267 = 5a°b% + (2a* +4a%)b+ (—4d® +2a%) | Va2 +4b=0. (2.7)

52



Homoclinic points for the Lozi map Examples of border curves

50-

25-

> 0.0-

-25-

-5.0-

-5‘.0 -2‘.5 0‘0 2.5 5‘0

Figure 2.11: The stable (red) and unstable (blue) manifold in the border case (a,b) =

(a3,b3) (second endpoint of the curve C3).

This curve propagates from (az,bs3) to the point (as,bs) at which T and V, * coincide.
Numerical calculations give (a4,bs) = (1.4778227,0.906571953) and the corresponding

case is depicted on Figure 2.12.

i i 46 ¢
2.2.5. Fifth case: Vy lies on 77"

Because L is a homeomorphism, the condition that TO2 and VO*2 coincide is equivalent
to the one that V and T(;l coincide. Notice that after that happens, V;y will remain being
a homoclinic point and a situation similar to the one in the second case occurs: in this
case, W(u) intersects the y-axis because To4 and TO2 are respectively in the third and
second quadrant. We will denote by T03’5 the image of that intersection under L and

T04’6 = L(TO3 ’5). Point Vp will remain being a homoclinic point when it lies on the line
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50-

25-

> 0.0-

-25-

-5.0-

-5‘.0 -2‘.5 0‘0 2.5 5‘0

Figure 2.12: The stable (red) and unstable (blue) manifold in the border case (a,b) =

(a4,bs) (second endpoint of the curve Cy).

— e
segment T6‘TO4 6
The implicit equation of the fifth boundary curve is obtained by equating the slope

coefficients of the straight lines VOT(j‘ and T04T04’6 and it is of the form

Cs... Ps(a,b)+Qs(a,b)\/a*+4b=0, (2.8)
where polynomials Ps and Q5 are given by

Ps(a,b) =7a°b" + (—11a* +9a*)b® + (3a® — 27a* + 11a® + 6a)b° + (20a® — 524* — 354°)b*
+ (—4a® + 64a°® 4 56a°)b> + (=284 — 364’ )b? + (4a'° + 10a°)b — a'!,

Os(a,b) = ab’ + (=3a> +a)b® + (&° — &® + a+ 1)b° — 9a*b* +24a*b> — 22a5h* + 84 — a'°.
This curve starts at the point (as,b4) and ends at a point (as, bs) at which Ty lands on
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VO*IVl (S). We have approximately (as,bs) = (1.47728163,0.960699507) and this case is

presented on Figure 2.13.

50-

25-

> 0.0-

-25-

-5.0-

' ' ' ' '
-5.0 25 0.0 25 5.0

Figure 2.13: The stable (red) and unstable (blue) manifold in the border case (a,b) =

(as,bs) (second endpoint of the curve Cs).

2.2.6. Sixth case: T04 lies on V0_1V1 (S), 1.e. Vo_lVO_z(S)

. ——5 . . ) )
After landing on V0_1V1 , T04 will remain on that segment. Equating the slope coefficients

of V VO_1 and V; To4 results in the implicit equation of the sixth boundary curve

Cs... 4ab®+ (a® —4a)b* + (4a’ —4a)b+ (—d’ + 64> — 64> —6a —4)
+ [—2b% +3a?b? + 2a* b + (—a® — 2a* + 2a* + 2a)|\/ a® +4b = 0. (2.9)
In this case, a particular thing happens: at the point (a*,b*) of this curve for which
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we approximately have (a*,b*) = (1.42928120,0.939623413), VO*1 will land on the x-
axis and will rest in the third quadrant after we pass that point. Therefore, point V;, as
described in the second case, will no longer exist and TO4 will lie on W(S) (which is
a segment that doesn’t intersect the y-axis). However, if we still define V* as the image
under L~! of the intersection of the straight line VOVO_l and the x-axis, we see that points
VO_I, VO_2 and V* must be collinear because L~ !, restricted to the lower half-plane, is an
affine map. It follows that the curve Cg is well-defined by the previous equation even
when VO*1 lies below the x-axis.

This curve has its origin at (as,bs) and ends at a point (ag,be) at which T and
VO_2 coincide. Like before, numerical computations give approximate values (ag,bg) =

(1.23772202,0.918152634) and this case is given on Figure 2.14.

50-

25-

> 0.0-

25-

-5.0-

' ' ' '
-5.0 -2.5 0.0 25 5.0

Figure 2.14: The stable (red) and unstable (blue) manifold in the border case (a,b) =

(ag,be) (second endpoint of the curve Cg).
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2.2.7. Seventh case: VO_1 lies on TO5 T_z(u)

As already mentioned, VO_2 and To4 coincide at (ag,bg). Equivalently, VO_] and TO5 coin-

cide so VO’1 will be a homoclinic point in this case. Let TOZ’4 be the point of intersection of

W) . . : A )
segment Ty 73"~ and the y-axis and let 7_, be image of the intersection of Tj'L?(T;"")

and the y-axis. In this case, VO_1 will lie on the segment TO5 T_z(u). As usual, by equating
the slope coefficients of lines T()S VO_1 and TO5 T_, we obtain the equation of the correspond-

ing boundary curve in the form

Cy... Py(a,b)+Q7(a,b)\a?+4b=0, (2.10)
where polynomials P; and Q7 are given by

Py(a,b) = 4ab'® + (—24° — 64> + 4a)b’ + (—16a° — 8a* — 124> — 2a* + 4a)b®
6a’ 4+ 10a® — 22a° 4 2a* — 26a° — 164> 4 8a +4)b’
—2a%+324" +10a% — 164° + 46a* + 24> — 11a®> — 12a)b°

—8a° — 164 +80a” +724° — 644> — 10a* +224%)b°

+(
+(
+(
+ (4a'® — 484° — 160a® — 164" + 60a°® + 684°)b*
+ (8a'' +80a'" + 1324° — 64® — 7247)b*

+ (—12a'? —76a'! — 64a'° — 264°)b*

+(

124" 4+38a'? 4+ 324" )b+ (—6a'* — 6a'?),

07(a,b) = (—2a*> +2a)b° + (—4d*> 4 2a)b® + (2a° — 6a° — 2a* — 64> +24° + 4a)b’
+(2a’ —10a° —14a® —10a®> — 3a+2)b° + (164’ — 8a° 4 16a* + 64> — 24%)b°
+ (—4d® +40a” 4 32a° + 4a° — 12a*)b* + (—24a° — 60a® — 264" +4a%)b?
+ (4a'! +28a'" +32a° + 18a3)b* + (—4a'? — 14a'! — 12a4'%)b + (24" +24'?).

This curve emanates from (ae,bs) and ends at a point (a7,b7) at which 7y lands on

V0’2V0’3(S). We approximately have (a7,b7) = (1.23744761,0.939287819) and Figure

2.15 represents this case.

57



Homoclinic points for the Lozi map Examples of border curves
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Figure 2.15: The stable (red) and unstable (blue) manifold in the border case (a,b) =

(a7,b7) (second endpoint of the curve C7).

: : ——5 30, :
2.2.8. Eighth case: TO'5 lies on V) 2VO 37 in the third quadrant

By equating the slope coefficients of lines V0_2V0_3 and VO_3 TO5 we obtain the equation of

the eighth boundary curve:
Cs... B(a,b)+0s(a,b)\/a*+4b=0, (2.11)

where

P(a,b) = (—4a+4)b° + (—15a° + a* + 4a)b’ + (—24a° — 13a* + 4a° — 2d° + 4a)b*
+ (—=5a" — 19a° — 6a° 4 2a* 4+ 14a*)b® + (6a° — 24a’ + 4a°® + 244> + 8a* + 4a°)b?
+(2a" +2a'° —84° + 1248 + 84" — 448 + 4a* + 4> +24%)b

+ (40" —4a® — 44" — 445 — 4a° — 24%),
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Og(a,b) = 2b° + (—a® — 3a)b® + (—10a* — 7d* + 2a)b*
+(=13a® —7a° 4 2a* +24° — 24*)b°
+ (2a® + 4a’ — 4a® + 84> + 4a*)b?
+(2a'° +2a° — 124" +124° + 8a* + 4> + 4d® + 2a)b
+ (—4d® +4d" +4a® + 4a° 4 4a* +24%).
The second endpoint of this curve is a point (ag,bg) at which TO5 falls on the x-axis. As

usual, numerical computations give approximate values (ag,bg) = (1.09974148,0.975240539)

and this case is presented on Figure 2.16.

5.0-
25-
> 0.0-

25-

5.0~

' ' ' ' '
-5.0 25 0.0 25 5.0

Figure 2.16: The stable (red) and unstable (blue) manifold in the border case (a,b) =

(ag,bg) (second endpoint of the curve Cg).
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p— — O
2.2.9. Ninth case: TO5 lies on V0_2V0_3(S in the second quadrant

The point TO5 will remain on the segment VO*ZVO*3 but because T04 will pass from the third
to the fourth quadrant in this case, coordinates of TO5 need to be recalculated. The same

computation as in the previous case results in the equation of the next boundary curve:

Co... Py(a,b)+Qg(a,b)\/a?>+4b =0, (2.12)
where
Py(a,b) = —4b® + (17> + 13d°> — 4a)b° + (—4a° + 15a* + 84° — 64° — 4a)b*
—13a’ —3a® +26a° — 2a* — 2a® — 2a* — 4a)b®

(

(—2a° — 8a® — 12a° + 8a° — 8a°)?

(2a" +2a"° — 8a° — 4a® +8a” — 44® — 8a° — 4a* — 4a® — 24%)b
(

4a'® — 4a% + 44% + 4a° + 2a*),

Qo(a,b) = —2b° + (7a*> + a)b’ + (10a* + 54° — 4a* — 2a)b*
+ (=54 —7a° + 2a* + 64° — 2a* — 2a)b’
+(—6a® —4a” +12a° +2a'° +20° + 4a” + 4a° — 4a® — 4a® — 2a)b
+ (—4d® +4a’ —4a® — 4a* —24%).
For the second endpoint of this curve, at which TO5 and V0_3 coincide, we approximately

have (ag,by) = (1.07356315,0.967833586) and the corresponding case is given on Figure
2.17.

———<(u)
2.2.10. Tenth case: VO_2 lies on T06T06’8

Notice that at the end of the previous case T04 lies in the fourth and TO6 in the third quadrant
- therefore, ﬁ(u) intersects the y-axis. Let TO(”8 be the image of that intersection under
L2

We know that in this case VO_3 will lie on the line segments whose endpoints are TO5
and the corresponding intersection of Wy with the x-axis (image of the intersection of
ﬁ(u) with the y-axis under L). Equivalently, VO_2 lies on the segment W(u). In this

case we equate the slope coefficients of lines VO_ZTO6 and TO6TO6’8 and as a result we obtain

Cio... Pio(a,b)+ Qio(a,b)va>+4b =0, (2.13)
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5.0-
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> 0.0-

25-
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-5.0 25 0.0 25 5.0

Figure 2.17: The stable (red) and unstable (blue) manifold in the border case (a,b) =
(ag,bg) (second endpoint of the curve Co).

with
SO PRIV
PIO(aab) = ZPIO (a)bla QlO(aab) = ZQlO(a)bl7
i=0 i=0

where polynomials Pl((i)) and Q(llg are given by

a) = —2a* +4a, Pl%l)(a) = —16a* — 14a> + 164°,

2a° —30a* — 124° + 164° + 4a,

a

2a8 +2a" +124° + 64° — 34a* + 64> + 10a° +4a,

2a8 +4a’ +52a° +12a° — 584" — 14a® — 14d> — 12a + 4,

Py (@)
Py’ (a)
P)(a)
Py (a)
P (@)

a)=—2a""—24° — 10a® 4+ 122a° + 168a° + 1024 + 884> + 54> + 16a — 4,
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P (a) = — 6a"" — 8a° — 74a® — 240a” — 2264° — 1984° — 84a”* — 93a° + a® + 4a + 4,
P (a) =2a" + 24" +944° +260a® + 2624
+116a% +22a° + 77a* +20a> — 214> — 20a — 4,
P (a) =104+ 14" — 1184"0 — 2304 — 160
+110a’ —24a% — 1564 — 49a* + 814> + 374* + 8a,
P (a) = — 24" — 140" + 924" +1374'0 — 584°
— 160a® 4 84a’ +205a° — 84° — 102a* — 404°,
P2 (a) =24" + 120" — 44" — 444" — 254" +1054'% + 824° — 70a° — 794" — 5a° + 64",
P (a) = — 24" — 64" + a'* + 204" — 7" — 684" — 394'0 + 524° + 594° + 184,

Pl((())) (a) =a'" +a'® —3a" —3a" + 124" +13a'? —9a'! — 154'° — 54°,

o\ (@) =2a, O\ (a)=—8a>-24% O\\")(a) = —24° —4d" — 2a° + 82,

QE%) (a) =2a’ +24° — 4a° — 14a* + 64> + 10a® + 24,

QE%) (a) =6 T4+ 8a° — 4a® — 20a* +10a°® — 2a* + 2a + 2,

0\1(a) = —2a° — 2a® + 14d" +284° — 64° + 24a* + 184 —9a — 2,

0\ (a) = — 10a° — 1245+ 264" — 4a° — 94a® — 90a* + 40a’ + 17a> + 13a,

00 (a) =2a"" +24'% —324° — 58a® + 100a” + 2184 4 350° — 424" — 109’ — 124> —3a+2,
0\¥)(a) =14a" + 540" — 6a° — 1844° — 200" — 2245 + 1124° + 64a* + 35a> — Ta* — 3a — 2,
0V (a) = — 24" — 184" — 364" + 444" + 163a°

+108a% 4+ 484" — 484° — 101a° — 384 + 184 + 1242,
0\ (a) =2a" + 164" + 144" — 404" — 834" — 914° — 14d® + 624" + 75a° + 27a° + 4a*,
0\ (a) = —2a"5 —8a" — "> + 264" + 314" + 204" — &° — 424" — 3947 — 1245,

Qg%)(a) =a'% 4+ 4 —3a" - 343 —4a'? — 3" + 74" +94° + 348.

The second endpoint of Cjp is a point at which the points T07, VO’2 and VO’3 are
collinear and for which we approximately have (a19,b19) = (1.06317799,0.982377305).

The stable and unstable manifold in this case are presented on Figure 2.18.
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Figure 2.18: The stable (red) and unstable (blue) manifold in the border case (a,b) =

(a10,b10) (second endpoint of the curve Cg).

2.2.11. Eleventh case: TO7 lies on V0_2V0_3(S)

. 1 O) . . e P
After landing on V 2VO3 , TO7 will remain on that segment until it coincides with V|, 3,

We equate the slope coefficients of VO_2VO_3 and T07V0_3 and thus we obtain

Ci... Pll(a,b)-l—Qn(a,b)v a2—|—4b=0, (2.14)
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where

Pii(a,b) =(8a—4)b® + (—7a> 4 5d° — 4a)b’ + (—4d’ + 34a* + 164> + 2a* — 4a)b*
+(—=7a’ —94° +40a° — 32a* — 24> + 64* — 4a)b*
+ (—5a® —4a’ —26a° + 164° — 6a* — 16a°)b*
+ (a'' +a'" — 64° + 6a® + 6a” — 14a°® — 6a° + 8a* +44a°)b
+ (4a'® — 4a® 4 4a° + 4a° + 4a* + 4d® 4 24%),

011(a,b) = —2b%+ (54% + 5a)b° + (14a* — 64 — 2a)b*
+(=9a® — 9a° — 12a* 4 84° 4 24* — 2a)°
+(—2a® +d” +26a° — 4a* — 2a° + 4a®)b?
+ (@' +a® +2a® — 24" — 2a° +10a° + 2a* — 84> — 4a®)b
+ (—4d’ +4a’ —4a® — 4a* — 4’ — 4d®> — 24).

On this curve, similarly as in the sixth case, point V0*3 will land on the x-axis at a point
for which we approximately have (a**,b**) = (1.03529028,0.975731847) and remain in
the third quadrant after that until it coincides with TO7 at the second endpoint of the curve,

(a11,b11) = (0.939255378,0.968217486). This case is presented on Figure 2.19.
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Figure 2.19: The stable (red) and unstable (blue) manifold in the border case (a,b) =

(a11,b11) (second endpoint of the curve Cpy).
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3. ZERO ENTROPY FOR THE LOZI MAP

In this chapter we consider the zero entropy locus problem for the Lozi map when b > 0
and a > 1 —b. We show that the Lozi map has zero topological entropy, /;,,(L) =0, in a
subset of a region in the parameter space for which the period-two orbit is attracting and
there are no homoclinic points for the fixed point X. This result expands the one presented

in [21].

3.1. RELATIONSHIP WITH THE ATTRACTING

PERIOD-TWO CYCLE

If a4+ b > 1, the Lozi map L has two periodic points of prime period two, P in the fourth

and P’ in the second quadrant. These points are given by

P:( I +a—b b(l—a—b)>7p/:( l—a-b b(”“_b)). (3.1)

a’+ (1—b)2"a%+ (1 —b)? a’+(1—-b)?"a%+ (1 —b)?
If a < 1+ b, these points are attracting. There are two specific things concerning their
dynamics which occur on the border of existence of homoclinic points. Firstly, the differ-

ential of L? at these points has eigenvalues

A= ! (—a2+2b—a\/a2—4b>, A= 1 (—a2+2b+a\/a2—4b>.

2 2
In the case a®> < 4b we specially have a pair of complex conjugate eigenvalues which
results in a rotation around the periodic point. Following the border of existence of ho-
moclinic points for X described in the previous chapter, this occurs on the curve C3 and
persists on the rest of the border. The second specific property is when these hyperbolic
periodic points become saddle points. This is achieved when a > b+ 1 and the border of

this area intersects curves Cy, C; and C3 only. All of this is given on Figure 3.1.
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T T T T T T T T T T T T T T T T T T T T T

1.0 .
= ‘\/
0.8 4

0.6 4

0.4r .

0.0 0.5 1.0 1.5 2.0

Figure 3.1: Areas in the parameter space where there is rotation around the periodic
points of period 2 (yellow) and where these points are saddles (blue). Curves C;-Cy; are
presented in the same colors as on Figure 2.8. Values of parameter a are represented on

the horizontal and those of » on the vertical axis.

From now on we will consider the region R in the parameter space such that0 < b < 1,
1 —b < a < 1+b (period-two orbit {P, P’} is attracting) and that there are no homoclinic
points for the fixed point X. Additionally, we will also consider its subset R for which Wy
does not intersect the coordinate axes at points other than 7y and Tol. These regions are

represented on Figure 3.2.
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Figure 3.2: Regions R (white) and R (red and white, between the two blue lines) obtained

numerically. Values of parameter a are represented on the horizontal and those of b on

the vertical axis.
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3.2. INVARIANT SETS FOR L?

In this section we will consider parameter pairs (a,b) € 9R and first assume that Wy inter-
sects the coordinate axes at points other than 7Ty and TO’I.

From now on let k > 2 be the smallest integer such that Tok_2 and Tok are not both in
the right half-plane. If k is even, Tok lies in the third quadrant, and if k is odd, Tok lies
in the first quadrant. In both cases TOk*1 and TOkJrl are not both contained in the upper
half-plane. If k is even, Tok+1 lies in the lower half-plane, and if k is odd, Tok+l lies in
the first quadrant. In any case, the line segment ﬁ intersects the y-axis and the line

segment T(;Y"ITOI‘Jrl intersects the x-axis, see Figures 3.4 and 3.5.

Lemma 3.2.1. The intersection of the straight line segment TOkTOkH and Wy consists of

a single point.

Proof. Since one of the points Tok, TOk“ lies on W4T, and the other one on W;(‘_, the line
segment W intersects Wy~ (and W NWyt =0).

If k is odd, points 7, Ty lie both in the first quadrant. Since [X,V,]®) is a line
segment and Vj lies in the lower half-plane, Wﬂ Wy is a single point.

If & is even, Tok lies in the third quadrant. If T0k+1 lies in the fourth quadrant, then

TOkTOk+1 intersects the y-axis at one point, TOkJr2

lies in the first quadrant to the right of
[X,Vo]®) and L(W) is a polygonal line that consists of two line segments m,
0ZF+2 with Q € x-axis. Therefore, L(W) intersects Wy~ in one point implying that
W also intersects Wy in a single point.

Let us now suppose that k is even and that the both points Tok, TOkJrl lie in the third

quadrant. Then L(Tok TOkH) is a line segment TOkHTOk“. Let ng be as in Proposition 2.1.3.

First note that it is not possible that VO*"VO*F1 C TOkTOkJrl forsome i € {0,...,n9—1}, since

in that case V; TV, € TFT T2, but T £ V' implies that the slopes of Ty ' 752
and TXHV -1 are different. Therefore, TXT*! N W5~ consists of finitely many points.
0 0 040 X
Let us suppose, by contradiction, that Tok Tok+1 MWy~ contains at least two points. Let
01,0 be the first two consecutive points of intersection, that is [Vp, Ql](“‘) C [Vo, Qz](“)
and that the only points of intersection in [Vy, 02]*) are Q; and Q. Then {L(Q;),L(Q2)} C
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A T2 Wy Letd,da € {1,...,ng — 1} be such that
0eVy My =12 (2

(the case d; = 0 will be considered at the end of the proof). Then

L(Qy) € Vg V™ n=1,2. (3.3)
Since
V07d1+1V07d1 ﬂTOkTOk+1 — 0’ (34)
and hence
—d|+2v,—di+1 k+1pk+2
Vo TV T NIy T =0, (3.5)

it follows that dj # dj + 1. Namely,

dy=di+1 = Q1,L(Q2) e Vy @y, =y, Dy, 4!

— L) eV, "V, = vy ey,

where ¢ is the region bounded by the line segments TX T !, T 752 and the polygonal
line [T, T5+2]®), implying that [V, I+ X)) 0 TFI 752 £ ¢ contradicting (3.5) (if d) =
1,then V € ¢ and T({“Lz lies in the fourth quadrant to the right of m C XVo).

Therefore, (3.2) and (3.3) for n = 1 imply that Vo_d1 liesin ¢. Since Q; and Q, are two
consecutive points of intersection of W and Wy, the polygonal line [Q, 0,]%) does
not intersect ¢ at other points then Q1 and Q. By dp # d; + 1, we have V(;“ZZHV(;CJ2 -
[Ql,Qz](s), which is a contradiction with (3.3) for n = 2 since every line segment that
intersects TOkHTOk+2 also intersects ¢. Therefore, Wﬂ Wy is a single point.

If d; =0, then L(Q)) € W C XV, and W intersects Wy at one point. There-

fore, Tok T({‘H MWy is also a single point. [

Lemma 3.2.2. Let & be the region bounded by the polygonal line [Tok , Tok“] () and the
line segment 77!, Then L(2) C 2.

Proof. Forevery i € {0,...,k—2}, let us consider the line /; through points Toi, Té”. By
. . . ) C) . . .
the choice of k, straight line segments T(jT(;Jr2 ! are all contained in the right half-plane

for all even i < k — 3, and they are contained in the left half-plane for all odd i < k — 3.
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y X

rk+2

Figure 3.3: Lemma 3.2.1, case d» =d| + 1.

Since L is affine on both the left and the right half-plane, the set L(Z) lies below the
line through points 7p, TOI, and it is on the same side of the line /; as the set &, for all
i=0,...,k—2. Note also that L([T, T& ™']®)) = [T 75+2)®). Hence, due to Lemma
3.2.1, in order to complete the proof, it is sufficient to show that W c9.

Let M := W{ NZkZk+1. By Lemma 3.2.1, M is well defined. If Tok and T0k+1 lie in

the same quadrant (the third, or the first), then L(TOkTOk“) = TOk“TOk+2 is again a line
segment that intersects Wy at the point L(M). Since [X,L(M)]®) c [X,M]®) C 2, we
have T4 ' 52 € 2 and L(2) C 2.

If T0k+1 lies in the fourth quadrant (and Tok lies in the third quadrant), then TOkTOkJrl

intersects the y-axis and L(TXTy*!) is the union of two line segments T3 'Q, QT +?

with Q lying on the x-axis and 7, "% lying in the first quadrant to the right of XV ),
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Moreover, L(M) € XV, so L(TfTf ) € 2 and again L(2) C 2. u

Corollary 3.2.3. Let Z be the intersection of [7j %, 7] and the y-axis. Then W¥ N

y-axis C ZT; ' and W Nx-axis C L(Z)Tp.

Definition 3.2.4. We call a point Q a turning point if Wy transversally intersects the

x-axis at Q. Post-turning points are forward images of turning points under L.
For example, Ty is a turning point and 7, i € N, are some post-turning points.

Lemma 3.2.5. There exists a turning point S such that W2 NSTy = {S, To}. If S lies in the
right half-plane, let 2’ be the region bounded by the polygonal line [Tj, S] () and the line
segment STp. If S lies in the left half-plane, let 2’ be the region bounded by the polygonal
line [X,S]™ and the line segments S_VO1 C x-axis and VOTX(S). Then L2(2') C 9'.

Proof. Let us first assume that k is odd. Then Tok+1 is in the first quadrant. Denote by d;
the distance between Tok+1 and XV 1If T0k+1+i, i € N, lies in the first quadrant, denote

by di; the distance between T "'+ and xVo". Note that diyi=d|AY

I where Ag is
the eigenvalue of the differential DL at X with |A¢| > 1. Thus, there exists the smallest
m € N such that d |A%|™ > dist(X, T, '), and hence T """ lies in the second quadrant.

T0k+m, T({H—m—O—Z] (u)

Consequently, TokerJr2 lies in the fourth quadrant and | is a polygonal

[T TFm+2) N x-axis, see

line that intersects the x-axis. It is easy to see that {S} =
Figure 3.4.

Namely, since Wy~ does not intersect the x-axis and W,’(hL does not intersect the y-
axis, every polygonal line [T(f , T&+2](”) intersects at most one coordinate axis, and hence
[T0k+m , Tok”””] () does not contain any post-turning points in the first quadrant except the
boundary points. Therefore, L*(S), Ty ™2, T2 € 2', and thus L*(2') C 7.

Let us suppose now that k is even. If Wy™ Ny-axis = {TO_]} (in that case Tok+3 lies in
the second quadrant), we have Wyt Nx-axis = {Tp}, {S} = [TF, T53) ) N x-axis lies
in the left half-plane, and the proof follows.

Now suppose that Wy~ intersects the y-axis in at least two points. If T0k+3 lies in the
first or fourth quadrant, at least one of the points T0k+3, T0k+4 lies in the first quadrant, and
as in the odd case, there exists m € N such that T0k+4+i lies in the first quadrant for every

i < m,and T0k+4+m lies in the second quadrant. Consequently again, lies in the

fourth quadrant, {S} = [T5™" 3, 75+ 3] () A x-axis and [T3 T, 777w 9,
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Figure 3.4: Wy (red) and Wy (blue) for parameter values a = 1.48, b = 0.89. In this case

we have k =5, m = 3.

Finally, suppose that Tok+3 lies in the third quadrant. Then T0k+4 lies in the fourth
quadrant. If Tok+5 lies in the second quadrant, Tok+6 lies in the fourth quadrant. The
polygonal line [T0k+4, T0k+6] () intersects the x-axis and contains finitely many turning and
post-turning points in the first quadrant. Let Q be the post-turning point of [T0k+4, T0k+6] (u)
that is the closest one to X_Vo(s). Then by the same argument as in the odd case, there
exists j € N such that L(Q) lies in the first quadrant for every i < j, L/(Q) lies in the

second quadrant and L/*!(Q) lies in the fourth quadrant. Then S is the rightmost point of

[T(;C+4+j—1,T(;<+6+j—l](u) M x-axis and [T(;c+4+j+1,T(;<+6+j+1](u) C 9.

If Tok+5 lies in the first quadrant, then as in the odd case, there exists m € N such that

T0k+5+i lies in the first quadrant for every i < m, T0k+5+m lies in the second quadrant, and

consequently TOkJr'”Jr6 lies in the fourth quadrant. Let us consider now the polygonal line
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[T0k+’"+4, T0k+m+6](”). It contains finitely many turning and post-turning points in the first

) and each of these post-turning points is larger

quadrant. If the distance between XV,
than the distance between X_VO(S) and T0k+m+4, then L? maps all these points to the fourth
quadrant and S is the rightmost point of [Ty 4, 76 ) N x-axis. If not, let us denote
by Q the post-turning point of [T;7™ T T 6] () that is the closest one to Vo', see

Figure 3.5.

50-

25-

25-

50-

Figure 3.5: Wy (red) and Wy (blue) for parameter values a = 1.2, b = 0.94. In this case
we have k=4, m=2, j =3.

Then by the same argument as in the odd case, there exists j € N such that L(Q) lies in

the first quadrant for every i < j, L/(Q) lies in the second quadrant and L/*!(Q) lies in the

fourth quadrant. Then S is the rightmost point of [T(f =l T(f O (1) A y-axis
and [T0k+M+4+j+1 ’ T0k+M+6+j+1](u) c @/.
In any case, L>(2') C /. |
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Corollary 3.2.6. The polygonal line [X ,S](”) intersects the coordinate axes in finitely

many points.

Let M,N € Wy be two different points. Let 0 < € < %dist(M ,N). Recall that (M, N )W) =
[M,N]®\ {M,N}. We define the point M’ € (M,N)") as the first to M with dist(M,M’) =
g if dist(M,M’) = € and for every Q € (M,N)® such that dist(M,Q) = &€ we have
(M, M) C (M,Q)™. Let N' € (M,N)™ be the first to N with dist(N,N') = €. We
define

Be(M,N)"):= | Be(0Q),

QE [M/ 7]\[/] (u)

where B¢ (Q) denotes the ball with center at Q and radius €.

Corollary 3.2.7. For every Q € W{ there exists & > 0 such that Be((X,0)™) "Wy =
(X,0)®.
Proof. From Lemma 3.2.5 it follows that there exists & > 0 such that B(g((TO’1 X)Wy

W¢ = (T, ', X)™). Since for every Q € W} there exists m € N such that Q € L™ (T, ', X)®))

and Wy is invariant, the proof follows. [ |
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3.3. MAIN RESULTS

For the main result about the zero entropy of the Lozi map, we will consider parameter

pairs in the region R first.
Theorem 3.3.1. For (a,b) € R, hiop(Layp) = 0.

Proof. Let (a,b) € R. Let
ToL := W2\ [X, Tp)™ and ToR := Wi\ [X, T)) ™.

Let us consider the convex hulls Conv(7pL) and Conv(7pR), we have L(Conv(TyL)) =
Conv(TpR) and L(Conv(TyR)) C Conv(TpL). In both sets, Conv(7pL) and Conv(TyR), the
map is globally linear, so their union is attracted to the periodic orbit {P’,P}. This in
particular means that Wy U {P’, P} is compact, connected and invariant.

Recall that W)ﬁ+ denotes the upper connected component of the stable manifold of
X (which starts at X and goes up), and let WI}” denote the lower connected component
of the unstable manifold of the other fixed point Y in the third quadrant (which starts
at Y and goes down). Let us denote by .# the union of Wy, P, P, W§+, Wl’,“r and oo,
M =WEU{P ,PYUWST UW)T U{eo}. Then .# is invariant, compact, connected in the
extended plane and does not separate the extended plane, nor the plane.

Let us denote by U the complement of ./ in the extended plane (that is, U = S*\ .#).
Then U is invariant by construction and does not contain any fixed points of L. Also, U
is open and simply connected in the plane and therefore homeomorphic to the open unit
disc and moreover, to the plane. The Brouwer plane translation theorem (BPTT) says
that if 4 is an orientation preserving homeomorphism of the plane which is fixed point
free, then every point of the plane is contained in a properly embedded line / such that /
does not intersect (1), and [ is separating A(I) from h~!(I). In our case, L2|U satisfies the
assumptions of BPTT and therefore every point of U is a wandering point for L?. This
means that the non-wandering set of L? consists only of the fixed points of L?, and hence

heop(L?) = 2hy0p (L) = 0. u

Remark 3.3.2. Notice that the proof of Corollary 2.1.6 implies that for all (a,b) € R,

L exhibits heteroclinic points since Wy and Wy intersect. However, this does not pose an
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obstruction for zero entropy since there is no heteroclinic cycle - namely, Wy and Wy do

not intersect (Lemma 4.2.1). For more details see [4, Theorem 2.2].

Now recall that for parameter pairs (a,b) € PR\ R, the unstable manifold Wy intersects
the coordinate axes at additional points other than 7y and To_l. Therefore, one can not
directly draw analogous conclusions for the sets Conv(7pL) and Conv(7pR) defined as in
Theorem 3.3.1; namely, in this case Wy can accumulate on a set £ which can generate
positive topological entropy. Our goal now is to present a result about zero topological
entropy of the Lozi map outside the aforementioned accumulation set ¢ for which we will
first further investigate the unstable manifold Wy together with that set.

Let the point S and polygon 2’ be defined as in Lemma 3.2.5. Notice that the accu-

mulation set ¢ of Wy can be represented as a union
{=10pUlg,
where (g = (N D', b, = LNL(Z') if S lies in the right half-plane and ¢z = {NL(Z'),
¢ = (N D' otherwise. Observe that both ¢ and ¢; are L?- and L~ 2-invariant.
y

Wy
\

Figure 3.6: Polygon .#" and its image under L? (Lemma 3.3.3).
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Lemma 3.3.3. Define S and 2’ as above. If S lies in the right half-plane, then

[eo)

tr=(L*(2).
k=0

Proof. Since {gr C ', 9’ is L*-invariant (Lemma 3.2.5) and /g is both L>- and L=2-
invariant, it directly follows that /g C [, L2k(.@’ ). To prove the converse, let # be the

polygon with the boundary
9 =SToU [Ty, TH™W U[S,L3(S)]| ™ U L2(S)TE.

We see that Int L%/ (#") NInt L>*(#") = 0 for all j,k € Ny, j # k (see Figure 3.6). Notice
that
L9 =(2'\A) VIS, L2(8)] W UL (ToS),

and similarly, for k € N,
k=1
2R = 2\ | ULYe) | | ulP® 0 (s),2248)] " UL (Tps).
j=0

Moreover, 2\ IntL?*(2') contains L*/(TyS) for all j =0,1,...,k— 1. Hence, for every
i € Ny there exists j € Ny such that [Tozj , Toz(j +1)](”) is closer to /g than L?(TS). Since
L*(09") = dL**(2") for every k € N and L? is dissipative, we see that for every point Q €
Ni_o L**(2') there exists a sequence of points in Wi which tends towards Q. Therefore,

Q € (g so we have [, L% (2") C (g which finishes the proof. [ |

Remark 3.3.4. In the case when S lies in the left half-plane, one can analogously show
that

LU{X}= ﬁ L*(2)
k=0
by considering polygons L?**(_#"), k € Ny, where the boundary of %" is d.#" = SVy U
W(s) U[S,L2(S)]™ U L2(S)VZ. In either case, 2’ UL(2') contains the periodic orbit
{P,P'} due to Lemma 3.2.5 and the Brouwer fixed point theorem, which allows us to

conclude the following result.

Corollary 3.3.5. The periodic orbit {P, P’} is contained in /.
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Similarly as in Theorem 3.3.1, we define the set
N = WEULUWRT UWE T U {0}

in the extended plane. By construction, .4 is invariant, compact, connected in the ex-
tended plane and does not separate the extended plane nor the plane.

Let U’ be the complement of .4 in the extended plane (U’ = S?\ .#"). Then U’ is
invariant by construction and, due to Corollary 3.3.5, does not contain any fixed points of

L2,

Wy

Figure 3.7: Construction of a path from Q to X’ (Lemma 3.3.6). The path from Q' to X’ is
contained in an open neighborhood of (X, Ql)(”) which contains only one arc component

of Wy (Corollary 3.2.7).

Lemma 3.3.6. The set U’ is pathwise connected.

Proof. Let 2’ and S be defined as in Lemma 3.3.3. Notice that the set S?\ (4 U 2'U
L(2'")) is open, connected and thus pathwise connected. Therefore, it suffices to show
that the set '\ (Wy U () is pathwise connected (since this implies that the same holds

for L(Z') \ (W¢ U¥{)). In order to prove that, we will show that for any point Q lying in
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2"\ (W¢ U?), there is a path from Q to a point lying in an €-neighborhood of the fixed
point X for a specially chosen € > 0 (see Figure 3.7).

Let Q € 2'\ (W UZ) be fixed but arbitrary. Since Q ¢ ¢, Lemma 3.3.3 implies that
there exists a k € N such that Q ¢ L?*(2"). Let k¢ be the smallest such k. We then have
0 c >k~ (") and Q ¢ L*0(2").

We know that

oL (7' = [Ty, L2 ()| UL (TpS)

for every j € Ny and specially, for j € {ko — 1,ko}. Now observe the polygonal segment

[X,L%0(S)]®). Since this is a closed set, there exists a point Q; lying on it such that
dist(Q, Q1) = min{dist(Q,A): A € [X,L%(5)]"}.

By construction, we see that the straight line segment QQ1 does not intersect £ nor Wy at
points other than Q.

On the other hand, Corollary 3.2.7 implies the existence of an € > 0 such that
Be((X,L20(8))") nWy = (X,L2*(8))).

In addition, the set Be ((X,L%%0(5)))®\ [X,L%0(8)]® consists of two connected compo-
nents only one of which has non-empty intersection with QQ;. We denote that connected
component by %. Notice that by construction ZN{¢ = 0.

Let Q' be any point lying on 2N QQ; and let X’ be any point lying on (ZNBe(X)) \
W§+. Notice that X’ can be chosen such that it lies outside of 2’. Since 4 is open and
connected, it is also pathwise connected so there exists a path b € % from Q' to X'. By

construction, the path b lies in U’ which finishes the proof. [ |
Theorem 3.3.7. For all (a,b) € R\R, htOP(Lavb’RZ\g) = 0.

Proof. Let U’ and ¥ be defined as above. Lemma 3.3.6 implies that U’ is connected and
since its complement .4 is also connected, it follows that U’ is simply connected in the
extended plane.

Therefore, by the Riemann mapping theorem we have that U’ is homeomorphic to the
open unit disc and moreover, to the plane. Now we see that L2|U/ satisfies the assumptions

of the Brouwer plane translation theorem so every point of U’ is a wandering point for
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L?. As a consequence, the non-wandering set of the restriction L? consists only of its

[R2\e

fixed points and hence /), (L2|R2\£) = 2hop (L2| = 0. ]

R2\£)
Remark 3.3.8. For parameter pairs (a, b) such that the Lozi map L, ; exhibits transversal
homoclinic points for the fixed point X, we have /), (La,b) > 0; for more details, see [4,
Theorem 2.1]. Therefore, in order to fully determine the zero entropy locus of the Lozi
map in the case when the period-two cycle {P, P'} is attracting, determining the structure
of the accumulation set ¢ is of key interest. This motivates us to pose the following

conjecture.
Conjecture 3.3.9. For all (a,b) € R\R, (= {P,P'}.

A positive answer to this hypothesis would imply that the whole region ‘R is the zero
entropy locus for the Lozi map when the periodic points of prime period two are attract-

ing.
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4. BASIN OF ATTRACTION

While considering the same parameter set R as in the previous chapter, in this chapter
we construct the basin of attraction for the Lozi map, i.e. an invariant subset of the plane
such that all points of its complement diverge (tend to infinity) under forward iterations
of L. The main goal is to present a result analogous to the one presented in [1], where
the basin of attraction on the Misiurewicz parameter set turned out to be bounded by the

stable manifold Wy of the fixed point Y in the third quadrant.

4.1. PERIOD TWO REVISITED

Recall that for (a,b) € R, the Lozi map has two attracting periodic points of prime period
two: P in the fourth and P’ in the second quadrant. Their position relative to Wy and Wy

will be of interest in this chapter.

Remark 4.1.1 (Inequality of quadratic and arithmetic mean, QM — AM inequality). Re-
call that if x and y are non-negative real numbers, then their quadratic mean is greater or

equal to their arithmetic mean:

24y’ Xty

) 4.1)

The equality holds if and only if x = y; namely, (4.1) is equivalent to
20 +y%) = (x+y)* & (x—y)* = 0.
Lemma 4.1.2 (Position of P and P’ relative to Wy).
1. P. <Tpy, 1.e. P lies to the left of Tp,

2. Py’ < Tol,y’ i.e. P lies below Tol.
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Proof. Since Py’ = bP;, Toly = bTolx and b > 0, the second claim is a direct consequence
of the first one. It remains to prove the first claim. We know that

p_ lta-b _ 24a+Va*+4b
T 2r(1-bp2 " 2(a+1-b)

and since the denominators are positive, P, < T , is equivalent to
20a+(1-b)2 < (@ +(1-b)2)(2+a+Va?+4b). 4.2)
Fora+b > 1and b < 1 we have
a>1-b=da*>1-2b+b%

and therefore

24a+Vat+4b>2+a+\/1+2b+b2=3+a+b> 4. 4.3)

Furthermore, (4.1) applied on a and 1 — b gives
1
a2+(1—b)2>§(a+(1—b))2. (4.4)
By multiplying (4.3) and (4.4) we obtain the desired inequality (4.2). |

Now consider the case when Wy intersects the coordinate axes at points other than 7j
and TO’I. Specially, in that case we know there exists a point B on the negative y-axis or
the positive x-axis such that the only intersections [T, B] () with the coordinate axes are T
and B - in other words, B is the first intersection of W)?Jr with the coordinate axes after 7.
Let Z denote the polygon in the fourth quadrant with border .2 = [T, B UBO U OTp
(if B lies on the negative y-axis), or 0. % = [Ty, B] (4) UBTy (if B lies on the positive x-axis),

where O denotes the origin.

Lemma 4.1.3. Assume that Wy intersects the coordinate axes at points other than 7y and

TO_1 and let B and & be defined as above. Then P € 4.

Proof. Suppose by contradiction that the converse holds. Since [7p, B] () is closed, there

exists a point By lying on it such that
dist(P,B;) = min{dist(P,A): A € [Ty, B]™)}.
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Notice that, by construction, Wy intersects PBj at B; only. Since B; € [Ty, B] (”), there exits
n € N such that L~%)(By) lies on TOTO_Z, i.e. in the first quadrant (specially, if B; = T3¢
for some k € Ny, we observe L~2*+1)(B)) = TO_Z). On the other hand, PBy, L~ %(PB;) =
PL=2(B),..., L 2=1)(PB)) = PLT_U(BI) are all straight line segments in the fourth
quadrant since L2 acts on them as an affine map - that is why L=2"(PB;) = PLT"(&) is
also a straight line segment. However, due to Lemma 4.1.2, it intersects [Tp, B] (”), which

is a contradiction (the only intersection of PL=2"(By) with W} is L=2"(By)). [

y

N

Figure 4.1: Lemma 4.1.3: P lying outside of % would imply that the line segment
PL~2"(By) intersects the polygonal line [T, B]®.
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4.2. RELATIONSHIP BETWEEN Wy AND Wy

In this section we observe in greater detail the structure of the stable manifold Wy of the
fixed point Y. In order to do that, we prove that Wy intersects the positive x-axis at one
point only and as a consequence, we fully describe that manifold in the first quadrant.
Recall that from Corollary 2.1.6 it follows that Wy accumulates on Wy. As we will see at

the end of this section, Wy also accumulates on Wy in the first quadrant.
Lemma 4.2.1. If there are no homoclinic points for X, then Wy and Wy do not intersect.

Proof. Suppose by contradiction that Wy and Wy have a non-empty intersection. Due to
accumulation of Wy on Wy (Corollary 2.1.6), this would imply that Wy also intersects Wy,

which is a contradiction. [ |

The stable manifold Wy is an invariant polygonal line emanating from Y in the third

quadrant and intersecting the negative y-axis for the first time at the point

a+2b+a>+4b 2b
Ry= |0, =(0 .

2(1-a—b) " a+2b— a2+ 4b

Moreover, we have Wy = U L "(YRy) (see figure 4.2). As usual, we put Rk = L¥(Ry)
n=0

for all k € Z\ {0} and specially, R) = Ro. Let W;* be the half of W} starting at ¥ and

going down passing through Ry; also, let Wy be the other half starting at ¥ and going up

through Ré. Furthermore, for points Aj,A; € Wy, we denote by [A},A] g,s) the polygonal

line contained in Wy with A; and A, as endpoints.
Lemma 4.2.2. Ry, < P, i.e. Ry lies below P.

Proof. The following chain of equivalences holds
2b b(l—a—D>)

<
a+2b—ar+4b  a>+(1—b)?

2
<~ >
a+2b—a?+4b ~ a*+(1—b)?
& 2(a*+(1-b)*) > (a+b—1)(a+2b— /a2 +4b),

since a+2b — Va2 +4b > 0 due to

a+2b>\a2+4b < a* +dab+4b* > a* +4b < a+b > 1.
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50- Ro3
R()_:l /

YC) ' Ro*

\ TO‘ 1

25-

> 0.0- Ro!

-2.54

5.0~ Ro

-5.0 -25 0.0 25 5.0

Figure 4.2: Unstable (blue) and stable (red) manifold of X together with the stable mani-
fold of Y (black) for parameter values a = 1.2, b = 0.9. Notice that Wy accumulates on Wy
(Corollary 2.1.6). All breaking points of Wy are iterates of points Ry and C (intersection

of Wy with the positive x-axis, Proposition 4.2.3).
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Due toa > 1 — b, we have

Va2 +4b>\/1—-2b+b2+4b=1+b,

which is equivalent to

a+b—1>a+2b—\/a?+4b. (4.6)

Furthermore, by applying (4.1) on a and 1 — b we obtain
2(a*+ (1 -0)%) > (a+1-b)* > (a+b—1)? (4.7)

while the last inequality holds since botha+1—-5b>0,a+b—1>0and b < 1. Finally,

(4.7 (4.6)

2@+ (1-0)%) > (a+b—1)* > (a+b—1)(a+2b—/a*+4b),

which proves the last inequality of (4.5). [

Now observe the backward iterates of Ry. Since Ry lies on the negative y-axis, R, !
will lie on its preimage, y = alx| — 1, in the second quadrant so R, 2 lies in the fourth or
first quadrant below the line y = ax — 1. In general, for k € N, if R 2k Jies in the fourth
quadrant, Ry 2k=1 will lie in the second or third quadrant, and if R, 2k+1 Jies in the fourth
quadrant below the line x =1 — 7y, Ry 2k will lie in the fourth quadrant (see Figure 4.2).
Therefore, one can think that for all k € N, all Ry 2k would lie in the fourth and all Ry Zk+1
in the second quadrant, or that R k¥ would lie in the third quadrant for some k > —2.

However, the following proposition shows neither of that can happen.
Proposition 4.2.3. Wy intersects the positive x-axis at a point right to 7.

Proof. 1° Existence of the intersection point

We will prove first that Wy intersects the positive x-axis. Suppose by contradiction that
the converse holds. We distinguish between two different cases of interest with respect
to the intersection points of Wy with the coordinate axes - recall that there are always at
least two such points, Ty and To_l.
A) First case: Wy intersects the coordinate axes at points other than Ty and TO_1

Let B and % be as in Lemma 4.1.3. Since Wy and Wy do not intersect (Lemma 4.2.1),

RoRy 2 is contained in the fourth quadrant outside % and the line segment PR, thus

intersects [Ty, B]™) at a point A (see figure 4.3). Because A € [Ty, B]"), there exists a
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positive integer n such that L~=2(A),...,L=2"=1(A) all lie in the fourth quadrant and

—2n . —_2(”) . . o—2 7 _2 ) 4
L™7"(A) lies on TpT, in the first quadrant. Notice that PR,~, L™*(PR,~) = PR,",

..., L7201 (PR, 2) = PR, 21 are all straight line segments contained in the fourth quad-

rant so L~2 acts on them as an affine map - as a consequence, L’Z”(PRa 2) is also a

straight line segment which contains a point in the first quadrant. Therefore, R, 2Ant1)

("+1)](S)

is also contained in the first quadrant which implies that [R Z,Ra 2 y  intersects the

positive x-axis. This is a contradiction with our initial assumption.

Ry

Figure 4.3: Proposition 4.2.3, case 1.1°.

B) Second case: Wy intersects the coordinate axes at Ty and TO_1 only

B1) Claim: Wy intersects the negative y-axis at Ry only

First we prove that Wy does not intersect the third quadrant apart from the line segment
ITRE). Suppose by contradiction that the converse holds. Then Wy~ intersects the negative

G=1) lies in the

x-axis and Wy the negative y-axis, i.e. there exists j € N such that R, 2
fourth and R, 2/ in the third quadrant (see figure 4.4). Observe the smallest such j and
the preimages of R, %/ under L. We claim that Ry %/ lies above the straight line ROR(l).
Otherwise, [R,, 20 _1),Ra 2 ]§,s ) would intersect the negative y-axis below Ry which would

imply that its image under L, R, (2J _3),R6 S ]§/s ), intersects the negative x-axis to the
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left of R(l,. This is a contradiction since that polygonal segment, by the construction of j,
lies in the preimage of the fourth quadrant, i.e. in the second or third quadrant above the
liney = —ax—1.

Therefore, if R, 2] Ry (2 +1), .., Ry (27%1) are all contained in the third quadrant for
some 1 € N, L~! acts on those points as an affine map and for every i = 0,...,n we thus

have

C(mi: 1 J Y
dist(R, ¥ wy) = (W) dist(Ry >/, W),
Y

where |AJ| < 1 is the eigenvalue of the differential of L at Y. It follows that distances
of R, @D from Wy in the third quadrant are unboundedly increasing so there exists

k € N such that R, 2k Jies again in the fourth and Ry 21 i the third quadrant. Denote

by Q the point of intersection of [R, Z(k_l),Ra Zk]g/s) and the negative y-axis - notice that
R, @=1) Ry (2%-2) ]g,s ) then intersects the negative x-axis at L(Q) and [R,, 2k=2) Ry 2(k=1) ]g,s )

intersects the image of the negative x-axis, x = 1+ 7y, at L*(Q) (so Q will lie below the
image of the negative x-axis).

Now denote by _# the polygon with border d_¢ = RyQU [Ry, Q] g/s ). We know that
QR—(;Zk is contained in _#. In order for Wy to escape ¢, [R,*,R, 2(”1]19 ) has to inter-
sect the straight line segment QR for some [ > k, but that would imply that its second
preimage [R,, 2(1_2),Ra 2(1_1)]§f ), a polygonal line contained in ¢, intersects m
which is contained outside #. We conclude that Wi+ \ [¥, R, %] )(,s ) is contained in .
Moreover, since Q lies below the image of the negative y-axis, L~!(QRo) = L~ (Q)R,
is a straight line segment contained in the second quadrant below the image of the posi-
tive x-axis (due to the original assumption that Wy does not intersect the positive x-axis).
Therefore, L~2(QRg) = W)Raz is again a straight line segment contained in _¢ from
which it follows that ¢ is L~ %-invariant.

Since that polygon is homeomorphic to the closed unit disc, Brouwer fixed point the-
orem (BFPT) implies that it contains a fixed point for L=2. Since that fixed point can not
be Y (Wy would otherwise contain self-intersections) and the other two fixed points for
L2 lie in the upper half-plane, polygon ¥ contains P. However, since in this case Wy
converges to P (Theorem 3.3.1), this would imply that Wy and Wy intersect in the fourth
quadrant, which is a contradiction with Lemma 4.2.1.

B2) Claim: Wy eventually escapes the second and fourth quadrant

&9



Basin of attraction Relationship between Wy and Wy

Figure 4.4: Proposition 4.2.3, case 1.2.1°: Wy does not intersect the negative y-axis at

points other than Ry.

Therefore, in this case, {R,**: k € N} is fully contained in the fourth and {R, **': k €
N} in the second quadrant; moreover, the latter set is bounded since it is contained in the
triangle bounded by the y-axis and lines y = —ax — 1 (preimage of the negative y-axis),
x = 1— 7y (image of the positive x-axis). As a consequence, the closure of its convex
hull, RoL := CI(Conv({R~%*!: k € N})), is compact, convex (as a closure of a convex

set) and L~-invariant (since L2 acts on it as an affine map). BFPT again implies that
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RoL contains a fixed point for L=2, so it follows that it contains the point P’. Specially,
L~2"(RoL) has a non-empty intersection with the basin of attraction of P, which is a
contradiction since all points on Wy tend to Y under forward iterations of L. This finishes
the proof of the first part.
2° Intersection with the positive x-axis lies to the right of Ty

If W¢ intersects the coordinate axes at points other than 7y and To_l, notice that this

follows immediately from previous discussions and Lemma 4.2.1.

y

Figure 4.5: Proposition 4.2.3, case 2°: C, the intersection of W§+ with the positive x-axis,

lies to the right of Tj.

Now assume Wy intersects the coordinate axes at Ty and TO’1 only and suppose by
contradiction that the point of intersection C lies to the left of 7p. In that case, due to

Lemma 4.2.1, P is contained outside of the polygon bounded by RyO U OC U [Ry,C] g,s ),
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Since [Ry, C]g/s ) is a closed set, there exists a point C; lying on it such that
dist(P,Cy) = min{dist(P,A): A € [Ro,C]\}.

We claim that in this case Wy N PCy = {C,} (see Figure 4.5). Since W, intersects the

positive x-axis at C, there exists j € N such that Rizj lies in the first and R, 2, .., Ry 20-1

in the fourth quadrant (moreover, C is the intersection of [R,,

with the positive x-axis). Now observe further preimages of Ry under L. If R, 2 R, ~(2i+D)

Ry (2741) are all contained in the first quadrant for some n € N, L™! acts on those points

as an affine map and therefore for every i =0,...,n,

dist(Ry 2 xvI™) = ( 1u > dist(Ry 2 xvi"),
|A%]

) dist(R, >, ToTy o ))

W 1
dist(Ry @) 1y, 1) = ( .
2%
where |A¢| > 1 and |A}| < 1 are the eigenvalues of the differential of L at X. In other
words, distances of R, @I from X VO1 in the first quadrant are tending to zero and those
from Wy are unboundedly increasing so there exists k € N, k > 2, such that R, *lies in
the fourth and Rf(kfl) in the first quadrant.

(k=2)

If the smallest such k is odd, then [R,, Ry k] g,s) intersects the positive x-axis at a

point to the right of VO (since Wy and Wy do not intersect) and since that part of the pos-

k—1) Ra(k—kl)];s)

itive x-axis is a subset of the image of the negative y-axis, (R, ( intersects

both the positive x-axis and the negative y-axis so R, (k1)

€ Wy lies in the third quad-
rant. Notice that the intersection of [R, (k=1) Ry (k+1)]§/s ) lies to the left of C due to the fact
that the distances of consecutive preimages of points in the first quadrant from X_VO1 “ are
unboundedly decreasing. Now, by using analogous arguments as in the case 1.2.1°, we
see that there exists a point Q on the negative y-axis such that RoQ "Wy = {Ro,Q} and
that Wy ™\ [Y, Q]g,s ) is contained in the polygon bounded by RyQ U [Ry, Q]g/s ). Since P lies
outside of that polygon, W;* does not intersect PC; at points other Cj.

If k is even, then [R, (kfz),Ra k](YS ) intersects the positive x-axis at a point to the
right of VO1 and R, ke W;“L lies in the fourth quadrant. Notice that the intersection
of R, k= 2),RO k]g,s ) with the positive x-axis lies again to the left of C. Therefore, if
W\ [Y,Ry g (YS i fully contained in the fourth quadrant, then it is contained in the poly-

gon bounded by RyO U OC U [Ry,C] g/s). Since [RO,C];S) so Wy does not intersect PC; at

2(j—-1) Razl](s) :R_Z(j_l)Razj

PRI
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points other than Cy. On the other hand, if Wy \ [Y, Ry k ]g/s ) intersects the negative y-axis,
then we obtain the same conclusion by applying arguments from the previous case.
Therefore, it follows that Wy N PC; = {C;}. On the other hand, there exists n € N
such that L?"(Cy) lies on the line segment ITR%. In that case, PCy, L2(PC;) = PL2(Cy),
cees Lz("’l)(}ﬁ) = PLZ(”_—I)(CI) are all straight line segments in the fourth quadrant
since L? acts on them as an affine map - that is why L?"(PCy) = PLT(Cl) is also a straight
line segment. Lemma 4.2.2 now implies that this line segment intersects [Ry, C] g/s), which

is a contradiction (its only intersection with W;Jr is L"(Cy)). [ |

Now observe the point from the previous proposition - we denote it by C. There

[Ra("o—z)vR(;no]g/S) _ R—(no—z)

exists ng € N such that C lies on 0 R, "0 (moreover, ng is

even) and CR," is contained in the first quadrant. As a consequence, L~!(C) lies on

the positive y-axis and L~ (CR,™) = L~ (C)R,, (1) js straight line segment lying in

(u)
the preimage of the first quadrant above the line segment TOTO_1 Y therefore, it is again
fully contained in the first quadrant. Inductively, we see that the same holds for all further

preimages of that line segment and since L™ acts as an affine map in the upper half-plane,

L‘”(T&"O) =L"(C)R, (01) i a straight line segment for every n € N.

Recall that W;}Jr denotes the half of Wy which is a half-line in the first quadrant starting
at X and going to infinity. Note that W " does not intersect W. We will first prove a result
analogous to those in Lemmas 2.1.1(3) and 2.1.2(4) from which, due to linearity of L~

in the first quadrant, it will follow that Wy approaches W;}Jr.
Lemma 4.2.4 (Convergence of slope coefficients - upper half-plane).

1. Let a be a line segment in the upper half-plane which lies on a straight line whose
slope coefficient equals k;. Then the image of o under L~! lies on a straight line

whose slope coefficient equals

1
ky=b-—+a.
2 k1+a

2. The sequence (k;,),cN, given by the recurrence

1
kpp1=b-—+a, n>0, (4.8)
kn
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with ko # 1 (a —Va*+ 4b), converges and

n—oo

lim k, = % (a—|— a2+4b).

Proof. 1f (x1,y1) and (xp,y;) are two points lying on ¢, then, due to y; > 0 and y, > 0,

we have

_ 1 a _ 1 a
L l(xlvyl): <Z))ﬁaxl_1+l—))’1>a L 1(x27)’2): (l_)erxz_l—f—l_)yz)?

and consequently,

Xo—1+gy2—x1+1-7y x—xi | 3(02—y) 1
) = :b- —|— 1 = pD-
b

o2 —y1) Y2 =1
which proves the first claim.
For the second one, as in Lemma 2.1.2, we put

- kn — M,
B kn_MZ’

Jn':
where

1 1
Myi=3 (a4 Va+4b), Myi= 2 (a—a+4b)

2 2

are the roots of the equation M?* —aM — b =0, i.e. fixed points of the function
1
FiRV{O} SR, f()=b- - +a,

which defines recurrence (4.8). Since kg # M>, j, is well-defined for all n € Nj. Now we

have | . |
j (4.g)b'E+a—M1 bE—bm MZ j
ntl = 1 1 [ VAL
b-ta—M, b-g-—b-g M
for all n € Ny. Since a,b > 0, we see that M| > 0, M, < 0 and |M;| < |M,| so for i := %
we have —1 < u < 0. Consequently, lim |j,| = lim |u|"|jo| =0, so
n—oo Nn—yoo
My —M>j
lim k, = lim —— 22" _ g,
n—oo n—eo 1 —j,
which proves the second claim. [

As expected, the limit of the sequence (k) from the previous lemma corresponds to
the slope coefficient of W§+. Hence, if all preimages of a straight line segment lie in the
first quadrant and its slope is not parallel to the unstable direction at X, the slopes of its

preimages will converge to the stable direction at X.
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Lemma 4.2.5. Intersections of preimages of the positive y-axis with the first quadrant

converge to Wyt UXV, )

(n+1) lies on the intersection of the n-th

Proof. Since TO*1 lies on the positive y-axis, T},
preimage of the positive y-axis with the first quadrant. Now the claim follows from the

fact that lim 7;" = X and Lemma 4.2.4(2). [ |
n—soo

Corollary 4.2.6. Preimages of CR," converge to wyt.

Proof. Since L~!(C) lies on the positive y-axis, its further preimages lie on the preimages
of that axis in the first quadrant. The proof now follows by applying Lemmas 4.2.4(2) and
4.2.5. |

Figure 4.6: Corollary 4.2.6: for every n € N, TO_("H) and L~"*1(C) lie on the n-th

preimage of the positive y-axis (dashed lines) which converge to Wy ' above the line seg-

) -
ment TOTO_l ! (blue) due to Lemma 4.2.5. As a consequence, preimages of CR,, "0 also

converge to Wyt

Due to the convergence to Wy ', we see that points on Wy tend to infinity in the first
quadrant because L~! stretches all vectors parallel to the stable direction at X by the

— (s
factor |/1_1°\ > 1 when it acts as an affine map. Hence, W§+ UX Vol( ) divides the first
X
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quadrant into two connected components and Wy separates each one of them. Since the
intersection of Wy with the union of the second, third and fourth quadrant is the polygonal

line [C,L~1(C )]g,s ) Which separates each one of them, we obtain the following result.

Corollary 4.2.7. Wy separates the plane.
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4.3. APPROACHING INFINITY

Corollary 4.2.7 implies that R? \ Wy consists of two connected components - we will
denote by .7 the one containing the fixed point X and by .5 the other one. Notice that

<7, also contains Wy (Lemma 4.2.1) and Wy.
Lemma 4.3.1. Periodic orbit {P,P'} is contained in <.

Proof. 1f Wy intersects the coordinate axes at points other than 7 and TO*I, this is a direct
consequence of Lemma 4.1.3. If Wy intersects the coordinate axes at Ty and TO_1 only,
we obtain the result as a consequence of the fact that points on Wy accumulate on that

periodic orbit (Theorem 3.3.1). |

Our goal in this section is to prove that 27| contains all the "interesting dynamics” for

the Lozi map.
Lemma 4.3.2. 7] and @ are L-invariant.

Proof. We will prove first that o7 is invariant. We do that by dividing .7 into several

regions %; such that L acts as an affine map on each one of them (see Figure 4.7):

1. Let #) be the intersection of 7] with the part of the first quadrant above the line

(u)

TOTO_1 . Then %, \ Wy can be partitioned into a union of polygons A, n € N,

such that

/u) -
oA =Ty "Ty " LTy L) () UT L (C) UL (€)LD ().

Note that the border of each A, consists of parts of Wy, Wy and preimages of the
positive y-axis (specially, dAq also contains a part of the positive x-axis, TpC, and

dA; that of the positive y-axis, TO_IL*1 (C), see Figure 4.6).

Since L(dA,+1) = dA, by construction and L acts on every A, as an affine map,
we have L(A,+1) = A, for every n € Ny. Specially, L(Ay) is a polygon with border
o ot "
at L(C) only). This, together with L(Wy") = Wy, proves that L(%)) C .

UT,L(C) which is contained in <7 (W} intersects T, L(C)
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s+
WX

Ro
Figure 4.7: Regions Z%; and their images %! = L(%;) from Lemma 4.3.2.

2. Let %, be the triangle L~ (0)T; ' T, % in the first and fourth quadrant (where O is
the origin). Then L(%,) is the triangle OTO_lTo which is contained in .27 due to

Proposition 4.2.3.

3. Let %5 be the polygon in the first and fourth quadrant with border

— (w)
0% = RoL-1(0) UL~ (0)T; 2UT; 2Ty UTyCU[C,Rol}-

Then %5 is mapped to the polygon in the second quadrant with border

) s
UTYL(C)UIL(O).RYY.

IL(%s) = R\OUOT, "UT, T}
Since W UT,L(C) = {L(C)}, L(%5) is contained in <.

4. We denote by #, the polygon in the second and third quadrant with border

0%y =L (C)L (0)UL~(O)R, "U[Ry",L~1(C)].

In this case %, maps to the polygon with border RgO U OC U [C,Ro])(,s ) which is the

intersection of .7 with the fourth quadrant.
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5. Finally, by %5 we will denote the triangle in the second and third quadrant with
vertices L~!(0), Ry and R, . Its image L(%s) is the triangle with vertices O, R}

and Ry, i.e. the intersection of .«7] with the third quadrant.

For every i = 1,2,...,5, let %/ = L(%;). Notice that the sets %, also form a par-
tition of 7 (see Figure 4.7), hence L(%/) = <. Moreover, since L is bijective, we
also have L™! (/) = L™Y(L()) = o, i.e. & is L™ !-invariant. Since W is also L—
and L~ —invariant, the same holds for the complement of the union of these two sets,

R?\ (o) UW;) = <. Therefore, <% is also L-invariant, which finishes the proof. |

Theorem 4.3.3. All points in 27 diverge (tend to infinity) under forward iterations of L.

S+
WX

u+
WY

Figure 4.8: Dynamics of points in 2% (Theorem 4.3.3).

Proof. We will show that all points in .o/ eventually end in the third quadrant under

forward iterations of L from which they tend to infinity. Let Q be an arbitrary point of .o75.
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Assume that Q is in the first quadrant and let d := dist(Q, Wy "). For every k € N, if
L(Q), L*(Q), ..., L*(Q) are all contained in the first quadrant, then

dist(L'(Q),Wyt) = di| A%l i=1,2,... k.

Since |A¥| > 1, distances of iterates of Q and Wy are unboundedly increasing so there
exists kg € Ny such that L*0(Q) lies in the second quadrant. In other words, all points in
the intersection of .5 and the first quadrant eventually land in the second quadrant (their
forward orbit can not be fully contained in the first quadrant).

Now assume that Q lies in the second quadrant. We know that the second quadrant
maps to the union of the fourth and third quadrant. On the other hand, points in 2% lying in
the fourth quadrant map to the second quadrant only (points in the fourth quadrant which
map to the first quadrant all lie in ./; by Lemma 4.3.2). Therefore, it is possible that
the entire forward orbit of Q is contained in the union of the second and fourth quadrant.
However, in that case L> would act on Q as an affine map and since it has attracting fixed
points P and P’ in the fourth and second quadrant respectively, the forward orbit of Q
would accumulate on those points. This is a contradiction with Lemma 4.3.1 and the
invariance of .@%. Therefore, all points in % in the second quadrant also eventually end
in the third quadrant.

If Q lies in the fourth quadrant, by previous discussions we see that it maps to the
second quadrant so the previous argument also applies in this case.

Finally, if Q lies in the third quadrant, observe its forward iterations under L and their
position relative to Wy and Wy'. First note that the entire forward orbit of Q lies in the
third quadrant (points from the third quadrant which map to the first one all lie in 7).
Therefore, L acts on Q and all of its forward iterates as an affine map.

We know that the intersection of Wy’ with o7 is a half-line, W/, emanating from Y

and going to infinity in the third quadrant. Hence, for all k € Ny,
dist(Z*(Q), Wy") = | A3 * dist(Q, W), dist(L*(Q),RoR}) = |A¢|* dist(Q, RoR}).

Since |A§| < 1 and |A%| > 1, we see that distances of L¥(Q) from W}~ tend to zero
and those from Wy are unboundedly increasing. Therefore, L¥(Q) tend to infinity in this

case, which finishes the proof.
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As a consequence, we see that the basin of attraction of the Lozi map is contained in
7). In order to investigate this set in greater detail, we will first describe the structure of
the unstable manifold Wy’ of the fixed point Y.

As already mentioned in Corollary 2.1.6, the part of Wy’ which is a part of a straight
line passing through Y intersects the negative y-axis at a point which we denote by U, I
The image of that point under L lies on the positive x-axis and is given by

U — 2—a+\/a2+4b0 B a+va?+4b 0
0 2(1—a—0b) a+2b+vVaz+4b ]’

Recall that W}‘* denotes the lower connected component of Wy’ (which is a half-line

emanating from Y and going down in the third quadrant) and Wy~ the other one. Under
the given notation we see that
Wy~ = J L' (YTo).
n=0

As usual, for every n € Z we put U} = L"(Up) (and UY = Up) and for points A, B € Wy we
define [A, B] §,u) and the other corresponding polygonal lines analogously as it was done
for Wy.

Moreover, from the proof of Corollary 2.1.6 it follows that [Y, Uo]g,") = YU, and
(X ,Vo](s) = X_Vo(s) intersect at a unique point since both of these sets are straight line
segments. This point lies in the fourth quadrant and will be denoted by D (see Figure
4.9).

Since the point D lies on the straight line segment TVO](S) C Wy, we see that all

forward images L"(D), n € N, lie in the first quadrant on X VO1 (S). On the other hand, D also

lies on Uy Uy so it follows that all forward images of Uy 'Uy under L have a non-empty
intersection with the first quadrant. In addition, if L" (ﬁ) is a straight line segment
in the first quadrant for some n € N, then L"*! (M) 1s again a straight line segment
which lies in the first and possibly in the second quadrant (in that case L"+2 (M) has a
breaking point on the positive x-axis). For every k € N, let k,, denote the slope coefficient
of the part of L" (m) which is a straight line segment in the first quadrant and let ky be
the slope coefficient of m, ko = % (—a+ \/m> Similarly as in Lemma 4.2.4,

one can see that the sequence (k;,),cn, satisfies the recurrence

knt1 = n € N,

)
k,—a
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u
WY

Figure 4.9: The unstable manifold of ¥, Wy, together with the stable manifold of X, Wy,

and their point of intersection D in the fourth quadrant.

from which it follows that (k,) converges and

1
lim &, = 3 (a /a2 +4b) .

n—oo

As one would expect, the limit is equal to the slope coefficient of the line segment

(u) . - . : .
TO*ITO . By taking into account that U, Uy contains the point D whose forward images

under L converge to X, wee see that parts of L" (U, ! Up) in the first quadrant converge to

TO_ITO(M) and we thus obtain the following result analogous to Corollary 2.1.6.
Corollary 4.3.4. Wy’ accumulates on Wy.

Let % be the triangle with vertices Vj, D and L_I(D) (i.e. the boundary of % is
IL~1(D),D]®) U[L~!(D), D] g,”)). Then L(4) lies in the first and fourth quadrant. In gen-
eral, if L?"(2) lies in the first quadrant for some n € N, then L?**1(%) lies again in the
first and L?"*2(4) in the first and possibly second quadrant. If it intersects the second

quadrant, then L?"*3 (%) intersects the fourth quadrant.
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Now assume that Wy intersects the coordinate axes at points other than 7 and TO’1

and let the point S and polygon 2’ be defined as in Lemma 3.2.5.

Lemma 4.3.5. Let % be defined as above. Then for every point B € 4 there exists k € N
such that L¥(B) € &',

Proof. We first prove that every point in & eventually gets mapped to the second quad-
rant. Suppose by contradiction that the converse holds. Then there exists a point B € #
and ko € N such that L***(B) lies in the first quadrant for all k € N. Since L acts on those

points as an affine map, we have
dist(LH(B), XVo™) = | A% Fdist(Lx (B), XVp ™), k € No.

Since A% > 1, we see that distances between L**(B) and XV} in the first quadrant
are unboundedly increasing so L***(B) will lie in the second quadrant. This yields a
contradiction with our assumption and proves the claim.

The claim of the lemma now follows from the previous claim and Corollary 4.3.4. H

Observe again the backward orbit (V;"),cn, of the point Vy € Wg. Let np € N be

such that V072"° lies in the fourth and Vofz(""*l)

in the first quadrant (we know that such
ng exists by Proposition 4.2.3; if VO_2 lies in the first quadrant, we take ng = 1). Let & be
the polygon with boundary (see Figure 4.10)

(u)

0P = V072n0 TO U TOTOZ u U T02V0_2(n0_l) U [VO_Z(”0_1)7L—2710+1 (D)](S)

U [VO_Z"O,L_z”O_l (D)] (s) U L—2n0—1 (D)L—ZnO—H (D)

Since the straight line segment T0V0_2n° intersects the x-axis at 7y only, L_Z(TOVO_Z”O) =
TO_ZVO_Z("°+]) 1s again a straight line segment in the first quadrant and its preimages under
L converge to Wy due to Lemma 4.2.4. If we define the set %, as in Lemma 4.3.2, the

aforementioned convergence implies the following result.

Corollary 4.3.6. For every point of Q € %, \ Wy there exists k € N such that L¥(Q) €
L.

Define £ as the set of accumulation points of Wy, as in Theorem 3.3.7.
Theorem 4.3.7. The set <7 \ Wy is the basin of attraction for /.
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Figure 4.10: Polygon &2. Positive integer n is chosen such that Vo_zn0 lies in the fourth
and VO_Z("()H) in the first quadrant. Point D is the intersection point of W¢ and Wy’ in the

fourth quadrant.

Proof. Lemma 3.3.3 implies that it suffices to show that every point of .« \ Wy eventually
get mapped to the polygon 2’. Due to Corollary 4.3.6 we see that this will follow if we
prove that every point of & eventually maps to 2.

Observe that the polygonal line [V072"°,L*2”0 (D)]®) divides 2 into two parts, one of
them being L~2"0(24), where 4 is the triangle from Lemma 4.3.5. From that same lemma
it follows that all points from that part eventually get mapped to 2.

Let Q be an arbitrary point from the other part of &. If Q lies in the first quadrant

(above the line segment TOTO*I(M)), from the same argumentation as in Lemma 4.3.5 we
see that there exists k; € N such that L*1(Q) lies in the second and L*1 7! (Q) in the fourth
quadrant.

Now assume that Q lies in the fourth quadrant. We distinguish between two cases of

interest. Firstly, if L?*(Q) all lie in the fourth and L***!(Q) in the second quadrant for all
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k € Ny, then L? acts on those points as an affine map so the orbit of Q is mapped to the
period-two cycle {P, P’} and the claim follows. Otherwise, in the other case, there exists
ky € N such that L2~2(Q) lies in the fourth, L*2=1(Q) in the second and L¥2(Q) in the
third quadrant.

Let us now assume that Q lies in the third quadrant. If L(Q),L*(Q),...,L*(Q) all lie

in the third quadrant for some k € N, then L acts on these points as an affine map so
dist(L/(Q),RoR}) = |A¢|! dist(Q,RoR}), j=1,2,... k.

Since |A%| > 1, distances between L/(Q) and W; are unboundedly increasing so there
exists k4 € N such that L*(Q) lands in the fourth quadrant. From there, two things can
happen: either all further iterates of L*(Q) lie in the second and fourth quadrant only (in
which case we again see that they are attracted to the cycle {P,P'}), or there exists ks € N
such that L*5(Q) lies in the first quadrant.

If L5+1(Q), ..., L5+k(Q) all lie in the first quadrant for some k € N, then L again acts

on these points as an affine map so
dist(L5H(0), XVo'™) = |44 dist(L5 (0), XVo™), j=1,2,... k.

Therefore, the distances between L*5+/(Q) and X_Vo(s) in the first quadrant are unbound-
edly increasing so there exists kg € N such that L¥%~1(Q) lies in the second and L*s(Q) in
the fourth quadrant.

Notice that L*6(Q) can lie in 2. If not, all forward iterates of L*é(Q) can lie in the
second and fourth quadrant only from which we conclude by previous arguments that the
orbit of that point is attracted to {P, P'}. Otherwise, L*s(Q) lands in one of the polygons
in the fourth quadrant outside 2’ bounded by the x-axis and parts of the polygonal line
[To, S| (), where the point S is defined as in Lemma 3.2.5. Observe the parts of the x-
axis that belong to the boundary of those polygons. Their intersections with [7p, S](”) all
eventually get mapped to 2’ and moreover, apart from those points, images of those parts
under L? do not intersect [To, S] (u) at any other additional points. Those polygons are thus

also eventually mapped to 2’ which finishes the proof. |
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CONCLUSION

We studied the dynamics of the two-parameter family of Lozi maps in a region ‘R in the
parameter space for which there are no homoclinic points for the fixed point X in the
first quadrant and the cycle of period two is attracting. Results about homoclinic points
for X were presented first. We describe the zigzag structure of the stable manifold of X
in the third quadrant as well as prove that in the border case there are only homoclinic
tangencies. The construction of polygons bounded by the stable and unstable manifold
of X which are mapped into each other under the Lozi map permits us to prove that all
homoclinic points in the border case are iterates of two salient points 7 and Vp. Along
with these results, we also compute the equations of curves in the parameter space which
represent the border of the set of existence of homoclinic points for the fixed point X.
The following question of interest was the zero entropy locus for the Lozi map. We
further look into the structure of the unstable manfold of X, construct invariant polygons
in part bounded by it and prove that the topological entropy of the Lozi map is zero for all
parameter pairs in the region R for which the unstable manifold intersects the coordinate
axes at 7y and its preimage only. In addition, we prove the same result for parameter
pairs in R\ R when the Lozi map is restricted to the complement of the accumulation
set ¢ of the unstable manifold of X and conject that ¢ consists of the period-two cycle
only. Finally, considering the same parameter set R, we analyze the stable manifold of
the other fixed point Y in the third quadrant and prove that it separates the plane into two
connected components. By proving that all points in one of those connected components
tend to infinity under the Lozi map, we see as a consequence that the basin of attraction
of the period-two cycle is contained in the other one, .<7;. We also prove that the set .27},

without the stable manifold of X, is the basin of attraction of the accumulation set .

106



BIBLIOGRAPHY

[1] Baptista, D., R. Severino, and S. Vinagre: The basin of attraction of Lozi mappings.
International Journal of Bifurcation and Chaos, 19(03):1043-1049, 2009. 1 3, 82.

[2] Benedicks, M. and L. Carleson: The dynamics of the Hénon map. Annals of Mathe-
matics, 133(1):73-169, 1991. 1 1.

[3] Bonatti, C., L. J. Diaz, and M. Viana: Dynamics beyond uniform hyperbolicity: A
global geometric and probabilistic perspective, volume 3. Springer Science & Busi-

ness Media, 2004. 1 21.

[4] Burns, K. and H. Weiss: A geometric criterion for positive topological entropy.

Communications in mathematical physics, 172(1):95-118, 1995. 1 20, 77, 81.

[5] Buzzi, J.: Maximal entropy measures for piecewise affine surface homeomorphisms.

Ergodic Theory and Dynamical Systems, 29(6):1723-1763, 2009. 7 3.

[6] Devaney, R. L.: An introduction to chaotic dynamical systems. CRC press, 2018. 1

7,9.

[7] Hénon, M.: A two-dimensional mapping with a strange attractor. Communications

in Mathematical Physics, 50(1):69-77, 1976. 7 1.

[8] Ishii, Y.: Towards a kneading theory for Lozi mappings I: A solution of the pruning
front conjecture and the first tangency problem. Nonlinearity, 10(3):731, 1997. 1 2,

3, 4,29, 30.

[9] Ishii, Y.: Towards a kneading theory for Lozi Mappings I1: Monotonicity of the topo-
logical entropy and Hausdorff dimension of attractors. Communications in mathe-

matical physics, 190(2):375-394, 1997. 1 4.

107



Bibliography Bibliography

[10] Ishii, Y. and D. Sands: Monotonicity of the lozi family near the tent-maps. Commu-
nications in mathematical physics, 198(2):397-406, 1998. 1 4,27.

[11] Lozi, R.: Un attracteur étrange(?) du type attracteur de Hénon. J. Physique,
39(9):9-10, 1978. 1 1.

[12] Misiurewicz, M.: Strange attractor for the Lozi mappings. Ann. New York Acad.
Sci., 357(1):348-355, 1980. 1 1, 50.

[13] Mora, L. and M. Viana: Abundance of strange attractors. Acta mathematica,

171(1):1-71, 1993. 1 20.

[14] Newhouse, S. E.: The abundance of wild hyperbolic sets and non-smooth stable sets
for diffeomorphisms. Publications Mathématiques de I'THES, 50:101-151, 1979. 1

21.

[15] Newhouse, S. E.: Homoclinic Phenomena. American Mathematical Society,

350(10):4023-4040, 2006. 1 20, 21.

[16] Poincaré, H.: Les méthodes nouvelles de la mécanique céleste, volume 3. Gauthier-

Villars et fils, 1899. 1 19.

[17] Pollicott, M. and M. Yuri: Dynamical systems and ergodic theory. Number 40.

Cambridge University Press, 1998. 1 23, 24, 25, 27.

[18] Pujals, E. R. and M. Sambarino: Homoclinic tangencies and hyperbolicity for sur-

face diffeomorphisms. Annals of Mathematics, pages 961-1023, 2000. 7 22.

[19] Robinson, C.: Dynamical systems: stability, symbolic dynamics, and chaos. CRC
press, 1998. 1 9.

[20] Smale, S.: Differentiable dynamical systems. Bulletin of the American mathematical

Society, 73(6):747-817, 1967. 19, 19.

[21] Yildiz, 1. B.: Monotonicity of the Lozi family and the zero entropy locus. Nonlinear-
ity, 24(5):1613-1628, 2011. 71 2,4,27, 28, 29, 66.

108



Bibliography Bibliography

[22] Yildiz, 1. B.: Discontinuity of topological entropy for Lozi maps. Ergodic Theory
and Dynamical Systems, 32(5):1783-1800, 2012. 1 3, 29.

109



CURRICULUM VITAE

Kiristijan Kilassa Kvaternik was born on October 27, 1992, in Zagreb, Croatia, where
he finished primary and secondary school. During secondary school, he attended ma-
thematical competitions, winning a Bronze Medal at the Middle European Mathematical
Olympiad in 2009.

In 2011 he started studies at the Department of Mathematics, Faculty of Science, Uni-
versity of Zagreb. He obtained his bachelor’s degree in 2014 and his master’s degree in
Theoretical Mathematics in 2016 with master’s thesis Thurston geometries under supervi-
sion of Prof. Dr. Zeljka Milin Sipu§. During his studies, he was a demonstrator at various
courses, including Linear Algebra, Probability and Metric Spaces, and he received awards
for exceptional success in studies in academic years 2013/2014 and 2015/2016.

In 2016 he enrolled in the PhD program in Mathematics at the same faculty under
supervision of Prof. Dr. Sonja Stimac. In the same year he started working as a research
and teaching assistant at the University of Zagreb: he first worked at the Department of
Quantitative Methods at the Faculty of Organization and Informatics, then, since July
2017, at the Department of Applied Mathematics at the Faculty of Electrical Engineering
and Computing where he is currently employed.

He was a member of the scientific project Geometric, Ergodic and Topological Anal-
ysis of Low-dimensional Dynamical Systems (project leader: Prof. Dr. SiniSa Slijepcevic)
and is currently a member of the project Dynamical and Ergodic Properties of Maps on
Surfaces (project leader: Prof. Dr. Sonja Stimac), both of them funded by the Croatian
Science Foundation. During his PhD studies he participated in nine international summer
schools and conferences where he presented a poster and gave three talks. He is an ac-
tive member of the Seminar for Dynamical Systems at the Department of Mathematics,

Faculty of Science, University of Zagreb.

110



	Introduction
	Preliminaries
	Basic definitions and results
	Orbits of points
	Hyperbolicity

	Lozi maps
	Fixed and periodic points
	Notation

	Homoclinic points
	Topological entropy
	Definition and basic properties
	Some results for the Lozi map


	Homoclinic points for the Lozi map
	Border of existence of homoclinic points for X
	Structure of the stable manifold
	Classification of border homoclinic points

	Examples of border curves
	First case: T02 lies on XV0
	Second case: V0 lies on T02T1
	Third case: T02 lies on V0-1V1
	Fourth case: T02 lies on V1V0-2
	Fifth case: V0 lies on T04T046
	Sixth case: T04 lies on V0-1V1, i.e. V0-1V0-2
	Seventh case: V0-1 lies on T05T-2
	Eighth case: T05 lies on V0-2V0-3 in the third quadrant
	Ninth case: T05 lies on V0-2V0-3 in the second quadrant
	Tenth case: V0-2 lies on T06T068
	Eleventh case: T07 lies on V0-2V0-3


	Zero entropy for the Lozi map
	Relationship with the attracting period-two cycle
	Invariant sets for L2
	Main results

	Basin of attraction
	Period two revisited
	Relationship between WYs and WXs
	Approaching infinity

	Conclusion
	Bibliography
	Curriculum Vitae

