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Spin-isospin transitions in nuclei away from the valley of stability are essential for the description of astrophys-
ically relevant weak interaction processes. While they remain mainly beyond the reach of experiment, theoretical
modeling provides important insight into their properties. In order to describe the spin-isospin response, the
proton-neutron relativistic quasiparticle random phase approximation is formulated using the relativistic density-
dependent point coupling interaction, and separable pairing interaction in both the T = 1 and T = 0 pairing
channels. By implementing recently established DD-PCX interaction with improved isovector properties relevant
for the description of nuclei with neutron-to-proton number asymmetry, the isobaric analog resonances (IAR) and
Gamow-Teller resonances (GTR) have been investigated. In contrast to other models that usually underestimate
the IAR excitation energies in Sn isotope chain, the present model accurately reproduces the experimental data,
while the GTR properties depend on the isoscalar pairing interaction strength. This framework provides not only
an improved description of the spin-isospin response in nuclei, but it also allows future large-scale calculations
of charge-exchange excitations and weak interaction processes in stellar environment.

DOI: 10.1103/PhysRevC.103.064307

I. INTRODUCTION

Charge-exchange excitations in atomic nuclei correspond
to a class of nuclear transitions composed of the particle-
hole configurations that contain the exchange of the nu-
cleon charge, described by the isospin projection lowering
(increasing) operator τ− (τ+). The fundamental charge-
exchange excitation is the isobaric analog resonance (IAR)
[1–8], with no changes in quantum numbers �J = �L =
�S = 0, thus the IAR corresponds to a collective excitation
with Jπ = 0+. The Gamow-Teller resonance (GTR) repre-
sents another relevant charge-exchange mode, characterized
by Jπ = 1+, i.e., it corresponds to spin-flip excitations with-
out changing the orbital motion, �S = 1, �L = 0.

As it has been emphasized in Ref. [9], recent inter-
est in the GTR studies is motivated by its importance for
understanding the spin and spin-isospin dependence of mod-
ern effective interactions [10–17], nuclear β decay [18–26],
β-delayed neutron emission [27], as well as double β decay
[28–36]. In addition, accurate description of GT± transitions,
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including both in stable and exotic nuclei, is relevant for
the description of a variety of astrophysically relevant weak
interaction processes [37–41], electron capture in presuper-
nova stars [42–44], r-process [45,46] and neutrino-nucleus
interaction of relevance for neutrino detectors and neutrino
nucleosynthesis in stellar environment [47–53].

The properties of charge-exchange modes of excitation
have extensively been studied [54,55]. Following theoretical
prediction [56], in 1975 the GTR has been experimentally
confirmed in (p, n) reactions [57]. The GTR represents one
of the most extensively investigated collective excitation in
nuclear physics, both experimentally and theoretically (e.g.,
see Refs. [10,54,55,57–86]). More details about experimen-
tal studies of spin-isospin excitations are also reviewed in
Ref. [55]. Recent studies of the GTR in the framework
based on relativistic energy density-functional include rela-
tivistic quasiparticle random phase approximation (RQRPA)
[6], the relativistic RPA based on the relativistic Hartree-Fock
(RHF) [87], relativistic QRPA based on point coupling model
with nonlinear interactions [25,43], and relativistic QRPA
formulated using the relativistic Hatree-Fock-Bogoliubov
(RHFB) model for the ground state [88]. In Ref. [89] the
nuclear density-functional framework, based on chiral dy-
namics and the symmetry breaking pattern of low-energy
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QCD, has been used to formulate the proton-neutron QRPA
to investigate the role of chiral pion-nucleon dynamics in
the description of charge-exchange excitations. The GTR has
also been studied by including couplings between single nu-
cleon and collective nuclear vibrations, e.g., particle-vibration
coupling (PVC) of the 1p-1h ⊗ phonon type of coupling
[79,84,90,91]. The PVC allows to include important dynami-
cal correlations missing in the static self-consistent mean field
models and it provides additional fragmentation of the GTR
strength when compared to the random phase approximation
studies based only on 1p-1h configurations [79].

At present, the knowledge about charge-exchange transi-
tions in nuclei away from the valley of stability is rather
limited, and mainly beyond the reach of experiment. Since
these nuclei are especially important for their astrophysi-
cal relevance in stellar evolution and nucleosynthesis, it is
crucial to develop microscopic theoretical approaches, that
allow quantitative and systematic analyses of the transition
strength distributions of unstable nuclei. In order to assess
the overview into systematical model uncertainties in mod-
eling charge-exchange excitation phenomena, it is important
to address their properties from various approaches, by im-
plementing different theory frameworks and effective nuclear
interactions.

In Ref. [6] charge-exchange excitations have been studied
in the framework based on the relativistic nuclear energy
density-functional (EDF), within the approach that unifies the
treatment of mean-field and pairing correlations, relativistic
quasiparticle random phase approximation (RQRPA) formu-
lated in the canonical single-nucleon basis of the relativistic
Hartree-Bogoliubov (RHB) model. In this implementation
the relativistic EDF with explicit density dependence of the
meson-nucleon couplings is used, that provides an improved
description of asymmetric nuclear matter, neutron matter
and nuclei far from stability. The pairing correlations were
described by the pairing part of the finite range Gogny
interaction [92,93]. However, the EDFs have usually been
parameterized with the experimental data on the ground-
state properties, supplemented with the pseudo-observables
on nuclear matter properties. In the case of density-dependent
meson-exchange interactions, the neutron skin thickness in
208Pb has been introduced as an additional constraint on the
isovector channel of the effective interaction. However, the
results from measurements of the neutron-skin thickness are
usually model dependent, and the pseudo-observables on nu-
clear matter are often rather arbitrary. Recently, a novel EDF
parametrization has been established based on the relativistic
point coupling interaction, by using in the χ2 minimiza-
tion the nuclear ground-state properties (binding energies,
charge radii, pairing gaps) together with the properties of
collective excitations in nuclei, isoscalar giant monopole res-
onance energy and dipole polarizability [94]. In this way
an effective interaction DD-PCX has been established with
improved isovector properties, that is successful not only in
the description of nuclear ground state, but also of the ex-
citation phenomena, incompressibility of nuclear matter and
the symmetry energy close to the saturation density [94]. The
improved isovector channel for the DD-PCX interaction is
especially important not only for the symmetry energy of

the nuclear equation of state, but also for the description
of ground-state and excitation properties of N �= Z nuclei.
Clearly, this is very important for the implementation of the
EDF-based models to exotic nuclei, as well as for applications
in nuclear astrophysics.

In this work we establish the proton-neutron RQRPA in
the canonical single-nucleon basis of the RHB model based
on density-dependent relativistic point coupling interaction.
Our study represents the first implementation of the relativis-
tic point coupling interaction with density-dependent vertex
functions in formulating the RQRPA for the description of
charge-exchange excitations. In addition, the treatment of the
pairing correlations is also improved, by implementing the
separable pairing force that allows accurate and efficient cal-
culations of the pairing properties [95]. By using recently
established DD-PCX interaction with improved properties
that are essential for description of nuclei away from the
valley of stability [94], the proton-neutron RQRPA estab-
lished in this work will be employed in the investigation of
the properties of collective charge-exchange excitations, IAR
and GTR.

Clearly, a study of both the IAR and GTR properties
represents an important benchmark test for novel theo-
retical approaches established not only for description of
charge-excitation modes but also for modeling a variety
of astrophysically relevant processes in stellar environment.
Therefore, in the present work that introduces a microscopic
approach to describe charge-exchange excitations based on
density-dependent relativistic point coupling interaction, the
novel theory framework will be employed in the analyses of
charge-exchange modes, the IAR and GTR, both for magic
nuclei, as well as for open-shell nuclei to probe the effect of
the pairing correlations.

In Sec. II the formalism of the proton-neutron RQRPA
based on the density-dependent point coupling interaction is
introduced. In Sec. III the model is employed in studies of
charge-exchange modes of excitation, the IAR and the GTR.
The conclusions of this work are summarized in Sec. IV.

II. PROTON-NEUTRON RQRPA BASED ON RELATIVISTIC
POINT COUPLING INTERACTION

In the previous implementation in the relativistic frame-
work, the RQRPA has been established on the ground of
RHB model, based on the effective Lagrangian with density-
dependent meson-exchange interaction terms [6]. Therein the
pairing correlations have been described by the pairing part
of the Gogny interaction [92,93]. In the present study, the
RQRPA is established using the relativistic point coupling
interaction, while the pairing correlations are described by the
separable pairing force from Ref. [95]. Since the full RQRPA
equations are rather complicated, in the present study we
solve the respective equations in the canonical basis, where
the Hartree-Bogoliubov wave functions can be expressed
in the form of the BCS-like wave functions. More details
on the implementation of the canonical basis in the RHB
model and general formalism of the PN-RQRPA equations in
the canonical basis are given in Ref. [6]. The focus of this
work is the implementation of the relativistic point coupling
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interaction in deriving the PN-RQRPA equations. The nuclear
ground-state properties are described in the RHB model for
the point coupling interaction, described in detail in Ref. [96].

Starting from the 0+ ground state of a spherical even-even
nucleus, transitions to Jπ excited state of the corresponding
odd-odd daughter nucleus are considered, using the charge-
exchange operator OJM . The general form of the PN-RQRPA

equations read [6],

(
AJ BJ

B
∗J A

∗J

)(
X λJ

Y λJ

)
= Eλ

(
1 0
0 −1

)(
X λJ

Y λJ

)
, (1)

where the A and B matrices are defined in the canonical basis,

AJ
pn,p′n′ = H11

pp′δnn′ + H11
nn′δpp′ + (upvnup′vn′ + vpunvp′un′ )V phJ

pn′np′ + (upunup′un′ + vpvnvp′vn′ )V ppJ
pnp′n′

BJ
pn,p′n′ = (upvnvp′un′ + vpunup′vn′ )V phJ

pn′np′ − (upunvp′vn′ + vpvnup′un′ )V ppJ
pnp′n′ . (2)

The proton and neutron quasiparticle canonical states are denoted by p, p′, and n, n′, respectively. V ph is the proton-neutron
particle-hole residual interaction, and V pp is the corresponding particle-particle interaction, and u and v denote the occupa-
tion amplitudes of the respective states. Since the canonical basis does not diagonalize the Dirac single-nucleon mean-field
Hamiltonian, the off-diagonal matrix elements H11

nn′ and H11
pp′ are also included in the A matrix, as given in Ref. [6]. Eλ denote the

excitation energy, while X λJ and Y λJ are the corresponding forward- and backward-going QRPA amplitudes, respectively.
By solving the eigenvalue problem (1), the reduced transition strength can be obtained between the ground state of the

even-even (N, Z ) nucleus and the excited state of the odd-odd (N + 1, Z − 1) or (N − 1, Z + 1) nucleus, using the corresponding
transition operators OJM in both channels,

B−
λJ =

∣∣∣∣∣
∑

pn

< p||OJ ||n >
(
X λJ

pn upvn + Y λJ
pn vpun

)∣∣∣∣∣
2

, (3)

B+
λJ =

∣∣∣∣∣
∑

pn

(−1) jp+ jn+J < n||OJ ||p >
(
X λJ

np vpun + Y λJ
np upvn

)∣∣∣∣∣
2

. (4)

For the presentation purposes, the discrete strength distribution is folded by the Lorentzian function of the width 	 = 1 MeV,

R(E )± =
∑

λ

B±
λJ

1

π

	/2

(E − Eλ± )2 + (	/2)2
. (5)

In the implementation of the relativistic point coupling interaction, the spin-isospin-dependent terms in the residual interaction
of the PN-RQRPA are induced by the isovector-vector and pseudovector terms. In comparison, for the finite range meson-
exchange interaction, these terms were obtained from the ρ-and π -meson exchange, respectively [6]. In the present study, the
PN-RQRPA residual interaction terms Vabcd are derived from the effective Lagrangian density for the point coupling interaction.

The isovector-vector part of PN-RQRPA contains only nonrearrangement terms of the residual two-body interaction. For the
respective spacelike components we obtain,

V (TVs)
abcd = −

∫
d3r1

∫
d3r2ψ

†
a (�r1)(�τγ0γi )

(1)ψc(�r1)αTV(ρ)δ(�r1 − �r2)ψ†
b (�r2)

(
�τγ0γ

i
)(2)

ψd (�r2), (6)

and timelike components are given by

V (TVt)
abcd =

∫
d3r1

∫
d3r2ψ

†
a (�r1)�τ (1)ψc(�r1)αTV(ρ)δ(�r1 − �r2)ψ†

b (�r2)�τ (2)ψd (�r2), (7)

where the coupling αTV(ρ) is a function of baryon (vector) density. For Dirac spinor given by,

ψama (r) =
[

fa(r)�κama (�)
iga(r)�κ̄ama (�)

]
, (8)

where a stands for all quantum numbers, with the exception of the projection of total angular momentum ma. Quantum number
κ is defined as κ = −(l + 1) for j = l + 1/2 and κ = l for j = l − 1/2, while l̄ = 2 j − l corresponds to the lower component
orbital angular momentum [97]. The spacelike part of the matrix elements obtained by the angular momentum coupling is given

V (TVs)J
abcd = 2

(2J + 1)

∑
L

∫
drr2αTV(ρ)[ fa(r)gc(r)〈(1/2 la) ja||[σSYL]J ||(1/2 l̄c) jc〉 − ga(r) fc(r)〈(1/2 l̄a) ja||[σSYL]J ||(1/2 lc) jc〉]

× [ fb(r)gd (r)〈(1/2 l̄d ) jd ||[σSYL]J ||(1/2 lb) jb〉 − gb(r) fd (r)〈(1/2 ld ) jd ||[σSYL]J ||(1/2 l̄b) jb〉], (9)
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and the timelike part is

V (TVt)J
abcd = 2

2J + 1

∫
drr2αTV(ρ)[ fa(r) fc(r) + ga(r)gc(r)][ fb(r) fd (r) + gb(r)gd (r)]

×〈(1/2 la) ja||YJ ||(1/2 lc) jc〉〈(1/2 ld ) jd ||YJ ||(1/2 lb) jb〉. (10)

When compared to standard R(Q)RPA matrix elements, in particular corresponding direct term, there exists an additional factor
of 2 in the numerator of Eqs. (9) and (10) due to the difference in the isospin part of the matrix element (see Appendix A). The
isovector-pseudovector part of the point coupling interaction is given by

VPV = −αPVδ(�r1 − �r2)(γ0γ5γμ�τ )(1)(γ0γ5γ
μ�τ )(2)

, (11)

where αPV denotes the strength parameter of the interaction. Since αPV remains a free parameter of the model that cannot
be constrained by the ground-state properties, its value should be constrained by the experimental data on charge-exchange
excitations. For the corresponding timelike part of the pseudovector matrix elements we obtain,

V PV(t)J
abcd = 2αPV

2J + 1

∫
drr2[ fa(r)gc(r) − ga(r) fc(r)][ fb(r)gd (r) − gb(r) fd (r)]

×〈(1/2 la) ja||YJ ||(1/2 l̄c) jc〉〈(1/2 l̄d ) jd ||YJ ||(1/2 lc) jc〉. (12)

We note that the timelike matrix elements are nonzero only in the case of unnatural parity transitions, e.g., for Gamow-Teller
transitions. The spacelike part of the isovector-pseudovector matrix elements results,

V PV(s)J
abcd = 2αPV

2J + 1

∑
L

∫
drr2[ fa(r) fc(r)〈(1/2 la) ja||[σSYL]J ||(1/2 lc) jc〉

+ ga(r)gc(r)〈(1/2 l̄a) ja||[σSYL]J ||(1/2 l̄c) jc〉][ fb(r) fd (r)〈(1/2 ld ) jd ||[σSYL]J ||(1/2 lb) jb〉
+ gb(r)gd (r)〈(1/2 l̄d ) jd ||[σSYL]J ||(1/2 l̄b) jb〉]. (13)

In order to constrain the value of the pseudovector coupling αPV, we follow the same procedure as used in the case of relativistic
functionals with meson exchange [6], i.e., αPV is adjusted to reproduce the experimental value of excitation energy for Gamow-
Teller resonance in 208Pb, E = 19.2 MeV [98–100]. In this way, we obtain αPV = 0.734 for DD-PC1, and αPV = 0.621 for
DD-PCX point coupling interaction, and use these values systematically in all further investigations.

The PN-RQRPA also includes the pairing correlations. In most of the previous applications of the RHB+RQRPA model,
the pairing correlations have been described by the paring part of the Gogny force D1S [92,93]. This interaction has already
been used in the RHB calculations of various ground-state properties in nuclei [101]. Since the calculations based on the finite
range Gogny force require considerable computational effort, in the present formulation of the PN-RQRPA the separable form
of the pairing interaction is used [95]. In Ref. [95], Y. Tian et al. introduced separable pairing interaction in the gap equation of
symmetric nuclear matter in 1S0 channel:

�(k) = −
∫ ∞

0

k′2dk′

2π2
〈k|V 1S0

sep |k′〉 �(k′)
2E (k′)

, (14)

where

〈k|V 1S0
sep |k′〉 = −G0 p(k)p(k′), (15)

with Gaussian ansatz

p(k) = e−a2k2
. (16)

The two parameters a and G0 were adjusted to density dependence of the gap at the Fermi surface in nuclear matter, calculated
with the Gogny force [95]. After transformation of the pairing force from momentum to coordinate space one obtains,

V (�r1, �r2, �r′
1, �r′

2) = −G0δ( �R1 − �R2)G(r)G(r′)
1 − P̂σ

2
, (17)

where �r = 1/
√

2(�r1 − �r2) and �R = 1/
√

2(�r1 + �r2). G(r) is the Fourier transform of p(k),

G(r) = e−r2/(2a2 )

(4πa2)3/2
. (18)

Thus, the pairing force has finite range, and due to the presence of the factor δ( �R1 − �R2) it preserves the translational invariance
[95]. Due to coordinate transformation from laboratory to center of mass system and relative coordinates we need to use
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Talmi-Moschinsky brackets,

|n1l1, n2l2; λμ〉 =
∑
NLnl

MNLnl
n1l1n2l2 |NL, nl; λμ〉. (19)

The definition of MNLnl
n1l1n2l2

is given in Refs. [102,103]. If the transformation matrix between two laboratory coordinates �r1 and �r2,

and center of mass �R and relative coordinate �r is given

( �R
�r
)

=
⎛
⎝

√
d

1+d

√
1

1+d√
1

1+d −
√

d
1+d

⎞
⎠(

�r1

�r2

)
, (20)

as a function of transformation parameter d [103], then the most general definition of coefficient MNLnl
n1l1n2l2

is given by

MNLnl
n1l1n2l2 (d ) = i−(l1+l2+L+l )2−(l1+l2+L+l )/4

√
n1!n2!N!n![2(n1 + l1) + 1]!![2(n2 + l2) + 1]!!

×
√

[2(N + L) + 1]!![2(n + l ) + 1]!!
∑

abcdlalblcld

(−1)la+lb+lc (−1)(la+lb+lc+ld )/2d (2a+la+2d+ld )/2

× [(2la + 1)(2lb + 1)(2lc + 1)(2ld + 1)]

a!b!c!d![2(a + la) + 1]!![2(b + lb) + 1]!![(2(c + lc) + 1]!![2(d + ld ) + 1]!!

× (1 + d )−(2a+la+2b+lb+2c+lc+2d+ld )/2〈la0lc0|L0〉〈lb0ld 0|l0〉〈la0lb0|l10〉〈lc0ld 0|l20〉
⎧⎨
⎩

la lb l1
lc ld l2
L l �

⎫⎬
⎭. (21)

By employing the basis of spherical harmonic oscillator,

Ĩn =
√

4π

∫
Rnl (r)G(r)r2dr = 1

22/3π3/4b3/2

(1 − α2)n

(1 + α2)n+3/2

√
2n + 1

2nn!
, (22)

the coupled matrix element for T = 1 pairing is given by

V (pair)JM
abcd = − G0 ĵa ĵb ĵc ĵd (−1)lb+ld + ja+ jc

{
la ja 1/2
jb lb J

}{
lc jc 1/2
jd ld J

} ∑
Nnn′

ĨnĨn′MNJn0
nalanblbM

NJn′0
nclcnd ld . (23)

Furthermore, for Gamow-Teller transitions in open-shell nuclei we need to extend Eq. (23) to include both T = 0 and T = 1
channels. Therefore, we introduce natural extension of the pairing:

V (pair)JM
abcd = − G0 ĵa ĵb ĵc ĵd

∑
LS

∑
T

1

2
[1 + (−1)S′+T +1] f̃ (S, T )Ŝ2L̂2

⎧⎨
⎩

lb 1/2 jb
la 1/2 ja
L S J

⎫⎬
⎭

⎧⎨
⎩

ld 1/2 jd
lc 1/2 jc
L S J

⎫⎬
⎭

∑
nn′

ĨnĨ ′
nMNLn0

nalanblbM
NLn′0
nclcnd ld .

(24)

This is nonvanishing only for S = 0 and T = 1 or S = 1 and
T = 0 pairing. Therefore, f̃ (S = 0, T = 1) = 1 case corre-
sponds to the Eq. (23), while the case f̃ (S = 1, T = 0) =
V0pp. See Appendix B for detailed derivation. We do not
know a priori the value of the isoscalar proton-neutron pair-
ing strength parameter V0pp. It may be somewhat reduced or
enhanced compared to the case T = 1(S = 0), which is only
present at the RHB level, and should be deduced from exper-
imental data on excitations or charge-exchange processes in
open-shell nuclei.

In comparison to the nuclear ground state based on the
RHB, the PN-RQRPA residual interaction includes an ad-
ditional channel, described by the pseudovector term and
additional T = 0 (S = 1) pairing term for Gamow-Teller
transitions in open-shell nuclei, that are not present in the
ground-state calculations. Apart from this, the PN-RQRPA
introduced in this work is self-consistent, i.e., the same
interactions, both in the particle-hole and particle-particle

channels, are used in the RHB equation that deter-
mines the canonical quasiparticle basis, and in the PN-
RQRPA. In both channels, the same strength parameters
of the interactions are used in the RHB and RQRPA
calculations.

Similarly to the previous implementations of the PN-
RQRPA [6], the two-quasiparticle configuration space in-
cludes states with both nucleons in the discrete bound levels,
states with one nucleon in the bound levels and one nucleon
in the continuum, and also states with both nucleons in the
continuum. The RQRPA configuration space also includes
pair-configurations formed from the fully or partially occu-
pied states of positive energy and the empty negative-energy
states from the Dirac sea [6]. As pointed out in Ref. [6], the in-
clusion of configurations built from occupied positive-energy
states and empty negative-energy states is essential for the
consistency of the model, as well as to reproduce the model
independent sum rules.
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FIG. 1. The PN-RRPA isobaric analog resonance transition
strength distribution for 48Ca, 90Zr, and 208Pb, calculated using
DD-PCX, DD-PC1, and DD-ME2 functionals.

Model calculations are based on 20 oscillator shells in the
RHB model, as given as standard in Ref. [96] to achieve the
convergence of the results. At the level of the PN-RQRPA
calculations no truncations in the maximal excitation energy
for the 2qp configuration space are used. We included a trun-
cation of the 2qp configuration space by the condition on
the corresponding occupation factors [6], uqp1vqp2 > 0.001,
in order to exclude 2qp configurations with two almost empty
states. Further reducing of this limit value does not modify
the results.

III. RESULTS

A. The isobaric analog resonance

The PN-R(Q)RPA based on point coupling interactions in-
troduced in Sec. II is first implemented in the case of Jπ = 0+
charge-exchange transition, IAR. It is induced by the Fermi
isospin-flip operator,

T̂ F
β± =

A∑
i=1

τ±. (25)

Figure 1 shows the transition strength distributions for the
IAR in closed-shell nuclei 48Ca, 90Zr and 208Pb, calcu-
lated with the PN-RRPA using two density-dependent point
coupling interactions, DD-PCX and DD-PC1, and density-
dependent meson-exchange effective interaction DD-ME2.
As expected, for each nucleus the response to the Fermi
operator results in a pronounced single IAR peak. The IAR
peak energy and transition strength display rather moderate
model dependence. The most pronounced spread of the IAR
excitation energies for different interactions, about 1 MeV,
is obtained for the heaviest system, 208Pb, while for 48Ca
and 90Zr differences are smaller. The results of model cal-
culations are compared with the experimental data for IAR
excitation energies, denoted by arrows, obtained from (p, n)
scattering on 48Ca [104], 90Zr [105,106], and 208Pb [99]. Good
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FIG. 2. The isobaric analog resonance transition strength dis-
tribution for 112,116,122,130Sn, calculated with the PN-RQRPA using
DD-PCX interaction. The results without (dashed line) and with
(solid line) proton-neutron pairing in the residual PN-RQRPA inter-
action are shown separately, in comparison to the experimental data
from Ref. [4], denoted by arrows.

agreement of the PN-RRPA results with the experimental
data is obtained. In all three cases the calculated transition
strengths of the IAR fulfill the Fermi nonenergy weighted sum
rule, consistent with Ref. [6].

Next we explore the evolution of the IAR within the Sn
isotope chain, for A = 104–132. In Fig. 2 the IAR tran-
sition strength distributions are shown for representative
cases, 112,116,122,130Sn. Model calculations are based on the
PN-RQRPA with DD-PCX interaction. The results without
and with the T = 1 proton-neutron pairing in the residual
PN-RQRPA interaction are shown separately, in compari-
son to the experimental data from a systematic study of the
(3He, t) charge-exchange reaction in stable Sn isotopes [4].
As shown in Fig. 2, the full PN-RQRPA calculations result
in a pronounced single IAR peak, with the excitation energy
that is in excellent agreement with the experimental data for
112,116,122Sn [4]. Complete treatment of paring correlations
both in the RHB and PN-RQRPA is essential for descrip-
tion of the IAR [6]. This is illustrated in Fig. 2, where the
strength functions are also shown without including the T = 1
proton-neutron residual pairing interaction, i.e., only the the
ph-channel of the RQRPA residual interaction is included.
Without the contributions of the pp channel, pronounced frag-
mentation of the transition strength is obtained for 112,116Sn,
and the excitation energies are overestimated. By including
the attractive proton-neutron pairing interaction, the transition
strength becomes redistributed toward a single pronounced
IAR peak, that is consistent with the expectation of a narrow
resonance peak from the experimental study [4]. More pro-
nounced effect of the residual pairing interaction is obtained
for 112,116,122Sn, while for 130Sn that is near the neutron closed
shell the effect is rather small.

Figure 3 shows the evolution of the IAR excitation energy
for the isotopic chain 104−132Sn, with the proton-neutron pair-
ing included in the PN-RQRPA. The results are shown for
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FIG. 3. The PN-RQRPA isobaric analog resonance excitation en-
ergy for the isotope chain 104−132Sn, with the proton-neutron pairing
included. Calculations are based on the point coupling interaction
DD-PCX and DD-PC1. The results from the previous study based on
DD-ME1 interaction [6] and the experimental data from Ref. [4] are
shown for comparison.

the point coupling interactions DD-PCX and DD-PC1. For
comparison, the IAR excitation energies from the previous
study based on DD-ME1 interaction [6] and the experimental
data from Ref. [4] are displayed. As one can observe in the
figure, recently established interaction DD-PCX reproduces
the experimental data with high accuracy, while the DD-
PC1 and DD-ME1 interactions provide systematically lower
energies. We note that DD-PCX parametrization has been
established using additional constraints on nuclear collective
transitions that resulted with improved isovector properties,
essential for the description of nuclear ground state, excitation
phenomena, and nuclear matter properties around the satura-
tion density [94]. Clearly, the PN-RQRPA framework based
on DD-PCX interaction introduced in this work represents a
considerable progress in comparison to other approaches.

B. The Gamow-Teller resonance

The Gamow-Teller transitions involve both the spin and
isospin degrees of freedom. In the charge-exchange excitation
spectra, these transitions mainly concentrate in a pronounced
resonance peak—GTR, representing a coherent superposition
of Jπ = 1+ proton-particle—neutron-hole transitions of neu-
trons from orbitals with j = l + 1

2 into protons in orbitals with
j = l − 1

2 . The GT transitions are excited by the spin-isospin
operator

T GT
β± =

A∑
i=1

�τ±. (26)

Figure 4 shows the GT− transition strength distribution for
closed-shell nuclei 48Ca, 90Zr and 208Pb, calculated with the
PN-RQRPA using DD-PCX and DD-PC1 interactions. For
comparison, the results of the meson exchange functional with
the DD-ME2 parametrization are also shown. The experimen-
tal values for the main GT− peak are denoted with arrows

0

5

10
DD-PCX
DD-PC1
DD-ME2

0

6

12

R
[1

/M
eV

]

0 5 10 15 20 25
E [MeV]

0

20

40

48
Ca

90
Zr

208
Pb

(a)

(b)

(c)

FIG. 4. The GT− strength distribution for 48Ca, 90Zr, and 208Pb,
calculated using the DD-PCX, DD-PC1, and DD-ME2 functionals.
The experimental values of the main GT− peak for 48Ca [104], 90Zr
[106], and 208Pb [4,98,99] are denoted with arrows.

for 48Ca [104], 90Zr [105,106], and 208Pb [98–100]. Since
the PN-RQRPA excitation energies are given with respect
to the mother nucleus, the experimental values given with
respect to daughter nucleus are obtained by adding the mass
difference between the daughter and mother isotopes as well
as the mass difference between neutron and proton which is
missing when the GT is built on the basis of p-h excitations
[67,107]. The transition strength distributions are dominated
by the main Gamow-Teller resonance peak, that is composed
from direct spin-flip transitions, ( j = l + 1

2 → j = l − 1
2 ). In

addition, pronounced low-energy GT− strength is obtained,
composed from the core-polarization spin-flip ( j = l ± 1

2 →
j = l ± 1

2 ), and back spin-flip transitions ( j = l − 1
2 → j =

l + 1
2 ). As it is well known, quantitative description of the

low-energy GT− strength is essential in modeling β decay
half-lives [23,108]. When using three different effective in-
teractions as shown in Fig. 4, the spread of values of the GT−

excitation energies within ≈1 MeV is obtained.
While the strength parameter of the pseudovector channel

in the residual PN-R(Q)RPA interactions is constrained by
the GTR excitation energy in 208Pb, reasonable agreement
with experimental data is obtained for 48Ca and 90Zr without
additional adjustments of the effective interaction. As it has
already been discussed in previous studies, the Ikeda sum rule
for GT transition strength [56] is fully reproduced in a com-
plete calculation that includes both the configurations formed
from occupied states in the Fermi sea and empty negative-
energy states in the Dirac sea [6,109–112]. Table I shows the
summary of the GTR properties for 48Ca, 90Zr, and 208Pb
for DD-PCX and DD-PC1 interactions: centroid excitation
energies, the total transition strength difference

∑
B(GT−) −

B(GT+) in comparison to the Ikeda sum rule [56] (in %),
contributions of the Dirac sea states to the sum rule (in %), and
the respective experimental values [99,104–106,113]. While
the calculations accurately exhaust the Ikeda sum rule val-
ues, obtained total transition strengths in 48Ca and 90Zr for
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TABLE I. Calculated and experimental GT− properties, strength contributions for both GT− and GT+ channel, i.e.,
∑

B(GT−) and∑
B(GT+), and total transition strengths

∑
B(GT−) − B(GT+) for 48Ca, 90Zr, and 208Pb, for DD-PCX and DD-PC1 interactions. The total

transition strengths are given in percentages of the Ikeda sum rule value 3(N − Z ) [56], and contributions from the negative energy states
of the Dirac sea are shown. The experimental values for 48Ca are from Refs. [104,113], 90Zr from Refs. [105,106,114,115], and 208Pb from
Refs. [99,100].

48Ca 90Zr 208Pb

Experiment E1 (Ex) (MeV) 8.3 (≈10.5 [104]) 15.5 19.2
FWHM1 1.5 3.8 4.1
E2 (MeV) 10.9 — —
FWHM2 3.9 — —∑

B(GT− + IVSM−) 15.3 ± 2.2 [113] 34.2 ± 1.6 [106] —∑
B(GT−) — 28.0 ± 1.6 [106] —∑

B(GT+ + IVSM+) 2.8 ± 0.3 [113] — —∑
B(GT+) 1.9 ± 0.5 [113] 1.0 ± 0.3 [114] $1.7 ± 0.2)[115] —

3(N − Z ) 24 30 132∑
B(GT−) − B(GT+) (%) (52 ± 9)% $≈70% [104]) (90 ± 5)% [106] 60–70% [99]

DD-PCX Ex (MeV) 10.61 16.73 19.21∑
B(GT−) 27.34 38.99 147.33∑
B(GT+) 3.34 8.89 15.33∑

B(GT−) − B(GT+) (%) 99.96% 100.33% 99.99%
Dirac sea (%) 6.48% 7.90% 8.23%

DD-PC1 Ex (MeV) 10.98 16.54 19.21∑
B(GT−) 27.09 37.21 145.92∑
B(GT+) 3.10 7.05 13.93∑

B(GT−) − B(GT+) (%) 99.97% 100.50% 99.99%
Dirac sea (%) 5.93% 7.46% 7.48%

GT− channel are somewhat larger than experimental ones
for both point coupling interactions. After subtraction of
the estimated IVSM contribution (usually ∼10%) the values
of total GT− strengths are even lower [113]. In the GT+

channel for 48Ca the difference between theoretical and ex-
perimental values is reduced, i.e.,

∑
B(GT+) = 3.3 (3.0) for

DD-PCX (DD-PC1) and it is very close to the experimen-
tal value of

∑
B(GT+ + IVSM−) = 2.8 [

∑
B(GT+) = 1.9

without IVSM]. However, the experimental strengths in 48Ca
may be significantly underestimated for higher excitation en-
ergies above 15 MeV in the GT− spectrum and above 8
MeV in the GT+ spectrum [113]. The largest discrepancy
in the GT+ channel is observed for 90Zr, where calculated
values are at least few times greater than the highest estimates
of experimental GT+ strengths [115]. Other nonrelativistic
RPA approaches, such as Extended RPA theories account also
somewhat larger value of

∑
B(GT−) (usually 10–20%) in

lower part of 48Ca excitation spectrum (Ex � 20 MeV) [116].
Both dressed and extended RPA theories overestimate total
experimental strengths in 90Zr for GT− channel by 20–60%
for Ex � 25 MeV. However, in these calculations significant
percentage of the sum rule for both GT− and GT+ may be
found for excitation energies above Ex � 40 MeV [116],
which is not the case in our calculations. The nonrelativistic
QRPA + PVC calculations also overestimate the total experi-
mental strengths in 48Ca (71% of the RPA+PVC strength) and
208Pb (63% of the RPA+PVC strength) [117], still not pro-
viding the explanation for the missing experimental strength.
The contributions of the GT transitions to the empty Dirac sea

in doubly magic nuclei is from 6.5 to 8.2% (5.9 to 7.5%) of
the total strength for DD-PCX (DD-PC1), in agreement with
the previous studies [6]. In the following, the PN-RQRPA
based on point coupling interaction DD-PCX is employed in
the study of GT− transitions in Sn istotope chain. For open
shell nuclei, in addition to the separable pairing interaction
included in the RHB, the PN-RQRPA residual interaction also
includes the isoscalar proton-neutron pairing as introduced in
Sec. II. Since this pairing interaction channel is not present
within the RHB, its strength parameter V0 can be constrained
by the experimental data, e.g., on GT− excitation energies or
β decay half-lives. Rather than providing the optimal value of
V0, in the present analysis we explore the pairing properties
and sensitivity of the GT− transitions by systematically vary-
ing V0. In Fig. 5, the GT− strength distribution is shown for
the isotopes 112,116,122,130Sn, calculated with the PN-RQRPA
using DD-PCX interaction. The isoscalar proton-neutron pair-
ing interaction strength parameter is varied within the range of
V0 = 0–1.3 MeV. At higher excitation energies, a pronounced
GT resonance peak is obtained, except for 122Sn, where the
main peak is split. In all cases, pronounced low-energy GT−

strength is obtained, spreading over the energy range of ≈5
MeV. While the direct spin-flip transitions (ν j = l + 1

2 →
π j = l − 1

2 ) dominate the high-energy region, the low-energy
strength is dominated by core-polarization spin-flip (ν j = l ±
1
2 → π j = l ± 1

2 ), and back spin-flip (ν j = l − 1
2 → π j =

l + 1
2 ) transitions. Considering the dependence of the GT−

strength on the T = 0 proton-neutron pairing, one can ob-
serve in Fig. 5 that the main GTR peak appears insensitive
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FIG. 5. The GT− strength distribution for 112,116,122,130Sn, calcu-
lated with the PN-RQRPA using DD-PCX interaction, for the range
of values of the isoscalar proton-neutron pairing interaction strength
parameter, V0 = 0–1.3. Experimental values for the main GT− peaks
for 112Sn, 116Sn, and 122Sn are denoted with arrows [4].

to this pairing interaction channel. In the low-energy region,
pronounced sensitivity of the GT− spectra on V0 is obtained,
i.e., with increased V0 the strength is shifted toward lower
energies. This result is in agreement with previous studies
based on different effective interactions both in the ph and
pp channels [6].

In Table II the calculated GT strengths for the
112,116,122,130Sn isotopes are shown for DD-PCX and DD-PC1
functionals, using T = 0 strength parameter set to V0 = 0.7

and V0 = 1.3. The Ikeda sum rule [56] is reasonably well
reproduced.

In Table III calculated values of moments m0(GT−) are
shown for the first three dominant GT− peaks, with the cor-
responding excitation energies m1/m0 with respect to the IAS
for 112Sn, 116Sn, 122Sn, and 130Sn. Calculations include the
DD-PCX functional and T = 0 pairing strength V0 = 1.3. We
note that there are few methods one can use to constrain the
value of parameter V0. One of them is based on comparison
of experimental and theoretical values of relative positions of
the GT peaks with respect to the IAS. As shown in Fig. 5,
the number, position and intensity of GT peaks strongly de-
pend on the value of parameter V0. In the GTR spectrum of
Sn isotopes one can observe two less intense distinguishable
peaks for V0 � 0.4 in the lower part of spectrum (GT2 and
(GT3), besides one (GT1) or two dominant peaks (GT1a
and GT1b), which is characteristic for A � 122. For values
V0 � 0.4 usually the third peak (GT4) starts to show up, while
for values V0 � 0.7 we have in general three smaller peaks in
lower part of spectrum that may be distinguished. The position
of these peaks and respective transition strengths are strongly
influenced by T = 0 pairing, i.e., with higher strength V0

their positions move toward lower energies. Furthermore, the
strength distribution is also modified, i.e., GT3 and GT4 peaks
become more dominant than the GT2 ones for values V0 �
1.3. The influence of T = 0 pairing becomes suppressed when
approaching the magic neutron number N = 82, as observed
in the GTR spectrum of 130Sn. Experimental values of GT
positions and cross sections obtained from Sn(3He, t)Sb re-
actions (see Ref. [4]) have some hierarchy, with descending
values of cross sections corresponding to each peak as the
peak position is moved toward lower energies, with minor

TABLE II. Calculated values of GTR properties for 112Sn, 116Sn, 122Sn, and 130Sn with DD-PCX and DD-PC1 interactions and T = 0
pairing strengths V0 = 0.7 and V0 = 1.3. The contributions of strengths in the GT− and GT+ channels are shown in separate columns. The
total strength of GTR is also represented in percentages of the Ikeda sum rule value, 3(N − Z ) [56]. Contributions to total GTR strength from
transitions to negative energy states of Dirac sea are also shown.

Sum rule (%)

3(N − Z )
∑

B(GT−)
∑

B(GT+)
∑

[B(GT−) − B(GT+)] Total Dirac sea

DD-PCX 112Sn 36 47.22 11.68 35.53 98.69% 7.36%
(V0 = 0.7) 116Sn 48 57.77 9.99 47.77 99.53% 7.84%

122Sn 66 75.26 9.34 65.91 99.87% 7.87%
130Sn 90 99.06 9.12 89.94 99.94% 7.76%

DD-PC1 112Sn 36 45.55 9.84 35.71 99.21% 7.11%
(V0 = 0.7) 116Sn 48 57.03 9.26 47.77 99.53% 7.85%

122Sn 66 74.41 8.47 65.94 99.91% 7.17%
130Sn 90 98.23 8.26 89.96 99.96% 7.01%

DD-PCX 112Sn 36 45.68 10.15 35.52 98.69% 7.36%
(V0 = 1.3) 116Sn 48 56.79 7.59 49.20 99.53% 7.85%

122Sn 66 74.96 9.04 65.91 99.87% 7.87%
130Sn 90 99.01 9.06 89.94 99.94% 7.76%

DD-PC1 112Sn 36 44.67 8.95 35.71 99.21% 7.12%
(V0 = 1.3) 116Sn 48 56.29 8.46 47.82 99.64% 7.20%

122Sn 66 74.26 8.32 65.94 99.91% 7.18%
130Sn 90 98.20 8.23 89.96 99.96% 7.02%
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TABLE III. Calculated values of moments m0 and corresponding energy m1/m0 with respect to the IAS for the first four dominant GT−

peaks for 112Sn, 116Sn, 122Sn, and 130Sn. The DD-PCX functional and T = 0 pairing strengths V0 = 0.7 and V0 = 1.3 are used. The experimental
results for the difference between GTR and IAS, i.e., �exp = E exp

GTR − E exp
IAS and differential cross sections dσ/d� are taken from Ref. [4]. † For

122Sn, the moments m0 and m1/m0 contain contributions from two most dominant peaks.

V0 = 0.7 V0 = 1.3

�exp dσ/d� m0 m1/m0 ( m1
m0

− E teo
IAS) m0 m1/m0 ( m1

m0
− E teo

IAS)
(MeV) (mb/sr) (MeV) (MeV) (MeV) (MeV)

GT1 112Sn 2.78 12.4 19.11 18.70 4.85 17.69 18.63 4.78
116Sn 1.68 16.8 20.51 17.19 3.45 19.71 17.15 3.41

122Sn
†

1.01 21.9 31.68 16.71 3.14 29.62 15.82 2.25
130Sn — — 50.03 14.22 0.83 48.55 14.12 0.73

GT2 112Sn −2.08 4.9 6.30 13.27 −0.58 3.69 13.05 −0.80
116Sn −3.32 6.2 10.02 11.85 −1.89 6.54 11.61 −2.13
122Sn −4.59 9.2 14.26 9.94 −3.63 11.27 9.78 −3.79
130Sn — — 15.75 7.53 −5.86 16.07 7.40 −5.99

GT3 112Sn −3.67 1.5 5.17 11.31 −2.54 2.54 11.06 −2.79
116Sn −5.18 2.1 3.04 10.64 −3.10 8.71 9.52 −4.22
122Sn −7.87 6.3 10.27 8.33 −5.24 12.81 7.87 −5.70
130Sn — — 9.74 5.87 −7.52 10.90 5.80 −7.59

GT4 112Sn −4.83 2.0 3.14 10.71 −3.14 8.94 9.01 −4.84
116Sn −6.52 2.5 2.05 8.12 −5.62 6.65 7.33 −6.41
122Sn −9.79 1.2 3.32 5.86 −7.71 5.64 5.59 −7.98

exception of GT4 which intensity is similar to the GT3 one or
somewhat larger. Therefore we may impose some constraints
on the value of V0, which should be at least ≈0.7 in order to
reproduce the GTR properties observed in experiments.

In Fig. 6 the PN-RQRPA results for the GT− direct spin-
flip transition excitation energy centroid with the respect to
the IAR energy are shown for the chain of even-even iso-
topes 104−132Sn. The available experimental data obtained
from Sn(3He, t)Sb charge-exchange reactions are shown for
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FIG. 6. The PN-RQRPA excitation energy for GT− direct spin-
flip transitions for 104−132Sn, for the range of values of the isoscalar
proton-neutron pairing interaction strength parameter V0. Calcula-
tions are based on the density-dependent point coupling interaction
DD-PCX and the results from the previous study based on the
DD-ME2 interaction [6] and the experimental data from Ref. [4] are
shown for comparison.

comparison [4]. The PN-RQRPA calculations are performed
for the range of values of the isoscalar proton-neutron pairing
interaction strength parameter, V0 = 0.4–2.5. The point cou-
pling interaction DD-PCX is used and the results based on
the DD-ME2 interaction are also displayed [6]. We noticed
almost linear decrease of differences between the GTR and
IAS energies in Sn isotope chain as function of A or N (while
keeping Z = 50 fixed). Similar observations may be found
in nonrelativistic calculations with Skyrme parametrizations
in Reference [118]. One can observe that the proton-neutron
pairing interaction systematically reduces the GT-IAR energy
splittings along the Sn isotope chain, resulting in good agree-
ment for V0 ≈ 2.5. We note that relatively higher values of
V0 are required to reproduce the GT-IAR energy splittings.
In Refs. [6,119], it has been emphasized that the energy
difference between the GTR and the IAS reflects the mag-
nitude of the effective spin-orbit potential. As one can see in
Fig. 6, the GT-IAR energy splittings reduce in neutron-rich Sn
isotopes toward zero value, reflecting considerable reduction
of the spin-orbit potential and the corresponding increase of
the neutron skin thickness rn − rp [119]. Therefore, as pointed
out in Ref. [119], the energy difference EGT − EIAS, obtained
from the experiment, could be used to determine the value
of neutron skin thickness in a consistent framework that can
simultaneously describe the charge-exchange excitation prop-
erties and the rn − rp value, such as the RHB+PN-RQRPA
approach.

In Ref. [107] the GT− transition strength for 118Sn was
analyzed in more details, including the finite temperature
effects, using the Skyrme functional SkM∗. In the present
study, for 118Sn without T = 0 pairing and DD-PCX inter-
action (V0 = 0), we obtain pronounced low-lying GT− states
at energies E = 7.32, 8.88, 9.64, 10.21, and 11.45 MeV with
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the corresponding transition strengths B(GT−) = 1.21, 3.25,
1.12, 1.14, and 14.30. The main GTR peaks are obtained
at E = 16.46 and 19.83 MeV with B(GT−) = 19.91 and
7.69, respectively. The excitation energies are comparable
with the respective values obtained for the SkM∗ interaction
in Ref. [107], E (GT−) = 6.2, 8.9, 10.5, 16.3 and 20.2 MeV
[107]. Study in Ref. [107] also showed that relativistic cal-
culations of GT− transitions in 118Sn with density-dependent
meson-exchange interaction DD-ME2 lead to the splitting
between major (GT1a) and energetically higher somewhat
less intensive peak (GT1b), that exists only for V0 � 200 MeV
in T = 0 pairing channel. For V0 ≈ 200 MeV the two peaks
start to merge, while for V0 � 240 MeV they are completely
replaced by one somewhat stronger peak shifted ≈0.5 MeV
toward higher energies. However, nonrelativistic calculations
in Refs. [107,118] show different behavior in GT− spectrum
of 118Sn with respect to T = 0 pairing strength, i.e., the two
dominant peaks never merge, even for large values of overall
strength of the T = 0 pairing (≈800 MeV). The same feature
is obtained in the present study, as shown in Fig. 5 for 122Sn.
We note that relativistic calculation in Ref. [107] used another
pairing interaction in T = 0 channel than the nonrelativistic
one, i.e., two Gaussians with different relative strengths to
cover short and medium distances in coordinate space intro-
duced separately for the PN-RQRPA. This caused additional
interplay between attractive and repulsive terms which act dif-
ferently for the short and medium ranges. Therefore, behavior
of the GTR spectrum obtained in our study is more similar to
the nonrelativistic calculations in Refs. [107,118], where the
zero range density-dependent surface pairing in both isospin
channels is introduced separately in the PN-RQRPA.

IV. CONCLUSION

In this work we have formulated a consistent framework
for description of nuclear charge-exchange transitions based
on the proton-neutron relativistic quasiparticle random phase
approximation in the canonical single-nucleon basis of the rel-
ativistic Hartree-Bogoliubov model, using density-dependent
relativistic point coupling interactions. The implementation
of recently established DD-PCX interaction [94], adjusted
not only to the nuclear ground state properties, but also
with the symmetry energy of the nuclear equation of state
and the incompressibility of nuclear matter constrained us-
ing collective excitation data, allows improved description
of ground-state and excitation properties of nuclei far from
stability, that is important for the studies of exotic nuclear
structure and dynamics, as well as for applications in nuclear
astrophysics. The introduced formalism based on point cou-
pling interactions is also relevant from the practical point of
view, because it allows efficient systematic large-scale cal-
culations of nuclear properties and processes of relevance
for the nucleosynthesis and stellar evolution modeling. In

the current formulation of the RHB+PN-RQRPA, the pair-
ing correlations are implemented by the separable pairing
force [95] that allows accurate and efficient calculations of
the pairing properties. The PN-RQRPA includes both the
T = 1 and T = 0 pairing channels. While the T = 1 chan-
nel corresponds to the pairing interaction constrained at the
ground-state level, T = 0 proton-neutron pairing strength pa-
rameter can be determined from the experimental data on
charge-exchange transitions and β decay half lives. In or-
der to validate the PN-R(Q)RPA framework introduced in
this work, spin and isospin excitations—isobaric analog reso-
nances and Gamow-Teller transitions—have been investigated
in several closed-shell nuclei and Sn isotope chain. The re-
sults show very good agreement with the experimental data,
representing an improvement compared to previous studies
based on the relativistic nuclear energy density functionals.
When compared to other theoretical approaches that usually
underestimate the IAR excitation energies in Sn isotope chain,
the present model using DD-PCX interaction accurately re-
produces the experimental data. Therefore, the framework
introduced in this work represents an important contribution
for the future studies of astrophysically relevant nuclear exci-
tations and weak interaction processes, in particular β decay
in neutron-rich nuclei, electron capture in presupernova stage
of massive stars, and neutrino-nucleus reactions relevant for
the synthesis of elements in the universe and stellar evolution.
Especially important is the extension of theory framework
introduced in this work to include both the finite temperature
effects together with nuclear pairing and apply it for the de-
scription of electron capture and β decay at finite temperature
characteristic for stellar environment [107,120]. This work is
currently in progress [26,44].
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APPENDIX A: PARTICLE-HOLE MATRIX ELEMENTS

For the isovector-pseudovector part of particle-hole chan-
nel in the PN-RQRPA we use the contact type of interaction
with constant coupling,

VPV = −αPV[γ5 γ ν �τ ]1 [γ5γν �τ ]2 δ(�r1 − �r2). (A1)

The uncoupled matrix element of isovector-pseudovector in-
teraction is given by

〈a b|V |c d〉 = −αPV

∫
drr2

∑
Lλ

[ ∫
dr1r2

1

∫
d�1ψ̄a(r1,�1)[γ5 γ ν �τ ](1)Y

∗
Lλ(�1)δ(r − r1)ψc(r1,�1)

]
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×
[ ∫

dr2r2
2

∫
d�2ψ̄b(r2,�2)[γ5 γν �τ ](2)YLλ(�2) δ(r − r2) ψd (r2,�2)

]
, (A2)

where we used expansion of delta function in spherical coordinates [121],

δ(�r1 − �r2) = δ(r1 − r2)

r1r2

∑
λμ

Y ∗
λμ(�1)Yλμ(�2), (A3)

=
∫

drr2 δ(r − r1)δ(r − r2)

r2r1r2

∑
λμ

Y ∗
λμ(�1)Yλμ(�2). (A4)

Indices a, b, c, and d refer to all quantum numbers involved, while the Dirac’s conjugate is defined in standard way as

ψ̄a = ψ+
a γ0. (A5)

If we ignore for a moment the isospin part of the wave function (corresponding quantum numbers isospin t and its third projection
t0) one can rewrite Eq. (A2) in the following form:

〈ama bmb|V |cmc dmd〉PV = −αPV

∫
drr2

∑
λμ

(−1)μ
∑

ν

[
Qν

λμ(r,�1)
]

ac
[Qλ−μ;ν (r,�2)]bd , (A6)

where the index ν refers to Dirac matrix γν (γ ν) in the vertex and we used (see Ref. [97] for the sherical case of spinor):

[
Qν

λμ(r,�i )
]

ama cmc
=

∫
d�i[ fnaκa (r)�†

κama
(�i ) − ignaκa (r)�†

κ̄ama
(�i )][γ0γ5 γ ν](i)Yλμ(�i )

[
fncκc (r)�κamc (�i )

igncκc (r)�κ̄cmc (�i )

]
, (A7)

where the subscripts 1 and 2 refer to �i=1,2 = (θi, φi ), while radial parts of bispinors f (r) and g(r) are assumed to be real in our
case. From Eq. (A7) one can easily obtain timelike[

Q0
λμ(r,�i )

]
ama cmc

= − [i fnaκa (r) gncκc (r)〈(1/2 la) jama| Yλμ(�i )|(1/2l̄c) jcmc〉
− i gnaκa (r) fncκc (r)〈(1/2l̄a) jama| Yλμ(�i)|(1/2lc) jcmc〉] (A8)

and spacelike components (k = 1, 2, and 3)[
Qk

λμ(r,�i )
]

ama cmc
= − [ fnaκa (r) fncκc (r)〈(1/2la) jama|σkYλμ(�1)|(1/2lc) jcmc〉

+ gnaκa (r)gncκc (r)〈(1/2l̄a) jama|σkYλμ(�1)|(1/2l̄c) jcmc〉]. (A9)

In order to couple particle and hole operator, i.e., states, into good total angular momentum J (and projection M) in the matrix
elements of the residual particle-hole two body interaction, one needs to start from [122]

|(ph−1)JM〉 = [c†
ph†

h]JM |0〉, (A10)

=
∑
mpmh

CJM
jpmp jhmh

c†
pmp

h†
hmh

|0〉, (A11)

=
∑
mpmh

(−1) jh−mhCJM
jpmp jh−mh

a†
pmp

ah mh |0〉, (A12)

from which JJ-coupled particle-hole matrix element follows directly

〈ac−1|V |b−1d〉JM =
∑
mamc

(−1) jc−mcCJ M
ja ma jc −mc

∑
mbmd

(−1) jb−mbCJ M
jd md jb −mb

〈ama bmb|V |cmc dmd〉. (A13)

Using the Wigner-Eckart theorem for angular parts in Eqs. (A8) and (A9) after some manipulations with Clebsch-Gordan
coefficients one obtains the ph matrix elements in JJ-coupled form. Therefore, after including isospin part of the matrix elements,
which gives a factor of 2, which we have ignored for the moment, for the timelike part of pseudovector coupling we obtain:

V (PVt)J
abcd = 2αPV

2J + 1
〈(1/2la) ja||YJ (�1)||(1/2l̄c) jc〉〈(1/2ld ) jd ||YJ (�2)||(1/2l̄b) jb〉

×
∫

drr2[ fa(r)gc(r) − ga(r) fc(r)][ fb(r)gd (r) − gb(r) fd (r)] (A14)

and for spacelike part

V PV(s)J
abcd = 2αPV

2J + 1

∑
L

∫
drr2[ fa(r) fc(r)〈(1/2 la) ja||[σSYL]J ||(1/2 lc) jc〉 + ga(r)gc(r)〈(1/2 l̄a) ja||[σSYL]J ||(1/2 l̄c) jc〉]
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× [ fb(r) fd (r)〈(1/2 ld ) jd ||[σSYL]J ||(1/2 lb) jb〉 + gb(r)gd (r)〈(1/2 l̄d ) jd ||[σSYL]J ||(1/2 l̄b) jb〉], (A15)

where the reducible angular part of matrix elements can be written in terms of 3jm symbols:

〈(1/2la) ja||YJ ||(1/2lc) jc〉 = 1 + (−1)la+lc+J

2

ĵa ĵcĴ√
4π

(−1) ja−1/2

(
ja J jc

−1/2 0 1/2

)
, (A16)

and

〈(1/2la) ja||[σSYL]J ||(1/2lc) jc〉 = 1 + (−1)la+lc+J

2

ĵa ĵcĴ L̂√
4π

(−1)la+L

×
[
(−1)lc+ jc+1/2

(
1 L J
0 0 0

)(
ja J jc

−1/2 0 1/2

)
−

√
2

(
1 L J

−1 0 1

)(
ja J jc

1/2 −1 1/2

)]
.

(A17)

Note that the timelike pseudovector matrix elements are nonzero only in the case of unnatural parity transitions, like Gamow-
Teller transition. The isovector-vector part of two-body interaction is given by

VV = αV [ρV (r1)][γ μ�τ ]1 [γμ�τ ]2 δ(�r1 − �r2). (A18)

There are no additional rearrangement terms due to isospin restriction of the PN-R(Q)RPA, i.e., changing the nucleon from
neutron to proton or vice versa and properties of the point coupling functional itself. Therefore, one should start from Eq. (A18)
and follow the same procedure described before, from Eqs. (A2) to (A15), replacing Eqs. (A8) and (A9) with[

Qk
λμ(r,�i )

]
ama cmc

= [i fnaκa (r)gncκc (r)〈(1/2 la) jama|σkYλμ(�i )|(1/2 l̄c) jcmc〉
− ignaκa (r) fncκc (r)〈(1/2 l̄a) jama|σkYλμ(�i )|(1/2lc) jcmc〉] (A19)

and [
Q0

λμ(r,�i )
]

ama cmc
= [ fnaκa (r) fncκc (r)〈(1/2 la) jama|Yλμ(�i )|(1/2 lc) jcmc〉

+ gnaκa (r)gncκc (r)〈(1/2 l̄a) jama|Yλμ(�i )|(1/2 l̄c) jcmc〉] (A20)

in order to obtain JJ-coupled ph matrix elements for this channel, i.e., spacelike part

V (TVs)J
abcd = 2

2J + 1

∑
L

∫
drr2αTV[ρV (r)][ fa(r)gc(r)〈(1/2 la) ja||[σSYL]J ||(1/2 l̄c) jc〉

− ga(r) fc(r)〈(1/2 l̄a) ja||[σSYL]J ||(1/2 lc) jc〉][ fb(r)gd (r)〈(1/2 l̄d )||[σSYL]J ||(1/2 lb) jb〉
− gb(r) fd (r)〈(1/2 ld ) jd ||[σSYL]J ||(1/2 l̄b) jb〉] (A21)

and timelike part

V (TVt)J
abcd = 2

2J + 1

∫
drr2αTV[ρV (r)][ fa(r) fc(r) + ga(r)gc(r))][ fb(r) fd (r) + gb(r)gd (r)]

×〈(1/2 la) ja||YJ ||(1/2 lc) jc〉〈(1/2 ld ) jd ||YJ ||(1/2 lb) jb〉. (A22)

APPENDIX B: NATURAL EXTENSION OF SEPARABLE PAIRING

In order to extend the standard S = 0 (T = 1) pairing, which was used in the RHB and RQRPA, one needs to start from
general expression for particle-particle matrix element in the uncoupled form:

Vabcd = 〈na(1/2la) ja nb(1/2lb) jb|V (1 − P̂rP̂σ P̂τ )|nc(1/2lc) jc nd (1/2ld ) jd〉, (B1)

where P̂r , P̂σ , and P̂τ represent the exchange of relative spatial coordinate, spin and isospin, respectively. For action of the spin
exchange operator P̂σ we simply have

Pσ |(1/2(1)1/2(2))SMS〉 = (−1)S+1 |(1/2(1)1/2(2))SMS〉, (B2)

which affects just the order of coupling, i.e., the phase (−1)S+1 of symmetry transformation of the Clebsch-Gordan coefficient.
Furthermore, one may construct Pσ mathematically in the following way:

P̂σ = 1 + �σ1 · �σ2

2
, (B3)
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and isospin exchange operator in analogous way. However, the action of P̂r affects only relative spatial coordinates,

P̂r |NLML〉 = |NLML〉, (B4)

P̂r |nlml〉 = (−1)l |nlml〉, (B5)

Therefore, as first step one needs to do the LS recoupling in bra and ket independently

V (pair)J
abcd = ĵa ĵb ĵc ĵd

∑
λS

∑
λ′S′

λ̂Ŝλ̂′Ŝ′

⎧⎨
⎩

sa la ja
sb lb jb
S λ J

⎫⎬
⎭

⎧⎨
⎩

sc lc jc
sd ld jd
S′ λ′ J

⎫⎬
⎭

∑
T MT

∑
T ′MT ′

CT MT
1/2−1/21/21/2CT ′MT ′

1/2−1/21/21/2

×
∑

MSM ′
S

CJM
SMSλμCJM

S′M ′
Sλ

′μ′ 〈(1/2 1/2)T MT |〈(sasb)SMS (lalb)λμ|V (1 − P̂rP̂σ P̂τ )

× |(scsd )S′M ′
S (lcld )λ′μ′〉|(1/2 1/2)T ′MT ′ 〉. (B6)

In the second step one needs to substitute V with generic separable form, similarly to Eq. (17) but now without any kind of
projection,

V (�r1, �r2, �r′
1, �r′

2) = −G0δ( �R1 − �R2)G(r)G(r′) (B7)

into Eq. (B6) and transform the laboratory coordinates �r1 and �r2 (�r′
1 and �r′

2) in bra (ket) into the center of mass �R ( �R′) and relative
coordinates �r (�r′), i.e., the so-called Talmi-Moschinsky transformation. Therefore we need to evaluate∑

T MT

∑
T ′MT ′

CT MT
1/2−1/21/21/2CT ′MT ′

1/2−1/21/21/2〈(1/2 1/2)T MT |〈(1/2 1/2)SMS (lalb)λμ|

V (1 − P̂rP̂σ P̂τ )|(1/2 1/2)S′MS′ (lcld )λ′μ′〉|(1/2 1/2)T ′MT ′ 〉
= −4πG0δSS′δMSMS′ δλLδμmL δλ′Lδμ′mL′

∑
NLnn′

InIn′MNLn0
nalanblbM

NLn′0
nclcnd ld

∑
T

1

2
[1 + (−1)S′+T +1]. (B8)

Constraining ourself to the proton-neutron case only, note that the only nonvanishing cases of the isospin coupling are T = 0 and
MT = 0 or T = 1 and MT = 0, which both lead to factor 1/2 in front of the round brackets in Eq. (B6). Therefore, substituting
back Eq. (B8) into Eq. (B6) after some mathematical manipulations we obtain

V JM
abcd = −G0 ĵa ĵb ĵc ĵd

∑
LS

∑
T

1

2
[1 + (−1)S′+T +1] f̃ (S, T )Ŝ2L̂2

⎧⎨
⎩

lb 1/2 jb
la 1/2 ja
L S J

⎫⎬
⎭

⎧⎨
⎩

ld 1/2 jd
lc 1/2 jc
L S J

⎫⎬
⎭

∑
nn′

ĨnĨ ′
nMNLn0

nalanblbM
NLn′0
nclcnd ld .

(B9)

However, we also add multiplication with function f̃ (S, T ) which should take into account somewhat smaller or enhanced effect
of the pairing in T = 0 case,

f̃ (S, T ) =
⎧⎨
⎩

1, for S = 0, T = 1
V0pp, for S = 1, T = 0
0, the rest

(B10)

while Ĩn = √
4π In is spatial integral of Gaussian G(r) derived analytically in the next section of Appendix.

APPENDIX C: ANALYTICAL SOLUTION OF RADIAL
PART

Radial part of the eigenfunction of spherical three-
dimensional harmonic oscillator is given by

Rnl (r, b0) = b−3/2
0 Rnl (ξ

2) = b−3/2
0 Nnlξ

lLl+1/2
n (ξ 2)e−ξ 2/2,

(C1)

where b0 represents oscillatory length, while n corresponds to
the nodes number (in this notation we do not take into account
0 and ∞). Possible values are n = 0, 1, 2, . . . , and ξ = r/b0.

Normalization factor Nnl is given by

Nnl =
[

2n!

	(l + n + 3/2)

]1/2

. (C2)

In the case of half-number arguments gamma function is
given by

	

(
1

2
+ n

)
= 1 · 3 · 5 · · · (2n − 1)

2n

√
π = (2n − 1)!!

2n

√
π,

(C3)
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We are interested in the analytical solution of the following
integral

In =
∫

Rnl (r)G(r)r2dr. (C4)

By inserting G(r) from Eq. (18) in Eq. (C4) we obtain

In = b3/2
0 Nn0

(4πa2)3/2

∫ ∞

0
exp

[
−ξ 2

2

(
b2

0

a2
+ 1

)]
L1/2

n (ξ 2)ξ 2dξ .

(C5)
After substitution

α2 = a2

b2
0

, ξ 2 = η → ξdξ = dη

2
, (C6)

Eq. (C5) can be rewritten as

In = b−3/2
0 Nn0

(4πα2)3/2

1

2

∫ ∞

0
exp

[
−η + η

2

(
1 − 1

α2

)]

× L(1/2)
n (η)

√
ηdη. (C7)

Generating function for Laguerre polynomials with α = 1/2
(l = 0) is given by expression [123]

1

(1 − z)3/2
exp

( xz

z − 1

)
=

∞∑
n=0

L1/2
n (x)zn. (C8)

By using substitution

1

2

(
1 − 1

α2

)
= z

z − 1
→ z = 1 − α2

1 + α2
(C9)

and Eq. (C8), we can rewrite Eq. (C7) in the following form,

In = b−3/2
0 Nn0

(4πα2)3/2

1

2
(1 − z)3/2

∞∑
m=0

zm
∫ ∞

0

× dηη1/2e−ηL(1/2)
n (η)L(1/2)

m (η). (C10)

The integral in Eq. (C10) is just orthogonality condition for
Laguerre’s polynomials [123],∫ ∞

0
xαe−αLα

n (x)Lα
m(x)dx = 	(n + α + 1)

n!
δnm. (C11)

Therefore, Eq. (C10) reduces to

In = 1

2

b−3/2
0 Nn0

(4πα2)3/2
(1 − z)3/2

∞∑
m=0

zm 	(m + 3/2)

m!
δnm. (C12)

Using Eq. (C3), inserting normalization factor [Eq. (C2)] and
expressing everything in terms of α and n, after some mathe-
matical manipulations, it can further be simplified to

In = 1

25/2π5/4b3/2
0

(1 − α2)n

(1 + α2)n+3/2

√
(2n + 1)!

2nn!
. (C13)
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114, 217 (1982).
[64] N. Van Giai and H. Sagawa, Phys. Lett. B 106, 379 (1981).
[65] C. Gaarde, Nucl. Phys. A 396, 127 (1983).
[66] V. A. Kuzmin and V. G. Soloviev, J. Phys. G 10, 1507 (1984).
[67] G. Colò, N. Van Giai, P. F. Bortignon, and R. A. Broglia, Phys.

Rev. C 50, 1496 (1994).
[68] I. Hamamoto and H. Sagawa, Phys. Rev. C 48, R960 (1993).
[69] B. A. Brown and K. Rykaczewski, Phys. Rev. C 50, R2270

(1994).
[70] T. Suzuki and T. Otsuka, Phys. Rev. C 56, 847 (1997).
[71] C. De Conti, A. Galeão, and F. Krmpotić, Phys. Lett. B 444,
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