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Abstract

Nonlinear electrodynamics (NLE) is an umbrella term for nonlinear modifica-
tions of Maxwell’s theory. The first NLE theories appeared as quantum corrections
to Maxwell’s electrodynamics or in order to cure point charge singularities. Our fo-
cus is on NLE fields in the context of gravitational theory, their impact on the laws
of black hole thermodynamics and the general geometric properties of spacetimes.
Using a perturbative approach, we show that the solution for the Schwarzschild black
hole placed in an asymptotically homogeneous test magnetic field in the Born—Infeld
and Euler-Heisenberg theories receives NLE corrections. We prove that the well-
known results from Maxwell’s theory, such as no-soliton theorems and the absence
of null electromagnetic fields in static spacetimes, still hold in the NLE case but may
be circumvented by stealth field configurations. In the form of several no-go theo-
rems, we summarise the general obstructions that limit the possibility of black hole
regularisation using NLE fields. Our results suggest that physically plausible NLE
theories do not give rise to singularity-free solutions. Furthermore, we formulate
the sufficient conditions that imply the isometry-compatible block-diagonal form of
the metric for theories consisting of solely NLE fields and NLE fields combined with
scalar fields. Finally, we revisit the laws of black hole thermodynamics with NLE
fields and derive the first law by means of the covariant phase space approach. With
a special emphasis on the treatment of NLE Lagrangian parameters, we resolve the
tension between the generalised Smarr formula and the first law of black hole ther-

modynamics in a general case.

Keywords: nonlinear electromagnetic fields, black hole electrodynamics, black hole

thermodynamics, spacetime singularities, regular black holes



Prosireni sazetak

Kljuéne rijeci: nelinearna elektromagnetska polja, elektrodinamika crnih rupa,

termodinamika crnih rupa, prostornovremenski singulariteti, regularne crne rupe

Uvod

Nelinearna elektrodinamika (NLE) pojam je koji obuhvaéa raznovrsna poopcéenja
klasicne Maxwellove teorije, a definirana je lagranzijanima koji su glatke funkcije

dviju temeljnih elektromagnetskih invarijanti,
Fi=FuF® i G:= FyxF®, (1)
Promatrat ¢emo minimalno vezanje NLE lagranzijana 2 (F, 9) i gravitacijske akcije

2@ tako da je ukupna 4-forma L jednaka

1

= 152 (LY +42(7.9) €. (2)

Generalizirane Maxwellove jednadzbe mogu se kompaktno zapisati kao
dF=0 1 dxZ=4mxJ, (3)

gdje je J 1-forma elektricne struje, a Z je pomoc¢na 2-formal, Z := —4 (%F + L5 +F).

Bududi da je tenzor energije i impulsa oblika

1
Ty = —4LT0™) + TG (4)
u NLE slucéaju moguce je definirati tzv. prikrivena polja (eng. stealth) [171] za
koja vrijedi Ty, = 0, ali F,, # 0. S obzirom na vektorsko polje X® mozemo
definirati elektricnu i magnetsku 1-formu E = —ixF i B = ixxF te “nelinearne”

1-forme D = —ixZ i H = ix*Z. Elektri¢ni i magnetski naboji definirani su pomocu

1N0tacija: gx = 8)(.,%7 gxy = 8)/8){3, itd.



Komarovih integrala [96] izvrijednjenih na kompaktnoj, zatvorenoj 2-plohi 8,

1 1
= Z d Py = —
QS 47T 8* an s 47T S

(5)

Prve NLE teorije, Euler—Heisenbergova [86] i Born—Infeldova [20, 21], pojavile su se
1930-ih godina u ranim fazama razvoja kvantne teorije polja. U narednim deset-
lje¢ima konstruirana su brojna poopéenja Maxwellove elektrodinamike, ¢esto moti-
virana trazenjem novih rjesenja vezanih Einstein-NLE jednadzbi. Osim u kontekstu
gravitacijskih teorija, NLE polja relevantna su i u kozmologiji, gdje se pojavljuju kao
moguéi mehanizam regularizacije pocetnog singulariteta [48, 31, 65] te objasnjenje
ubrzanog Sirenja svemira [135, 139]. Kompaktni astrofizikalni objekti kao $to su
magnetari, ¢ija magnetska polja dosezu jacinu od 107 [184], mogu predstavljati
pogodno okruzenje za testiranje nelinearnih efekata.

Euler—Heisenbergov lagranzijan [86] efektivna je teorija koja uzima u obzir kvan-
tne korekcije klasicne Maxwellove elektrodinamike na nivou jedne petlje. Kvantni
fenomen koji se moze opisati u okviru Euler-Heisenbergove teorije je vy — 7
rasprienje, ¢ije je eksperimentalno opazanje nedavno potvrdeno na LHC-u [1]. U

limesu slabih polja, Euler—Heisenbergov lagranzijan poprima oblik

1 o?

R
17 T 360m:

(432 +75%) + O(”) . (6)

Born-Infeldov lagranzijan [20, 21],

BI 9: 92
g<>:b2(1—\/1+2—62—@), (7)

konstruiran je s ciljem regularizacije singulariteta u elektricnom polju i energiji

tockastog naboja. Kasnije se pojavio i kao efektivna teorija u niskoenergijskim
limesima bozonskih teorija struna i supersimetri¢nih teorija [62, 165]. ModMax

lagranzijan [8, 61],

1
LN = 1 <—ffcosh’y + v/ F2 4 G%sinh 'y> : (8)

¢uva originalne simetrije Maxwellove teorije, konformalnu invarijantnost (7" = 0) te
invarijantnost na SO(2) elektromagnetske rotacije.

Nas je cilj prouciti utjecaj NLE polja na razlicite aspekte gravitacijske teorije,
ukljuc¢ujuci termodinamiku crnih rupa, moguénost regularizacije crnih rupa te poop-

¢enje niza problema iz Einstein-Maxwellove teorije.

i



Schwarzschildova crna rupa u probnom NLE polju

Waldovo rjesenje [189] opisuje rotirajuéu, osnosimetriénu crnu rupu uronjenu
u asimptotski homogeno magnetsko polje. Takav scenarij relevantan je za astro-
fizicke crne rupe okruzene elektromagnetskim poljima akrecijskih diskova ili dru-
gih galaktickih objekata. Waldovo rjeSenje temelji se na Papapetrouovom ansatzu
[141] po kojem Killingovo vektorsko polje u funkciji bazdarnog potencijala zado-
voljava Maxwellove jednadzbe u vakuumu. Pripadna elektromagnetska polja ne
utjecu na metriku pa ih nazivamo probnima. U sluc¢aju nelinearne elektrodinamike,
Waldova konstrukcija ne zadovoljava generalizirane Maxwellove jednadzbe. Bududéi
da nismo uspjeli pronac¢i nacin koji bi omogucio pronalazenje egzaktnog rjesenja,
primijenili smo perturbativni razvoj oko originalnog Waldovog rjesenja [16]. Euler—
Heisenbergova i Born—Infeldova teorija mogu se prikazati u obliku razvoja s obzirom

na konstantu vezanja A\ kao

L(F,9) = —i F+ M(F,5) + O(N?) . 9)

Bazdarni potencijal mozemo prikazati kao dominantni “Waldov” ¢lan i perturba-
tivnu korekciju v®, A, = K, + A, +O(\?). Jednadzba koju perturbativna korekcija

mora zadovoljiti (proizlazi iz (3)) je
dxdv = 4(&;{; dffr)o A *xdK — 4(€99 dg)o ANdK . (10)

Izlozeni problem rijesit ¢emo u Schwarzschildovom prostorvremenu. Kao osnovni
ansatz, za bazdarni potencijal biramo aksijalno Killingovo vektorsko polje, K¢ =
m® = (0/0¢)*. Naknadno se se moze pokazati da taj odabir uistinu odgovara ho-
mogenom magnetskom polju. Pozivajuci se na simetrije prostorvremena, jednadzbu

(10) mozemo rijesiti ansatzom oblika v = h(r,#)d¢. Ukupno rjeSenje dano je s

(ls5)o
4

VvV =

B§OM<4(27~ — 5M) cos(20) + (M — 2r) (3 + cos(49))> dp . (11)

Perturbativna korekcija v* trne dovoljno brzo, tako da ne mijenja asimptotsko
ponasanje osnovog ansatza. Takoder, v* ne uvodi elektri¢ni ili magnetski naboj, sto
se moze provjeriti racunom Komarovih integrala. Alternativno, problemu mozemo
pristupiti pomocu skalarnog magnetskog potencijala, definiranog kao H = —d7¥.

U slucaju kada je elektricno polje odsutno, magnetske 1-forme B i H povezane su

1l



relacijom H k], = —4.%Z5B[k|,. Maxwellova jednadzba moze se zapisati kao

5. (25 o, w

te ju potom razvijamo do prvog reda u A. Magnetski skalarni potencijal takoder
prikazujemo u obliku razvoja, T = ¥y + AW, +O(A\?), gdje ¥y odgovara originalnom
Waldovom rjesenju. Ponovno, pogodnim odabirom ansatza mozemo pronaci rjesenje
te pokazati da je konzistentno s prijasnjim pristupom.

Primjenjivost aproksimacije testnog polja ovisi o relevantnim skalama promatra-
nog problema. Moze se pokazati da u ovom slucaju postoji raspon energija u kojem
su polja dovoljno snazna da do izrazaja dolaze nelinearni efekti, ali su svejedno
dovoljno slaba da metriku mozemo smatrati fiksnom.

Umjesto crne rupe, mozemo promatrati neutronsku zvijezdu uronjenu u probno
NLE polje, uz prikladno postavljene rubne uvjete. Pretpostavljamo idealizirani
model sfernosimetricne i savrseno vodljive neutronske zvijezde. Skalarni potencijal
mora zadovoljiti Neumannov rubni uvjet, n®V,T = 0, gdje je n® normala plohe S
koja predstavlja rub zvijezde. Medutim, rjesenje jednadzbe (12) dano je kao netri-
vijalna suma funkcija ovisnih o radijalnoj koordinati, Sto onemogucuje nametanje

rubnih uvjeta.

Odsustvo elektromagnetskih solitona

Poznato je da u Einstein-Maxwellovoj teoriji nije moguce konstruirati strogo sta-
cionarno, asimptotski ravno, regularno rjesenje, sto je rezultat poznat kao “odsustvo
elektromagnetskih solitona” [40]. U sirem kontekstu, pozivajuéi se na regularnost i
lokaliziranost, solitoni se mogu smatrati primjerima Wheelerovih geona [196]. Do-
kazi teorema provode se pomocu Lichnerowiczevog argumenta [120]: ako uspijemo
konstruirati nenegativnu veli¢inu ¢iji je integral na promatranoj domeni nepozitivan,
ta velicina mora identicki iScezavati. U nastavku predstavljamo dva teorema koja
ogranicavaju postojanje NLE solitona [15]. Oba teorema oslanjaju se na pogodno
odabrane identitete s divergencijama te nekoliko osnovnih tehnickih pretpostavki.
Prvi teorem odnosi se na stati¢na prostorvremena te NLE teorije ¢iji tenzor energije
i impulsa zadovoljava svjetlosni energijski uvjet, %5 < 0. Vrijedi za proizvoljne
gravitacijske teorije dok god divergencija pripadnog gravitacijskog tenzora iScezava,
a vezanje elektromagnetske i gravitacijske akcije je minimalno. Kljuéni identitet pri
dokazu teorema

Ly

/ 7 (EaEa + BaBa) é - 0 B (13)
%

v



proizlazi iz sume dva vektorska identiteta koju integriramo po prostornoj hiper-
plohi ¥ uz pretpostavljeno odgovaraju¢e asimptotsko ponasanje polja i pripadnih
potencijala. Iz (13) mozemo zakljuciti da mora vrijediti ili F,, = 0 ili je polje prikri-
venog tipa. Drugi teorem ne zahtijeva stati¢nost prostorvremena, ve¢ samo strogu
stacionarnost. Oslanja se na jaci, dominantni energijski uvjet (£ < 01 7 < 0)
te netrivijalni teorem o pozitivnosti mase [197]. Dokaz teorema ponovno slijedi iz

nekoliko vektorskih identiteta koji vode na izraz

M:—L/VaWa*k—kl/T*k. (14)
167 Js 2 Js

Prvi ¢lan ponovo iscezava zbog rubnih uvjeta, dok drugi po energijskom uvjetu
mora biti nepozitivan, sto je u kontradikciji s teoremom o pozitivnosti mase. Tada
zakljucujemo da je prostorvrijeme izometricno prosotrvremenu Minkowskog ili je
elektromagnetsko polje prikrivenog tipa. Teoreme mozemo parcijalno generalizirati

na visedimenzionalne slucajeve te uz prisutnost nabijene materije.

Regularizacija crnih rupa pomoéu NLE polja

Budu¢i da su poznati primjeri regularnih crnih rupa koje su rjeSenja Einstein-
NLE jednadzbi [9], prirodno se nametnulo pitanje koja su opéenita ogranic¢enja
na mogucénost regularizacije uz NLE polja. Prvu sistematicnu analizu za NLE la-
granzijane koji su funkcija invarijante & napravio je Bronnikov [27]. Slijedeéi njegov
pristup, pokusali smo obuhvatiti Siru klasu lagranzijana, one koji ovise o obje elek-
tromagnetske invarijante [18]. “No-go” teoremi ove vrste temelje se na pronalazenju
barem jednog neomedenog skalara zakrivljenosti, sto automatski ¢ini prostorvrijeme
singularnim [56]. Veza izmedu skalara zakrivljenosti i elektromagnetskih invarijanti

moze se uspostaviti pomoc¢u Einsteinove jednadzbe,

R—4A = —87T, (15)
Ry R™ +2A(2A — R) = (87)2 Ty T, (16)

gdje je 4m?T% T = 7?12+ ZL2(F*+G?). Uzastopne kontrakcije veéeg broja tenzora
energije i impulsa ne daju nove neovisne kombinacije invarijanti. Ako je prostorvri-
jeme regularno u smislu omedenih skalara zakrivljenosti, tada isto mora vrijediti i
za T, T i T, odnosno za %F, %G i T. Bududi da rezultati ne ovise o asimp-
totskom ponasanju prostorvremena, zbog opéenitosti mozemo zadrzati kozmolosku

konstantu A. Najsnaznije ogranicenje sadrzano je u sljedeCem teoremu.



Teorem: Pretpostavimo da je prostorvrijeme staticno i sfernosimetricno rjesenje
Finstein-NLE sustava jednadzbi te da promatrana NLE teorija pripada FG-klasi i
postuje Mazwellov limes za slaba polja®. Tada, za elektricno nabijene crne rupe,
Riccijev skalar R i “kvadrirani” Riccijev tenzor R, R® ne mogu oboje biti reqularni
kada r — 0.

Ako su prisutna oba naboja ili samo magnetski naboj, ne mozemo formulirati
univerzalni teorem koji bi obuhvatio sve lagranzijane FG-klase koji postuju Maxwel-
lov limes za slaba polja. Razlog je taj Sto invarijante F i G ne teze istovremeno u
nulu kada » — 0, ¢ime gubimo mogucénost provjere Maxwellovog limesa. Medutim,
mozemo obuhvatiti neke fizikalno relevantne slucajeve, kao sto su kvadrati¢ni la-
granzijan inspiriran Euler-Heisenbergovim, Born—Infeldov ili ModMax. Svi rezultati

sumirani su u tablici ispod.

Pregled “no-go” teorema, X oznacava slucajeve singularnih prostorvremena

Q#A0,P#0|Q=0,P#0

lagranzijani F-klase X

kvadraticni lagranzijani

L = —1F +aF? +bFG + G X X
£ =—-2F+h(9) X X
32—%?—%@3"59“, s,u>1 X
Born-Infeld lagranzijan X X
ModMax lagranzijan X X

Uvjeti integrabilnosti

Metricki tenzor moze poprimiti blok-dijagonalni oblik koji je kompatibilan s izo-
metrijama promatranog prostorvremena. Potrebni uvjeti sadrzani su u Frobeniuso-
vom teoremu [119] te se odnose na integrabilnost dviju distribucija definiranih Kil-
lingovim vektorskim poljima. Distribuciju 2 ¢ine Killingova vektorska polja { K (1)

, Kfn)} te je integrabilna ako vrijedi [K(;), K(;|* € 2 za sve 1,5 € {1,...,n},
$to nije strogo ograni¢enje. Distribuciju 2+ ¢ine vektorska polja X? definirana
pomocu KX = 0 za svaki i € {1,...,n}. Ako uvedemo pomoénu n-formu
a = KM A AK®, distribucija 2+ je integrabilna ako i samo ako vrijedi
a ANdK® = 0 za svaki i € {1,...,n}. Dokazivanje integrabilnosti 2+ temelji

2%y — —1/41 L5 — 0 kada (,5) — (0,0).

vi



se na identitetu
dx(a A dKD) = 2x(a AR(K()) = 16mx(a A T(Kyy)). (17)

Ako za danu teoriju uspijemo pokazati o A T(K(;)) = 0, uz dodatne pretpostavke
slijedi uvjet integrabilnosti, a AdK® = 0. Za NLE polja dokazali smo sljedeée tvrd-
nje [17]. Pretpostavimo da m-dimenzionalno prostorvrijeme (M, g.) sadrzi m — 2
medusobno komutirajuéa Killingova vektorska polja { K - K flm—2)} s nepraznim
skupom nultocaka 2 C M. Nadalje, pretpostavimo da je definirana elektromagnet-
ska 2-forma Fy; koja naslijeduje simetrije prostorvremena, £ K F,, = 0 za svaki 1.
Tada za teorije ¢iji su lagranzijani dani s

a) L(F,9)e+puA ANFMmD/2

b) Z(F,9) — (Dud)*(D*¢) — % (¢*¢), uz pretpostavke £, ¢ =0iaAJ =0,

c) f(0)Z(F,9) — %Vaqﬁ Vep — U (¢), uz pretpostavku Lk, ¢ =0,

vrijedi e A T(K(;)) = 0 za svaki ¢ na bilo kojem otvorenom skupu koji dijeli rub sa

skupom nultocaka 2.

Odsustvo elektromagnetskih polja svjetlosnog tipa

U Einstein-Maxwellovoj teoriji, elektromagnetsko polje svjetlosnog tipa® ne moze
postojati u staticnom prostorvremenu [181]. Predstavljamo poopcéenje navedenog
teorema, u kojem je generalizacija postignuta u nekoliko aspekata [17]. Maxwel-
lovu elektrodinamiku zamijenit ¢emo nelinearnim teorijama te promatrati pros-
torvremena dimenzije razli¢ite od cetiri. Dimenzionalno poopcenje dolazi s neko-
liko tehnickih potesko¢a. Naime, invarijanta G ostaje skalar samo ako je dimen-
zija prostorvremena jednaka cetiri, sto ukazuje na nuznu redefiniciju elektromag-
netskih polja svjetlosnog tipa. Ekvivalent svjetlosnih elektromagnetskih polja u
viSedimenzionalnim sluc¢ajevima predstavljaju polja N tipa u Petrovljevoj klasifika-
ciji [172, 137]. Drugi dio opéenitosti ocituje se u primjenjivosti na Siru klasu gra-
vitacijskih teorija, onih u kojima je pripadni gravitacijski tenzor “neparnog tipa”.
Naime, skalare mozemo tvoriti tako da opceniti tenzor ranga k kontrahiramo sa s
Killingovih vektora te k — s vektora koji pripadaju distribuciji 2+. Ako je s ne-
paran te dobiveni skalar iS¢ezava na integrabilnoj domeni, takav tenzor nazivamo
neparnim. Uzevsi sve navedene pretpostavke u obzir, uspjeli smo dokazati da niti
u NLE slucaju staticnost prostorvremena nije kompatibilna sa svjetlosnim elektro-

magnetskim poljima, osim ako su ona prikrivenog tipa.

3U éetverodimenzionalnom prostorvremenu za elektromagnetska polja svjetlosnog tipa mora
vrijediti F=0=G.

vil



Zakoni termodinamike uz NLE polja

Termodinamika crnih rupa poveznica je izmedu gravitacije u jakim rezimima i
kvatnih fenomena te pruza uvid u mikroskopsku prirodu prostorvremena. Klasi¢ni
zakoni termodinamike oblikom su istovjetni zakonima mehanike crnih rupa [10, 12,
13]. Teorijsko otkri¢e Hawkingovog zracenja [83] potvrdilo je da nije rije¢ samo o
formalnoj analogiji te uspostavilo fizikalnu vezu izmedu veli¢ina koje opisuju crne
rupe i termodinamickih veli¢ina. Po nultom zakonu mehanike, stacionarne crne rupe
imaju konstantnu povrsinsku gravitaciju s koja igra ulogu temperature. Definirana
je preko x*V%y, = —rx?, gdje je ¥ Killingovo vektorsko polje koje generira hori-
zont. Uz njega je blisko vezan nulti zakon elektrodinamike crnih rupa po kojem su
elektricni i magnetski skalarni potencijali konstantni na horizontu crnih rupa. Prvi
zakon mehanike iskazuje oc¢uvanje energije te se za nabijene crne rupe u Einstein—

Maxwellovoj teoriji moze zapisati kao
1
oM = 8—/15A+QH5J+<I)5Q—|—\IJ§P , (18)
™

gdje su M i A masa i povrsina horizonta crne rupe, {2y i J angularna brzina horizonta
i angularni moment crne rupe te ) i P elektricni i magnetski naboj crne rupe.
Oblik prvog zakona sugerira identifikaciju povrsine horizonta A i termodinamicke
entropije. Navedenu tvrdnju podupire drugi zakon mehanike crnih rupa po kojem
se povrsina horizonta ne smanjuje u vremenu, 0A > 0. Za stacionarne crne rupe

vrijedi i analogon klasi¢ne Gibbs—Duhemove relacije, tzv. Smarrova formula,
M:fA+29HJ+<1>Q+\IfP. (19)
T

Moze se izvesti direktnim, geometrijskim pristupom ili iz prvog zakona procesom
“skaliranja velicina”.

Bududi da je analiza za NLE teorije jos uvijek nepotpuna, dokazali smo nulti za-
kon elektrodinamike uz NLE polja na nekoliko komplementarnih nac¢ina. Izveli smo
prvi zakon termodinamike koriste¢i matematicki rigorozni formalizam kovarijantnog
faznog prostora. Za razliku od postojec¢ih rezultata u literaturi koji se odnose na
specificne teorije, nasa analiza obuhvaca proizvoljni NLE lagranzijan koji je funk-
cija obje elektromagnetske invarijante. Na kraju smo izveli generaliziranu Smarrovu

formulu kako bismo potvrdili konzistentnost cijelog pristupa [14].

Nulti zakon elektrodinamike crnih rupa

Konstantnost elektricnog i magnetskog skalarnog potencijala na horizontu crnih

viil



rupa moze se dokazati na nekoliko nacina, ovisno o opéenitosti koju zelimo postiéi.
Jedan pristup oslanja se na Einsteinovu jednadzbu [151], no njegov je nedostatak
taj Sto nije primjenjiv na generalizirane gravitacijske teorije. Najjednostavniji nac¢in
dokaza temelji se na postojanju bifurkacijske plohe, medutim, postoje primjeri cr-
nih rupa (npr. ekstremalne) kod kojih takva ploha ne postoji. Treéi nacin bazira
se na geometrijskom, Frobeniusovom uvjetu integrabilnosti te vrijedi za cirkularna
prostorvremena [168, 169, 11]. Za stati¢na prostorvremena dokaz je mogudée provesti

samo uz dodatne pretpostavke.

Prvi zakon termodinamike crnih rupa

Formalizam kovarijantnog faznog prostora pristup je blizak Hamiltonovoj meha-
nici u kojem su oc¢uvane veli¢ine sadrzane u rubnim ¢lanovima [192, 118, 104, 149].
Dinamika sustava povezana je s predsimplektickom formom koja je jednaka varija-
ciji Hamiltonijana. Nakon variranja Einstein—Hilbertove i NLE akcije, identifikacije
rubnih ¢lanova pomodéu Komarovih integrala te uzimajuéi u obzir nulti zakon elek-

trodinamike, kao konacan oblik prvog zakona dobivamo [14]
SM = 8£5A+QH 5] + PudQ + K 55, (20)
m

gdje je
~ 1 0.
K i= —— 21

a (; parametar NLE lagranzijana. Interpretacija novog clana ovisi o promatranoj

teoriji. Na primjer, oslanjajué¢i se na dimenzionalnu analizu, za Born—Infeldovu i
Euler—Heisenbergovu teoriju velic¢ina K;'C moze se shvatiti kao vakuumska polariza-
cija [72]. Konceptualno drugaciji nacin izvodenja prvog zakona koji smo takoder
primijenili na NLE slucaj svodi se na promatranje fizikalnog procesa u kojem ma-

terija upada u crnu rupu [63].

Generalizirana Smarrova formula

Obzirom da u literaturi postoje oprecni rezultati u vezi prisutnosti dodatnog
¢lana u prvom zakonu, provjerit ¢emo konzistentnost s generaliziranom Smarrovom
formulom. Prvo poopéenje Smarrove formule za NLE polja [71], izvedeno neovisno o
prvom zakonu, ukazuje na prisutnost clana s parametrima NLE lagranzijana. Poka-
zali smo da se isti rezultat moze dobiti iz prvog zakona termodinamike (20) postup-
kom skaliranja. Ako je (gap, A) pocCetno rjesenje Einstein-NLE jednadzbi, mozemo
pokazati da reskalirana polja (A?ga, AA) zadovoljavaju iste jednadzbe. Iz te infor-

macije mozemo odrediti i konzistentna skaliranja svih veli¢ina koje ulaze u Smarrovu

1X



formulu. Konaé¢no, za generaliziranu Smarrovu formulu dobivamo [14]

K i
M = EA+29HJ+<1>HQ+Z@KX@, (22)

gdje je b; faktor skaliranja parametra ;. Drugo pitanje koje se namece je koje NLE
teorije ostavljaju Smarrovu formulu u linearnom obliku. Predlozeni nuzni uvjet je
dan kao

L = a( LT + L8) + b (2L LT + (L3 — LF)S) + ¢S . (23)

Od primjera iz literature, navedeni uvjet zadovoljava Maxwellova teorija, ali i power-
Maxwell [78] (L™ = CF*) i ModMax lagranzijani.

Zakljucak

Koriste¢i aproksimaciju testnih polja, izracunali smo perturbativhu NLE ko-
rekciju za staticni slucaj Waldovog rjesenja. Sljedec¢i korak bilo bi poopéenje na
rotirajucu, Kerrovu crnu rupu. Medutim, u tom se slucaju kompliciraju izrazi za
elektromagnetske invarijante, sto posljedi¢no otezava rjesavanje jednadzbe koja defi-
nira korekciju. Teoremi o nepostojanju elektromagnetskih solitona vrijede i za NLE
polja, a mogu ih zaobié¢i jedino prikrivena polja. Njihova moguca generalizacija lezi
u oslabljivanju pocetnih pretpostavki. Navedene teoreme nadopunjuju teoremi o
nemogucénosti regularizacije crnih rupa pomocéu NLE polja. Nasi rezultati ukazuju
na to da fizikalno realisticne NLE teorije ne mogu ukloniti singularitet kod sferno-
simetri¢nih rjeSenja. Najvaznije otvoreno pitanje je kako teoremima obuhvatiti jos
opcenitije lagranzijane koji ovise o F i G, a potencijalno i one koji ovise o derivaci-
jama invarijanti. Definirali smo uvjete koji omogucuju blok-dijagonalizaciju metrike
u slucaju NLE teorija te NLE teorija kombiniranih sa skalarnim poljima. Teoremi
vrijede za Einstein—Hilbertovu akciju pa se kao moguée poopéenje namece proma-
tranje modificiranih gravitacijskih teorija. Dokazali smo da teorem o nepostojanju
elektromagnetskih polja u staticnom prostorvremenu vrijedi i u NLE slucaju, sve
dok polja nisu prikrivenog tipa. Izvedeni prvi zakon termodinamike uz NLE polja
sadrzi dodatni ¢lan s varijacijama parametara lagranzijana. Taj je oblik prvog za-
kona kompatibilan s ranije izvedenom generaliziranom Smarrovom formulom. Nije
sasvim jasno ima li proSirenje faznog prostora dodatnim parametrima znacajniju
fizikalnu interpretaciju. Zbog svoje primjenjivosti u raznim granama fizike, NLE
polja ¢e i dalje biti vazna stavka buducih istrazivanja. U tome bi od pomoé¢i mogla

biti neka od ovdje predstavljenih otvorenih pitanja.
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Chapter 1
Introduction

Although Maxwell’s electrodynamics is a successful theory whose predictions
have been precisely verified over the decades, it still has to be tested in different
energy regimes. Namely, it is expected that nonlinearities in electromagnetic inter-
actions should reveal themselves at high energy scales. Nonlinear electrodynamics
(NLE) is a hypernym that encompasses various nonlinear modifications of classi-
cal Maxwell’s electrodynamics, usually given by a Lagrangian constructed from two
electromagnetic invariants, F,,F% and F,, xF'%. The two earliest NLE theories,
Born-Infeld [20, 21] and Euler-Heisenberg [86] electrodynamics, were formulated in
the 1930s and ignited interest due to their unique properties. A vast number of
various NLE theories have emerged since then, often intertwined with developments
in gravitational physics.

Recent measurements at LHC [1] show evidence for light-by-light scattering, a
quantum phenomenon that may be explained only within the framework of nonlin-
ear theories. These results enabled posing stronger constraints on the parameters of
NLE Lagrangians [133, 57]. Apart from collider experiments, nonlinear electromag-
netic interactions are being tested by a new generation of ultraintense lasers at the
Extreme Light Infrastructure [179].

Many different factors, such as their implications for theoretical gravitational
physics, cosmology and astrophysics, contributed to the growing interest in NLE
theories. For example, it is widely believed that in its early phase, the universe was
permeated by strong magnetic fields exceeding 10'T. The strength of these fields
exceeds the range of applicability of Maxwell’s theory, implying that cosmological
models should take nonlinear effects into account [65]. Furthermore, observational
cosmological data may disclose whether the accelerated expansion of the universe at
its different stages may be attributed to NLE theories [25]. The proposed neutrino

tests could shed some light on the influence of NLE fields on supernovae dynamics



[130]. Certain compact astrophysical objects could also represent a suitable domain
for testing nonlinearities. Magnetars, a special type of neutron stars, harbour strong
magnetic fields, reaching up to 10T at the surface [184]. The role of nonlinear
QED effects on neutron star spin-down, the so-called quantum vacuum friction, is
still being debated [156]. Supermassive black holes in the centres of galaxies eject
powerful jets, whose formation may be caused by surrounding strong electromagnetic
fields.

The venue we shall explore is NLE fields” influence on various aspects of gravi-
tational theory. Some NLE models proved to be successful in removing black hole
singularities, however, this prospect has been limited by several constraints [27].
The role of NLE Lagrangian parameters in the formulation of the fundamental laws
of black hole thermodynamics has not been completely resolved yet. Furthermore, a
number of results from Maxwell’s theory are still devoid of their NLE counterparts.

The thesis is organised as follows. First, we lay out the fundamentals of nonlinear
electrodynamics in general and in the context of gravitational theory, including
an overview of prominent NLE theories and known exact gravitational solutions.
Additionally, we reexamine the energy conditions for NLE fields and complement
the existing results from the literature. The main part of the thesis addresses a
number of separate problems related to the geometric and thermodynamic properties

of spacetimes coupled to NLE theories:

e We revisit Wald’s solution for a black hole immersed in a homogeneous mag-
netic field and perturbatively find the lowest order NLE correction in a static

case. We also discuss highly conducting stars in the same setting.

e We present a generalisation of the canonical no-soliton result from Einstein-
Maxwell theory to a wide class of NLE theories. Additionally, we consider

theories with charged matter and different number of spacetime dimensions.

e Building on the previous no-go results, we examine the constraints on black
hole regularisation using NLE fields. We extend the existing theorems by

considering more general NLE Lagrangians.

e Since it is known that the metric may be brought into a block-diagonal form
compatible with the isometries of a given spacetime, we formulate the con-
ditions that ensure such splitting for NLE fields themselves and NLE fields

combined with scalar and gauge Chern-Simons terms.

e We present a multifold generalisation of the theorem on the absence of null

electromagnetic fields.



e We turn to the laws of black hole thermodynamics with nonlinear electro-
magnetic fields. After a mathematical introduction to covariant phase space
formalism, we derive the first law using two approaches. Besides that, we
prove the zeroth law in several different ways and discuss the linearity of the

generalised Smarr formula.

Notation and conventions. We will use the “mostly plus” metric signature and
the natural system of units with G = ¢ = 4mey = 1. Spacetime is defined as an
ordered pair (., gqp) that consists of a connected, smooth manifold .Z and a smooth
Lorentzian metric g,. We will denote differential forms by boldface letters with
omitted indices, abstract index notation or a combination of both. The volume form
will be denoted by €. The result of the contraction of a symmetric tensor Sy, with
a vector X? is a 1-form S,;, X°, represented by S(X). The commutator between two
vector fields, X and Y is given by the Lie bracket [X,Y]* = X’V,Y* — YV, X*.
We will use = sign for equalities evaluated on-shell. When referring to a set S, we
will denote its interior, boundary and closure by S°, 9S and S, respectively, while

the — sign will stand for the difference between two sets, A — B.



Chapter 2

An overview of NLE

2.1 NLE fields coupled to gravity

As a prelude, we introduce all the basic ingredients of a coupled gravitational-
NLE system of equations. We start by giving a precise mathematical definition of
an NLE Lagrangian and its relation to the gravitational part of the action. Our next
task is to derive modified Maxwell’s equations from a general NLE Lagrangian and
the energy-momentum tensor of the corresponding NLE theory to obtain a full set
of equations. Furthermore, we point out new features otherwise absent in Maxwell’s

theory.

2.1.1 Fundamentals

Using the electromagnetic 2-form F, we can construct two independent quadratic

electromagnetic invariants,
F:=F,F® and §:= F,+F®. (2.1)

It can be shown, using identities (A.23) and (A.24), that any scalar formed by
contracting three or more 2-forms F or «F (for example, F% F® F¢ or F% xF° F¢))
can be in fact reduced to a function of two basic invariants F and §. Thus, with
the 2-form F at our disposal, no new independent invariants can be formed unless
we include its covariant derivatives.

Maxwell’s Lagrangian density is a linear function of invariant F only, defined as
(Max) ]'

while we assume that the NLE Lagrangian density is a C? function of electromagnetic



invariants F and §. Given an NLE Lagrangian density -Z(F,9), we will consider
minimal coupling to the gravitational sector, defined with some diffeomorphism

covariant Lagrangian density .Z®. Then, the total Lagrangian 4-form is equal to

1

= - (L¥+42(7.9)e. (2.3)

Partial derivatives of the NLE Lagrangian density . will be denoted by abbrevia-
tions such as L5 = 05.%, L5 = 05. L, L5q = 0505.Z, and so on. The corresponding

gravitational field equation emanating from (2.3) is
By = 8710, | (2.4)

where E,;, is some symmetric, divergence-free gravitational tensor, V*E,, = 0. For
Einstein-Hilbert action, we have Z® = R and E,y = Gup = Rap — %Rgab. On the
right hand side of the gravitational equation (2.4) is the NLE energy-momentum

tensor, whose form can be obtained by using variational calculus (see Appendix C)!

1
T = T Ar ((L5G = 2L) gap + 4L5FocF,) - (2.5)

Generalised Maxwell’s equations emerging from an NLE Lagrangian .Z(F,§) are
dF =0 and dxZ = 4m+J | (2.6)
where J is the electric current and Z is the auxiliary 2-form given by
Z = —4(%F + Zs+F) . (2.7)

The first generalised Maxwell’s equation is in fact a topological Bianchi’s identity,
so it remains unaltered by introducing nonlinear electromagnetic fields. The second
one is derived by varying the electromagnetic Lagrangian with respect to the gauge
potential A,, as shown in Appendix C.

In four-dimensional spacetime, another way of expressing the NLE energy-momentum

For a Lagrangian 4-form L = ¢ (£ 4 4.2¢™) e,where ¢ > 0 is a normalisation factor, the
electromagnetic energy-momentum tensor is defined as

pem . 1 1 05
ab 87T§ \/jg 5gab ’

Our choice ¢ = 1/(167) agrees with, for example, [80, 63], whereas ¢ = 1 normalisation is used in
[187].

with S = 4§/.§f(°"‘)e )



tensor is to separate it into the “Maxwell” part and the trace part
~ 1
Tab == _4$$Tab + 4_1 Tgab y (28)

where T, is Maxwell’s energy-momentum tensor?,

~ 1 1
Ty = — | FueF,° — = 2.
ab A ( acl'p 4 gab?) ( 9)

and the trace T' is given by
1
T = g*T, = - (& — LT — £49) . (2.10)

Also, using the identity (A.24), the NLE energy-momentum tensor can be written

via the auxiliary 2-form Z,

1

4z

Ty = — (ZacF,* + L) - (2.11)
One novelty compared to classical Maxwell’s electrodynamics are stealth fields,

whose properties are summarised in the following definition.

Definition 2.1. We say that an electromagnetic field is stealth at a point p if the
electromagnetic field tensor Fy, is nonzero, but the corresponding energy-momentum

tensor T,, vanishes at a given point.

Consequently, such fields do not affect the spacetime metric. In the NLE case,
fields are stealth if and only if T'= 0 and £5 = 0. If we suppose that T'= 0, Z5 =0
and Fy, # 0, it follows immediately from the form of the energy-momentum tensor
(2.8) that T, = 0. Conversely, assuming that Ty, = 0, we immediately have T' = 0.
Then, we are left with ngab = 0. By theorem B.4, F,;, # 0 implies T w 7 0, so the
only possibility left is %5 = 0.

With respect to a vector field X with the norm N = X®X,, we may define the

electric and magnetic 1-forms,
E = —ZXF and B = iX*F . (212)

Then, the electromagnetic tensor F can be decomposed with respect to the electric
and magnetic fields as
—NF=XANE++xXAB), (2.13)

2We will denote Maxwell’s energy-momentum tensor either by T;I;“X) or fab to keep notation
simpler.



which enables us to express the electromagnetic invariants in terms of the fields,

2
F = N(EQE“ - B,B%) , (2.14)
4
=——FEB, . 2.15
G= (215)
In the nonlinear case, we can introduce the “nonlinear” electric 1-form D = —ixZ

and the nonlinear magnetic 1-form H = ixxZ. They are related to E and B via

D=-4(%E-.%B) , (2.16)
H=-4(%B+%E) . (2.17)

It is often convenient to set X* = &% where £ is the Killing vector field. Fur-
thermore, if we assume that the electromagnetic fields are symmetry inheriting and
generalised source-free Maxwell’s equations (2.6) hold, the electric form E and mag-

netic form H are closed,

dE = (= £¢ +ied)F =0 , (2.18)

Then, on a simply connected domain, we may introduce the corresponding scalar
potentials defined by
E=—-d® and H=-dV. (2.20)

The question of symmetry inheritance for electromagnetic fields is nontrivial, as
examples of electrovacuum spacetimes with symmetry noninheriting electromagnetic
fields can be found within both Maxwell’s theory [127] and NLE generalisations
[171]. The Lie derivative of the electromagnetic 2-form F can be written as a linear
combination axF+0F, where b = 0 in Maxwell’s theory. Thus, symmetry inheritance
comes down to the question of finding sufficient assumptions that force the functions
a and b to vanish. Maxwell’s theory has been extensively analysed in this regard
[127, 200, 199, 42, 152, 186, 185, 181, 46], while the study for the NLE case has been
conducted in [11].

The electric and magnetic charges are defined by Komar integrals evaluated over
a compact closed 2-surface 8,

1 1

Qs = — P 7 and P

= — . 2.21
47 S 47 S ( )

Charges evaluated at infinity are denoted by @ := Qg and P := Ps_. When con-



sidering source-free Maxwell’s equations, the choice of the sphere is irrelevant up to
possible technical obstacles, for example, finding a regular coordinate system on the
black hole horizon. Note that for a globally well-defined gauge potential A, Stokes’
theorem implies Ps = 0. Therefore, magnetic charge comes as a consequence of a

topologically nontrivial electromagnetic field.

2.1.2 Spherically symmetric spacetimes

As the simplest case, we consider static, spherically symmetric spacetime sourced

by some general NLE Lagrangian [18]. The line element can be written as [187]
ds* = —a(r) dt* + B(r) dr® + r* (d6® + sin® 0 dp?) , (2.22)

whenever V,r # 0. For further convenience, we introduce the abbreviation w =
\/W . In our case, the condition T% = T" is satisfied, which is sufficient to
take w = 1, i.e., a(r) = 1/5(r) = f(r), at least for Einstein’s field equation [105].
Nevertheless, sometimes it is favourable to keep the function w(r) undetermined
because of possible generalisations beyond the Einstein’s gravitational theory.

The electromagnetic 2-form F which inherits the spacetime symmetries can be

put in the form

F=—FE. (r)dt Adr — B.(r)x(dt Adr) =
B,(r)
w(r)

=—FE.(r)dt ANdr+ r?sinfdf Adyp, (2.23)

while its Hodge dual is given by

*F = ET((:)) r?sinfdf A dp + B,(r)dt Adr. (2.24)
w

To make the notation clearer, we introduce the rescaled electric and magnetic 1-
forms,

E,=—, B,:=—. (2.25)

Then, the electromagnetic invariants are equal to

F=2B>—-E?) and G=4E,.B,. (2.26)



Generalised source-free Maxwell’s equations are
Ou(v/—g*F*") =0, (2.27)

(%(\/—_g (L5 F" + %, *F’“’)> ~0. (2.28)

The only nontrivial components in the spherically symmetric case are v = t, which

can be integrated to give

B, =

E e~

, (2.29)

= = Q
Y5E, — 4B, = —— | 2.30
¥ 5 e (2.30)
where the integration constants are fixed by the definition of Komar integrals (2.21).
There are two linearly independent components of Einstein’s equation, which, for

w =1, read

(r(f = 1)) =

(.,% S A(LE, — .,iﬂgBT)ET) , (2.31)
(*f) = 4* (L — A LB, + %E,)B,) . (2.32)

2.2 NLE Lagrangians

We can systematically categorise NLE Lagrangians into two classes: Lagrangians
that depend on invariant F only belong to the J-class, while Lagrangians that
depend on both F and G invariants are members of the FG-class. One could argue
that physically reasonable NLE theories should behave as Maxwell’s when the fields
are weak. Formally, we say that the Lagrangian density obeys the Mazwellian weak
field limit if L5 — —1/4 and Z5 — 0 as (F,9) — (0,0).

Maxwell’s theory exhibits two symmetries, invariance with respect to SO(2) elec-
tromagnetic duality rotations and conformal invariance in four dimensions. Gener-
alised electrodynamic theories will not necessarily share these properties, implying
that the underlying symmetries will exist only if additional constraints are imposed.

In the context of nonlinear electrodynamics, SO(2) rotations correspond to

l o = Zap 080 +xFysinf |

*F!, = *Fypco80 — Zy,sin 6. (2.33)

Such transformations will not necessarily convert generalised Maxwell’s equations

into each other due to a nonlinear relation between Z,, and F,,. The question of



SO(2) invariance boils down to finding the condition that leaves Z!, in the same
functional form, i.e., Z/, (F') = Z,(F). We recapitulate the derivation of the nec-

essary and sufficient condition following the steps presented in [68].

Lagrangian defined as a function of F and G, we have

0L oF 05
a-Fab ggj aPﬁab gg

If we consider F,;, and Fj, as linearly dependent, i.e.,

OF .4
ca _ §oas b ) b5 a
aFab c “d cVd »
we get
— qCe — AF©
aFab 79 aF’ab 7
89 o lecdefa(FCdFef) — 4*Fab'

8Fab B 2 aF’ab
Using these expressions, we can relate (2.34) to Z%,

0L
— _Zab.
8Fab

By varying the Eq. (2.38), we arrive at

1 o (0% b
30ty <8F> = —02%,

since 0 = d/df. Infinitesimal transformations (2.33) are of the form

5Fab = *Zab )
5Zab = *Fab .

Then, Eq. (2.39) becomes

1 rL
) OF.4,0F,,
1 A

cde Ze -
T R Ak,

ab _
*F *ch

1 0% %
~ A Y, 0F.00Fy

10 0.8 0.
8Fy, ( Cde O aFef)
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(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)



_ 19 (*ch_f)g) , (2.42)

where we used the symmetries of the Levi-Civita tensor to show that €.ief = €cfed-

After the integration of (2.42) we get the SO(2) invariance condition,
*ZpZ0 —G=C, (2.43)

where C'is a constant that necessarily vanishes for Lagrangians obeying the Maxwellian
weak field limit.

Conformal transformations are defined as gq(2) — Jap(z) = Q%(2)gup(x), where
() is some smooth function. The important consequence of conformal invariance is
the vanishing of the trace of the energy-momentum tensor, at least for classical fields
[131]. The variation of the action under an infinitesimal conformal transformation,
§g?(x) = —2¢(x)62(x), gives us

652/ 05 59*e = —/2ﬁ ®50e = /\/—gTabgabCSQG, (2.44)

6gab 5gab g

where in the last step we recognised the definition of the energy-momentum tensor
(C.1). If the action is conformally invariant, we have §5 = 0 and it follows that 7" =
T,,g® = 0 since the function € is arbitrary. Conversely, 7' = 0 immediately implies
conformal invariance. Note that conformal transformation should be distingushed
from conformal isometry associated to a diffeomorphism of a given manifold .# (for
details, see Appendix D of [187]).

In the rest of the section, we list the most prominent examples of NLE theories,

discuss their motivation and main properties.

2.2.1 JG-class Lagrangians

Euler-Heisenberg Lagrangian

Euler and Heisenberg considered 1-loop QED corrections to classical Maxwell’s
theory and formulated a nonlinear electromagnetic Lagrangian that describes vac-
uum polarisation effects [86]. A paradigmatic process described within Euler-Heisen-
berg effective theory is light by light scattering, vy — 7, recently observed ex-
perimentally by the ATLAS Collaboration [1]. We will derive the effective Euler-
Heisenberg Lagrangian in the low energy limit [52]. The complete result at the

one-loop level, obtained by Euler and Heisenberg, is given in the integral form as

1 *“d
¥ = m/o s_j <62E332c0th(esE)cot(esB)—

11



2

1 %(E2 - B2>s2)eis<m?*@'">, (2.45)

where e is the electron charge, m, its mass and E and B are the electric and magnetic

fields, respectively. In the weak field regime, we have

1 E Es)3
coth(eEs)cot(eBs)%( ebs | (eEs) —|—> X

eEs+ 3 + 45

1 eBs (eBs)?
X(eBS_ T —|—> (2.46)

We see that the integral (2.45) is already regularised since the divergent terms

1

proportional to s73 and s~! are cancelled by corresponding counterterms, which

leaves us with

64

T /0 dsse” M (B4 4 5B2E? 4 BY) =

2

. «
~ 360m?

(452 +79%), (2.47)

where o = €2 /(47) is the fine structure constant. In the last step we took the limit
in which the regularising parameter 1 goes to zero. The total effective Lagrangian
is given by the Maxwell term and the calculated one-loop correction,

1 a?

PO = _—F
17 T 360m:

(4F° +75%) + O(a”) . (2.48)

Even though the electric field of a point charge in Euler—Heisenberg theory diverges
as r — 0, its self energy is finite [43]. Accordance with the Maxwellian weak field

limit is obvious from the form of the Lagrangian (2.48).
Born-Infeld Lagrangian
In order to regularise singularities in the electric field and the energy of a point

charge appearing within Maxwell’s electrodynamics, Max Born proposed a phe-

nomenological F-class NLE Lagrangian [20]

F
L = (1 — /14 @> : (2.49)

which he subsequently, together with Leopold Infeld, extended to an FG-class NLE

12



Lagrangian [21] of the form

- F g
$<>:b2<1—\/1+@—w). (2.50)

We can prove the finiteness of the electric field and the energy of the point charge

explicitly. The electromagnetic field tensor corresponding to a spherically symmetric

and static configuration with only electric charge present is
F=—-E(r)dtAdr, «F=E(r)r’sin®6dd Ado . (2.51)

In the absence of the magnetic field, the derivative of £®" with respect to F is

I S R B |

The 2-form F (2.51) has to satisfy generalised Maxwell’s equations, the second of

d( Blr)r® ) ~0, (2.53)
1B/

and implies that the term in parenthesis is a constant with its value defined by

equal to

Ly (2.52)

which becomes

Komar’s integral for electric charge (2.21). Finally, we obtain the electric field

Q
Vit (Q/b)?

which is manifestly finite as » — 0. This expression gives a clear physical interpreta-

E(r) = (2.54)

tion of the regularising parameter b as the upper limit of the electric field strength.
To calculate the total energy e, defined as € = 4 [° T%r?dr, first we have to

evaluate the relevant component of the energy-momentum tensor,

T — i (—b2 (1 . E(T)Q/b2> L _BOF ) . (2.55)

1— E(r)2/p?

The solution of the integral is given in terms of gamma functions and can be nu-

merically evaluated,

€= —\/253;/2F (—Z) r (Z) =1.236 , (2.56)

13



thereby demonstrating that the total self-energy of a point charge is finite.

The interest in Born-Infeld Lagrangian was reignited when it appeared as an
effective action in the low energy limit of bosonic string theory and various su-
persymmetric theories [62, 165]. The string tension o' is inversely related to the
Born-Infeld parameter b via 2w’ = 1/b [183]. It is worth noticing that the Born-
Infeld Lagrangian behaves in accordance with the Maxwellian weak field limit and

is invariant with respect to electromagnetic duality rotations (2.33).

ModMax Lagrangian

The guiding principle in deriving the novel ModMax Lagrangian [8, 61] was the
preservation of the original symmetries of Maxwell’s electrodynamics. It is a unique
1-parameter modification of Maxwell’s theory that is both conformally invariant and

invariant with respect to SO(2) duality transformations,

1
) _ I (—.‘?cosh’y + \/Wsinh7> . (2.57)

To preserve causality, the dimensionless parameter 7 should be nonnegative [8].
Notice that for v = 0 we recover Maxwell’s Lagrangian.

Although the original derivation of ModMax theory is based on Hamiltonian
formalism [8], we will follow a more direct approach [111]. First, we impose the

conformal invariance condition, that is, 7' = 0, which for NLE theories becomes
L —L5F — £5=0. (2.58)

The electromagnetic duality invariance (2.43) condition with constant C' set to zero
yields
16.27G — 32.%5.%4F —16.455=G . (2.59)

After multiplying it by § and eliminating %5 by using (2.58), we have

16(v/F2+ G2 — LVVF+ RL + L) =G . (2.60)

The equation above defines a nonlinear partial differential equation, which can be

easily solved with an ansatz of the form
L =oau+ pu, (2.61)

where u = /3?2 + G2 and v = F. New variables u and v are independent everywhere

except at § = 0, which is a singular point of the SO(2) invariance condition. That

14



being the case, u and v are well adapted to the problem in question. Since the
trace 1" vanishes, the sought Lagrangian satisfies Euler’s theorem for homogeneous
functions of degree 1 in variables ¥ and G. This assertion justifies our choice of
ansatz (2.61). Taking into account that %5 = § + (v/u)a and inserting the ansatz
back into (2.60), we have

16(a® — 5%)(v* — u?) = u® — v* (2.62)
The solution of the equation above is
1. 1
a= j:Zsmhfy, p= :tzlcosh’y. (2.63)

If both a and S are negative, such Lagrangian is unbounded from below, so we dis-

card this solution. The choice f = 1/4 is not consistent with Maxwell’s Lagrangian,

1
which should be restored for v = 0. The only possibility left is a = Zsinhv and

1
8= —Zcosh’y, and eventually, we obtain ModMax Lagrangian (2.57).

2.2.2 J-class Lagrangians

Ayon-Beato-Garcia Lagrangian
For many years after its proposal, the regular Bardeen black hole [9] was devoid
of a proper physical interpretation. Eventually, Ayén—Beato and Garcia identified

the matter source that gives rise to the Bardeen solution as an F-class NLE theory,

puane) _ B[ gV2F ’ (2.64)
a . .
9> \2+gV2TF

Ayén-Beato-Garcia Lagrangian contains two parameters, p and g, which can a pos-

teriori be equated with the black hole mass M and magnetic charge P, respectively.

Power Maxwell Lagrangian

The conformal invariance of Maxwell’s theory is lost whenever the number of
spacetime dimensions differs from four. Therefore, in order to derive the higher-
dimensional analogues of Reissner—Nordstrém black holes, a new conformally in-

variant source was proposed in [78]. As its name suggests, the power-Maxwell La-
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grangian is equal to the arbitrary power of invariant F,
LW = CF° | (2.65)

where C' and s are real constants. The conformal invariance is achieved if s is set to
d/4, where d stands for the spacetime dimension. In that case, the power-Maxwell

energy-momentum tensor

Ty = %(?d/“gab — dFVE, R (2.66)
is indeed traceless, which confirms the former claim. The authors in [78] pointed
out that this is the only conformally invariant F-class NLE Lagrangian, a unique
solution of the equation 77T = 0 = d.Z — 4.Z5F. On the other hand, by discarding
the conformal invariance condition, i.e., by allowing s to attain arbitrary values, one
can find a richer variety of black hole solutions [79].

Null-electromagnetic fields in power-Maxwell theory [78, 79] are examples of
stealth field solutions [171], and they also belong to a larger family of the so-called
universal electromagnetic fields [137, 138, 94]. These configurations got their name
due to the fact that they automatically solve equations within various generalisa-

tions of Maxwell’s theory.

Other NLE Lagrangians

The family of NLE Lagrangians has grown significantly since the appearance
of Born-Infeld and Euler—Heisenberg theories during the infant stage of quantum
field theory. Motivation often stems from searching for gravitating solutions with
intriguing characteristics. For example, rational [115] and exponential [112] F-class
Lagrangians render regular magnetically charged black hole solutions, while hyper-
bolic tangent Lagrangian [5] gives a regular electrically charged black hole, with the
caveat that it does not respect the Maxwellian weak field limit. New NLE theories
have also been constructed with the purpose of altering the properties of existing
cosmological models. Important classes of gravitational solutions can be found ana-
lytically within the newly introduced RegMax Lagrangian [178, 75|, which is another

example of a NLE theory that regularises point charge singularities.

2.3 Exact solutions

Various uniqueness theorems limit the diversity of black hole spacetimes in

Einstein-Maxwell theory [103, 126]. These constraints may be circumvented by
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replacing Maxwell’s electrodynamics with its NLE modifications, which enable the
construction of novel charged black hole solutions. In the following section, we give
an overview of exact solutions sourced by NLE fields, including examples of regular
black holes, black holes emerging from well-motivated NLE theories and discuss the

implications of NLE fields on cosmological spacetimes.

Bardeen black hole and its generalizations

In an attempt to address the question of how general the formation of black
hole singularities is, Bardeen [9] wrote an “ad hoc” ansatz that represents a regular
modification of the Schwarzschild black hole,

ds® = —[(r)dt* + f(r)~"dr® +r*(d0® + sin®0dg”) | (2.67)

with ,

(r2 + g2)3/2

The absence of a Schwarzschild-like curvature singularity can be confirmed by eval-

fr)=1- (2.68)

uating scalar quantities such as Ricci scalar R, “Ricci squared” R, R and Kre-

tschmann scalar Rgp.qR%“. The asymptotic expansion of the metric function
g = —1+2u/r — 3ug® /r° + O(1/r”)

allows one to interpret parameter i as the black hole’s mass M, while the meaning
of the regularising parameter ¢ is not immediately clear.

One physical explanation of this solution came in the form of the aforementioned
Ayén-Beato-Garcia Largangian [6]. The Bardeen black hole can be derived starting
from a standard ansatz representing static and spherically symmetric spacetime
(2.22) and the electromagnetic field tensor with only the magnetic part present
(2.23),

F = B,r*sinfdf A de . (2.69)

The first Maxwell’s equation,

O(B(r)r?)

dF =
or

sinfdr AdOAdg =0, (2.70)

is satisfied if B,.(r)r? = const. We may set the arbitrary constant to g and calculate

the Komar integral

1 27 T
P=—¢Fr=" / sinfdfde = g, (2.71)
47T s 47T 0 0
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in order to identify g with the magnetic charge P. After inserting the Lagrangian
(2.64) into the G*, = T", component of the gravitational-NLE equation (2.31),

r2 5/2
O N 272)

and demanding that lim, ., f(r) = 1, integration of (2.72) gives us

2Mr?

Following the steps from [6], we successfully recovered the Bardeen metric, hence
confirming its interrelation with the Ayén-Beato-Garcia Lagrangian.

A regular electrically charged black hole may be constructed by modifying the

Bardeen metric,
2 2,2

2ur q°r
SE RS I
(r* +¢*) (r* +¢°)

and evaluating the corresponding NLE Lagrangian as a function of the electro-

fr)=1- (2.74)

magnetic invariant JF [4]. This construction, however, implicitly uses different La-

grangians in different areas of spacetime, as was pointed out in [27].

ModMax black holes
We are looking into the effects that ModMax theory exerts on Reissner-Nordstrom-
like black holes. The static and spherically symmetric solutions of the Einstein-

ModMax equation

1 F 7
RMV — ég/“,R =81 (COSh"}/ — smh’y\/ﬁ) Tlu/ (275)

were derived in [61].
a) Electrically charged black hole

The electrically charged solution can be obtained without solving the complete
equation of motion explicitly. Namely, in spherically symmetric spacetime, P =
0 implies the vanishing of the magnetic field (2.29), hence § = 0. The second

Maxwell’s equation (2.30) returns the electric field,

)
T2

E,

(2.76)
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while ModMax Lagrangian attains the form

Q%™
2rd

1
L MM) — —Z?(coshv + sinhy) = (2.77)

For the purpose of finding the black hole solution, we can make the identifica-
tion MM = =7 L0 — ¢=7Q?/(2r"), where @ is the charge of the Reissner-
Nordstrom black hole. This in turn implies that the charge of the ModMax black
hole gets redefined and we can simply read it off from (2.77) as Q = Qe™/2. Con-
sequently, the metric function remains the same as in the Reissner-Nordstrom case,
provided that we make the substitution () — @,

(2.78)

Constant v can be interpreted as a charge screening factor.
b) Magnetically charged black hole

After setting E, = 0 in (2.23) and evaluating ModMax Lagrangian density as
LM — =7 P?/(2r1)] we may solve the Einstein-NLE equation (2.31) to get

fu(r) =1——+ : (2.79)

Again, the charge screening effect is apparent.
¢) Dyonic black hole

Due to the electromagnetic duality invariance, we may immediately superpose
the electric and magnetic solution to obtain

2M  (Q*+ P*e ™7
+ 5 .

fa(r) =1-

(2.80)

r T

Although the mass of the Reissner-Nordstrom black hole must exceed its charge to
avoid the formation of naked singularities, for the ModMax black hole there is no

such restriction. The inner and outer horizons of the electrically charged ModMax
black hole are defined by

re= M+ /AP — (P PP , (2.81)

which implies that the extremal configuration has M., = /Q?+ P2e~"/?. For
~v > 0, the charge of the black hole is greater than its mass.
Notice that neither of these black holes is regular in the sense of the absence of

curvature singularities.
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Born—Infeld black holes

Due to its regularising effect on electrodynamics, it was speculated that Born—
Infeld theory might smooth out curvature singularities when coupled to gravitation.
Exact black hole solutions found in a series of papers [64, 160, 51, 60, 30, 85] exclude
this option and disclose other implications of Born—Infeld theory.

The solution describing the electrically charged Born-Infeld black hole adapted
to the standard ansatz (2.22) is given by

f(r) = —%+2bgr2<1— 1+Q—2>+4Q2F(115 Qz), (2.82)

prt ) 3T\ et

where o F)(a,b, ¢; z) is the hypergeometric function. In the asymptotic regime, the
first correction to the Reissner-Nordstrom behaviour is of the order 7~% and propor-
tional to the parameter b.

A similar solution in terms of hypergeometric function is obtained for the mag-

netically charged Born-Infeld black hole,

oM  2b%r? 3 11 P?
fry=1- 2 (F (—Z,—E,Z,—W) - 1) e

r 3

The results can be generalised by considering an arbitrary number of spacetime di-
mensions [30, 51] or modified gravitational theories [87, 203]. An exhaustive study
on thermodynamic properties and phase transitions of (A)dS Born-Infeld black holes
has been conducted in [30, 51].

Euler—Heisenberg black holes

The influence of the effective Euler-Heisenberg Lagrangian on nonrotating and
asymptotically flat black holes has been studied in [202, 159]. Compared to the
standard Maxwell case, black hole quantities such as horizon area and energy acquire
QED corrections represented by a series expansion in powers of a. Starting from
the metric (2.22) with w(r) = 1, we will single out three distinct cases and truncate
the results at the leading order of o [159].
a) Electrically charged black holes

The approximate solution of Maxwell’s equation (2.30) up to the a? order is

given by
Q a?  64Q3

2 360mi rf

E(r) = +0(a?) . (2.84)
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Integration of Einstein’s equation (2.31) determines the metric function f(r),

fy =1 - 2M L@ of 30Ty (2.85)

r r2  360m? 5r6

Euler-Heisenberg Lagrangian introduces a charge-screening effect emerging from the
vacuum polarisation. Consequently, the black hole horizon area increases compared
to the Reissner-Nordstrém one, while the total energy decreases [159]. Further
generalisation of this solution can be made by including the cosmological constant
[122].
b) Magnetically charged black holes

For E, = 0 and magnetic field given by (2.29), the metric function f(r) is equal
to

fy =1 ML P of 3P sy (2.86)

2 360md 5r6

Again, the horizon area increases in comparison with the magnetically charged
Reissner-Nordstrom black hole, while the total energy is smaller due to the vac-
uum polarisation effect.
c¢) Dyonic black holes

With both types of charges present and Zs # 0, the electric and magnetic fields
are no longer independent (2.30). Evaluation of the NLE Maxwell’s equations up to

the a2 order returns

Q a?  64Q3 a?  160QP? 5
E(r) =< - - 0 2.87
(") =35~ 360mi o 3o0ma e T OO (2.87)

B(r)=—=, (2.88)

while Einstein’s equation (2.31) gives us

f(,r) L % N QQ P2 a2 32(P4 + 5P2Q2 + Q4)

ro 2 2 360md 51

+0(*) . (2.89)

If both charges are equal,we get

OM 202 o’ 2240Q°
r r2 360m? 5r6

f(r)y=1- +0(a?) (2.90)

which shows that the QED correction is greater than in the individual electric or

magnetic cases because of the combined screening effect on both charges.
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Cosmological solutions
In the context of cosmology, some NLE theories have appeared as dark energy
mimickers or have succeeded in regularising the initial cosmological singularity. As

an illustration, we may take the Friedman—Robertson—Walker model

2

1+ kr?

ds* = —dt* + a*(t) ( + r2d6?* + sin2«9dgb2) : (2.91)
where a(t) is the scale factor and k& € {—1,0,1}, depending on whether the universe
is closed, flat or open. The evolution of the scale factor depends on the density p
and pressure p of the matter permeating the universe,

a 4

—=——(r+3p). (2.92)

Since NLE theories may violate some of the energy conditions, the sign of the com-
bination p + 3p is not predetermined, which will be important in discussing the
accelerated expansion of the universe.

A singularity will necessarily form at the initial time ¢, whenever a(ty) = 0,
which is the case in Maxwell’s electrodynamics [48]. In [48] and [31], the authors

considered a FRW universe filled by an Euler—Heisenberg-like matter source
1 2 2
7 = —13"+ aF” + Bg* (2.93)

where a and [ are constants. In the simplest case, with the energy-momentum

tensor identified as a perfect fluid, the scale factor can be expressed in a closed form

a’(t) ~ /(12 +a) . (2.94)

Since the scale factor is always nonzero, the cosmological singularity is absent.
Another concept can be demonstrated in this example. At the early stages, the
sum p + 3p becomes negative, which is the mechanism responsible for the inflation.
The same effect has been noticed for different types of F-class NLE Lagrangians
[135, 139]. Apart from highly symmetric FRLW universes, some anisotropic Bianchi
spaces with Born-Infeld NLE Lagrangian are also singularity-free [65].

Power-Maxwell black holes

A class of static and spherically symmetric higher-dimensional black holes emerg-

ing from the conformally invariant power-Maxwell Lagrangian was derived in [78].
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The line element in d = 4 + 4p dimensions with p € IN is

d 2
202, (2.95)

ds® = —f(r)dt +f(7")

where inp o denotes the metric of a unit (4p + 2)-dimensional sphere. Solving the

coupled Einstein-NLE system of equations yields the metric function

A B
f(?“) =1- m + m 5 (296)

which is split into mass and charge terms, and the radial electric field

C

(2.97)
Curiously, the electric field is independent of the spacetime dimension; moreover, its
form agrees with the Reissner-Nordstrom solution. The unknown constants A, B
and C' are determined via Komar integrals for mass [110] and charge (2.21). Finally,
to ensure that the obtained solution really represents a black hole, the values of the
constants have to be further constrained. With the appropriate choice, there are
two horizons shielding a curvature singularity at r» = 0.

Power-Maxwell black holes differ from charged Tangherlini solutions [180], which
are higer-dimensional Einstein-Maxwell black holes, in two main points. Tangherlini
black holes do not have vanishing scalar curvature as their source is not conformally
invariant in d > 4, also, the exponent of the charge term in the metric function
differs from the one in the power-Maxwell solution.

By dropping the conformal invariance condition, one may find a wide range of
black hole spacetimes with different asymptotic behaviour [79]. Among them are
solutions that asymptotically approach Minkowski spacetime with various powers of
1/r™ non-asymptotically flat solutions that generalise Schwarzschild-(anti)-de-Sitter

spacetimes and solutions containing logarithmic dependence in metric coefficients.

Other black hole solutions

The family of charged black hole solutions is proliferating further in parallel
with the introduction of new NLE theories. The associated black hole solutions
are analysed from different perspectives, including their thermodynamic properties,
stability and, as emphasised before, regularity. Another often-adopted recipe for
finding new solutions consists of imposing a certain metric ansatz, evaluating the
energy-momentum tensor and reconstructing the NLE theory in a coordinate form

rather than as a functional of electromagnetic invariants. Unfortunately, the phys-
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ical significance of Lagrangians engineered in this manner, apart from producing

specific solutions, is generally unclear.

2.4 Energy conditions

There is strong experimental evidence that supports the local positivity of energy
density and its prevalence over pressure. These ideas are encapsulated by mathemat-
ical statements known as energy conditions [45]. We say that the energy-momentum
tensor obeys:

a) dominant energy condition (DEC) if T, u®® > 0 for all future directed timelike
vectors u® and v®. Equivalently, —T% v® is future directed and causal for any future
directed timelike vector v?,

b) weak energy condition (WEC) if Ty,v%0® > 0 for any timelike vector v?,

c) strong energy condition (SEC) if Tp,v0® > §Tgabvavb for any timelike vector v?,

d) null energy condition (NEC) if T;/*® > 0 for any null vector [°.

Not all energy conditions are mutually independent but are related by the following

implications:
DEC = WEC = NEC « SEC.

Maxwell’s energy-momentum tensor satisfies DEC and, since it is traceless, SEC.
The proof is most easily carried out using spinorial approach. For any pair of spinors

kA, M and the corresponding pair of future directed null vectors, k44" = k4&4" and

AN = )\AXAI, we have
ax / / 1 — Al —B’
TA%A)/B/]{:AA KBB - % gbABQSA/B/K/A/{A )\B)\ -
1
= o |eass® N > 0. (2.98)
m

Since any future directed causal vector is a sum of a pair of future directed null
vectors, it follows that T u%® > 0 for any pair of future directed causal vectors
u® and v®. Note that by the implications, Maxwell’s energy momentum tensor
satisfies all of the energy conditions listed.

Energy conditions are the pillars of many foundational results in gravitational
theory, such as the laws of black hole thermodynamics and singularity theorems.
For this reason, they have to be closely examined in the case of NLE fields. Com-
plementing the previous results [146, 50], we have proven the following theorem for

the NLE-energy momentum tensor [14].
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Theorem 2.1. The NLE energy-momentum tensor, in n = —1 signature 3 satisfies
e NEC if and only if £5 <0;
e DEC if and only if L5 <0 and T < 0;
o SECif 5 <0 andT > 0.

Proof:

Contraction of the energy-momentum tensor (2.8) with two null vectors [* is
~ 1 ~
Tll° = —4.L5T 100 + ZTgabzalb = 4L T 100, (2.99)

Then, recalling the fact that Maxwell’s energy-momentum tensor obeys NEC, it
immediately follows that for £5 < 0, Ty, satisfies NEC. The same reasoning holds
for the “if” direction in DEC and SEC cases. Namely, for the pair of future-directed

timelike vectors u® and v* we have
a b T a, b 1 a, b
Tapu'v’ = —4.Z5T uv’ + ZTgabu v’ . (2.100)

Since u®v, < 0 for future-directed timelike vectors and Maxwell’s tensor satisfies
DEC, if % < 0 and T" < 0, the total NLE energy momentum tensor also obeys
DEC. By the analogous arguments, given that %5 < 0 and 7' > 0 hold, we have the

following inequality for the future-directed timelike vector v*,
a,b 1 a,b T ..a,b 1 a,b
Topv*0’ — §Tgabv v’ > —4.L5T 0" — ZTgabv v’ >0, (2.101)

which demonstrates the validity of SEC.

For the converse direction in the NEC case, we have to prove the existence
of a future directed null vector ¢¢, such that Toplel® > 0. By employing spinor
representation (the details are presented in Appendix B), we decompose both the
electromagnetic spinor as ¢ap = a(4p) and the vector [* as AN — j:AAXA/, where
the sign is chosen such that [* is future directed. In the algebraically general case
we can choose an auxiliary spinor A = a4 + 84, such that AMay # 0 # A B4, while
in the algebraically special case A may be any spinor such that Aa4 # 0. In both
cases we have 27T, (0" = }¢AB)\A)\B}2 > 0. Finally, assuming that NEC holds, it
follows that 0 < T, 0*0® = —4.%5T,,0*¢°, which implies %5 < 0.

If the NLE energy-momentum tensor obeys either DEC or SEC, it immediately
satisfies NEC and consequently %5 < 0. It remains to prove that DEC implies

3For the discussion on the metric signature in the spinorial approach see Appendix B.
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T < 0, which has already been discussed in [146]. The case when %5 = 0 is
trivial as DEC immediately demands 7" < 0, so we assume that %5 < 0. Using
the Newman—Penrose null tetrad (B.19), we may decompose a timelike vector v* as
v® = al® 4+ bn® + em® + cm® where (a, b, c) are complex numbers. For the sake of
simplicity, the normalisation is chosen such that ab = 1+ |c|* and v,v* = —2. DEC
can be written as (7% v®)(T,.v°) < 0, which is after a lengthy calculation reduced
to an inequality

S+ (1+2|c) LT >0, (2.102)

where S is a quantity which does not depend on the parameters (a,b,c). We will
present the main points of its derivation. The idea is to build the Newman—Penrose

tetrad (B.19) from the principal spinors of the symmetric electromagnetic spinor

$ap = aaPp),

A/

¢ = oaY, nt = /BABA/, m® =a3", m*=pat. (2.103)
Then, we have to calculate the following terms,
~ ~ ~ 1
(T% v°) (Toev®) = 16.L3T° Too"v® — 2.L5TT v 0" + ET%%a. (2.104)

From the auxiliary result,

1 — — )
Tav® = — (aBp + apBa) (@a By +apBy) v =

8
= 8i7r (Lanp + mamp + Mgmyp + ngly) (al® 4+ bn® +em® 4+ cm®) =
= %(—aéb — bny, + cmy, + Tmy), (2.105)
we get
Tt — %(ab%— c2) = %(1 +2le?) (2.106)
and o . .
T% T,v'v° = 35,2 (—ab+ |c*) = ~39.2" (2.107)

Setting 7' > 0 in (2.102) would lead to a contradiction as we may choose arbitrarily
large |c]. O
We can examine the implications of theorem 2.1. on two prominent NLE theories.

In Born-Infeld theory, we have the following expressions,
1 4P (W —-1) - F

L= T ST

(2.108)
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with

—_—— = 2.1
W= \/ LT 16b4 (2.109)

It can be easily seen that £y < 0, so NEC is satisfied. As 2/r —y # 2y/x #x + 1
for nonnegative x and y # x, we have 2W < 2 + (F/2b?), implying that 75D < 0.
Born-Infeld theory also obeys DEC.

In Euler-Heisenberg theory, we have

1 8a?
g(EH> — _
7 4 360m
and )
T = = (45% +175°). (2.110)

We can conclude that Euler-Heisenberg theory obeys both DEC and NEC for elec-
tromagnetic fields with F < 45m.* /4(12. Fields whose strength is above this limit
are not of interest, as they exceed the weak field regime in which the effective Euler-
Heisenberg Lagrangian is valid.

Furthermore, SEC is satisfied for null electromagnetic fields in both theories.

Generally, we can add an arbitrary constant to a NLE Lagrangian such that -Z(0, 0)
0. Then, if .Z is differentiable at the origin of the F-G plane, the trace of the
energy-momentum tensor vanishes for null electromagnetic fields. In other words,
null electromagnetic fields in theories obeying .Z5 < 0 immediately satisfy both
DEC and SEC.
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Chapter 3

Schwarzschild spacetime immersed
in NLE fields

3.1 Wald’s solution

Electrovacuum uniqueness theorems pioneered by Israel [103] and Mazur [126]
are established for black hole configurations that harbour their own electromag-
netic fields. Here we are interested in a different scenario in which a black hole
is surrounded by external electromagnetic sources. Apart from purely theoretical
interest, this setting is relevant for astrophysical black holes surrounded by elec-
tromagnetic fields emanating from accretion discs or a wider galactic environment.
The behaviour of external electromagnetic fields on a black hole background with
a certain degree of symmetry was studied by Wald [189], who derived an analytic
form of the electromagnetic field tensor for a rotating black hole placed in an initially
uniform magnetic field. We will briefly recapitulate Wald’s approach for Maxwell’s
case before turning to the NLE challenges.

Wald’s solution is based on the fact that the Killing vector fields can be used as
gauge potential in vacuum spacetimes, as was shown by Papapetrou [141]. To see

this, we have to prove that they satisfy source-free Maxwell’s equations:
dF =0 and d«F =0. (3.1)

Let K* be a Killing vector field defined on a spacetime (M, g,) and F = dK a
corresponding electromagnetic 2-form. The first Maxwell’s equation is immediately

satisfied as F is an exact form. To prove the latter claim, we invoke the Killing
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lemma which relates the Killing vector fields to the Ricci curvature tensor [187],
dxdK = 2+xR(K) . (3.2)

In a vacuum spacetime, the Ricci tensor vanishes and we obtain the second Maxwell’s
equation (3.1). The electromagnetic fields constructed in this way are called test
fields since they do not affect the spacetime metric.

Wald imposed several physical constraints that uniquely determine the electro-
magnetic field tensor F. First, it is assumed that the spacetime admits two mutually
commuting Killing vector fields, timelike and axial, denoted respectively by k* and
m®. Furthermore, suppose that the electric and magnetic fields are symmetry in-
heriting, therefore implying that F has to be stationary and axially symmetric. In
the asymptotic region, F' has to represent a uniform magnetic field of strength Bj.
Matter fields, and consequently, F', have to be regular on the black hole horizon and
in the exterior region. As test fields should not alter the charges of a background
spacetime, both the electric and magnetic charges, defined by Komar’s integrals,
have to vanish.

Let us first construct the electromagnetic tensor F using the axial Killing vector
m®, F,, = dm, and check its physical interpretation [189]. As it is stationary and

axially symmetric, with [k, m]* = 0, we have

£wFp = Lpdm =dL,m=0, (3.3)

The calculation of Komar’s charges (2.21) over a sphere at infinity gives us

1

4 Soo

1 1
= — ¢ *Fp=— ¢ xdm=4J, .
Q 47?}200* 47T7£00* m = 4. (3.6)

where in the last equality we recognise the definition of angular momentum given

P F,=0, (3.5)

by the corresponding Komar integral [96]. The electromagnetic tensor generated by
the axial Killing vector represents a stationary, axially symmetric electromagnetic
field that asymptotically behaves as a uniform magnetic field, with a nonvanishing
electric charge.

We can repeat the same procedure for the electromagnetic field tensor defined

with respect to the stationary Killing vector field, Fy = dk [189]. Again, the mag-
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netic monopole charge vanishes, but the electric charge is

1 1
Qo ———% F ———7{ dk = —2M , .
1 soo* E= soo* (3.7)

where the last equality is the definition of Komar’s mass. This electromagnetic
tensor differs from the former in two main points: it represents asymptotically van-
ishing electromagnetic field and the value of the electric charge is altered. Taking
into account that both electric and magnetic charges must vanish, the total elec-
tromagnetic field tensor is given as the appropriate linear combination of F; and
Fp,

F % B.. (2adk + dm), (3.9)

where the coefficients were adjusted to ensure that the Komar charges are indeed

zero. Since a = J/M, we have

Qoo:1

~ ¢ «F =B (-2aM +2J) =0, (3.9)
47 Soo

and
1

Py = —
47 Soo

F=0. (3.10)

This solution holds for generic axially symmetric, stationary and asymptotically
flat black holes. It can be explicitly evaluated for Kerr spacetime [189], in which
the rotation of the black hole gives rise to a nonzero electric field, reflecting as
nonvanishing invariant G.

The following sections that deal with the NLE case are based on the paper [16].

3.2 NLE case

If we wish to generalise this result to the NLE fields, we encounter several ob-
stacles. Papapetrou’s ansatz cannot be used to solve both generalised Maxwell’s
equations simultaneously. Namely, after setting F = dK, the second generalised

source-free Maxwell’s equation (2.6) is reduced to
dLs AN+F —d L ANF =0, (3.11)
which can be expanded further by noticing that

dggr = gggr d?+ ggg d9 and dgg = ggg d?—{— 399 d9 . (312)
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The equation (3.11) then contains terms proportional to dF A F, d§ A F, dF A +F

and d9 A xF, which generally do not vanish. As an illustration, we have
*(dFAKF) = —ixF = —ixdK = (dix — £x)K, (3.13)
with an auxiliary vector field X* = V®JF. The first term vanishes since
ixK=K'V,J=£F =0, (3.14)
as well as the Lie derivative of a Killing vector field with respect to X,
LxK*= —£x X" = —£xV'T = ¢V, LT =0, (3.15)
but the same does not hold for the associated Killing 1-form,
LxK, = £x(9K") = K" £xgap - (3.16)

It is very improbable that all such terms in equation (3.11) will cancel each other. An
alternate idea is to define the electromagnetic field tensor using a rescaled Killing
vector field, so that F = d(¢K), where 1 is some auxiliary function. The first
generalised Maxwell’s equation (2.6) is immediately satisfied, while the second one

with the current form set to zero gives

(L xdK + dZ5 ANK) A dy + d L5 A i gexdip+
+$§(‘kd£](w — (D’lﬂ) *K) -+ (dgg A xdK — dgg N dK)w =0. (317)

Since both electromagnetic invariants are quadratic in ¢, (3.17) amounts to a highly
nonlinear differential equation for . Being unable to find a fruitful approach that
would provide an exact solution, we resort to the perturbative scheme, expanding

around Wald’s solution.

3.2.1 Perturbative approach

Motivated by the examples from the literature, we assume that the NLE La-

grangian density is a function that allows a double Taylor series expansion,

ZL(F.9) =D cnF"G", (3.18)

m,n=0
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with real coefficients ¢,,,. Terms corresponding to cog and cy; are non-dynamical,
hence these constants can be set to zero. In accordance with the Maxwellian weak
field limit, we shall take co = —1/4. In a general case, a CP-violating term c¢1; can
be present.

Assuming that the NLE Lagrangian may be expanded with respect to the cou-

pling constant A\, we have
1
Z(F,9) = —Z?+ M(F,G)+0(\?) . (3.19)

Our focus will be on two prominent examples, Euler—Heisenberg and Born—Infeld
Lagrangians. Regarding the expansion in (3.19), we can make the following identi-

fications for Euler-Heisenberg theory (2.48),

042

(EN) — 452 4 762 d AEH = .
TS an 360m1

(3.20)

Born-Infeld theory (2.50) can be represented in the form of Eq. (3.19) after expan-

sion with respect to the coupling constant b,

1 1
_p(BD) :_Z§+W(9’2+92)+..., (3.21)

with )
E(BI) — g2 2 d )\(BI) -
T an 3207

The similar ansatz can be used for other electromagnetic quantities, so the gauge

(3.22)

field A, may be written as
Ay = Ky + Mvg + O(N\?) (3.23)

where K, is the Wald’s term and v, is the sought perturbative correction. The

electromagnetic tensor is, by its definition F = dA, equal to
F=Fy+ Adv+ O\, (3.24)

with Fy = dK.
This construction must satisfy generalised Maxwell’s equations at the O(A!)

order. The first Maxwell’s equation is satisfied since

dF = dFy + Ad*>v =0 | (3.25)
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while the second one becomes
dxZ = —4d(L+F — ZLF)=0. (3.26)
The terms £ and %5 can be expanded accordingly as
Sy — —}l A+ OO0, L= Mg+ O0(\2) | (3.27)
after which we get
dxZ = X\ (dxdv — 4 dlg AxdK + 4 dlg A dK) + O(\?) . (3.28)

It remains to simplify the d/s and d{g terms, which are the functions of the electro-

magnetic invariants F and G,

dly = L5 AT + lsqdG (3.29)
dlg = lgz AT + Lo dG . (3.30)

The electromagnetic invariants can be expanded in the same manner,

T = Fo + 2XMdK) 4 (dv)® + O(\?) | (3.31)
G = Go + 2A(*dK) 4 (dv)® + O(\?) . (3.32)

The obtained master equation for v, is
dxdv = xJog (3.33)
with the effective current 1-form J.g defined by
*Joff = 4(lgy dF + l5g dG)o A *dK — 4(lgy dF + lggdG)o A dK . (3.34)

The subscript “0” denotes terms evaluated for Wald’s ansatz Fy = dK, which is the
solution at the zeroth order.

As a consistency check, we can prove that xJ.g is a closed form,

1
Zd*-]eff = (égffgdg ANdF + gffggrdﬁt A dS)D A *xdK—
- (fgggdg ANdF + ggg(fd?/\ d9)0 ANdK =0. (335)

The claim follows since partial derivatives commute and dF A dG = —dG A dF.
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The master equation can be simplified further if we notice that /5 term vanishes
for the model Lagrangians (2.48) and (2.50),

dxdv = 4(@3@ dgj)o A *xdK — 4(€gg d9)0 ANdK . (336)

One can ask whether the use of test field approximation is justified when dealing
with nonlinear electromagnetic fields, whose effects are noticed on higher energy
scales. By simple estimations of order of magnitude, we will show that there exists
a range of energies in which the electromagnetic field is strong enough to exhibit
nonlinear effects, but still weak enough not to alter the spacetime metric. If Ein-
stein’s tensor G, is of order LQQ, where L, is the relevant gravitational length scale
for the problem, and the energy density of the magnetic field is B?/(2uy), test field

approximation will hold if
L,?> 4nGB*/(c" o) | (3.37)

which was obtained from Einstein’s equation. As a characteristic gravitational
length scale, we can choose the Schwarzschild radius, L, ~ 3(M/My) - 10°m,
where M, is the Solar mass. The condition on the magnetic field strength is
|IB| < (My/M) - 10T, implying that even the strongest known magnetic fields
are within the test field regime when the black hole mass is below the order of
104 M,,.

3.2.2 Solution in Schwarzschild spacetime

Schwarzschild spacetime represents a static, spherically symmetric solution of
the vacuum Einstein’s equation. Its metric in (¢,7, 0, ¢) coordinates can be written
as [187]

ds? = —f(r)dt* + }i(—f) +r? (d6* + sin® 6 dp?) | (3.38)
with 511
iy =1-==. (3.39)

We consider the general Killing vector field composed as a linear combination of a

timelike Killing vector field k* and an axial Killing vector field m*®

K = ak®+ pm* | (3.40)
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where v and [ are real constants. The electromagnetic invariants calculated at the

zeroth order, for Fy = dK, are equal to

M? oM
Fo = 8 —a’+38 (1 R — 9) 3 (3.41)
T r
and o
Gy = —16M C(:Z aB . (3.42)

In Wald’s solution, parameter o was proportional to the angular momentum of a
black hole. In the case of a static spacetime, the angular momentum is equal to zero
so we may set a = 0. This choice will also a posteriori prove to be the appropriate
one for our problem. Notice that we automatically have Gy = 0, so with these

simplifications, the master equation becomes
dxdv = 45(6:{; di‘F)o A xdm . (343)

A simple calculation gives us

16 M 2M
dF, = 62 (% sin? Odr — 3—ﬁ2 sinf cos 6d6 , (3.44)
r r
and finally, using (A.39),
2M 3% si
AFy A xdm — S2MPsinb (f(r)sin®6 — 2cos®0) dt A dr A d6 . (3.45)
r

Relying on the symmetries of the spacetime, the appropriate ansatz for v, is v =

h(r,0) de. The solution is given by
v = C(4(2r — 5M) cos(260) + (M —2r)(3 + cos(49))> de , (3.46)

with an unknown constant C'. But, as

IO
drdy = 22C 500 (f(r)sin® 0 — 2cos®0) dt A dr A 6 (3.47)
T

it follows that C' = 283M({35)o. We still have one undetermined constant 3,
which can be fixed by the boundary conditions. On physical grounds, our solution
must respect several conditions. First, we have to check whether it really repre-

sents an asymptotically homogeneous magnetic field. Wald’s solution evaluated for
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Schwarzschild spacetime is given by

1
Fo = 3 Boo dm = By (rsin® 6 dr A dp + r* cossin 6 df A dy) . (3.48)

The homogeneous magnetic field in Minkowski spacetime can be written as B, dz =

Bo.d(r cosf), while the electromagnetic field tensor is
Fo = Boo(rsin®0dr Adg + 1% cosfsinfdf Ady) | (3.49)

which has the same form as (3.48). Since Schwarzschild spacetime is asymptotically
flat, the expression (3.48) represents a homogeneous magnetic field. The corrected
electromagnetic tensor F = Fy + Adv will asymptotically behave as Wald’s Fy,
provided that

lim (dv)re =0 and lim (dv)a, =0, (3.50)
r—00 (FO)T’QD T—00 (FO)QQD
which is fulfilled since dv is equal to
dv = — 328°M (¢55), (sin4 Odr A de+
+ (2r = 5M + (M — 2r) cos(26)) sinf cos 6 df A dy). (3.51)

By comparison with Wald’s solution, we can set the normalisation to 8 = By, /2, so

the final form of perturbative correction v, is given by

(l55)o
4

v = B§OM<4(2r — 5M) cos(20) + (M — 2r)(3 + cos(49))> dp.  (3.52)
We also demand that the electric and magnetic charges, defined by Komar integrals,
remain equal to zero at the O(A!) level. Since they both vanish for the basic ansatz
Fy = dK, the perturbative correction must not contribute to the integrals. The

term appearing in the definition of the electric charge is
«Z = +Fy + (4(—@*1? +5F)y + *dv) A+ 0(N2) . (3.53)

Using the fact that ly = 25, lg = 29, lim,_,o Fo = 85?, (xFo)g, = 0 and (xdv)g, =
0, the electric charge Q. is zero at the O(A') order. The magnetic charge is defined
with respect to dF = Adv, while the relevant component that contributes to it
is (dv)ge, given in (3.51). Terms proportional to sin(26) and sin(46) vanish after
integration over the interval [0, 7]. Hence, the magnetic charge is also unaltered by
the perturbative correction.

An alternate way of solving this problem is by introducing the magnetic scalar
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potential [168, 169, 71]. If the electromagnetic field is symmetry inheriting [199, 200,
127, 42, 152, 186, 185, 181, 46, 11] and the source-free Maxwell’s equation d*xF = 0
holds, the magnetic field 1-form is closed,

AB[K] = dig#F = (£ — id)+F =0 . (3.54)

Then, we can locally write B = —dW, where ¥ is magnetic scalar potential. Fur-
thermore, if the black hole exterior is simply connected, magnetic scalar potential
is globally well-defined. As an illustration of the method, we can calculate the mag-
netic field for Wald’s solution and its corresponding scalar potential. The magnetic
field, defined with respect to the timelike Killing vector field k = 9/0t is

Bo[k] = B (cosOdr — rf(r)sinfdo) , (3.55)
and the magnetic scalar potential is
Uy =—Byf(r)rcosb . (3.56)

Note that the scalar potential is constant over the horizon, analogously to the sur-
face gravity x [168, 169]. In this case, the gauge is chosen such that the potential
vanishes at the horizon, lim, o3, ¥y = 0, while at the spatial infinity it approaches
lim,_,o Vg = —Bsz. The NLE case can be treated in the same manner, with the
caveat that the magnetic form B is no longer closed. Nevertheless, we can define a

nonlinear 1-form H (2.17), which is closed since
dH[K] = dig*Z = (L —igd)*Z =0, (3.57)

and its associated scalar potential T, via H[K| = —dY. A divergence identity that
defines the equation for the scalar potential can be derived in a few steps. Starting
from the auxiliary expression
0B = 0iyxF = —xd(F A k) = —x(dF A k) — x(F A dk) =
1 1
= N*(k ANEAdk +x(k AB) Adk) = Nz'E*(k A dk)—

1 1
— < (kA BJdk) = ——(Blixdk) = -(BJdN), (3.58)

1
N

where N = k%,, dF = 0 and twist one-form wy = —*(k A dk) is set to zero, we
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have

v, (BEIV“]G> _ VjVB“ - %Ba(dN)“ 0. (3.59)

If we introduce a differential operator L equal to L[¥] = —r?f(r)V*((V,¥)/N) in

Schwarzschild spacetime, the equation for axially symmetric potential ¥ is

- 0 ( 50V 1L 0 (. 0w\ _
L =10 5, (r 87’) *Sine o0 (Sme ae) =0 (3.60)

The equation can be solved by separation of variables, ¥(r,0) = R(r)P(cosf). The

angular part is a Legendre differential equation, while the radial part is of the form

r r r
— (557 = 1) (@Pi (5;—1) +0Qi (17 - 1)) - 61
Ru(r) = (557 = 1) (el (57 = 1) + 0% (£ (3.61)
where P, is a Legendre polynomial and @)y is a Legendre function of the second kind.
In the NLE case, the equation (3.59) still holds, but it has to be expressed via
the nonlinear magnetic field H which is related to the magnetic scalar potential T.

For a purely magnetic solution, i.e. k°F,;, = 0, there exists a simple relation between
forms H and B:

HKo = k'*Zpo = —4L5k < Fyo = —4.%5 B[kl , (3.62)

which gives

v (Z@?) _0. (3.63)

Again we expand electromagnetic quantities with respect to the coupling constant
A. We compactly write £ = pF? + ¢G%, where (p,q) = (4,7) for Euler—Heisenberg
Lagrangian and (p, q) = (1, 1) for Born-Infeld Lagrangian. Since %5 = —1/4+ 2pF,
the divergence identity (3.63) gives us

He H,HY o
v, (W) — 16pAV, ( o H ) +ON)=0. (3.64)

The expanded form of magnetic scalar potential
T =Ty + A0, +O0(\?) (3.65)

may be used in the divergence identity (3.64). This gives us a zeroth order equation
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V*((V,¥y)/N) = 0, while at A order we have

v <V‘]‘§’ 1) = 16p V* (Wl’%])\[(y o) va\yo) +0(N\). (3.66)

Inserting Wald’s solution (3.56) into (3.66) yields
L[¥,] = 48pM B2 f(r)sin(20) sin 6 . (3.67)
The suitable ansatz is of the form
U (r,0) = £(r) (a(r) +b(r) cos(ze)) cos 6. (3.68)
After discarding the part that grows faster than O(r!) at spatial infinity, we have
U, (r,0) = 4pB2. f(r) (47“ 5M+ M cos(29)) cosf . (3.69)

It is straightforward but tedious to show that the magnetic field calculated from
(3.46) corresponds to the one given by the magnetic scalar potential. Combining
the two definitions of field H provides the relation between F and 7T,

—4 Lk % Fyy = —dT. (3.70)

We may perform expansion with respect to A and compare the terms order by order.
On the left hand side of (3.70) we have

(= 7 AL ) (R (xdm), + AR (xdv),,) + O(N?) =

4
=k"(xdm),, — 4\l5Bk" (xdm),, + A" (xdv),, + O(\?) =
=k"(xdm),, — 8\pF Bk’ (xdm),, + Ak’ (xdv),, + O(\?) (3.71)

By referring to (A.39) and (A.41), it is not difficult to see that the O(A\Y) term is
equal to —d¥g, while the term proportional to A returns —dW;.
We can analyse the obtained correction from many different angles. For example,

we could look at the expansion of the magnetic field defined with respect to the
Killing vector field k¢,

B[k] = Bo[k] + ABy[k] , Bu[k] := ipxdv (3.72)
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explicitly, the NLE contribution is

By [k] =4M (£55)0 B2, ( F(r)sin® 0 do—

cosf

= (2 — 5M + (M — 2r) cos(26) dr). (3.73)

However, the magnetic field is an observer-dependent quantity. For example, the
static observer moving with the 4-velocity u® = k*/v/—N would measure the field

Blu]* = BlK]" . (3.74)

Therefore, it is better to analyse observer-invariant quantities, such as electro-
magnetic invariants. The first electromagnetic invariant can be decomposed as
= Fy + 0F, where 0F is the first order correction. To put all the prefactors

aside, we introduce the rescaled correction

. 1

= — dm) g (dv)® :
SFI 16320M(€§5t)0 ( m)ab( U) ) (3 75)
so that
§F = —16ABL M (l55)0 F1 + O(N?) . (3.76)
Direct calculation gives
~ 1 .4 cos® 0 9
Fi=— fr)sin"0 + (34 f(r))sin®0 — 2(1 — f(r))) . (3.77)

Since 5’1 remains bounded as r — 2M, the solution is regular at the black hole hori-
zon. Figure! 3.1 shows the contour plots of g"l. In the figure, it can be noticed that
there are two local maxima along circles at (r.,0+). Their values can be obtained

analytically. From 8T§’1 =0 and 895'“1 = 0, we get a system of equations

A8M — Tr + 4(r + 4M) cos(260) 4 3r cos(40) = 0, (3.78)
(r 4+ 2M + 3rcos(26)) sin(260) =0 , (3.79)

which can be simplified with a substitution z = cos(26). The solution in the black

hole exterior, r > 2M is

4 13 4413 — 19
re = +T\/_ M, cos(204) = \/_T . (3.80)

1© IOP Publishing. Reproduced with permission. All rights reserved.
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(a) Contour plot of F, [16].

-15 -10 -5 0 5 10 15

(b) Contour plot of rescaled relative correction
832F1/Fo [16].

Figure 3.1: Contour plots in r — 6 plane with M = 1. The black circle in the middle
represents black hole horizon.

Approximately, these are r. ~ 3.8M, 6, ~ 60.3° and, as cos(2(m — 0)) = cos(26),
0_ ~ 119.7°. An intriguing question is whether the astrophysical tests could de-
termine the influence of these maxima on the trajectories of the charged particles
around black holes.

If an NLE model contains a ¢;; term in the expansion, but the Gy = 0 condition
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is still valid, the additional term appears in the master equation,
dFoy A dm = 968> M sin® @ cos @ dr A df A dyp . (3.81)

The new solution can be obtained by a simple modification of ansatz, A, = fm, +

AMv, + v,), which gives
v =2M f(r)(cos(36) — 9cos ) dt . (3.82)

This solution does not introduce any additional charges and the magnetic field stays
asymptotically homogeneous, but alongside it there is a nonvanishing electric field

manifesting as k°F,, # 0, even as r — 0o.

3.2.3 Comment on neutron stars

Instead of a black hole, we can consider an idealised neutron star immersed
in a test magnetic field. The basic setup of the problem remains the same, up
to the boundary conditions which have to be matched at the star’s surface. Our
model assumes a spherically symmetric, perfectly conducting star. We neglect the
fact that the electric conductivity varies between the layers of the star, from the
superconducting core to the less conducting outer parts [39, 148].

It is well known that superconducting materials show the Meissner effect, the
total expulsion of the external magnetic field. When a superconducting ball of
radius R is placed in an external magnetic field of strength B, the total field is a
superposition of the external field and the one originating from the induced surface
currents, in the form of a dipole field. Junction condition B - i|,—g = 0, continuity
of the normal component of the magnetic field, gives the induced magnetic dipole
moment, which is in Minkowski spacetime equal to p = — B, R?/2.

Let us discuss the junction condition in detail. Suppose that a static spacetime
can be foliated by spacelike hypersurfaces ¥, each of which contains a compact
spacelike 2-surface S C X with a normal n®, representing the star’s boundary. If
the norm of the Killing vector N is continuous at .S, from the divergence identity
(3.59) it follows that the normal component of the magnetic field, n*B,, also has
to be continuous at S. For a superconducting star, magnetic field vanishes in its
interior, translating the condition into n®*B, = 0 at S. The scalar potential satisfies
the Neumann boundary condition, n*V,¥V =0 at S.

Ginzburg and Ozernoy discussed the problem of the magnetic dipole field in

Schwarzschild spacetime [69]. Their solution is equal to the £ = 1 term in the scalar
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potential,

Uao(r,0) = (237“)2 (1 + f(r) + % f(r)In f(r)) cos@ . (3.83)

The lowest order term in the asymptotic expansion for large r is just a standard

dipole potential in Minkowski spacetime,
Vao(r,0) = (r_2 + O(r_3)>ucos 0 . (3.84)

We can superpose (3.84) and Wald’s solution as we are considering an asymptotically
homogeneous magnetic field,
U =Uy+ Vg0 . (385)

The boundary condition on the surface of a superconducting ball of radius R > 2M

is of the Neumann type,
OV (R,0)
or

from which we infer the induced magnetic dipole moment

=0, (3.86)

- 2MBa (3 — f(R)

. S f(R))1 | (3.87)

R M

In order to compare this result with the flat case, the dipole moment p can be

understood as a function of mass M and expanded in Taylor series around M = 0,
B R? 3B R?

M) = ===+ == M + O(M?) . (3.88)

The two results coincide since limy o u(M) = —BoR?/2. The linearity of Max-
well’s equations enables us to superpose an internal star’s magnetic field to this
solution.

The nonlinear case demands special care, as we have to adjust the boundary
condition. Namely, the relation between 1-forms B and H is given by (3.62). If %5
is finite at .S, the boundary condition n*B, = 0 at .S implies n®H, = 0. Written with
respect to the potential, the boundary condition becomes n*V,T = 0. As the seed
solution we may take ¥ = R(r) cosd, then the linearized equation for the potential
(3.66) becomes

_ 4psin(20)

P ==

(1 (r) + p-(r) cos(20)) , (3.89)
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with two auxiliary functions,
pal(r) ==+ (r(r _2M)R" — 2MR' — 4R> R*+
Yol — 2M) ((7‘ —2M)(3rR" +2R) + (-2 % 4)R> R?. (3.90)

This equation can be solved with the help of Mathematica package. However, the
solution is given in a rather involved form, as an infinite series with terms consisting
of nontrivial functions of a radial coordinate. In this form, imposing the boundary

conditions is a daunting task, so this problem remains open.
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Chapter 4

NLE fields in strictly stationary

spacetimes

4.1 Gravitating solitons

In an attempt to capture the idea of localised, singularity-free and self-consistent
objects, Wheeler [196] proposed the existence of geons, where the term geon stands
for gravitational electromagnetic entities. Geons would emerge as solutions of cou-
pled gravitational and Maxwell’s field equations and be sustained by their own
gravitational pull. As an illustration of a concept, Wheeler suggested a standing
electromagnetic wave wound in a specific toroidal configuration, representing an en-
ergy clump held together by its own gravity. Two nontrivial questions, which would
either rule out geons or work in favour of their viability, arise: Do they constitute
stable configurations and what are the exact solutions representing geons. After
a search for electromagnetic [58] and purely gravitational geons [26], the canonical
stand is that topologically trivial, vacuum or electrovacuum, stable geons do not
exist within the framework of general relativity [145]. Therefore, if one insists on
the initial definition of a geon as an object composed of self-gravitating standing
waves, it seems highly likely that such a structure will be unstable.

The quest for finding geon-like configurations in general relativity is closely re-
lated to the classification of the solutions of Einstein’s equation. Obtaining the
complete picture which would encompass all the solutions is, even under additional
constraints, a formidable problem. One can then resort to idealisations in terms of
spacetimes admitting symmetries, such as stationary spacetimes. The physical sig-
nificance of this class of solutions is that time-independent spacetimes represent equi-
librium field states. Prominent examples are stationary black hole solutions, whose

variety is limited by several uniqueness and no-hair theorems [96, 40, 95, 35, 36].
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The proofs of the theorems are based on Lichnerowicz’s argument [120]: if the inte-
gral of a conveniently constructed non-negative quantity is non-positive over a given
domain, the quantity has to be equal to zero. A similar idea may be employed to
formulate another type of constraints known as no-soliton theorems. In this context,
solitons are defined as stationary, asymptotically flat, everywhere regular solutions
of Einstein’s equation, thus representing examples of Wheeler’s geons in a broader
sense. The existence of vacuum solitons in general relativity is prohibited by the
argument presented in [3]. However, instances of self-gravitating solitons may be
found if massive fields of different spin are coupled to gravity. Solutions represent-
ing scalar, Dirac and Proca stars were obtained numerically for both static [91] and
rotating cases [90].

Classification can be further simplified by demanding strict stationarity, which
is a more stringent condition on the causal structure of the spacetime. It implies
that the timelike Killing vector field does not change its causal behaviour through-
out spacetime. Static black hole solutions violate this criterion since the Killing
vector field corresponding to the stationary isometry becomes spacelike inside the
Killing horizons, while the same situation occurs inside the ergoregions of rotating
black holes. A well-established fact is the absence of electromagnetic solitons in
Einstein-Maxwell theory, precisely, there are no strictly stationary, globally regular,
asymptotically flat solutions with a nontrivial electromagnetic field [40]. No-soliton
theorems apply also to the case when various scalar fields are added to the Einstein-
Maxwell system [88, 89, 166]. The first generalisation of the no-soliton theorem for
NLE fields was established for the truncated Born-Infeld and power-Maxwell theo-
ries [32]. Our goal is to formulate a broad extension of this result which would cover
all NLE Lagrangians belonging to the FG-class. Additionally, we pave the way for
dealing with sources represented as charged matter fields and explore the possibili-
ties if the number of spacetime dimensions is different than four. The results of this

chapter were presented in [15].

4.2 No-go theorems for NLE fields

We present two no-soliton theorems that apply to slightly different spacetime
setups. However, both theorems refer to strictly stationary spacetimes, meaning that
spacetimes containing black holes or cosmological horizons are excluded. To prove
the theorems, we will invoke two energy conditions: the null energy condition (NEC),
which holds if and only if %5 < 0 and the dominant energy condition (DEC), valid
if and only if £ <0 and T < 0 [14, 146]. The first theorem holds for an arbitrary
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gravitational theory whose corresponding field tensor is divergence-free, as long as
the coupling between the electromagnetic and gravitational Lagrangian is minimal.
Its limitation lies in the fact that it is applicable to static spacetimes only. The
second theorem remains valid in nonstatic spacetimes, but its generality is reduced
since it relies on Einstein’s gravitational field equation and positive energy theorem
(for an overview see [47]). Given that the energy density is locally nonnegative,
the positive energy theorem states that the total energy associated to the isolated
gravitating system is nonnegative, where the zero value coincides with Minkowski
spacetime. Shoen and Yau proved it in a series of papers, each of which gradually
relaxed the initial assumptions needed for the proof [162, 161, 164, 163]. Witten [197]
took another approach based on spinor calculus and presented a simpler proof via
the construction of a nonnegative integral which represents the energy of a system.
The mathematical technicalities of Witten’s proof were further polished by Parker
and Taubes [142].

Our two main results are based on several common technical assumptions, listed
below.
(1) The spacetime is a four-dimensional smooth, simply connected manifold .# with
a smooth Lorentzian metric g, and a smooth electromagnetic 2-form F};, which are
solutions of the gravitational-NLE field equations, with the NLE Lagrangian density
Z obeying the Maxwellian weak field limit
(2) The spacetime admits a strictly timelike Killing vector field k%, meaning that its
norm does not change sign throughout the spacetime, precisely k%, < 0 on .Z .
(3) The electromagnetic field is symmetry inheriting, so that £, F,, = 0 [181, 46, 11].
(4) Through each point p € .# passes at least one complete oriented spacelike
hypersurface ¥ with induced metric h;; and the associated extrinsic curvature Kj;,
asymptotically flat so that the following fall-off conditions are met on each of its
ends: 14 k%a = Ouo(r™1), k%ai = Oxo(r™1), 715 = Ooo(r™1) and Kj; = Ono(r2)
[40, 142, 47]. The electromagnetic 2-form F, asymptotically behaves as k*F,; =
O (r72) and k*«F,; = O (r7?), so that the associated potentials are of order!
Os(r1).

The two no-soliton theorems are formulated as follows.

Theorem 4.1. Suppose that a spacetime with an electromagnetic field satisfies basic
assumptions, with the electromagnetic energy-momentum tensor obeying the null
energy condition, and where the Killing vector field k* is hypersurface orthogonal.

Then the electromagnetic field is at each point of the spacetime either trivial, Fy, = 0,

Following reference [40], we write f = O(r~*) when f is of order O(r=*) as r — oo and
f = Ou(r~%) when 9;, ...0;,f = O(r~*=*) for an arbitrary set of coordinate indices {i1,...,i}.
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or stealth.

Theorem 4.2. Suppose that a spacetime with the electromagnetic field satisfies basic
assumptions and the gravitational part of the action is the Einstein—Hilbert’s with
the electromagnetic energy-momentum tensor obeying the dominant energy condi-
tion. Then the spacetime is isometric to the Minkowski spacetime (R*,ny) and the
electromagnetic field is at each point of the spacetime either trivial, Fy = 0, or
stealth.

4.2.1 Preliminaries and divergence identities

The theorems apply to spacetimes with a strictly timelike Killing vector field k¢,

whose norm is related to the function V' := —k, k% > 0. The associated twist 1-form
w = —*(k A dk) (4.1)

“measures” the deviation from the case in which k% is hypersurface orthogonal.
Consequently, the twist 1-form vanishes in static spacetimes. The prefactors in the
definitions of w differ throughout the literature, for example, Heusler [96] introduces
a twist 1-form @ such that w = —2&. Our choice is motivated by its simple form
in the abstract index notation, w, = €,*k,V k4, without any additional factors
present.

The integral parts of the proofs are appropriately constructed divergence identi-

ties. First, we derive an auxilliary result,

k 1
d (V) 7z (Vidk — AV A k) = — (kA dk) =

1 1
== gtk A d) A K) = o x(w A k) (4.2)

Using the formula above together with the second generalised source-free Maxwell’s

equation (d*Z = 0), we get

D, 1 1
v (7) = —*dx (_V sz) —xd ( kA *Z)

:—*(—*w/\k /\*Z) —H*Z |wAk) =

</

= ——(w | i4xZ) , (4.3)
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where the second equality was derived from
—x il = xixkle = kK AN X7 . (4.4)

Taking everything into account, it follows that

o [ Da B weH®
\Y% (7) =77 - (4.5)

An analogous identity can be obtained for the magnetic field,

ve (%) = —*dx (% z’wF) = —xd <% k A F) =
1

1
= —% (—2*(w/\k)/\F> = W(F | wAk) =
1 .
= _W(w | ik F) (4.6)
finally,
ve (Do) 2 @el0 (4.7)
V) v? '

Particularly useful identities are the ones involving squares of the fields, derived

using (4.5) and (4.7),

A 4 " " weH*

\Y (V Da> =7 (LEEY — L4E,BY) — @ vz (4.8)
A 4 " " we®

\Y (V Ba> =7 (ZL5B,B* + £4E,B*) + ¥ vz (4.9)

where ® and W are scalar potentials defined in (2.20). If we focus on Einstein-
Hilbert’s gravitational action and invoke the Killing lemma [187], dxdk = 2xR/(k),

the exterior derivative of the twist 1-fom is
dw = —dx(k A dk) = —digxdk = 2ixR (k) = —2x(k AR(K)) . (4.10)

Einstein’s equation provides the relation between the Ricci tensor and the energy-

momentum tensor,

dw = —2x(k AR(k)) = 647.L5 x(k AT™ (k) =4EAH | (4.11)
where the last equality is calculated as follows:

167 ZLyx(k A TM(k)) = 4.L5x(k N igF) = -4 %L5iyxipF =
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= 4% (EAXF)=—-4%4EAB=EAH . (4.12)
We may recast this expression using the electromagnetic scalar potentials as
dw=—-4(dPAH)=—-4EAAY) , (4.13)

to obtain two closed 1-forms, w 4+ 4®H and w — 4VE. Then, we can introduce two

new scalar potentials, Ug and Uy related to the twist 1-form,

The assumption (1), i.e. the simple connectedness of the manifold .#, guarantees
that the scalar potentials are globally well-defined. By construction, it immediately
follows that £,Ur = 0 and £,Ug = 0. Another fundamental identity,

ve (%) ~0, (4.15)

easily follows if one uses the previous result (4.2) and Eq. (A.17),

kAé(%):—5<kA%>:*d*<k/\%>:0. (4.16)

The Eq. (4.15) enables deriving another two divergence identities,

ve (UE %) - wa‘vf—‘;UE , (4.17)
ve (UH %) - “’QZ;‘;UH . (4.18)

4.2.2 Proofs of the theorems

Now that all the main tools are presented, we can apply them to prove the
theorems.
Proof of theorem 4.1. The considered domain may be split into two parts depending
on the value of %5, governed by the energy conditions. In this regard, we introduce

an auxiliary open set

O:={zeH|ZLs(x)#0} . (4.19)

Due to the null energy condition, %5 < Oforallz € O and % = 0forally € .#—0O.
The set O is nonempty since the electromagnetic field decays along each end and
the Lagrangian density obeys the Maxwellian weak field limit.

The gravitational field equation (2.4) at each point of the set .# — O comes
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down to E,, = 27T g,. Due to the vanishing divergence of the gravitational tensor,
V®E4 = 0, the trace T is constant on each connected component of the interior of
the domain, (.# — O)°. As we assume staticity, w = 0 and k“ is a hypersurface
orthogonal Killing vector field. Integration is performed over an arbitrary spacelike
hypersurface ¥ defined in technical assumption (4). Inserting 1-forms a = D/V
and a = B/V, which satisfy £y =0 in (A.18), gives us

/82%*(“])):0, AE%*(kAB):O. (4.20)

The boundary of ¥ may be understood as the “sphere at infinity” and the integral
is calculated in the limiting sense. For the 1-forms a = ®D/V and o = YB/V we

get, respectively,

d 4
v <v Da) = v (LB R — Z45E,B%) (4.21)
and
1 4
ve (V Ba> = v (ZB,B* + Z3E,B?) . (4.22)

The sum of these two divergence identities,

ve (% D. + %Ba> _ é (L E.E* + % BB | (4.23)
may be integrated over the hypersurface . The boundary term produced on the
left hand side vanishes with the aid of identities (4.20) and the assumed fall-off
conditions of the scalar potentials ® and W, leaving us with
/ Zs (E,E*+ B,B*)e=0, (4.24)
5 V
where € is the induced volume 3-form. Since k% is a strictly timelike vector field
and k°FE, = 0 = k,B®, neither E* nor B* can be causal. Thus, the integrand is
nonpositive on O N Y and zero on (# — O) N X. The total integral is zero, so
E® =0 = B and, as® .Z(0,0) = 0, the trace T' vanishes on O N Y. By continuity,
the trace is zero also on O N'Y and hence on the whole ¥. To conclude, at each
point of the set O N'Y we have F,;, = 0, while at each point of (.#Z — O) N X stealth
configurations are also possible besides trivial electromagnetic field.
The generality of the theorem is reflected in the fact that the details of the
gravitational action are not specified. The only requirements are that the tensor Ey;,

is divergence-free and the coupling between matter and gravitational sector minimal.

2We can always add a constant to the Lagrangian density that renders .#(0,0) = 0.
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In accordance with the theorem, examples of nontrivial stealth electromagnetic fields

in static spacetimes can be found for %5 = 0 [171].

Proof of theorem 4.2. We start from a conveniently constructed 1-form defined as

Ug+Ug 4

W
Its covariant divergence can be written compactly if we notice that

wawa == —4(I)WaHa + WavaUH - 4\ijaEa + wavaUE (426>

and use the basic divergence identities (4.8) and (4.9),

Waw®

V2

16
VW = o Ly (B,E" + B,B") +2 (4.27)

Furthermore, it can be cast in a more suitable form by making use of Einstein’s field

equation

1
Rab =87 <Tab - 5 Tgab) 5 (428)

and relation between Maxwell’s energy-momentum tensor and electromagnetic fields,
87T kK’ = E,E* + B,B" . (4.29)

Then, we get

4 2
o Rakk? = 37” (—4.,%2554 M)kakb) + 87T = =V, W +2

Waw?

V2

+ 87T, (4.30)

which can be related to Heusler’s mass formula as follows [95]. We contract xdw =
2k AR(k) with £* and take the Hodge dual,

ripkdw = —2VAR(k) — 2Rk "k %k . (4.31)
On the other hand, we have
*ipkdw = rx(dw AN k) =k A dw . (4.32)
Combination of the two terms returns

awk?k® 1
Rk e+ L e pdo . (4.33)

—R(F) == oV
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The last term in (4.33) can be expressed via

1 1 1
—d <Vk/\w) :—W*(w/\k)/\w—l—vk/\dw:

1 1
= —*iy(wAk)+ Vk/\dw =

V2
Waw® 1
=7 *k + Vk Adw (4.34)
so that we finally get
Rapkekb  waw® 1
_ — — k—-d|—k : 4.
*R (k) ( v e > *xk —d (QV A w) (4.35)

The fall-off properties of the twist 1-form w which follow from the technical assump-

tion (4) enable us to write Komar’s mass as

1 1 Rapkokb  waw®
M=_— = — k. 4.
dm /;RW in /E ( v 212 > * (4:36)

Finally, combined with equation (4.30) we have

M:—L/Vawa*k—l—l/T*k. (4.37)
167 Jx, 2 Js

The first term is again a boundary term that vanishes at infinity as a consequence
of the imposed fall-off conditions. The trace term is nonpositive due to the assumed
dominant energy condition. On the other hand, the positive energy theorem states
that M > 0 and M = 0 if and only if the spacetime is Minkowski. In our case, it fol-
lows that M = 0, which in turn implies T}, = 0, signifying that the electromagnetic

field is either zero or stealth.

4.3 Further generalisations

After considering a four-dimensional case with only NLE fields present, we ex-
plore two possible routes of generalisation. The first possibility is the addition of
charged matter, which comes with the difficulty of treating the current term in
the generalised Maxwell’s equation. As our model, we may choose a complex scalar
field  minimally coupled to the electromagnetic field, such that the total Lagrangian
density is given by

LN = L(F,8) — (Dadp)* (D) — % (") (4.38)
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where D, = V, +i1qA, is the covariant gauge derivative and % the scalar potential.

The second generalised Maxwell’s equation has a source term,
dxZ = 47 +J | (4.39)
where the current 1-form reads as
9 ]
Jo= 0 (6Du6 — 6(Du0)") (1.40)

First, we focus on the strictly static case with w = 0 and rederive the divergence

identities taking into account the equation (4.39),

ve (% Da) — %* (K A dwZ)) = 47” x (kA +J) = —4% K Ja (4.41)
o 4 A

(Cp VNt wEE - 2p By 2T 4.40

V(V ) (LB~ BEBY) - T, (4.42)
1

«(1p)—o0. 4.4

v (v ) 0 (4.43)

There are two major obstacles that prevent us from repeating the same argument as
above. An additional term proportional to ®k%J,, which is a priori neither positive
nor negative definite, appears in the divergence identity (4.42). In order to fix its
sign, we assume that the scalar field is symmetry inheriting, £,¢ = 0 and choose a

gauge in which £,A = 0. Taking into account that
d(fb + ZkA) =—-E+ (fk - de)A =0, (444)

and if both ® and k®A, vanish at infinity, we can set & = —k®A,. Under these
assumptions, the “problematic” term becomes nonnegative,
(q®)

2
PEYJ, = b >0 . 4.4
o= P >0 (4.45)

The magnetic scalar potential uncovers another caveat. On the domain with non-

vanishing electric current, the magnetic field 1-form H is no longer closed as
dH =4mx(k A J) | (4.46)

signifying that the scalar potential cannot be defined in the usual way. Consequently,
the proof of the theorem can be carried out only in specific scenarios. For example,

if k AJ = 0 (in other words, if the current is proportional to k), the magnetic
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scalar potential can be introduced in the same manner as before and the divergence
identity (4.22) remains valid. The second option is to consider a purely electric
system in which B = 0 so that the proof relies on Eq. (4.42).

Whenever one of the conditions above is met, we may repeat the proof and
deduce that the electromagnetic field on the domain given by the set O is trivial.
For F-class theories we may again use the Eq. (4.42) to conclude that E =0 on O,
however, nothing can be said about the magnetic field B without invoking one of
the aforementioned conditions.

On the interior (.# — O)°, the divergence of the gravitational field equation re-
duces to V,T' = 4J°F},. From the decomposition VF = k A E + x(k A B) and
k*V,T = 0 since all the fields are symmetry inheriting, we can conclude that
VV,T = 4(k*J,)E,. Setting B = 0 implies D = 0 on the set (.# — 0)°, while
divergence identities give k%J, = 0. Finally, we may conclude that the trace T'
is constant on each connected component of the set (.# — O)°. It is not obvious
whether the same holds in the more general case when B # 0.

One way of evading this no-go theorem is by considering symmetry noninheriting
scalar fields, as is the case with spacetimes containing charged boson stars. The
scalar field sourcing such solutions is often time dependent, typically of the form
o(t,r) = f(r)e™, so that £,¢ = iwe and the term ®k*J, generally has no definite
sign.

The theorem 4.2 can be readily generalised in the case of Lagrangian density
(4.38) if one includes one additional restriction. Its corresponding energy-momentum

tensor is equal to

Ty = ~425 Tt {Tagart 5 (D) Do 1 (Do) (D°0) + % (6°6))gus, (447

therefore, compared to the purely NLE case (4.11), the exterior derivative of w

contains an extra term,
dw = —2x(k AR(k)) = 647 L5 x(k A T (k) + 167 (igA) x (k AJT) . (4.48)

When deriving the equation (4.48), we again assumed that the scalar field is sym-
metry inheriting in order to dispose of the k*V,¢ terms. If the “spacelike” current
is absent, k A J = 0, one may proceed with the proof in the same manner as before.

Notice that the theorem applies also to the symmetry noninheriting complex scalar
fields for which £1¢ = iwg, since

2 (D () Dy = (/) — K As)J, (4.49)
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Another direction of generalisation lies in considering higher-dimensional theories,
with a focus on the spacetimes of dimension m > 5. By definition, the invariant G
is no longer a scalar when m # 4 so we only deal with F-class Lagrangians. We will
define the twist (m — 3)-form as w := (—1)""x(k A dk) in order to keep its form

in abstract indices intact,

Way...am-3 = Eal...am_gdekackd : (4.50)
The 1-form D = —i,Z can be rewritten as
D = (—1)"x(k AxZ) , (4.51)

so that we get an auxiliary result

D 1
a2 ) — ___— k 701 Gm2 59
\Y ( %4 ) (m — 2)|V2 (w VAN )al.,_am72 * ( 5 )

The divergence identity in strictly static spacetime becomes

® 4
Vi l=D, )| =% ELE". 4.53
(70.) = % (4.5%
Relying on the natural fall-off conditions, ® = O(r~™=3)) and D = O(r~("2) [136],
the proof proceeds as before and E = 0 on the set O. An additional challenge comes
with treating the magnetic field forms B and H. In an m-dimensional spacetime

they become (m — 3)-forms, which makes divergence identities more involved.
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Chapter 5

Constraints on singularity
resolution by NLE fields

5.1 Singularities in gravitational theory

The first exact solution of Einstein’s equation revealed a perplexing feature in
the behaviour of the metric. The apparent divergences of the metric components
raised a question about their physical interpretation. Taking the Schwarzschild met-
ric as an example, two different types of divergences can be singled out, a removable
coordinate singularity representing the black hole horizon and a physical spacetime
singularity. This in turn begged for a precise definition and a systematic classifi-
cation of spacetime singularities. Following the nomenclature given by Ellis and
Schmidt [56], the two most common types are non-scalar and scalar singularities.
The latter occur in a further non-extendible spacetime and imply “badly behaved”
curvature scalars, while the former manifest themselves as geodesically incomplete
spacetimes without problematic curvature invariants. In regular spacetime, the cur-
vature scalars must be bounded since they are coordinate-independent, but the
converse statement does not hold. The subtlety lies in the fact that the absence
of unbounded curvature scalars does not immediately imply the regularity of the
spacetime as there are examples of geodesically incomplete spacetimes with van-
ishing curvature scalars [187]. The problem of determining regularity conditions is
even more complex as one can find a geodesically complete spacetime that contains
an incomplete nongeodesic timelike curve of bounded acceleration [66].

The existence of the spacetime singularities brought into question the generality
of their formation. Namely, the first solutions of Einstein’s equation were highly sym-
metric, thus eliciting the suspicion that their singular behaviour is an artefact of the

artificially imposed symmetry. The formulation of Hawking-Penrose singularity the-
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orems [84, 143, 81], whose backbone are energy conditions and certain requirements
on the causal structure of the spacetime, disputed this doubt. Although generic,
these assumptions are strong enough to imply the existence of incomplete geodesics,
consequently confirming that the spacetime singularities are not “by-products” of
idealised symmetric solutions.

Before resorting to the quantum extensions of the classical gravitational theory,
which are expected to resolve the spacetime singularities [44], there are other options
worth exploring. For example, one option is to prove the quantum completeness of
the otherwise geodesically incomplete spacetime, which is done by replacing the
classical probe with the quantum one [190, 101]. Also, one could utilise the semi-
classical backreaction to dress the singularity [73, 38, 37, 106, 97]. Another option is
to consider the possibility of regularisation by coupling the classical matter fields to
gravitational action. This will be our direction of the investigation, with the matter
sector consisting of NLE fields.

Singularities are also encountered in Maxwell’s electrodynamics, demonstrating
as divergences in the electric field and the self-energy of a point charge. Some of the
NLE theories may cure those singularities. For instance, Born—Infeld Lagrangian
[21, 20] was constructed with this specific aim, while Euler-Heisenberg Lagrangian
[86] removes only the singularity in the energy of a point charge. The electrostatic
quantities of a point charge are not regularised within ModMax theory [8], but some
of its further modifications are successful in this aspect [114].

Motivated by the examples from electromagnetism, there was a hope that a sim-
ilar analogy may be established in gravitational theory, i.e. that the regularisation
of the spacetime singularities may be achieved by coupling the NLE fields to the
gravitational action. This idea blossomed after the proposed regular Bardeen black
hole [9] got an interpretation in terms of an NLE Lagrangian [6]. The systematic ap-
proach to the problem of regularisation using NLE fields was advised by Bronnikov
[27], who gave a general criterion under which a static, spherically symmetric solu-
tion sourced by an NLE Lagrangian given as a function of invariant & and obeying
Maxwellian weak field limit will be globally regular. The main result is that black
holes endowed with electric charge cannot have a regular centre and regularised black
holes can only be found among magnetically charged solutions. This conclusion was
supported by many examples of regular magnetically charged black holes emanating
from NLE Lagrangians with MWF limit [125, 121, 2, 115, 113, 112] Bronnikov’s
theorems can be evaded by relaxing the assumptions, precisely, by discarding the
MWEF limit condition. In that case, even the electrically charged black holes may

be regular, due to the presence of a “de Sitter core” (de Sitter behaviour as r — 0)
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[53, 29, 7]. Another way of avoiding Bronnikov’s constraints is to construct a specific
solution with a core simulating a phase transition [28].

Bronnikov’s idea is based on examining the behaviour of curvature scalars ex-
pressed via electromagnetic invariants and charges. If there exists at least one un-
bounded curvature invariant, the spacetime is immediately labelled as singular. For
this reason, scalar singularities bear enough information to formulate a no-go the-
orem. Our goal is to extend Bronnikov’s theorems to encompass a larger class of

NLE Lagrangians, those depending on both invariants ¥ and G [18].

5.2 Electromagnetic invariants

Following Bronnikov’s approach, we have to infer how many different invariants
may be formed out of the contractions of the energy-momentum tensor. Einstein’s

field equation,
1
Rab - éRgab + Agab = 8Ty ) (51)

will provide a direct link between calculated matter quantities on one side and
curvature invariants on the gravitational side.

The evaluation of relevant electromagnetic invariants can be carried out straight-
forwardly using spinor calculus [144, 173] (see Appendix B). For notational simplic-
ity, we introduce the shorthand notation (X")%, = X% X _ ... X*" for any
rank-2 tensor X% and n € IN. The trace of the odd number of Maxwell’s energy-
momentum vanishes since such term is proportional to the contraction of the sym-

metric spinor ¢ 2p with the antisymmetric spinor €45 ,
T2n+1
(Tt he, =0. (5.2)

The trace of the even number of Maxwell’s energy-momentum tensors attains a

simple form (for a more detailed derivation, see Appendix B),

(4myn (e, = L (g2 4 g2y (5.3)

a 42n—1

Combining the expressions above, the contraction of two NLE energy-momentum
tensors (2.8) can be expressed in terms of two invariants, the trace T' and £ (F? +
9°),

AT TS = 7212 + L2(F? + G2). (5.4)
The question is whether a new, independent invariant can be extracted from the

consequtive contractions of more NLE energy-momentum tensors. Using the bino-
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mial formula and Eq. (2.8), the expression (5.4) can be generalised for the trace of

an arbitrary number of NLE energy-momentum tensors,
n\a n - n -n n—k k\a
(T"), = A(T/4)" + > (k)zlz’“ (= L5k (T")e, (5.5)
k=1

where the trace term 7™ is written separately for clarity. From the derived formula
(5.5) it is obvious that no new invariants can be constructed in this manner. All
of the contractions reduce to the higher powers of two fundamental invariants, the
trace T and Z2(F2 + G?).

The relation between the curvature invariants and the electromagnetic invariants

can be established via Einstein’s equation (5.1), resulting in

R—4A = —87T, (5.6)
Ry R™ 4+ 2M(2A — R) = (87)2 T,y T . (5.7)

If the spacetime is regular in the sense of bounded curvature invariants, i.e. Ricci
scalar R and Ricci squared Rg,R® are bounded, then the same has to hold for
matter invariants, T,,7% and 7. This in turn implies that %J and %G also have
to stay bounded. Since our arguments do not depend on the asymptotic behaviour

of the spacetime, cosmological constant A is kept just for the sake of generality.

5.3 Application to the spherically symmetric space-
time

As a test model, we take the most simple, spherically symmetric spacetime. No
generality is lost with this choice since a candidate NLE theory should successfully
regularise an arbitrary black hole solution, with no additional parameters (for in-
stance, angular momentum) that may be adjusted to aid this cause. The metric of

a static and spherically symmetric spacetime can be written as [187]
ds* = —a(r) dt* + B(r) dr® + r* (d6® + sin® 6 dp?) , (5.8)

if V,r # 0. We assume that the radial coordinate has a minimum r = 0, which
we will refer to as a centre. Also, we suppose that the function w(r) = \/a(r)5(r)
has no zeros for points with 0 < r < r,, where r, > 0. This condition states
that there are no horizons at least in some neighbourhood of the centre. Without

loss of generality, some specific spacetime configurations such as wormhole or “horn”
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(infinitely long tube of a fixed finite radius) solutions can be discarded, as guaranteed
by Bronnikov’s theorem 2 [27]. Namely, the aforementioned theorem states that
if the spherically symmetric spacetime is sourced by the energy-momentum tensor
which satisfies the condition 7% = T"_ | then the spactime cannot contain a horn and
the radial coordinate cannot have a regular minimum. The latter condition excludes
wormhole solutions, since in that case the radial coordinate attains a regular and
finite minimum at the wormhole throat.

We consider the regularisation of the problematic point, which is the centre,
possible if the curvature scalars are bounded as r — 0. The exact meaning of this

assertion is defined precisely below.

Definition 5.1. We say that some scalar 1 (r) is bounded as r — 0 if there is a real
constant M > 0 and a radius ro > 0, such that |¢(r)| < M for all 0 <r < 1y.

Such definition of boundedness does not impose a very strong constraint, as it
may happen that the limit lim, o1 (r) does not exist. For example, function of the
form ¢ ~ sin(1/r) widely oscillates as  — 0, but stays bounded in the same limit
according to the definition above. Therefore, there is a possibility that the invariants
in a certain spacetime obey the Definition 5.1, but that does not guarantee that they
are well-behaved in a neighbourhood of the centre.

For completeness, we repeat the final form of NLE Maxwell’s equations in spher-
ically symmetric spacetime, which were derived in Chapter 2,

_ P
Br:ﬁ7

= = Q
E, - 4B, = ——. 1
L5E, — 2B, = — 15 (5.10)

(5.9)

The general idea behind formulating no-go theorems is to assume that both R and
R R® are bounded as 7 — 0, which translates, using Eqgs. (5.6), (5.7) and (5.4),
into boundedness of 5%, %G and T in the same limit. As we will demonstrate,
the contradiction stems from the fact that the regularity assumption is often incom-
patible with the Maxwellian weak field limit. However, it can happen that both R
and R, R are bounded, while other curvature invariants diverge. For example, the
Kretschmann scalar Rg.qR%° cannot be directly controlled via Einstein’s equation
and related to the matter fields. Nevertheless, our mild demands are strong enough

to pose serious limitations for many physically relevant cases.
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5.3.1 Electric case

Since magnetic monopoles are still of theoretical interest only, the most impor-
tant cases are black holes equipped with electric charge. We present a complete
generalisation of Bronnikov’s theorem that covers all FG-class Lagrangians with

Maxwellian weak field limit.

Theorem 5.1. Suppose that the spacetime is a static, spherically symmetric solu-
tion of the Finstein—-NLFE field equations with FG-class NLE Lagrangian obeying the
Mazxwellian weak field limit. Then, in the electrically charged case, that is P = 0
and Q # 0, Ricci scalar R and Ricci squared Ry R® cannot both remain bounded as

r — 0.

Notice that theorem 5.1 immediately applies to all F-class Lagrangians.
Proof of theorem 5.1. When the magnetic charge is absent, it immediately fol-
lows from (5.9) that B, = 0. Then, the second Maxwell’s equation (5.10) can be

rearranged as

F 8
B Q2
Assuming that both R and R R are bounded, the same has to apply for F.%,
meaning that! F = o(r3) as r — 0. The invariant G is identically equal to zero as
we have B, = 0. Since .£? = —Q?/(8Fr?), & is unbounded as r — 0 which is in

direct contradiction with the assumed Mawellian weak field limit. It is important to

(F.Ly5)%r. (5.11)

stress that the contradiction with the Maxwellian weak field limit is manifest due
to a fortunate circumstance: the r — 0 limit coincides with the weak field limit in
which both F and G approach zero. O

Our conclusion is backed up by the known solutions; electrically charged Born—
Infeld [160, 60, 51, 64] and Euler-Hesienberg black holes [202, 159] are not regular.

5.3.2 Dyonic case

The same procedure cannot be applied directly to the dyonic case, in which both
@ # 0 and P # 0. The main obstacle comes from the fact that the Maxwellian weak
field limit does not correspond to the » — 0 limit. This can be easily seen if we

rewrite the electromagnetic invariant F in terms of the other invariant G,

F=2 (E o 92> . (5.12)

!Throughout the chapter we use Landau’s little-o notation to denote the behaviour of a certain
quantity as r — 0.
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The expression above implies that both invariants F and § cannot simultaneously
go to zero as we approach the centre and the opportunity to test the Maxwellian
weak field limit is lost. Nevertheless, a useful conclusion can be drawn from Eq.
(5.12). Namely, if we manage to prove that both F and G should remain bounded
as r — 0, it immediately leads to a contradiction.

From Maxwell’s equations (5.9)-(5.10) and the definition of invariant G we get

~ 2 ~
LB, = 4G Z—P _gp -2 _1 (ggp - 9) , (5.13)

A g2 4

which can be restated as

(5.14)

Q) _ 25§

1
~(zp-2) ==,
3 ("% 1 aP

If the spacetime is regular, Z59 and consequently the right hand side remain
bounded as r — 0. This in turn fixes the behaviour of %%,
Q

Ly = BT o(r®) as r—0. (5.15)

The fact that the invariant %5 is bounded simplifies proofs in the dyonic case.
First, we revisit Bronnikov’s theorem [27] and prove it in a slightly different

manner.

Theorem 5.2. Suppose that the spacetime is a static, spherically symmetric solution
of the Finstein-NLE field equations with the F-class NLE Lagrangian. Then, in the
dyonic case, that is P # 0 and Q # 0, Ricci scalar R and Ricci squared Rq,RY

cannot both remain bounded as r — 0.

Proof of theorem 5.2. 1f both R and R,,R® are bounded as r — 0, the same
holds for %53 and £5G. Maxwell’s equation for F-class Lagrangians is

%95 — B - -9 (5.16)
F AP — Flor — 4’]”2 y .
which leads to a contradiction as %53 should remain bounded as » — 0. O

Theorem 5.2 relies only partly on the Maxwellian weak field limit as we do not
invoke the condition £y — —1/4 as (F,9) — (0,0), but we have .Z5 = 0 identically.
Since the Maxwellian weak field limit is not necessarily attained as the radial
coordinate approaches the centre, we cannot derive a general constraint valid for all
FG-class Lagrangians using this approach. Instead, we will consider some particular

classes of NLE theories. Without loss of generality, FG-class Lagrangian can be put
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in the following form
1
£ =T Hh(T9), (5.17)

where h is a C'-class function.
The theorems can be easily formulated for two specific subclasses of NLE theories,

the first of which is valid both for dyonic and strictly magnetically charged solutions.

Theorem 5.3. Suppose that the spacetime is a static, spherically symmetric solution
of the Einstein-NLE field equations with the NLE Lagrangian (5.17), such that h =
h(G). Then, given that P # 0, Ricci scalar R and Ricci squared Ry R®™ cannot both

remain bounded as r — 0.

Proof of theorem 5.3. Since %5 = —1/4, if we demand that Z5F and %59
are bounded, then F and G should also be bounded as r — 0, which leads to a
contradiction. O

Similarly to the theorem 5.2, we do not need to invoke the full form of Maxwellian
weak field limit. We have identically %5 = —1/4, but the condition Z5 — 0 as
(F,9) — (0,0) is not necessary for the proof.

Theorem 5.4. Suppose that the spacetime is a static, spherically symmetric solu-
tion of the Einstein-NLE field equations with the NLE Lagrangian (5.17), such that
hMF,G) = aF°G", with a real constant a # 0 and integers s,u > 1. Then, in the
dyonic case, that is P # 0 and Q # 0, Ricci scalar R and Ricci squared Rg,R™

cannot both remain bounded as r — 0.

Proof of theorem 5.4. Explicit evaluation of invariant %5 gives us
1
L5F = —Z?+sh ) (5.18)

and the second invariant useful for this theory is the trace of the energy-momentum
tensor, which is equal to
ml'=(1—-s—u)h. (5.19)

Then, boundedness of T" and %53 imply boundedness of h and F as r — 0. From

and (5.15), it follows that G has to be bounded as r — 0 which is in a contradiction
with (5.12). O
Motivated by the form of Euler-Heisenberg Lagrangian, we turn to Lagrangians

in which the function h is a quadratic polynomial in electromagnetic invariants.
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Theorem 5.5. Suppose that the spacetime is a static, spherically symmetric solu-
tion of the Einstein-NLE field equations with the NLE Lagrangian (5.17), such that
hF,SG) = aF?*+bFG + cG?, where a, b and c are real constants. Then, in the dyonic
case, that is P # 0 and Q # 0, Ricci scalar R and Ricci squared R, R® cannot both

remain bounded as r — 0.

Proof of theorem 5.5. The derivatives Z5 and %5 define a linear system of

equations in & and G,

Ly + i = 2aF + b3, (5.21)
Lo = bF +2¢5. (5.22)

Using expression (5.15), we have

(bF +2c9).L5 = (% + o(r3)) Ly . (5.23)
If %5 and %G should remain bounded as » — 0, the same has to be valid for %5
itself.

Depending on the determinant of the linear system above, A = 4ac — b?, there
are two different cases. First, in the nondegenerate case (A # 0), boundedness
of Z5 and Z5 implies boundedness of F and G as r — 0, which is an immediate
contradiction. In the degenerate case, that is A = 0, we have to consider several
subcases. If we set ¢ = 0, then b = 0, and the resulting Lagrangian belongs to the
F-class, which is already covered by the theorem 5.2. If a = 0, then b = 0, and we
return to the theorem 5.3. Thus, the only new subcase is a # 0 # c¢. Multiplying
both sides of

1 2
Ly =+ 2 (5.24)
4 b
by F and using (5.15) gives us
B 1 a@Q N
fffg—( 4+2bP+0(T))ff as r—0. (5.25)

If the right hand side does not vanish as r — 0, i.e. 2a@Q) # bP, we can conclude
that F is bounded as r — 0. Furthermore, from Eq. (5.22) we may deduce that the
invariant G is also bounded as r — 0, which leads to a contradiction.

In the subcase with 2a@) = bP, equations (5.21)-(5.22) imply

Q

PLy - Q=+ (5.26)
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Using Eq. (5.14), the invariant G can be expressed as

4P 4QP
9= g (ng - %) - ?4 ’ 20

while the invariant F via Eq. (5.12) becomes

g2 (P* - Q%). (5.28)

4
Inserting these expressions into (5.22) gives us

2b
R

Zs (Q*+ P?). (5.29)

The right-hand-side is unbounded as » — 0, which is in a direct contradiction with
the Eq. (5.15). O

Two prominent examples of NLE theories not covered by the theorems above are
Born-Infeld (2.50) and ModMax (2.57) Lagrangians. The constraints that apply to

these theories are summarised in the theorem below.

Theorem 5.6. Suppose that the spacetime is a static, spherically symmetric so-
lution of the Finstein—-NLFE field equations with the Born—Infeld or ModMax NLE
Lagrangian. Then, given that P # 0, Ricci scalar R and Ricci squared Rq, R* cannot

both remain bounded as r — 0.

Proof of theorem 5.6. First, we assume that  # 0 and consider Born—Infeld
Lagrangian. The terms F.%5 and Zs,

1 F
Ty =~ , (5.30)
3‘ 2
1+ 5 — 1o
1 S

Ly = (5.31)

1652 7 g
V1toe = 1w

can be interpreted as a system in G, which can be solved in a few steps. Combining

(5.30) and (5.31) in order to eliminate the square root gives the relation
W LT = — (LTS, (5.32)
and after squaring (5.31), we get

§2(1+16.22) = (1662.,%)2<1 + 2—3;2) . (5.33)
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The two auxiliary expressions, (5.32) and (5.33), together define a quadratic equation

for G with the solution 2 G Ty
+
F

where W is defined as

W= \/(3"3?)2 b1+ 16.22). (5.35)

If we demand that R, R and R are bounded, then G has to be bounded as r — 0.
Recalling the Eq. (5.32), we deduce that JF is also bounded as r — 0, which leads

to a contradiction. In the purely magnetic case, after evaluating Maxwell’s equation
(5.10),

p? ~
<1 + —) E, =0, (5.36)

b2r4

we can infer that Xgﬁr = 0 for all points where » > 0. We show that the case in

which %5 has zeros on this domain can be excluded from consideration. Since

P ~
Ly =——+—= L5E, 5.37
5 ok (5.37)
it follows that .£5 = 0. Given that both the trace 7" and the invariant F.Z% should
be bounded, the same must hold for the Lagrangian (2.50) itself. Thus, Z5 has no
zeros for r > 0 and the only possibility left is E’T =0. Then § =0 and F = 2P?/r*

so that the invariant

bP?
FLy = — , 5.38
TN (5.38)
is manifestly unbounded as r — 0.
In the dyonic case of ModMax theory, we have
~ Qe ~ P
E,. = o B, = ol (5.39)
Direct evaluation gives us
Q2 + P2 Q2 - P262fy
FL5 = 5.40
7 27t Q2% + P2ex’ (5.40)
P 24 p?
Gy — LY @t (5.41)

Q2 + P2ev’

Both invariants are bounded as » — 0 only in the trivial case, thatis P =0= . O

2Sign cannot be chosen unambiguously as F, .Z5 and .Z5 do not determine G uniquely. However,
our result remains unaffected.
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Theorem 5.6 implies that static, spherically symmetric, either dyonic or magnetic
Born—Infeld and ModMax black holes suffer from unbounded curvature invariants
as we approach the centre, meaning that the singularity is still present. If we recall

the results from the literature [61, 60, 30, 64], this conclusion comes as no surprise.

5.3.3 Magnetic case

Due to the severe constraints on the electric and dyonic black holes, the only pos-
sibility left are strictly magnetically charged solutions, with the caveat that magnetic
charge has not yet been observed. A representative example is the regular Bardeen
black hole [9], sourced by the reverse-engineered F-class Lagrangian which violates
the Maxwellian weak field limit [6]. The family of regular magnetically charged black
holes has expanded after Bronnikov [27] noticed under which conditions the central
singularity may be absent, even if it is demanded that F-class Lagrangian respects
the Maxwellian weak field limit. The argument goes as follows. With the metric
function set to f(r) =1 —2M(r)/r, the relation between the NLE Lagrangian and
function M (r) provided via (2.31) returns

M(r)=— /3(?)7’20[7“ , (5.42)

where F = 2P?/rt. Then, if the limit limg_,, £ (F) exists and is finite, the space-
time can be regular as r — 0. The Maxwellian weak field limit guarantees the
convergence of the integral M (oco) obtained by integrating over the full range of
radial coordinate, since in the asymptotic region, that is » — oo, Lagrangian takes
the value .Z = —P?/(2r") + O(r™).

Before proceeding, we derive two expressions useful for magnetic case. The
second NLE Maxwell’s equation (5.10) with @ = 0, when multiplied by E, gives us

2
(i 1 )gg - 1399 7 (5.43)

while multiplication by B, leads to

1 p?

- %59 =—295. 5.44

1 59 15 (5.44)
Previously proved theorems 5.3 and 5.6 apply also to the purely magnetically charged
black holes. We reexamine the prominent class of quadratic NLE Lagrangians,
appearing in the low energy limits of quantum field theories, this time with the

electric charge set to zero.
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Theorem 5.7. Suppose that the spacetime is a static, spherically symmetric solu-
tion of the Einstein-NLE field equations with the NLE Lagrangian (5.17), such that
hF,SG) = aF*+bFG+cG%, where a, b and c are real constants, such that the ordered
pair (b,c) # (0,0). Then, in the magnetically charged case, that is P # 0 and Q = 0,

Ricci scalar R and Ricci squared Ry, R® cannot both remain bounded as r — 0.

Proof of theorem 5.7. The proof can be divided into two subcases.
a) Assume that b = 0. If a = 0, we are back at the theorem 5.3, so we will

suppose that a # 0. From (5.44), we get

8cP?
(.,%;— " )9:0. (5.45)

At each point where § = 0, we have ET = (0 and

1 4aP?\ 2P?
=(—= — A4
L5F ( 1 + " ) pral (5.46)
while at each point where G # 0, we have %5 = 8cP?/r*, while
1 (1 8cP?
F=—1|- A7
2a (4 N r > (5.47)
and 1 8cP?\ 4cP?
c c
=(-4+—)—. A4
L5F (4+ — ) — (5.48)

So, at either type of points, the invariant F.Z% is unbounded as r — 0, in contra-
diction with the assumption that R, R and R are bounded.
b) Assume that b # 0. From (5.44), we have

7,4

I= 0P

2c
gfrfg - ? 9. (5.49)
Inserting the expression above into (5.43) gives us
(4P*(b* — dac) — br* %) G = bP* + 2r* (b.L5F — a%55) . (5.50)

This case is branching further into two subcases. If b* # 4ac, G is bounded as
r — 0 and the contradiction follows from (5.49) which implies that F should also be
bounded. On the other hand, if b* = 4ac (notice that the case ¢ = 0 is immediately
excluded), %5 and % are related through

1 b

Ly = 1 + %gg , (551)
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which implies via (5.44) that % is bounded as » — 0. Since

255 = (—i + %Zg) g, (5.52)

the same applies to §. The relation
bF = L5 — 2cY (5.53)
suggests that F is also bounded as r — 0 and we again reach a contradiction.  [J

Theorem 5.7 does not cover quadratic F-class Lagrangian of the form Z(F) =
—F/4 + aF?. From Eq. (5.44) we see that one option is to take § = 0 and obtain
the contradiction by repeating the proof above. Alternatively, we may set £y = 0,
which translates into F = 1/(8a). Maxwell’s equations are automatically satisfied,
with N P2 . N P

Ezzﬁ_m_a and B,,:ﬁ. (5.54)

The Einstein’s equation can be written as
1
Rab - 5 Rgab + )‘gab = 07 (555)

where the introduced effective cosmological constant is

1

A=A+ 390 (5.56)
Static and spherically symmetric solutions of Eq. (5.55) are Schwarzschild-(anti-)
de Sitter black holes [23, 124]. Although the curvature invariants R = 4\ and
Ry R™ = 4)\? are constant and thus trivially bounded, the Kretschmann scalar
Rapea R suffers from the standard Schwarzschild-like singular behaviour as r —
0. An interesting feature of this solution is that the electromagnetic field enters
the field equations as a part of the cosmological constant and manifests itself as
a nonvanishing magnetic charge P. In principle, one could glue the solution with
G = 0 to the one with .% = 0 along the overlapping hypersurface r* = 16aP2.
Unfortunately, this construction carries over the original spacetime irregularities.

The no-go theorems for dyonic and magnetic cases are summarised in Table 5.1.
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Table 5.1: A concise overview of no-go theorems with the X sign labelling singular cases.

Dyonic | Magnetic

F-class Lagrangians X

quadratic Lagrangians

L =—1F+aF +0F5+c3*| X X
L =—1F+h(9) X X

&L =—1F+aFG", s,u>1 X
Born-Infeld Lagrangian X X
ModMax Lagrangian X X

5.3.4 Neutral case

Finally, we consider the neutral case in which Q = 0 = P. From the first
Maxwell’s equation (5.9), it follows that B, = 0, while the second one (5.10) is
reduced to fgﬁr = 0. Hence, at each point, we have either trivial fields or Z5 =
0. In the latter case, the NLE energy-momentum tensor is proportional to the
metric, Ty, = (T'/4)gap, s0 its contribution is in the form of the effective cosmological
constant. The solutions are again Schwarzschild-(anti)-de Sitter black holes, which,
by the arguments given at the end of the previous chapter, are not regular in the
sense of bounded curvature invariants. This subcase is more of a curiosity since for

most of the NLE Lagrangians the function .2 does not have zeros [171].
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Chapter 6

Spacetime block-diagonalisation
with NLE fields

6.1 The problem of integrability and symmetries

Spacetimes with symmetries provide a suitable arena for establishing various
uniqueness and black hole no-hair theorems. This mathematically convenient re-
duction has a physical justification, as near-equilibrium gravitating configurations
should correspond to these idealised states. A further simplification is achieved
if the symmetries force the metric to attain a block-diagonal form, with coordi-
nates adapted to the corresponding Killing vector fields. We are interested in the
conditions that guarantee block diagonalisation of the metric, encapsulated in the
Frobenius’ theorem. A central element in the statement of the theorem are distri-
butions defined by Killing vector fields {K&), e Kzln)} on a smooth, orientable
m-manifold M with a smooth Lorentzian metric g,,. To set aside the trivial cases,
we assume that the Killing vector fields are linearly independent on a nonempty
open subset N C M and that m > 3 and n > 1. Linear independence breaks down
on the set M — N, which consists of, for example, the axis of axial symmetry or
bifurcation surfaces of the Killing horizons.

Killing vector fields enable defining two distributions, whose integrability in turn
implies block-diagonal metric form. A distribution Z, spanned by the n linearly
independent vector fields K (“1), oK gn), is a smooth rank-n subbundle of the tangent
bundle T'N. By the metric isomorphism, each of the Killing vector fields has an
associated 1-form K whose components are given by K = Jan KK é’i). Set of these
I-forms {K®, ..., K™} defines the second distribution 2+, a smooth (m — n)-
subbundle of the tangent bundle T'N, such that 2+, := Ker KW |, M- - - N Ker KM,
at each point p € M. Hence, the distribution 2+ consists of the vector fields X
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for which KX = 0 at point p € M for all i € {1,...,n}. The products of the
Killing vector fields and the set of their zeros will be denoted by k;; := g KX K &.)
and 2 :={p € M | (1) : K{})|, = 0}, respectively. The Killing vector fields define
a decomposable n-form,

a=KDA AKMY, (6.1)

which is by definition nonzero on the set V.

The problem of the integrability of the distributions comes down to the ques-
tion of whether there are nonempty immersed submanifolds whose tangent space
coincides with a given distribution at each point. The answer is given by the Frobe-
nius’ theorem [119]: 2 is integrable if and only if it is involutive, meaning that
(K, Kj)* € 2 for all 4,5 € {1,...,n}, while Z* is integrable if and only if
a ANdK® =0 for all i € {1,...,n}. Involutivity of 2 does not pose a stringent
condition since the commutator of two Killing vector fields is again a Killing vector
field and a number of independent Killing vector fields has a maximum value of
m(m + 1)/2 [187]. A stronger condition is commuting of the Killing vector fields,
which enables choosing local coordinates in which they take the form Ky = 9/0%’
for all i € {1,...,n} [119]. In general, this will not be the case, but a procedure
given by Carter [34] and Szabados [176] provides a recipe for constructing commut-
ing Killing vector fields from given ones. Integration of the pull-back of a nonspace-
like Killing vector field K, along the orbits of a spacelike Killing vector field with
compact orbits K ®) produces a new nonspacelike Killing vector field that commutes
with K (&) This result is often called upon in stationary and axially symmetric
spacetimes, where we assume that the timelike Killing vector field and axial Killing
vector field are commuting.

The nontrivial step is proving the integrability of 2+. A basic idea [117, 141, 194]

relies on the identity
dx(a AdKD) = 2x(a AR(K@»)), (6.2)

which can be derived in a few steps, with the aid of the Killing lemma dxdK =
2xR(K) [187],

di(a A dKY) = i, - 'iK<1>*dK(i) -
= (—1)"ik,, - ix,, K =
= (=1)"2ix,, - - ircy R(K ) =
= 2*(0( AN R(K(Z))) .
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Here we can distinguish two subcases. First, the vacuum Einstein’s equation
1
Rab - 5 Rgab + Agab = 07 (63)

implies that the Ricci tensor is proportional to the metric, precisely (m — 2) Ry =
2Agq and the (m — n — 2)-form *(a A dK®) is closed for each 4. In the case when
m = n + 2, the situation is especially simple since x(cc A dK®) is a scalar, constant
on each connected component of N. If the set M — N is nonempty, this constant is
by continuity zero on each connected component of N with a nonempty boundary
and, consequently, 2+ is integrable. If there are fewer symmetries in the spacetime
(m > n+2), the form x(a A dK®) is no longer a scalar and the integrability of 2+
may be established using appropriate divergence identities [96].

Our focus will be on the other scenario, when the metric is a solution of the
non-vacuum Einstein’s equation

Ry = 87T + 2A = 879" Lo Gab - (6.4)
m— 2

Then, the integrability of 2 translates to vanishing of the (n+1)-form a AT(K;)
since

dx(a A dKY) = 2x(a AR(K(y)) = 167x(a A T (K@) (6.5)

where the relation between R,, and T, follows from (6.4). Notice that the second
term is absent in the final expression since it is of the form a A K@.

To illustrate the introduced concepts, we can single out two prominent classes of
spacetimes with symmetries. An m-dimensional spacetime is static if it is stationary
and the timelike Killing vector field satisfies the Frobenius’ condition k Adk = 0. A
four-dimensional spacetime is circular if it is stationary and axially symmetric, i.e.
admits a timelike Killing vector field k* and an axial Killing vector field m®, such
that [k, m]* = 0 and the Frobenius’ conditions k AmAdk =0 and k A\mAdm =0
are satisfied.

Once the integrability of both distributions has been established and 7T,M =
9|, ® 2*|, at each point p of some open subset of N, then this open set may be
covered by local coordinate charts of the form (U;z!,... 2" y" 1 ... y™), where
(2',...,2") are the coordinates for the integral manifold of 2 and (y"*',... y™)
are the coordinates for the integral manifold of 2+. Since ¢(9/9%%,0/dy’) = 0,
the spacetime metric in the matrix representation attains a block-diagonal form.
However, this construction is spoiled at each point ¢ where a nonzero vector £* such

that (* € 9|, N 9*|, exists. If a vector belongs both to 2 and 2+, it is a linear
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combination of Killing vectors K &.) and orthogonal to all of them at the same time,

thus ¢* has to be null. To distinguish the two scenarios, we define the orthogonal-
transitive domain of the spacetime as an open set O on which both distributions are
integrable.

So far, integrability conditions have been established for a number of theories.
In the case of the stationary, axially symmetric four-dimensional solution of the
Einstein-Maxwell system, a mild assumption (for instance, the nonempty axis of
rotation) is enough to ensure metric block-diagonalisation. As stated earlier, we say
that such spacetime is circular, i.e. foliated by 2-surfaces to which the timelike and
axial Killing vector fields are orthogonal. On the other hand, a stationary solution
of gravitational field equations does not even have to be axially symmetric. Some
of the counterexamples are Majumdar-Papapetrou spacetime [140, 123, 77, 132],
representing an electrovacuum multi-black hole solution, and black holes endowed
with electromagnetic and massive vector fields [154, 153]. Nevertheless, an asymp-
totically flat and analytic solution of vacuum Einstein’s equation will necessarily
be axially symmetric, as proven by Hawking’s rigidity theorem [82], which was fur-
ther generalised to higher-dimensional cases and theories beyond general relativity
[98, 99, 100].

We analyse the needed integrability conditions for various theories containing
NLE fields, including solely NLE Lagrangians and theories in which NLE fields are

either minimally or nonminimally coupled to scalar fields [17].

6.2 Integrability imposed by the NLE fields

With the matter sector consisting of purely electromagnetic fields, we consider
a threefold generalisation of Maxwell’s theory which is performed by replacing
Maxwell’s Lagrangian with NLE theories while allowing the spacetime dimension
to be different than four and by adding the gauge Chern—Simons term (gCS). Pre-
cisely, if we restrict the spacetime dimension to m = 4, the NLE Lagrangian density
may belong to the FG-class, while for m # 4 we consider F-class Lagrangians only
since the invariant G is no longer a scalar in that case. When the spacetime dimen-
sion is odd, an additional gCS term of the form' p A A F"=D/2 may be present
in the action, where p is the coupling constant. Although originally of geometric
origin, Chern—Simons terms found their place in many different areas of physics,

such as topological quantum field theory, quantum Hall effect or the study of quan-

INotation: F(m=1/2 .— FA..AF
—_—

(m—1)/2 times
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tum anomalies. Here we are interested in their effects on the Einstein-NLE field
equations and block-diagonalisability of the corresponding metric.

The total electromagnetic Lagrangian with gCS contribution is
LW = Ze+ puAANFM-D/2 (6.6)

Variation with respect to the gauge potential A returns the generalised source-free

Maxwell’s (gMax) equations

1
dF =0, deZ= % PFmD/2 (6.7)

The form Z in dimensions different than four is given by Z := —40+.Z F. For even
m, the right hand side of the second gMax equation (6.7) is zero by definition.
The corresponding energy-momentum tensor stays unaltered by the presence of the

Chern-Simons term in the electromagnetic action,

T(em) _ i

ab A7 (Zachc + ggab) . (68)

Theorem 6.1. Suppose that the m-dimensional spacetime (M, gap) admits m — 2
smooth pairwise commuting Killing vector fields {K&), e Kfm_z)}, with the corre-
sponding nonempty set of zeros 2 C M. Furthermore, suppose that this spacetime
contains the electromagnetic 2-form Fy, which inherits the symmetries, £ K F,=0
for alli. Then, given that g, and F,, are solutions of the Finstein-gMax field equa-
tions defined above, it follows that e N'T(K)) = 0 for all i on any open set sharing

a boundary with the zero set Z .

Proof of theorem 6.1. The form T(K;)) consists of two terms, the nontrivial one
being ¢ := igZ, while the other is proportional to K(; and therefore vanishes after
taking the wedge product with an n-form «. With the aid of (A.7), for the 1-form

¢ we have

*(a A C) = (_1)” iK(n) e Z.K(U*C =
= (_1>m+n iK(n> s iK(l)(*Z VAN iK(i)F) , (69)

so that the integrability depends on the behaviour of the scalar ix , i, F and the
(m —n —2)-form ik, - ik, *Z. In aspecial case when m = n + 2, we are dealing

with two scalar quantities. For a symmetry inheriting form F, £ ko F =0 for all 4,
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so that we get

d(iK(i)iK(.i)F) = ?:K(i)iK(j)dF7 (610)

Using the first gMax equation, we may deduce that the scalars ¢ Ktk F are locally
constant and vanish on any open set sharing a boundary with the set of the zeros
% . By the second gMax equation, the same holds for the scalar i Ky " by x4 and
a AT (Kq) =0 for all 4. O

Before treating the multifield cases in which the electromagnetic fields are inter-
twined with scalar fields, we prove the integrability of scalar fields solely. A large
class of theories is covered assuming that the energy-momentum tensor of the scalar

field is given by

TCE[I;S) - F(gad: ¢7 Vc¢a cee )Va¢Vb¢ + G(ngJ ¢7 Vc¢) e )gab P (612)

where F' and G are some real functions. For example, the canonical case is recovered
if F=1and G =—(V,0V?p)/2 — % (¢), with a potential function %, while more
general choices produce some of the k-essence theories. If a scalar field is symmetry
inheriting, K,Va¢ = 0 for all 4, it is not difficult to see that c A T(Ky) =0
immediately holds. The same argument applies to the complex scalar fields whose

energy-momentum tensor has the following form

TéZS) = F<gcd7 ¢7 ¢*7 s )V(a¢*Vb)¢ + G(ch; ¢7 ¢*> v )gab . (613)

For noninteracting scalar and electromagnetic fields, the integrability easily follows
from the given arguments since the total energy-momentum tensor is just a sum
of the electromagnetic and scalar parts. Interacting fields pose a more challenging
task. First, we consider a theory in which the nonlinear electromagnetic field is

coupled to the complex scalar field, given by the following Lagrangian
L1 = L(F,9) = (Dad)* (D*0) = % (69, (6.14)

where D, = V,+iqA, is a covariant gauge derivative. The NLE Maxwell’s equations
are of the form
dF =0 and dxZ =4nxJ, (6.15)
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where the current 1-form is given by

7: k *
Jo = 1= (6" D = 6(Da)"). (6.16)
The total energy-momentum tensor is equal to
47rTab - Zachc + ggab + 2<‘D(a¢)*Db)¢ - ((®c¢)*(DC¢) + %<¢*¢))gab . (617)

The main complication comes from the current term in the NLE Maxwell’s equa-

tions, so the theorem will still hold only under an additional assumption.

Theorem 6.2. Suppose that the m-dimensional spacetime (M, gqp) admits m — 2
smooth pairwise commuting Killing vector fields {K&), ey Kflm—2)}: with the corre-
sponding nonempty set of zeros 2 C M. Furthermore, suppose that this spacetime
contains complex scalar field ¢ and electromagnetic 2-form Fy,, both of which inherit
the spacetime symmetries, £, ¢ =0 and Lk, Fop = 0 for all i, and a NI = 0.
Then, giwen that g.,, ¢ and F,, are solutions of the Finstein-NLE-Mazwell-scalar
field equations defined above, it follows that a AN T(K ) = 0 for all i on any open

set sharing a boundary with the zero set Z .

Proof of theorem 6.2. The relevant terms contained in the form T(K;), i.e.

b
()
and 2K E’i)(ﬂ(agb)*Db)qﬁ. The former term is the same one appearing in the theorem

the ones not proportional to any of the Killing vectors K é), are (g := ZgF,°K

6.1 and can be handled in the identical way, while the latter is proportional to the

current J, since

2K (D(a9) Doy = iqp(Dagp)* Kfiy Ay — iqd™ (Dad) Ky Ay =
= iqK Ay (3(Da)* — ¢* Do) =
= —4m(K{yAp) Ja (6.18)

where the first equality follows from the symmetry inheritance of the scalar field,
Ky Va¢ = 0. Then, if @ A J = 0, we also have a A T(K(;)) = 0 for all i. O

Let us briefly comment on the possible relaxation of the assumptions. Since
there are hairy black hole solutions harbouring symmetry non-inheriting scalar
fields [92], we will consider that case specifically, while keeping the other assump-
tions unchanged. The only possible complex scalar field hair is of Herdeiro-Radu
type, i.e. £ro@ = oo with some real constants o; € R, for which we have
2K((D@®) Dyy¢ = 4m((i/q) — K{Ap)Ja. The “problematic” term is again pro-

portional to the current 1-form, implying that the theorem 6.2 still holds under given
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conditions and the solution is forced to attain a block-diagonal metric. The anal-
ysis for more general forms of symmetry non-inheriting fields needs to be carefully
examined, which we leave for future work.

As a second example of the theory containing interacting fields, we take real
scalar fields nonminimally coupled to the NLE fields. A prominent example are

dilatons [67], whose Lagrangian density is

pdibem) — () 2(F,G) — % NV Vi — U ($), (6.19)

where f and % are some smooth functions of the dilaton field ¢. The equations

governing the electromagnetic and dilaton fields are

dF =0, dx(f(¢)Z)=0, (6.20)
D¢ —%'(¢) + [(9)Z(F,9) =0 (6.21)

The corresponding energy-momentum tensor reads
An Ty = An f()T™ + V, 6V, — (% V.6 Veh + 02/(¢)) Gab - (6.22)

Theorem 6.3. Suppose that the m-dimensional spacetime (M, gap) admits m — 2
smooth pairwise commuting Killing vector fields {K&), ey Kfm_g)}, with the corre-
sponding nonempty set of zeros 2 C M. Furthermore, suppose that this spacetime
contains the dilaton field ¢ and the electromagnetic 2-form F,, both of which inherit
the spacetime symmetries, £k, ¢ =0 and Ly, Fop = 0 for all i. Then, given that
Jap, ¢ and Fyy, are solutions of the Einstein-dilaton-Mazwell field equations defined
above, it follows that o N'T(K;)) = 0 for all i on any open set sharing a boundary
with the zero set & .

Proof of theorem 6.3. Since the dilaton field is by assumption symmetry inher-
iting, the only nontrivial term is of the form ¢, := f(¢)Z,.F, K é’i). Using equation
(6.20), we have

d<iK(n> cee iK(l)*f(gb)Z) = (—1)nZK(n) s iK(l)d*(f<¢)Z) = 0, (623)

so that the scalar i, -+ ik, xf(¢)Z is constant and zero on each open set sharing
a boundary with the set Z. O
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6.3 No-go theorem for null electromagnetic fields

in static spactimes

In the 4-dimensional spacetime, the null electromagnetic fields are naturally de-
fined as those for which both electromagnetic invariants vanish, i.e. F =G =0. A
well-established result within Einstein-Maxwell theory is that such fields are absent
in the static spacetime. We briefly repeat the simple proof carried out by employing
the spinor approach presented in [181]. The metric of a static spacetime can be

decomposed into time slices as
g = —V?2dt* + h;j(2")da'da? | (6.24)

with defined hypersurface orthogonal timelike Killing vector field k£*. The gravita-

tional field equation implies YN}, = 0, which in a covariant form becomes
Tk = f(2')kq (6.25)

where f is some nonpositive function, as guaranteed by the dominant energy condi-
tion obeyed by Maxwell’s energy-momentum tensor. In the spinor language, equa-
tion (6.25) becomes

Dby kPl =2mfkan . (6.26)

Contraction with ¢, gives us
dapd b u kPl = 2m fland®, . (6.27)

With the aid of identity (B.10), we get

645 kPE epc(ppro®t) = dm fhand™,

(bprd™ ) aphkc® =Am fhand™ . (6.28)

For the null electromagnetic fields, it follows that ¢pr¢®" = 0 (see theorem B.3)

which leaves us with

fhapd®c =0 (6.29)

The equation (6.29) will })(? satisfied if either f = 0 or kaa ¢ = 0. In the latter

. ., TAC .
case, contraction with ¢ gives

Gapdapk®? =0. (6.30)
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The same condition holds in the former case, as follows from (6.26). To complete
the proof, it remains to show that the timelike character of the Killing vector field is
incompatible with null electromagnetic fields. The null electromagnetic spinor can
be decomposed in terms of principal spinors as ¢ap = aaap, as stated in theorem
B.1. Then the expression (6.30) becomes

asapayagkt? =0, (6.31)
while after introducing the corresponding null vector field 1 = 44 = o4a@?, it
attains a simple form

lalyk® =0 . (6.32)

Assuming that [* # 0 and adopting a local inertial coordinate system, l,k® = 0
implies

KO0 4 k1= 1°(—k° + k| cosf) =0 , (6.33)

where cos = k - 1. For a timelike Killing vector k% we have the following inequal-
ities, k% > |k| > |k|cosf, which contradict the equation above. However, null
electromagnetic fields can exist in circular spacetimes [74].

We present an extended version of the theorem, where the generalisation is
achieved in three aspects [17]. It remains valid for a broader class of both grav-
itational and electromagnetic theories and also in spacetimes of dimension different
from four. Generality in the sense of gravitational theories is achieved by relying on
Carter’s classification [33] of tensors into even and odd orthogonal-transitive types
(shortened as even/odd “o-t tensors”). The idea is to observe the behaviour of
scalars formed by contracting the rank-k tensor T =~ with s Killing vectors K,
and k — s vectors from 2+ on the orthogonal-transitive domain O. If all such scalars
for which s is even vanish, we say that the tensor 7% is of even o-t type. Simi-
larly, if s is odd and all these scalars are zero, the tensor 7% is of odd o-t type.
The concept can be illustrated by taking Ricci tensor as an example. Contraction
of the expression a A R(K(;)) = 0, which is valid on O, with a vector Y{;) = 9/0y’
belonging to 2+ implies R(K;),Y(;) = 0, thus proving that Ricci tensor is of odd
o-t type. Riemann tensor and its covariant derivatives are also odd o-t tensors [201].
As a consequence, field equations of Lovelock gravity and f(R) theories are of the
same type [170]. Bach tensor, given by B, = 2V.V4C¢,* + R_;C¢,, %, where Cyupeq
is Weyl tensor, is a further example of an odd o-t tensor. It emerges as a part of
equations of motion in “quadratic gravity” theories [175]. We singled out examples
of odd o-t tensors since our result is valid for field equations of this type.

An obstacle encountered in the dimensional generalisation of the theorem comes
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from the fact that the form xF is no longer a 2-form. Consequently, the scalar G
cannot be defined whenever m # 4 and the definition of null electromagnetic fields
has to be replaced accordingly. The suitable extension comes in the form of the
N-type fields within the generalised Petrov classification [172, 137].

Definition 6.1. We say that an electromagnetic field is of type N at a point p € M
if there is a null vector £* € T,M such that

iWF=0 and LAF=0 (6.34)

at this point.

Notice that in four dimensions F is of type N if and only if it is null (see theorem
B.3).

On the tangent space T, M we can introduce a basis (¢, n?, 3‘(11), e s?mﬂ)) con-
sisting of two null vectors, ¢* and n*, and spacelike vectors s‘(li), normalised such
that ¢“n, = —1 and gabs‘(li)sl(’j) = 0;5, while all other products vanish. A naturally
associated dual basis of the cotangent space Ty M is (€,n,sM, ... s"2) Electro-

magnetic 2-form of type N can be written as
F=fitns, (6.35)

where f; are the components in the introduced basis. Let us briefly comment on
the uniqueness of this decomposition. From the second condition in (6.34) it follows
that F has to be proportional to £, while the first one implies it has be wedged by
s, due to the normalisation of the basis vectors.
The gravitational field equation sourced by the NLE energy-momentum tensor
is
1

1
Eap = 8T (—4;5,@ TS + —(¢°Tuq) gap —
m 4d7m

L5 =) . (630
where €, is a symmetric tensor of the odd o-t type, possibly belonging to some
extended gravitational theory. The additional gCS term may be added to the elec-
tromagnetic action since it does not change the energy-momentum tensor, while the

modified gMax equations (6.7) are irrelevant for the proof.

Theorem 6.4. Suppose that the spacetime metric gq, and the electromagnetic field
F., are solutions of the gravitational field equation (6.36) with the odd o-t type tensor
Eap- If the metric gy admits a Killing vector field k*, hypersurface orthogonal on the
open set O C M, then at each point of O where F # 0, F is of type N and L5 # 0,

vector k% cannot be timelike.
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Proof of theorem 6.4. The electromagnetic 2-form F may be decomposed as
—kk*F =kANE+xkAB), (6.37)

where E := —i;F is the electric 1-form and B := i*F is the magnetic (m-3)-
form. By the assumptions of the theorem, the timelike Killing vector field k% is
hypersurface orthogonal and the tensor € is of odd o-t type, implying that

kKAER)=0. (6.38)

Field equation (6.36) and the decomposition (6.37) allow us to express this condition
via electromagnetic fields as
LBAE=0. (6.39)

The decomposition (6.35) allows us to write the electric and magnetic forms as

E = (k%9 fi £ — (k%) fis, (6.40)
B = fi+x(£LAsYNK). (6.41)

From the definition of the forms E and B and taking into account that k*E, =
("E, =0 and E°s{) = —(k%,) f;, we get

*(BAE) = ip+B = (—1)m(2ff)(k“£a)£/\k. (6.42)

At the points where %5 # 0, the equation (6.42) implies (B AE) = 0, while
the assumption F # 0 translates to Y. f# # 0. Finally, we can conclude that
(k*l,) £ Nk = 0, which is a contradiction for a timelike Killing vector k®. O

The theorem can be circumvented if the assumptions are relaxed, in particular,
if we do not demand that .25 # 0. Examples are null electromagnetic stealth fields

in power-Maxwell theory which can be found in static spacetimes [171].
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Chapter 7

Black hole thermodynamics in the
presence of NLE fields

7.1 The laws of black hole mechanics

Black hole thermodynamics represents a meeting point of strong regime grav-
ity and quantum phenomena, along with providing an insight into the microscopic
description of spacetime. Although classical laws of black hole mechanics [10] bear
resemblance with the basic laws of thermodynamics [12, 13], it was not clear whether
this correspondence is just a mathematical formality. The underlying physics be-
hind it was revealed by Hawking’s prediction that black holes emit radiation [83],
indicating that black hole quantities can be identified with thermodynamic variables.

One relevant quantity that may be assigned to stationary black holes is surface

gravity k defined on the horizon via
X“Vax" = rx’, (7.1)

where x* is a horizon-generating Killing vector field. The zeroth law of black hole
mechanics states that x attains a constant value over the black hole horizon. It can
be proved using various approaches that apply to different scenarios. One possibility
is to rely on Einstein’s gravitational field equations and dominant energy condition
[187]. Another, most elegant proof is based solely on the presence of bifurcate Killing
horizons [108]. The third option is to impose additional geometric restrictions, such
as integrability conditions that ensure staticity and circularity [150, 96]. The Planck
spectrum of emitted particles from the black hole [83] suggests that x/(27) plays
the role of the black hole’s temperature, thus strengthening the thermodynamic

analogy. The zeroth law of black hole electrodynamics, the constancy of electro-
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magnetic scalar potentials over the black hole horizon, may be established using
similar methods, at least for Maxwell’s theory [168, 169].

Energy conservation is essentially encapsulated in the first law of black hole
mechanics, which constrains the mass of stationary black holes upon perturbations.
For charged black holes within Maxwell’s electrodynamics, it can be brought to a

form

SM = Simm + QubJ + DSQ + TSP (7.2)
T

where A stands for the area of the black hole horizon, 2y is the angular velocity of
the horizon, J is black hole’s angular momentum, while ®, ¥, () and P are electric
and magnetic scalar potentials and charges, respectively. Again, the form of the first
law implies that A/4 should be interpreted as the entropy of the black hole. This
conjecture is backed up not only by Hawking’s radiation, but also by the second law
of black hole mechanics. Given that certain energy conditions hold, it states that
the horizon area does not decrease with time, A > 0.

Stationary black holes also obey the analogue of the classical Gibbs—Duhem

relation, known as the Smarr formula,
M= 4ﬁA+29HJ+<I>Q+\IfP. (7.3)
™

It can be derived from the Bardeen-Carter-Hawking mass formula [10], without any
reference to the first law. The original derivation for the Kerr-Newman black hole
[167] was based on Euler’s theorem for homogeneous functions [119]. The starting
point was the assumption that the black hole mass M (A, J, Q?) is a homogeneous
function of degree 1/2 to which one can readily apply the theorem. However, the
shortcoming of the Eulerian approach is its inapplicability to a wider range of theo-
ries. Namely, in these cases, there is no a priori guarantee that the black hole mass
will preserve its homogeneity [102]. Once the first law is obtained, one can use it to
derive the Smarr formula via the so-called scaling procedure, which we will discuss
in detail later.

Over the decades, significant progress has been made in understanding the ther-
modynamical aspects of Einstein-Maxwell black holes. The central result is Wald’s
entropy formula [192], which enabled defining entropy as a local, geometric quan-
tity related to the Noether charge. The original Wald’s formula holds for general
diffeomorphism-invariant Lagrangians, while its later generalisations apply to theo-
ries with gravitational Chern—Simons terms present [177, 19]. As far as NLE theo-
ries are concerned, thermodynamic analysis is still incomplete and mostly deals with

specific scenarios without providing a universal picture.
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The early study of black hole thermodynamics with NLE fields [151] contains
proof of the zeroth law of black hole electrodynamics via Einstein’s field equation, a
partial derivation of the first law of black hole thermodynamics and a vague state-
ment that the Smarr formula does not hold. However, as later analyses will show, the
presented form of the first law lacks the crucial NLE terms, which also modify the
usual Smarr formula. Thermodynamic properties of static and spherically symmetric
black holes have been analysed for particular NLE theories such as power-Maxwell
in an arbitrary number of dimensions [70], Euler-Heisenberg [122] and Born-Infeld
[72, 204, 30]. The Smarr formula for specific black hole solutions has been derived
in [24] via scaling arguments, while the same procedure has been applied to gen-
eral F-class Lagrangians in [59]. The authors in [128, 129] derived the first law for
JF-class Lagrangians using mathematically well-defined covariant phase space for-
malism. Their result was devoid of additional NLE terms, in contrast to the first
complete generalisation of the Smarr formula for FG-class Lagrangians [71]. Since
the first law and the Smarr formula have to be mutually consistent, this conundrum
has to be resolved. The derivation of the first law for F-class theories [205] based
on the variation of the Bardeen-Carter-Hawking mass formula suggests that these
terms play a vital role.

We aim to obtain a consistent framework of thermodynamics with NLE fields,
with a clear presentation of all the technical details that are often brushed aside [14].
Special emphasis will be put on the rigorous derivation of the first law for FG-class

Lagrangians and the implications of the NLE Lagrangian parameters [14].

7.2 The zeroth law of black hole electrodynamics

The constancy of electric and magnetic scalar potentials over the stationary black
hole horizon can be proven in several different ways, depending on the generality we
wish to achieve. Analogously to establishing the zeroth law of black hole thermody-
namics, one can rely on specific gravitational field equations without going into the
details of the underlying geometric setup or consider black holes with particular geo-
metric properties that are independent of the field equations. These techniques have
already been successfully applied to Maxwell’s electrodynamics [168, 169]. Since the
analysis for NLE fields is still incomplete, our aim is to fill in the existing gaps in
the literature.

Throughout the section, we will assume that the spacetime (.#, gq,) admits a
smooth Killing vector field £ and that the electromagnetic field F is symmetry

inheriting, £¢F = 0. The introduced assumptions enable us to define 1-forms E =
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—i¢F and H = ig+Z (2.17) and their associated scalar potentials ® and ¥ (2.20).
Also, we can define 1-forms B = ic«F and D = —i;Z (2.16), which are generally

not closed. The electromagnetic invariants are given by the usual expressions,

(6%€.) T = 2B.E" — B,B") (7.4)
(Safa) §=-4E,B" . (75)

The scalar potentials W and ® are constant along the orbits of the Killing vector
field £ since
£§(I) = —igE =0 and Jgg\If = —igH =0. (76)

The constancy of the scalar potentials over the horizon H[{] can be easily proven
given that expressions
EAEZ0 and enHZO (7.7)

hold under certain assumptions. Contraction of (7.7) with a tangent vector X €
T,H[&] results in
(£xP)E=0 and (£xV)E=0. (7.8)

At each point where & # 0, we have £x® = 0 and £x V¥ = 0, while at points where
£* =0 we have d® = 0 and d¥ = 0 by construction. There are several approaches
that lead to (7.7), which we list below.
a) Einstein’s field equation method [151].

Starting from the identity that holds on the black hole horizon [96],

R 2o (7.9)

and can be converted to the contraction of the energy-momentum tensor using Ein-
stein’s equation,

T L — 2B B, (7.10)

we can conclude that the electric field £° is null at each nondegenerate point! of the
horizon H[¢]. By definition, we have £°E, = 0, and since any two orthogonal null
vectors are necessarily proportional, € AE = 0. Then, from (7.4) it follows that the
magnetic field B® is also null on H[¢], so € A B = 0. Once these two relations are
established, the same holds for the nonlinear magnetic 1-form, £ A H 2.
Although simple, the disadvantage of this approach lies in the fact that it cannot
be repeated for more general gravitational theories, as the central identity (7.10) is

derived from Einstein’s field equation.

'We say that a point x € . is nondegenerate if Z5(z) # 0.
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b) Bifurcate horizon method.

The most elegant proof can be performed assuming that the black hole horizon
is of bifurcate type. The horizon-generating Killing vector field £ vanishes on the
bifurcation surface B C H[¢]. Then the potentials ® and ¥ are constant over
the bifurcation surface B and over each component of the horizon connected to it.
However, this proof cannot be applied to all scenarios, as there are examples of
horizons that are not of bifurcate type, such as those belonging to the extremal
black holes.
c¢) Frobenius approach [168, 169, 11].

Assume that the spacetime is both stationary and axially symmetric and pos-
sesses a mutually commuting timelike Killing vector field £* and an axial Killing
vector field m®, [k, m]* = 0, which satisfy the Frobenius condition [119]

kAmAdk=0=kAmAdm. (7.11)

The Killing horizon H[x] is generated by the Killing vector field given as a linear
combination of vector fields £ and m®, defined as x* = k* + Qgym®, where the
constant (g is the angular velocity of the horizon. Several identities hold at the
black hole horizon since k* and m® are tangent to H[x] and x* is normal to H|[x]

[96] )

kok® + Qukym® 20 (7.12)
kam® + Qumem® £ 0 (7.13)
(kok®) (mam®) £ (kym®)? . (7.14)

We also assume that the electromagnetic field inherits both symmetries, £,F = 0
and £, F = 0. After setting X® = k% and Y* = m® in the auxiliary identity

ixfy —iny :ixiyd—dixiy—i-i[xyy] s (715)

and applying it to F and %Z, we can conclude that F,,k®m? and «Z.,,k®m® are
constant. These constants are equal to zero on any connected domain of spacetime
containing the points where either k% or m® vanish, one of the examples being the
rotation axis. It immediately follows that xF,,km® = 0 on each nondegenerate

point of the same domain. These conditions can be restated as

kAmAxF=0 and kAmAF=0, (7.16)
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since k Am A *xF = —k A xi,,F = —%1,7,,F and k Am A F = xii,xF.
Contracting the expressions (7.16) with 7,,ix, together with the aid of equations
(7.12)-(7.14), results in

imir(k Am A *F) = (igk) (i,,m)*F — (i k)m A i, %F — (i;m) (4, k)xF+
+ (ipm)k A iy *F + (i, k)m A ik F — (i,m)k A ipxF =
= —ipm(k A ipxF + Qpk A ipxF + Qpm A ipxF + QFm A d,,xF) =
= —(lpm)x N iyxF = —(i,,m)x A\B =0, (7.17)

similarly, we have
imik(k A\MAF) = (i,m)x N\E=0, (7.18)

and we arrive at (7.7) on each nondegenerate point of the horizon where m,m® # 0.
Points at which m,m® = 0 represent the intersection of the rotation axis and the
horizon and the constancy of a potential over the horizon follows directly from the
continuity of the potential.

The same strategy cannot be directly applied to the static, but not axially sym-
metric spacetime with hypersurface orthogonal Killing vector field £* which satisfies
the Frobenius condition k A dk = 0. Namely, one would need the relations of the

form

kA+F=0 and kAZ=0, (7.19)

which do not hold for the dyonic configurations. However, the same procedure can
be repeated for specific subcases with certain simplifications.

(el) “Purely electric case” in the sense that B = 0. Then, by the expression (7.4),
E is null on the horizon H[k] and the proof follows as in the approach (a).

(€2) “Purely electric case” in the sense that H = 0. In this case, since H = i;xZ,
the relation k A Z = 0 holds. Contracting it with k% gives

ZkANE— ZkABZo (7.20)
while k A H = 0 implies
fgk/\E—f—ggk/\BZO. (7.21)

If (L) + (L)? # 0, the expression (7.7) is valid, thus completing the proof.
(m1) “Purely magnetic case” in the sense that E = 0. Again, (7.4) implies that B
is null on the horizon H|[k], and the proof can be performed in the same manner as

in (a) approach.
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(m2) “Purely magnetic case” in the sense that D = 0. By the definition of D, we

immediately have k A xZ = 0, which after contraction with £* reads

LkANE+ ZkABZO. (7.22)
Another useful expression is k A D = 0 which gives

ZLskNE - ZekAB=0. (7.23)

Whenever (%5)% + (%5)* # 0, we may deduce (7.7).
For the test electromagnetic fields whose contribution to the gravitational equa-
tion may be neglected, any method except approach (a) may be used to carry out

the proof.

7.3 The first law of black hole mechanics

There are several different approaches to deriving the first law of black hole ther-
modynamics, differing in the physical interpretation and the level of mathematical
rigour. Adopting the nomenclature from [188], we can make the following classifi-
cation:

(1) Equilibrium state version.

We are comparing two stationary black hole configurations that are “nearby” in
an abstract phase space. It can be subdivided further into two varieties:
(1la) Variation of the Bardeen-Carter-Hawking mass formula [10]

(1b) Covariant phase space formalism [192, 118, 104, 149].

Mathematically precise approach closely related to Hamiltonian mechanics in
which conserved quantities are extracted from the boundary terms.
(2) Physical process version [63].

We are considering a physical, quasistatic process in which matter is falling into
a black hole.

Our objective is to derive the first law by employing approaches (1b) and (2) to
rotating, stationary and axially symmetric black holes within FG-class NLE theories.

The fundamental assumption underlying the first law is that spacetime is a so-
lution of a coupled Einstein-NLE system with the metric g, corresponding to a
stationary, axially symmetric and asymptotically flat black hole and a symmetry
inheriting electromagnetic field F. The spacetime admits two Killing vector fields,
k* = (0/0t)*, which is timelike at infinity, and axial m® = (9/0¢), with compact

orbits. Without loss of generality, it can be assumed that the introduced vectors are
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mutually commuting, [k, m|* = 0, [34, 176] and satisfy Frobenius conditions (7.11).

One technical difference between the equilibrium state and the physical process
version is reflected in the properties of Cauchy surfaces intersecting the black holes.
In the former case, we assume that the black hole possesses a Killing horizon H x|
which is of a bifurcate type. Precisely, H|[x] is a pair of null hypersurfaces gener-
ated by the Killing vector field x* = k% 4+ Qym®, where the constant {2y denotes
the angular velocity and the horizon’s corresponding surface gravity x is a nonzero
constant. It intersects the bifurcation surface B, which is a smooth, compact, em-
bedded 2-surface on which the Killing vector field x* vanishes. In the equilibrium
state version, the integration of the relevant quantities is performed over a spacelike
Cauchy surface > C ., smoothly embedded in .# and possessing a nowhere van-
ishing normal, whose boundary 0% is composed of an asymptotically flat end and
bifurcation surface B = XN H[x]. Conversely, the derivation of the first law based on
the physical process version does not demand the presence of a bifurcation surface.
In that case, the setup consists of two spacelike Cauchy surfaces terminating at the
horizon.

The quantities describing black holes, the Komar mass Mg and the Komar angu-
lar momentum Jg [110], are defined by the integrals over a smooth closed 2-surface
S

1 1
Mg := —— dk d Jg i= —
s 8 8* a S 167 S

*dm . (7.24)
If the integrals are performed over a sphere at infinity S, (formally, we look at
the limit in which the radius of the sphere goes to infinity), we use the symbols
M := Mg, and J := Jg_ for the corresponding quantities. In our setting, which is
stationary and asymptotically flat spacetime, the ADM and Komar mass coincide
[187, 96]. Other two quantities relevant for black hole description are the electric

and magnetic charges given by (2.21).

7.3.1 Covariant phase space formalism

Before reviewing the fundamental aspects of covariant phase space formalism, we
need to discuss the influence of Lagrangian parameters on the first law of black hole
mechanics. Let us assume that the NLE Lagrangian contains a finite number of real
parameters, {f,...0,}. If we consider these parameters constant under the varia-
tions, the obtained version of the first law would not be in agreement with the NLE
version of the Smarr formula. This conflict has to be resolved since the generalised
Smarr formula can be derived independently of the first law [71]. One of the options

is to extend the phase space by including the Lagrangian parameters in a way that
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they get varied but remain constant on a given spacetime, V,3; = 0. Formally,
within the variational procedure, the NLE Lagrangian is understood as a function
of both electromagnetic invariants and parameters, Z(F,G; {5;}). This approach
is similar to the treatment of the cosmological constant A in a thermodynamical
context, where it corresponds to the pressure in the Vdp term [107, 116].

The other, more general option is to promote the parameters to spacetime-
dependent functions [155], V,5; # 0. Using (2.11) together with identities (A.32)
and (A.34), we can evaluate the covariant divergence of the energy-momentum ten-

sor,

A7V, T =V, (Z%Fy + £5%,) =

= (VaZ")Fye + Z°(dF ) are + > L5, Vi; . (7.25)

i=1
which generally does not vanish on-shell for nonconstant parameters ;. This signals
that one needs to derive the equations of motion for parameters in a given theory.
However, we will follow the first approach without pursuing such generalisations.
Given that the above-introduced assumptions are satisfied, we move on to em-
ploying the covariant phase space formalism. All dynamical fields, which in our case
comprise metric g,, and gauge field A, will be collectively denoted by ¢, without
additional indices. The indices of the coupling parameters [3; will be omitted in
arguments of the functions but will be explicitly stated in sums involving variations

00;. The “variation operator” ¢ acts on fields ¢ and parameters 3; as
9¢(x; A)

(A
do(z) = Lo and 00; := aﬂag\ ) :

(7.26)

where ¢(z; A) and S;(\) are smooth 1-parameter configurations of fields and NLE
parameters [187, 118]. The variation of the metric is related to the variation of its

inverse,
5gab = —Jac9bd 590d ) (727)

while the variation of the volume form is given by (C.3)

1
Je = —5 € Yab 5g°" . (7.28)

After integration by parts, the variation of the Lagrangian 4-form with respect to

the dynamical degrees of freedom can generally be expressed as [104]
dL[¢; 5] = E[¢; B] 66 + A'[¢; 5] 66 + d@le, 6¢; 3] - (7.29)
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Field equations are contained in the 4-form E, variation of the Lagrangian with
respect to the coupling parameter ; is denoted by A;, while the boundary terms
are gathered in the symplectic potential 3-form ®. We associate the Noether current

3-form J¢ to an arbitrary fixed vector field £°,
Je := O[o, Lo B] — icL[; B] - (7.30)
The current 3-form is closed on-shell, dJ¢ ~ 0, since
dJe = dO — LcL = ~E[p; 8] Leb — A'lé; ] Lef (7.31)

and £¢0; = 0. At least locally, there exists a 2-form Qg such that J. ~ dQ, [191].

This enables us to write the Noether current as
Je =i.C+dQg , (7.32)

where C is a 4-form that vanishes on shell, C ~ 0. In our case, the Lagrangian is a
sum of the gravitational and electromagnetic parts, so the 3-form ® and the 2-form

Q¢ decompose accordingly,
@ — @(g) + @(em) and Q£ — Qég) + Q(gem) ]
The symplectic current 3-form is introduced via two variations d; and 0s,

W[}, 010, 620; B] := 01O, 020; B] — 02O, 0195 5] , (7.33)

while its integral over a spacelike Cauchy surface > defines the presymplectic form
QE)

Q6,610,526 6] = /E w6, 616,521 8] (7.34)

Here we implicitly assumed that the volume form on X is equal to the pullback
of i€, where n® is a unit, future directed timelike normal vector field on . Using
expression (7.32), the variation of the Noether current is given by 6J¢ = i.0C+ddQg,
since 0£* = 0 for a fixed vector field £*. On the other hand, the same variation can
be calculated from the initial definition (7.30),

0Je = 0©]9,09; B] — icdL[g; B] =
=001, 00; ] — icE[¢; Blo¢ — ic Al¢; P05 — icdO[o, 0¢; 5] =
= —i¢E[¢; B]0¢ + w[¢, ¢, £c¢; B] + dig®[o, 6; B] — icA'[¢; B]68;,  (7.35)
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where we used Eq. (7.29) in the second line and the definition of w{¢, d¢, £¢¢; ]
(7.33) in the last step. The combination of the two expressions enables us to extract

the symplectic current 3-form,

w[p,0¢, £ch; B] = i(Edg + 0C)+
+d(0Q¢ — O, 693 B]) + icA'[¢; B] 05 (7.36)

which, after integration over ¥ and using Stokes’ theorem (see Appendix D), be-

comes

s, 66, £e65 5] = / i€ (B 66 + 6C)+

by

" /a (00 — i¢®0,0:8)) ~ K(5) 56, (7.37)

where we have introduced the auxiliary functions K¢,

Ki(8) = — / ieAi[o: ] (7.38)

The formal question is whether it is possible to rewrite the last term as a boundary
integral. The criterion for determining the exactness of a given differential form is
related to the properties of de Rham cohomology groups. As the top compactly
supported de Rham cohomology group is trivial for smooth and oriented (both
compact and noncompact) manifolds with nonempty boundary (see for example
theorems 8.3.10 and 8.4.8 in [195]), the pullback of the i¢A’ to ¥ is globally exact,
at least if the fields themselves are compactly supported. Then, one can apply
Stokes’ theorem and convert the K g term to an integral over 0¥. However, if X is
noncompact and fields decay at infinity but are not compactly supported, there is
no immediate guarantee that K g can be written as a boundary term.

In order to establish the link with Hamiltonian mechanics, summarised in relation

0He = Qs¢, 00, Le¢; 4] (7.39)

we briefly review its fundamentals. Hamiltonian mechanics is built upon a phase
space manifold with local canonical coordinates s* = (¢!, ..., p1, ...) and a symplectic
2-form w, which is both closed and nondegenerate. Every smooth function f induces

a vector field X via df = —ix,w such that

Xy = (0f/0p)dy — (01/04')0,, (7.40)
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Hamiltonian H defines the dynamics of the system in the sense that the integral
curves of Xy represent its time evolution, and we have f = X 1 (f) for every function
f. Its variation is 0 H = (V,H)ds" = w,,0s"s” = w(ds, §), which bears resemblance
with (7.39). Without the contributions of Kééﬁi terms, Hamiltonian H, conjugate
to &% will exist [193] if and only if

/ ig(&)[d), (Sld), (52¢] =0 (741)
ox

for any two variations, d; and do. The first integral in (7.37) is zero for fields ¢
that satisfy field equations (E = 0) and perturbations d¢ that solve the linearized
equations of motion (§C = 0). If the Hamiltonian exists, one can write the remaining
terms as variations of some other forms. As shown in [104], this is possible for the

Einstein-Hilbert contribution to the ¢¢® term, which can be written as

/ i®® = / icb | (7.42)
ox ox

with the aid of a 3-form b. Lastly, we have to comment on the integrability of
the NLE term K 2(56,-. Mild smoothness assumptions are enough to satisfy the local
integrability condition ds, K} = 05, K{, emerging from 0,05, ¢ = 05,05, . That
being the case, we know that I¢(5) such that §l; = Kgéﬁi exists. If there is only
one coupling parameter, I¢ is a primitive function of K. Notice that the on-shell
Hamiltonian is a purely surface term.

Now we apply the formalism to the geometric scenario described in the intro-
duction of the subsection. First, we promote the smooth vector field £* to a Killing
vector field and assume that all the dynamical fields inherit the symmetry, £:¢ = 0.
Then, we have Qx[¢, 00, £¢¢; 8] = 0, which follows immediately from the definition
of the symplectic current (7.33) with 61 = 6 and 0, = £¢,

w[¢a 5¢7 ££¢, 6] = 5@(;;) [Cb, 5¢7 £§¢a 5] + 5®(em) [¢7 5¢7 £E¢7 6]_
— £e®[9, 6, Led; B] — £:OP[g, 0¢, L ] (7.43)

Namely, since 3-forms ©® and @™ are constructed out of the symmetry inheriting
fields, the last two terms immediately vanish, while explicit calculation for Einstein-
Hilbert and NLE Lagrangians will show that the same holds for the first two terms.

However, this reasoning demands careful justification in a more general case [104].
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The relation (7.36) evaluated on shell reads

5 (Qe—ichb) — 5]4 (Qe —icb) — K{ 68 ~0 . (7.44)
Soo B
Also, we assume that £* = x* = k% + Qym® and calculate contributions to the
boundary integrals.

The gravitational part of the Lagrangian is given by the standard Einstein—

Hilbert term, whose variation is presented in detail in Appendix C,

1 1 1
——§(Re) = — G 0g™e +dO® | O := — 7.45
Tor OUt€) = 15 G g™ + ’ T (7.45)
where 1-form v is given by
Vo 1= Vg — §°V,10Geq - (7.46)

The explicit evaluation of the current 3-form (7.30) yields

167 Jape = €%y (Vg — REG) = €, (VEV 4€e + VOV &y — 2V Vo £° — RE,) =
= €ape(VVIE + VOV LT = 2VVE, + 2R %, — REY) =
= 2€dabc(vev[6£d} + Gedge) ) (747)

from which we can extract the gravitational Noether charge

QY = _ e (7.48)

167

We identify two gravitational contributions over a sphere at infinity as the mass and

angular momentum of a black hole, defined respectively by

M:f (Q¥ —itb)  and  J= —f ® (7.49)
Soo Soo

where we took into account that the pullback of ,,b to a surface tangent to m®
vanishes. The difference in normalisations of Komar integrals for mass and angular
momentum is directly related to the absence of the i,,b term in the integral for the
angular momentum [104]. Gravitational contribution on the horizon is the entropy
term [192]

s Q¥ ="14s4 750
far -, (7.50)

where A is the area of the bifurcation surface B. Altogether, the current form of
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the first law reads

5M—QH5J+5%

e — N 5a 5% e 4 K5, 1
b QY = g AT QK 0B (7.51)

In the following subsection, we will confirm that the @™ term vanishes due to

the boundary conditions and gauge choices.

7.3.2 Equilibrium state first law

To obtain the complete form of the first law of black hole thermodynamics, we
turn to the calculation of the electromagnetic contributions. After recalling the
definition of the trace of the energy-momentum tensor (2.10), the variation of the

NLE Lagrangian
0(Le) = LrF e+ Ly0Ge+.Loe+ > Ly 0pe (7.52)
=1

can be written as

0(Le) = Lro(Fe) + L50(S€) + nToe+ Y Ly b€ . (7.53)

=1

The first term in (7.53) can be expanded further,
L5 6(Fe) = 8n.L5T 09" e — ALV, FP 5 Ape + +4.25V(F "0 A)e ,  (7.54)

and contains the standard Maxwellian contribution, up to the %5 factor. The first
term in (7.54) and the third term in (7.53), which are proportional to the variation

of the metric, define the NLE energy-momentum tensor,
8 L5T 59" e + 7T de = —27T 69" € . (7.55)
Using the auxiliary expression
— Ly F5 Ay + LsVy(FP0A,) = =V (L F™®)A, + VU (L5F,"5A,) ,  (7.56)
the sum of the first and the third term in (7.53) may be written as

Ly 6(Fe) + 1Tde = —2nT 69" — AV, (L F*)6 Ape + AV (L5 F, "0 Ay)e . (7.57)
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With the aid of the identity (A.28), the second term in (7.53) can be written con-

veniently as

395(96) = 429 (Va«*pab) 514{,) — (Va*Fab)dAb) € =
=4 (Va(gg (*Fab) (5141,) — Va(.,%g *Fab)(sAb) € . (758)

Combining all the obtained expressions, we get the final form of the variation of the

Lagrangian 4-form

1 1
= 0(Le) = (= 87T 0" + A(VuZ™)O Ay + 4 L 08, ) + AO, (7.5
1 0(Ze) = 1 W69+(V)b+;5256+ , (7.59)
which consists of the energy-momentum tensor term, gauge field equation of motion,
additional term proportional to the variation of the NLE Lagrangian parameters and

the boundary term. The 3-form © can be written compactly as

1
O™ = —yw, w,=—42"64,, (7.60)
167
where the 1-from w may be represented as w = —4%(*Z A 0A) in differential form

notation. If the electromagnetic field F is of class O(r~2) and perturbation JA of
class O(r~!) as r — oo, the 3-form @™ is irrelevant for the integral at S,.

The Noether current 3-form is given by
16mJe = x(v+w) — (R+4.2L)*€ . (7.61)

In order to rewrite it in a suitable way, we need a series of manipulations. Starting
from the identity
vabfa - Vavbfb = R(f)a - (*d*dg)a ) (762)

we see that the auxiliary 1-form v for a variation given by the Lie derivative 6 = £¢
is equal to
VP’ £egar — 9 VaLegea = 2R(E)a — (xdxd€), . (7.63)

For the same variation, the 1-form w is proportional to Z,°£¢A;,. Hence, we have to
find objects containing that contraction in order to recast w in a more convenient
form. One obvious starting point is the electric field 1-form which contains the Lie
derivative term,

E=—iF = —iedA = —£A + dicA . (7.64)
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The electric field can be further contracted with Z, resulting in

digZ = —4x(*Z NE) = 45(xZ N\ £cA) — 44(xZ N digA) =
= —w — dxd((1c A)xZ) + 4(ic A)*dxZ . (7.65)

On the other hand, the same contraction can be expressed as
digZ = —16 (L5 igF + LsipxF) = 167 T(§) — 4.2€ | (7.66)
where the second equality follows since

167TT(§) = _IGXITZ.EF + 4‘,2”5975 + 47TT€ =
= —16.L5igF + 4.2€ — 4.4:G€ =
= —16.%ipF + 4.2¢ — 16 %yip +F . (7.67)

In the last step, we used an auxiliary identity that follows directly from (A.24),
i F — i Ge . (7.68)
Finally, we can write the difference of the two terms in J as
w— 47L& = —167T(§) — 4xd((icA)*Z) + 4(ic A) xd+Z . (7.69)

Next, we are interested in finding a relation between the gauge 1-form A and scalar
potential while taking the gauge freedom into account. Assuming that the elec-
tromagnetic field is symmetry inheriting, £¢F = 0, and F = dA, for the initial
gauge choice, it does not necessarily hold that £:Aq # 0. Still, d£:A is a closed
form, which can be seen from d£¢Ay = LF = 0. On a simply connected domain,
there exists a function «, such that £¢A, = da. We may choose a gauge function
A such that £:A = —a. Then the initial and final gauge forms differ by a closed
form A = Ay + dA, and we have £,A = 0. Still, even after this procedure, there is
residual gauge freedom since £¢(A +dp) = 0, as long as the function p inherits the
symmetry, £Lep = 0. Noting that ® and —i¢cA differ by a constant, as follows from

A(D +icA) = —E + (£e —icd)A =0, (7.70)

we may write ® = —icA + @, for some P, € R. The final form of the Noether
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current 3-form is given by

1 d — P,
Je = o +(G(&) — 87T(E)) - BZ + QY + Q™) | (7.71)
with 1
Q(g) = ——*d£ and  Q; o) — = (O — Dg) +Z . (7.72)
T
The 4-form C is equal to
1
Clobed = . (G,6—8nT, —2A, V. Z")€chea (7.73)
™

which confirms that the Noether current J¢ is closed on-shell, dJ; ~ 0, and J; ~
dQ:e.

Before evaluating the first law, we have to show that the contribution of the
electromagnetic term Qéem) does not depend on the choice of gauge. If we choose A
so that the 7¢A term does not vanish at the bifurcation surface, we are implicitly
using a gauge field that diverges there. The idea is easily illustrated by taking
the Reissner—Nordstrom black hole as an example. Analysis of gauge field 1-form
at bifurcation surface is performed by introducing tortoise radial coordinate dr, =
dr/f(r), switching to Eddington-Finkelstein coordinates v = ¢t — r, and v = ¢ +
r. and using them to define Kruskal coordinates U = —e ™" and V = €. In
new coordinates, the Killing horizon is generated by the Killing vector field k£ =
k (VOy — U0dy). The gauge field which vanishes at infinity is given by

Q Q (1 1
A:—?dt:—% (VdV—ﬁdU> ) (7.74)
and is manifestly divergent at the bifurcation surface defined by (U, V) = (0,0). In

a different gauge,

Q1 1)\ /1 1
A=—2(--)(=av-= .
oy (T T+> <VdV UdU), (7.75)

where r is the radius of the outer horizon, the gauge field 1-form is regular on the
horizon. Our gauge choice will be the one in which A is finite and smooth at H|[y]
and @ vanishes at infinity. Then i¢A|g = 0, the constant @ is equal to the value of
the potential over the horizon, so that —icA = ® — &y and (¢ Al = Py . The Q‘Cm)
term makes no contribution at the bifurcation surface, while at infinity it amounts
to

5 f QL™ =~ 6Q) . (7.76)
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Thus, the final form of the first law of black hole mechanics in the presence of NLE
fields is
SM = 8£5A+QH 5J + BudQ + K 66, | (7.77)
™

with a new thermodynamic variable Kj'( conjugate to the NLE parameters [3;,

- 1
K! o= —— , . .
N 4%/2"2&& *X (7.78)

The obtained formula (7.77) does not contain the often included magnetic term
Uy P due to the tacit assumption that the gauge field A is globally well-defined.
The canonical covariant phase space approach does not offer a formal procedure
for its inclusion. However, the reference [109] addressed this problem by taking into
account contributions from several spacetime patches with changing gauge potential
along their edges. The U yd P term appears in mass formula variation procedure (1a)
[205, 96], which does not deal with the precise definition of the gauge potential. On
the other hand, the authors in [149] argue that the magnetic charge is of a topological
nature and therefore invariant under perturbations.

Some of the early treatments of black hole thermodynamics with NLE fields
seem inconsistent with the formula (7.77) owing to the absence of the K{df; term.
For example, in [93] the nonrotating dyonic black hole is obtained from the NLE
Lagrangian . = ZM) 1 G2 and the first law is presented in the form dM =
kOA/(8T) + ®pdQ + YydP. However, one should take this result with certain
reservations, as the variation of the NLE parameter a related to the magnetic charge
is kept fixed under the variation.

By establishing a parallel with the analysis of black hole thermodynamics with
the cosmological constant [107], the black hole mass in (7.77) can be understood
as a generalised enthalpy. It is related to the internal energy € by means of the
Legendre transformation M = € + K ;B,-, so that

58 = 8£5A+QH 5] + By 5Q — Bi 5K . (7.79)
T

The physical interpretation of the K E quantity is not univocal and depends on the
Lagrangian in question. In the case when the coupling parameter j; is of the same
dimension as /2, which is also the dimension of the electric field, the corresponding
K, é may be interpreted as an NLE vacuum polarisation. This was already noted for
Born-Infeld theory with 8 = b [72] and is also applicable to the Euler—Heisenberg
theory where 8 = m?/a.

Now we turn to the alternate way of deriving the first law of black hole thermo-
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dynamics, the physical process approach.

7.3.3 Physical process first law

In contrast to the “equilibrium state” derivation, which does not address the
physical background of the perturbations, here we are looking at the process in
which matter is thrown into a black hole. The geometric setting consists of two
smooth, spacelike, asymptotically flat Cauchy surfaces, ¥y and ¥, which, respec-
tively, represent the initial and final states of the process. The two surfaces terminate
on the horizon H[¢] which does not have to be of the bifurcate type. The part of
the horizon between ¥y N H[¢] and ¥; N H[¢] may be denoted by H. A schematic

depiction of the setting is shown in the Figure? 7.1.

2

b))

Figure 7.1: Spacelike hypersurfaces 3y and 31, horizon portion H and infalling matter
denoted by gray area [14].

The process starts with the initial stationary black hole, which is then perturbed
by adding a small amount of charged matter. After some time, it settles into a final
stationary state. The charged matter is composed of fields with compact support
which intersects ¥ and H[¢], but is disjoint from both XyN H[¢] and ;. The latter
claim follows since we suppose that the matter is initially away from the black hole
and that there is no residual matter on the final hypersurface once the process is
finished.

The sources consist of the electromagnetic 4-current j* and two contributions to
the energy-momentum tensor, the electromagnetic one T, and the one unrelated to

~

the electromagnetic fields, T,,. The gravitational-NLE system of equations is
Goy — 87Ty = 87Ty, Vu 2% = 4mj® (7.80)

We assume that (g.p, A) is a solution of the source-free coupled Einstein-NLE equa-

tions and the perturbations (dg., dA) are the solutions of the linearized equations

2(©) 2021 American Physical Society
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with sources 5Tab and 7%,
0(Gap — 87Tp) = 87Ty, 6(VZ) = dmdj” . (7.81)

Variations of the relevant quantities were already calculated within the covariant
phase space formalism, with a caveat that additional source terms appear in this
approach. Variation of the 4-form C (7.73) no longer vanishes on-shell but is equal
to

5Clape ~ <6T + Aaéf) €obed (7.82)

since the term 0(A,V,Z") reflects the presence of the sources,
0 ANZ™) = (0A)V, 27 + AoV, Z7¢ = 0 — 4T A0 5°. (7.83)

Using the definitions of mass and angular momentum (7.49) together with the as-
sumption that field perturbations vanish at Yo N H[x], after inserting £* = x“ into
(7.37), we get

SM = QuoJ — K 66, = — / xa, . (7.84)
(Eo»fé)

The auxiliary 1-form «, which contains sources, is defined by
o == %(ic0C) = 6T(€) + (icA) 05 (7.85)

for any Killing vector field £*. The orientation of the hypersurface ¥ in (7.84) is
opposite of the induced Stokes’ orientation € (see the discussion in Appendix D).

The 1-form o is conserved in a sense that
d*a£ = ng(SC = (Jgg - zsd)éC =0 , (786)

since all fields and perturbations are symmetry inheriting. In the rest of the deriva-
tion, we will suppress the additional index on a for notational clarity. Application
of the Stokes’ theorem (D.6) on a four-dimensional submanifold whose boundaries
consist of hypersurfaces >y and X, horizon portion H and a far-away timelike hy-

persurface S on which perturbations 67 and 6T, vanish, leads us to

0= / (A%a0)€ + / (—l°a,)é . (7.87)
(%0,€) (36,8

As shall be proven later, a convenient choice of the null vector field ¢* is ¢* = (%,

which is a vector field tangent to the affinely parametrized null generators of the
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unperturbed Killing horizon H[{]. Now we may shift the integral in (7.84) from the
initial hypersurface ¥, to the black hole horizon ,

_/ o — —/ (—nay)(ine) =
(Z0,—in€) (Xo0,—in€)
- / (Cag)(ine) | (7.88)
(H,ine)

where we omitted the pullback symbols for notational simplicity. So far we get a

partial result of the form
oM — Qo] — K. 6f; = / g € . (7.89)
5

This integral has two contributions, one of which will add to the electromagnetic
section of the first law, and the other of which corresponds to the area term. Let
us first evaluate the electromagnetic part. The gauge choice is chosen such that
both ® and A vanish at infinity and consequently &, = 0 and —i;A = ®y on
the horizon. With the positive infalling charge, 6Q) > 0 , we have (*)j, < 0 on
the horizon since 67 is on the physical grounds assumed to be causal and future-
directed (sign would be reversed for the negatively charged infalling matter). Taking

the arguments presented above into account, we get
SM — QudJ — Py oQ — K. 6f; = / COXO (6T ) € - (7.90)
3

Now we have to show that the remaining term in (7.90) is indeed the area term.
This will be done by employing the Raychaudhuri equation, which governs the ex-
pansion of a family of nonintersecting geodesics, collectively called a congruence.
As anticipated, we consider a family of horizon-generating, affinely parametrized
null geodesics, whose tangent vector field is (* and whose corresponding parame-
ter is denoted by V. Notice that the Killing vector field y* satisfies a nonaffinely
parametrized geodesic equation x*V,x” = xx’. However, the standard transforma-
tion of the form V' = exp(kv) converts the Killing vector field parameter v to an

affine parameter V. Then, the two vector fields are related by

a\"* 1 o\ 1
T = [ =) =y 91
¢ <8V) KV (81}) kv (7.91)
For extremal black holes with k = 0, the Killing vector field x* is tangent to the

affinely parametrized geodesic horizon generators. The expansion scalar 6 has a

convenient geometric interpretation; it measures the change in the congruence’s
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cross-sectional area as one moves along the geodesics,

1 dA
f AdV (7.92)
The Raychaudhuri equation for the null congruence [147]
de _ 1 2 ab a ~b
av = —2 0* — O a0 RabC C s (793)

gets simplified in the case of the stationary background, where the shear tensor o,
and the expansion # both vanish. Furthermore, taking into account the Einstein’s

equation, the Raychaudhuri equation becomes

dé

- = —8m (Tab + Tab) cact . (7.94)

To obtain the change in area, we need the perturbed Raychaudhuri equation. Dif-
feomorphism invariance provides one useful simplification. We may choose a gauge
in which the null generators of the unperturbed and perturbed black horizons co-
incide so that §¢% ~ (2 on the horizon. Since R.,(%C%|y = 0 [187], the perturbed
Raychaudhuri equation [63] reduces to

ddd

7 = 8 <5Tab n 5Tab) e, (7.95)

A closer look at the first term on the right-hand side of (7.95) reveals it consists of

three terms,
OTu("C" = —A(8.L5) TG (¢

Max a 1 a
- 43{? 5T(ib ) Cb + Z 5(Tgab)<. Cb ) (796)

which all vanish on the horizon. The last term is equal to zero since (* is null
in both perturbed and unperturbed spacetimes. The other two terms also make
no contribution since the electric field is null on the horizon, as was shown while

proving the zeroth law,

AT ™" Clu = (kV) P E.Eg =0, (7.97)
Ar STty = (kV)2(E“Ey) g =0 . (7.98)

Thus, the perturbed Raychaudhuri equation (7.95) reduces even further and by
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rewriting (* in terms of the Killing vector field x*, we get

dob a bt
WW = —87C* X" 6T ), - (7.99)
Integration over the H returns exactly the change in horizon area d.A
/ (6T w) € = — GA . (7.100)
K 8

We can elaborate on this fact in a few steps [188]. The volume form on the horizon

portion H can be split into the cross section surface element d?S and the time part
dV'. Integration by parts gives us

/ d*S ( / vii‘fdv) = / d?S(50V)| — / d*S / 560dV (7.101)
0 0 0

The first term vanishes when evaluated at the lower limit because we have V' = 0,

while at the upper limit 6 goes to zero since it has to decay faster than 1/V as
V' — oo if the final black hole has a finite area. By the definition (7.92), the second
term in (7.101) is up to a sign equal to the change in area of the black hole horizon.

Finally, we obtain the physical process version of the first law
SM — 8i§A+QH 5] + B 6Q + K 55; , (7.102)
™

which is consistent with the one derived following the equilibrium state approach
(7.77).

7.4 Smarr formula

The Smarr formula for stationary and axially symmetric rotating black holes
within FG-class theories can be derived independently of the first law by utilising
the Bardeen-Carter-Hawking mass formula. This approach has been employed in

[71], yielding an interim result
1
T b

The key difference between the NLE and Maxwell cases is the presence of the trace
term, which is absent in Maxwell’s theory but generally exists in the NLE case.
Given that the NLE Lagrangian can be written as .Z = 07! f(0F,09), with some

parameter ¢ and a real function f, the trace of the energy-momentum tensor be-
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comes T' = —(0/m)0,-Z. One can then, at least formally, interpret the novel NLE
term as a product of mutually conjugate thermodynamic variables [71].

Another way of deriving the Smarr formula relies on the first law and its per-
turbation, which is defined as a path in the phase space of the solutions given by
the consistently rescaled fields [174]. This idea has been used in [205] to derive the
Smarr relation for F-class theories. We will use the same approach to rederive the
Smarr formula for FG-class theories, which will provide an independent consistency
check.

7.4.1 Smarr formula from the first law

Let (gap, A) denote an initial solution of the gNLE field equations. We are inter-
ested in finding rescaled fields (A2gu,, \”A), where A and v are real constants, chosen
such that the family of rescaled field configurations satisfies the same equations.

First, we have to find consistent scalings of the relevant fields entering the Smarr
formula. If the metric is rescaled according to g — M2gas, it follows that the
metric inverse rescales as ¢ — A72¢%, while volume form and the area of the black
hole horizon change as € — \e and A — M\2A, respectively. The metric rescaling

immediately defines the rules for the curvature tensors,
Rabcd — Rabcd’ Rab — Rab; R — /\_2R7 Gab — Gab'

Killing vector k% is timelike at infinity with normalisation given as g.,k%k® = —1, so
that k% — A7'k® and k — Mk. The axial Killing vector m? is normalised along its

closed orbits € as

1
?{ m = 2, (7.104)
e

mem@®
implying that m* — m® and m — A?>m. Consistency of the horizon-generating
Killing vector field x* = k% + Qum?® sets Qq — A"'Qy. The appropriate rule for
surface gravity x follows from the geodesic equation x’V,x® = kx® and is given
by £ — A7!'k. From the Komar integrals (7.24), we may deduce M — AM and
J — A2J. This completes the gravitational sector, so we turn to the electromagnetic
quantities.

Starting from the scaling of the gauge field, A — A A, we have F — \"F
and xF — X«F. Then, the electromagnetic invariants obey F — \2*-2F and
G — A2=2)G. The electric and magnetic 1-forms defined with respect to the Killing
vector field y® scale as E — A7'E and B — \""'B. For their associated scalar

potentials, we have ® — A71® and ¥ — \*~'W. The energy-momentum tensor
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is scale invariant, T,, — T,;, which follows from Einstein’s field equation G, =
8mT,,. From the expression for the energy-momentum tensor in terms of Lagrangian
density (2.11), we see that consistency implies . — A 72.%. For Maxwell’s case,
this condition sets v = 1. Taking this scaling as universal, the same applies to all
NLE electromagnetic Lagrangians. Also, it constrains the scalings of the additional
parameters in NLE Lagrangians, which will generally be of the form 8; — A% f; for
some real exponents b;. For example, in the Born-Infeld theory, we have b — A\7'b
and @ — A« in the Euler-Heisenberg theory. Komar charges defined in (2.21) imply
Q — AQ and P — AP, while (7.78) gives K; — A% K,. The scaling exponents
are summarised in Table 7.1 below. Note that this is not a necessary but rather
a consistent set of scaling transformations that allows us to apply the first law of

black hole thermodynamics. The quantities that are varied in the first law of black

Table 7.1: Scaling exponents for various fields and charges appearing in Einstein-NLE

theory.
Scaling exponent
-2 gab’ R7 9:7 9
—1 K, QH

0 Rabcda Raby Gab; E7 Ba (I)a v
1 M,k A F, +F,Q, P

2 Gab, M, .A, J

4 €

hole mechanics depend on the parameter A and attain a form
2(0) =X2(1), (7.105)

where ¢ is some scaling exponent. Then, if we denote the original, unperturbed
state by the abbreviation 2 = 2(1), we get the relation between the perturbed and
initial quantity,

5.9 — dQ(A)‘
d\  Ix=1

Finally, following this approach, we recover the generalised Smarr formula

=2 . (7.106)

K i
M = —A+204] + nQ + Z@-KX@- , (7.107)

and confirm the previous, independently obtained result [71]. The only seeming
discrepancy is the absence of the magnetic term Wy P in (7.107). It can be attributed
to the form of the first law used for the derivation of the generalised Smarr formula

(7.77), which is devoid of the magnetic charge term since it emanates from the
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covariant phase space formalism. A direct derivation done in [71] circumvents the
use of the first law, so there is no physical contradiction between the two methods.

One advantage of the scaling procedure stressed in [205] is its generality in the
sense that it can treat the NLE Lagrangians with multiple coupling parameters.
The only such example that we encountered is the Ayén—Beato—Garcia Lagrangian
(2.64) which, as was remarked in [71], can be put in the form .Z = jia~! f(aF), with
it = p/g and o = g% Tts parameters scale as  — Ay and g — \g, meaning that
the parameter [i is scale invariant and Ayén—Beato—Garcia Lagrangian is covered
by the approach employed in [71]. The authors in [71] also consider more general
Lagrangians of the form Z(0,F,5) = o '.2(cF,09), with a real parameter o
that scales as ¢ — A?0. This condition is fulfilled for physically sensible NLE
Lagrangians, consisting of Maxwell’s term and expansion in the coupling parameter

o in the weak field limit,
1

j = —Z?+U<020?2+2011?9+00292) +O<0‘2) s (7108)

where ¢;; are dimensionless constants, irrelevant for the discussion. A simple alge-

braic manipulation

Z = %( - éll (0F) + co0(0F)? + 2¢11(0F)(0G) + coa(0G)* + 0(03)> (7.109)

brings the Lagrangian to the above-mentioned form.

7.4.2 Linearity of the Smarr formula

Finally, we can inspect the (non-)linearity of the Smarr formula and address the

question which NLE theories leave it in the form
M = corA + 30 + 4 PrQ + s VP + Py P + 7 VR(AQ (7.110)

where {c1, ..., cr} is the set of some real constants. The idea is to find the terms that
would produce the desired products of potentials and charges after the integration of

the 3-form T*x over ¥. Our analysis is based on a number of suitably constructed

equations,
1
d(P+Z) = —EAN*Z = xigZ = 5*R(x)—|—(27rT—.$)*x , (7.111)
1
d(VYF)=-HAF = 5*R(x) + L *x , (7.112)
1 1
d(®F) = §zX(F ANF) = 2 Gxx , (7.113)
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d(V+Z) = —% iy(xZNKZ) = 4 (2L LF + (L5 — L3)SG) *x - (7.114)

The first equation is derived by contracting the Einstein’s equation with x* while

using the energy-momentum tensor in the form (2.11),
RapX’ + 47T X0 = 8TTupx" = 2(Zae F, X" + LXa) - (7.115)

The second one follows from the contraction of (A.29) with x* and combining it

with the previous result (7.111),

FANi,xZ + i, F AN+Z = =2(L5F + L6G)xx = —2(L —nT)*x , (7.116)
HAF —EA*Z = —2(.% — 7T)*x . (7.117)

The last two equations follow from contractions of (A.28) and (A.31) with x* re-

spectively,

1
ix(FAF)= 2EAF = — Gxx . (7.118)

iy(xZ N¥Z) = 2H AN +Z = 8((LF — £3)G — 2.L5.L5F)xx - (7.119)

Without a strict argument, it seems plausible that a necesary condition for the

linearity of the Smarr formula is
L =a(L5TF + L9)+ b (2.,2%.,2”93‘"—1— (.,2”92 — .,%52)9) +cG (7.120)

with real constants a, b and ¢. This form enables one to convert a linear combination
of xR (x) and T" % x into a linear combination of d(®xZ), d(VF), d(®F) and d(V*Z),
while the remaining terms cancel. Without loss of generality, we can set ¢ = 0 as
the G term is nondynamical. The expression (7.120) may be regarded as a nonlinear
partial differential equation for the Lagrangian £ (F,G). Unfortunately, we do not
know how to obtain the solution in full generality, so we may examine some special
cases.

One simplification lies in considering the NLE theories which admit invariance
under SO(2) electromagnetic duality rotations, defined by (2.33). The necessary
and sufficient condition that ensures this invariance (2.43) translates into the con-
stancy of 2.25.%5F + (L5 — £7)G + (9/16). Then, for duality-invariant NLE the-
ories, we may take b = ¢ = 0 and deal with the simpler, linear partial differential
equation .Z = a(LsF + £5G). Its characteristics in the F — G plane, defined by
(ff, 9) = (9,9), are just lines through the origin. Along a characteristic, the partial
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differential equation turns into an ordinary differential equation o — % =0. Its
general solution on a domain where F # 0 is . = FY/*f(G/F), while on a domain
where G # 0 it attains a similar form, . = §%/%¢(F/G), with some differentiable
functions f and g. Another prominent class of examples consists of NLE theories
with traceless energy-momentum tensor, satisfying the (a,b,c) = (1,0,0) case. Its
member is ModMax theory (2.57), which can be put in a suitable form by setting
f = —coshy(1/4 —tanhy,/1 + (G/F)?2). Since the linearity of the Smarr formula for
power-Maxwell Lagrangian was confirmed in [71], we have to be able to reconstruct
it from our general solution. Indeed, by setting a = 1/s and function f to a constant,
we recover precisely the power-Maxwell family of NLE Lagrangians (2.65).

Another physically relevant simplification may be obtained by demanding that
the NLE Lagrangian has the Maxwellian weak field limit. Partial derivatives of
(7.120) with respect to F and G evaluated at (F,9) = (0,0) are

1 1 1
_Z :gg(0,0) = —Za and 0 239(0,0) = _Eb’

so that we recover the linear case with (a,b) = (1,0). Again, the solution can be
written either as £ = Ff(G/F) or £ = Gg(F/G). In the former case, along the
lines with § = pJF, where p is a real parameter, we have %5 = f(p) — pf’(p) and
Zs = f'(p). The Maxwellian weak field limit implies f(p) = —1/4 for any p € R.
In the latter case, the analogous reasoning gives us g(p) = —p/4 for any p € R
along the lines defined by & = pG. Under the assumption that the condition (7.120)
holds, the only NLE theory that preserves the linearity of the Smarr formula and
simultaneously satisfies the Maxwellian weak field limit is Maxwell’s electrodynamics
itself.
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Chapter 8
Discussion and conclusion

Even though we have resolved several problems related to the properties of space-
times coupled to NLE theories, each of them has raised new questions, which may
outline future investigations.

Using test field approximation, we calculated the first order perturbative NLE
correction to the static case of Wald’s solution, which represents a black hole sur-
rounded by an external, asymptotically homogeneous magnetic field. The consis-
tency of the approach is confirmed since results obtained either directly from gener-
alised Maxwell’s equation or by introducing magnetic scalar potential are mutually
agreeable. In principle, the same procedure, albeit with a different boundary con-
dition, can be repeated for a compact, highly conducting star. However, it seems
that the corresponding solution cannot be written in a closed form, thus making it
unclear how to impose the needed boundary condition. The question is whether one
can find a more advantageous approach to this problem. Another further advance-
ment would be to look at the rotating Kerr black hole solution in the same setting.
However, in that case the invariants Fy and Gy get considerably more involved, and
consequently, solving the master equation becomes a highly nontrivial problem.

Our results indicate that a four-dimensional, strictly stationary, regular, and
asymptotically flat spacetime cannot support a nontrivial NLE field. The only
exception comes in the form of somewhat exotic stealth field solutions, absent in
most of the physically significant NLE theories. In the presence of charged matter
described by a complex scalar field, generalisations of the theorems are possible if we
introduce new assumptions on scalar fields and their corresponding current. These
limitations are expected as there are known solitonic-like bosonic star solutions
emerging from symmetry non-inheriting scalar fields [91, 90]. The challenge that
comes with higher-dimensional cases is the increased rank of the magnetic field

form. Naturally arising question is whether the assumptions of the theorems can be
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further relaxed. We were relying on the simple connectedness of the manifold .# to
ensure the existence of scalar potentials ®, ¥, Ug and Uy. Without this condition,
one would have to adopt either of the following approaches: impose some boundary
conditions that guarantee the existence of scalar potentials or construct different
divergence identities that do not involve them. The Maxwellian weak field limit
assumption, together with the fall-off conditions of metric components and fields,
was essential in the elimination of the boundary terms at asymptotic ends. A weaker,
but still effective condition, is that partial derivatives .Z5 and £ are well-defined
and finite at the origin of the -G plane. NLE theories such as power-Maxwell (for
powers less than 1) [78, 79] and ModMax [8, 111] do not conform to such behaviour.
The notion of asymptotic flatness and appropriate fall-off conditions have to be
reexamined in these cases. In the (1+2)-dimensional case, although we still have
divergence identity (4.53) and the lower-dimensional positive energy theorem [198]
at disposal, the natural logarithmic behaviour of the scalar potential O(Inr) in the
asymptotic region prevents the elimination of the boundary terms.

The presented theorems on the absence of regular solitonic solutions have been
complemented by no-go theorems for black hole regularisation using NLE fields,
which exclude most of the physically plausible NLE theories as candidates for reso-
lution of singularities. Electrically charged black holes emanating from either F or
FG-class Lagrangians with Maxwellian weak field limit cannot be regular, so in order
to find a singularity-free solution, one has to rely on theoretically proposed magnetic
charges. However, even in that case our theorems pose serious limitations to this ob-
jective. Examples often encountered in the literature, such as Born—Infeld, ModMax
and Euler—Heisenberg-like quadratic Lagrangians, have also proved to be unsuccess-
ful in regularisation, regardless of the charges present. Regular magnetically charged
black holes are often found by using ad hoc constructed F-class Lagrangians, whose
origin is not well-motivated. Alternatively, regular solutions may be generated by
choosing a specific metric and explicitly evaluating the associated NLE Lagrangian
as a function of coordinates rather than via electromagnetic invariants (e.g.[182]).
The main open question left is whether the no-go theorems for dyonic and magnetic
cases can be further extended to cover a larger portion of FG-class Lagrangians.
Since our theorems apply to Einstein—Hilbert action, one venue of inquiry could be
dealing with some type of modified gravitational action. Taking f(R) gravitational
theory as an example [158, 157, 134], the main difficulty is incorporating regularity
conditions on higher derivative curvature invariants. Another way of generalising
the results is to allow nonminimal coupling between gravitation and NLE fields or

include Lagrangians that depend on derivatives of invariants, which may arise from
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generalised uncertainty principle [22] or noncommutative field theories [73, 76, 41].
When it comes to energy conditions, defined by the signs of the derivative %5 and
the trace T' [146, 14], our approach based on the boundedness of curvature invari-
ants remains inconclusive. Although Einstein’s field equation relates derivatives of
the metric function f(r), Z5 and T, no information can be extracted unless one
imposes assumptions about the convexity of the function f(r) “by hand”, since it is
not obvious which condition would represent the natural choice. NLE theories have
also been tested as a way of evading cosmological singularities. In fact, it is possible
to obtain regularised FRW universes [48, 31, 135] or Bianchi spaces [65] with various
NLE theories. Although the outlook seems better in the context of cosmology, the
possible underlying constraints have still not been systematically explored.

By inspecting the integrability of the distribution D+, we gave the criteria that
guarantee the isometry-compatible block diagonalisation of the metric for general
NLE theories, NLE theories with the added Chern-Simons term and NLE theories
(non)-minimally coupled to scalar fields. Our results hold for an m-dimensional
spacetime, which is a solution of Einstein’s field equation and admits (m—2) pairwise
commuting Killing vector fields. Moreover, we showed that the theorem on the
absence of null fields in static spacetimes remains valid for NLE theories coupled to
any odd “o-t” type gravitational field equation in m dimensions, up to stealth field
solutions. A further step forward would be to consider the integrability of theories
beyond General Relativity or a more careful analysis for symmetry non-inheriting
fields. From a phenomenological point of view, new black hole observational data
may enable inspecting the deviations from circularity [49, 55, 54].

We reexamined the main building blocks of black hole thermodynamics in which
Maxwell’s theory is replaced by its NLE generalizations. To derive the first law of
black hole thermodynamics with NLE fields, we utilised the previously developed co-
variant phase space approach and applied it to two conceptually distinct variations,
the equilibrium and the physical process versions. The imprint of NLE theories
reveals itself as a novel pair of conjugate thermodynamic variables (f;, K. §)7 consist-
ing of NLE Lagrangian parameters ; and the K¢ term which can, by dimensional
argument, be interpreted as vacuum polarisation for some theories. Similarly, in an
earlier analysis of black hole thermodynamics, the cosmological constant appears
as a variable conjugate to volume [107, 116]. The derivation of the first law would
not be possible without the auxiliary result, the constancy of the electromagnetic
scalar potentials on the horizon. We proved this statement, known as the zeroth
law of black hole electrodynamics, in several different complementary ways. Various

authors in the literature took opposing stands on the question of whether NLE La-
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grangian parameters should be varied in the first law. To resolve the dilemma, one
may use the generalised Smarr formula as a guiding principle. Namely, the result we
obtained via scaling procedure agrees with the generalised Smarr formula derived
independently of the first law [71], thus confirming the necessity of the novel NLE
term. Finally, we gave an argument that suggests that the Smarr formula remains
linear in Maxwell’s theory or for a class of NLE theories which violate Maxwellian
weak field limit.

There are several possible generalisations of our results. By dropping the asymp-
totic flatness condition, we may include the cosmological constant term via the
standard procedure presented, for example, in [116, 107]. Covariant phase space
formalism may treat modified gravitational theories, as long as the coupling of elec-
tromagnetic and gravitational parts is minimal, although the induced corrections
may not be easily evaluated [177, 19]. Generalisations for higher or lower dimen-
sional spacetimes can be carried out straightforwardly, provided that one excludes
invariant G, since F and xF are 2-forms only in four spacetime dimensions. Deal-
ing with NLE theories nonminimally coupled to gravity or Lagrangians contain-
ing derivatives of electromagnetic invariants presents a much greater computational
challenge. It is not yet clear if the extension of the phase space by NLE parameters
is just an algebraic formality or may be of greater physical significance.

Due to their versatile applicability in numerous areas of physics, NLE theories
will continue to inspire further investigations. It can be expected that this pursuit
will lead to many interesting developments. The open questions presented here may

pave the way for some future endeavours.
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Appendix A

Useful identities

A.1 Differential forms

Let (A, gap) be a smooth m-dimensional manifold with a metric g,, whose sig-
nature is s and w a p-form. We list the frequently used identities within differential
form calculus.

Hodge dual , contraction with a vector X and exterior derivative d are, re-

spectively, defined as

1 ai...a
(*w)aerl-nam - _!wal...ape b pap+1...am ’ (A]‘)
(Z.Xw)al.“apfl - Xb wbal...ap,l ) (A2>
(dw)al-nap+1 = (p + 1>v[alwa2...ap+1} . (AS)

Hodge dual applied twice returns the initial form up to a sign,
*oxw = (—1)Pm=pts (A.4)
A convenient operation is the so-called “flipping over the Hodge”,
ix*w = *(wAX), (A.5)

where X on the left side denotes the vector X* and on the right side is its associated
1-form, X, = g.»X". Special care has to be taken of the order of the forms when
calculating multiple contractions with different vectors. For example, for vectors X¢
and Y* we have

ixiyrw =ixx(wAY)=x(wAY AX), (A.6)
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and in a general case,
ixy, X w = *(w A XM AL AXM) (A7)
Lie derivative £x can be defined via Cartan’s formula,
ixd+dix = £x. (A.8)

Other identities involving Lie derivative can be summarised as follows:

Lxd=dLy (A.9)
Lxiy —iyLx =ixy] , (A.10)
£K*:*£K , (All)

where X and Y are smooth vector fields and K is a smooth Killing vector field.
Notice that the contraction with a vector X°, exterior derivative d and Lie

derivative £y satisfy the Leibniz rule,

iX(a/\ﬁ):z'Xa/\ﬁ—i-(—l)pa/\iX,B, <A12)
d(aAB) = (da) A B+ (—1)Pa A (dB) (A.13)
£X(a/\ﬂ):£Xa/\B+a/\£X,8, (A14)

for a p-form a and a g-form B. The coderivative operator § acts on a p-form w as
dw 1= (—=1)™PHDFS L dyew | (A.15)
which in an abstract index notation takes a form
OWay..ap, = wabal...a,,,l . (A.16)

Lie derivative along a Killing vector field K* can be expressed in terms of the

coderivative operator as
Lrw=0(KAw)+KAw. (A.17)

The expression above is especially useful in the case when w is a 1-form that inherits

the spacetime symmetries, so that £xw = 0. Then, after integration over a smooth
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hypersurface > and application of the generalised Stokes’ theorem, we get

/ () +K = [ *(K Aw) (A.18)

where we omitted the pullback symbol for the sake of simplicity. The volume form

€ satisfies the following identities:
xl=€, xe=(—1)°, ixe=+X, £x(fe)=0(fX)e, (A.19)

where f is a scalar function. For a 1-form a we have xdxa = —V®q, and dxa =
(—1)*V*ae€.

The inner product of two p-forms is defined as

1
(alw) = Haalnapwal“'“p , (A.20)

and admits a number of useful identities:

(adw)e = a A rxw =w Axa = (—1)°(xa|xw)e | (A.21)

(X Arla) = (v]ixa) | (A.22)

where 7 is a (p — 1)-form.

A.2 Electromagnetic field tensor identities

For any 2-form F, we have two elementary results

1

FacFCb - *FaC*FCb — _5 ?gab 5 (A23)
1

ForF, = 5F e Py = =7 Ggun (A.24)

The first identity follows directly from rewriting the second term as
c 1 ef cghd 3! ef lgs hs d
*Fac*F b= _ZF thgdbecefae = ZF thgdbée 5f 5(1 s (A25)

and performing all the contractions with products of Kronecker delta tensors. The

second one can be derived by applying the similar trick. Starting from F,. = —x*F.,
we have
c 3! ghef s kg mg n]
FaC*F p = —gthkagbne 66 6f 5a . <A26)
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After proceeding with the calculation, one arrives at the sought identity.

Using the general identity (A.21), we can easily derive the following expressions,

1
F/\*FZEH:E,
1
F/\F:—§9€,

FAXZ = —2(52%34- 9,,%9)6 ,
FAZ= —2(3792% — 93;)6 ,
*ZN*Z =8 ((LF — £5)G — 2.%5.%5F) € .

Taking into account that dF = 0, we have
1
F*NFye = 1 A/

since

Vo (FoeF9) = 2F9V, Fy. = 2F%(VoFoyy + Vo Fye) = 4F*V, F, .

Similarly, as xF®V F, = F®V xFy;, it follows that

1
*FGCVanC = F“CVG*FbC = Z ng .

A.3 Schwarzschild spacetime

(A.32)

(A.33)

(A.34)

In Chapter 3, we repeatedly used Hodge duals of 2-forms in Schwarzschild space-

time, so it is convenient to gather them in one place

*x(dt Adr) = —r?sinfdd Ady , *(df Adp) = i dt Adr
in 6
(dt A df) = ij?r) dr Ade, *(drAdy) = —% dt A do
1
*(dt Ady) = NOEY, drAdfd, *(dr Adf) = f(r)sinfdt Ade

For the 1-form m associated to the axial Killing vector field, we have

1
§dm:rsinQer/\dgp+r2COSQSin9d9/\dap ,

and

1
§*dm:cos@dt/\dr—rf(r)sin@dt/\d@ :
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(A.37)

(A.38)
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The exterior derivative of w = v/C', where v* is given by (3.46), and its Hodge dual

are equal to

dw = — 16sin* 6 dr A dp—

— 8sin(26) (27" —5M + (M — 27) cos(29)>d9 Adp (A.40)
*xdw =16f(r) sin® 0 dt A d6—
— 16 (30829 <27" —5M + (M — 2r) Cos(20)>dt Adr . (A.41)
r
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Appendix B

Spinors

B.1 Fundamentals and conventions

The fundamental, naturally arising objects in general relativity are tensor fields
living on a real, four-dimensional spacetime. However, the theory can be formulated
in terms of 2-spinors defined on a 2-dimensional complex vector space [144, 173].
We will denote it by S and its dual, which consists of maps w : S — C, by S*. To
complete the setup, we introduce a complex conjugate dual space 3*, consisting of
antilinear maps @ : S — C, and finally, a complex conjugate space S dual to it. An
essential object on spin space is the symplectic structure, a nondegenerate bilinear

2-form defined as

[, [:5x5=>C, [§¢]=—[o¢]. (B.1)

Symplectic structure belongs to S* x S* and is denoted by e4p = —€pa.

The spin basis for S is built out of two nonzero vectors o,2 € S normalised
such that [0,2] = 1. Then each vector ¢# € S admits a unique decomposition
€A = g0pA 4 el

The role of the metric tensor as a map that provides a natural isomorphism from
tangent space to its dual is now taken by the symplectic structure in an analogous
way. It acts on the objects from S and sends them to S* via £4 = eg4&P. Similarly,
there is an inverse operation from S* to S defined as €4 = €8¢, In other words, we
use the first index in €45 to lower the indices and the second one in €48 to raise the
indices. The elements of S are written as EA/ and analogously for lowered indices.
Conventionally, €45 is denoted by €45 instead of €4/p.. It is normalised according

A

to eape*® = 2 and can be used to split the Levi-Civita tensor as

abed = BDBD:' BDEA'D'CB'C’ — CADEB B'D") - .
€ €EABCDA'B'C'D' Z(GAC€ EA'D'EBC! EADEBCEA/C'ER! /) (B 2)
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One should be aware of the differences in conventions used throughout the literature
as spinor formalism is usually formulated using the “mostly minus” metric signature.
In order to keep track of the signs and cover both scenarios, we introduce n =
sgn(noo). Then, the spacetime metric is equal to spinor gapa g = nNEapeap.

Next, we list a few results that will prove important in future discussions [144,

173).

Lemma B.1. Any spinor with two indices Tag may be decomposed as

TAB = T(AB) T+ §€A3700~ (B.3)

More generally, the analogous result is valid for spinors with multiple indices.

Theorem B.1. Let 74 g be a totally symmetric spinor. Then there exist univalent

spinors {aa,...Ca} such that

TA..Z — OC(A---CZ) y (B4)

where the spinors {aa,...Ca} are called principal spinors of T.

Theorem B.2. Every real null vector k% can be written as k% = £x3&Y, where the

sign determines whether it is future or past directed.

B.2 Electrodynamics in spinor formalism

In our case, the most important application of the spinor approach is within
the electromagnetic theories. The fundamental object, the antisymmetric electro-
magnetic field tensor F;,, becomes F, = Fapapr = —Fpap a in spinor formalism.
However, electromagnetism is usually formulated in terms of a symmetric spinor

¢AB defined by

| R |

YA = 5 ABC! T _§FBA c = §FBAC”C/ = ¢pa - (B-5)

Our goal is to show that F,;, and ¢4 can be treated on an equal footing since they
contain the same information. As a basic consistency check, one may prove that
both objects contain the same number of degrees of freedom. In a four-dimensional
spacetime, F,;, has six independent degrees of freedom due to the antisymmetry,
while the symmetric spinor ¢4 has three independent complex components that in

total carry six degrees of freedom.
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Using the result of lemma B.1, we can derive the general form of Fspap in

terms of ¢ ap,
Fapap = Fapapy + eandap = Fapyan) + €apbap + dapean. (B.6)
Due to the antisymmetry, F(4p)ap) = 0 and the final expression is
Faparp = €apdyp + Papeap . (B.7)

The dual of F,;, is calculated straightforwardly using the spinor equivalent of its

standard definition,

1
cp D
*Fapap = 5€aB 4B Foeperp =
. ’ ’ ’ ’
=i(e, ez e 1P en” — e, PesCe e )V Fepon (B.8)
finally resulting in
*Fapap =i(eapdap — dapean) . (B.9)

Lemma B.2. Fagap = 0 iff pap = 0. Then, it follows that Fapap # 0 iff
¢ap # 0.

Proof of lemma B.2. If pap = 0, we have Fagap = 0 by definition. Conversely, if
Fapap =0, by contraction of (B.7) with 4B we get dpap = 0. O
The term ¢ ¢ ¢C is antisymmetric in A and B and thus proportional to €4p,

as follows from lemma B.1,

640 95" = 5 ean dpod™ (B.10)

The identity (B.10) will be particularly useful in deriving the spinor forms of other
electromagnetic quantities. The two quadratic electromagnetic invariants are calcu-

lated as follows,

—_ —A'B’ 1
F = (eapdpp + Gapean) <€AB¢ + PN ) =

_9 <¢AB¢AB + ZbA/B'ZbA,B,) : (B.11)

where the cross terms vanish due to the contraction of symmetric and antisymmetric

tensors, and similarly, for the invariant G, we get

G = _2i (¢AB¢AB _ aA'BEA,B,> . (B.12)
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Adopting the standard normalisation of Maxwell’s energy-momentum tensor

1 1
T — _p = ( F.F,¢ — = gupFag F? B.1

the first term, with the aid of identity (B.10), becomes

c c
FooeF,C =nFacac Fg g™ =

=1 (—2¢AB dap + % €AB €A'B! <¢CD oL + dery EC/D/>> . (B.14)

After combining it with the spinor equivalent of the metric tensor and expression

(B.11), the final spinor representation of T4 is

ax 1 -
Tipap = Gy PaBO A (B.15)

manifestly independent of the metric sign convention.

According to theorem B.1 a nontrivial ¢ 4p can be decomposed as ¢ ap = a(45p).
Here, we can discern two distinct cases. If a and § are not proportional, ¢4p is
algebraically general or of type I in the Petrov classification. In the other case,
when « and [ are proportional, we refer to ¢p as algebraically special or of type
N. In the latter case, ¢ap represents a null electromagnetic field (F =0 = G), as

summarised in the theorem below.

Theorem B.3. The clectromagnetic field Fyy, is null iff ¢ 45¢*? = 0, which corre-
sponds to the type N fields.

Proof of theorem B.3. If ¢ 45¢*8 = 0, we immediately have F = 0 = G. Conversely,
if ¥ = 0 = G, solving the system in ¢4pd?? gives a trivial solution. For type N

fields we have ¢papd?? = asaga?a®? = 0. O

In some cases, the spinor approach provides an elegant method of performing oth-
erwise tedious calculations. Its simplicity is illustrated in the proof of the following

theorem.

Theorem B.4. In Mazwell’s electrodynamics, there are no stealth electromagnetic

fields, T;"™ =0 iff Fo, = 0.

Proof of theorem B.4. 1f Fy, = 0, T, immediately vanishes. To prove the other
direction of the claim, we suppose that T;Z/Ia") = 0 and F,;, # 0, which also implies

that ¢ap # 0 by lemma B.2. In that case, there exist spinors a? and 34 for which
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dapadBP £ 0. Then, we have

1 — _ =B
%¢AB¢AIB/04A B #0, (B.16)

which is in a contradiction with the initial assumption that T;Z/Iax) = 0. Therefore,

¢ ap has to be trivial. 0

Furthermore, the spinor approach enables relatively simple derivation of a general
formula for the consecutive contractions of Maxwell’s energy-momentum tensors
(5.3). For an illustration, we will consider cases with n = 1 and n = 2, from which
one can already draw a universal rule. Using the identity (B.10), the normalisation
of the symplectic structure and the spinor forms of invariants ¥ (B.11) and § (B.12),

for n = 1 we have

= (2;)2 (0456"7) (Pasd" ") =
- (4i)2i(?2 +97. (B.17)
and for n = 2,
Ty T T T = (27104 <¢ \Pum ¢BC§—bB'C') ( bonBorn ¢DA5D’A’> _

1 —E'F

T (4m)* <6Ac (¢rd™) excr @E’F'(fb >> )

elc (¢GH¢GH) e’ (EG'H/EG/HI)> =

3

X
/N —~
b

B.3 Newman-Penrose tetrad

For calculational convenience, it would be advantageous if one could use a basis
consisting of four null vectors instead of the usual one timelike and three space-
like vectors. However, taking into account real vectors only, it is not possible to
construct four linearly independent null vectors. The solution to this obstacle lies
in considering complex tangent space. The spin basis {0#,2} enables defining the

Newman-Penrose null tetrad composed of vectors {I%, n% m® m*},

A=A’

— Al — —_ A/ - Al
¢ = oY, n® =YY, m® = oMY, m* =497, (B.19)
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with normalisation (using the “mostly plus” metric signature) given as

1"l, =n"ng = m*m, =m"m, =0, (B.20)
I“ng = —-1=—m"m, ,

“my, = 1M, = n"my, =n"m, =0 .

The vectors [ and n* are real, while m® and m® are complex conjugates of each

other. The directional derivatives are denoted by
D=1V,, A=n"V,, 6§ =m"V,, § =m"V, . (B.21)

The introduced elements provide basic building blocks for rewriting gravitational

and Maxwell’s equations in Newman-Penrose formalism [144, 173].
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Appendix C

Calculation of variations

Starting from a general NLE Lagrangian, which is a smooth function of invariants
F and G, we will derive the corresponding energy-momentum tensor and generalised
Maxwell’s equations by means of variational procedure.

The energy-momentum tensor is defined with respect to the variation of the

action as
2 §Slm

V=9 g7

Tab = - (Cl)

where the electromagnetic action is

47TS(em) — /g(em)(g” 9)\/—_gdn$ . (CQ)

The variation of the square root of the metric determinant is

1 1
§(v=g) = 5\/—gg“b59ab =5V —99a09", (C.3)

as O, (In|detA]) = 37, [(A™")pe0a Ag for a general invertible matrix A and §(gang®) =
0.
The variation of the action splits into two terms,

§(Lem=g) 0L

1
5g% = g V=g - 5\/—_ggab$(°m)~ (C.4)

Since the second term is in the desired form, we will focus on the first one,

(em)
LW 0T 09

6gab 5gab 9@ ! (C5)

and calculate variations of the invariants while keeping the terms proportional to
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5g? only,

0F = §(FupF™) = 8(FupFrag™g™?) =

= FyFq0g°g" + FFLqg®6g" =

— 2F, Fyugog™ = 2Fachc5gab : (C.6)
6G = 0ExF® = §(Fy*FLqg™¢") =

1 e
= FuxFq6g° " + FouyxFoqg"0g" + §gacgbdFabFef56 fcd =

1
_ 2Fac*degcd6gab + EgacgbdFabFef(seefcd —

1 1 .
= 599ab5g“” + §gacgbdFabFef5€ I (C.7)

where we have used the auxiliary identity (A.24) in the last step. Before proceeding
further, we will show that the second term in the expression above vanishes. First,

we calculate the variation,
0! g = 6(g°9 " €qnea) =
= 5gqufh€thd + geq59fh€thd + gqufh(5v —0)Eqhed =
1
= 099" eqnea + 909" eqnea — 53/ =99°9"" 110" e gnea =

1
= 69°1g € gnea + 97109 €gpea — §geq9fh9kz5gkl€thd ; (C.8)

then the complete term

1 1
igacgbdFabFef (5geq9fh€thd + geq5gfh6thd - égqufhgkzdgklﬁthd> =

1 1
= 5FeqFafgcegdqgfhEbhcd(Sgab + 5thFeagquCfgdheqbcddgab_

1
- 1FklFefnggdlgfhgquab5gab€thd =

1 1
=3 (FCdFahEbhcd + FF €ppea — §FCquhgab€thd) 5g* =

1
= (*thFah + *Fquqa - §FCd*chgab> 5gab =0 ) (Cg)
where we have again used the identity (A.24). Notice that .44 in (C.8) denotes the

Levi-Civita symbol, while we reserve €,,.q for the Levi-Civita tensor, which contains

the square root of the metric determinant.
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Taking everything into account, the final expression is

1
Tab = _E((ggg _g)gab+4$5“Fachc) : (ClO)

To derive generalised Maxwell’s equations, we perform variation of the action

with respect to the gauge potential A%,

% :gg%ﬂ%%- (C.11)

The variation of the first term is
Lib(F/—g) = Lrd(FuF/—=g) = Lsd(FopFrag™q"/—g) =
= .Zgé((@aAb — éh,Aa)(aCAd — 8dAc)gacgbd\/ —g) =
= ZL5(0,0Ap0.Ag + 0, Ap0.0Ag — 0,0 ApOgAc—

— 0, Ap0q0A. — 0p0 AuO.Ag — OpAuO0Ag+
+ 8b5Aa8dAc + abAaachAc)g“Cgbd —3q, (C12)

which we obtained using the commutation property of variations and partial deriva-

tives. The expression can be rearranged via the Leibniz rule,

8 (ﬂg&Aba Adgacgbd\/ ) (.,2”58 Adgacgbd\/ )5145 s (Cl3)

which we apply to all of the terms. The total derivative contributions may be

discarded and we get

L56(F/—=9) = — 0u(LrFogg™g"/—9)0 Ay + Oy (LrFrag™g"/—g)d Au—
— 0:(L5Fapg™ 9"/ —9)0 Ad + 0s( Ly Frag™ "'/ —g)0 A, =
= —40,(v/—9LrF™®)0 Ay = —4/—gV o (L F )5 Ay =
= dy/= gV (LyFpy)0 A" | (C.14)

where in the last step we used the divergence identity for antisymmetric tensors,
vV —ngF“b = 8(,(\/ —gFab) . (C15)

The analogous calculation can be carried out for the second term in (C.11),

395(9V _g> = ( ab*FabV ) ( ab*chgacgde )
= —395( FuFpg™g™e’ ,v—g) =
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1 e ac
= 5Zo0((0ady — 0 A) (0eAy — OpAc)e” 499"/ =g) =

1
= 5Z5(0u0 A0 As + 0uAD0A; — 0.0 A0 Ao
— 0, Ap0;0A, — Oy A0 Af — Oy AuD A+
+ 00 A 0p Ae + 0y A0 A€ g% g™/ —g . (C.16)

After using the Lebniz rule, we have

1 € ac
L50(5v/=9) = —50u(Lo€ 49" 9"V =g Fep)0 Avt
1
+ 50:(L5e 19" 9" V=g Fr) 0 A+

+ 501 (Loe g g™V =g Fup)0 A~

- %&(éfgeef 9" 9" N =GF )0 A, =

— — 0 (LgHF /=) Ap + Oy ( Lox F/=g)5 Ay—

— O( L FI\/=9)5As + 04 (LsxF\/=g)d A, =

= —40,(LgxF/=9)6 Ay = —4y/—gV o (LgxF™*)6 Ay =

= dy/ =gV (LgkF )6 A" . (C.17)

[l NV

Putting all the terms together, the total equation is
—AVY( Ly Fop + LoxFy) =0, (C.18)
which in the language of the differential forms becomes,
0(ZL5F + ZexF) =0 . (C.19)

It can be written more compactly by introducing 2-form Z (2.7) and taking into ac-

count the relation between the exterior derivative and coderivative operators (A.15),
dxZ =0 (C.20)

So far we considered only the source-free case, now we will add the current-gauge
coupling term of the form A%J, to the initial NLE Lagrangian. After performing
a simple variation of the additional term, the generalised Maxwell’s equation with

source J* becomes

—4va($§Fab + fiﬂg*Fab) +4rJ, =0 . (C.Ql)
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In differential form notation,
d*Z = 4m*J . (C.22)

In order to derive the boundary term (7.45) needed for the extraction of the con-

served quantities, we calculate the variation of classical gravitational action,

1

e _ L po— C.23
e BV Y (C.23)

The variation consists of three terms:

5.ZE  §(/=gg“R, O0/—
_ 0(V=99"Rea) _ ng+H

59(11) B 6gab 6gab

cd 5RCd
5gab 7

5gcd
Gab

where the first two terms produce Einstein’s equation,
1 1
5 /_ggabR_ /_ggacgbdRcd — /_g (Rab o §gabR> — /_gGab' (025)

It remains to show that the last term is a total derivative. The variation of the Ricci

tensor can be expressed in terms of variations of Christoffel symbols

SRay = 6(0T5, — 0uT5, + T Ie, — T, T8 =
= 0,015, — 0TG5, I8 + T5,0T% — (0a0T, 4 6,008 — 0Te,Ie, )+
+ T2 6T, — T2 6T¢, = V0T, — V,0T¢, . (C.26)

To proceed, we need an auxiliary result

261, = 09°(0agap + Osgda — Oaga) + 9 (0adgap + 0509da — Oadgay) =
= §°Y(0a09a + 060 9da — Oadgar — 20gacL,) =
= °/(0abgab — 154090 — TeqdGer + 0409da — Uiy0Gea — Tha0gea—
— 0a09ap + I'Ga09eb + I'5q0Gea) =
= ¢°“/(Vadgay + Vo09da — Vadas) - (C.27)

Notice that even though the Christoffel symbol itself is not a tensor, its variation is.

Finally, we have

90 Ry = V690 — gV ga = VE(VP0gs — 9V edgas) = Vv, . (C.28)
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Appendix D

Stokes’ theorem on Lorentzian

manifolds

Let .# be an orientable smooth m-manifold with boundary 0.# and an inclusion
operator ¢ : 0.4 — # . Orientation on .# is determined by the choice of a nowhere
vanishing volume form €. The induced orientation on the boundary is defined via
inclusion as € = 2*(iy€), where N® is the outward pointing nonvanishing vector
field on 0.4 . Stokes’ theorem [119] states that the integral of a smooth, compactly

supported (m — 1)-form a over the boundary is equal to the integral of its exterior

/ da = / v (D.1)
(M €) (0.4 ,€)

In this form, Stokes’ theorem makes no reference to any additional structure on the

derivative over the whole ./,

manifold, such as metric or connection. However, in the case of (pseudo)-Riemannian
manifolds, it admits a few calculationally practical results. Suppose that .# is
a smooth manifold of Lorentzian type and .4 C . its embedded compact m-
dimensional submanifold with boundary 0.4". The inclusion operator j : 94" < A,
together with an outward pointing, nonvanishing vector field n®, defines the induced

orentation on 0.4 as € = j*(i,€). Using Stokes’ theorem, we have

/ (Vav?) € :/ diye :/ 7 (iye) (D.2)
(N €) (N €) BN &)

for any smooth vector field v* on 4.
We will apply the theorem to a concrete scenario in which the boundary of .4

consists of two spacelike hypersurfaces ¥ and ¥’, a timelike hypersurface S and a
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null hypersurface H, representing a portion of a black hole horizon,

oN =XUXUSUH ,

illustrated in Figure! D.1.

Figure D.1: A schematic representation of submanifold .4". Its boundary consists of four

parts (spacelike hypersurfaces ¥ and ¥, timelike hypersurface S, null hypersurface H)

and n® is the corresponding outward pointing vector field [14].

The decomposition of the volume form € on the non-null and null parts of the

boundary, respectively, is performed as follows:

(i)

We assume that the normalization of n® is given by n®n, = +1. Adopting the

bnb) na’

convention from [187], we introduce an auxiliary vector field n* := (n
so that n® is outward oriented for spacelike n® and inward for timelike n®.
Then n A 7,e = fe, for some function f, and contraction with n® implies the
decomposition

€= (n"ng,)nANie=nAi,E . (D.3)

The null part of the boundary is generated by the future directed vector field
(%, while the future directed null vector field n® plays the role of the outward
pointing vector field on H. If we define the normalisation by n®l, = —1, we

have ¢ A i,e = fe for some function f, which finally leads to

€=—LNiyE. (D.4)

These decompositions imply

“(ive) (ngv*)€ on non-null part of 9.4
i,€) =
J — € on null part of 0.4

1© 2021 American Physical Society
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and the boundary integral can be split as

/W(Vaua)ez /Z(ﬁava)é—F/l(ﬁaU“)é—l-/g(ﬁaya)é+/}l(_€ava)é7 (D.6)

where the orientation of each component of the boundary 9.4 is fixed by the induced
Stokes’ orientation €. The vector field ¢* is not uniquely determined since it can
be rescaled, /* — ('* = \M*, for some positive real function A. In order to preserve
the normalisation, vector n® has to be redefined as n’* = A\7'n® and € = j*(i,v€).

Nevertheless, the integrand above is invariant to these ambiguities because ¢,v% € =

! ,a g
lvte
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