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Abstract

Proton decay is one of the most significant predictions of models of grand unification and, at the
same time, the source of one of the most important constraints on the otherwise viable parameter space
of these theories. In the model considered in this thesis, and within which the correlation study of the
proton decay signatures was performed, there are only two sources of proton instability. The first source
are vector bosons X and Y, while the second source is a scalar leptoquark. The aim of the thesis is
to study predictions for two-body proton decay partial lifetimes due to the exchanges of both X and
Y vector bosons and one scalar leptoquark. The model of interest yields all unitary transformations,
Yukawa couplings, and gauge coupling strength that are necessary to generate accurate partial lifetime
predictions as a function of mediator’s mass. The research hypothesis is that the predicted patterns for
two-body proton decays might be different for these two types of mediators. This would then allow for
unambiguous experimental answer to the question of what the dominant source of proton decay in this
model of unification is. It should thus be considered to be the most important outcome of this doctoral
research. Therefore, we present results of correlation study between two sources of proton instability in

reference to experimental limits and future expectations in this field.

KEY WORDS: SU(5) model, proton decay, scalar leptoquark, gauge boson, partial proton lifetime,

proton decay width, correlation study



Sazetak

Raspad protona jedno je od najznacajnijih predvidanja modela velikog ujedinjenja, a istovremeno,
i izvor jednog od najvaznijih ogranicenja na inace odrziv prostor parametara ovih teorija. U modelu
koji se razmatra u ovoj doktorskoj tezi, a unutar kojeg je provedena korelacijska studija za tragove
protonskog raspada, postoje samo dva izvora nestabilnosti protona. Prvi izvor su vektorski bozoni X i
Y, dok je drugi izvor skalarni leptokvark. Cilj doktorskog rada je proucavati predvidanja za parcijalne
Zivote raspada protona na dvije Cestice izmjenom X i Y vektorskih bozona, i skalarnog leptokvarka.
Model od interesa daje sve unitarne transformacije, Yukawina vezanja i jakost bazdarnih vezanja koja su
potrebna za generiranje predikcija to¢nog parcijalnog Zivotnog vijeka protona. Hipoteza istrazivanja je
da bi predvideni obrasci raspada protona na dvije Cestice mogli biti razli¢iti za ove dvije vrste medijatora.
To bi onda omoguéilo nedvosmislen eksperimentalni odgovor na pitanje koji je dominantni izvor raspada
protona u ovom modelu ujedinjenja. Ovo bi stoga bio najvazniji rezultat ovog doktorskog istrazivanja.
Zato predstavljamo rezultate studije korelacije izmedu dvaju izvora protonske nestabilnosti u odnosu na

eksperimentalne granice i buduéa ocekivanja u ovom podrudju.

KLJUCNE RIJECI: S U(5) model, raspad protona, skalarni leptokvark, bazdarni bozoni, parcijalno

vrijeme Zivota protona, Sirina raspada protona, studija korelacije



Prosireni sazetak

Kljucne rijeci: SU(5) model, raspad protona, skalarni leptokvark, bazdarni bozoni, parcijalno vrijeme

zivota protona, Sirina raspada protona, studija korelacije

Uvod

Velike ujedinjene teorije [1, 2, 3, 4, 5, 6] (GUT) su teorijski okviri koji nastoje ujediniti tri temeljne
sile Standardnog Modela fizike elementarnih Gestica — elektromagnetske, slabe i jake interakcije — u
jednu. Unutar tih okvira, temeljni sastojci materije, kvarkovi i leptoni, takoder su djelomi¢no ili potpuno
unificirani. Jedno od znacajnih predvidanja ovakvih teorija je da protoni nisu apsolutno stabilni. Ras-
pad protona je stoga kljucni potpis ba$ ovih teorija koji ¢ak nudi potencijalni put za testiranje iako su
relevantne energetske ljestvice daleko izvan izravnog dosega trenutnim ili bilo kojim drugim eksperimen-
talnim moguénostima. Otkri¢e protonskog raspada bio bi revolucionarni pomak u polju fizike Cestica i
vazan razvoj U nasem razumijevanju svemira.

Georgi-Glashow model [3] odigrao je kljuénu ulogu u ranom razvoju velikih teorija ujedinjenja. Medu-
tim, ovaj model, koji se sastoji samo od adjungiranog skalarnog polja za slamanje GUT simetrija i fun-
damentalnog Higgsa za slamanje elektroslabe simetrije, nije kompatibilan s eksperimentalnim podacima
zbog svoje jednostavnosti. Stoga je potrebno prosiriti postojeéi Georgi-Glashow model vodeéi ra¢una o
jednostavnosti samog modela.

Jedan od takvih modela na temelju SU(5) bazdarne simetrije koji predstavlja jednu od teorija velikog
ujedinjenja, je opisan u [7]. Ova minimalna realizacija koristi samo prvih pet najmanjih reprezentacija
dimenzija 5, 10, 15, 24 i 35. Ima ograni¢en broj parametara modela, a $to ga ¢ini vrlo prediktivnim
modelom. Zanimljivo je da osim dva superteSska bozona, samo jedan skalarni leptokvark sudjeluje u
protonskom raspadu. Ova specifiéna znac¢ajka, daje predvidanja u vezi s ujedinjenjem skala i vremenu
poluZivota protona u ovisnosti od kanala raspada.

Studija predstavljena u ovom radu se bavi protonskim raspadom putem osam kanala, ispitujuéi stopu
raspada i vrijeme poluzivota. Usporedbom sa stvarnim podatcima dobivenim u eksperimentima kao Sto je

Super-Kamiokande, bili smo u moguénosti dati predikcije za ono $to bi se moglo vidjeti u eksperimentima
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u narednom vremenskom periodu. Naime, na osnovu tipa opazenog kanala u eksperimentu, moguce je

reéi da li je protonski raspad ostvaren izmjenom bazdarnog bozona ili skalarnog leptokvarka.

Model

Model koji je predstavljen u referenci [7], a unutar kojeg radimo u ovoj doktorskoj tezi, sadrzi skalarna
(51, 245 135p), fermionska (5r;, 105 i 157 +15F) i bazdarna polja (24¢), gdje je i = 1,2, 3. Kompletan
sadrzaj polja u ovom modelu je dan u Tablici 1.

Tablica 1: Sastav i grada modela, dekompozicija prema bazdarnoj grupi Standardnog Modela i
pridruzeni koeficijenti S-funkcije. i(= 1,2, 3) predstavlja indeks generacije.

’ Skalarna polja \ Fermionska polja ‘
| SU(5) | Standardni Model [ (bs,bz,b1) | SU(5) | Standardni Model [ (bs, by, b1) |

A=5 Ai(1,2,+7) (0.5.15) | F=5p, Li(1,2,-3) (0,1, 2)
oA | (R0 T aEal) | (Lo

QSO (LLO) (07070) Qz (§727+§) (27375)
e i
Sl It e R iR ER)
G (3.1.0) (%,g,g) E=15r | D@2+ | GLD)

@ (1,4, *g) (?, 3 §) 36 (6,1, —%) (ga(} @)

® =354 @3 (3,3, —3) (z285) | 21 (1,3,-1) (0,3.%)
@6 (6,2, +5) (3 Lg5) | E=15r ¥s (3,2, 1) (2,1,4)

®yp (10,1,+1) (2,0,2) 56 (6,1,+%) (3,0,72)

Lagranzijan skalarnog dijela je dan u sljede¢oj jednadzbi:

Ly == i} (AaA®) + A8 (ASA®)? +  ARA% 6 + A% (A5A) (656%) + A3 ALA 605
2
— 13 (650)) + masgelon + X§ (650%) " + X 05000308 + i (277 Dy,
ko 2 *QY * ag ko 0
F AT (D" Bp) " + AT R VD55 @* 7D e, + Ao (271D ,) (6065)
A0 (D7 Ragy) (AAP) +ATR R 5 A AL + 13 @™ D5,

+ AP o5, 90 + M@ D550 + {NATATNT oy +hic ) (1)

gdjeje A =5p, ¢ =24y, ® =35y, a o, 3,7,0,0,p=1,2,3,4,5 oznacavaju SU(5) indekse.

Potpuni Yukawa dio Lagranzijana je:

Ly = {YETOT) N apap + YT Faghy + VIS Foghs + V)T Fai®

FYETE S, 4+ he } + My Sap¥®? 4 ySas108, (2)

gdje su specificirane kontrakcije i u SU(5) prostoru i u prostoru ukusa. Y™ i Y su opéenito 3 x 3

kompleksne Yukawa matrice, Y, Y i Y su kompleksni Yukawa vektori duljine 3, pri ¢emu je y realan
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broj. Relevantni matri¢ni elementi su oznaceni s Y5, Yi?, Y2, YD, Yeiy, edjei,j =1,2,3 predstavljaju

indekse generacije.

U ovom modelu SU(5) simetrija se direktno slama na bazdarnu grupu Standardnog Modela SU(3) x
SU(2) x U(1) kada polje ¢y € 245 dobije specificnu vakuumski o¢ekivanu vrijednost (VEV). Simetrija
Standardnog Modela se zatim naruSava na elektroslaboj skali pomoc¢u vakuumske ocekivane vrijednosti

polja Ay € 55 na SU(3) X U(1)em $to moZzemo predstaviti na sljedeci nadin:

SU®) 2 U(3) x SU(2) x U(1) 25 SU(3) X U(1)em - (3)

Relevantne VEV vrijednosti za ovaj rad su:

(245) = vaydiag (—1, -1, —1,3/2,3/2), (4)

Gu)y=0 0 0 0 vs5/v2)T, (5)

gdje vs =~ 246 GeV daje mase poljima bazdarnih bozona Standardnog Modela Wf i Z,. Mase superteskih

bazdarnih bozona Xi*/% € 24¢ 1 Y;E'? € 244 su

25
Mx =My =/ 3 JauTvas, (6)

gdje gguT predstavlja bazdarnu konstantu vezanja pri skali ujedinjenja.

Mase fermiona

U procesu generiranja masa, u ovom modelu se koristimo s tri razli¢ita mehanizma u ovisnosti od toga

da li govorimo o nabijenim ili neutralnim fermionima.

Sektor nabijenih fermiona

U Georgi-Glashow SU(5) modelu su fermioni Standardnog Modela dati kroz dvije reprezentacije:

a§ 0 uf —uf w d

ds —u§ 0 u§ uy  do
S5p=|d§ |, 10p= \% u§ —u§ 0 us ds | (7)

e —u1  —Uz —usg 0 e

—Ve —dy —dy —d3 —e¢ 0

gdje su sva polja lijeve kiralnosti u odnosu na Lorentzove transformacije.

Nakon slamanja elektroslabe simetrije putem VEV vrijednosti polja datog jednadzbom (5), prva dva

13



¢lana u jednadzbi (2) generiraju sljedeée masene matrice za gornje kvarkove, nabijene leptone i donje

kvarkove:

My = v2us (Y" +Y"T), (8)

My = 2V, 9)
U5 d

Mp =" (10)

Jednadzbe (9) i (10) predvidaju m. = mgq, m, = ms i m, = my, gdje ove masene relacije vrijede na skali
ujedinjenja Mgur. Da bismo uspjeli dobiti eksperimentima utvrdeno neslaganje izmedu masa donjih
kvarkova i nabijenih leptona, morat éemo uvesti korekcije ili na Mpg ili na Mp, ili za oboje. Ovakve
korekcije u modelu u ovom radu dolaze od interakcija izmedu nabijenih fermiona Standardnog Modela u

B i 10p; s fermionima iz 155 +15F |7, 8.

Clanovi mijeSanja potrebni za dalji ra¢un dolaze od kontrakcija u tre¢em, Cetvrtom i petom ¢lanu

iz (2) i glase:

"t V2

=0 DY 5
—YibEu- Re V24 +uz )7 (11)

V2

_ 7}/0

LYD_Ya< O h° GC 5+decv5>
' V2

pri éemu su vlastita stanja elektri¢nog naboja X°, e e ¥1(1,3,1) i 3%, 24 € ¥3(3,2,1/6).

U ovom modelu i analizi smo zainteresirani za sluc¢aj u kojem je My, > vs. U ovom limitu 3 x 3

masene matrice nabijenih fermiona Standardnog Modela izgledaju ovako:

1
2

My = (u + e YCYCT) V2us(YY 4 YT, (12)
1
Mp = 2u5YdT (13)
2 veyvet 7% 1 a
(I]—i—e vey ) ME+\fv5eYY (14)
gdje je

O Vg
_ 5 v 15
2t (15)

Neutrinski sektor

Neutrinske mase se ostvaruju na razini vodeéeg reda i na razini jedne petlje. Na razini vodeéeg reda

masena matrica bi glasila:
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1,4
Aug

My)V& = ——2 5 (Yoy? 4+ vPye). 1
( N)lj 4M21M(%1 ( i =+ 2 j) ( 6)

dok bi na razini jedne petlje imala sljedeéi izraz:

2
le

M3,
2

2 2
. Vo2 Ms, Mg, In 55 MZIn
My) P = 25 (yeyb L ybys 1 1 h 17
pri ¢emu je M} masa Higgsovog bozona iz Standardnog Modela. Kada je Mg,, Ms, > M}, imamo
(My)if = mo(YY] + YY), (18)
gdje uvodimo maseni parametar mg koji regulira masenu skalu za neutrine:
)\/ 2 M- M2
me = —-5 2L (19)
6472 Mg — Mg — Mg,
N 7, S L
N ] 7 N /] 7
~ Ve <~ Ao
N~ N~
* * * *
SH// \\35H Al// \\CD1
e ~ e ~

AN Z Z N N
Vd N\

~

N

AN Z Z N
7 Y 78

AN
7

Se YO 15p T30 P 55 L ¥ oEm % Y UL

Slika 1: Feynmanovi dijagrami dominantnog doprinosa neutrinskim masama unutar SU(5) (lijeva slika)
i na razini Standardnog Modela (desna slika).

Moze se primijetiti da su oba doprinosa proporcionalna kombinaciji Yi“ij —&—Yiij“. Upravo zbog ovoga

je najlaksi od tri neutrina zapravo bezmasivan, pa mozemo pisati:
(My)ij = mo (YY) + YY) = (N diag(0, ma, m3) NT)y;, (20)

gdje je N unitarna matrica, a mo i mg su vlastita stanja mase neutrina. Unitarna matrica N se moze
napisati i kao:

N = diag(e"", e, ") Viyns: (21)

gdje je Vpvns Pontecorvo-Maki-Nakagawa-Sakata (PMNS) unitarna matrica mijeSanja s tri kuta, dvije

Majorana faze i jednom CP Diracovom fazom.
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Fermionski fit

Masene matrice My, Mg, Mp i My dimenzije 3 X 3 za fermione Standardnog Modela, date u jed-

nadzbama (12), (13), (14), i (20), mogu se dijagonalizirati na sljedeci nacin:

My = U Ma=eu, (22)
Mp = D, M3 D}, (23)
Mg = EL Mgl (24)
My = NMY*8NT (25)

gdje su U, Ugr, Dy, Dgr, Er, Fr i N unitarne matrice pomocéu kojih se odvija prijelaz iz baze ukusa u
masenu bazu.
Numericka studija u ovom radu osigurava ulazne parametre u Dy, Dr i N, dok osobitosti samog

modela daju:

Up, = Dpdiag(1, e, ™)V diag(e?™, 2, e™*2) = D D(n) Vi D(k) (26)
Ugr = U; diag(e'®r, €2, e') = U D(€), (27)
Ep =1, (28)
Er=1, (29)

pri ¢emu je Voxm Cabibbo-Kobayashi-Maskawa (CKM) matrica mijeSanja, koja sadrzi jednu CP Diracovu
fazu M. U jednadzbama (26) i (27) uvodimo odgovarajuéu notaciju za matrice s fazama na dijagonali
D(n), D(k), i D(¢). Zanimljivo je primijetiti da je upravo simetrija matrice My ta koja povezuje Uy, i
Ug, kako je dato u jednadzbi (27).

Pri izvedbi numericke analize, koristimo mase nabijenih leptona na skali Mgyt kao ulazne podatke
za odredivanje dijagonalne matrice Y putem Y? = 2 diag(m.,m,, m;)/vs. Buduéi da masena ma-
trica za donje kvarkove i masena matrica za neutrine imaju istu Yukawa matricu Y*, moramo koristiti

kombinirana prilagodba ova dva sektora pri ¢emu trazimo minimum funkcije x?:

2N~ (T 0\
e=3 (B5%) . (30)
gdje T, O; i E; predstavljaju teoretsko predvidanje, izmjerenu centralnu vrijednost i eksperimentalnu
1o gresku za fizikalnu veli¢inu j, redom. Indeks j se koristi za mase donjih kvarkova i parametre u
neutrinskom sektoru.
Ono §to model opéenito daje su vrijednosti masa nabijenih leptona, gornjih kvarkova, i vrijednosti za

CKM parametre. Uz to, provodi se i kombinirana numeri¢ka analiza za parametre neutrinskih masa, za
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mase donjih kvarkova i za PMNS parametre. Klju¢ni rezultat ovakve numericke analize za razmatranja
u dijelu protonskog raspada su zapravo unitarne transformacije U, Ug, Dr 1 Dg, pri ¢emu prve dvije
matrice sadrze pet i tri napoznatih faza, redom, kao i numeri¢ko odredivanje svih Yukawa vezivanja u
ovom modelu. Osam dodatnih faza koje numeric¢ka analiza ne moze odrediti su n1, 172, k1, K2, K3, &1, &2

i &3, gdje su, u biti, jedine relevantne faze za studiju protonskog raspada n; i 79.

Protonski raspad

Glavna ideja u ovoj analizi protonskog raspada lezi u identifikaciji dominirajuéeg ili dominirajué¢ih kanala
za oba tipa medijacije - izmjenom baZdarnih bozona ili skalarnih leptokvarkova - koje analiziramo u
modelu, ali i usporedujemo s aktualnim eksperimentalnim granicama i buduéim ocekivanjima, a $to je
utemeljeno na podatcima prikupljenim u periodu od deset godina u Hyper-Kamiokande kolaboraciji.

Upravo takav sazetak podataka je dan u Tablici 2.

Protonski raspad izmjenom bazdarnih bozona

Eksplicitni izrazi koje koristimo za ra¢unanje brzine raspada protona i vremena poluzivota za svih osam

kanala raspada izmjenom bazdarnih bozona X : 4/ 3, Y,;H/ = (3,2,+5/6) su dati u jednadzbama ispod:

2)2 2
p ™ KAQ aguT
m3 27 My

x{ |Asn(n|(ud) rur p)e(es, d) [ + [Asr(n|(ud) Luclpye(e§, )|} -

3

+— (mf, -m2)* 2 OGuT 42 + 2 |2
I(p—»m'w) = 75 ALy AR (T (ud) mdp [p)* D le(vi, d, d) 2 (32)
mp GUT i=1

2 . 2\2 2
(my —my) EAQL aGuT
3 1
my 2 Meyr

x{ [Asr{nl(ud) purlpye(es, d)* + |Aspinl(ud) pur p)e(e§, d)[*} .

T(p —nef) =

2 .2 2
» — Mk) T g2 QGur

3 L 4
m; 2 Meyr

(m ?

T(p — Koe;) =
><{ ‘ASR<KO|(US)RUL|])>C(€5,SC)’2 + ’A5L<KO\(US)LuL|p>c(eg,s)|2} .
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Tablica 2: Aktualna granica na parcijalna vremena poluZivota protona pri protonskom raspadu za sve
dvo-¢esti¢ne procese i buduéa oekivanja za desetogodisnji period prikupljanja podataka sa 90 % C.L..

kanal raspada | aktualna vrijednost 7, [godine] | buduca osjetljivost 7, [godine]
p — mlet 2.4 x 1034 [9] 7.8 x 10%4[10]
p— out 1.6 x 10%4]9] 7.7 x 10%4[10]
p—nlet 1.0 x 1034 [11] 4.3 x 1034 [10]
p—nOut 4.7 x 1073 [11] 4.9 x 1034 [10]
p— K%+ 1.1 x 1033 [12] -
p— Kou* 3.6 x 1033 [13] -
p—ato 3.9 x 1032 [14] -
p— Ko 6.6 x 1033 [15] 9.6 x 103% [16] & 3.2 x 1034 [10]
m2 — m2.)2 2
p— K*9) = = Wr oo
3
x{ A% | |(us) rn ) 3 [e(w d, s (35)
=1

3

+ A% (K () s ) e, s,d)| )
i=1

Protonski raspad izmjenom skalarnih leptokvarkova

Eskplicitni izrazi koje koristimo za rac¢unanje brzine raspada protona i vremena poluzivota za svih osam

kanala raspada izmjenom skalarnih leptokvarkova su dati u jednadzbama ispod:

(m2 — m2)?
T(p — 0,+) — P ™ A2
= 7) = Srmintt T

x {\Am(dc,eﬁ><w0|<du>RuL|p> + Aspald, e3)(x°) (du) s )|

+ |Assa(d, §) (°|(dw) Luslp) + Asra(d®, e§) (x| (du) s |p>\2} Lo
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(m2 — m2)?
I +oy VT ) 42
= T0) = S rmiatt
3 2
X Z‘ASRa(d, d®,vi) (T |(du) rdp|p) + Aspa(d, d, v;){mF|(du) LdL|p)| - (37)

i=1

2 242

0 4y _ (my—my)” o

Flp—=mies) = 32mm3Mi L
p 3

X {’ASLG(CL es)(n|(ud)Lur|p) + Asra(d®, eg)(n|(ud) gur, |P>‘2

+|Aszala®, e§) ml(ud) cuslp) + Asna(d, e§) | (ud) rus ) \2} . (39)

(my —mi)*

T(p = Klef) = 2 KL
b= Ke5) = Sammanrs_
3

X {‘ASRG(807 ep)(K°|(us)rurlp) + Aspa(s, es)(K°|(us) Lur|p)
~ Asra(s, ¢§) UK |(us)nuslp) — Asza(sC,§) (K| (ws)zouslp)|
JF‘ASRG(SCa es) (K°|(us) ruLlp) + Aspa(s, eg)(K°|(us) LuL |p)

2
+ Agra(s, eg)<K0|(us)RuL|p> + Agra(s, eg)(K0|(us)LuL|p>’ } . (39)

(m;% - m%{)Q P

+5)
P = KO0 = g mmanay, At
3

3
X Z |ASL (a(sv da V2)<K+|(us)LdL|p> + a’(dv S, Vz)<K+|(Ud)LSL‘p>)
i=1

+Asr (a(d, €, v) (K| (us) rdr|p) + a(s, d%, vi) (K *|(ud) rsi|p)) | - (40)

Zakljucci ove studije pokazuju da u slu¢aju protonskog raspada putem dominantnog kanala p — n%e*
p — neT. Alternativa je da se protonski raspad desi putem p — K17 kanala, §to bi znacilo da se ovaj
raspad desio izmjenom skalarnog leptokvarka, uz moguénost p — w°ut procesa. Detekcija oba kanala
p — mlet i p — K7 bi mogla naglasiti kanal p — 7% kroz konstruktivnu interferenciju. Upravo ovi

glavni zakljucci u ovom specificnom modelu, kao i studije protonskog raspada su prikazani na slici 2:
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Slika 2: Korelacija potpisa protonskog raspada putem bazdarnih bozona i skalarnog leptokvarka unutar
scenarija M > 1TeV, M > 10TeV i M > 100 TeV. Tanke crne crte predstavljaju trenutna eksperimentalna
granica, plave okomite trake su predvidanja za kanale protonskog raspada izmjenom bazdarnog bozona,
crvene okomite trake su odgovarajucéa predvidanja za kanale protonskog raspada izmjenom skalarnog lep-
tokvarka, a sive isprekidane crte predstavljaju buduée eksperimentalne osjetljivosti nakon desetogodisnjeg
razdoblja.
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Chapter 1

Introduction

I have not yet lost a feeling of
wonder, and of delight, that this
delicate motion should reside in
all the things around us, revealing
itself only to him who looks for it.
I remember, in the winter of our
first experiments, just seven years
ago, looking on snow with new
eyes. There the snow lay around
my doorstep — great heaps of
protons quietly precessing in the
earth’s magnetic field. To see the
world for a moment as something
rich and strange is the private

reward of many a discovery.

Edward M. Purcell

Everything that we observe around us seems to have an expiration date. It can only be expected
that the same happens with the particles forming nucleus of every atom that builds up everything in
and around us. In particle physics we refer to expiration date of a particle as its lifetime. If particle
decays in different ways, we introduce a concept of partial lifetimes. Particles, through decay, give birth

or transform to some other particles, if kinematically allowed.

There are some particles that we have not seen to decay so far. For example, electron is an elementary
particle that builds up literally everything and yet we haven’t observed its decay. Proton is a composite
particle that also seems to be absolutely stable. Nevertheless, various physical theories that go beyond

what we know today, predict proton decay and give an estimate on its lifetime.
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CHAPTER 1. INTRODUCTION

In this thesis, we will explore and discuss proton decay within one specific SU(5) model, where in
the final states we have two particles. Now, process itself can have different final states and may proceed
via different mediators. We will be analyzing proton decay induced through the gauge boson and scalar
leptoquark mediations.

In order to do so, we will start with theoretical background, where we present the acclaimed physical
theory in this field referred to as the Standard Model. Since proton decay is something theorized in
physics beyond the Standard Model, in Chapter 3 we venture beyond the Standard Model, where among
other theories lies SU(5) Georgi-Glashow model. However, this model has its flaws and, hence, does not
phenomenologically work. We dive into this exploration in Chapter 4.

Proton decay is one of the most important predictions of Grand Unification Theories (GUTs), and it
has been studied extensively for decades. We talk about that in Chapter 5. There we discuss, analyze,
and derive in detail expressions for two main types of mediation of proton decay — via gauge bosons and
via scalar leptoquark.

However, the way the proton will decay and how to detect this decay is still an open question, both
for the theory and experiment. In Chapter 6 we present some of the previously conducted experiments
in the field, but also the future experiments that search for proton decay. Chapter 7 is dedicated to
our specific SU(5) model with the description of its particle content, symmetry breaking, unification,
and mass generation mechanisms. Chapter 8 is devoted to the correlation study between two main ways
for proton to decay, together with associated proton lifetimes and expectations in experiments. Our

conclusions are presented in fourth part of this thesis — Summary and conclusions.
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Theoretical Background
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Chapter 2

Standard Model

It’s extraordinary to think that if
you walked into a room and said
you had never heard of Hamlet,
you would be regarded as a
Philistine. But you could walk
into the same room and say, 'I
don’t know what a proton is,” and
people would just laugh and say,

"Why should you know?’

Robert Winston

Pillars of physics describing the world we live in and the world that lives within us and deeper, are

physical entities such as particles of matter, forces between them and fields they feel and interact with.

Standard Model is the theory that, so far, describes in the most viable manner algorithm of the
particle content of the Universe we know of and the forces and fields in the nature. This is the theory
that has been forged for decades by many great names in the world of physics such as Chen Ning Yang,
Robert Mills, Chien-Shiung Wu, Sheldon Glashow, Abdus Salam, Steven Weinberg, Abraham Pais, Sam
Treiman, Philip Warren Anderson, Robert Brout, Francois Englert, Peter Higgs, Yoichiro Nambu, Jeffrey

Goldstone and many more.

2.1 Particle content

Standard Model is a chiral gauge theory incorporating all known building blocks of matter and describing
three out of four fundamental forces in nature: electromagnetic, weak and strong interactions [17, 18, 19].

The mechanism of this theory is based on the gauge group SU(3) x SU(2) x U(1), where SU(3) is a
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CHAPTER 2. STANDARD MODEL

gauge group for strong interactions and SU(2) x U(1) is a gauge group for electroweak interactions.

Table 2.1: Standard Model particles

FERMIONS BOSONS
families SPIN | SPIN
1st | 2nd | 3rd 1 0
U c t gluons H
quarks
S b g
e W T W
leptons
Ve vy vy Z

A simplistic categorisation of building blocks of the Standard Model would be to introduce two types
of particles: fermions that obey Fermi-Dirac statistics and build up the matter fields and experience
the force, and bosons that obey Bose-Einstein statistics with a distinction between gauge bosons of
spin 1 that are force carriers and Higgs boson of spin 0 that is responsible for symmetry breaking of the
Standard Model. All the particles of the Standard Model can be summarized in simplified manner in

Table 2.1. More specifically, the particle content of the Standard Model is presented in Table 2.2.

Table 2.2: Standard Model field content (i = 1,2,3 denotes the generations, « = 1,2,3 denotes the
color,a=1,2,3 and A=1,...,8)

Fields SPIN (j) SU@3)  SU(2) U(1) B L
. ui
dia
U, i 3 1 +2 +3 0
I } 3 I
n=| " 1 1 2 -1 0 +1
€L
el i 1 1 -1 0 +1
H 0 1 2 +3 0 0
G 1 8 1 0 0 0
wg 1 1 3 0 0 0
B, 1 1 1 0 0 0

One can see, from Table 2.2, that the Standard Model fermions comprise six SU(2) doublets Q% , and
l; , and nine SU(3) singlets u',,,, d%,,, and €%, . Left-handed QY , consists of quarks u% , and d} ,, whereas

I% consists of charged lepton €% and neutrino v%. Index i denotes generations of fermions referred to in Ta-
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2.2. LAGRANGIAN

ble 2.1 as families. Our notation is such that (uj p,u g, u? g) = (ur g, CcL.Rr tL.R), (A} g, dig,d} ) =
(dr.rySL.R,OL.R), (eLR, e2L7R, eiR) = (er,r, fbr,RsTL.R), and (V},v3,v3) = (Ver,Vur,Vr1). Quarks
transform as triplets of SU(3), therefore, they belong to the fundamental representation of that group.
There are furthermore eight generators of SU(3) group and Gf are eight carriers of interaction that are
associated with them. These are referred to as gluons. There are also three additional vector bosons W7
of SU(2) group and one B,, carrier of U(1) interaction. W and B,, are mediators of the electroweak force.

Finally, there is a single scalar boson field H that is a doublet of SU(2) that accomplishes electroweak

symmetry breaking. It is referred to as the Higgs boson.

2.2 Lagrangian

Standard Model is a gauge theory. More specifically, it is a quantum field theory. Lagrangian of the

Standard Model can be written in the following form:
ESM = £gauge + ‘Ckinetic + £Higgs + LYukawa (21)

where separate contributions are [20, 21]:

1 A A pv 1 a a pv 1 v
Lguge = = 3G GA1 = W, WO — 2B, B (2.2)
Limetic = i (QuIQy + Ty Dy + dp iy + T, DI} + ey (2.3)
T v’ ’
Cuveen = (0,10 (D411 < (1117~ 5 ) (2.4
£Yukawa = — (gij@LieH*uRj — gzj@iLHde — géjfLiHeRj) + h.c. (25)

Fermions featured in Eq. (2.5) are in the so-called flavor basis. In order to go to the mass eigenstate

basis, we need to redefine them in the following way:

l / — —7
U g = Uz,RUL,R = ur,r =Urrup p = UL,r = uL,RUz,R (2.6)

di,R = DLRdL,R = dL,R = DL,Rdi,R = EL,R = EL,RDE,R (27)
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/ ’ — —
€L.R = Ez,ReL,R = er,r=FELRreL p = €LR= eL,RELR (2.8)

vy = Nvy = vy = Nvj = 7 =7, N (2.9)

where Up, g, D r, Er r, and N are 3 x 3 unitary matrices in flavor space.

Where do these unitary transformations manifest themselves in the Standard Model? It turns out that
there are only two terms in Lagrangian where we can observe these transformations and these correspond
to interactions of left-handed quarks and left-handed leptons with W+ bosons, as we will show later on.
We note that right-handed transformations Ugr, Dg, and Eg are not physical in the Standard Model in
a sense that they are not present in any observable.

With redefinition of states given in Eq. (2.6), and taking into account that the vacuum expectation
value (VEV) of Higgs is (H) = (0 v)T, we get in the up-type quark sector that corresponds to the first

term in Lagrangian of Eq. (2.5) the following:

ul,; (Uz Ju UR) R v =T gdiae g4 )y (2.10)
ij
where
My 0 0 10—° 0 0
gitv=my™ =1 0 m. 0 |*m| 0 1072 0 (2.11)
0 0 my 0 0 1

represents mass matrix for the up-type quarks. We will analogously do the same procedure for the

down-type quarks:

dy; (D} g4 DR)”_ di; v =y g8 v (2.12)
where
mg 0 0 1073 0 0
diay _ . diag __ ~ —2
gy cv=my ° = 0 ms O ~ 0 10 0 (2.13)
0 0 my 0 0 1

The kinetic Lagrangian of Eq. (2.3) yields the following interactions:

Upi Y Whdp; +pi yuZ"uri +eps vy Whvei + vpi v Z v (2.14)
where first and third terms are charged currents and second and forth terms are neutral currents. With
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redefinition of states presented in Eqgs. (2.6)—(2.9), this becomes:

W ULy WHDLdy + Ul ~, ZM Uy, + €y ELy, WH* Ny, + T Ni~, 20 Ny, (2.15)

with

U}:DL = VCKM and E[T,NL = UPMNS (216)

where Vogy is the Cabibbo—Kobayashi-Maskawa matrix. Vogwm was introduced by Nicola Cabibbo,
and enriched for one more generation by Makoto Kobayashi and Toshihide Maskawa. For a historical
overview, see Ref. [22]. It is a unitary matrix that gives exact values on the strength of flavor changing
between quarks. Upyins is the Pontecorvo-Maki—Nakagawa—Sakata matrix that contains information on
neutrino oscillations firstly predicted by Bruno Pontecorvo. It was introduced in the current form in 1962
by Ziro Maki, Masami Nakagawa, and Shoichi Sakata. Voxm and Upmns, as defined in Eq. (2.16) are
both given as a mismatch of two unitary left-handed rotations.

The gauge covariant derivative of Egs. (2.3) and (2.4) is given in this form:
Dy =0, +igsG T +igaWiT* +ig1 B,Y (2.17)

with g3, g2, and g, being gauge coupling constants of SU(3), SU(2), and U(1), and T4, T%, and Y are
the SU(3), SU(2), and U(1) generators, respectively. In Eq. (2.5), gfjde are Yukawa couplings where
1,7 = 1,2, 3 represent generation indices.

The field strenth tensors are [23]:

G, = 0.Gy — 0,G] — gfBeGRGY (2.18)
Wi, = 0,Wy = ,Wi — g2 fo WIW, (2.19)
B, =0,B, —9,B, (2.20)

with fi- and f2 being structure constants of the gauge groups SU(3) and SU(2), respectively.

2.3 Open questions and challenges

Standard Model proved to be the best theory to describe the symbiotic world of particles and interactions,
and its viability has been confirmed with every new elementary particle being discovered. This has
culminated with the discovery of Higgs boson [24, 25| which was the last missing part of the Standard
Model. Nonetheless, there are some open questions and challenges that portrait the Standard Model as

an incomplete theory. Here are some of the questions and inputs for research in the fields beyond the
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Standard Model physics:

e Neutrino masses
Within the Standard Model, neutrinos are massless particles, even though the experiments have

confirmed that at least two out of three must have a mass [26, 27, 28].

e Dark matter
Building blocks of the Standard Model do not explain the origin nor the nature of the Dark Mat-

ter [29, 30].

e Gravity
Standard Model unifies three out of four fundamental forces, omitting the force of gravity. Hence
the hypothesized carrier of the gravitational force, i.e., graviton, is not a member of particle content

of the Standard Model [31, 32].

e Hierarchy problem
Hierarchy problem is usually related to the discrepancy between Higgs mass and other scales such
as Planck scale Mpianek [33]- Specifically, if the cutoff of the theory is assumed to be Planck scale —
the scale associated with weakness of gravity — the quantum corrections dm? to Higgs mass m?%;,
that at loop level come from self interactions, gauge loops, and fermion loops, are much greater

than the observed mass, i.e., dm?% > m?% [34].

For example, the one-loop correction to the dimension-2 Higgs mass parameter, due to the top

quark loops, is [35]:
Ney?
82

om? = — A%+ (2.21)

where A is ultra-violet cutoff for the loop momentum, N is number of colors and y; is top quark
Yukawa coupling. The disparity between dmpy and mpy is self-evident if one sets A = Mpjanek ~

1018 GeV while mpy =~ 102 GeV.

e CP violation
CP refers to charge conjugation parity symmetry, where C stands for charge symmetry and P
for parity symmetry. Charge-conjugation symmetry and parity symmetry state that interchange
between charge particle and its anti-particle as well as swapping left and right-handed particles
should make no change in physical laws. The issue of CP violation within the Standard Model
is related to the question of matter and anti-matter ratio, where experiments witness extreme
disparity. If everything started at balance, at Big Bang, how did the world end up with so much
matter and so little anti-matter? Omne possible explanation is violation of CP symmetry. And,
in the Standard Model, there are three sources of CP violation. First comes from CKM matrix

(quark sector), second comes from strong interaction and third comes from PMNS matrix (lepton
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sector). Sources of CP violation in the Standard Model contribute in not so significant measure to

matter-antimatter symmetry. Hence, in order to explain this phenomena, one must go beyond the

Standard Model and look for answers elsewhere.
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Chapter 3

Beyond Standard Model

Supposing a new era begins after
the big crunch, will the number of
protons (or baryons) be the same
in the next cycle? Will the
protons retain a memory of their
previous life in the earlier epoch
of the universe when deciding to
decay or not to decay? Will there
be subsequent cycles of big bangs
and big crunches? If so, will
proton decay affect the cycles of
the far future? There exist no
answers to such questions at

present.

Jamal Nazrul Islam
"The Ultimate Fate Of The

Universe"

Motivation to go beyond the Standard Model stems out of questions we have mentioned in previous

chapter. We will in next few sections briefly describe some of the issues of the Standard Model and

directions one takes to address them.

3.1 Fermionic mass hierarchy and flavor problem

There is a visible mass hiararchy problem in fermionic sector of the Standard Model. Namely, there is

an observed hierarchy between masses of quarks and charged leptons that is not understood within the
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framework of the Standard Model [35, 36]. The masses in question read:

m, 0 0 2.16 MeV 0 0
mding — 0 m. O ~ 0 1.27 GeV 0 (3.1)
0 0 m 0 0 172.4 GeV
mg 0 0 4.67 MeV 0 0
mdieE — 0 m. 0 |~ 0 0.093 GeV 0 (3.2)
0 0 my 0 0 4.18 GeV
me 0 0 0.511 MeV 0 0
mgiag — 0 my 0 ~ 0 0.106 GeV 0 (33)
0 0 m. 0 0 1.777 GeV

Clearly, there is a large disparity between masses of quarks and masses of charged leptons from

different generations.

Neutrino sector currently exhibits two experimentally viable mass hierarchies. Normal hierarchy
corresponds to Am3; = m3 —m3 < 0, where my and ms are neutrino masses. Inverted hierarchy, on the

other hand, features Am2; > 0. Experimental measurements currently yield:
|Am%2| = ’mf - mg‘ =7.37 x 107 5%eV? (3.4)

|Am3s| = |m3 — m3| = 2.54 x 10~ %eV? (3.5)

Note that we do not know neutrino masses mj, mq, and ms, but we do know corresponding mass-square
differences. This leaves a space for a possibility that at least one of three neutrinos is a massless particle.
It is also clear that neutrino masses are much lower in comparison with masses of other fermions:

Twi 106 (3.6)
miq

There is also a hierarchy in CKM matrix entries for which we find no natural explanation. Vokwm
looks almost diagonal. Namely, CKM matrix takes the following form, where we neglected CP violating

phase, when presenting numerical values [37]:
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Vi Vas Vb 0.974 0.225 0.0036
Vekm = | Vea Ve Vi | = | 0225 0974 0.041 (3.7)
Via Vis Vi 0.009 0.040  0.999

The PMNS matrix elements also exhibits slight hierarchy that can be summarized as follows [38, 39):

0.803 — 0.845 0.514 — 0.578 0.142 — 0.155
Upvns ~ | 0.233 - 0.505 0.460 — 0.693  0.630 — 0.779 (3.8)

0.262 — 0.525 0.473 —0.702 0.610 — 0.762
where we indicate allowed ranges for the matrix elements.

Flavor problem refers to relation between fermion masses and mixing patterns for quarks and leptons
that we have shown above. Clearly, the flavor problem has its roots partly in dim-4 Yukawa couplings

for quarks and leptons, and partly in dim-5 operators for neutrino masses.

3.2 Gauge coupling unification

Standard Model is a gauge theory represented by a gauge group SU(3) x SU(2) x U(1), where each group
has its own gauge coupling: g, g and ¢’ respectively for strong, weak and hypercharge interactions in
the Standard Model with g; = \/gg’, g2 = g, and g3 = gs. We can express their renormalization group

equations (RGEs) at the one-loop level in the following way [40]:

doy; a?
= i) = —t Qs = 1, 27 3 3'9
dlnp Bla) o ¢ ! (39)
where o; = g?/(4m) while a; are one-loop S-function coefficients a; = ({5, —%,—7) of the Standard

Model. Parameter p represents a scale at which we measure relevant coupling. We will always use
as(Myz) = 0.1193 £ 0.0016, o~ *(Mz) = 127.906 & 0.019 and sin® @y, = 0.23126 + 0.00005 as input

parameters [41].

Eq. (3.9), at the two-loop order, reads:

dOli o bv’j 053 .
_ = s — - L = 1 2 '1
1 " a; 2 + E s ] 5 4y 3 (3 0)

where b;; are two-loop [-coefficients that read [42, 43]:
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199 27 44

50 10 5
— 9 35
b= 2 B 12 (3.11)
11 9

70

— ay7(u)
a,™ " (1)
— a3 ()

Log(/GeV)

Figure 3.1: Standard Model gauge coupling constants

These three gauge couplings do not meet at any energy scale within the Standard Model framework [44,
45, 46] as it is presented in Fig. 3.1. We note that the successful unification of gauge couplings would
imply common origin of the Standard Model interactions. There are currently several different approaches
towards realisation of this desirable feature. In this work we will investigate non-supersymmetric approach
towards gauge coupling unification within the context of Grand Unification. The most commonly used
simple groups to discuss Grand Unification without supersymmetry [47] are SU(5), SO(10), and Eg. In

this work, in the next few chapters, we will describe several prominent features of the SU(5) group.

3.3 Baryon (B) and lepton (L) number violation

Baryon and Lepton number conservation is a consequence of accidental symmetry of the Standard Model
and can be violated if one resorts to use of higher dimension operators. For example, neutrinos are
massless in the Standard Model, where dim-4 operators are used. That situation corresponds to the
conserved lepton number. But, since experiments argue differently, one can use dim-5 Weinberg operator

in order to generate neutrino masses:
Cij (ie. .
Lim_s = _ﬁ (Igir*H) (1ji7°H) + h.c. (3.12)
where c¢;; represent matrix elements of the 3 x 3 symmetric complex matrix. This dim-5 operator violates
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lepton number L by 2 units and it is the only dim-5 operator that we can write with the Standard Model

particle content. Now, it follows that neutrinos are purely Majorana particles:

L, =—myrv + h.c. (3.13)

quj’Uz
M

where requirement that m,, ;; = < 0.1eV gives an upper limit on new physics scale of M < 104 GeV.

As for dim-6 operators, these can violate baryon number B. For example, operators of the form:

2

1 — _
Liim—6 = el (yigqql + ysu‘e‘u’d®) + % (deucql — ecucqq) , (3.14)

violate both baryon and lepton numbers, where parameter M represents a scale of new physics. It can

be derived, as it will be shown in next chapters, that the proton lifetime reads:

4

7(p — eTn%) ~ > 2.4 x 10** years. (3.15)

5
g mp

If we assume that ¢ is of order 1, we see that experimental limit quoted on the right-hand side of
Eq. (3.15) yields M > 10'5 GeV. This implies that the energies associated with new physics that generates
baryon number violation lie at much higher scales than any of the scales associated with the Standard

Model.
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Chapter 4

SU(5)

"One proton of faith, three
electrons of humility, a neutron of
compassion and a bond of
honesty", Robert said, winking at
his daughter. "What’s that?"
Cora frowned, confused. Maggie
laughed. "That, according to
your father, is the molecular

structure of love."

Menna Van Praag

In the world of so many theories and specific explications and postulations, there has been a need
and strive for a theory that could and would tell the whole story. Ever since James Clerk Maxwell,
physicists have been trying to unite separate theories into a greater one to cover it all. Grand Unified
Theory (GUT) is a term used to depict exactly the greater theory in physics. It is no longer a singular,
due to the fact that there are more than one potentially viable GUT. Nonetheless, in this chapter, we

will discuss one in particular — the theory based on the gauge group SU(5).

There are certainly many interesting issues within the SU(5) model building that one could discuss,

but we will address the most pertinent ones, important for this thesis.

Recall, unification refers to the possibility that three different gauge coupling constants (as = as, a
and as) would unify at some energy scale to the same value. Again, these scale-dependent coupling

constants are calculated using the RGEs:
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1 1 Bi ( 2 )
ai(p)  ai(mgur) 2 \'mgur
_ 1 3
61__5 (4N.‘l+ﬁ) (41)
B2 =35 (224N, — 3)
B3 = % (33 —4N,)
where «; = g?/(4r) represents coupling constants of SU(i) with i = 2,3 and oy = 2 CSS%E&V represents

coupling constant of U(1) group; u is the energy scale at which these constants are to be calculated,
coefficients j; are of the S-function coefficients 8; = pda;/0u, and Ny(= 3) denotes the number of
generations. These coefficients are derived under the assumption that the particle content of the theory
is identical to the content of the Standard Model and should be reevaluated within any new physics

model.

4.1 Georgi-Glashow model

Howard Georgi and Sheldon Glashow published in 1974 an article [3] with a bold introduction: "SU(5)
is the gauge group of the world". It was a fair assumption since the SU(5) perfectly incorporates the first
unification of SU(2) and U(1) with SU(3). Rank of SU(3) x SU(2) x U(1) is 24+ 1+ 1 = 4 and hence the
smallest possible rank of unification group must be 4. The following groups satisfy this requirement —
[SU@)IY, [SOB)], [SO(4)]2, [SOB), [Sp(4)], SO(8), SO(9), Sp(8), [Ga]?, Fu, [SU(3)]?, and SU(5) —
but only two of them (R([SU(3)]?) = [3—1]?> = 4 and R(SU(5)) = 5—1 = 4) have complex representations
which is a prerequisite to incorporate the Standard Model fields. Due to the fact that the generator of
the electric charge in [SU(3)]? is traceless and requires the sum of all quark charges to vanish [3], SU(5)

was indeed a unique candidate for GUT.

4.1.1 Fermion sector

In order to find the right representation to arrange and unify all the fermions, we organize their quantum
numbers as shown in Table 4.1. Since one cannot have fermions of opposite chiralities within the same
irreducible representation due to Lorentz symmetry, one needs to use charge conjugation operator to
turn right-handed fields into left-handed fields. Hence the appearance of d%, u%, and e% in Table 4.1.
Clearly, there are 15 states in each generation of the Standard Model fermions. To relate hypercharge
(Y), electric charge (@), and weak ispospin (T3), we use @ = T3+ Y, where @ is given in units of electric
charge of positron.

The basic building block of SU(5) is its 5-dimensional fundamental representation. There are thus
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Table 4.1: Fermions’ quantum numbers

States SU(3) SU(2) U(1) Charge Weak Color
irrep irrep  Hypercharge Y Q isospin 75
d%; 3 1 +3 +3 0 i=1,2,3
uy; 3 1 -2 -2 0 i=1,2,3
dri 3 2 +5 -3 -1 i=1,2,3
ur; 3 2 +3 +3 +3 i=1,23
e% 1 1 +1 +1 0 -
er, 1 2 -1 -1 -1 -
Ver, 1 2 -1 0 +1 -

only two options for construction of a multiplet with five states, if one consults the Table 4.1, and it

needs simultaneously to include quarks and leptons:

We will consider electric charge operator ) to determine correct embedding;:

Q:T3+Y

5= (dg{zv €L, V@L) = (33 1, 1/3) D (17 2, 71/2)

5= (ufher,ver) = (3,1,-2/3) & (1,2,-1/2)

Q(dSrer ver) = 20_1Qu=3-Q(d%;) +Qer) + Qveyr)

=3-1/3+(-1)+0=0

Q WSy ep ver) =Yoo Qo =3-Qu%y) +Qler) + Qver)

=3-(-2/3)+(-1)+0=-1

(4.2)

(4.3)

It is clear that the correct option corresponds to the scenario with 9 = 0. This is due to the fact

that we will assign two of the SU(5) generators to Y and T3, and since both of them are traceless, the

evaluated over full multiplet must be traceless as well. Again, it follows that the correct multiplet with

both quarks and leptons looks like this:

Va

I
o
I

df1
dpo
dps
er,

—VeL

=(3,1,1/3)® (1,2,-1/2)
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Once we know 5, we can, by applying charge conjugation, find the fundamental representation to be
P> =5=(3,1,-1/3) & (1,2,1/2). We do that in order to find representation(s) comprising ten more

missing states since in the Standard Model there are 15 Weyl fermions per generation, all in all.

Firstly, we will decompose direct product of two fundamental representations to find other irreducible
representations of SU(5):

5@5=10a 15 (4.6)

D®D=H®Dj (4.7)

Under the exchange of two indices they carry (since fundamental ¢ carries one), 10 is antisymmetric
and 15 is symmetric representation. If we write direct product of Eq. (4.6) in terms of the Standard

Model multiplets we obtain:

sos=((s-1)o (12 2)>®<( o))
(5 2, 6) (5 1, ) (1,1,1) (4.8)
o (6,17 ) (3,27 ) (1,3,1)

from where we can recognize that antisymmetric 10 is exactly the representation that contains ten re-

maining fields:

Ui . 1
QL= = (3,2, 6) (4.9)

L
o s, 2
Up = 371,—5 (410)
S, = (1,1,1) (4.11)

Therefore, antisymmetric 10 would have this form:

10 = ¢ 0 us d3 ’ (412)

Sl -
5

|

R

—u1  —Us —Uu3 0 e

7d1 7d2 7d3 —e° 0

where multiplicative factor 272 comes from the need for appropriate normalization of kinetic terms as

the number of states in 10 is doubled.
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Table 4.2: Decomposition of direct product of representations within SU(5) [48]

Direct product Decomposition
5®5 1@ 24
5®5 10@ 15
5® 10 5 ® 45
5® 10 40 @ 10

10 ® 10 5@ 45 & 50
10® 10 1624075

4.1.2 Gauge sector

After fundamental representation with one index, symmetric and antisymmetric representations of SU(5)
with two indices, the next one is adjoint representation. Table 4.2 summarizes the decomposition of direct
products of lowest lying irreducible representations. The adjoint can be found using direct product 5® 5

since

5 24

® 1@
@ | (4.13)

o= (-0 (12-1) ) ((3.2) e (12.1))

=(1,1,0)® <(8,1,0) ® (3,2,2) ® (3,2,—2) @ (1,3,0) & (1,1,0)) .

(4.14)

SU(5) has 24 generators. Eight of these will be from SU(3), three from SU(2), and one corresponds

to the hypercharge Y of U(1) in the Standard Model. These twelve generators are of this form:

01 000 0 —¢ 0 0 0 10 0 00
100 0O t 0 0 0 0 0 -1 0 0 O
Li=10 0 0 0 0JL2=]0 0 0 0 O|Ls=]0 0 0 0 O
0 0 0 00O 0 0 0 0O 0 0 0 0 O
00 0 00O 0 0 0 0O 0 0 0 0 O
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00100 0 0 —i 0 0 0 0 0
0000 0 00 0 0 0 10 0
Li=|1 0 0 0 0|Ls=|i 0 0 0|Ls=1]0 00 0
00000 00 0 0 0 00 0
00000 00 0 0 0 0 0 0
00 0 00 10 0 00
00 — 00 01 0 0 0
1
L7:01000Ls=ﬁ007200 SU(3)
00 0 00 00 0 0 0
00 0 00 00 0 0 0
00000 0000 0 0000 O
00000 0000 0 0000 O
Ly=10 0 0 0 0f Lwo=|0 0 0 0 0 Li={0 0 0 0 0 SU(2)
0000 1 0000 —i 0001 0
00010 000 i 0 0000 —1
2 0 0 0 0
0 -2 0 0 0
1
Lip = — _ U
=0 0 =200 (1)
0 0 0 3 0
0O 0 0 0 3

Since rank of SU(5) is 4, the four diagonal generators will be T3 = Lq; from SU(2), Y = Lqo from U(1)

and L3 and Lg.
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The remaining 12 generators are:

00 0 1 0 0 0 0 2 O 00 0 01 0 0 0 0 =
00 0 0 O 0 0 0 0 O 00 0 0 O 0 0 0 0 O
Liz=10 0 0 0 0|{Lia=]0 0 0 0 0[Lis=f0 0 0 0 0[{Lis=|[0 0 0 0 0
1 0 0 0 O — 0 0 0 O 00 0 0 O 0 0 0 0 O
00 0 0 O 0 0 0 0 O 1 0 0 0 O — 0 0 0 0
00 0 0 O 0 0 0 0 O 00 0 0 O 0 0 0 0 O
00 0 10 0 0 0 2 O 00 0 01 0O 0 0 0 =2
Liz=10 0 0 0 0|Lis=]0 0 0 0 0[Lw=|0 0 0 0 0[L2o=|0 0 0 0 0
01 0 0 O 0 — 0 0 O 00 0 0 O 0 0 0 0 O
00 0 0 O 0O 0 0 0 O 01 0 0 O 0 — 0 0 O
00 0 0 O 00 0 00 00 0 0 O 00 0 0 0
00 0 0 O 00 0 00 00 0 0 O 00 0 0 0
Loy=10 0 0 1 0|{L2=|0 0 0 4 0|L2as=|0 0 0 0 1|L2a=1|0 0 0 0 4
001 0 0 00 — 0 0 00 0 0 O 00 0 0 0
00 0 0 O 00 0 0 0 00 1 0 0 00 — 0 O

It is clear that these twelve generators act simultaneously with the SU(3) and SU(2) spaces. The

gauge boson of 24 can be expressed in the following way [49]:

Gi-2% G G} X n
Gt @G-k & X e
vo=| G oG- X ¥ (4.15)
X X X3 WT; + \%10 w=
Yi Yo Y3 w= _WT; T \?}%
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where
Gy =l G- 10
Gl=%+% G=-%+% 6l=- /i

and g;(i = 1...8) represent eight gluons, while X and Y are vector gauge bosons — mediators of the
proton decay — whose mass is associated with the new energy scale of unification of three gauge coupling
constants. These new bosons convert quarks into leptons and vice versa. They can be expressed in terms

of pairs of fermions that they interact with:

X ~ (er)°d§ or upur

Y ~ (vp)ed§ or ugdy, (4.17)
It follows that they form an isospin doublet that carries color:
X(SU(?’)a SU(2>’ U(]-)v Qa T3) = (37 2a 75/63 74/33 71/2) (418)

Since they turn leptons to quarks and vice versa, they are sometimes referred to as leptoquarks.

4.1.3 Scalar sector and symmetry breaking

The SU(5) symmetry can be broken to SU(3) x SU(2) x U(1) by either 24-dimensional [3] or 75-
dimensional scalar multiplet [50, 51]. The 12 new vector bosons (X,Y’) become massive after the first
stage of spontaneous symmetry breaking of SU(5) since the Standard Model has 12 gauge bosons and
SU(5) 24. This first stage needs to happen at mass scale y ~ Mgyt > 10'° GeV [49, 52] due to con-
straints from proton decay experiments. As we already mentioned, X and Y vector bosons reside at that
scale.

The second stage of breaking is needed to go from SU(3) x SU(2) x U(1) down to SU(3) x U(1)em and
it is accomplished by the field that transforms as the Standard Model Higgs field. The breaking takes
place at the electroweak scale p ~ 250 GeV when W+ and Z acquire their masses, and, in the process,

charged fermions of the Standard Model also become massive.
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We will use, for the first stage of symmetry breaking, 24-dimensional scalar field ®. Since 5@5 = 24@1,
it follows that scalar field ® can be represented by a traceless 5 x 5 matrix. The idea is to have a scalar
field to give masses to X and Y gauge bosons and not to other gauge bosons. This field is Hermitian and

it will transform as:

d — UdUT (4.20)

under the SU(5) transformations. It is well known that Hermitian matrix can be put in diagonal form
using the proper unitary matrix U:

UdUt = pdiae (4.21)

Knowing that matrix ®41#& is also traceless, there are several options:

diag (a,a,a,b, —3a — b) (4.22)
diag (a, a, b,b, —2a — 2b) (4.23)
diag (a, a,a,—3a/2,—3a/2) (4.24)
diag (a, a, a, a, —4a) (4.25)
diag (0,0,0,0,0) (4.26)

which read:
diag (1, -1,0,0,0) (4.27)
diag (1,1, ~1,—1,0) (4.28)
diag (2,2,2, -3, —3) (4.29)
diag (1,1,1,1, —4) (4.30)
diag (0,0,0,0,0) (4.31)

The only realistic option here is a structure given in Eq. (4.29). Hence the form of VEV for scalar field
® is:

(@) = (24p) = 2 Vv
(4.32)
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where V = vgyur/v/30. It is clear that the upper 3 x 3 block is reserved for SU(3) group, lower 2 x 2
block is reserved for SU(2) group and the fact that it is diagonal is associated with U(1) group of the
Standard Model. However, this scalar field cannot induce the second phase of SU(5) symmetry breaking
that would simultaneously give masses to W+ and Z. This is because ® does not have a color singlet
and an isospin doublet necessary to generate masses of W=+ and Z. Beside this, ® cannot couple and give
mass to fermions since fermions reside in either 5 or 10 and the only possible contractions correspond to

combinations 1010, 105, and 55. Group theory, as already specified in Table 4.2, stipulates that:

5@5=10915 (4.33)
F®10=5d45 (4.34)
10®10=5®45® 50 (4.35)

Clearly, fermion masses can potentialy come from the representations on the right hand side of Egs. (4.33)
through (4.35). It turns out that the only two representations that contain a field that transforms as
the Standard Model Higgs boson H are 5-dimensional and 45-dimensional representations. The simplest

version is to have Higgs to be in 5. We know that 5 would contain an additional color triplet scalar T

5y = (4.36)

in agreement with the transformation properties presented in Eq. (4.5). Since 55 now can give mass to

fermions, the mass giving Yukava interaction would be of this schematic form:

[10] x [10] X [5p] — My (4.37)
[5] x [10] x [5%] — mq (4.38)
[5] x [10] x [5%] — me. (4.39)

The explicit form of Yukawa Lagrangian reads:
Ly = V5351077 By 5515 + €apron V10451057 €107°57 (4.40)

where Y5 and Y7 are 3 x 3 matrices in generation space and €ngysy is 5-dimensional Levi-Civita tensor

used here to contract all upper indices. For properties of Levi-Civita tensor, see Appendix A.

To summarize, the minimal SU(5) of Georgi-Glashow has two scalar multiplets. One (24p) is used
for spontaneous symmetry breaking of SU(5) and the other one (5p) is responsible for breaking of

SU(3) x SU(2) xU(1) down to SU(3) x U(1)em- 24y provides masses for X and Y gauge bosons whereas
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5y generates masses of the Standard Model particles.

4.1.4 Mass hierarchy problem

The starting point of the Georgi-Glashow [3] SU(5) model is the mass generating part of the Lagrangian

of the following form:

L:Yukawa = gueijklmﬂtljéj wllcég)g + gd@5a¢%g5*Hb +h.c. (441)
Using the simplest Higgs in the second stage of symmetry breaking, transforming like fundamental
representation of SU(5), and substituting into Eq. (4.41), we have:

L= drdy, + €55 + hc) (4.42)

V2

where sum over both flavor and color indices is understood. This leads to degeneracy in mass for down-
type quarks and charged leptons. Namely, due to the fact that g4 is a common Yukawa coupling matrix

for down quarks and charged leptons, we conclude [3, 53]:

Mg =Me Mg =1, My ="mMr. (4.43)

In Georgi-Glashow model, neutrinos are massless particles. This obviously contradicts experimental
observations. Since these predictions of the model do not agree with the experimental results, it was clear
that there was a problem in the mass sector, and only extensions or modifications of the original SU(5)
proposal could potentially resolve this issue.

Chapter 6 introduces a simple extension of Georgi-Glashow model that addresses both of these prob-

lems. Before we do that, we will discuss seminal prediction of GUTs which is proton decay.
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Chapter 5

Proton Decay

The flash would prove that
proton decay really happens. The
flash would mean that the matter
of the proton - the solid stuff -
had turned into the energy of the
flash. Totally. Nothing left
behind. No ash. No smoke. No
smell. Nada. One moment it’s
there, the next moment - pffft -
gone. What would it mean? Only
this: Nothing lasts. Nothing.
Because everything that exists is

made of protons.

Jerry Spinelli

"Smiles to Go"

5.1 Historical background and introduction

Proton decay is one of the most intriguing predictions of Grand Unified Theories [54, 55].

It was the Nobel Prize Laureate Andrei Sakharov who was the first to propose such a captivating
and provocative possibility [56]. His paper addressed the baryon asymmetry problem of our universe. It
was Paul Dirac who predicted [57] in his equation, where he combined quantum mechanics and special
relativity to describe motion of an electron, that for every particle exists a corresponding antiparticle.
However, we do not observe nor detect equal amounts of matter and antimatter in the universe. In

order to explain this asymmetry, Andrei Sakharov formulated three requirements for this to happen,
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know as Sakharov conditions: baryon number (B) violation, C-symmetry and CP-symmetry violation,
and interactions out of thermal equilibrium. For proton to decay, baryon number needs to be violated.
Nonetheless, Sakharov’s ideas remained in hidden corner in the next few years, until the Grand Unification
was brought to daylight in 1974 [4].

Proton has proven to be one of the most stable particles and so far, no proton decay has been
observed. The possibility that the proton decay is detected would provide window into scales that cannot
be reached with conventional collider technologies. For example, the Georgi-Glashow model [3] predicts

proton lifetime to be
My y

5
mp

T X

: (5.1)

where m,, is proton mass and My y is the mass of a heavy mediator. If one takes the latest experimental
limits, one naively obtains Mxy 2> 2 x 101° GeV [4].

The Georgi-Glashow model is called minimal SU(5) due to the fact that it has fewest number of
"adjustable parameters", even though it isn’t realistic for aforementioned reasons. One of the nicer
features of the model is that the mass Mx y corresponds to the energy scale at which three out of four
fundamental forces in nature come together and become indistinguishable. In other words, SU(5) should

be able to predict scale associated with proton decay.

5.2 Operators of dimension 6

GUTs have as a typical prediction appearance of nucleon (proton and neutron) decay operators. These
operators are of higher dimensions (d > 6) since operators of lower dimensions in the Standard Model
do not violate baryon number. The apparent conservation of baryon and lepton numbers [58] is referred
to as an accidental symmetry of the Standard Model. The main reason that GUTs imply proton decay
lies in a fact that different Standard Model representations reside in the same multiplets, as it is shown
in Eq. (4.5), which makes quarks and leptons indistinguishable when it comes to interactions. Hence the
violation of baryon and lepton numbers.

Proton decay, in conventional GUTs, can be mediated via two types of particles — gauge bosons and
scalar leptoquarks. The representative diagrams for the gauge boson and scalar leptoquark mediations
of proton decay are presented in Figs. 5.1 and 5.2, respectively.

It turns out that these two types of mediation of the two-body proton decays conserve B — L. Baryon
number (B) and lepton number (L) are not conserved separately, but the difference of the two is. We
show this in Table 5.1 for each two-body proton decay under consideration in this thesis. One of the
upshots of B — L conservation is that proton always decays into antileptons. Clearly, we can distinguish
eight two-body proton decay channels, where it is understood that some possibilities are kinematically

forbiden such as p — 7077,

60
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(et ut,v)
u
XY
d,u q (,d, 3)
sl > u, d
Figure 5.1: Proton decay via the gauge boson mediation
" [(et,ut, D)

d, u q (u,d,3)

w, d > u, d

Figure 5.2: Proton decay via the scalar leptoquark mediation

We are interested in finding the dominant channels in both proton decay through gauge bosons and
through scalar leptoquark within a well-defined GUT model. The idea is to calculate the decay width for
each of eight channels for both types of mediation and to perform correlation study. In order to do so,
we will analyze separately proton decay through gauge bosons and through scalar leptoquark and apply

these analyses within a specific model.

5.2.1 Proton decay induced by gauge bosons

Baryon and lepton numbers are violated in proton decay mediated by gauge bosons, but their combi-
nation B — L is conserved. Therefore, the only decays allowed are the ones involving L = —1 particles
(et, u™, ;).

There are 59 [59, 60] operators at the d = 6 level if one uses Standard Model particle content that preserve

baryon number and only 4 that violate it. Again, we are interested in the latter.
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Table 5.1: Conservation of B — L in two-body proton decays

decay channel ‘ baryon number B | lepton number L | B-—L '
p— mlet 14040 0#—-1+0 1=0-(-1)
p— wout 1#0+4+0 0#04(-1) 1=0-(-1)
p— nlet 1#0+4+0 0#0+ (1) 1=0-(-1)
p—nut 1#0+4+0 0#04(-1) 1=0-(-1)
p— K%™T 14040 0#0+ (1) 1=0-(-1)
p— Kou* 1#£0+0 0#0+4(—1) 1=0-(-1)
p— U 1#0+0 0#04(-1) 1=0-(-1)
p— Ktw 1#0+0 0#0+(—1) 1=0-(-1)

Proton decay process involves four fermions (plus spectator quark) and if we start with left-handed
fermions ¢ € {I, e, ¢,u¢, d"}, rulling out combinations 11)1) and ¥1)ip1h due to Lorentz non-invariance [60],
it can be shown that these four B—violating combinations are:

(aqql), (d“uue®), (qqu‘e®), (qlu’d®). (5-2)

Knowing that there can be four possible combinations with left-handed and right-handed states:

(WrR)(ryr) (5.3)
(L) (Yrr) (5.4)
(Wrvor) ($ribr) (5.5)
(Wrtbr) (Y rR) (5.6)

the relevant operators can be written [61], using SU(3) x SU(2) x U(1) symmetry, as:

Oiped = (daarussr) (Giverljar) €apr€ij (5.7)
O24ea = (@iaarisor) (UrerlaR) €apy€ij (5.8)
O24ea = (@iaaripor) (Grryerliar) €apy€itin (5.9)
Onpea = (daarusbr) (Uycrldr) €apy (5.10)

where «, 8,v are color SU(3) indices, i,7j,k,l are SU(2) indices and a,b,c,d are generation or family

indices.

The former operators for non-supersymmetric model can be expressed as SU(3) x SU(2) x U(1)
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invariants [62, 63, 64] like [65]:

OIB_L = k? €ijk €ap UEGVHQjaa ebC Y dkBb (5.11)

OF ¥ = K2 €ijic cap uSy 7" djaa A, Yu s (5.12)

where k = gour/Mxy, Mxy ~ Mgur, ¢ = (u,d), | = (v,e) and 4, j and k are the color indices, a and b
are family indices (only first two family should be taken into account) and «, 5 = 1,2 are SU(2) indices.
Note the appearance of ggur and mass of X and Y bosons in Egs. (5.11) and (5.12). The scaling with

respect to these parameters is self-evident from Fig. 5.1.

However, operators in Egs. (5.11) and (5.12) are still not in physical mass eigenstate basis for fermions.
In order to rewrite them in physical basis, we look at final states knowing that only first two families in
the charged lepton and down-type quark sectors should be considered. Also, all three neutrino flavors
are relevant even though proton decay experiments do not distinguish between neutrino flavors. Now

Egs. (5.11) and (5.12) can be written as three effective operators, where last two come from Eq. (5.12):

(e, dp) = c(ed dp) eijiuf 7 u; €S 7 dis (5.13)
O(ea,dg) = c(ea,dg) €ijk @7“ uj %fm I (5.14)
O(vy, da, dg) = (v, dq, dg) €ijk @’y“ dja @’y# v (5.15)

We will demonstrate the procedure of going from flavor basis to mass eigenstate basis for both 0}3 -L
and OP~L. This procedure explicitly determines coefficients in Egs. (5.13) through (5.15). We will
be temporarily using the convention adopted from Ref. [66] for unitary transformations of quarks and

leptons. These are defined via:

Mj*¢ = UEMyU
MY& = pIMpD
Mpee — ELMgE

My*® = NTMyN (5.16)
where relevant mixing matrices are defined as:
Vi=ULU Voa=ELD Va=DLE Vyp=U'D Vgy=EN (5.17)

For quark mixing we have:

Vop =U'D = K1 Vexm Ko (5.18)
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where K7 and K> are diagonal matrices containing three and two phases, respectively. For leptonic

mixing we have:

Ven = K3VM (5.19)
where VZM is the leptonic mixing matrix at low energy for the neutrino Majorana case and K3 is a
diagonal unitary matrix.

For Of_L we have:

OF ™" = I €ijk €ap S Gjoa €5 Y Qi
=Kk eijn [Tiv”uja e vy diy — uCArdjg €€ 4, Ukb]
= k2 i (U (UE)ea?” (©)aa 4 €€ (BL)en vy (D)o dis
~uf (UL)ea v (D)aa dja el (BL)eb vu (U)bfulcf}
=k’ €ijk {UTCC (ULU) ea" tja €S (BED)es vy diy—
—uS (U}D)eay" dja €€ (ELU)es u ukf}

= K e | VIS wia Vs' e v diy — (ULUUTD) G djaed (ELDDT U) Y ukf]

c ef — __
=Kk e V dVef uG " ujq e vy diy — (ViVup) ¢ (VQVUTD) u$y djq €S v, ka}

ef — I
=k ek Vdeef ul ujdec'yﬂdkf—F(VlVUD) (VQVJD) ug’y“ujdeecfyudkf}

[ ed] — J—
=k e |[VEVE! + (ViVup)© (&@VJD) ]ugwujdegwdkf (5.20)

Note that in the third line we make a transition from flavor eigenstate notation to the mass eigenstate
notation. From sixth to seventh row with equality sign in front, we perform Fiertz transformation and
hence the change in sign and indices in the second part. To read off the coefficients c(e$, ds), one needs

to perform the following identification: c=d=1,e=1,2=«, and f=1,2= (.

Now, for OP~% we follow the same steps:

OIBTL =k €ijk €af Tg;w Gjoa dT%W Lap
= K cijie |7 wja A5y vy €5+ uG 7 dja A5y Vb}
= 1 eiji (U (UL)ear" (U)ot 0ja 05, (DL )ev v (Blog €5 + Sl (UE)ea " (D)ot dia A, (DL)ew v (N)og v
= 1 i [u (UEU)ear” wja 45, (DL E)eg vy g + u (UED)ear" dju dF, (DEN) g v

= k2 €ijk Vfduig’yﬂ Ujd V3efd7kce’y“ ef + (U(TJUUTD)CdUiiC;’y“ djd(DgEETN)engeV/L l/f:|

= k% e, VCd At uja Vit dS v ep + (ViVup)™ (VBVEN)ef@W“djd?geV#”f]

= K e, VIV ul A wjadg, v er + (Vi)™ (VaVen)™ w4 dja dg, 7, Vf] (5.21)
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from where we can distinguish two operators, one for charged leptons and the other for neutrinos. Con-

sequently, we have:

O(eq, dg) =k? Vllll/:fo‘eijk@'y“ u; @’yu o (5.22)

O(Vl, da7 dg) = k2 (V1 VUD)la (VgVEN)Bl €ijk @’YM dja @’yﬂ 14 (523)

Relevant coefficients in these equations can thus be expressed in this way [65, 66]:

c(eS dg) = K VMV + 12 (ViVup) P (VaV )t (5.24)
c(ea,d§) = KV VP (5.25)
(1, do, d5) = K (ViVup)'* (VaVigw )™ (5.26)

We will show in next few lines what happens when we perform summation over neutrino flavors. We
do this because neutrino flavor is not an observable when it comes to proton decay experiments. The

explicit summation reads:

c(v, da,dg) -t (n,dy, d§) = k* (ViVup)'® (V3VEN)M} {(V1VUD)M (VSVEN)&}

=k [(iVup)'® (Ven)™' | [(VaVen)'" (iVip) ']

[(DTCN)“(S (UgU)”l]

[(NTDC)M (UTUC)ﬂ]

DgDC)M (UTUC)Wl} (5.27)

Eq. (5.27) shows that with summation over neutrino flavors, any information associated with neutrino
mixing vanishes from proton decay signatures even though it is present at the amplitude level. Note,
however, that both left- and right-handed rotations enter proton decay signature predictions.

In order to calculate decay widths for different proton decay channels, we need hadronic matrix el-
ements (PS|OB~L|P), where P stands for proton in the initial state and PS stands for pseudoscalar
mesons 7, K, and 7 in the final state. In this work, we are not interested in the explicit calculation of
hadronic matrix elements as this is the task of lattice QCD. We will simply use relevant results in order

to calculate proton decay widths. We refer readers interested in this subject to Refs. [67, 68, 69, 70, 71, 72].

Matrix elements we need, are of the form:
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(PS | e (WiT CPg 1) PL ok | P) (5.28)

where 1); 2 3 denotes three quarks in the process, C is the charge conjugation matrix (E =yTC, C =

Y472), and:
P = 1_275 (5.29)
Py = “;75 (5.30)
Now, Eq. (5.28) can be written in a simple form:
(PS[(Y19Y2)r,L Y31 | P) (5.31)
Decay width can be evaluated, in general case of two body decay, using this formula:
- |M|? (5.32)

8mrmy;

that comes from expression for decay width in general case of n-body decay

n

ar = |MP- (H b p2E> x (2m)15" <pi—zpk> (533)
k=1

where py, is the 4-momentum of the kth particle, S is a product of statistical factors, |p] is the magnitude
of the momentum of either outgoing particle in the parent’s rest frame, M is matrix element, and m; is

the mass of initial particle. Knowing that, we can write decay widths for each of the channels [66]:

2 2 2
m My o
D(p - mef) = 22 (1 _ <> ) A2 |2fZ(1+D+F)2 {|c(eg,dc)|2 + c(eg,d)|2}

o\ 2
myp e 9 9 9 4

— 1= (== A2 . 14+ D+ F)? . kL 5.34

Ton /2 ( ( p) ) 7 la*(1+D+F) (5.34)

2\ 2 3
F(p—>7r+y):78np~<1—(m”>> A2 |f|22(1+D—|—F)2 S (v, d,d©) |
i=1
(5.35)

9 2
m My 4 2
=gw§2'<1_(m>> Al (14D KD [0AVe0) i)

p i=1
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2\ 2 2
my mr 5 5 my 4
_ - (I A2 1+(D—F)e) gt
8mf2 ( <mp> > L] ( +( )mB>

(5.36)
IN{ —>K+D)—@ 1 (K 2\ A2 @23: @ﬂc(u d,s%) + 1—|—(B—+-F)ﬁ c(v; st)2
P 87 mp Loy —~| 3 mp 77 3 mp v
m mg 2 ’
p —_ — . 2 . 2 . 4.
= (1 (m)) Aok
i 2D m . D m 12
Z ?J(VlVUD)H(VéVEN)m + [1 + (% +F)p} (ViVup) " (VsVen)"
P mp 3 mp
(5.37)
2
r =12 ™ a2 P04 b ey dO)? + e, d) 2
(0= nef) = & " - (1 D= 3E)  fees d)F +[e(eS. )|
P ™
o\ 2
My My 2 2 2 14
B T e/} A2 14+ D—3F) . k% 5.38
487#3( (mp>) 7-la?(1+D—-3F)* -k (5.38)

2 2
: { \Vflx/;ﬂ‘ + ‘VflVfl + (Vlvup)“(VQVJD)Bl\ }
where we explicitly specify flavor dependence of these decay modes.

To introduce matrix elements, we use following identities provided by baryon chiral perturbation

theory (BChPT) [61, 71],

(7°|(ud) pur|p) = %f (1+D+F) (5.39)
(°|(ud) LuL|p) = \/éf (1+D+F) (5.40)
(m*|(ud) rdr|p) = % (1+D+F) (5.41)
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(n* | (ud) 1 p) = ? (1+D+F)

<KO|(U5)LUL|I’> =
mp

|

<1(DF)mN>

(K°|(us)rur|p) = —% (1 +(D - F)mN>

K (undulp) = 5o T
(1 (us)delp) = 12

(K" |(ud)gsLlp) =

)
(K*|(ud) s |p) = ? (1 TN F)mw)
)

(K@) ) = =5 (1= (5 - P2 )

(nl(ud) rur|p) = —\%f (1+ D —3F)

(nl(ud)Lurlp) = b (3— D +3F)

Vef

1GeV [71, 73]. Tt is these equalities and parameters that we will use in our calculations.

Outline of numerical analysis for proton decay induced by gauge bosons

the following expressions for each channel:
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(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

where D = 0.80 and F' = 0.47 are low-energy parameters, my = 0.96 GeV, mp = 1.15 GeV, and Af, = 1.2

is long-distance coefficient that captures RGE running of relevant operators from electroweak scale to

For numerical analysis, we are using a software system Wolfram Mathematica 13.1, where we implement
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e p— woe;

2 2 2
m m « 47
I'(p—nlel)=—-L.[1- <7r> SAZ . GUT T
B 8w myp MéUT

(5.53)
: {‘ASR<7TO|(Ud)RUL|p> c(eg, dc)|2 + |ASL<7TO|(Ud)LuL|P> C(efi, d)|2}

where Agr and Agy are short distance coefficients that capture the running between GUT scale and
electroweak scale. These are evaluated using procedure specified in Ref. [74]. The coeflicients have the

form:

cles,d”) = (URU; )" (DLEL)Y (5.54)

clef,d) = (URUR) M (ERDY)™ + (ULDL) ™ (ERUT)™ (5.55)
as explained in detail in Chapter 7. Here we switch to our convention that is defined via:

M8 = Ul MyUg = UL MEU}
Mp*® = DY MpDp = DEME D3,
Mg# = B} MpEr = EEMLE}
M8 = NTMyN*

Vup = UL Dj

Ven = N* (5.56)

In our model, we furthermore have that:

Up = Drdiag(1, €™, e")Vigy diag(e™, ™2, ¢"2) = D D(n)Vékm D () (5.57)
Ugr = U; diag(e', €2, e%3) = UF D(¢€) (5.58)
Ep=1 (5.59)
Er=1 (5.60)
N = diag(e™, e, )V ns (5.61)

We will later on explain the origin of these expressions. Hence we can write:

ULUL = (U D(€)) Up, = D(~¢) (5.62)
D}ULL = D(n)VuD(x) (5.63)
ULD; = D(~€ + &) VexmD(n) (5.64)
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Now, coefficients c(eg, d”) and c(eg, d) are:

cleg,d”) = 7 (D}%)w

c(ef,d) = e7 "1 (D})P! 4 e (Vo) ™ (UF) !
where:

(U7)P = (D}, D(~n) Vg D(—r))

= (DLD(=mVia) e
These manipulations finally yield:

(e, dC) = e~ (D}y)1?

e(e§.d) = e (D)™ + (Vora) ! - (D D(=m)Viia) ™|

o p Ty

+5) = me ) i 2 Ogyrdn?
Pp—=m)=go- (=) ) A =y
i4 GUT

- Afp (7| (ud) rdilp)* - ) | e(vi, . d) |?

=1

where coefficient is of form:

3

S el d. ) 2 = | (D€ + mVoruDm)™ | = (Voo [
=1

°*p— K()eg

2
F(p%KOeJF):%- 1 (MK ’ .A2.M.
’ 87 Mp b Myr

. {|ASR<KO|(US)RUL|P> 0(66,50”2 + |Asp (K| (us)LuL|p) C(eg,5)|2}

with coefficients:

clep,s) = e~ (D)2

C(e§,8) = e (D)) + (ULDL)™ - (BRUZ)™ - (D} D (=) Viep) e

= e (D) 4 e (Verea)'2 - (D3 D(—1) V)]
e p— Kt
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(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

(5.72)
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+5y - M mi \’ : 2 OQgur i’
=K =g \1=\5% ) ) Ao
i4 GUT

3 3
: { %‘R |<K+|(US)RdL\p>‘2 Z ‘C(Vi,d’ SC)F + A?S‘L ’<K+|(ud)R5L|p>’2 Z |C(Vi757dc)‘2}

=1 i=1
(5.76)
with coefficients:
- eNE 112 1112
S e, d, 59| = ’(D(—§+K)VCKMD(77)) ] = | (Vex) ™| (5.77)
1=1
3 2 2
Z‘C(Vi,é‘,dc)’ = |(Vexm) | (5.78)
=1
o p—nef
m my\ > ’ ey
o) <5 (00 () ) S
(5.79)
2 2
'{|ASR<77(UCZ)RULP> c(ep, d)|" + [Asr(nl(ud) Lurlp) c(ef, d)| }
with coefficients:
cep, d°) = €4 (D) (5.80)
(e§d) = € (D) + (Vo)™ - (DL D(=n)Viia) ™| (5.81)

In the above written expressions, the following common parameters are used: Ap = 1.2 [75], m,,

0.938272 GeV [76], my = 0.493677 GeV [77], myo = 0.547862 GeV [41], myo = 0.13497 GeV [41], mys =

0.13957 GeV [41]. For simplicity we use central values for all the parameters.

All other parameters such as Agy, Asg, agur, MguTr and matrix elements of Ur, Ugr, FEr, Eg, N,
Dy, and Dpg unitary transformations will be taken from the model that we will use to accomplish this
correlation study. In addition to this, we will also need Yukawa couplings that will also be taken from

our model. Results of this numerical analysis will be presented in Chapter 8.

5.2.2 Proton decay induced by scalar leptoquark

Another possibility for proton to decay is through scalar leptoquarks. The two-body decay processes
mediated by scalar leptoquarks are schematically depicted in Fig. 5.2. Scalar leptoquarks can be cat-
egorized into singlets, doublets and triplets of SU(2) as they need to simultaneously couple to quarks
and leptons. They are clearly always triplets of color for that same reason. Table 5.2 gives all possible

quantum numbers for scalar leptoquarks [78§].
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Table 5.2: Scalar leptoquarks’ quantum numbers

‘ LQ Spin SU(3) SU((2) U(1) Allowed Coupling
Sy 0 3 1 -1/3 @l & uSer & ¢ qr & ©Sdr
Si 0 3 1 —4/3 dSer & @Sup
S3 0 3 3 1/3 @Sl & ¢S qr
Rs 0 3 2 7/6 qrer & uglp
Ry, 0 3 2 1/6 drlr

As it is previously mentioned, there is only one scalar leptoquark that mediates proton decay in the
model that we plan to consider. This state is found in 5-dimensional scalar representation and corresponds

to S7 from Table 5.2. We will refer to it as Az in what follows.

The specific operators for proton decay through scalar leptoquark can be written as follows [65, 66]:

On(da,ep) = a(da,ep) u' LO dyu LC ™ eg (5.82)
OH(da,eg) = a(da,eg)uTLC’fl do, egTL Cctu® (5.83)
On(dS,ep) = a(dS, ep) dgTL C u WL C g (5.84)
O (dS, eg) = a(dS, eg) dgTL ot egf LC™ u (5.85)
On(da.dg,v;) = a(da,dg,v;i)u" LC™ " dodf LC™' (5.86)
O (da,d§,vi) = a(da,dS,v;)d§ LC uC dL LC 'y, (5.87)

where C is charge conjugation operator and L = (1 —~5)/2. Coefficients in aforementioned operators are:

a(das ) = M}(UT(A + AT)D)1 (UTCE)5 (5.89)

1
a(da; ¢§) = 3 (U (A+ AT)D)1a(BEBTUE o1 (5.89)

A3

1
a(dg ep) = 77 (DEDTUE)ar (U CE)1 (5.90)
Asg
1 * *
a(dg, ef) = 7 (DEDTUE)ar (BLBTUE) 1 (5.91)
As
1
a(da, dg, vi) = 57 (UT(A+ AT)D)1a(DTCN)g; (5.92)
As
1

A2
M3,

a(da,dS , v;) (DLDTUE) 31 (DTCN) i (5.93)

where M)y, is the mass of scalar leptoquark, indices « and g are flavor indices that can take values of 1
and 2, as well as 1 = 1,2,3. Capital letters represent specific matrices, where A, B, C, and D are linear

combinations of the Yukawa couplings, while U, Us, D, D¢, E, Ec, and N are unitary matrices [66]. In
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our model, we have:

We will furthermore use the following expressions from previous subsection:

DTLUL = D(U)VCTKMD(“)
D(n) = diag(1, e, ")
UrDi = D(—=§+ K)VermD(n)

Ur = DD(n)VikuD(x)

All these expressions are needed to extract proton decay widths for our numerical analyses.

o a(da,ep)
1 1 M, M
do,es) = —— (UT(A+ ATYD)1o(UTCE) 15 = — (U =Y D3 Ul —E px
ol e5) = 5 (U7 (Aot ATVD)UTCE = - |UL5EDE| |VE T
E U, FE
_ Mg [ rdiagprt e t1 _ TIME [t t
7M/2\ 2%@% [MU URDLLa {UL]miMi 2%052) {URDL}M [UL]M
3 3
U, E
mym
- 2% = [D(~€ + R)VermD ()], [Uﬂ y
As 5
mUmE
= D(=€+ m)Verm D)y [D(—9) Ve D(—n) D}
M/%325U§ 18
U, E
MiMs g « t
=1 5 . [VermD Ve D(—1n)D
2 aig ¢ oD VDD
. a(dmeg)
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1
MZ,

1 My
= Ul YD
M3, { L 90 L}
1

_ Mdiag TD*i| [M‘I‘ *:|
Mﬁ323v§[ v UrDL la Uk B1

(UT(A+ AT)D) 1o (ELBTUE ) 1

M
ET 7UUC

R
la 4U5

Bl

1 diagrrt % * 7T
= MK323’U§ [MU URDLLQ [M{UR] 5

= i [vhi] _UzM{ﬁmgURU;;}m

= _"M__Iyip; _U;Mgmg]

C M3 2302 L l1a 18

—_— _UT D*_ _U*:|
M§323v§ L R L. la L L 18

_mi  alda,es) (5.109)

The useful and insightful result here is the relation between the two coefficients in Egs. (5.108)
and (5.109) that reads:

U
cy_ mi  a(da,ep)

b a(d{(i, Cﬂ)

1 *
al(dg, e5) = 3 (DEDTUE)ar (UTCE) 15

As

1 M, M
_ tEU*] [UfEE }
M/ng { “V2us ¢ al bV2us k 18
mE M
B i E 7« T
- D U [U }
M3 /2v5 { " V2vs R} a b Ha
m¥ M
__ ™ t 28 D D)V Dk — ] [UT]
Mﬁs\/i% { R\@% D) VexmD( £) » L],
mg f T f
= —-——~ |D,MgD;D(n)V, D(k — U
M/%32U52){ rMEeDLD(n)VexmD(k f)}al{ LLB
E
L kDS o]
= . D,.MgD;D(n)V, 1% D(—n)D 5.111
M/%32'Ug2, € rMEDLD(n)Vekwm o1 L/CKM (=m)Dy, 18 ( )

from where we can see that this a(dS, es) coefficient does not depend on D(k).

o a(dg, ef)
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a(dS,e§) = (DLD'UE) o (ELBTUE) 51

M2

ml el(’il*gl)

= e |PRMeDLDVew] (U]
3

mbe 1 "
= s [D;,MEDLD(W)VgKMLI {VCKMD(_W)DE}

M3 25/2 03 18

(5.112)

C

from where we can see that this a(dy , e ¢) coefficient does not depend on D(k). And, again, the important

and insightful result here is the relation between the two coefficients:

U C
c oy mi aldg,es)
a‘(d(udﬁau’i)
1 My; Mg
a(dy,dg,v;) = UT(A+ AT)D)1o(DTCN [UT D] [DT N}
(das o) = 3 (U7 (A + A)D)a(DTON) i = g (UL D3| DT T §
_ 1 diagrrt % T *
- M2 23/2 4 2 [MU URDLLa {DLMEN Lﬂi
151+Zl€1
_ mfeTtor i *]
- VeruD(m)| Dl MeN B (5.114)

and the last one:

a(d()u dg* Vi)

eir1—i81

1
a(da, S, %5) = T (DED'UE) s (DT CN)ai = T
A

A3

DT I MyD;,D(y )VCTKML;1 [DTLMEN*}

[e%)

(5.115)

In order to find decay width, for some decay channels we will need:

> aldasdp,vi)a* (dys ds,vi) = b - [ VoD ()|

i

. [VSKMD(_U)} " [DEM%DL} 25 (5.116)

Za(da7dgvyi)a*(d7’d5c’yi) - m .

i

: [DIT%MEDI*,D(_U)V(]}LKM}M [DEMIZEDL} (5.117)

ay

mU
doz d s Vi * d 7d07 i) — L . |:DTM2D :|
zi:a( » 4B V)a ( v 8§ l/) M;4\325/2U§ L EXL

VD], [DEMeDE DV (5.118)
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After derivation of all the coefficients needed for expressions for decay widths, we can provide decay
widths formulae for each channel

o p— Tty

L (mp—mZ,)? v v 2

L(p—7nty) = g%m; - A2 - | AspCY (n|(du) rdL|p) + Asr.CYy (T [(du)rdy |p)|  (5.119)
P

where, again, Ay, is a parameter for renormalization from electroweak scale to 1 GeV. We furthermore use

the following notation Cpj; = a

(d,d,v;) = a(dy,dS,v;) and C}i;, = a(d,d,v;) = a(dy,dy,v;) and rely on
the identity:

(m*|(du)rdp|p) = V2(x°|(du)rur|p) with I' = L, R [71]

(5.120)
In Egs. (5.116) through (5.118) we have given the most general expressions for products of different

coefficients. We will also need the following specific contractions with &« = 8 = v = § = 1 when we
discuss proton decays with anti-neutrinos in the final state:

U2 2
E * —__™ T2
- a(dladl,l/i)a (dlvdlal/i) m ‘[VCKM]H‘ [DLJ\JEDL}1
1
> a(dy,df, vi)a* (di,df, i)

2
- oot [ o]
i 3
U
. m
> aldy,dy, vi)a* (dy, dS,vi) :

11
i

zi-DTMQD} -[V } [DTM D% D(—n)Vi }
Mj{325/2v§ [ LYEYL] CKM|,  |“RMEML (=n) CKM

11

Common matrix element for all three above written expressions is [DEM}%D L} . It can be developed
11
in the following manner:

2 2 2
[DEMéDLLl = [D}]1;mZ [Dp)in = mP |[Dr]a

_ 2
=m,

2 2
[DL]H‘ +mi‘[DL]21‘ +m?2

2
[DL];H‘ (5.121)
Now the final expression for decay width p — 77 is of this form

2 .2 )2 [DT M?2 DL}
D(p— wto) = Lo Mae) o 17 F T,
32wm3 My 2203

, 2
- {A%R<w+|<du>RdL|p>2 | [PhMeDLDWVE], | +

mU2 2 mYy
+ AL (nT|(du)dr|p)? - %‘[VCKM]U‘ + Asr Asr (7" |(du) rdr|p) (7| (du) Ldr[p) - 712
-2 [Re([VCKM} ” [DEMEDZD(—H)VSKM} 11)}

(5.122)

We will not write explicit expression for decay width of p — K7 because it is quite lengthy. Since it
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relies on Egs. (5.116)—(5.118) it is analogous to the form of I'(p — 7 7).

+

%

o p— 7l

For this channel, we need the following matrix elements:

(°)(du) pur|p) = \%f (1+4D+F)
(70| (dus) . p) = j;f 14D+ F)

where D, F, a and f3 are, once again, parameters in chiral Lagrangian [79, 71, 69].

Relevant Lagrangian for this process is [66]:

L o C3 0% + CppO5ip + CH 0% + CHrOfig

where operators are [66]:

O%; = €abe(dRra)® urp (ure) eir

O?R = EabC(dLa)C Ury (URC)C €iR

OziL = 6abC(dLa)C ULb (ULC)C el

C

O%r = €abe(dra)® urp (uRe)® €ir

and coefficients [66] can be expressed with chiral Lagrangian parameters:

le;

Crr = aCgy,
Cpp = By
LL LL

— €;
Crr=0aCry

re; )
CRR = BC]?R

Now, we will make a relation in notation between our coefficients and the ones above mentioned:

a(dg,eq)| _ =CRp
a(da,eg) = sz;%
a(da, €p) 1 CZBL
ol )| =t

7

(5.123)

(5.124)

(5.125)

(5.126)
(5.127)
(5.128)

(5.129)

(5.130)
(5.131)
(5.132)

(5.133)

(5.134)
(5.135)
(5.136)

(5.137)
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Previously, we have derived the relation between these coefficients in Eqgs. (5.110) and (5.113):

a(dg,e§) = Hpa(dS, ep) (5.138)
a(dg, ef) = Hga(da, es) (5.139)
U
my 1

The decay width for this process now can be derived in the following way:

(m2 —m?2,)? 1 2
T +.0y _ \"p o) _ ’ plel
(= e5m) 32mms3 2f2 {aa( ) +Bald,ep)| +

2
+|aa(d, e§) + 5a(dc,eg)‘ (1+D+F)?

(m2 - 771721.0)2
= s A o ) Asntrl @) nuslp) +

a(d, eg)ASL<7r0|(du)LuL|p>’2 + ‘a(d7 eg)ASL<7TO|(du)LuL\p>+

2
+ a(dc,eg)ASR<7rO|(du)RuL|p>’ } (5.141)
o p— el
(m2 - m20)2 3 . e 1 2
Do —n'ef) = 55t 51 [Cla0 - )+ Crit—5 — = +F)| +

Yo D ., 1 D 2
+’Cg}a(l_g‘f‘F)‘*‘CLeé(_g—§+F)‘ }

(m2 - m20)2 3

_ Wy T M) 9
327Tf2m§; 2
le, 112
{‘BC (3—D+3F)- 3+a01§’L'(1+D—3F).(_§)‘+
1.2
+|BClih(3 = D+3F) - 3 +aCl4(1+ D =3F) - (—3)|
(mf,—m2 . )
= s { G al(ud) s uslp) + iy GulCud) sl +
2
+ ’CJ?R (nl(ud)L ur|p) + Cr (nl(ud)g uL|p>’ } (5.142)

We have used relations for matrix elements:
l(ud)gurlp) = (14 D —3F) and (n|(ud)p ur|p) = b (3—D+3F) (5.143)
xf 2f Vaf
°*p— Koei+
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2 2\2
0_+\ __ (mpimK) e; e; ~e;
F(p%Kei)fW. 2‘ Cii +Ci + O — Ci—

m e e ~ e ~es 2
- m—;(CR’L' +Cri —Crr — Crr)(D — F)‘ +

+4l-
(m% - m%()2 1 ~e; mp
= p TK) ) e | g Mo p
327rf2mg QCRL mB( )|+
~ [ m ~/ I m
c - —2(D-F cll+ —2(D-F
+ LL | mB( )}4‘ LR | +mB( )}‘*‘
~7 [ m 1 m
e |14 P _ 105 | -1 - —2 —
+Crh +mB(D F)] +2CRL[ mB(D F):|+
~1 [ m ~/ I m.
ctl1l—-—2D-F cH|l-1——2(D-F
+ LL | mB( )}4' Lk | mB( )}‘f’
_ 2
Nlei m
+CRR_ —m;(D—F)} }

Knowing relations between coefficients [66] and chiral Lagrangian parameters « and §:

CRL = aczeaiL
cri =

L = BCLY
Crr= aCE"R

re;

Crr = BCEFR
we can now write:

P(p o KOty = Mo MR {1
7

327 f2m3 2

aCsi; {—1 - —2(D- F)] +

+ BCY, {1 - p- F)} +alt, {1 + 22 (p - F)] +
mp mp

- 1
+ BC%, 1+— D-F)|| +=|aC%, |-1- 22D - F)| +
2 mp
+ BCe, {1 )} +aCsi, { - (p- F)} +
mp
2
+ ﬁé}?}z [ )} }
Having for matrix elements the following relations:
0 __“ _ e
(KOl(ws) s lp) = = (14+(D = F) 72 )
0 _B o™
(KOl (us)p uslp) = 5 (1 - (D= F) )
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N’e» ~/Cq‘ ~/Cq‘ Nl@i m Nl@i ~,13i ~,Gi ~/€1‘ 2
Cri+Cri —Crp+Cri— mif;(CRL +Cri +Cra+ Crir)(D — F)‘ }

(5.144)

(5.145)
(5.146)
(5.147)

(5.148)

(5.149)

(5.150)
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we can write:

Crip (K°|(us)r u|p) + C7 (K°|(us)r ur|p)+

 (mEm)? {

2

+ (=) CER(K|(us) rurlp) + (=1)CHp (K | (us) urlp)| +

CRp (K (us) rulp) + Oy (K°|(us) L ur|p)+

} (5.152)

Before we conclude this section, we stress that all the relevant parameters that appear in decay widths

+

+ CTR (K| (us) rur|p) + Cfip(K°|(us) L uLlp)

for two-body proton decays via gauge and scalar mediation are known within the model that will be

considered in Chapter 7 except for two particular phases.
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Chapter 6

Experiments

You’re never given a dream
without also being given the

power to make it true.

Richard Bach

In previous chapters, we have discussed proton decay within a specific grand unified model that is
based on SU(5) gauge group. The two-body decay processes in question occur with the exchange of
either scalar leptoquark or gauge bosons via dim-6 operators. The associated proton lifetime for gauge
mediation can be easily estimated on dimensional grounds to be:

4
Mg

Tp X
a%mg

(6.1)

where Mg is mass of gauge boson, a¢ is gauge coupling constant at that scale and m,, is proton mass.
The scalar mediated proton decay, on the other hand, is estimated to be:

M7
Y4mb

p

TP X (6'2)

where M is mass of scalar leptoquark and Y is a generic coupling constant at that scale. Again, this
can be deduced from the diagrams presented in Figs. 5.1 and 5.2.

Within a well define GUT theory, partial proton lifetimes should be, in principle, completely calculable.
This implies that Mg, M7, ag, and Y could be indirectly observed through these rare processes. It is
expected that Mg and Mpr are associated with very high energy scales that cannot be accessed with
conventional methods. The only hope to probe these scales is with dedicated proton decay experiments.
Experimental searches for these illusive processes have started decades ago with projects and experiments
such as Kolar Gold Mine [80], NUSEX [81], Homestake [82], Frejus [83], Soudan [84], IMB [85] etc. Nice

feature of these experiments is their direct connection to neutrino physics. Nowdays, the experiment with
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greatest capacity to detect nucleon decay is Super-Kamiokande.

6.1 What do experiments look for?

The search for proton decay is primarily based on theoretical and numerical predictions about channel
dominance, because proton can hypothetically decay into two, three or more particles in different, kine-
matically allowed, ways. So, instead of looking and analyzing all potential decays such as p — K7,
p — Kt p = nlet, p = 70, p = 70%ut, p — eTete™ etc., experimental searches are in practice
focused on specific decays, the ones with best statistical chance to be detected with implemented detector
technology. For example, in minimal SU(5) GUT model [86], the dominant channel is p — 7% and ring
imaging water Cherenkov detectors such as Super-Kamiokande have very high efficiency in identifying
both et and 7°. The experimental signal would be manifestation of three rings of Cherenkov light, one

from positron and two from ~ rays to which 7° would decay as shown in Fig. 6.1.

Cherenkow [ight

Figure 6.1: Experimental signature of p — 7%™ decay process

Most of the models in literature list two dominant two-body decay channels that are p — 7%t and
p — KTU. These two have been accordingly searched for and analyzed in recent years within Super-
Kamiokande for different values of exposures A;, signal efficiencies €; £ A, total backgrounds IA)Z + Ay,
etc [87, 9]. Based on these results, proton partial decay widths have been calculated for different confidence
levels (95 %, 90 % C.L. etc.) [88]. Even though Super-Kamiokande can search for proton decay via both
channels, it shows less sensitivity for p — K77 mode. It is a water-based Cherenkov detector with a
fiducial mass greater than 20 ktons. However, KT particle is produced below its Cherenkov threshold in

water, therefore it can be detected only indirectly via its decay particles.
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Current lower limits of Super-Kamiokande of proton partial lifetimes for these two channels are [88]:

5.1 x 1033 years at 95% C.L.,

6.6 x 1033  years at 90% C.L.,
7/Br(p — Ktv) > (6.3)

1.3 x 103*  years at 68 % C.L.,

2.2 x 103*  years at 50% C.L.,
and

1.9 x 103*  years at 95% C.L.,
2.4 x 103*  years at 90% C.L.,
7/ Br(p — wet) > (6.4)
4.9 x 10%*  years at 68% C.L.,

8.1 x 10%* years at 50% C.L..

There are eight ways that proton can decay into mesons and anti-leptons and we will analyze all of
these eight channels utilizing experimental limits presented in Table 6.1 whenever we conduct numerical

analysis in this thesis.

Table 6.1: Experimental lower bounds on partial proton decay lifetimes at 90 % C.L.

PROTON DECAY CHANNELS Proton lifetime bound at 90% C.L.
p— et 2.4 x 103* years [9)
p— mout 1.6 x 10%* years [9]
p— 7wty 3.9 x 1032 years [89)
p— nlet 1.0 x 103* years [90]
p— nlut 4.7 x 1033 years [90]
p— K%™T 1.1 x 1033 years [90]
p— Kou* 3.5 x 1033 years [13]
p— KU 6.6 x 1033 years [89]
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6.2 Future experiments

There are four major planned experiments [91] that are highly promising when it comes to improving

limits on proton lifetimes:

e DUNE - 68 kton liquid argon detector located in llinois and South Dakota, USA;

ESSNUSB - 0.5 Mton water-Cherenkov detector in Sweden;

Hyper-Kamiokande - 188 kton water-Cherenkov detector in Gifu, Japan;

e JUNO - 20 kton liquid scintillator detector located in Jiangmen, China.

6.2.1 DUNE [92, 93]

DUNE stands for Deep Underground Neutrino Experiment. It is located in USA, at two locations: Fer-
milab, near Chicago, and SURF, in South Dakota. This is a project aiming to study in detail neutrino
oscillations including CP violation in neutrino sector, neutrino mass hierarchy, but it will also look for a
proton decay processes. It is expected to start in 2026 and to collect data in next decade or more. There
are two detectors that will be positioned on the path of neutrino beam provided by the Long-Baseline
Neutrino Facility. This experiment is specific due to use of liquid argon technology (LAr). With this
technology, it will be possible to reconstruct events and particle types with great precision and accuracy
in time-projection chambers (TPCs). However, this type of construction and technology would not be
able to compete with water-based Cherenkov detector experiments when it comes to p — 7let decay
mode. Maximum detection efficiency is expected to be 40 % to 45%. On the other hand, there is 97 %

efficiency for decay mode p — K T7. This is due to specific analysis of energy loss profile of KT particles.

6.2.2 ESSnuSB [94, 95, 96]

ESSnuSB stands for European Spallation Source Neutrino Super Beam. It is based on the European
Spallation Source (ESS) currently under construction at Lund in Sweden. Construction of the facility
and commissioning should take place in the period 2027-2034. In 2035 data taking should begin.

It is focused on lepton sector, namely on the precise measurements of CP violation parameters. It
will investigate the difference in the neutrino oscillation probabilities. Both neutrino and anti-neutrino
oscillations will be analyzed, muon neutrino to electron neutrino and electron anti-neutrino to muon
anti-neutrino. ESS linear accelerator is responsible for production of very intense neutrino beam that
reduces systematic errors. This would be possible thanks to the observation of the neutrino oscillations

at the second oscillation maximum. The linac pulse frequency would be doubled from 14 Hz to 28 Hz,
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once finished. Beside this, there are two detectors in construction plan. One would be near-detector,
close to the ESS accelerator and other would be far-detector, many kilometers away from linac.

The neutrino beam will be sent to the water-Cherenkov detector. This technology would take a step
forward into investigating open questions in leptonic sector such as the mass ordering and the mat-
ter /antimatter asymmetry. Beside this, there will be complementary research conducted in a domain of

fundamental physics, in particular proton decay.

6.2.3 Hyper-Kamiokande [97, 98]

Hyper-Kamiokande is an experiment that is to surpass Super-Kamiokande with its resources, research
capabilities and expectations. It can be considered as a successor to Super-Kamiokande. It will be lo-
cated, once built, on the site of the Kamioka Observatory, near Kamioka, in Japan. There will be a far
detector with a long baseline neutrino experiment for the J-PARC neutrino beam. This experiment will
be using ultra pure water, billions of litres, with volume 20 times larger than one currently used in Super-
Kamiokande. Beside its main purpose of investigation — CP violation — other physics questions will be
analyzed and researched for answers such as proton decay, atmospheric neutrinos, as well as neutrinos
from astronomical sources. When it comes to proton decay, Super-Kamiokande had set lower limit for
proton lifetime to be around 1034 years, and Hyper-Kamiokande is aiming to set lower limit to be around

1035 years.

6.2.4 JUNO [99, 100, 101]

JUNO stands for Jiangmen Underground Neutrino Observatory. It is located in China, and represents
an enormous experiment with vast variety of goals. Mainly, it is aiming to detect anti-neutrinos from
reactors. The purpose is to investigate and analyze neutrino oscillations. It is based on dual-calorimetry
technique. This is something relatively new in experimental and applied physics, with the two indepen-
dent photosensor systems. Beside focus on research on neutrino mass hierarchy, this experiment will be

looking into proton decay, astroparticle sources, and rare processes.

6.3 Future expectations

With more investments in experimental development, upgrades in detector technologies, resources, and
experimental facilities, it will be possible to achieve better sensitivity and produce more stringent con-

straints on proton partial lifetimes. We present current bounds on partial proton lifetimes and future
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Table 6.2: Future expectations for a ten-year period of data taking

decay channel | current bound 7, [years]| future sensitivity 7, [years]|

p— et 2.4 x 1034 [9) 7.8 x 1034 [10]

p— wout 1.6 x 1034]9] 7.7 x 1034 [10]

p— nlet 1.0 x 1034 [11] 4.3 x 1034 [10]
p—n’ut 4.7 x 1033 [11] 4.9 x 1034 [10]

p— K%+ 1.1 x 1033 [12] -
p— KOut 3.6 x 1033 [13] -

p— Ty 3.9 x 1032 [14] -

p— Ktv 6.6 x 103 [15] 9.6 x 103 [16] & 3.2 x 103* [10]

sensitivities where available, in Table 6.2 [90].
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Chapter 7

Specific SU(5) Model

All matter originates and exists
only by virtue of a force which
brings the particle of an atom to
vibration and holds this most
minute solar system of the atom
together. We must assume behind
this force the existence of a
conscious and intelligent mind.
This mind is the matrix of all

matter.

Max Planck

In Chapter 4 we have presented beautiful features and issues emerging from Georgi-Glashow SU(5)
model. The most prominent difficulties of Georgi-Glashow model are mass degeneracy problem, lack of
neutrino masses, and an inability to unify gauge couplings. Since it is the simplest gauge group that could
have explained the unification, particle physicists often tend to recur to its origins, if not for solution,

then for an inspiration.

In this thesis, we want to present a new and somewhat specific and indeed unique SU(5) [7, 74] model
that eliminates problems encountered in Georgi-Glashow model. The predictivity of this novel proposal
has been discussed in Ref. [7] whereas the viability of parameter space of the model has been studied in

Ref. [74].
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7.1 The model description

7.1.1 Particle content and notation

The model is built on eight representations: 55, 245, 355, 5ri, 10r;, 155, 15, and 24y. The subscripts
stand for scalars (H), fermions (F) and gauge bosons (V), while index 4 stands for number of generations
(i =1,2,3). The particle content of the model, except for the gauge fields from 24y, is summarized in

Table 7.1.

Table 7.1: Particle content of a specific SU(5) model and associated S-function coefficients

Type of SU(5) Standard Model | A-function coefficients

representations state (SU(3), SU(2), U(1)) (bs, b, by)
- Ar(1,2,9) (0.5 75)

Ay (3.1 1) (5,0, )

¢ (0,0,0) (0,0,0)

¢1(1,3,0) (0. 3,0)

24y = ¢ ¢s(3,2,-3) (5-713)

scalar ¢5(3.2.3) (51 13)
¢s (8,1,0) (3:0,0)

@ (1,4,-) 0.3.9)

S5 = 3 (3,3,-3) (3:2.5)

@ (6,2, ) (5L 15)

@10 (10,1,1) (3,0,2)

5= F Li(1,2,-3) (0.1,5)

di’ (3,1, 3) (1,0,3)

Qi (3.2,5) (23,5)

10p = T; uf (3,1,-3) (1,0,)

e¢ (1,1,1) (0,0, %)

fermion ¥, (1,3,1) (0,3,9)
15p =% 25 (3,2, 1) (2,1, %)

6 (6.1,-3) (3.0, 13)

T (1,3,-1) (0.3.3)

Bp=% ¥ (3,2,—5) (3:1.45)

% (6,1, 3) (3.0, 13)




7.1. THE MODEL DESCRIPTION

There are couple of specific predictions of this model. Neutrinos are Majorana particles with mass
ordering corresponding to the normal hierarchy. And, one of the neutrinos is massless particle. Also,
the model provides firm predictions for partial proton decay lifetimes thus establishing the link between
experimental bounds on matter stability and a lower bound on the associated mass scales of new physics.

This will be explained in detail later on.

The Lagrangian of the model, with the exception of kinetic terms, is:

€apBysp

L D{—FY;; EaBijéAp + Y;? EQBFajAE + Y;aZaBFaiAE + Yibiﬁva@*aBW

+ YT S50 + h~0~} + MsEapE” +yTapn” 65—

— PAALAY) + A5 (ALA) + i ALA 9 + A (ALAY) (@06)) + AP ALA G0 —
— 3 (B50)) + p20i el ol + A (56))7 + AT 056l 6160, + g (B Dup, )+
AT DT g (ASAP) + Mg B P D g s AONY + 11307 B g5 +

A Do, 00k + A2 @ P apsd ] + {N AATN @, + e (7.1)

In comparison with the original Georgi-Glashow model, this model is extended with one additional
scalar representation 35y and an additional vector-like fermion generation represented with 15 and
155. These additions are important in order to create an experimentally observed mismatch between
the masses of the down-type quarks and charged leptons, generate realistic neutrino masses, and provide

gauge coupling unification.

7.1.2 Symmetry breaking and unification

Since this proposal is an extension of Georgi-Glashow model, the symmetry breaking happens in the same

way: SU(5) = SU(3) x SU(2) x U(1) = SU(3) X U(1)em- The relevant VEVs are:

[\GJ[eV]

|
ol

and
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Us

where vs = 174.104 GeV is the Standard Model VEV.

Since there are two stages in symmetry breaking process, we have two VEVs at two different energy
scales. However, before we explicitly break SU(5) symmetry, associated representations can be freely
rotated. We do that to make adequate choice of basis for parameter counting and subsequent numerical

analysis. In particular, we go into basis where Y¢ is a diagonal matrix.

Particle content is specified in Table 7.1 from where we can outline some states that are a priori not
known, and by unknown, we mean their masses, that are crucial part of the gauge coupling unification
analysis of this specific model. Those are ®1, &3, g, P19 € 35y, X1, X3, X € 15p, ¢1, ¢ € 24y, and
As € 5p.

In the process of SU(5) symmetry breaking, scalar fields ¢3 and ¢5 play a key role because they yield
necessary degrees of freedom to the proton mediating gauge bosons in 24y,. Another information that
comes out of symmetry breaking is information on mass relations. In subsection 7.1.1 we have introduced
vector-like fermions 155 and 15. The relevant Standard Model multiplets in 157 and 157 are denoted
with ¥, 33, and ¥g. The masses of these multiplets are generated by the last two terms in the second

line of Eq. (7.1) from where we get the following mass relation:

My, = 2Ms, — My, (7.4)

Similar situation happens with states in 35y. There are four Standard Model multiplets in this
representation, but only three linearly independent contractions in Eq. (7.1) that generate their masses

from where one can deduce that:

Mg, =Mg —3Mg, +3M3, (7.5)

The gauge coupling analysis shows that ®; needs to be very heavy (Mg, > vs). Other two states @

and @4 tend to be light when the unification scale Mgy is large enough to be compatible with proton
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decay constraints. This implies, using Eq. (7.5), that ®1o and ®; are both heavy and of the same mass,
from where it follows that the states ®3 and ®¢ are both light and mass degenerate in a viable parameter
space. Now, having initially started with four different states in Eq. (7.5), we finally have only two mass
scales in 35 . Following this analysis, we come to one more degeneracy among masses. Namely, the fields
Y1, X3 and X turn out to be mass degenerate with masses My, , Mx,, Ms, > vs. This happens in this
model where neutrinos have masses and unification is achievable. As with the previous set of fields, we
again reduce mass scales from three to one in case of vector-like fermions in 15 and 15r. Consequently,

a single mass scale in vector like fermions’ sector does not affect Mgyt but rather the value of agyr.

VU
12 broken generators
X, Y gauge bosons
M EW <5,>
Z boson
gluons , photon W+ boson

Figure 7.1: Simplified graphical representation of spontaneous symmetry breaking in SU(5)

Finally, we have six relevant mass scales governing the gauge coupling unification: one originates from
5 (A3z), two from 24y (41 and ¢g), two from 35y, and one from 155 and 15F. It is important to stress
that mass of Az needs to be quite large, My, > 3 x 101! GeV, so that proton does not decay rapidly via

scalar leptoquark mediation [102].

7.1.3 Mass generation mechanism
Neutrino masses

Neutrinos can either be Majorana or Dirac particles [103]. However, in our model, neutrinos are purely
Majorana particles. Since neutrinos reside in 5z; of SU(5), or, more precisely, in doublet IL; when
represented in terms of the Standard Model multiplets, the leading order contribution for generating
their mass via dim-5 operator at the one-loop level [104, 105] is shown in Fig. 7.2 [74].

It is clear that the state A1(1,2,1/2) as well as its VEV (55) = (A1(1,2,1/2)) are necessary for the

process of neutrino mass generation. Since we have quartic scalar coupling vertex with three A states and
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~ 57 5% o K A? AF -
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Figure 7.2: The Feynman diagrams of the leading order contribution towards Majorana neutrino masses
at the SU(5) (left panel) and the Standard Model (right panel) levels.

one ® state, it follows that the relevant contraction here is the last term N AQA5A7<I>a57 in Eq. (7.1).
Due to the experimentally observed mismatch between the charged leptons and down-type quarks,
we need vector-like fermions in 157 and 157 to address this issue. It is a physical mixing between the
vector-like fermions and ordinary fermions from 10, that yields the mismatch. The consequences for
the charged fermion masses of this particular type of mixing have been previously analyzed within the
grand unified model based on SU(5) and supersymmetry [106]. One can notice from Table 7.1 that
quark doublets @); € 10f, and a multiplet X3 € 15 transform in the same manner under the Standard
Model. This is the reason why these states interact at the SU(5) symmetry breaking level. We can again

recognize the relevant mixing term from Eq. (7.1) with specific coefficient values:

1 /1 =
LD Z EO Vo4 Y;C Ql >3 (76)

where voy is VEV defined in Eq. (7.2). It is precisely this VEV of 24y that helps create the mismatch

between the masses of the charged leptons and the down-type quarks.

The neutrino mass matrix elements, when Ms,, Mg, > vs, would be:

(M )--~X”§(Yayb+ybya) Men M, =mo(Y2Y? + VY9 (7.7)
Nl]N87T2 it ingl—Mgl M(%l - o\t Iy it ). .

The neutrino mass matrix My is composed out of two matrices with elements Yﬂij and Yiij“. Other
contributions for My are proportional to sum of Yianb and Yiij“ as well. Nonetheless, it is important
to say that these additional contributions are suppressed and therefore irrelevant. Now, based on this
information, it is certain that one of the neutrinos must be massless. There is a requirement for neutrino

mass scale:

(7.8)

where Am3, is the largest among two neutrino mass squared differences that are known from experi-

ment [107, 108, 109].
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Since in our model one of neutrinos is massless we can set m; = 0 and hence the neutrino matrix
eleements are:

(My)ij =mo (YY) + YY) = (N diag(0,ma, ms) NT)i;, (7.9)

where N is unitary matrix and my and ms are neutrino mass eigenstates. Unitary matrix N reads:

e 0
N = 0 e 0 | VPunss (7.10)
0 0 s

due to the fact that we are in the basis with charged leptons being in mass eigenstate basis. Here
Vpumns is the Pontecorvo-Maki-Nakagawa-Sakata unitary mixing matrix with three mixing angles, two
Majorana phases, and one CP violating Dirac phase. With inversion of Eq. (7.9) in order to start from

the generalized master formula for Majorana neutrinos:

Flyi Mys +y3 MTy1) =UTmU (7.11)

and using results in Refs. [110, 111], one can obtain from the normal ordering the following expressions

for YT and YbT:

i 79 Nig + 173 Ni3 —i 19 Nig + 73 Nis
a 1 P
Y T:m i 72 Nog + 173 Naz | YbT:ﬁ —i 712 Nog + 73 Noz | » (7.12)
i 79 N3g + 13 N33 —i 79 N3g + 13 N33

where 7y = \/W and r3 = \/W. Note that there is an unknown parameter p in Eq. (7.12) that
accounts for the fact that the matrix elements of Y@ and Y are always featured as products in Eq. (7.9).
Since Vpuns has three phases (one CP violation Dirac phase and two Majorana phases), N matrix has
overall six phases. Besides three from Vpyns there are three more from Eq. (7.10) 1, 72, and 3. Hence
in Eq. (7.12) we have six arbitrary phases. This is consistent with the process of trading the six real

parameters from Y and Y for three PMNS angles and three neutrino masses in procedure of inversion.

Charged fermion masses

We have already mentioned that in order to produce experimentally observed difference between masses
of charged leptons and the down-type quarks, we need vector-like fermions in 155 and 15z. It is the
physical mixing between the vector-like fermions and ordinary fermions from 10, that yields the required

mismatch. The mixing is allowed since quark doublets @); € 10r, and a multiplet X3 € 15p transform in

95



CHAPTER 7. SPECIFIC SU(5) MODEL

the same manner under the Standard Model as one can notice from Table 7.1. Again, the consequences
for the charged fermion masses of this particular type of mixing have been previously analyzed within

the grand unified model based on supersymmetric SU(5) [106].

Since symmetry breaking happens at two scales, first one taking place at Mgyt and second one
at electroweak scale, there are additional mixing terms at the electroweak level between the vector-like
fermions 15 and 15x, and other fermions in 55, and 10g,. This occurs every time when these different

fermions tranform the same way under SU(3) x U(1)em with induced terms being proportional to vs.

Table 7.2: Decomposition of SU(5) states under SU(3) x U(1)em

SU(5) states | decomposition | SU(3) | U(1)em
Qi v ’ s
d; 3 3
€; 1 -1
L;
v; 1 0
v 3 2
s °
xd 3 3
v 1 0
2 ne” 1 1
nee” 1 2

The states from SU(5) that emerge with same transformation under SU(3) X U(1)em are given in

Table 7.2. From this second stage of symmetry breaking we have the following mass terms for charged

fermions:
u u 1 /10 c c
Lo (u zu> BRI B (7.13)
0 Ms., D

3

B
‘Q

Usy;d 1 m1124}/1-6 dC _.C ’U5Y»Cll» ’U5Y;a e
(o s [ o =) [ ;
U5Yq Mgs X 0 Mgl e

In order to generate neutrino masses along with the gauge coupling unification, we find some limits
and requirements for certain states. Namely, states Yude need to be very heavy with the limit that

v24Y ¢, Mx,, M, > vs. Now, the mass matrices for charged fermions are:
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N|=

My = (1 + o7 YCYCT> P gos(Yu 4 yeT), (7.14)
1

Mp = (1482 veyet) g (Y48 VoY), (7.15)

Mg =v5Y4T, (7.16)

where My, Mp, and Mg stand for up-type quarks, down-type quarks and charged leptons, respectively.
Parameter ' = 1/10/3v24/(4My,) is a dimensionless parameter and [ is the 3 x 3 identity matrix. In our
model, in our specific space we analyze, contributions proportional to 6’2 vevyel are completely negligible

and Egs. (7.14), (7.15), and (7.16) become:

My = 4vs(Y* + Y1), (7.17)
Mp =vs (Y +0 YY), (7.18)
Mg = vsY4T . (7.19)

Masses of vector-like fermions are not changed in interaction with the Standard Model fermions and they

are:

1
M = My = Ms, (1 457 YCTYC) P~ Ms,, My, = My,c,c = Mgy = Ms,. (7.20)

To summarize, the extension of Georgi-Glashow SU(5) model with one vector-like set of fermions in

155 and 157 and one scalar representation 35y accomplishes the following:
e generates two neutrino masses;
e creates viable mismatch between the down-type quark and charged lepton masses;

e provides gauge coupling unification.
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Chapter 8

Correlation between proton decay

signatures

Science cannot solve the ultimate
mystery of nature. And that is
because, in the last analysis, we
ourselves are a part of the
mystery that we are trying to

solve.

Max Planck

In previous chapters, we have laid down the theoretical groundwork for our specific SU(5) model.
We have introduced the model and explored it in detail — the particle content, symmetry breaking
procedure, the process of generating fermion and scalar masses etc. Now, it is time to check the validity
of our model and present the correlation between proton decay signatures via gauge boson and scalar
leptoquark mediations. We will conduct the numerical analysis in four stages. We will first generate
viable gauge coupling unification points. We will follow this up with running of Yukawa couplings at the
one-loop level for those points. These two steps will be subsequently followed by numerical fit of fermion

masses, and, finally, extraction of proton decay signatures that we are after.

8.1 Numerical Analysis

8.1.1 Gauge coupling unification generation

In Chapter 7, in Section 7.1.1, we have outlined that some states, with a priori unknown masses, are

crucial for the gauge coupling unification analysis in our SU(5) model. Those states are &1, ®3, Pg,
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b9 € 35y, X1, X3, Xg € 15p, @1, ¢g € 24y, and A3 € 5. Since the neutrino mass scale depends
only on masses of two fields — ¥; and ®; — we will present viable parameter space in the Mg,-Msx,
plane. It is important to stress that in order for Yukawa couplings Y;* and Y;® to remain perturbative,
mo parameter that appears as a prefactor in neutrino mass relation given in Eq. (7.7) needs to exceed
certain value. This value practically corresponds to the mass of the heaviest neutrino in the normal
hierarchy case since our model predicts one neutrino to be massless. Once gauge coupling unification is
achieved, the mass spectra of all the abovementioned fields are known, including the masses of proton
decay mediating gauge bosons as well as the parameters Mgyt and agyr. These mass spectra will be
used to run Yukawa couplings of the Standard Model charged fermions to MgyT, where the numerical
fermion mass fit will be performed and extraction of unitary matrices that take fermions from flavor into

mass eigenstate basis accomplished.

During this first stage of numerical analysis, we need to implement several constraints discussed in
Chapter 7 such as mass relations between states in 355 and 15r. Another constraint would be to impose
a lower mass limit for triplet Az from 5z to be approximately 102 GeV [102]. Our analysis of proton

decay signatures will eventually yield correct bound on Mj,.

Our aim here is to find the maximum possible unification scale Mgyt for fixed Mg, and My, values
and associated mass spectra of all other fields. To accomplish maximization, we set a lower limit on
the masses of new physics’ states. We do this by introducing a scale M = min(Mj), that represents
the lowest possible mass in the theory of the fields beyond the Standard Model content, where J =
Dy, D3, B, P1g, X1, X3, X6, 01, s, A3. We will consider three distinct cases for which we will present and
discuss the results. These are scenarios with M > 1TeV, M > 10TeV, and M > 100 TeV.

Three gauge coupling constants are oy, ao, and ag, where first two are associated with electroweak

interactions and the third with strong force. The one-loop level running can be summarized as:

Mgur
Mz

67} (MGUT) = Ozi(Mz) + b; In (81)

where b;, in this case, would be coefficients of the Standard Model particle content. However, if we go,
as we will do, from Mz to Mgyt through several intermediate mass scales or, in other words, through

Mj's, we can write:

M,
o Z J GUT
Now, for each of three gauge coupling constants we can write:
Mcur (8.3)

a1 (Maur) = a1(Mz) + > b In A,
J
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M,
az(Mcur) = az(Mz) + ; by In ]\(ZIT ; (8.4)
a3 (Maur) = as(Mz) + 3 b) In 26UT. (8.5)
J M

With the assumption that these three couplings will meet at the GUT scale, meaning that all three
at that energy scale have the same value, we can subtract one from other in order to get the difference

between the two at Mz scale. For example, if we do this for Eqgs. (8.4) and (8.5), we obtain:

M,
0=as(Mz) — as(Mz) + > (b —b3)In =

J M
- _ J _pJ MGUT
aa(Mz) = aa(Mz) = Y (0] — b)) n =&
I .
Mcur
Mz Y N e
<a3(Mz) - 042(MZ)> In MGUT = ZJ:(bQ — b3)w = 323 (86)

Analogously, if we subtract Eq. (8.3) from Eq. (8.4) we have:

M
0=as(Mz) — ar(Mz) + > (b3 —bf)In =

J M,
J vy, Maout
ax(Mz) —ai1(Mz) = 2(51 —b3)In M,
J
Mcur
Mz g
as(Mz) — oy (M In = bj —by)——~— =B 8.7
( 2(Mz) - an Z>> Mooy ~ 20~ ai = B (5.7
where we define coefficients B;; as:
Bij = (b] —b))r;. (8.8)
J

Again, coefficients b/ are the B-function coefficients of a specific particle J with mass M, and r; =

In(Mgur/My)/In(Mgur/Mz). The relevant b/ (i = 1,2,3) are given in Table (7.1).

Egs. (8.6) and (8.7) yield the following two identities [112] that imply successful unification if simul-

taneously satisfied:

Baz 5 sin? Oy — a(Mz)/as(Mz)
B, 8 3/8 — sin” Oy
Mgur 167 3/8 —sin® Oy
Mz — 5a(Myg) B ’

: (8.9)

In (8.10)

It is these equations that we need to solve for maximum possible value of Mgyt by varying parameters
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r;. Before we start to vary M;’s, there are three constraints we already mentioned, that one needs to
pay attention to. Again, first one comes from symmetry breaking in SU(5), regarding 15, whose three

Standard Model multiplets need to satisfy mass relation:

Ms,, = 2Ms,, — My, . (8.11)

If one assumes that all the masses in Eq. (8.11) are positive, it is easy to show that these three
masses are practically degenerate and thus converge to single mass scale when it comes to gauge coupling
unification analysis. This is the scenario that we will investigate. Note, however, that there is a possibility
that these masses could take negative values, which actually can open up an additional parameter space
that we will not cover in this thesis. That would correspond to the scenario with degenerate Y3 and 3¢
fields and light 33. Second constraint refers to Eq. (7.5) where, again, we have degenerate heavy masses
of ®; and @19 and degenerate light masses of &3 and ®g. Basically, there are thus only two mass scales
for states in 35 . Third constraint would refer to Az, whose mass value we preliminary set to be at least
10'2 GeV and vary it afterwards throughout the numerical analysis.

Once we implement these conditions, we can present available parameter space in two-dimensional
plane spanned by masses of ®; and ¥; due to the fact that neutrino mass spectrum depends on it via
mo in Eq. (7.7).

Maximization of Mgyt value is accomplished via Egs. (8.9) and (8.10), using Wolfram System
Modeler, Mathematica [113]. To obtain unification points, we use Mz = 91.1876 GeV, ag(Myz) =
0.1193 + 0.0016, a~*(Mz) = 127.906 + 0.019, and sin? fy = 0.23126 + 0.00005 as our input param-
eters [114]. We present, as an example, in Fig. 8.1 obtained mass spectra and agyr for three specific
points A (M > 1TeV), A’ (M > 10TeV), and A” (M > 100 TeV), where Mg, = Mx, = 10319 GeV.

In order to explain viable neutrino mass spectrum with perturbative couplings, we need to find ap-
propriate part of space where this is possible. Therefore, we set A\’ from Eq. (7.7) to be 1 in order
to generate the curve of constant mg assuming that entries in matrices Y* and Y cannot exceed one.
More specifically, we vary Mg,, My, , and six phases from Eq. (7.12) to find a region where the prod-
uct max(|Y;*[) max(|Y}]), 4,j = 1,2,3, takes value of one at most. Parameter space where product
max(|Y;*]) max(|ij|), i,7 = 1,2,3, is greater than 1 is excluded since there is no viable neutrino mass
spectrum with perturbative couplings in that case.

Potentially viable parameter space to address neutrino mass can alternatively be found in the following

way. From Eq. (7.7), we can write:

)\/Ug ME ngl
S72 V2 7}\4(% In (M% ) =my (8.12)

where for our analysis we take M = 1, vs = 174 GeV. We can separately consider two cases, one for
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my, # me, when:

2 2

’U5 le Mgl
=% 1 8.13
MO8 MZ — M3, (Mgl) (8.13)

and second one when My, = Mg, where we take logarithmic series expansion expression:

i) =2 (3 ) <o (G 1) <o (P )
In Ll =2In({ —= ) =2In(—=—-14+1) =2In—=—1 11
(M(%l M¢’1 M‘I’l M‘I’l

My, — M
—pm o 8.14
Ma, (8.14)

to have:
2
U5 ¥ ¥, — (o

_ M My, = Ma, 8.15
MO U M — M3, M, (8.15)

Expressions (8.13) and (8.15) allow us to obtain viable coordinates with respect to the neutrino mass

generation, within Mg,-Msy, plane via requirement that

(8.16)

where my is given in Eqgs. (8.15) and (8.13), and Am3; ~ 2.5 x 1073 eV? [115].

Since states in 15 and 157 are all degenerate in mass, this means that change in mass of state ¥,
does not effect the value Mgyur. In other words, Mgy is constant for constant value of ®; mass. On
the other hand, agur decreases for the fixed value of Mg, with the increase of Mx,. From this one can
conclude that proton decay bound via gauge boson mediation in this model is more rigorous and strict

as my, decreases.

8.1.2 Yukawa coupling RGE running

The next step is to run the masses and mixing parameters of the Standard Model charged fermions to
the GUT scale using exact mass spectra that maximize MgyTt. We have checked that the running of the
neutrino observables gives negligable change, therefore we take their low-scale values instead to save on
the computing time. Input data for RGE running is presented in Table 8.1.

We perform RGE running for each individual point of otherwise viable parameter space in Ms,-Ms,
plane. In Fig. 8.3 we present the viable parameter space in the plane spanned by ®; and ¥; masses,
since these are the only relevant parameters for neutrino mass scale. Values for Mg, and My, are taken

to go from 10'° GeV to 10'3° GeV and from 107 GeV to 10'* GeV, respectively. More precisely, we use
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Table 8.1: Experimental observables associated with charged fermions [116] and neutrinos for normal
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ordering [117] with 1o uncertainties (except for charged leptons).

m(Mz) (GeV) Fit input o NHPMNS g SCKM g Am2; (eV2) Fit input

my /10 3 1.158 4 0.392 sin KM 0.2254 + 0.00072
me 0.627 £ 0.019 sin 6GKM /10 2 4.207 £ 0.064
mi 171.675 + 1.506 sin 8FM /10 2 3.640 + 0.130

mg/10 3 2.864 +0.286 §OKM 1.208 = 0.054

ms/10 3 54.407 £ 2.873 Am2,/10 5 7.425+0.205
my 2.854 4 0.026 Am2,/10 3 2.51540.028

me/10 3 0.486576 sin? @FMNS /10 1 3.045+0.125
m,, 0.102719 sin? gL MNS 0.55420.021
mr 1.74618 sin? gFMNS /10 2 2.224 %+ 0.065

logarithmic scale from 10 to 13.5 and from 7 to 14 in units of log,,(Mg, / 1 GeV) and log,,(Msx, /1 GeV),
respectively, with discretization step of 0.1 for both axes.

Recall, in first step, where gauge coupling unification analysis was conducted, the complete parameter
space has been analyzed and reviewed point by point. In the second stage of numerical analysis, we take
each of those points and use RGEs to evaluate Yukawa couplings at the GUT scale using associated mass
spectrum of ®,, ®3, ®g, P19 € 355, L1,%3,256 € 155, @1, P8 € 24y, and A3 € 5. The renormalization
group running for charged fermion masses is performed at the one-loop level for two reasons. First,
at this level of accuracy, gauge coupling unification can be studied and performed separately from the
running of the Standard Model charged fermion parameters. Second, this running gives feedback to the
unification only at the two-loop level, while unification effects the Yukawa coupling running already at
the one-loop level. Sample of RGE running of Yukawa couplings for 7, b quark, and ¢ quark is given in
Figure 8.2 for three specific points A (M > 1TeV), A’ (M > 10TeV), and A” (M > 100 TeV), where
Mg, = My, = 101319 GeV.

Numerical fit of the Standard Model variables is performed afterwards as we describe next.
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Figure 8.1: The gauge coupling unification spectra for unification points A (M > 1TeV), A’ (M >
10TeV), and A” (M > 100 TeV), as indicated.
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Figure 8.2: The running of Yukawa couplings for top quark, bottom quark and tau lepton for unification
points A (M > 1TeV), A’ (M > 10TeV), and A” (M > 100 TeV), as indicated.
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8.1.3 Fermion mass fit

We work in the mass eigenstate basis for charged leptons. Hence, E;, = Er = 1. This also means that
charged fermion masses are automatically accommodated in our model. On the other hand, we need to
simultaneously fit masses of down-type quarks and neutrinos together with PMNS matrix. Recall that
one neutrino is massless particle in our model. Also, there is no need to numerically fit up-type quark
sector, where, due to fact that My = M, 5 we have that Uy, ~ Ur. This simply means that we can always

exactly reconstruct up-type quark masses and CKM mixing parameters once we know Dy, from the fit.

Let us describe numerical fit of fermion masses in more detail. Recall that the Standard Model fermion

masses in our model can be found from the following Lagrangian:
1
Lo —u"Myu® —d"Mpd© — e" Mge© — §I/TMNI/ +h.c., (8.17)

where My, Mp, Mg, and My are given in Egs. (7.17), (7.18), (7.19), and (7.9), respectively.

The fermion mass eigenstate basis, generally, can be defined through

My = U, MU}, , (8.18)
Mp = DMy D}, (8.19)
Mg = ELMy*8El | (8.20)
My = NMY*8NT (8.21)

where Uy, Ugr, Dy, Dgr, Er, Er, and N are the unitary transformation matrices defined in Chapter 5 in
Egs. (5.57)—(5.61).

We notice that down-type quark mass matrix of Eq. (7.18) and the neutrino mass matrix of Eq. (7.7)
share the same Yukawa coupling row matrix Y¢. Hence the need for a combined data fit for these two

sectors. For that reason, we minimize a x? function which is defined as

2= ;P,f, P, = T’“E;ko’“, (8.22)
where, Ty, O, and E} represent theoretical prediction, measured central value, and experimental 1o
error for the observable k, respectively. This observable k will take values from neutrino and down-type
quarks’ sectors. In this fitting procedure, the Yukawa coupling matrices Y*, Y*, and Y¢ are determined
against three down-type quark masses, two neutrino mass-squared differences and three mixing angles
in the neutrino sector. In other words, they will be output of our numerical fit. Again, we demand

perturbativity and utilize the criteria x?/n < 1 where n(= 8) is the number of fitted observables.

The output of our fit are Dy, Dpg, two Majorana phases and CP violating phase in PMNS matrix,
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whereas model stipulates that

Up, = Dpdiag(1, e, ™)V diag(e?™, 2, e™*2) = D D(n) Vi D(k) (8.23)
Ugr = U; diag(e'®r, €2, e') = U D(€), (8.24)
Ep =1, (8.25)
Er=1, (8.26)
N = diag(e™, "2, e"*)Upyns = D(7)Upis - (8:27)

Here we introduce notation for four diagonal phase matrices D(n), D(k), D(§) and D(v). Vokw is

the mixing matrix with one CP violating phase (§<%M)

and Uppnng is the PMNS mixing matrix with one
CP violating phase and two Majorana phases. Again, the connection between U, and Ug in Eq. (8.24) is
due to the fact that My = ME. Note that the fit does not provide information on entries of D(n), D(k)

and D(£). We will discuss if and when they enter proton decay predictions.

One of the outcomes of the numerical fit is that the neutrino sector exhibits normal mass hierarchy.
This can be explained as follows. From Eq. (7.16) one can conclude that Yukawa matrix Y is a hi-
erarchical diagonal matrix, where its entries are completely determined by the charged lepton Yukawa
couplings. Again, we work in the mass eigenstate basis for the charged leptons. Since the matrix elements
(Mp);; are proportional to the linear combination of (Y¢);; and YV, it is obvious that Y* and Y
should ideally both be hierarchical matrices to produce a good fit to data. This, on the other hand, is
possible to achieve only for the normal ordering of the neutrino masses. Put differently, for the inverted
scenario the entries in the first row and the first column of the neutrino mass matrix My are typically
of the same order, whereas the lower 2 x 2 block is required to be somewhat smaller in magnitude. This,

again, would be in conflict with hierarchical form of Y®.

To summarize, this model accommodates charged lepton masses, the up-type quark masses, and the
CKM parameters exactly. Combined numerical fit of the neutrino mass and mixing parameters, and the
down-type quark masses yields Dy, and Dg and consequently Uy and Ug. There are five unknown phases
in Uy, and three additional phases in Ur. However, in next section we show that for the analysis of the
leading source of proton decay we only need two of these phases, i.e., n; and 7o of Eq. (8.23), that reside
in Up.

Viable parameter spaces of our model for M > 1TeV, M >10TeV, and M > 100 TeV scenarios are
shown in panels of Fig. 8.3 in Mg,-Myx, plane together with contours of constant values of MguT and
acgur. The contours for Mgyt are given in units of 10'° GeV and are shown as the vertical solid lines
while the contours for agyr are given as dot-dashed lines that run horizontally. The parameter space
that corresponds to Mgyt < 6 x 10'® GeV is discarded in this numerical study in all three instances due

to the fact that such a low Mgyt is a priori not realistic with regard to the experimental input on the
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proton decay lifetimes.

There are two dashed curves in all three plots of Fig. 8.3. With the outermost one we mark the
boundary after which it is not possible to generate the correct mass scale for neutrinos with perturbative
couplings, since their product exceeds value of 1 with certainty.

The region between the two dashed lines corresponds to the so-called “grey” zone of parameter space,
meaning that in that region it is sometimes, but not always, possible, for some special choice of the six
phases featured in Eq. (7.12), to find perturbative solution to the neutrino mass fit. The region to the
left of the innermost dashed line gives correct neutrino mass fit for arbitrary choices of the six phases.
Green solid contours are used to mark the naive bound on the correct neutrino mass scale. These green
lines are generated by setting 2m0/\/m§1 to 1, 10, and 100, as indicated in the plots of Fig. 8.3, for
N =1

Note that there is already proton decay exclusion bound visible on all three panels in Fig. 8.3. This
bound is actually provided by the numerical analysis of proton decay signatures and not some naive
estimates.

Overall, the parameter space we investigate is in-between Mgyt = 6 x 10'° GeV and the outermost
dashed line after which it is not possible to produce the neutrino mass observables with perturbative

couplings.

8.1.4 Proton decay signatures

We have discussed proton decay in detail in Chapter 5, where we pointed out that amongst many types of
proton decay, we would investigate two-body channels via gauge boson and scalar leptoquark mediations.
After theoretical setup of how to evaluate proton decay widths, we conduct the numerical analysis where
our idea is to accurately identify the most dominant channels for both types of proton decay, and compare
these with current experimental limits and future expectations for a ten-year period of data taking at
C.L. of 90 %.

Experimental bounds on proton decay lifetimes put constrain on allowed masses of associated medi-
ators. The result of this numerical analysis is presented in Fig. 8.3. Namely, parameter space presented
in Fig. 8.3 is constrained by experimental limit on the partial lifetime of p — 7%® process due to the
fact that it is the existing measurement of p — 7%t that provides the most stringent bound. We will
elaborate on this in the next paragraph.

Since the mass spectrum for all the particles is known in each unification point, as well as Mgyr,
once we have accomplished the fermion sector fit, a lower bound for Mgyt can be set using experimental
data on proton decay lifetimes. The region to the left from "proton decay bound" in Fig. 8.3 has been
ruled out in this manner. It turns out that the partial lifetime limit of the process p — 7%t is the most

constraining one. Again, the decay width for this process [66] is:
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2
sty = (175 gy o

2 m; r My
C 2 C 2
< (A2 [elet, ) (a0 (ud)uz ) + B [ele. d ) udmuslp)) . (8:28)

where the relevant matrix elements are (7°|(ud)pur|p) = 0.134(5)(16) GeV? and (7°|(ud) gur|p) =

—0.131(4)(13) GeV? [71]. Recall, the coefficients c¢(e“, d) and c¢(e,d®), in our model, are

c(eS,dg) = e (D7) + (UL D)1 (Up) (8.29)

(e, d®) = e7 (D) (8.30)

Since these coefficients come under square in Eq. (8.28), the phase parameter £; vanishes and the only
two relevant parameters that are not determined by the fermion mass fit are n; and 7y from Eq. (8.23).
Matrix elements of Dj and Dpg are obtained through numerical fit and Uy, can be expressed via Dy, in
relation to CKM matrix. Therefore, only 7; and 7o parameters survive to be varied in order to find the
smallest possible value for |c(e$, dg)|.

We present the viable parameter space in Mg,-My, plane in Fig. 8.3. Again, values for Mg, and
My, are set from 10'° GeV to 10135 GeV and from 107 GeV to 10'* GeV, respectively, or in logarithmic
scale from 10 to 13.5, and from 7 to 14 of log,o(Me,/1GeV) and log,o(Msx, /1 GeV), respectively, with
discretization step of 0.1 for both axes. One can observe three sets of contours for constant values of
Mgur, agur, and mg for |N| = 1. In three panels in Fig. 8.3, one can see straight vertical, thin black
lines which represent MquT, and almost horizontal dashed lines that represent agyr. Knowing this, due
to the decay width dependence on Mgyr and agur, i.e., I' ~ aéUT/MéUT, proton decay bound marked
with pink line additionally denoted "proton decay bound" is presented on all three panels for different

unification scenarios.

Proton decay via gauge bosons

Once we have determined the parameter space for M > 1TeV, M > 10TeV, and M > 100 TeV scenarios,
we examine eight proton decay channels via gauge boson mediation for each of them. It was previously
mentioned and explained that these decays depend on a priori two unknown parameters 7; and 12
except for the channels with antineutrinos in the final state. Hence, we use experimentally determined
and observed values for all other parameters as input, while varying 7; and 7, for each point of interest
in associated parameter space. Again, this will be performed for all three scenarios, i.e., M > 1TeV,
M > 10TeV, and M > 100 TeV. We thus vary 77 and 7y to find the maximum and minimum values of

proton decay width for each channel. Once the minimum and maximum values for each decay channel
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width are known, the plots that depict predicted ranges can be created.

We have taken one specific point, that is very close to the current proton decay bound, namely point
Q featured in the upper panel of Fig. 8.3 with coordinates Mg, = 1015 GeV and My, = 1087 GeV to
showcase implementation of our approach. The results of our analysis for that point are given in left
panel of Fig. 8.4. For channels with antineutrinos, i.e., p — 77 and p — K7, one can observe no
flavor dependence as we have previously shown this in Eq. (5.27). Namely, with summation over neutrino
flavors, any information associated with neutrino mixing parameters or any other phases vanishes from
these proton decay signatures.

The channels with a charge lepton in final state exhibit dependence on 7, and 72, where 72 effect can
be neglected for all practical purposes. This can be seen in left panels of Fig. 8.5, where we give examples
of 1 and 7y dependence for p — 7%t and p — n%u* at point Q. Note that even 1, effect is rather mild.
Explicit calculation of effects of 1; and 7, for point Q yields the following variations of decay widths: 2%
(p— 7V%t), 32% (p — 7%™"), 0% (p — 7 0), 2% (p — ™), 63% (p — n°ut), 2% (p — K't),
4% (p — K%™), and 0% (p — K*7). These variations correspond to lengths of vertical blue bars of
Fig. 8.4.

There are two proton decay channels shown in Fig. 8.4 — p — 7% and p — n°u™ — that exhibit
the largest dependence on 7. This is due to the fact that various contributions towards their decay
widths are of approximately same magnitudes that even the smallest change in a single phase induces a

large effect.
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Figure 8.3: Experimentally viable parameter space of the model for scenarios when M > 1TeV, M >
10 TeV, and M > 100 TeV, as indicated. For details, see the text.
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Figure 8.4: Proton decay widths for eight decay channels via (a) gauge boson and (b) scalar leptoquark
mediations for point Q with coordinates of Mg, = 101° GeV and My, = 1087 GeV within M > 1TeV
scenario.

Proton decay via scalar leptoquark

The same numerical procedure can be performed to find proton decay widths via scalar leptoquark
mediation. Note that we need to indicate the mass of scalar leptoquark. Hence, we set up initial value
of Az to be 2 x 10'2 GeV and proceed with the same numerical analysis as in the case of mediation via
gauge boson for point Q of M >1TeV scenario. We, again, perform maximization and minimization for
71 and 7y parameters to plot predicted ranges using red bars as shown in right panel of Fig. 8.4. One
can conclude that the only channel to be observed with certainty in experiments after a ten-year period
of data taking is p — K+v. All other channels are not to be seen in decades to come in this model if
scalar leptoquark mediation is the dominant source.

Uncertainty in prediction for proton decay widths for scalar leptoquark mediation is much more
prominent than for gauge boson mediation. This is due to the fact that relevant widths depend not
only on unitary transformations, but on Yukawa coupling matrix entries as well. We demonstrate the
dependence on parameters 7; and 7 in Fig. 8.5 for p — 7%%1 and p — n°uT. The variation of m;
and 7 yields the following decay width changes for point Q: 75% (p — 7%™%), 91% (p — «u™), 76 %
(p — 7D), 6% (p — n'et), 94% (p — n°u™), 81% (p — K%*), 2% (p — K°%™), and 76 %
(p— K'D).
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Figure 8.5: Contour plots of proton decay widths in units of GeV scaled with factor of 10757 for point
Q as a function of 7; and 7y for p — 7T ((a) and (b)) and p — n°u* ((c) and (d)) decay channels,
where left panels correspond to mediation via gauge boson and right panels are for mediation via scalar
leptoquark.

Correlation between two different proton decay mediations

In order to accomplish comparative study between gauge boson and scalar leptoquark mediation signa-
tures for the partial proton decay lifetimes, we have chosen one particular point in viable parameter space
for each of three scenarios M > 1TeV, M > 10TeV, and M > 100 TeV as our starting point. Namely,
these are points Q, Q’, and Q" in Fig. 8.3. Since we are interested in those parts of parameter space that
could be probed, at least in principle, in future experiments, the points Q, Q’, and Q" were chosen to be
near to the current proton bound expressed as pink straight line in Fig. 8.3. We subsequently evaluate
adur/M&yr at these points to be able to find all other points that satisfy criteria that the associated
value of o,y /May at those points is within £3 % with respect to the values extracted for points Q, Q/,
and Q. This requirement is needed in order to capture enough points for our study, as our parameter
space in Fig. 8.3 is given with lattice spacing of 0.1 for both Mg, and My, parameters. Once all these

points are known, we evaluate gauge boson mediated proton decay widths for all eight channels where

114



8.1. NUMERICAL ANALYSIS

we also vary 11 and 7y phases in a manner outlined before. The results for all three scenarios for gauge
boson mediation obtained with this procedure is summarized in Fig. 8.6.

The points that are used to study proton decay signatures via gauge boson mediation are the same
points we use to look at proton decay via scalar leptoquark mediation. To generate associated proton
decay widths, we take that My, = 2 x 102 GeV for M > 1TeV scenario and My, = 1.6 x 102 GeV for
scenarios M > 10TeV and M > 100 TeV. These choices ensure that the scalar mediated proton decay
signatures will be observed with certainty at future proton decay experiments. The outcome of this
numerical analysis is presented in Fig. 8.7.

Finally, we place signatures for both types of mediation side by side in Fig. 8.8, where blue bars
are used for gauge boson mediation predictions, red bars are used for predictions associated with scalar
leptoquark mediation, current experimental limits are represented by thin black lines, and grey dashed
lines stand for future expectations after a ten-year period of data taking at 90% C.L., if and where
available.

Several comments are in order. For gauge boson mediation the uncertainty in predictions for partial
proton lifetimes with charged leptons in final state comes from three sources: (i) £3% originates from
the fact that oy /My ratio is allowed to vary from point to point due to the discrete nature of our
parameter space, (i) unitary transformations, including CKM values, that also vary from point to point,
and (#4) unknown phases n; and 7,. For antineutrinos in final states, the uncertainty originates only
from first two sources.

When it comes to scalar leptoquark mediation, the uncertainty primarily originates from the fact that
the fermion mass fit varies from point to point and the need to vary phases 77 and 7, to find accurate
lower and upper bounds for associated proton decay widths. Note, however, that the uncertainties in
proton decay widths associated with scalar leptoquark mediation are much larger than those associated
with gauge boson mediation. This is primarily due to fact that gauge boson mediation is affected by
unitary transformations of the Standard Model fermion fields whereas the scalar leptoquark mediation is
proportional to products of Yukawa couplings of those fermions.

Side by side comparison of Fig. 8.8 leaves us with the following conclusions. If this model is realized
in nature, and if proton is observed to decay to 7° and e, the decay is mediated via gauge boson, and
if it is observed to decay to K+ and 7, the decay is mediated via scalar leptoquark. If both p — 7let
and p — K17 are observed, there is also a possibility to observe third process p — 7%yt within the
ten-year period of data taking. This would also require fortuitous interference between the gauge and
scalar leptoquark contributions at the amplitude level. The remaining five channels will be experimentally

inaccessible in decades to come within this particular scenario.
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Figure 8.6: Proton decay channels via gauge boson mediation within M > 1TeV, M > 10TeV, and
M > 100TeV scenarios, where thin black horizontal lines represent current experimental limits, blue
vertical bars stand for expected ranges within the model under consideration, and horizontal grey dashed
lines represent future experimental sensitivities after a ten-year period of data taking at 90 % C.L.
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Figure 8.7: Proton decay channels via scalar leptoquark mediation within M > 1TeV, M > 10TeV,
and M > 100 TeV scenarios, where thin black horizontal lines represent current experimental limits, red
vertical bars stand for expected ranges within the model under consideration, and horizontal grey dashed
lines represent future experimental sensitivities after a ten-year period of data taking at 90 % C.L.
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Figure 8.8: Correlation of proton decay signatures via gauge boson and scalar leptoquark mediation
within M > 1TeV, M > 10TeV, and M > 100TeV scenarios. Thin black lines represent current
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Chapter 9

Discussion

A la fin...

A true student is like a sponge.
Absorbing what goes on around
him, filtering it, latching on to
what he can hold. A student is
self-critical and self-motivated,
always trying to improve his
understanding so that he can
move on to next topic, the next
challenge. A real student is also
his own teacher and his own
critic. There is no room for ego

there.

Ryan Holiday

Proton decay is an exciting and appealing hypothetical prediction with many facets. We have opted

to investigate one particular path paved in a specific SU(5) model. In that model, we have analyzed

proton decay to two-body final states, and we have found accurate predictions for all eight possible decay

channels via gauge boson and scalar leptoquark mediation. We briefly spell out our main findings in

what follows.

9.1 Summary and conclusions

There are only two possible types of mediators of proton decay within the model in question.

anticipated experimental signal of these decay processes can, hence, originate solely from gauge boson
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mediation, or entirely from scalar leptoquark mediation, or from combination of the two. Our analysis
stipulates that we can conclude with certainty that if in experiments proton is observed to decay to 7°
and e, the decay is mediated via gauge boson, and if it is observed to decay to K+ and 7, the decay is
mediated via scalar leptoquark. If both p — 7% T and p — K ¥ are observed, there is also a possibility
to observe third process p — m°ut within the ten-year period of data taking. This would also require
fortuitous interference between the gauge and scalar leptoquark contributions at the amplitude level. The
remaining five channels will be experimentally inaccessible in decades to come. Again, two channels that
might be observed in future experiments are p — m%e* and p — K¥w. If both are observed, then the
third channel p — 7%u+ might be accessible.

The beauty of a specific SU(5) model we have been analyzing proton decay in, lies in its simplicity
since the only parameters that are not determined via fermion mass fit that affect proton decay predictions
are two phases 77; and 73. Moreover, in case of gauge boson mediation, almost all dependence falls solely
on 7.

The fact that the proton decay signatures from two different sources of new physics can be predicted
at this level of accuracy has not been observed in other models of SU(5) unification. Moreover, there does
not exist a single correlation study of proton decay signatures via two different sources of new physics in
the literature. This work can serve as an example of a self-consistent study of proton decay signatures and
might be used as a guide on how to analyze models with similar features if and when they are identified.
Finally, the tools developed in this analysis are applicable to other models of unification and can thus be

of help in generating accurate predictions for expected proton decay signatures.
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Appendix A

Finstein index notation

Everyone and everything that
shows up in the world of form in
this universe originates not from
a particle, as quantum physics
teaches us, but from an energy
field. That energy field can be
called God, soul, spirit, or
consciousness. It looks a certain
way, sounds a certain way, and
feels a certain way. I try to stay
in harmony with what I believe it

sounds and feels like.

Wayne Dyer

A convenient notation in expressions with vectors, matrices and tensors is Einstein index notation.

There are some rules that need to be followed in this notation:
e Any term in an expression can have each index only two times,

e Repeated indices are the ones summation is conducted over, and

e Each term must have identical not repeating indices.

For example, if one wants to do summation over index ¢ in certain expression such as:

A= Z Bijrj
J

then it would read as:

A:ZBijTj EBij’l"j

J
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APPENDIX A. EINSTEIN INDEX NOTATION
whereas this expression:

C = Bij’l"jpj +q; (AS)

would not be correct in this index notation due to the fact that first rule was not followed (index j is

repeated more than two times in first term).
Another example of invalid expression in this notation is this:

D= Bijka + By (A4)

because first term has non-repeated index j and second .

A.1 Free and dummy indices

Using Eq. (A.2), we can rewrite and add:

A = ZBijTj = Bij'rj = (BI‘)Z' =q; (A5)
J

Free indices are indices present on both sides of equation, and in case of Eq. (A.5), that is for example,
index 1.
Dummy indices are indices present on one side of equation, but not on the other. Also, these indices

come in an even amount of times in each product. In Eq. (A.5) that is index j.

A.2 The Kronecker 9, Levi-Civita ¢;;;, and metric tensor g,

In writing expressions in Einstein’s notation, but also in others as well, symbols mentioned in the title of
this section, are not just useful but also inevitable when deriving expressions and doing calculations.

We will start with Kronecker § symbol that reads like this:

dij = (A.6)
or with Iverson brackets:

5= li = 4] (A7)

The role of this symbol is to replace one index by another:
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A.2. THE KRONECKER §, LEVI-CIVITA ¢;;x AND METRIC TENSOR G,

i Vi =, (A.8)

There are also these two properties:
Uiéij = ’Uj (Ag)
Sik0kj = dij (A.10)

from where we can conclude that § matrix is identity matrix. For 3 x 3 it reads:

1 0 0
sij=1 0 1 0 (A.11)
0 0 1

Levi-Civita €;;, symbol or tensor is a tensor that in dependence of permutation of indices gives three dif-
ferent values. Since we started with Levi-Civita in three-dimensional space, we will give its mathematical

formulation in that specific case:

1 if (4,5, k) is (1,2,3), (2,3,1) or (3,1,2)
gijk = —1 if (i,4,k) is (1,3,2), (2,1,3) or (3,2,1) (A.12)

0 ifi=j,j=kork=i

In four-dimensional space, it would read like this:

1 if (4,5, k,1) is an even permutation of (1,2,3,4)
Eijkl = —1 if (4,4, k,1) is an odd permutation of (1,2,3,4) (A.13)

0  otherwise

For example:

€432 = —€1234 = —1

€o131 = —€1231 = —1

€121 = —€13210 = —(€1231) = —1

€2152 = —€2152 =0 (A.14)

In general case, in n dimensions, we can write it as:
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1 if (a1aga3...ay,) is an even permutation of (1,2,3,...n)
€arazas...an = —1 if (ayasa3...a,) is an odd permutation of (1,2,3,...n) (A.15)

0  otherwise
In product of two vectors a and b, we can use Levi-Civita in Einstein notation in the following form:

(ax b)' =e;ra’b” (A.16)

In the triple scalar product, it is used in this form:

a- (b xc) =g pa'tic (A.17)
Metric tensor g,,,, reads:
1 0 0 0
0 -1 o0 0 1 0
Juv = = (A18)
0o 0 -1 0 0 —I3
0 0 0 -1

We have further discussed, used and explained this tensor in appendices B and C.
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Dirac algebra and gamma matrices

I seem to have been only like a
boy playing on the seashore, and
diverting myself in now and then
finding a smoother pebble or a
prettier shell than ordinary,
whilst the great ocean of truth

lay all undiscovered before me.

Isaac Newton

Paul Dirac introduces [57] a Hamiltonian linear regarding the momentum operator, for the purpose

of having a relativistically covariant equation for the quantum mechanical wave function:

H=+"(y-p+m) (B.1)

where m is the particle mass and p is the momentum operator. These 4" and v matrices are dimen-
sionless. Standard 4 x 4 Dirac matrices v* = {7°,7!,72,v3} represent the set of conventional matrices
that generate the matrix representation of Clifford algebra. In Minkowski space, where metric M = {z*}

is denoted as pseudo-euclidean, due to the form of the metric tensor g,

—_
jen}
(e}
[an}

0 -1 0 0 1 0

uv = = (B2)
o o0 -1 0 0 —I3
0 0 0 —1

the column vectors on which the v* matrices act become a space of spinors. Gamma matrices in Dirac

representation are of this form:
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10 0 0 0 0 0 1

01 0 0 0 0 10
7’ = v =

00 -1 0 0 -1 0 0

00 0 -1 1 0 0 0

(B.3)

0 00 —i 0 01 0

0 0 i 0 0 00 -1
7= 7=

0 i 0 0 100 0

—i 0 0 0 0 1.0 0

In order for gamma matrices to generate Clifford algebra, they must obey the anticommutation

relation:

{47} = Py + A = 29,1 (B.4)

where I, denotes the unit matrix 4 x 4.

B.1 The fifth gamma matrix

The fifth gamma matrix is used in quantum mechanics’ theories with the term of chirality. Namely, the

projector of left and right handed states is defined with v°:

1 —
P, = 275 (B.5)
L+
Pr= (B.6)
2
The matrix ~° itself is defined in the Dirac basis in the following form:

0 01 0

. 0 0 01
Y =i’y % = (B.7)

10 00

0100

It has some interesting properties:
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B.2. TRACE PROPERTIES AND CHARGE CONJUGATION

e Hermitian matrix:

()" =+ (B.8)

e With eigenvalues +1:

(+*)* = I (B.9)

e Anticommutes with the other four gamma matrices:

{V*, 7} =7+ =0 (B.10)

B.2 Trace properties and charge conjugation
There are several trace identities that apply for gamma matrices:

L. Tr(7y%) =0

2. Tr (41 oqp)y=0forn =2k +1

3. Tr (P41 qhn) =0 for n =2k + 1

4. Tr (YY) = 4gu

5. Tr (Y"9"v*77) = 4 (9uv9po — Gup9vo + GuoJve)

6. Tr (v°) =Tr (v#4"7°) =0

7. Tr (y# - yhn) =Tr (yHn oo yi)

Gamma matrices are also used in defining charge conjugation operator:

CAtCt = ()T (B.11)

where C' = %42 with a property C~! = CT = CT = —C.
In quantum field theory, in the studies and discussions on Dirac fields, it is often used Feynman slash

notation or as it is sometimes referred as Dirac slash notation [118]:

def
A= AL (B.12)
There are specific identities in this notation, derived from identities that gamma matrices obey:
1. AB=A-B- iA, 0" B, with o/ = %[’y”,'y”]

2. AA = AMAV'VM'VV = %AMAU('YMVV + 'Yu'yu) = %ANAV 29,1y = A?
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=01

. Tr (AB) =4(A- B)
- Tr (YAB) =0

- Yudyt = 24

- yuABy =4(A- B)

- Tr (A) =Tr (ABE) =Tx (ABCPE) =0

132



Appendix C

Fierz Transformations

Life cannot have had a random
beginning. .. The trouble is that
there are about 2000 enzymes,
and the chance of obtaining them
all in a random trial is only one
part in 10%°%%° an outrageously
small probability that could not
be faced even if the whole
universe consisted of organic

soup.

Fred Hoyle

Fierz identities or Fierz transformations [119] represent an useful tool in quantum field theory. More

precise, we employ this tool in explicit calculations in four-fermion interactions. In this thesis, proton

decay processes include four-fermion interactions.

For each particle involved, there is a corresponding spinor. In an expression to which we apply Fierz

identities, there are two Dirac bilinears in a product that is usually called quadrilinear:

[@1 MWQ} [@3MQU4]

(C.1)

Dirac bilinears can be placed in any order in its product, but the spinors cannot. Therefore, the order

of appearance of four spinors is important and it will play the major role in Fierz identities.

In Appendix A we have presented Dirac matrices and algebra. Using these matrices, it is possible

to construct set of 16 matrices in order to have 16-dimensional space of all the 4 x 4 matrices. The set

usually [120] corresponds to matrices in the following way:
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ry=1,
I, to Ty =94,
L toTS =0, (u<v), (C.2)

I'L to T4 = iytys,

F}D =5,
where we have already known:
0 01 0
. . 0 0 01 i ,
=iyttt = and 0, =5 [1",7"] . (C.3)
1 0 00
01 00
Since the form of the metric tensor g, is given with:
1 0 0 0
0 -1 o0 0 1 0
uv = = (C4)
0o 0 -1 0 0 —I
0 0 0 -1
we can then write:
{7,747} = 77" + 7" = 29,1 (C.5)

Knowing these propreties:

Trhlt] =0,
Tr[vuyw] = 4
! ! (C.6)
Tr[vuvam] =0
Tr['V/L’Ya’YV'VB] =4 (g;nguﬁ — GuvYap + guﬁga,,)
together with Eq. (C.2), we can deduce the basis for derivation of all Fierz identities:
T[T, T7] = 6/ (C.7)

where I and J can represent A, P, S, T and V.

Previously defined set of 16 matrices in Eq. (C.2) we can redefine in writing it in the following
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way [121, 122]:
TA = (1,79, i7", 12, 7,701,702, 903 iy 12 18 28 012 013 ;023 123 ;0123 (C.8)

Lower-order matrices are defined in Eq. (B.3), and higher-order matrices are built from these:

At = % (7' = +"°)
7?2 = % (7*7* = 7*1°)
= % (77° =7%7")
v = % (' =)
v = % (V' =)
7 = % (7 =°7%)
72 = % (79" = 1% + 4%
A = % (V7" = 1%+ 4%%)
V% = % (V7% = 29% +4%4%)
712 = % (V' = 2 + 43412)
A1 = % (707128 = 410 4 24013 — 434012)
(C.9)
The identity we will be using in Fierz transformation is:
(04, (07),, = CZDCég (), (07, - (C.10)

Eq. (C.10) is linear decomposition. This is viable since all I''s form a complete basis for all 4 x 4

matrices. Our next step is to find coefficients CA5. Firstly, we will multiply Eq. (C.10) by (FE)” (FF) ik

(P71 (0F) 5 (04 5 (0%)0 = D Gap (D7), (L) 5y (T) (T2 (C11)
C,D

tr (TPTATFTP) =Y~ Ccap tr (PP19) tr (PFTP) (C.12)
C,D

tr (TPr4rFr?f) =16 45 (C.13)

Cab = %tr (T°r4rPr?o) . (C.14)
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Eq. (C.13) was derived from completeness relation and eq. (C.14) comes from relabelling of indices.

Next we directly apply matrix identity:

(51FACU2) (E3FBW4) = (wl)i (w2)j (53)k (w4)l (FA)ij (FB)kl
= (@), (wa); @s), (wa), D CEB (T, (TP),;
C,D

=Y CE&B ([@Iws) (@5 Pw,) (C.15)

in order to derive the Fierz identities or transformations:

(Ul(,«JQ) (@30.]4) = Z CélD (51FCW4) (wngwz)
C,D

= 3 o (TOTP) (@1 TC,) (@57 )
C,D

| =

fz w, ¢ w4 OJ3FCQJ2) (C.16)
c

1

(@17 w2) (@syuwa) = Y T

C,D

1 ’ ! ’ ’
Z Etr (Fc FD) (wlfc 'yuw4) (GgFD 'y“u.)z)

C’,D’

1
Z Z (wlfc7“w4) (wgl“cvﬂwg) (017)
C

tr (FCV‘TD%) (wlFCw4) (@3FDLU2)

where I'C" = [C~H,
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