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ABSTRACT

Synthetic gauge fields introduce an unconventional degree of freedom for studying many fundamental phenomena in different branches of
physics. Here, we propose a scheme to use staggered synthetic gauge fields for control of the non-Hermitian skin effect (NHSE). A modified
Su-Schrieffer-Heeger model is employed, where two dimer chains with non-reciprocal coupling phases are coupled, exhibiting non-trivial
point-gap topology and the NHSE. In contrast to previous studies, the skin modes in our model are solely determined by the coupling phase
terms associated with the staggered synthetic gauge fields. By manipulating such gauge fields, we can achieve maneuvering of skin modes as
well as the bipolar NHSE. As a typical example, we set up a domain wall by imposing different synthetic gauge fields on two sides of the wall,
thereby demonstrating flexible control of the non-Hermitian skin modes at the domain wall. Our scheme opens a new avenue for the creation
and manipulation of NHSE by synthetic gauge fields, which may find applications in beam shaping and non-Hermitian topological devices.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0196844

INTRODUCTION

Non-Hermitian phenomena are ubiquitous and span across
many disciplines.' ” Optical systems have shown to be very suit-
able to design and explore non-Hermitian phenomena such as
parity-time (PT) symmetry.””* The presence of non-trivial topology
in non-Hermitian systems’ '* gives rise to topological phenomena
quite different from that in their Hermitian counterparts, for exam-
ple, the behavior of eigenstates and eigenvalues close to exceptional
points.”” Perhaps, one of the most iconic features of the non-
Hermitian systems is the non-Hermitian skin effect (NHSE),"” "
where a surge of eigenstates piles up toward the boundary of a
non-Hermitian system under an open boundary condition (OBC),
implying the breakdown of the traditional bulk-boundary corre-
spondence. Remarkably, it is found that the topology associated with
the NHSE originates from the point gap of the complex energy spec-
trum under a periodic boundary condition (PBC), manifested by a
non-zero winding number.”**

Because non-Hermitian systems possess complex energy spec-
trum, some concepts related to Hermitian bands and gaps are not
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applicable. Non-Hermitian systems have two different types of band
gaps: point gaps and line gaps.””’ A point gap occurs when the
complex-energy bands do not cross a particular point in the complex
energy spectrum, and when crossing this point corresponds to a gap-
closing transition. On the other hand, when complex energy bands
can be separated by a line that does not intersect with any of the
bands, a line gap occurs (e.g., see Fig. 5 in Ref. 4). The emergence of
point-gap topology implies that the energy spectrum under the PBC
forms a loop in the complex plane, with the associated wavevector
k being real, indicating extended eigenstates. In contrast, the energy
spectrum under the OBC does not overlap with the spectrum under
the PBC; the associated wavevector k is complex, corresponding to
localized eigenstates better known as the NHSE.

The concept of synthetic gauge fields” ** was introduced in
the realm of photonics and ultracold atomic gases over a decade
ago, motivated by realizing artificial systems that can mimic the
behavior of electrons moving in crystals under the influence of mag-
netic fields. A typical example is to use such systems for the study
of fundamental phenomena that would otherwise occur solely in
condensed matter systems, such as the quantum Hall effect. Recent
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FIG. 1. The modified SSH model and the NHSE. (a) Schematic illustration of a modified SSH lattice. Parameters t; and t, are reciprocal coupling strengths and t;e/?'2 are

couplings with non-reciprocal phases denoted by ¢, and ¢,. (b1) and (b2) Profiles of eigenmodes under an OBC with ¢, = 7 for (b1) t; = 0 and (b2) 4

= 3.5. (c) Eigenmode

distribution with the synthetic gauge field phase ¢, changing from 0 to 7z. The white dotted line denotes the extended eigenmode, where switching of non-Hermitian skin
modes from the right to the left boundary occurs. (d) Complex energy spectra with synthetic gauge fields of the model under the PBC (blue crosses) and the OBC (red dots),
with the same parameters as in (c). Orange arrows denote the winding direction of the complex energy spectrum with respect to a reference eigenvalue. Parameters are t,

=1,t3=05 N =60, ¢, = 7/2,and t; = 3.5 for (c) and (d).

studies have shown that synthetic gauge fields provide a new degree
of freedom to manipulate the NHSE in non-Hermitian systems.”

Previous achievements include the enhancement of second-order
NHSE,*’ control of the NHSE via synthetic flux, 1545 and the possi-
bility to implement topologically non-trivial non-Hermitian phases
via gauge fields.”” Most of those studies are focused on the model
with a uniform synthetic gauge field and onsite gain and loss to
explore topological properties. For example, using a generalized
Su-Schrieffer-Heeger (SSH) model™*’ with anti-PT-symmetric
onsite potentials (gain and loss), one can readily control the NHSE
by a uniform synthetic gauge field,** which brings a non-zero effec-
tive external magnetic flux through the whole system. One may
wonder if the NHSE can be achieved and controlled even without
a net external magnetic flux, e.g., by a “staggered” gauge field (which
implies an opposite flux in adjacent unit cells but a zero overall
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flux through the system). Although it has been proposed that syn-
thetic gauge fields can steer non-Hermitian skin modes in optical
ring resonators* and can achieve dynamical control of topologically
protected states,”’ to the best of our knowledge, the NHSE has thus
far not been realized by using non-reciprocal coupling phases in any
system, which provides the motivation for this work.

In this article, we propose a simple yet efficient scheme to
achieve and control the NHSE by employing a staggered syn-
thetic gauge field. Inspired by a similar model introduced by Li
et al.*® utilizing non-reciprocal coupling magnitudes, here, we focus
on the non-reciprocal coupling phases. In particular, we tinker
with non-reciprocal coupling phases to ascertain whether staggered
gauge fields can be used to manipulate the NHSE. To this end,
we consider a pair of coupled non-Hermitian SSH lattices, each of
which alone does not feature the NHSE (they have trivial point-gap
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topology), as illustrated in Fig. 1. By introducing reciprocal cou-
plings between these two trivial lattices, we demonstrate that the
entire (coupled) system exhibits non-trivial point-gap topology and
the NHSE mediated by the staggered synthetic gauge field. Such a
synthetic gauge field can be fine-tuned to achieve flexible control of
the NHSE, illustrated with an example in which a domain wall is cre-
ated by imposing different gauge fields on the two sides of the wall.
Our work offers a new way of exploiting synthetic gauge fields to
control non-Hermitian topology and associated NHSE. For practical

implementation, it may be beneficial to achieve tunable NHSE
without overall external magnetic flux or onsite gain and loss.

RESULTS

We consider a modified SSH model with non-reciprocal cou-
pling phases depicted in Fig. 1(a). The non-Hermitian Hamiltonian
of the model reads
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FIG. 2. The modified SSH model and the bipolar NHSE. (a) The equivalent ladder-like lattice of the modified SSH model with staggered synthetic gauge fields. Parameters
t1 and t, are real couplings, and it;€/? is a complex coupling. (b1-b3) Profiles of the eigenmodes of the modified SSH model with the OBC plotted as a function of the lattice
site number for (b1) ¢ = —7/2, (b2) ¢ = 0, and (b3) ¢ = 7/2. (c1-c3) Complex energy spectra of the model under the PBC (blue crosses) and the OBC (red dots), with the
same parameters corresponding to (b1)—(b3), respectively. Orange arrows denote the winding direction of the complex energy spectrum under the PBC. The triangle and
circle in (c1) and (c3) correspond to two representative eigenvalues under the OBC with different winding directions, and the distribution of their eigenmodes is marked in (b1)
and (b3). The stars represent Bloch points associated with extended states. (d) The dIPR of the skin modes for different values of ¢. We plot I as a function of the intercell
coupling f,. The other parameters are chosentobe t; = 1,f, = 1,3 = 0.5, and N = 100.
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where k is the Bloch momentum, ¢, and ¢, denote the non-
reciprocal coupling phase terms, and t; (i =1,2,3) are the real
magnitudes of the coupling. When ¢; = 0, the model is reduced to
two decoupled SSH chains. In this case, each of the one-dimensional
(1D) SSH models is in a trivial phase regarding point-gap topol-
ogy [Fig. 1(bl)] because the magnitude of the couplings in each
1D model (¢, and t3) is reciprocal. However, when the two SSH
chains are coupled (t; # 0), the entire system can exhibit non-trivial
point-gap topology with emergence of NHSE [Fig. 1(b2)].

To characterize the NHSE mediated by non-trivial point-gap
topology, we evaluate the spectral winding number defined as”!

w(E) = / - dklog det (H(k) - E), )

where w is the winding number for the eigenvalues of the Hamil-
tonian with the PBC around a prescribed point E in the complex
plane. When E is an eigenvalue of the Hamiltonian with the OBC,
a non-zero value of w implies the corresponding eigenstate is local-
ized (NHSE). The sign of w indicates the skin direction, i.e., for a
negative (positive) winding number, the skin modes are on the right
(left) edge.”” Negative (positive) w corresponds to the clockwise
(anticlockwise) winding around E.

We illustrate this in an example in Fig. 1(c): if we keep phase
¢, fixed, the skin direction of the elgenmodes abruptly changes at
a given value of ¢,, reflecting a topological phase transition from
w=—1to w = 1. The corresponding complex energy spectra of the
PBC and OBC Hamiltonians are shown in Fig. 1(d). By calculating
the spectral winding number of Hamiltonian in Eq. (1), we find that
the system is topologically non-trivial when cos ¢, # cos ¢,. In the
non-trivial regime, the PBC energy spectra exhibit a closed curve
inside of which there are all the OBC eigenvalues, leading to a non-
zero winding number and the existence of the NHSE. This is a typical
signature of the NHSE: the eigenvalues for the OBC and the PBC
considerably differ. The topological phase transition occurs at cos ¢,
= €0s ¢,, where the eigenvalues under PBC and OBC coincide, cor-
responding to a trivial phase containing only extended eigenmodes
[see Fig. 1(c)].

Let us now discuss a particular case when the phases ¢, and ¢,
are related as follows: ¢, = /2 + ¢, ¢, = m/2 — ¢, such that we have
only a single-phase parameter ¢. The model is equivalent to a ladder-
like lattice with sites A and B, which hosts real couplings ¢, and t,,
imaginary couplings it3, with a circulation of phase ¢ in plaquettes
corresponding to a staggered synthetic gauge field [Fig. 2(a)]. In the
tight-binding approximation, the Hamiltonian of the model in real
space reads

Hg = Z I:tl(axb + b tlx) +Zt3(€ le +1 + € Kabfax 1)

X

+ tl(axbx 1+ b ax+1)] (3)

where al(ay) and bl(by) are, respectively, the creation (annihila-
tion) operators for the sublattice sites A and B on the xth unit cell,
respectively. Apart from the conventional NHSE, the model also
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exhibits a clear signature of the so-called bipolar NHSE (BNHSE)**
when the eigenmodes collapse to both edges of the lattice.

As the synthetic gauge field parameter ¢ is varied, the BNHSE
is also varied in a controlled fashion. In Figs. 2(b1)-2(c3), we show
that by varying ¢, we can change the topological phases and the
features of the NHSE. The topological phase transition occurs at ¢
=0 [Figs. 2(b2) and 2(c2)]. We use three symbols (star, triangle,
and circle) to denote three representative eigenmodes under OBC
[Figs. 2(b1), 2(b3), 2(cl), and 2(c3)]. After altering ¢ from —7m/2
to 77/2, the winding direction (represented by the yellow arrows)
is reversed, which moves the skin mode (triangle and circle) from
one edge to the other edge. In addition to the localized skin modes,
the model has extended eigenmodes marked by stars, which belong
to both the PBC and OBC spectra, dubbed the Bloch points.”* It is
worth noting that such mode maneuvering involves all skin modes
in this process.

Let us evaluate the proportion of the left and right skin modes
in the BNHSE as a function of t, with different synthetic gauge field
phases ¢. To quantify the relative proportion of left and right skin
modes, we consider the average directional inverse participation
ratios (dIPR), defined as™*

B 1N L [x—(L+l)/2](|1;/£,,|4+|u/£n|4)
ERETRIpY -1/ :

with y3, being the wave amplitude of the nth normalized eigen-
mode at site x of sublattice s. N and L are the numbers of the lattice
sites and the unit cells, respectively. The dIPR reveals the differ-
ence between the distribution of the skin modes on the two edges
of the system, i.e., a negative (positive) I; implies that there are more
(less) left skin modes in the system than the right ones. As shown in
Fig. 2(d), both ¢ and ¢, influence the spatial distribution of eigen-
states quantified by the dIPR. For example, when ¢ = 71/6, the skin
modes tend to be localized at the right side for most values of f,
in the shown interval; above the value t, ~ 2.9, the left skin modes
become dominant. For ¢ = 117/6, most skin modes are localized on
the left for t, < 2.9, and on the right otherwise. The dependence of
dIPR on ¢ is determined by the value of sin ¢: the magnitude of dIPR
reaches a maximum at ¢ = +7/2, whereas for a given value of f,, the
sign of sin ¢ determines whether most modes are distributed at the
left or the right edge. This allows us to control the proportion of the
left and right skin modes by adjusting the synthetic gauge fields. By
reversing ¢, one can switch between the left skin modes and the right
skin modes. The upshot of these results is that a reasonable set of
parameters (coupling strength and synthetic gauge field phase) may
be chosen for controlling the distribution of left (right) modes.
Next, we discuss how to manipulate wave propagation in
our system. For this purpose, we apply a single-site excitation
and manipulate the synthetic gauge field over time. Figure 3(b)
illustrates numerical results for wave propagation in the lattice
shown in Fig. 3(a), whereas Figs. 3(c) and 3(d) show numeri-
cal results for wave propagation in the lattice shown in Fig. 2(a),
corresponding to the NHSE for t; = 3.5 [Fig. 3(c)] and to the BNHSE
for t; = 1 [Fig. 3(d)]. The time dependence of the phases is shown
in the adjacent panels. The results are obtained by solving dy/(t)/dt
= iHg(t)y(t) with the Runge-Kutta method, where the real space
Hamiltonian Hg(#) is time-dependent since ¢ changes with time.
In Fig. 3(c), corresponding to the NHSE, we show that the sign of

(4)
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FIG. 3. Domain wall construction and manipulation of the beam dynamics via synthetic gauge fields. (a) A ladder-like lattice with a domain wall (marked by a vertical dashed
line) formed by two coupled SSH chains with different staggered phases ¢ and ¢’. (b) Dynamical manipulation of light field evolution in the domain wall model, where the
right panel shows the time-dependent phases ¢ and ¢’. Due to the change of the synthetic gauged field phases, the model can be used to achieve beam coalescence
(in the range of 60 < t < 80), beam separation (at t = 0), and funneling toward one edge (at t = 80). (c) and (d) Examples of dynamical light field manipulation in the modified
SSH model with (c) NHSE and (d) BNHSE. The parameters used in the calculation are t, = 1,t; = 0.5, and t; = 3.5 for (b) and (c), and t; = 1 for (d).

¢ determines whether light is pumped to the left or to the right
edge. Thus, by manipulating ¢, the “funneling” direction of the
modes can be regulated on demand. Interestingly, by employing the
BNHSE [Fig. 3(d)], one can achieve mode separation and coales-
cence by appropriately manipulating the synthetic gauge field phase
@ [Fig. 3(d)].

To further demonstrate other possibilities of wave manipula-
tion, we construct a domain wall by imposing different synthetic
gauge fields on the two sides of the wall, as shown in Fig. 3(a). The
domain wall is formed by employing the model in Eq. (3) and by
setting the same coupling strengths but different synthetic gauge
field phases (¢ and ¢') on the two sides of the wall, resulting in the
localized skin modes at the wall. In this domain wall construction,
the synthetic gauged field can also be varied in time. In Fig. 3(b),
we illustrate dynamics where ¢ = —7/2,¢" = /2 for 0<t<35,
p=m/2,¢' =-m[2 for 35<t <75 and ¢ = 7/2,¢" = 7/2 for 75 < ¢t
< 115. We observe rich beam dynamics including beam separation,
coalescence, and funneling to one edge. By controlling the position
of the domain wall, we can effectively “route” the energy of the beam
to any place in the ladder.

DISCUSSION

As we have already mentioned, our model was inspired by
the Li, Teo, Mu, and Gong model (LTMG) model,” which utilizes
non-reciprocal coupling magnitudes in the ladder lattice geome-
try to obtain the NHSE. Thus, it is worth exploring the connec-
tions and differences between our model and the LTGM model.
We first note that our model [Fig. 1(a)] cannot be transformed

APL Photon. 9, 056102 (2024); doi: 10.1063/5.0196844
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into the form of the LTGM model via the standard gauge transfor-
mations that preserve the flux acquired as a quantum particle (or a
wave) goes around one plaquette of the ladder. Flux differs as one
goes around the plaquette in a clockwise or counter-clockwise direc-
tion (non-Hermitian feature), and it corresponds to (two) values
of the synthetic magnetic field flux through one plaquette, which
should be gauge-independent quantity. Next, we consider a uni-
tary transformation equivalent to Eq. (23) in Ref. 4. This unitary
transformation can cast our model into a model with reciprocal cou-
pling phases, featuring onsite gain and loss. One may argue that the
latter Hamiltonian is easier to experimentally implement than our
model in Fig. 1, and we do not claim the contrary. However, such
a unitary transformation may change the synthetic magnetic flux
through plaquettes, leading to a different model from the point of
view of synthetic magnetic fields. We emphasize that the purpose of
this paper is to explore the possibility of attaining the NHSE with
staggered synthetic magnetic fields and non-reciprocal coupling
phases.

To this end, let us discuss a possible experimental implemen-
tation of our model. The two key ingredients are to construct (i)
imaginary coupling between lattice sites supplemented with (ii) an
additional synthetic phase, as shown in Fig. 2(a). Both of these ingre-
dients have been addressed before. It was demonstrated that an
auxiliary lossy site (in between two sites that we wish to couple) can
facilitate imaginary coupling.”” On the other hand, synthetic gauge
fields have been implemented in versatile platforms,” *’ which
yields the second ingredient for the desired coupling. An efficient
implementation of both ingredients simultaneously is not a trivial

9, 056102-5
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task. The most promising platforms include ring resonators®” and
time-multiplexed fiber networks;™ the latter treat time as a new
synthetic dimension to generate the coupled lattices.

On a more technical side, components such as beam split-
ters and intensity modulators are commonly used to induce non-
reciprocal coupling strengths in photonic platforms.”” In addition,
synthetic phonons have been used to enable non-reciprocal coupling
in resonator networks.”* However, these components inevitably
introduce internal losses that affect the efficiency of a given inte-
grated device. By using phase modulators to manipulate the coupling
phases, an alternative approach emerges for the design of non-
Hermitian devices, potentially overcoming the limitations of present
devices.

CONCLUSION

In summary, we have proposed an approach for achieving and
controlling the NHSE by synthetic gauge fields. We have investigated
the NHSE in a modified SSH model in which the NHSE arises from a
staggered synthetic gauge field without the need for commonly used
non-reciprocal coupling strengths or onsite gain and loss. We have
demonstrated that our scheme can also support the BNHSE, which
is flexibly controlled by adjusting the synthetic gauge field. As a typ-
ical example of dynamic manipulation of the NHSE, we have further
constructed a domain wall that can be used for effective control of
light through mode separation, coalescence, and funneling toward
one boundary during propagation. Our work provides an addi-
tional route for realizing and controlling non-Hermitian topological
systems by synthetic gauge fields, which may find applications in
designing non-Hermitian topological devices.
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