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A quest for phenomenological footprints of quantum gravity is among the central scientific tasks in the rising era
of gravitational wave astronomy. We study gravitational wave dynamics within the noncommutative geometry
framework, based on a Drinfeld twist and newly proposed noncommutative Einstein equation, and obtain the
leading quantum correction to Regge-Wheeler potential up to first order in the noncommutativity parameter.
By calculating the quasinormal mode frequencies we show that the noncommutative Schwarzschild black hole
remains stable under axial gravitational perturbations.

1. Introduction

The discovery of gravitational waves [1-4] has ushered in a new era
in astrophysics and cosmology. The findings so far have involved black
holes or neutron stars which are governed by general relativity where
the gravitational field is classical. Several studies have suggested the
tantalizing possibility that gravitational waves may be able to encode
signatures of certain quantum aspects of gravity, such as the effects of
quantum fluctuations of the gravitational field on infalling bodies [5]
and gravitational wave signatures of black hole area discretization [6].
In addition, the future gravitational wave detectors such as LISA offer
the possibility to test the effects of modified dispersion relation on the
gravitational wave propagation [7].

The aim of this paper is to study the effects of quantum structure
of spacetime on gravitational wave formation. It is well known [8,9]
that classical general relativity and the quantum uncertainty principle
lead to noncommutative (NC) geometry, where the smooth manifold
structure of the spacetime is replaced by a NC algebra, which is a can-
didate for the quantum spacetime. The gravitational wave emission in
the classical spacetime was first discussed by Regge and Wheeler [10],
followed by a number of seminal papers [11,14,12,13,15-17], which
have been discussed in several reviews [18,19,51]. In these works, the
quasi-normal modes (QNM) of the gravitational wave are described by
a Schrodinger-type equation, in which the potential carries the infor-
mation of the underlying spacetime. As a first step of discussing gravi-
tational wave propagation in quantum spacetime, we adapt the analysis
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of Regge and Wheeler [10] to the NC framework, thereby obtaining the
NC version of the Regge-Wheeler potential which we will refer to as
g-deformed or guantum Regge-Wheeler (QRW) potential.

The symmetries of a spacetime are encoded in the algebra of in-
finitesimal diffeomorphisms, while the deformed symmetries of a NC
spacetime can be encoded in the Hopf algebra of the deformed diffeo-
morphisms. This Hopf algebra framework has been shown to be useful
in the area of NC quantum field theory [20-22] and can be used to
construct the NC differential geometry leading to NC generalizations of
concepts such as Lie derivative, connection, covariant derivative, tor-
sion and curvature tensor [23-25]. These geometric objects are crucial
for our study of NC effects to gravity. The NC deformations are intro-
duced via Drinfeld twist [26]. In this paper we will use the geometric
framework developed in [23-25], but with an alternative and more nat-
ural definition of NC Einstein manifolds. Other ways for grasping NC
effects of gravity are presented in [27-29] where the NC tetrad formal-
ism was used, and in [30] where coupling the Einstein equation with
a NC energy-momentum tensor was performed. Also, it is important to
mention that our NC framework differs form [31-33] where the deriva-
tions obey the standard Leibniz rule, while in our paper we have a
deformed Leibniz rule and R-symmetry governing the whole construc-
tion of NC differential geometry.

Our analysis within the NC framework leads to several key results.
First, the guantum correction to the Regge-Wheeler equation appears
at the first order of the NC deformation parameter. This is in marked
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contrast to most results in the literature, where such corrections appear
only in the second order [27-29,34]. Our results are thus much better
suited for confronting with empirical data. The second important result
has to do with stability of black holes in the quantum spacetime. As
we explicitly demonstrate, the Schwarzschild black hole is stable under
linear perturbations in the NC framework. This may have implications
for the stability of black holes at the Planck scale, where the NC effects
are expected to be dominant. Finally, in the limit of the vanishing NC
parameter, we smoothly recover the standard results obtained within
the commutative framework.

The paper is structured as follows. After introducing the relevant
geometric objects from the NC differential geometry framework, we
postulate an equation for NC Einstein manifolds. We study this equa-
tion in the fixed background of a Schwarzschild black hole with the
axial gravitational perturbations. All the calculations are performed up
to the first order in the NC parameter g and gravitational perturbation
h. Finally, we obtain a Schrodinger like equation that is governed by the
g-deformed Regge-Wheeler potential. This way we generalize the work
of Regge and Wheeler [10] to the NC framework. We discuss some fea-
tures of the g-deformed Regge-Wheeler potential and g-QNM’s.

2. NC differential geometry

In order to find gravitational perturbations for the Schwarzschild
metric one needs to solve the linearized vacuum Einstein equation

R, (8)=0. &)

where R, is the Ricci tensor that depends on the metric g = g, + h and
g, is the Schwarzschild background metric, while £ is the perturbation
in which we expand up to linear order. In order to find a NC analog
of (1) we use the NC differential geometry framework [23-25] for the

Moyal type deformations given by the twist

_i@*8
F=e 0% = fAg [, )

with the inverse F~! = f4® f,, where @/ is a constant antisymmetric
matrix and {a,,} are coordinate basis vector fields. This twist generates
a NC space defined by the algebra

[x# ¥ x¥V]=x* % x¥ — x¥ % x# = i®"Y, 3)
where the NC *-product is given by

of og
0x% 9xP
This NC x-algebra (C*, x) is a generalization of the algebra of smooth
functions on a manifold with point-wise multiplication. The symmetries
of this algebra are encoded in the %-Lie algebra of infinitesimal diffeo-
morphisms and the corresponding Hopf algebra [23-25,35]. The most
important feature of this framework is that the usual Leibniz rule of how
symmetry generators (vector fields) act on the NC algebra is twisted.
This leads to twisted notions of Lie derivative £*, connection V, curva-
ture tensor R and torsion T (for more details see [23-25,35,41]). The
NC curvature tensor R is given by

fxg=fg+i0% +0@%, Vf,gec™. 4

ﬁ(u, v, W)= @uﬁvw—?m(uﬁm(ww— @[W]*w, 5)

where u, v and w are vector fields, [u,v], =u % v — RA(v) % RA(u) is
the R-permuted commutator and R4(v) x R,(u) is the deformed ac-
tion of the inverse R-matrix R~ = R4 ® R,= 77’2_11 = fAfB ® fafE.
The components of the NC Ricci tensor R v are given by evaluating R
on basis vector fields {0M} and contracting with basis dual one forms
{dx*"}. For the case of a Moyal twist (2) consisting of the basis vector
fields, the NC Ricci is given by

R,, = (dx",R(9,.0,.9,)), )
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and the expressions for the components of NC curvature R and NC tor-

sion T are analogous to their commutative counterparts [23-25,35]
p o© _ o _ 4 T o _ T c

R”Vp _aﬂzw avzw +2vv *Zm EW *2 %, -

T r=% r-%
Hv Hv

\770

where the coefficients ZMV” are uniquely determined by the choice of
connection

V,0,=%,/ *0,=%,/0,. ®)

In the first equality we are using the fact that V u 1s mapping x-vector
fields to %-vector fields and any x-vector field can be written as a lin-
ear combination of basis vectors Ewp * d,, while in the second equality
we use the fact that the twist is Moyal and each slot acts as a Lie deriva-
tive, and since £3,4 (9,) =19,,0,]1 =0 the %-product reduces to the usual
pointwise product.

There is a unique torsion free 7' = 0 and metric compatible ¥ «£=0
NC-Levi-Civita connection given by [25]

1
Euvﬂ = Eg*ﬂa * (augvtf +0,846 — aogw) , 9

where g*# is the unique *-inverse satisfying g**" x g, = 6; and g, %
grrv = 6, and is explicitly given as

g*aﬂ — g{xﬂ _ gyﬂiG)AB(aAgao')(aBgJy) + (9(@2) (10)

In order to calculate the x-inverse, connection and curvature, we
need to specify the exact form of the twist. While we can expect that
the NC scale is around the Planck length, there is no general consensus
on the exact algebra satisfied by the spacetime coordinates. Noncom-
mutativity is almost always investigated from local point of view by
deforming the Poincaré algebra, or on a flat, maximally symmetric man-
ifold. In both cases introducing NC structure usually breaks or alters the
usual concept of symmetry. However, in the Schwarzschild spacetime,
global symmetry is already reduced — it is spherical in space and static
in time. Therefore, it is reasonable to assume that effects of noncommu-
tativity on macroscopic phenomena in vicinity of the black hole can be
effectively described by a NC algebra that shares some of the symme-
tries of the black hole. In such case we have Killing vector fields such
as d, and 9, at our disposal and we can use them to “build” our twist
F, for example we can write the so-called angular twist [36,38,37]

r=1®1—"5”(0,®a¢—a¢®a,)+(9(a2), a€eR. an

For this type of twist we immediately have a “no-go theorem”: If the
twist is built only out of Killing vector fields, then any commutative
solution is also a NC solution [25]. This is due to the fact that £a, g =
£, p85 = 0, so all the NC corrections in (7) vanish for the case of pure
Schwarzschild metric g;. For example, the *-metric inverse is equal

to the undeformed one since g° * g/l = gfwgs”’ +ia/2 (d,gflvdd,g;”) +

0@a*) = 6”/’ + 0. Connection, curvature and vacuum Einstein equation
remain undeformed for the same reason.

The same conclusion follows if the twist is semi-Killing, i.e. for the
twist of the form

F=181- 2 (@), +poy) nv] + 0w, 12

with v = v*(x)d,. This is probably the reason why there are not so
many investigations around noncommutative corrections to gravity us-
ing this formalism (with the exception being [39,40]). However, since
we will be interested in the perturbation of the Schwarzschild metric,
i.e. g =g, + h, we will not build our twist out of Killing vectors of the
full metric g, but rather just out of Killing vectors of the Schwarzschild
background. So, now twist (11) is a pseudo-Killing twist and since
£58 = £a¢g3 =0 and £, h#0# £(>¢h, we see that the lowest non-
vanishing NC corrections to (7) are quadratic in the perturbation A,
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namely the linear parts vanish. The conclusion is that if we want to
respect the full symmetry of the background, then the NC effects are in-
herently nonlinear, and to further study this we would have to go beyond
the linearized equation for h even in the commutative case. This line of
research, although interesting, we leave for future studies. Fortunately,
we found that we could keep some of the symmetries by studying the
so-called semi-pseudo Killing twists like (12). Now, for the twist (12)
the NC corrections to (7) that are linear in /& do exist. For an extensive
analysis of the aforementioned results in greater generality we refer the
reader to [41]. From now on in this paper, we will restrict our analysis
for a special choice of the twist given by

r=1®1—%a,m¢+(9(g2), gER, 13)

and the ensuing theory and all observables obtained from it we will
refer to as g-deformed or just guantum. Also notice that the g-twist
(13) leads to a special type of NC space, i.e. g-space, with the only
nonvanishing *-commutator being

[r ¢l=ig, 14

studied also in [43]. Algebra (14) when transformed in the Cartesian
coordinates is related to x-deformed spaces [44-49].

3. Quantum Regge-Wheeler

There is still one more step left before we can derive the g-deformed
gravitational perturbations and guantum Regge-Wheeler potential. In
the previous section we outlined the NC differential geometry and got
the NC Ricci tensor R”V, but we still don’t have the NC version of (1).
Namely, a simple postulate such as IAQ”V = 0, which is compatible with
the commutative limit, in general leads to an over-complete system of
partial differential equations or a trivial solution that ¢ =0 and there-
fore is not the right choice.! The question arises why is this so. Well,
R”V is not a symmetric tensor by definition, so forcing R =0= IQW
is contradictory from the NC differential geometry point of v1ew2 [41].
Instead, the NC Ricci R v may be upgraded into a more general object

v that respects the R-symmetry governed by the twist 7 [41]. There-
fore we postulate the NC Einstein manifolds as those with the metric
satisfying

R,.(2)=0, (15)

where RW is the R-symmetrized NC Ricci defined by

A 1 N . _ _
R, = 3 <dx”, R(9,,9,,0,) + R(9,, RA,), RA(d”)>* . (16)
This is a generalization of vacuum equation proposed in [23,25]. In
the case of g-deformations (13) the R-symmetry reduces to usual sym-
metrization

R, =R,. 17

Now, we solve (15) for g = g, + h where g, is the Schwarzschild back-
ground
1

s2 = —f(rdi* + mdrz +r2dQ?, (18)

1 This is actually an equation that determines the dynamics and should be
derived from some action principle or using the *-derived NC Bianchi identity
in order to determine the possible divergentless tensors, namely NC analogs of
the Einstein tensor G, = R, — 1/2g,, R. The proposal of NC Einstein tensor in
[25] is not respecting the R-symmetry and leads to overcompleteness problems.
We plan to report on the analysis of NC Einstein tensor elsewhere.

2 In the commutative case R, is symmetric by definition, so imposing it to
be zero is not a problem.

Physics Letters B 854 (2024) 138716

where f(r)=1— R/r, R=2GM /c? is the Schwarzschild radius and A
are axial modes [42] of perturbation that in the Regge-Wheeler gauge
have only the following non-zero components [50]

htH Z hfma¢Yfm(9 d))eﬂu)t7

sin@

By =—sin@ Z REM0gY 1, (0. p)e ™",

19

hy= Z R{™0 Y (0. p)e ™,

sin0

hyy=—sing Z R{™0Y 1, (0. e,
£.m

where 2™ and h{ "™ are just functions of r. Surprisingly, as in the com-
mutative case [10,11], from the 10 equations in (15), 3 are identically
zero, while from the 7 remaining there are only 3 that differ in the ra-
dial part. After factoring out the common angular and temporal part,

from qus =0 we get
4ir*(r — Rwhy +2r*(r = R)(rPo* — (r = RY(¢(£ + 1)
=2))hy = 2iwr’(r = R)h])

+qm [2ir3co(r —2R)hy + (£(€ + 1)+ 12)r(r — R 0
—9(r = R R — r*Ra’) hy + ir* Rwhl, +2r(r - R)3h;] =0,
from th,, =0 we get
2r2R — £(¢ + )P)hy + 4ir*a(r — R)A,
+27(r = R)ioh!, + h])) + gm [(2f(f +1r+ Rk, @1
+ira(r — 3R, + r(4r — SRR + r* R(iowh' + h{})| =0,
and from ﬁed, =0 we get
irw ,
— Rho + Rhy +r(r— Rk
(22)

ir’ Rw _
2(r—R2 " r

LRy~ Lrit] =0
2

—gm

Finally, from the remaining components, i.e. R,H =0, R‘%. =0, ﬁ(p(p =0,
and R,; =0 we get equations that are identical to the above ones.

From the 3 equations above only 2 are mutually independent, and
after combining them one can get a single second order differential
equation for A, (see [41] for a detailed proof)

r(r = R)(£( + Dr(R=1)+ 27 = 6rR+ SR + 2r* )y

+r2(r=R)? ((SR - 2r)h/I +r(r— R)hlll>+

(23)
m [(f(f +1)r(r— R — 61 + §(49r2 — 64rR +26R>
- a)2r4)>h] +r(r— R)? (3(r — 2R + %rRh’l’)] =0,
which after the redefinition of the field
2 am/3 11
mo= g+ T G- r wree R e @9

and the change of variable®

3 Notice that for negative values of gm the variable r, behaves like in the
commutative case. It tends to —co as r — R. For positive values of gm it still de-
creases, but at some point, around gm away from the horizon, diverges to +oo.
This “pathology” can be regularized by appropriate change of variables so that
F, — —o0 as r — R in both cases. Then boundary conditions can unambiguously
be imposed and spectrum can be obtained by any method, including WKB.
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0.2
—
0 |
E 0.2
—0.4 1 Vrw (1)
— V(r),qgm = 0.2
— V(r),qm = —0.2
—0.6 V(r),gm = 0.1
V(r), gm = —0.1
2 4 6 8 10

r

Fig. 1. The figure is drawn for R=2 (M =1) and ¢ = 2. We see that the behav-
ior is very similar to the commutative case outside the horizon, and especially
around the peak r, = 1.5R and for larger r.

(=4
Vrw (r), £=2,3,4
—— V(r),gm =0.2,£=2,3,4
0.6 ——— V(r),gm = —0.2,£ =2,3,4

0.4 1

Vi(r)

0.2 +ff

0

Fig. 2. The figure is drawn for R=2 (M =1) and Z =2, 3,4 around the peak.

r—R gm R

= R1 =— 25
Fo=r+ OgR+2r—R (25)
reduces to the Schrodinger form
d2
A <w2 - V(r))u/ =0, (26)
dr?

where V(r) = Vpy + Vg is the guantum Regge-Wheeler potential given
by

(r=R)(¢(Z+1r-3R)

= =

£(¢ + 1)3R —2r)r + R(5r — 8R)
+gm .

2r3

Vrw is the usual Regge-Wheeler potential [10,11], while V is the g-
correction. Unlike the standard Regge-Wheeler tortoise coordinate, the
variable r, here defined is not a genuine coordinate on the manifold
because it depends explicitly on m. Notice that V', depends on ¢ and
m, so there will be a Zeeman-like effect where the potential of each
m-mode is shifted as illustrated in Fig. 1.

In the commutative case the horizon r = R is a zero of the poten-
tial Vzy . In the g-deformed case we see that the condition V(r) =0
is fulfilled for a slightly shifted value close to the horizon, i.e. r =
R- % + O(g?), which is also well illustrated in Fig. 1. This means
that each mode m effectively “sees” a slightly different position of the
horizon.

Also, it is interesting to note that the peak ry = 1.5R of the potential
Vrw corresponds to the radius of the photon sphere, that is the last orbit
of the photon. We see that in the g-deformed case the peak also exhibits
a minor shift (see Fig. 2) leading to a possibly interesting modification
to the shadow of black hole [53,54].

Vi)

(27)

Physics Letters B 854 (2024) 138716

gmn = —0.2 —0.1 0 0.1 0.2

Re(wo) 0.37712 0.37507 0.37316 0.37144 0.36991
—Im(wo) 0.08873 0.08906 0.08922 0.08898 0.08782

3
Re(wo) 0.60260 0.60076 0.59927 0.59827 0.59800
) 0.09243 0.09265 0.09273 0.09246 0.09132

4
Re(wo) 0.81218 0.81038 0.80910 0.80852 0.80897
(wo) 0.09390 0.09410 0.09417 0.09397 0.09310

Fig. 3. The table of QNM’s for n=0, M =1, £ =2,3,4.
4. QNM frequencies

For the QNM frequencies we need to see the asymptotic behavior
of the quantum Regge-Wheeler equation (26) near the horizon and at
the spatial infinity. It is easy to see that the near horizon behavior is
modified with respect to the commutative theory, while the solution at
spatial infinity remains the same. This will impact the QNM frequen-
cies. There is a simple approach to calculate the QNM frequencies for
systems described by equations of type (26) and potentials with a sin-
gle peak [16]. This is a semi-analytical method based on the usual WKB
approximation where one looks at wave scattering on the peak of the
potential barrier (as seen on Fig. 2). One should keep in mind that preci-
sion of the WKB approximation in this context is good enough to study
qualitative aspects of the perturbation, but exact values of herein ob-
tained frequencies should not be taken as definitive. The complex QNM
frequencies can be estimated using the third order WKB formulas given
in [65]. We give the QNM frequencies for the fundamental mode n =0
and for the orbital numbers # = 2,3,4 for various gm in Fig. 3. From
the Fig. 3 we see that the imaginary part of the QNM frequency is al-
ways negative which leads to the conclusion that the NC gravity theory
is also stable under linear perturbations.

It is a well known result, both using WKB [16] and numerical anal-
ysis [15] that the imaginary part of QNM frequency w, saturates to
—0.096225 in the limit £ — co. We observe that this limiting property
also exists in the g-deformed case, and the values of the imaginary part
of QNM frequency remain negative. The saturated values are —0.095997
and —0.095914 for gm = —0.2 and gm = 0.2 respectively.

5. Conclusion

In this paper we have presented a formulation of the Regge-Wheeler
equation in a NC framework, which is a candidate for describing the
quantum structure of the spacetime. We used a mathematically well
founded formalism of generalized symmetries (Hopf algebras) and the
NC differential geometry for defining NC geometric objects (like curva-
ture, torsion etc.). The choice of twist (13) is argued in section 2 and is
due to several reasons: symmetry, non-triviality and simplicity. Namely,
the most general NC spacetime algebra would be described by

[%,,%,1=0,,(8) =0,, +Cs &, + D%, %5+ OF)

which in the low energy regime is determined by the constant tensor
O, i.e. the Moyal space, for which we can use the NC differential ge-
ometry framework based on the Moyal twist (2). The semi-Killing form
of twist is chosen because it gives non-trivial corrections to the cur-
vature tensor when regarding perturbations of Schwarzschild solution
(the Killing one has no corrections!), and its form produces the “sim-
ple equations” like (7) due to nice form in spherical coordinates that in
the end lead to a separable set of differential equations (in the standard
RW gauge) culminating in (20-23). One can work with more general
vector fields but then equations like (7) would get extra contributions
and the whole calculation would be much more involved, meaning that
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the separability issue became serious technical challenge. The question
of symmetries was also considered while constructing the twist (13).
Namely, symmetry is something we usually impose (given some hint
from phenomenology). Even in the commutative case the Einstein field
equations can be solved only once some symmetry is imposed. We ex-
pect similar behavior for NC case, that is we need NC field equation and
some (NC) symmetry. In our case the symmetry is governed by the un-
perturbed solution, namely the Schwarzschild background, which was
shown to provide nontrivial NC corrections only if a portion of these
symmetries is kept in the deformation procedure via twist. In a sense,
the twist (13) is a posteriori chosen once all the above was taken into
consideration.

The further analysis in this paper has been done in the lowest order
of the NC parameter g. Up to that order, the potential term V (r) in the
gRW equation (26) describing the QNM'’s bifurcates into a commutative
part Vry and another part proportional to the NC parameter V. Thus,
in the limit of vanishing NC parameter, we recover the conventional
Regge-Wheeler equation in the commutative spacetime.

The time dependence of the QNM’s is governed by the term e~
which is explicit in (19). It is well known that in the commutative case,
the Schwarzschild black hole is stable under linear gravitational per-
turbations, which is indicated by the fact that the imaginary part of
the QNM frequency is negative [12,13]. As it can be seen from FIG. 3
the imaginary parts of the QNM’s in the presence of noncommutativ-
ity remain negative. This indicates that the Schwarzschild black hole
remains stable under the linear gravitational perturbations even in the
NC framework. This is suggestive of the modified stability of black holes
at the Planck scale, which may have consequences for the existence of
the primordial black holes. A qualitatively similar results were obtained
using Loop Quantum Gravity inspired black holes and the correspond-
ing quantum Regge-Wheeler potential [57].

The numerical values of QNM frequencies in Fig. 3, together with
the potentials illustrated in Fig. 1 and 2 are calculated in the —0.2 <
gm < 0.2 range. These values should be taken with a grain of salt as
gm = 0.2 in natural units corresponds to 0.2M, i.e. 0.2R/2 =0.1R, that
is g is around 10% of the black hole radius R. We chose this range so
we could illustrate the general qualitative behavior of the NC effects,
namely the Zeeman-like effect for the potential and the persistence of
the stability in the NC framework. It is more realistic that this range
is somewhere closer to the Planck scale. Namely there is a series of
papers [58-64] where various bounds are put on the NC deformation
parameter, with g ~ 10~3*m being the strongest one. For these kind of
small values for g we need to go to a much higher precision in calcu-
lating QNM frequencies. One can use direct integration method [66] or
Leaver method [52,67-69].

The presentation in this paper is adapted for the Schwarzschild black
hole, but the same formalism can be generalized to other black holes in-
cluding Kerr, as well as other compact objects such as neutron stars and
pulsars, which offers the possibility of examining the NANOGrav data
for the gravitational waves from pulsars [55,56] within the NC context.
In addition, our formalism can be used to study a much wider class of
NC spaces and the associated NC parameters can provide a parametrized
form of the predicted QNM spectrum which can be confronted with data
from future detectors such as LISA.
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