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A microscopic calculation of half-lives for both the a and 2a decays of >'?Po and ***Ra is performed,
using a self-consistent framework based on energy density functionals. A relativistic density functional and
a separable pairing interaction of finite range are used to compute axially symmetric deformation energy
surfaces as functions of quadrupole, octupole, and hexadecapole collective coordinates. Dynamical least-
action paths are determined, that trace the @ and 2a emission from the equilibrium deformation to the point

of scission. The calculated half-lives for the a decay of >'?Po and ?**Ra are in good agreement with data.
A new decay mode, the symmetric 2a emission, is predicted with half-lives of the order of those observed

for cluster emission.
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Radioactive decays driven by the strong interaction
present a difficult and long-standing nuclear physics prob-
lem [1]. Even though the field, initiated by the observation of
a decay, is more than hundred years old, not all possible
decay modes have been identified. In addition to extensively
investigated phenomena, such as the a decay and fission
process, more exotic decay modes have been studied, both
experimentally and theoretically. For instance, cluster
decays [2] and two-proton radioactivity [3,4]. Another
intriguing possibility is the spontaneous and simultaneous
emission of 2a particles from a heavy nucleus. Although not
observed yet, this decay mode has been analyzed in a
semimicroscopic approach, in which the 2a decay is
considered as a ®Be-like mode [5,6]. The nucleus ®Be is,
of course, unstable and decays into two a particles with
Ty, ~107'¢ s. The predicted half-lives for spontaneous 2a
decay of heavy nuclei, however, T’ ;, ~ 10* years or more,
indicate that the experimental detection of this mode is very
unlikely.

Alpha, cluster, and fission decay processes have success-
fully been described with semimicroscopic methods [7,8].
Here, however, we aim to use a fully self-consistent micro-
scopic approach, based on deformation energy surfaces, to
analyze the possibility of 2a emission processes in heavy
nuclei. When used in the framework of energy density
functionals (EDF), such an approach can quantitatively
describe cluster decay as, for instance, in Hartree-Fock
Bogoliubov calculations with the Gogny energy functional
[9,10]. The model that we employ in the present study is
based on relativistic EDFs that have very successfully been
used to describe nuclear structure phenomena [11], cluster
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states [12,13], spontaneous and induced fission [ 14—18], and
a decay [19-21].

In particular, in the recent study of Ref. [19], we
calculated the half-lives for the recently observed '%Xe —
104Te — 100Sn g-decay chain. The relativistic density func-
tional DD-PC1 [22] and a separable pairing interaction of
finite range were used to compute axially symmetric
deformation energy surfaces of %Te and '®®Xe as functions
of quadrupole and octupole collective coordinates.
Dynamical least-action paths were determined that trace
the a-particle emission from the equilibrium deformation to
the point of scission. Here, we use the same model to
explore a decays and possible 2a decays in the region of
heavier nuclei, specifically for the isotopes >'?Po and ***Ra.
We will show that there is a possibility for the two a
particles to be emitted back to back, in a symmetric way,
rather than spatially correlated as in a ®Be-like mode. The
half-life of the symmetric 2a mode may then be signifi-
cantly reduced, in some cases to the order of half-lives
already observed for cluster decay.

A detailed description of the relativistic Hartree-
Bogoliubov (RHB) self-consistent model can be found
in Refs. [11,23,24]. Here, it is used to perform constrained
calculations of axially symmetric energy surfaces of «
emitters, as functions of intrinsic deformation parameters.
We then follow the a or 2a emission along a dynamical
path L embedded in a multidimensional collective space.
For the a emission process, the collective space is three
dimensional (f,0, 39, fa0), While for the symmetric 2«
emission, because of reflection symmetry, the collective
space can be built from the coordinates f,, and fy.

© 2021 American Physical Society
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The path L is determined by minimizing the action
integral [25,26]:

)= [ VM Ve = Bolds. (1)

in

where M. (s) and Vi (s) are the effective collective
inertia and potential, respectively. E, is the collective
ground-state energy, and the integration limits correspond
to the classical inner (s;,) and outer (s,,) turning points,
defined by Vi (s) = E,. In practice the least-action path is
built from the inner turning point to the scission point,
whose position is determined by monitoring the integrated
density distribution, that is, the mass of the emerging
fragment. We select the point with emerging fragment mass
equal to the mass of the a particle or 2a particles. For the
single a emission process, beyond the scission point the
configuration with two well separated fragments becomes
the lowest energy solution and the energy can be approxi-
mated by the classical expression for two uniformly
charged spheres:

VAVA)

Veit(B3) = e R

-0, )

where R denotes the distance between the centers of mass
of the fragments, and the second term is the experimental O
value. The relation between R and the octupole moment g5,
is approximated following Eqs. (9) and (10) of Ref. [9]

q30 = f3R37 (3)
with

A1A2 (A] _AZ) (4)
A A ’

f3=

and f+, = 471qy,/3AR>. The corresponding effective col-
lective mass reads

u
off = 173373 (5)
9‘13(/) 3/

where u = m,AA,/(A| + A,) is the reduced mass of the
two fragments, and m,, denotes the nucleon mass [9]. Thus
the path involved in the action integral of Eq. (1) consists of
the least-action path from s;, to scission, and the energy
surface is approximated by the Coulomb potential from
scission to s, [9]. The a-decay half-life is calculated as
T,/, = In2/(nP), where n is the number of assaults on the
potential barrier per unit time [27-30], and P is the barrier
penetration probability in the Wentzel-Kramers—Brillouin
approximation

1

P oS (6)

We choose Ey =1 MeV in Eq. (1) for the value of the
collective ground-state energy. For the vibrational fre-
quency hAw =1 MeV, the corresponding value of n is
102938 s=1 [9,31].

The effective inertia in Eq. (1) is computed from the
multidimensional collective inertia tensor M [25,27-30]

dq;dq;
Yds ds’

Meff(s) = ZM (7)

where g;(s) denotes the collective coordinate as a function
of the path’s length. The collective inertia tensor is
calculated in the perturbative cranking approximation
(see Ref. [14] and references cited therein)

where

01g;|pv)(ur|g;|0
[M(k)],-j = Z< |q<g; j_%y'ﬁ 0 . 9)

The two-quasiparticle nucleon wave functions are denoted
by |uv), and E, and E, are the corresponding quasiparticle
energies. ¢ denotes the multipole operators that describe the
collective degrees of freedom. The effective collective
potential V. is calculated by subtracting the vibrational
zero-point energy (ZPE) from the total RHB deformation
energy. The zero-point energy is computed using the
Gaussian overlap approximation [29,30,32,33],

! -1

EZPE = ZTY[M(2>M(1)] (10)
The microscopic self-consistent solutions of the con-
strained RHB equations, that is, the single-quasiparticle
energies and wave functions on the entire energy surface,
provide the microscopic input for the calculation of both
the collective inertia and zero-point energy. In the present
study the RHB equations are solved by expanding the
nucleon spinors in the basis of an axially symmetric
harmonic oscillator with Ny =20 (N, = N; + 1) major
oscillator for the large (small) component of the Dirac
spinor. The technical details of the solution of the con-
strained RHB equations can be found in Refs. [14,34]. The
self-consistent calculations of deformation energy surfaces
are based on the DD-PC1 [22] relativistic functional in the
particle-hole channel, and a separable pairing interaction of
finite range [35]. The original strength parameters of the
pairing force were adjusted to reproduce the pairing gap in
nuclear matter as calculated with the D1S parametrization
of the Gogny force [35,36]. Here, we have fine-tuned the
neutron and proton pairing strengths to reproduce the
empirical pairing gaps of the isotope 2**Ra. Compared to
the original values, this leads to an increase of the neutron
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FIG. 1. Deformation energy surface of >'?Po in the quadrupole-
octupole axially symmetric plane, for selected values of the
hexadecapole deformation f34,. Calculations are performed using
the RHB model based on the DD-PCI1 functional and a separable
pairing interaction. Contours join points on the surface with the
same energy and red circles indicate the points on the dynamical
(least-action) path for a emission. The insets display the intrinsic
nucleon densities at selected points on the dynamical path.

and proton pairing strengths by 9% and 12%, respectively.
This modification of the pairing strength is consistent with
the conclusions of the recent global study of the separable
pairing interaction, when used with relativistic energy
density functionals [37].

To test the model in the region of heavy nuclei, we will
first consider the case of the well known a emitter 2!?Po.
Figure 1 displays the deformation energy surface of 2!?Po
in the (f,g, f39) plane for several values of the hexadeca-
pole deformation 4. One notices that, for deformations
Bao > 0.5 and (S, f30) =~ (0.15,0.3), a pronounced mini-
mum develops on the deformation energy surface at
approximately 25 MeV above the equilibrium minimum.
The red dots in each panel indicate the points on the
dynamical (least-action) path for a emission, and the insets
display the corresponding intrinsic nucleon densities along
the path, starting from the equilibrium deformation up to
the scission point. This point is determined by a disconti-
nuity of B4 at the energy minimum. The dimensionless
action calculated along the dynamical path up to the
scission point is 7.07. The density distribution at the
scission point clearly shows the formation of a small
cluster of nucleons, and we have verified that the integrated
density of this cluster is four nucleons. Beyond the scission
point, the dynamics between the two fragments is deter-
mined by the Coulomb repulsion [9] and we have calcu-
lated the value of 9.46 for the corresponding contribution to
the dimensionless action. Therefore, the predicted alpha
half-live is T, = 0.6 us, to be compared with the exper-
imental value of 0.3 us.

In the case of *?*Ra, the scission point for a decay is
located at (£, 30, Bao) = (0.15,0.31,0.68). The contri-
bution to the dimensionless action along the path up to the
scission point is 9.96, and from the scission point to s,
20.50. This leads to the predicted « half-live of 9.5 days, in
qualitative agreement with the experimental value of
3.6 days.

The emission of two «a particles from a nucleus can occur
in several ways. In addition to the obvious sequential 2«
process, there have also been some predictions [38], and
detection [39] of 2a particles emitted during fission. The
8Be cluster emission [7] has also been predicted, and this
process should lead to a 2« state because of the resonant
nature of ®Be (Q, = 92 keV).

The process of direct spontaneous emission of two «
particles from a nucleus is different. There have only been a
few analyses of spontaneous 2a decays: it has been
discussed in Ref. [5], and recently a possible experimental
investigation has been considered in Ref. [6]. In these
studies, the corresponding half-life is approximated by that
of the ®Be cluster emission, leading to very long half-lives,
of the order of log T'[s] ~ 50 to 100, typically.

A microscopic self-consistent calculation can provide
complementary insight on the direct 2a decay process.
Here, we will show that the two «a particles can be emitted
back to back, in a symmetric way, rather than in a 8Be-like
mode. The half-life of the symmetric 2a mode may be
significantly reduced compared to those of ®Be cluster
emission discussed above.

A necessary condition for direct 2a spontaneous emis-
sion is a positive Q value. A simple calculation leads to

Q2a = Qal + Qa2 + AE, (11)

where O, , are the Q values for the a decay of the parent
and daughter nuclei, respectively. AE is the excitation
energy difference between the sum of the one of the
daughter and the granddaughter nuclei in the one a decay,
and the one of the granddaughter nucleus in the 2a decay.
In the following, we consider, for simplicity, @ or 2«
transitions involving only the ground states of the daughter
or granddaughter nuclei (that is, AE = 0).

Figure 2 displays a global survey of possible candidates
for 2a decay, that is, a map of N > 50 and Z > 50 nuclei
with positive Q,,, computed from the available experi-
mental masses [40]. A large number of nuclei are possible
candidates for 2a emission, especially “north” of the valley
of stability, and this is also the case for single @ emission.
Of course, the main problem in detecting a possible 2a
mode is its extremely low probability. For instance, much
shorter f-decay lifetimes for most of these nuclei prevent
the experimental detection of the a decay modes. It is then
relevant to consider nuclei for which one of the sequential
single-a decays is energetically forbidden. Such nuclei are
also shown in Fig 2. If the half-life of the first daughter
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FIG. 2. N > 50 and Z > 50 nuclei with Q,, > 0, computed
from the experimental masses [40].

nucleus is long enough, the risk of confusing sequential and
direct 2a decays is low [6]. Therefore, the main exper-
imental issue is the very long half-life (low probability) to
separate the 2a decay signals from the background. Note,
however, that this is also the case for observed cluster
radioactivity, with partial half-lives in the range from 10"!
to 10%° seconds, and branching ratios with respect to the
dominant a decay between 10~ and 106, The emission of
clusters ranging from '“C to 3*Si has been observed in the
actinide region, from 2*'Fr to >*’Cm [7].

In this study we describe the symmetric 2a decay using
the quadrupole and hexadecapole collective coordinates.
Figure 3 displays the axially symmetric energy surface of
22%Ra, as a function of the quadrupole and hexadecapole
intrinsic deformations. The dynamic path for 2a emission
starting from the equilibrium deformation and up to the
scission point located at (£, Ba9) =~ (0.28,1.30), is traced
by the dashed curve. The corresponding contribution to the
dimensionless action of Eq. (1) is ~16. To calculate
the contribution of the action from the scission point to
the outer turning point s,,,, we consider the superposition
of each alpha + nucleus Coulomb interaction system,
namely:

A
R

Veff(ﬂZ) = 262 - Q2(l7 (12)

where R represents the distance between the centers of
mass of the fragments (the index 1 refers to the heavy
fragment, and 2 to the «). The approximate relation
between R and the quadrupole moment is

qr0 = 2A2R (13)
The corresponding effective collective mass reads

U
84,450

Meff = (14)

FIG. 3. Reflection symmetric deformation energy surface of
22%Ra in the quadrupole-hexadecapole axially symmetric plane.
Calculations are carried out using the RHB model based on the
DD-PC1 functional, and separable pairing interaction. The black
and white dashed curve denotes the dynamical (least-action) path
for 2a emission from equilibrium deformation to scission, and the
insets display the intrinsic nucleon densities for three selected
points on the path.

where u =m,A,/2 is the reduced mass of the
(2a + heavy) fragments. This yields a scission to 2a
emission action of 23.89. The predicted 2a half-life is
log T»4[s] = 14.24, which is much shorter than the *Be-like
emission half-life log T,,[s] = 27.87, calculated using the
semiempirical model for cluster decay of Ref. [41]. We
have obtained a similar symmetric 2a decay half-life (to
within one order of magnitude) with few other standard
relativistic energy density functionals. It could, therefore,
be interesting to reconsider the cluster detection experiment
for this nucleus, aiming to detect two a clusters in
coincidence at 180°. The insets in Fig. 3 display the
intrinsic nucleon densities for three selected points on

70

[o2]
o

A
Energy (MeV)

[
o

[ (A
o2
OOO

FIG. 4. Same as in the caption to Fig. 3 but for 2!?Po.
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the 2o emission dynamic path. The 2a configuration is
clearly visible for the configuration at the scission point.

The symmetric 2a emission mode is, of course, predicted
not only in *?*Ra. In 2!?Po, for instance, as shown in Fig. 4,
the scission point is located at (f,g, f49) = (0.32, 1.46).
The dynamical path shows a pattern similar to the ***Ra
case. The contribution to the dimensionless action (1) up to
the scission point is 15.56, while the contribution from the
scission point to 2a emission is 29.22. The predicted
symmetric 2a half-life for 2!?Po is log T»,[s] = 18.36, to
be compared with the much longer half-life for the *Be
decay channel log T»,[s] = 38.82 [41].

In summary, we have applied the self-consistent mean-
field framework based on the relativistic DD-PC1 energy
density functional and separable pairing interaction, to
analyze single @ and double a emission processes in >'?Po
and ***Ra. These decay modes involve different collective
coordinates and are characterized with half-lives that differ
by orders of magnitude, from 10'> s (2a emission) to days
or microseconds (a emission). For the possible symmetric
2a decay process, in which the two a particles are emitted
in opposite directions, half-lives of the order of those
detected for already observed cluster decay modes (from
14C to Si) are predicted. For the two examples considered
in the present study, these half-lives are many orders of
magnitude shorter than those of the ®Be decay channel. The
back-to-back decay feature could be used to detect this
mode by a detectors in coincidence at 180°.
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