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ABSTRACT: Topological bound states in the continuum (BICs)
are localized topological boundary modes coexisting with a
continuous spectrum of extended modes. They have been realized
in systems with symmetry-protected topological phases, where
their immunity to defects and perturbations depends on the
presence of symmetries. Here we propose a method that
transforms an in-gap topological boundary state into a BIC by Lattice with BIC
using the concept of subsymmetry. We design the coupling
between a system possessing in-gap topological modes and a
system possessing a continuum of states that results in topological
BICs. We define the criteria for the coupling that yields the desired
results. To implement this scheme, we construct representative
topological BICs based on one-dimensional Su—Schrieffer—Heeger
models and implement them in photonic lattices. Our results not only reveal novel physical phenomena but may also provide
methods for designing a new generation of topological devices.

BIC System

KEYWORDS: bound states in the continuum, subsymmetry, topological photonics, topological phase of matter, photonic lattices

B INTRODUCTION ence determines that boundary states are typically located
within the band gap, thereby presenting a fundamental
contradiction with the BIC concept. Based on that, only a
limited number of topological models, including higher-order
topological phases, can support BICs.”*~*" Notably, some of

Bound states in the continuum (BICs) are extraordinary wave
phenomena' ™ with the potential for creating ultrahigh-Q
devices.”’ They are ubiquitously present in both natural and
artificial systems,™” stimulating substantial interest in both

theory and eXperiment.lO_B BICs appear predominantly these models necessitate the presence of additional crystalline
because of destructive interference at some specific frequencies symmetry, akin to topological crystalline insulators,”' to ensure
and orientations, thereby engendering orthogonality between that the boundary states persist as BICs rather than devolving
the localized bound modes and the embedded continuum into standard resonances.

spectrum.”””* Thus, a widespread method to realize BICs in Here, we propose a simple yet general method that
specific structures is predicated on the destructive interference transforms an in-gap topological boundary state into a BIC.
enforced by geometry and symmetry.25’26 However, unavoid- The method is based on the coupling of a TI possessing an in-
ably, imperfections in realistically fabricated samples can gap zero-energy boundary mode to a system with a continuum
readily disrupt these stringent geometric prerequisites and of modes that encompasses zero-energy. When the coupling is
the other conditions for the manifestation of BICs. Therefore, negligible, the boundary state becomes a BIC (this is

there is motivation for exploring new schemes for creating
(topological) BICs, which do not require, or at least have less
restrictive requirements, for the presence of symmetries.

Of particular interest are the topological BICs with edge and - -
corner states in topological insulators (TIs).”” ' The Received: March 29, 2024 fptBionics
boundary states of TIs are hallmarked by their distinct Revised:  June 27, 2024 -
localization and remarkable robustness to perturbations.””*’ AccePted: June 27, 2024
In this context, topological BICs, which enjoy protection due Published: July 17, 2024
to band topology, would be an appealing choice for practical
applications. However, the conventional bulk-edge correspond-

somewhat trivial because subspaces are separated). However,
inspired by the recently proposed subsymmetry (SubSy)

© 2024 American Chemical Society https://doi.org/10.1021/acsphotonics.4c00600
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Figure 1. Ilustration of a method for constructing a global system with a single BIC mode. (a) Sketch of a topologically nontrivial 1D SSH model
(System 1) with a black-dashed square indicating the unit cell, a uniform armchair-like model (System 2), and two ways of coupling the two
systems; the global system in the upper right panel possesses a BIC, whereas the one in lower panel does not. (b) Spectrum (band structures)
calculated for System 1 (bl), System 2 (b2), and the global system possesing a BIC (b3). Propagation constants are shown on the y-axis with the
same scale in each panel of (b1-b3), whereas the mode numbers are on the x-axis. The inset in each panel of (b1-b3) displays the amplitude
distribution of the zero-energy eigenmode. (c1,d1) Experimental photonic lattices representing the two global systems established by the point-to-
point laser-writing technique, designed to satisfy (c1) or violate (d1) Condition 1. (c2,d2) Corresponding output intensities after 20 mm-long
propagation; initially, one single waveguide is excited at the uppermost-left A site. The light in (c2) remains exponentially localized within A
sublattice sites, which is indicative of topological nature, while that in (d2) spreads across multiple sublattices, especially in the neighboring B site,
indicating the absence of the topological edge state. (c3—d4) Numerical simulation corresponding to the experiments in (c2,d2) after 20 mm
(c3,d3) and 100 mm (c4,d4) of propagation, showing dramatic difference in the two lattices.

concept,”” we demonstrate analytically that a BIC can maintain
its localized nature and topological protection even when the
coupling is strong if it adheres to the specific criteria defined
below. Both theoretical and experimental validations of this
proposal are accomplished by constructing a BIC with a
topological subsystem being a one-dimensional (1D) Su—
Schrieffer—Heeger (SSH) lattice or a plurality of 1D SSH
lattices. Namely, it is feasible to extend this idea to many
judiciously coupled subsystems, with a large number and
variety of BICs. Specifically, we experimentally detect BICs in a
triply-stacked 1D SSH and an armchair-like lattice config-
uration. Our method offers a versatile path for generating
topological BICs with adjustable features, which may have
potential applications in the development of novel photonic
devices.

B RESULTS

We start our theoretical analysis by considering a global system
formed by two coupled subsystems. As shown in the schematic
illustration of Figure la, the topological phase of the first
subsystem (referred to as System 1) is nontrivial (i.e., it is a
TI), while the topological status of the second subsystem
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(referred to as System 2) is not defined a priori. This freedom
provides an opportunity to design a system featuring BIC and
topological properties. The Hamiltonian H associated with the
global system can be written as

Hy K
H= )

K H, (1)
where Hy and H, are the two uncoupled sub-Hamiltonians
describing Systems 1 and 2, respectively, and K encodes their
coupling. The eigenvalues E and eigenmodes y of H can be
found by solving the eigenvalue problem Hy = Ey. Likewise,
we can obtain the eigenvalues Ey and E, and eigenmodes yy
and y, associated with the two independent subsystems. When
there is no coupling between the two subsystems (K = 0), the
two vectors [wy, 0]7 and [0, w,]" are still eigenmodes of the
global system. In this case, a topological boundary mode
(denoted with yy,), which is supported by the nontrivial
System 1, gives rise to the boundary eigenmode of the global
Hamiltonian H: yp = [yyo,0]%

https://doi.org/10.1021/acsphotonics.4c00600
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If the two subsystems are coupled, ie, K # 0, the wave
function y, is not necessarily an eigenstate of H. However, if K
satisfies the following relation

KTWNO =0 (2)
then the boundary mode ¥, remains an eigenstate of H with
the same eigenvalue Ey,. The condition introduced in eq 2 is
referred to as Condition 1. The boundary modes are
manifested in finite-sized systems for which the Hamiltonian
is most conveniently written in real space. Therefore, in
specific examples presented below, Condition 1 is tested in the
real space representation of H.

Topological boundary modes are usually located in an
energy gap of a topological system. To construct a boundary
mode y, of H, which is at the same time the BIC mode,
System 2 should provide a continuum spectrum encompassing
the eigenvalue Ey, of y. Since Condition 1 does not enforce
any restrictions on the characteristics of System 2, we can
always find System 2 with such a spectrum. However, we must
ensure that the gap will not open at the eigenvalue Ey, due to
the coupling of the two systems. It seems plausible that if we
weakly couple System 1 and System 2, this gap will not open. A
more rigorous condition can be derived as follows. If we
consider System 1, System 2, and the global system H to be
lattices (which is often the case in photonic systems), their
band gap structure is calculated by expressing the Hamiltonian
H in the momentum space (i.e., k-space) representation, that
is, for an infinite lattice with an appropriately chosen unit cell.
The eigenvalue Ey, overlaps with a continuous band if there is
a solution for y/ to satisfy the following equation (referred to
as Condition 2) in momentum space

(H, — KHy'K)y'(k) = 0. (3)

In eq 3, we have set the eigenvalue Ey, to be zero without
loss of generality. In summary, if both Conditions 1 and 2 are
satisfied, then y; is a topological BIC. Its topological
protection is inherited from System 1. Condition 1 is checked
in the real space, whereas Condition 2 is checked in
momentum space.

To provide an illustrative example, for System 1 we choose
perhaps the simplest topologically nontrivial 1D lattice, i.e., the
SSH model with A and B sublattices (see Figure 1a). The SSH
model was initially proposed to describe the polyacetylene
chain.**** Since then, it has been realized in a plethora of
versatile platforms, such as photonics and nanophotonics,*~**
plasmonics*™ and quantum optics,”” and also in the context of
parity—time symmetry and nonlinear non-Hermitian phenom-
2% The topological phase of a 1D SSH lattice is
determined by the ratio between intra- and intercell hopping
amplitudes, denoted as t; and t,, respectively. As shown in
Figure 1b1, the 1D SSH lattice exhibits nontrivial topological
properties with in-gap edge states pinned at zero energy when
t; < t,. The distribution of zero-energy edge states possesses
chirality, which means the left edge state only distributes in the
A sublattice while the right edge state resides only in the B
sublattice.

Recently, it has been shown that for the robustness of the
edge modes in 1D SSH lattices, the so-called SubSy topological
protection is sufficient.*” In the SSH model, SubSy means that
the operator equation defining the chiral symmetry holds only
on one sublattice, thus, there is A-SubSy where the chiral
symmetry equation holds only on the A sublattice, and
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equivalently for the B-SubSy.*” Without losing generality, we
consider the left-edge mode residing on the A sublattice for
constructing BICs. With any perturbation of the SSH model
satisfying the A-SubSy, this left edge state will remain localized
only on the A sublattice with a zero-energy eigenvalue. Thus, if
the coupling between System 1 (the SSH lattice) and System 2
is implemented only through the B sublattice sites of the SSH
model, then Condition 1 [i.e., eq 2] will be satisfied as the left
edge mode is located on the A sublattice. In other words, ¥,
will always be the eigenmode of the global system as long as K
has no coupling to the A sublattice, although it can contain
coupling to the B sublattice sites.

For y, to be a BIC, the global system H also needs to
provide a bulk band encompassing the zero-energy, i.e.,
Condition 2 must be satisfied. There are various candidates
for System 2 to satisfy Condition 2. One possible example is an
armchair-like lattice with only one coupling parameter f,
illustrated in Figure la. The band structure and bulk—mode
profile at zero energy of this System 2 are illustrated in Figure
1b2.

Figure la illustrates two different constructions of the global
system. One configuration (upper right panel) satisfies both
Conditions 1 and 2, and therefore supports a topological BIC.
The other one (lower right panel) does not respect Condition
1 because System 1 and System 2 are coupled through the A
sublattice sites; it supports a zero-energy resonance mode. The
band structure and the mode profile y; of the global system
from the upper inset of Figure la are shown in Figure 1b3. In
this calculation, the coupling parameters indicated in Figure
labpl—b3 are t; =02, t, =2,¢t,=1and t = 1.

To experimentally demonstrate the existence or absence of
the BIC boundary modes in the global system, two different
sets of photonic waveguide arrays (Figure Icl,dl) are
established by employing continuous-wave laser writing
technique within a 20 cm-long Strontium Barium Niobate
(SBN:61) photorefractive crystal.””>> The lattice spacings are
26 and 34 pm in a 1D SSH lattice (System 1), and 30 gm in an
armchair-like lattice (System 2), corresponding to the coupling
conditions in the tight-binding model. The writing process is
carried out by applying an electric field of 150 kV/m along the
c-axis of the crystal, which enables the translation of light
intensity into reconfigurable refractive index changes. The
experimental setup includes a spatial light modulator to control
the amplitude and phase of the initial Gaussian beam, shaping
the probe beam to test the photonic lattices shown in Figure
1c2,d2. To maintain a linear regime throughout propagation,
the probe beam is set at a very low power (on the order of
nW) to prevent nonlinear self-action. Since the photonic
lattices are optically induced by nonlinearity, we employ the
nonlinear Schrodinger equation with parameters close to those
from experiments to simulate light propagation through the
lattices (shown in Figure 1c3,c4,d3,d4).

The probe beam is injected at the top-left corner site in both
lattices. This excites dominantly the BIC mode on the left
edge, however, some of the bulk modes are inevitably excited
as well. This can be seen from the structure of the BIC mode,
which exponentially decays from the corner along the upper
edge, and is present solely on the A sublattice, as illustrated in
the inset of Figure 1b3. The corresponding output intensities
after 20 mm of propagation are shown in Figure 1¢2,d2. The
output intensity (at 20 mm) resides dominantly on the A-
sublattice sites for the Condition-1-preserving lattice structure,
with a negligible amount of power in the second site which is

https://doi.org/10.1021/acsphotonics.4c00600
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in the B sublattice. For a direct comparison, the output
intensity in the Condition-1-breaking lattice is observed to
strongly leak light into the B sublattice, and therefore into
System 2 (bulk) already after 20 mm of propagation, implying
the absence of the BIC (Figure 1d2). Numerical simulation
results after 20 mm of propagation distance agree with the
experimental observations (Figure 1c3,d3). Moreover, simu-
lations to a longer propagation distance of 100 mm through
the lattice with the Condition-1-preserving condition show
that only the BIC mode remains localized in the upper left
corner, and the rest of the power dissipates into the bulk
(Figure 1c4). In contrast, simulations to 100 mm of
propagation under the breaking condition corroborate the
absence of the BIC mode (Figure 1d4). Our numerical and
experimental results demonstrate that the global system
generates a BIC mode when respecting Conditions 1 and 2.
On the other hand, in a scenario where Condition 1 is violated,
the BIC mode is absent.

The discussion above focuses on a global system H
composed of only two subsystems. However, we may ask
whether it would be possible to construct a global system by
integrating three or even more subsystems, so to enable the
control of an arbitrary number of BIC modes. The answer to
this question is yes. To demonstrate this, we consider a
complex lattice structure illustrated in Figure 2a, which
comprises five subsystems: three subsystems are represented
by three topologically nontrivial 1D SSH lattices (top, middle,
and bottom; blue circles), and they are interconnected with
two topologically trivial subsystems (red circles) with a single
coupling parameter f; the distance between lattice sites in the
trivial systems is half of the size of the unit cell in the SSH
models. The coupling parameters indicated in Figure 2a used
in the calculation are t; = 0.2, t, = 2.5, t = 0.6, and t, = 0.6. A
corresponding lattice structure established experimentally by
the laser-writing technique is shown in Figure 2b. The density
of states (DOS) calculated for this complex lattice, plotted in
Figure 2c, reveals the existence of three bands and two 8aps,
with representative local DOS shown at the bottom panels.*”*°
The local DOS is evaluated at each single site with
contributions from all modes in the corresponding band,
which varies in amplitude across the lattice.

Experimental and numerical results are presented in Figure
3a,b, respectively, demonstrating that the system also supports
three distinct BIC modes inherited from the three nontrivial
1D SSH lattices at zero energy (embedded in the central
band). In Figure 3al we excite the upper left corner of the top
SSH lattice, which excites dominantly the upper left BIC
mode, but somewhat also the bulk modes. Experiments show
that after 20 mm of propagation, most of the light is present in
the upper left corner and the third waveguide in the upper row,
which corroborates the fact that the system supports a
topological BIC mode. Simulations at 20 mm of propagation
(Figure 3b1) agree with experiments. The lower left BIC mode
is equivalent to the upper left one due to the symmetry of the
system and therefore we omit discussing it. The experimental
parameters for Figure 3 are the same as those used in Figure
lcl,dl.

In Figure 3a2 we input the light in the middle-left edge site
of the lattice, which excites dominantly the middle-left BIC
mode, but also the bulk modes. Experiments show that after 20
mm of propagation, most of the light is present in this BIC
mode. Simulations at 20 mm of propagation (Figure 3b2)
agree with experiments.
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Figure 2. A topological multi-BIC system composed of five
interconnected subsystems. (a) Illustration of the lattice structure
for a global system consisting of three topologically nontrivial 1D SSH
models (blue circles) and two armchair-like lattices (red circles). (b)
Corresponding lattice established in experiment, where the lattice
spacings corresponding to different coupling amplitudes are indicated
by white arrows. (c) DOS (upper panel) reveals the presence of three
continuous bulk bands demarcated by two bandgaps. The lower three
panels plot the local DOS corresponding to the three bands. The local
DOS is calculated by adding absolute values squared of every
eigenstate from a given band; for the clarity of presentation, the plots
show normalized local DOS in a scale from zero to one. White lattice
sites indicate that not a single eigenstate from a given band populates
that site.

In contrast, when a lattice site on the left edge that does not
correspond to the location of the BIC modes is excited, a
significant leakage of the output intensity into the bulk region
is observed (Figure 3a3) already after 20 mm of propagation,
which is corroborated by the simulations (Figure 3b3). Both
numerical simulations and experimental observations validate
the applicability of our approach to create systems with
multiple topological BICs inherited from a multitude of
topological subsystems. To underpin the observations
presented in Figure 3, we conduct another set of experiments,
where we excite the topologically nontrivial edge mode with its
characteristic out-of-phase pattern and compare it with the
initial condition where the same waveguides are excited but all
in-phase. We observe a localized mode in the first case, but
delocalization and light leakage into the B sublattice in the
second case (see Figure S1 in the Supporting Information).

Before closing, let us discuss the robustness of this scheme
to create the BIC modes. The most general (Hermitian)
perturbation on the coupling K and System 2 (H,) is

0 AK
AH = ,
AK" AH, 4)

We do not address how perturbations of System 1 (Hy)
affect its topological mode because this question was addressed

https://doi.org/10.1021/acsphotonics.4c00600
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Figure 3. Experimental and simulation results in a multi-BIC system. (al—a3) Output intensity measurement after 20 mm propagation of a probe
beam through the lattice; the probe beam initially excites only a single lattice site indicated with a white arrow in each subplot. Localization of light
is observed at the excited lattice site in (al) and (a2), with a weak distribution in the next-nearest-neighbor lattice site of the System 1, indicating
high amplitude of BIC modes at the initially excited lattice sites. For the excitation in (a3), there is an absence of localization as light goes to
nearest-neighbor sites and beyond, indicating there is no BIC mode at the lattice site illuminated initially. (b1—b3) Numerical simulations
corresponding to the experimental results in (al—a3), showing good agreement.
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Figure 4. Numerical robustness analysis of the zero-energy BICs. (al,a2) Schematic illustration of a global system with a single BIC (al) or multi-
BICs (a2), satisfying Conditions 1 and 2. The gray shaded region highlights the “loss mask” with a magnitude of 0.1 introduced in the bulk. System
1 is shown with blue lattice sites, and System 2 with red lattice sites. The coupling between System 1 and System 2 (i.e, K) is denoted with t.
Schematics are not to scale. Results shown in (b1—d1) correspond to the lattice in (al), while results in (b2—d2) correspond to the lattice in (a2).
(b1,b2) The eigenvalues of the unperturbed lattices plotted in the complex plane (blue dots) and a BIC (top red dot) with the presence of the loss
mask. The orange shaded region plots the corresponding normalized DOS. (c1,c2) Superimposed eigenvalues calculated for 50 different random
perturbations with 6 = 0.5; the loss mask is present. Dots with the same color refer to eigenvalues for the same set of perturbations. Both lattice
structures display boundary states pinned at the zero energy (marked with red dots at the top) immune to perturbations. (d1,d2) Mode
distributions of the boundary zero-energy modes in the two lattices, where all white dots represent zero amplitude. There are three zero-energy
modes for the lattice in (a2), but only one is shown. See text for the values of the indicated coupling parameters.

in a plethora of studies before (e.g., see ref 42 and references
therein). The perturbation AH can be split into two main
contributions

s [0 aK) o (00
“Tlak o ST T o any)

eigenvalues of the perturbed Hamiltonian H + AH, we
perform a robustness analysis of the BIC y = [yy,0]". We
emphasize that Condition 1 ensures that the mode y; and its
eigenvalue Ey, remain unchanged, while Condition 2
guarantees that the bulk band encompasses Ey, (ie., zero

energy).
Regarding the Jy perturbation, it has the potential to violate

(s)

where 8y and J, represent different perturbations with respect
to the two conditions. By solving for eigenstates and
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both Condition 1 and 2. For 8 that violates Condition 1, y, is
no longer a BIC. For &y that satisfies Condition 1, i.e., (K’ +
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AK")yrg = 0, Y, and Ey, remain unchanged. In the latter case,
if O does not violate Condition 2, Y, remains to be a BIC;
however, if i violates Condition 2, then y, is an in-gap bound
state. The 0, perturbation has the potential to violate only
Condition 2. When it does, y;, becomes an in-gap bound state
but remains robust due to its topological nature. Which
perturbations will violate Condition 1 and/or 2 depends on the
specific system.

In what follows, we conduct numerical robustness analysis of
topological boundary states of the two models mentioned
above. We consider lattices shown in Figure 4al,a2, where ¢,
and t, are the intracell and intercell hopping parameters of
System 1 (same as in Figures 1 and 2; the 1D SSH model is
represented with blue lattice sites). System 2 (H,) is shown
with red lattice sites; all couplings between red sites are initially
set to t,. The couplings between System 1 and 2 (i.e., between
red and blue sites corresponding to K in the Hamiltonian) are
denoted with t. Unperturbed hopping parameters are ¢, = 0.2,
t, =2,t =06, and t, = 0.6 Both lattices are finite in size,
containing 8 unit-cells in System 1. An infinite extension of
these lattices can be used to verify that they indeed obey
Condition 2.

To discriminate or extract the BIC modes from the extended
bulk modes, we use a “loss mask” in the bulk of our exemplary
lattices, shown as gray shadow region in Figure 4al,a2. The
loss mask here means that we have introduced on-site losses
(on-site imaginary propagation constant 0.1i) at every lattice
site in the gray shaded region. This means that the amplitudes
of all modes which overlap with the gray shaded region, i.e., all
bulk modes, are decaying (their propagation constants are
complex numbers). Moreover, this means that there is a
propagation-constant width, equivalent to a resonance width in
quantum mechanics, for every bulk mode. The separation
between the propagation constants of the bulk mode
resonances is smaller than the resonance widths. Moreover,
the bulk resonances closest to the zero-energy boundary mode
overlap with the zero-energy (shown in Figure 4b1,b2). The
boundary zero-energy mode (top red dot) does not decay (no
imaginary component) as the loss mask is designed to avoid it.

Next, we test whether the boundary modes will remain
robust as BIC modes, so they will not couple to the bulk
modes and decay under perturbations. For this purpose, we
consider random perturbations in K and H,. The perturbed
hopping between the ith and jth waveguides in H, are of the
form t,; = t, + 0, where J,; is a perturbation. Similarly, ¢, = £ +
0; denotes the ith hopping between waveguides in System 1
and 2, i.e, the entries of the coupling matrix K. Perturbations
6, and &; are chosen at random from an interval of values
[—6,6]. Perturbations in K satisfy Condition 1 by construction.

In Figure 4cl we show the overlap of 50 eigenvalue plots in
the complex plane calculated for different random perturba-
tions with 6 = 0.5 for the lattice structure in Figure 4al
satisfying Condition 1. It is evident that in Figure 4cl the
eigenvalue of the boundary state (top red dot) remains at zero
energy for all perturbations (both real and imaginary
components). The same conclusion is found in Figure 4c2
when corresponding perturbation studies are carried out for
the multi-BIC lattice shown in Figure 4a2. The representative
zero-energy modes corresponding to the systems in Figure
4al,a2 are plotted in Figure 4d1,d2. The modes are localized at
the top-left edge, with characteristic amplitude and phase
structure manifesting their topological nature. The persistence
of localized modes for a sample of S0 random perturbations
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(especially in the presence of the loss mask) confirms their
robustness as topological BIC modes, with no resonant decay
into the bulk whatsoever.”

B CONCLUSION

In this work, we have introduced a practical method for
generating topological BICs.”> We create a topological BIC
system by coupling two subsystems, where one of them is a T1I
featuring an in-gap boundary state, and the other features a
continuous spectrum. We identify the conditions under which
the in-gap state is converted into a BIC by coupling the two
subsystems. The method is based on the recently developed
concept of SubSy;** however, in principle it can be applied
even in systems where the SubSy concept is not applicable. We
have demonstrated experimentally and proved theoretically the
effectiveness of our scheme using the platform of photonic
lattices, but the concept may be applied in other platforms
such as engineered metasurfaces,”* or extended to parity-time
symmetric lattices and non-Hermitian systems.'”>> The
present theory is based on the tight-binding model. We
believe that it can be developed further for photonic systems
that host BICs but which cannot be described by simple tight-
binding models, such as those in refs 57—59 , or in photonic
systems involving higher orbitals, such as p-orbital HOTIs in
ref 60. However, these developments of the theory are beyond
the scope of this work. Our discovery can be useful for the
creation of intricate topological systems supporting multiple
BICs. We believe that this work not only broadens the
understanding of topological phenomena in physics but also
provides a new pathway for applications in advanced
topological device design. In this context, the ability to
generate and manipulate topological BICs could bring about
important implications for the development of ultrahigh-Q
devices and other applications such as BIC lasers.'°
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