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Chapter 1
Introduction

Inverse limits have played a crucial role in the development of the theory of
continua in the past half century. They have also been important in dynamical
systems. One reason for this is that inverse limits with simple spaces and
simple bonding maps can produce very complicated spaces as their inverse
limits. In dynamical systems, inverse limits are used to “code”, in a sense,
complicated dynamical systems. The branched one-manifolds introduced by
Robert Williams form a prime example of this. These inverse limits are used
to model dynamical systems on solenoids, the Lorenz attractor (in the famous
Lorenz system), the Plykin attractor (in the Plykin system).

Inverse limits of inverse sequences with upper semicontinous set-valued
bonding functions (abbreviated generalized inverse limits) were introduced in
2004 by W. S. Mahavier [31] as inverse limits with closed subsets of the unit
square and later in 2006 in [28] by Mahavier and W.T. Ingram. Since then,
great emphasis has been placed on the generalized inverse limits over closed
intervals with upper semicontinous set-valued functions (abbreviated u.s.c.)
as bonding functions because even in that simple case, with same bonding
u.s.c. functions, there is much that is not understood, and many kinds of
interesting new spaces have emerged as these inverse limits, giving researchers
much to investigate. Surprisingly, although many new and interesting spaces
have emerged, it has also been shown that many types of spaces cannot occur.

This new form of inverse limit has also shown up in applications to economics
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and in dynamical systems. For instance, certain models in economics, notably
in backward economics, can involve two mappings, and the flexibility to study
the effects of using either function at each stage in the model is a valuable
feature of generalized inverse limits.

Most of the examples that demonstrate important properties of gener-
alized inverse limits are on the closed unit interval and there one can see
the important differences between standard and generalized inverse limits.
For example, the subsequence theorem, the closed subset theorem, the full
projection property, etc., all do not hold in the new setting, while they do in
the standard setting [22].

In the first part of a thesis we investigate some categorical properties of
generalized inverse systems and generalized inverse limits. In Chapters [2| and
we introduce basic notions we need in Chapter |4 where we give all results
of the first part.

We introduce a category CHU with compact Hausdorff spaces as objects
and u.s.c. functions as morphisms. Then we introduce the category CU, a
full subcategory of CHU with compact metric spaces as objects. We also
introduce the category ZCU, a subcategory of inv - CUU which consists of
inverse sequences and level morphisms.

Let (X, fn)oe, and (Y, g,).—, be inverse sequences in CU, let X =
Hm (X, fo)or, and YV = Jim (Y, gn)r; be their generalized inverse limits,
respectively and let (¢,) -, be a sequence of u.s.c. functions from X,, to
2¥» In Chapter 4 we study which u.s.c. function from X to 2¥ can be
interpreted as induced by the given sequence (¢,). -, . The special case when
all ,,n € N are mappings was studied in [14], 28], therefore we generalize the
definition of the induced function with some mild condition and in Example
4.17| it is shown that the condition is indeed necessary. In Theorems [4.13]
and Corollary we give the necessary and sufficient conditions for
an existence of induced function and that it is an u.s.c. function i.e. it is a

morphism in the category CU which we denote by Jim (¢n). Then we study
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arule F': ZCU — CU defined by

(X, fu)oy = lim (X, fu)iy
(n) = Lim(pn)

We show that it is not a functor but very close to being one. Finally, in the
Section we give an application of the mentioned results.

The theory of dynamical systems is a mathematical theory connected
with most of main areas of mathematics. It describes phenomena that are
common to physical and biological systems throughout science. The impetus
for advances in dynamical systems has come from many sources: mathematics,
theoretical science, computer simulation, and experimental science.

This theory is inseparably connected with several other areas, primarily
ergodic theory, symbolic dynamics, and topological dynamics. Some would
say the theory is also deeply connected with the topological area of continuum
theory. The modern theory of dynamical systems derives from the work of
H.J.Poincare on the three-body problem of celestial mechanics, in the 1890’s.
The next major progress was due to G.D. Birkoff who early in his career had
proved Poncare’s “last geometric theorem“ on fixed points of the annulus map
in the 1920’s. In the late 1950’s, S. Smale brought a topological approach
to the study of dynamical system, defining gradient-like flows that are now
called Morse-Smale systems.

A dynamical system is a state space S, a set of times T" and a rule R for
evolution, R : S x T"— S that gives the consequent(s) to a state s € S . A
dynamical system can be considered to be a model describing the temporal
evolution of a system. The central object of a study in topological dynamics
is a topological dynamical system, i.e. a topological space, together with a
continuous transformation, a continuous flow, or more generally, a semigroup
of continuous transformations of that space. So, let (X,T") be a topological
dynamical system, i.e., let X be a nonempty compact Hausdorff space and
T : X — X a continuous function. Topological entropy is a nonnegative
number which measures the complexity of the system. Roughly speaking, it

measures the exponential growth rate of the number of distinguishable orbits
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as time advances.

The original definition was introduced by Adler, Konheim and McAndrew
in 1965 [I]. Their idea was to assign a number to an open cover of a space to
measure its size, and was inspired by Kolmogorov and Tihomirov (1961). To
define a topological entropy for continuous maps they strictly imitated the
definition of Kolmogorov-Sinai entropy of a measure preserving transforma-
tion in ergodic theory. In metric spaces a different definition was introduced
by Bowen in 1971 [12] and independently by Dinaburg in 1970. It uses the
notion of e-separated points. Equivalence between the above two notions was
proved by Bowen [12] in 1971.

The goal in the second part of the thesis is to generalize the notion of
topological entropy so it can be used for u.s.c. functions, using the new tool,
the Mahavier product defined in [I9]. Mahavier products are a convenient
way to study subsets of a generalized inverse limit space. They also make it
easier to study “finite” generalized inverse limits — which are not interesting
at all in inverse limits, but are interesting in their own right in generalized
inverse limits.

In Chapter 5| we generalize the definition of topological entropy due to
Adler, Konheim, and McAndrew [I] to set-valued functions from a closed
subset of the interval to closed subsets of the interval. We view these set-
valued functions, via their graphs, as closed subsets of [0,1]%. Motivation
for observing graphs and their Mahavier products is that when set-valued
functions are iterated in the usual sense, information is lost - and often lost
very fast.

In the Sections [5.1] and we review Mahavier product and traditional
version of topological entropy, together with their properties. In the Section
[.3] first we introduce some background information on the closed sets and
open covers we are using and then, in several steps, finalizing with Theorem
we define the topological entropy of a closed subset of [0, 1]2. In Theorem
we show that, given a continuous function f : [0,1] — [0, 1] and a closed
subset G of [0, 1]? as the graph of f~!, then the topological entropy of G is the
same as that of the traditional definition of topological entropy of the function

f. We further compare the properties of the new definition of topological
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entropy with those of the traditional one, in Remarks [5.45] Theorem [5.48]
and in Theorem after generalizing our definition to subsets of [0, 1]%,
for arbitrary N € N, in Section [5.4. Finally, in Section [5.5| we compute the

topological entropy for various closed subsets G of [0, 1]°.



Chapter 2
Preliminaries

In this section we outline basic concepts which we use throughout the thesis.

Definition 2.1 A topological space X is said to be disconnected if there exists
separation of X-a pair U,V of disjoint, nonempty open subsets of X whose

union is X . If X is not disconnected, we say it is connected.

Definition 2.2 A topological space is said to be compact if every open cov-

ering U of X contains finite subcovering.

We state some properties of topological spaces related to the compactness

and connectedness in the following theorem.

Theorem 2.3
1. The continuous image of a connected space is connected.
2. The continuous image of a compact space is compact.
3. Fwvery closed subspace of a compact space is compact.
4. Fvery compact subspace of a Hausdorff space is closed.

5. A subspace A of euclidean space R™ is compact if and only if A is closed
and bounded.
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6. A Cartesian product [[,c 4 Xo with product topology is connected if and
only if each X,,a € A is connected.

7. (Tychonoff theorem) A Cartesian product [] ., Xo with product topol-
ogy of compact spaces is compact if and only if each X,,a € A is

compact.

8. A Cartesian product [ ], . 4 Xa with product topology is metrizable space
if and only if card A < Xy and each X,,a € A is metrizable.

Proof. See [I6, p. 108, 109, 224] and [34, p. 165, 173, 234] . m

On a given metric space X with metric d we define new metric d defined
by the equation d(x,%) = min {d(x,y),1} . Metrics d and d induce the same
topology on X. The metric d is called standard bounded metric corresponding
to d.

o0

On the product space H Xy, where (X,,,d,) is a compact metric space for
n=1

each n, and the set of all diameters of (X, d,,) is majorized by 1, we use the

Dl =y { o,

neN 2"

metric

where © = (x1,29,23,...), ¥ = (y1,%2,Y3,...). It is well known that the

metric D induces the product topology on H Xn.

n=1

Definition 2.4 A continuum is a nonempty, compact, connected, metric

space. Subcontinuum is a continuum that is a subspace of a continuum.

Following theorem is consequence of the previous theorem.

Theorem 2.5 Metric space which is homeomorphic to some continuum s

also continuum.
Some basic examples of continua:

Example 2.6 (Arcs) An arc is any space which is homeomorphic to the

closed interval [0,1]. Since [0, 1] is continuum, an arc is continuum.
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Example 2.7 (Hilbert cube) A Hilbert cube is a space which is homeomorphic
to the countable product [];=,[0,1] equipped with product topology. It follows
from Theorem (6.,7. and 8.) and Theorem that a Hilbert cube is a

continuum.
Many other important continua will be mentioned in the second chapter.

Definition 2.8 Let X and Y be topological spaces, f : X — Y continuous
function and let f(X) be subspace of Y. If f : X — f(X) is a homeomor-
phism, we say that f is an embedding of X in'Y.

An important property of a Hilbert cube is that every continuum can be
embedded in a Hilbert cube as a closed subset. It is consequence of Urysohn

metrisation theorem.

2.1 Hyperspaces

Many properties of continua can be studied using sequences of sets and their
convergence in topological spaces called hyperspaces. In this section we define
those spaces, state their properties which we will use throughout the thesis.
All the details and proofs in this sections can be found in [21].

Let (X,7) be a topological space. Let us denote
CL(X)={AC X : Ais nonempty and closed in X} .

We equip the set C'L(X) with Vietoris topology defined as follows.

Definition 2.9 Let (X,T) be a topological space. The Vietoris topology,
Tv, for CL(X) is the smallest topology for C L(X) having the following prop-

erties:
(i) {Ae CL(X): ACU} € Ty whenever U € T
(ii)) {A e CL(X):AC B} is Ty-closed whenever B is T -closed.

Definition 2.10 Let (X,7T) be a topological space and H C CL(X). A sub-
space (H, Ty |n) of the space (CL(X),Ty) is called hyperspace of the space
X.
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We have the following theorem about the topological invariance of C'L(X).

Theorem 2.11 If X and Y are homeomorphic, then the hyperspaces CL(X)
and CL(Y') are homeomorphic.

We introduce some hyperspaces that consist of sets having some elementary

topological properties such as connectedness, compactness:
(i) CLC(X)={A € CL(X): Ais connected};
(ii) 2¥ ={A € CL(X) : A is compact};
(iii) C(X) = {A € 2% : Ais connected}.

Statement analog to the Theorem holds for the spaces defined above.
Note that 2% = C'L(X) when X is compact because each closed subset of X is
compact. Further, if X is a Hausdorff space, we have 2¥ = {A C X : A is non
empty and compact} , because every compact subset of a Hausdorff space is
closed. In particular, both of the above hold when X is the unit segment
[0, 1] with standard metric.

Proposition 2.12 Let X be a connected Ti-space. Then CL(X) is con-

nected.

Let (X, d) be metric space. For any r > 0 and any A € CL(X), let Ny(r, A) =
{re X d(x,A)<r}.

Theorem 2.13 Let (X,d) be a bounded metric space and Hyq : CL(X) X
CL(X) — R function defined as follows: for any A, B € CL(X),

Hy(A,B) =inf{r >0: AC Ny(r,B) and B C Ny(r,A)}.

Then Hg is metric on CL(X) called Hausdorff metric for CL(X) induced
by d.

In the previous theorem we assumed that (X, d) is bounded. We can do that

without loss of generality as noted in the first section of this chapter.
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Theorem 2.14 [f (X,7T) is a metrizable topological space, then (QX,’K/) is
metrizable. Moreover, if d is any metric for X that induces T, then Ty = Ty,

Theorem 2.15 Let (X,T) be a Ti-space. Then we have the following:
(i) (CL(X),Ty) is metrizable if and only if (X, T) is a compact, metrizable

space.
(i1) (2X, 7}/) is metrizable if and only if (X,T) is metrizable.

Definition 2.16 Let (X,T) be a topological space, and let (A;),2, be a se-
quence of subsets of X. We define the limit inferior of (A;);-,, denoted
by liminf(A;), and the limit superior of (A;);-, ., denoted by limsup(A;) as

follows:

liminf(A;) ={z € X : for any U € T such that x € UUNA; # 0
for all but finitely many i}

limsup(A4;) ={x € X : foranyU € T such that x € UyUNA; # 0
for infinitely many i} .

Obviously, liminf(A4;) C limsup(A4;).

Definition 2.17 Let (X, T) be a topological space, let (A;);-, be a sequence
of subsets of X and let A C X. TWe say that (A;);-, converges to A in X

and write lim(A;) = A if
liminf(A;) = A = limsup(4;).

Two final theorems of this section connect convergence of sets in X and

convergence in topological space C'L(X).

Theorem 2.18 Let (X, T) be a compact Hausdorff space, and let (A;);-, be
a sequence in CL(X). Then (A;);2, converges to A in X if and only if (A;);2,
converges to A in topological space CL(X).

Theorem 2.19 Let (X,T) be a compact metrizable space, and let (A;);2,
be a sequence in CL(X). Then (A;);2, converges to A in X if and only if
(A;);2, converges to A in the metric space (CL(X), Hy).

10
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2.2 Categories

In this section we briefly state the basics about categories and functors which
we use in the following two chapters.
For more see [20].

A category C consists of:

1. a class Ob(C) of objects,

2. aclass Mor(C) which consists of sets C(X, Y), associated to each ordered
pair of objects X, Y of C, called morphisms from X to Y,

3. a law of composition o, which associate to each triple of objects X, Y, Z
of C, unique function C(X,Y) x C(Y, Z) — C(X, Z).

A category must satisfy following axioms:

Al: X # X' and Y # Y’ implies that sets C(X,Y) and C(X',Y’) are
disjoint.

A2: Given f € C(X,Y),g€C(Y,Z),h € C(Z, W), then

o(o(f,g),h)=0o(f o(g,h)).

A3: To each object X there is a morphism 1y € C(X, X), called identity
morphism, such that, for any f € C(X,Y),g9 € C(Z, X),

O(lXaf) = f7 O(g,lx) =g

It is easy to see that the morphism 1y is uniquely defined. A morphism
f € C(X,Y) is usually denoted by f : X — Y, and call morphism from
domain X to codomain Y, and composition o (f, g) with go f. We say that
a morphism f: X — Y in C is isomorphic (or is an isomorphism) if there
exists a morphism ¢ : Y — X in C such that go f =1y and fog = 1y.

We now list several examples of categories:

e The category Set of all sets and all functions between sets;

11
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e the category Top of all topological spaces and all continuous functions

between topological spaces;
e the category Gr of all groups and homomorphisms between groups;

We say that a category C’ is a subcategory of a category C if it satisfies the

following;:
1. Ob(C") C Ob(C)

2. for every ordered pair of objects (X', Y") in C" we have C' (X', Y’) C
C(X",Y")

3.if fel (XY and g € C' (Y, Z') then their composition g o f in C’

coincides with the composition go f in C.

In particular, if C" (X', Y") = C (X', Y"), for every pair (X', Y”") in C’, we say
that C’ is full subcategory of C.
Full subcategories of the category Top, whose objects are metric spaces, com-
pact Hausdorff spaces, compact metric spaces are denoted with M, Cpt, cM,
respectively. The category Gr(Ab) whose objects are abelian groups is a full
subcategory of the category Gr.

Let C and D be categories. A functor F': C — D is a rule which associates
with every object X of C an object F'(X) of D and with every morphism f
in C(X,Y) a morphism F(f) in D(F(X), F(Y)), subject to the rules

F(fog)=F(f)oF(g), F(lx)=1p).

The inclusion of a subcategory C’ in a category C is a functor. With 1o : C — C
we denote identity functor. If F': C — D is a functor and f is an isomorphism
in the category C, then F'(f) is an isomorphism in D. We define a composition
of functors in a natural way. Composition is associative so we have invertible

functors and isomorphic categories.

Definition 2.20 Let (X; :i € I) be a family of objects of a category C. Then
a product of the family (X; :1 € I) is an object X, together with the fam-
ily (m; : X — X, 14 €I) of morphisms in C called projections, satisfying

12
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the following universal property. Given any object Y of C and a family
(fi Y = X, :ie€lI) of morphisms in C, there exists a unique morphism
f:Y = X inC, such that m; f = f;, for every i € I.

Jf
Yy ------ > X
Uy
Ji
X

If the product (X, (m;,7 € I)) of a family (X, : ¢ € I) of objects in the category
C exists, then the object X is unique up to an isomorphism and we denote it
with JT,o; Xi.

Categories Set, Gr, Top, C'pt admit products i.e. any family of objects from
the named categories admits product X and X is just a Cartesian product
of (X; :1 € I) together with projections m; from X on X;,i € I.

Since the topological product of an uncountably many metric spaces is not a

metric space, the category M doesn’t admit product.

13



Chapter 3

Inverse limits and generalized

inverse limits

Inverse limits have played very important role in the development of the
theory of continua in the past 50 years. They have also been important in
dynamical systems. One reason for this is that inverse systems with simple
spaces and simple bonding maps can produce very complicated spaces as
their inverse limits.

The study of the inverse limits begins in the 1920s and 1930s while in-
verse limits of inverse sequences with upper semicontinous set-valued bonding
functions (abbreviated generalized inverse limits) were introduced in 2004 by
W. S. Mahavier [31] as inverse limits with closed subsets of the unit square
and later in 2006 in [28] by Mahavier and W.T. Ingram.

Since then, great emphasis has been placed on the inverse limits over
closed intervals with upper semicontinous set-valued functions (abbreviated
u.s.c.) as bonding functions because even in a simple case, with same bonding
u.s.c. functions, there is much that is not understood, and many kinds of
interesting new spaces have emerged as these inverse limits, giving researchers
much to investigate [4, 5], [7, 17, 22, 27]. Surprisingly, although many new and
interesting spaces have emerged, it has also been shown that many types of
spaces cannot occur.

Goal of this chapter is to list all notions used in the Chapter 4] where we
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introduce all the results. In the first section we provide an introduction to
inverse systems and inverse limits in the most general way, in the category
theory. Then we introduce a definition of inverse limit with topological spaces
as terms and continuous functions as bonding maps. At the end we state
basic compactness and connectedness theorems. For more details see [32] [33].

In the second section we introduce a generalized inverse limit and various

theorems and examples that differ them from inverse limits.

3.1 Inverse limits

Definition 3.1 A preordering on a set A is a binary relation < on A
which is reflexive and transitive. A preordering is called an ordering if it is
antisymmetric. A preordered set (A, <) is said to be directed provided for
any A\, Ay € A there exists a A € A such that \y < X and Xy < \. We say
that preordered set (A, <) is cofinite provided for each A € A the set of all
predecessors of A\, {N < XA : XN € A}, is a finite set.

If (A, <) is a preordered set and A’ < A, then < induces a preordering on A’
and one speaks of the preordered subset (A’, <). The preordered subset A’ is
cofinal in A if each A € A admits X' € A’ such that A < X. If A’ is cofinal in
A, then A is directed if and only if A" is directed.

Definition 3.2 Let C be an arbitrary category. An inverse system

(X, pan, A) in the category C consists of a directed set A, called the index set,
of an objects X, from C for each A € A, called the terms, and of morphisms
Do : Xy — Xy from C for each pair of indeces \, N € A, \ < X, called the
bonding morphisms. Moreover, one requires that pxy = lx,, for all A € A

and that X < X < N implies pyy © pyar = panr

An inverse system indexed by the positive integers N is called an inverse
sequence. [t is often denoted by (X, Ppns1,N) or (X,,p,), omitting the

index set.

Definition 3.3 A morphism (f, f,) of inverse systems (X\,pav,A)
and (Y, puw, M) consists of a function f: M — A, called the index function

15
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and of morphisms f, : Xy — Y, in C, for each p € M, such that when-
ever p </, then there is a A € AN > f(u), fF(i'), for which fuprur =

Qu fwPfurs B-e. the following diagram commutes.

Prua DruHA
X X Xw)
fu fu’
Y Y.,
Iz Qe Iz

Remark 3.4 Using the same notation from the previous definition we have

the following:

e [f the index function f is increasing then one requires that the mappings
fu satisfy fupsuon = Quu fuw and the morphism is called simple (left

diagram,)

o [f the inverse systems have same index set A and the index function is
identity 15, the morphism is called level-preserving morphism or

shorter a level morphism (right diagram)

D) f(w) Dav
Xp(uy ——— Xpo) X, X3
fu fu’ f)\ fX
Y Y / /
a qﬂ//f/ a Y)\ a Y)‘

Level morphisms have very important role in the third chapter.
For every inverse system (Xy,pax,A) we can define identity morphism of

systems:
(1, 1x,) : (Xa, o, A) = (Xo, pav, A)

16



Chapter 3. Inverse limits and generalized inverse limits

Definition 3.5 If (f, f,) : X = Y and (9,9,) : Y — Z are morphisms of
inverse systems, we define the composition (g,g,) o (f, f.) = (h,h,) : X = Z
as follows:

h=fogandh, = g,0 fou): Xnw) — Z,.
Remark 3.6 [t is easy to see the following:

(i) Composition defined in the previous definition is a morphism between

muerse systems.

(i) Composition of morphisms between inverse systems is associative oper-

ation
(”Z) (f7 fu) o (11\7 1XA) = (f: f,u) and (]-Aa ]-X)\) o (gagu) - <g7gy)

We have thus obtained new category, denoted by inv-C, whose objects are in-
verse systems in C and morphisms are morphisms of inverse systems described

above.

Remark 3.7 A property of an index set that has proven useful is cofinite-
ness because it often makes proof by induction on the number of predecessors
possible. It is shown that this condition is not restrictive because, with certain
requirements satisfied, one can indeed work with cofinite and ordered index

set and level morphisms. For more details see [32] and [33)].

A single object X of C can be viewed as a rudimentary system, i.e., a

system indexed by a singleton and will be denoted by (X).

Definition 3.8 An inverse limit of an inverse system X = (X, pav, )
is a morphism p : (X) — X of inv - C satisfying following universal property.
If g - (Y) — X is an arbitrary morphism of inv - C, there exists a unique
morphism (g) : (Y) — (X) of inv - C (i.e. C) such that p (g) = g.

Proposition 3.9 Inverse limit of the inverse system X, if it exists, is unique

up to a natural 1somorphism.

17



Chapter 3. Inverse limits and generalized inverse limits

Proof. See [32, p. 54] =
Due to the previous proposition we usually call the space X from the Defi-
nition 3.8 as the inverse limit and denote it with X = lim X = lim (X, pav, A) .
All necessary and sufficient conditions for existence of an inverse limit in
C of an inverse system in category C can be found in [32, Ch. T].

Inverse systems have limits in the following categories: Set, Gr, Gr(Ab), Top.

Remark 3.10 Let inverse systems X = (X, pav,A) and Y = (Y, pupw, M)
admit inverse limits. A morphism (f, f.) : (Xa,pav, A) = (Yo, Dy, M) of
inv-C induces a morphism f : im (X, panv, A) — Um (Y, pu, M) in C. This
is a unique morphism f such that for every € M, f.psu) = quf-

If in an inverse system (Xy, pan, ) all the bonding morphisms pyy are
isomorphisms, then for any A € A;py : X = lim (X, pax,A) — X\ is an

isomoprhim in C.

Proof. See [32, p. 57]. m

Remark 3.11 In the category Top an inverse limit X of (X, pax, A) can be
obtained as the subspace of [[,cp X, which consists of all points x satisfying

() = pavma(z), A < N,

where Ty : H/\E/\ X\ — X, denotes the projection on the \"—coordinate.

Moreover, the projections py : X — X of the limit space X are given by

Px ZWA\X-

Theorem 3.12 Let X be an inverse limit of an inverse system (X, pav, ),
where all X are Hausdorff spaces, for all \ € A. Then, X is closed subspace of
the product [ cn Xa. Moreover, if all terms X are compact and non-empty,

then X is compact and non-empty.

Proof. See [32, p. 58]. m
From the previous theorem it follows that inverse system in the category

Cpt has an inverse limit.
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Chapter 3. Inverse limits and generalized inverse limits

In general, inverse systems in the category M do not have limits but we

have the following.

Corollary 3.13 Inverse limit of an inverse sequence of metrizable spaces is
metrizable space. Inverse limit of an inverse sequence of non-empty compact

metric spaces 1S non-empty compact metric space.

Proposition 3.14 Let A be a subspace of the inverse limit X = lim (X, pa, A)
and Ay = pA(A), for all \ € A. Then (Cl A,\,p,\A/|Cl(AA,),A) is an inverse sys-
tem and Cl (A) = lim (Cl A)\,p)\)\/|01(14/\,), A)

Proof. See [32]. =

Theorem 3.15 Let X = (X, pav, A), an inverse system of non-empty com-
pact and connected Hausdorff spaces. Then the inverse limit X = lim X is

non-empty compact and connected space.

Proof. See [32]. =
From the previous we have that the limit of inverse sequence consisting
of continua is a continuum.

At the end of this section we give some examples.

Example 3.16 Let ([0, 1], fant1) be an inverse sequence where funi1(x) =
ljo,1), for each n € N. It follows from Remark that lim ([0, 1], frns1) is

an arc.

Example 3.17 Let S* be the unit circle, i.e. S' ={z€ C: |z| =1}. For
pEN,p>2 letq,: St — S be given by q,(z) = 27,z € S'. An inverse limit
of an inverse sequence (S, fun+1), fans1 = Gp, V0 € N, is a continuum called

p-adic solenoid.

Example 3.18 Let (Yy,y1) = (S, s0) be a pointed circle and (Y, y,) =
(Yoo1,yn1) V (S, s0) wedge of n pointed circles. Let pppi1 @ Yni1 — Yy, be
defined by its restrictions ppniily, = ly, and Ppnt1|v,ii\v,) = consty,. Then

the inverse limit lim ((Yy,, Yn), Pans1) 18 called Hawaiian earring.
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3.2 Generalized inverse limits

Definition 3.19 Let X and Y be topological spaces. A function f : X —
CL(Y) is said to be upper semicontinous at the point xy € X if for each

open set V in'Y containing f(xq), there is an open set U in X containing xg
such that if x € U, then f(z) C V.

Function f is called upper semicontinous (abbreviated u.s.c.) if it is upper

semicontinous at each point z € X.

Definition 3.20 The graph U'(f) of a function f: X — 2Y is set {(z,y) €
X xY:ye f(x)}.

Following theorem is a well known characterisation of u.s.c functions

between Hausdorff compacta.

Theorem 3.21 Let X and Y be compact Hausdorff spaces. A function f :
X — 2Y s w.s.c. if and only if its graph T'(f) is closed in X x Y.

Proof. See 28] =

If A C X then the image of A under f: X — 2¥ is f(A) = Uzeaf(z).
Function f: X — 2Y is said to have surjective graph if f(X) =Y.

Let f: X — Y be a function. Then f induces a function f : X — 2V
given by f(z) = {f(x)}.

In that case, following statements are equivalent:

(i) f is continuous

(i) fis us.c.

(iii) f is continuous (with respect to Vietoris topology).

Often, instead of f : X — 2¥ we write f : X — 2¥ and identify f with f.
For instance, if f =idy : X — X, we will refer to f as the identity on X.

A general example of u.s.c. functions is following. If X and Y are compact
metric space and f : X — Y is a continuous surjective function, then f=!:
Y — 2% is an u.s.c. function where f~1(y) = {z € X : f(z) = y}.

Proofs of statements given above and other general facts about u.s.c.
functions can be found in [29], [30] and [35].
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Proposition 3.22 Let X and Y be topological spaces. If f: X — CL(Y) is

continuous with respect to the topology Ty then f is an u.s.c. function.

Proof. Let xy € X and W open set in Y such that f(z¢) C V. Then f(z¢) €
{Ae CL(X): AC W}, which is open set in CL(Y') by Definition 2.9} Since
f is continuous, there exists open set U such that o € U and f(x) € f(U) C
{Ae CL(X): ACW}. Therefore, for each x € U, f(z) C W so f is us.c.
n

Converse doesn’t hold. For example, function f : [0,1] — 20U given by
f(0) =[0,1], f(z) = {0},z € (0,1] is u.s.c. by Theorem and it is not
continuous in respect with 7y, Set W = {A € 201 : A C (1 3} € Ty and
f7Y(W) = {0} which is not open in [0, 1]. Therefore, f is not continuous with
respect to Ty/.

Now we introduce the notion of inverse limits with u.s.c. bonding function,
denoted by generalized inverse limits, as introduced by Mahavier in [31] and

Ingram and Mahavier in [2§].

Definition 3.23 A generalized inverse sequence of compact Hausdorff
spaces Xy, with u.s.c. bonding functions fy is a sequence (X, fx)pey » where
fr i Xper — 2%k for each k.

Let (Xy, fr) be an inverse sequence. Using f; as defined above, it induces
unique generalized inverse sequence (X, fi)72,. Therefore every inverse se-

quence can be observed as a generalized one.

Definition 3.24 The generalized inverse limit of a generalized inverse
sequence (Xy, fi)re, , denoted by @ (Xk, fr)pey » is the subspace of the product
space [ i, X defined by

I&H(Xk,fk)zozl = {l‘ S ]:!_Ile : Wk(x) S fk(wk+1(x)),‘v’k € N} .

It Xi =X, fr = f,Vk € N, to simplify notation, we denote generalized
inverse limit lim (X, fr)rey With Hm f.
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Let (X, fi) be an inverse sequence and (Xp, f5,)32, an induced generalized
inverse sequence. Since we have (using notations from Definition and
Remark B.11) my(z) € fu(me1(2)) < () € {fulm(2)} & m(x) =
fr(mry1(x)), we get that Jim (Xk, fk):o:l = lim(Xy, fx). Therefore, an inverse
limit of an inverse sequence can be viewed as a generalized inverse limit of
an induced generalized inverse sequence. Hence the term ”generalized” both
for inverse sequences and inverse limits really makes sense.

Many properties that inverse limits have, do not hold for generalized
inverse limits. Some theorems do extend, such as the Existence theorem
which is analogous to the Theorem for inverse limits and Topology
conjugacy theorem (Corollary , analogous to the Remark (applied

to inverse sequences).

Theorem 3.25 If (X, fi),e, s an inverse sequence of non-empty compact
Hausdorff spaces with u.s.c. bonding functions then the generalized inverse

limit I&H (X, fr) is nonempty and compact.

Proof. See [28]. m

Following theorem and corollary are from [2§].

Theorem 3.26 Let (X}) and (Yy) be sequences of compact Hausdorff spaces
and, for each positive integer i, fi : Xip1 — 2% and g; : Y1 — 2Y4, are u.s.c.
functions. Suppose further that, for each positive integer i,¢; : X; — Y,
is a mapping such that p; o f; = g; o ;1. The function ¢ : @f — l’&lg
given by p(x) = (v1(x1), p2(x2), p3(x3),...) is continuous. Furthermore, ¢

is one-to-one (and surjective) if each @; is one-to-one (and surjective).

Proof. The function @ : [[.2, X; — [[;2, Y; given by ®(z) = (¢1(x1), pa(x2),
w3(x3),...) is continuous and is one-to-one if each ¢; is one-to-one. Be-
cause ¢ = ®|1~£f, @ inherits continuity from @, and it is one-to-one if each
@; is one-to-one. Thus, there are only two things to show: (1) for x €
Um f,that p(x) € limg, and (2) if each ¢; is a homeomorphism then ¢
is surjective. To show (1), we need to know ¢;(x;) € gi(@ir1(xiy1)) for

each positive integer i. Suppose 7 is a positive integer. Because p; o f; =
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gi © @iv1, we have ©;(fi(zi11)) € gi(wir1(xiz1)). From x € l’glf, it follows
zi(i) € fi(xiy1) and, thus, @;(z;) € 0i(fi(zi+1)) € gi(@ir1(2it1)). It follows
that o(x) € lim g. To see (2), suppose y € lim g. Because each ¢; is one-to-one,
v = (e (1), 3" (42), 5 (y3), - - ) is a point of [T7Z, X; such that ¢(z) = y.
We now observe that z € @f. Let « € N. Because g; o ;11 = p; o f; and
©ir1(Tis1) = Vi1, 9i(Yyr1 = @i (fi(ri1))). Because y; € gi(yi1), there is a
point ¢ of f;(z;11) such that y; = p;(t). But, ¢;(x;) = y; and ¢; is one-to-one,
so x; = t. Thus, x; € fi(z;11) and we have x € l'&nf. []

Suppose X is a compact Hausdorff space. If f: X — 2% and g : X — 2%
are u.s.c. function and g is surjective, f and g are said to be topologically
conjugate provided there is homeomorphism g : X — X such that fh = hg.

Following corollary is an immediate consequence of the previous theorem.

Corollary 3.27 If f : X — 2% and g : X — 2% are topologically conjugate

upper semicontinuous functions, then 1&1 f and @g are homeomorphic.

Many important continua can be constructed as inverse limits with just
one bonding function. Bellow we give several examples. All proofs can be
found in [22] but some of them are very important in the last chapter of the

thesis so we list them here together with proofs.

Example 3.28 (The Hilbert cube)
Let f:[0,1] — 201 be given by f(t) = [0,1] for each t,0 <t < 1. Then Jm f

18 homeomorphic to Hilbert cube.

Several examples in the thesis (including the following one) involve the cantor
set, which we now define.

Let X = ({0,1},D) be a discrete topological space and X,, = X,n € N,
Then a space [[ -, X,, = {0,1}* is called the Cantor set.

Example 3.29 (The Cantor set) Let f : [0,1] — 200U be given by f(t) =
{0,1} fort,0 <t < 1. Then l'glf is homeomorphic to Cantor set.

Following example is very important in the Chapter [5| so we give it with a

proof.
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0 1

Figure 3.1: The graph of f in Example

Example 3.30 (The Cantor fan)
Let f :[0,1] — 200U be given by f(t) = {t,1—t} for 0 <t < 1. Then
@f is the Cantor fan (i.e. cone over Cantor set) with the vertex v =

(1/2,1/2,1/2,...)

Proof. There are four homeomorphisms whose union is f. They are ¢; :
[0,1/2] — [0,1/2] given by g1(t) =t, g2 : [0,1/2] — [1/2,1] given by ¢2(t) =
1 —t,gs:[1/2,1] — [0,1/2] given by g3(t) = 1 — ¢, and ¢; : [1/2,1] —
[1/2,1] given by g4(t) = t. A point x is in Um f if and only if there is a
sequence hy, hg, hs, ... such that h; € {91, 92,93,94} for each ¢ and z; =
hi(z;11) for each positive integer i. Each such inverse limit is an arc having
v =(1/2,1/2,1/2,...) as one endpoint and the other endpoint in the Cantor
set {0,1}>. Moreover, if p € {0,1}*, there is a sequence h such h; €
{91, 92, 93, ga} for each i and p € @h. [ |

Example 3.31 (Hurewicz continuum,)

Let gy : [0,1] — [0, 1] be the mapping given by gi(t) =t+1/2 for 0 <t <1/2
and g1(t) = 3/2 —t for 1/2 <t < 1. Let g9 : [0,1] — [0,1] be the mapping
given by go(t) = 1/2 =t for 0 <t < 1/2 and go(t) =t —1/2 for 1/2 <t < 1.
Let f :]0,1] — 2010 be an upper semicontinuous function whose graph is
the set-theoretic union of graphs of g1 and gs. Then, T&lf 1s a nonplanar

continuum called Hurewicz continuum.
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0 1 0 1

Figure 3.2: The graph of the functions from Example and Example

For standard inverse limits, taking cofinal subsets of the index set in
inverse systems we get homeomorphic inverse limits. For generalized inverse

systems that is not the case as the following example shows.

Example 3.32 Let f : [0,1] — 2% be the upper semicontinous function
given by f(t) = {l—t,% for0 <t < %, ft) = % for% <t<1and

(1) =[0,3]. Then f?:10,1] — 20U is given by f2(0) = [0, 3], f2(t) = 3
for 0 <t <1, and f(1) = [5,1]. Then @([O, 1], f) contains a triod and

Jim ([0, 1], f?) is an arc.

Proof. Let M = @([O, 1, f). Let a={z € M : 2y € [1/2,1],29 = 1 — 1,
and x9;_1 = 1, while x9; = 0 for each integerj > 1} . Let f ={x € M : 2, =
Ty =1/2,23 € [1/2,1],24 = 1 — z3 and x9;_; = 1, while x5; = 0 for each in-
teger j > 2} . Lety ={x € M : 21,2, € [0,1/2], and x9;_1 = 1, while xy; =
0 for each integer j > 1}. Then (1/2,1/2,1,0,1,0,...) is the only point com-
mon to any of two arcs «, 8, and v, so a U U~ is a triod. It is not difficult
to see that lim ([0, 1], f*) is an arc. m

From the definition of inverse limit it follows that bonding functions and

projections commute. For generalized inverse limits that is not the case:

Theorem 3.33 Suppose £ = (f,) is a sequence of upper semicontinuous
functions f, : [0,1] — 20U and M = Wmf. If m,n € N withm < n and
H C M, then 7y (H) C frn (ma(H)) -
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0 1

Figure 3.3: Graph of f in Example

In case f is a sequence of upper semicontinuous functions, if H C I&n f and

i is a positive integer such that f;|,  (x) is a continuous function, it is true
that m;(H) = fi(mi1(H)). In general, equality is not necessary as seen in the

next example.

Example 3.34 Let f : [0,1] — 20U be given by f(t) = [0,1] for each t €
[0,1]. Then, for [0,1/2]>°, we have H C Wm f and, if i € N, m(H) = [0,1/2],
but fi(mir1(H)) = [0, 1].

1 1
1/4} |
0 1 0 /4 1/2  3/4 1

Figure 3.4: The graph of the functions from Example and
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Example 3.35 Let f : [0,1] — C([0,1]) be given by f(t) = {0,t} for 0 <
t<1. Then H = {X € @f :x; = 1 for each positive integer z} 15 a closed
proper subset of im f such that mn(H) = [0,1] for each positive integer n.

Using notation from the previous example-but if f is continuous function
i.e. the inverse limit case, we have that there exists n € N such that =, (H)
is a proper subset of [0, 1] - this statement is an immediate consequence of
Proposition [3.14]

In the following example we have continua as terms but generalized inverse
limit is not connected. That can not happen for inverse limits, as seen in
Proposition [3.15]

Example 3.36 Let f: [0,1] — 200U be given by f(t) = {0,t} fort,0 <t <
L ft)=0 for L <t <3 f(t) ={3t —2,0} for 3 <t <1, and f(1)=[0,1].
Then, T'(f) is connected, but Wm f is not connected.
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Chapter 4

Categories with u.s.c. functions

as morphisms

In this chapter we introduce the results from the paper by I. Bani¢ and T.
Sovi¢ [10] and from the [§].

We introduce a category CHU and generalize the notion of generalized
inverse limit when the index set is not sequence of integers. We prove that
generalized inverse limit is not inverse limit in the category CHU but it is a
weak inverse limit.

Then we introduce the category CU in which the compact metric spaces
are objects and upper semicontinuous functions from X to 2¥" are morphisms
from X to Y. We show that it is a full subcategory of CHU. We also intro-
duce the category ZCU of inverse sequences in CUU. Then we investigate the
induced functions between inverse limits of compact metric spaces with upper
semicontinuous bonding functions. We provide criteria for their existence and
prove that under suitable assumptions they have surjective graphs. We also
show that taking such inverse limits is very close to being a functor (but is not
a functor) from ZCU to CU, if morphisms are mapped to induced functions.

At the end of the paper we give a useful application of the mentioned results.
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4.1 The category CHU

In this section, including corresponding subsections |4.1.1|and |4.1.2] we present

results from the paper by I. Bani¢ and T. Sovi¢ [10] and due to the complet-
ness, we state some results together with proofs.
The category CHU of compact Hausdorff spaces and u.s.c. functions

consists of the following objects and morphisms:

(1) Ob(CHU) - compact Hausdorff spaces;

(2) Mor (CHU) - the set of morphisms from X to Y, denoted by Mor (CHU) (X,Y),

is the set of u.s.c. functions from X to 2

We denote a morphism f € Mor (CHU) (X,Y) by f : X — Y, same as a
function but to avoid confusion we emphasise - a morphism f: X — Y (i.e.
an w.s.c. function f: X — 2V).

We also define the partial binary operation o (composition) as follows.
For each f € Mor (CHU) (X,Y) and each g € Mor (CHU) (Y, Z), go [ €
Mor (CHU) (X, Z) is defined by

(gof)(@)=g(f=)= | 9w

for each z € X.
Set (g o f) (x) is indeed an element of 27 (see [29]).

Theorem 4.1 CHU is a category.

Proof. First, we show that o is well defined. Let f: X - Y andg:Y — Z
be any morphisms. Let also x € X be arbitrary and let U be an open set in
Z such that (go f) (x) C U. Since g is u.s.c. and f(z) CY, for each y € f(z)

there is an open set W, in Y such that:
(1) y e Wy,
(2) for all w € W, g(w) C U.

Let W = U, ¢ () Wy- Since W is open in Y, f(z) € W, and since f is u.s.c.

function, there is an open set V' in X such that:
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(1) z €V,
(2) forallv eV, f(v) CW.

Let v € V be arbitrary. Then

(go N =g(f)= [J 9(x) cU

z€f(v)
since for each z € f(v), g(z) C U. Therefore o is well defined. It is obvious that
the composition o of u.s.c. function is an associative operation. All that is
left to show is that for each X € Ob (CHU) there is a morphism 1y : X — X
such that 1y o f = f and g o 1x = ¢ for any morphisms f : ¥ — X and
g: X — Z. We can easily see that the identity map 1x : X — X, defined
by 1x(z) = {x} for each z € X is the u.s.c. function satisfying the above

conditions. m

4.1.1 Generalized inverse systems and generalized in-
verse limits

In this section we define objects in the category CHU called generalized

inverse limits. If (X,, fas, A) is an inverse system of compact Hausdorft

spaces and u.s.c. set-valued bonding functions, then the generalized inverse

limit is denoted by
l.&n (Xaa fa,Ba A)

and we show that, together with the projections, is not necessarily an inverse
limit in the category CHU.

Definition 4.2 Let (X,, fas, A) be an object in the category inv-CHU. We

say that (Xa, fap, A) is an generalized inverse system.

Definition 4.3 Let (X,, fap, A) be a generalized inverse system. A subset

{a: € H Xo : Ta(2) € fap (m5(2)) , Vo < B}

acA
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of the Cartesian product ||
and is denoted by Jim (Xas fap, A).

aca Xa 18 called the generalized inverse limit

Let (X4, fas, A) be an inverse system (defined in Definition and
X, fag, A ) an induced generalized inverse system (defined in the same way
as a sequence in the comment after Definition [3.23). Again, in the same
way we get M <Xa, faﬁ, A) = lim (X,, fap, A) . Therefore, each inverse limit
of an inverse system is a generalized inverse limit of an induced generalized
inverse system.
In the following theorem we prove that I&H (Xa, fap, A) is really an object
of CHU.

Theorem 4.4 Let (X,, fap, A) a generalized inverse system. Then the gen-

eralized tnverse limit
l.gl (XCH fOé57 A)
is a compact Hausdorff space, i.e. lim (Xa, fap, A) € Ob (CHU) .

Proof. For each v € A, X, is a compact Hausdorff space, and therefore the
product H%A X, is a compact Hausdorff space. Since @ (Xas fap, A) is a
subspace of the Hausdorff space, it is also a Hausdorff space. We show that
Jim (Xa, fap: A) s a closed subset of the compact space [] ., X, to show
that it is compact. For all o, 5 € A, a < 3, let

Gop =T (fap) X H Xyz{xGHXW:xaEfag(xﬁ)}

veA\{a,5} ~EA

Since the graph I' (f,3) of fus is by Theorem a closed subset of Xz x X,
Gap is also a closed subset of [, X,,. It is obvious that

Y&H(Xa’faﬁ’A) = ﬂ Gaﬂ

a,BeA,a<f

and hence lim (Xa, fap, A) is a closed subset of [[ 4, X,. =

Now, we have a natural question: Is the generalized inverse limit an inverse
limit in the category CHU? Answer is negative as shown by the following
example (see [10, Example 4.3]).
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Example 4.5 Let A = N, X}, = [0,1], and let fyxi1 = f for each k € N,
where f :[0,1] — 2191 is the function on [0,1] defined by its graph

D(f) = {(t.) €[0,1] x [0,1] : £ € [0, 1]} U ({1} x [0,1]).

Also let X = I‘Ln([O, 1], firs1, N) and let p=(pp : X = X}, : ke N): (X) —
(X, frks1, N) be any morphism in inv-CHU. Then p : (X) = (X, fexs1, N)
is not an inverse limit in CHU.

Let Y = [0,1] be an object in CHU and let p = (g : Y — Xj : k€ N) be a
morphism in inv-CHU where pi(t) = [0,1] for each k and each t € Y. We

distinguish the following two cases.

(1) If there is a positive integer ig,such that 1 ¢ p; (x) for each x € X,
then suppose that ® is any morphism Y — X. Then ¢;,(t) = [0, 1] but
1 ¢ pi, (®(t)) for any t € Y. Therefore p ® # .

(2) If for each positive integer i there is x° € X such that 1 € p; (x'), then
let s € X be an accumulation point of the sequence (z');-,. We show
first that p;(s) = [0,1] for each i. Let k be any positive integer. Then
for each | > k, it follows from

[0,1) 2 pi. (2%) = fr (pu (")) 2 fu(1) 2 [0, 1]

that py, (xl) = [0,1]. Let (n;);~, be any increasing sequence of positive

integers such that:

— n; > k for each i;

— lim 2™ = s.
1—>00

It follows from py (x"™) = [0,1] that {z™} x [0,1] C I"(px) for each i.
This means that for each t € [0, 1], the point (z™,t) € T (pr) . Therefore
lim (2™,t) = (s,t) € I'(px) and hence pi(s) = [0, 1].

11— 00

Next, let ®,V : Y — X be the morphisms in CHU, defined by
O(t) = X, ¥(t) = {s}
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for each t € Y. It follows from

P (®(2)) = pr(X) = [0,1] = @x(t)

and
pr (U(t) = pr ({s}) = [0, 1] = px(?)

that p ® = ¢ and p ¥ = ¢. Therefore we don’t have unique morphism which

satisfies the equation from the definition on an inverse limit.

Note that in the second part of the previous example, U(t) C O(t) =
(ITeZ, ¢x(t)) N X holds true for each t € Y. The following lemma shows that

such an inclusion is not accidental. It will be used in the proof of Theorem

41T

Lemma 4.6 Let (X,, fag, A) be a generalized inverse system and let X =
@(Xa,fag,A). Suppose (po Y = Xo:a € A): (V) = (Xa, fap, A) is a
morphism in inv-CHU. Then ¢ : Y — 2% defined by o(y) = (HveA gp%y)) N
X for each y € Y, is a morphism in CHU such that for any morphism
U Y — X such that p, (V(y)) = va(y) for each o € A and for each
y €Y, U(y) C o(y) holds true for all y € Y.

Proof. See [10]. =

4.1.2 Weak inverse limits in CHU

In this section we introduce the notion of weak inverse limit in CHU, as
defined in [10], and show that @ (Xas fap, A) , together with the projections,
is a weak inverse limit in CHU. In the following definition we define a weak

commutation of a diagram in the category CHU.

Definition 4.7 Let X,Y,Z € Ob(CHU) and let f: X —Y,g: X — Z and
h:Z —Y be any morphisms in CHU. We say that the diagram
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N

h

Y

A

weakly commutes if, for any x € X, f(z) C (hog)(z) and denote it by
f=hog.

Example 4.8 Let f:[0,1] — 2% ¢ :[0,1] — 210U be identity functions on
[0,1] and let h : [0,1] — 219 be defined by h(x) = [0,1] for all x € [0,1].
Then the diagram

[07 1] T [07 1]

weakly commutes but does not commute.

In the following definition we generalise the notion of inverse limits in CHU.

Definition 4.9 Let (X,, fap, A) be a generalized inverse system. An object
X € Ob(CHU), together with the family (po : X — X, : a € A) of mor-
phisms p, in CHU is called a weak inverse limit of (X,, fap, A) provided

(i) for each a,f € A, a0 < B, fa g]Daﬂfza;

(i1) for any morphism (¢ 1Y — Xo :a € A) : (V) = (Xq, fap, A) in
inv-CHU and any morphism ¥ : Y — X such that p,V = @, for each
a € A it holds ¥(y) C (HweA gp%y)) N X, for eachy €Y.

Note that each inverse limit in CHU is always a weak inverse limit in CHU.

Example 4.10 Let X = I'Ln([(), 1], fui, N) be the generalized inverse limit
that we defined in Example[4.5. Then X, together with the projection map-

pings, is obviously not an tnverse limit but it is a weak inverse limit in CHU.
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We show in the following theorem that the generalized inverse limits together

with projections are always weak inverse limits in CHU.

Theorem 4.11 Let (X,, fop, A) be a generalized inverse system. Then the

generalized inverse limit
I.Ln (Xou fa,ﬁu A) )

together with the projections

Dyt @(Xav fap, A) = X, py ((xa)aeA) = {z,},
is a weak inverse limit of (Xa, fas, A) in CHU.

Proof. Let X = 1&1 (X, fap, A) . First, we prove (i) i.e. that f, = pasfs for
each a, 8 € A,a < . Choose any = € X and let a < 5. Then

Pa(7) = {za} € fap ({75}) = (fap 0 pp) (2)-

(ii) follows from Lemma (4.6, =

4.2 Induced functions and induced morphisms

Let CU be a full subcategory of CHU whose objects are compact metric spaces.
Let ZCU be a subcategory of inv- CHU which consists of inverse systems and
level morphisms.

Recall the following:

If o =(pn:Xn—YyneN): (men)zozl - (Ymgn)zo:l and ¢ = (¢, :
Y, = Z,),n € N) : (Yo, 00),-, — (Zn, hy),—, are two morphisms of ZCU,
then the composition ¢ o ¢ : (X, fu)ory = (Zn, hn )y 00 = (Yn 0 ¢y,
X, — Z,,N) is a morphism of ZCU.

We continue with the definition of functions induced by sequences of u.s.c.

functions.

Definition 4.12 Let (X,,, f,),—, and (Y,, g,),—, be inverse sequences in CU ),
X =lim (Xns fn)ory and Y = Jm (Yo, gn)oey their generalized inverse limits
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and let (@,) be a sequence of u.s.c. functions @, : X, — 2Y». For each
r=(z,) € X, put

O(z) = (H <pn(:cn)> ny €2, (4.1)

If ® is an w.s.c. function from X to 2Y, we say that ® is induced by (©,,).

The next theorem provides a simple criterion for recognizing induced

functions.

Theorem 4.13 We use the notation from Definition[4.14. Then ® is induced
by (©n) if and only if ®(z) # O for each x = (x,) € Jim ( Xy fr)oey

Proof. If ® : X — 2Y is induced by (¢,), then for each z = (x,) € X,
®(z) € 2¥. Therefore ®(z) # 0.

Now assume that ®(z) # () for each (z) € X. Since ®(z) is compact it is
closed in Y. Therefore the function ® : X — 2Y is well-defined.

Next we prove that ® is a u.s.c. function. It is sufficient to prove that the
graph I' (®) of @ is a closed subset of X x Y. It follows from the definition
of ® that

[(®) = {((xn) , (yn)) € X XY [ Vi € N,y € i (w:)} .
Let o : X XY — (X7 xY]) X (X5 x Y3) X -+ be defined by

a(z,y) = (1, 91), (T2,92), .- -)

forall z = (z,) € X and y = (y,) € Y.
Note that A : X XY — Im« defined by A (z,y) = «a(z,y) is a homeo-

morphism.
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We prove that A (I' (®)) is closed in Im A = A(X x Y).

A () = {((z1,41), (2, 92),...) v € X,y €Y, Vi € Nyy; € ¢ ()}
{((@1, 1), (X2, 92),...) | e X,yeY,Vie N, (z;,y:) €T (i)}
{( )

(z1,71), (T2,92),...) €L (1) x [ () x -+ |z e X,y Y}

I (1)

= ( xI'(p2) x -+ )N {((z1,91), (¥2,92),...) |z € X,y €Y}
= (I'(p1) x T (2

)X - )NAX xY).

The product
['(p1) X I (p2) x T'(p3) x -+

is a closed subset of (X7 X Y1) x (Xg x Y3) x -+ | therefore A (T" (®)) is closed
in A(X xY). It follows that I' (®) is closed in X x Y. m
The next theorem presents a commutativity-like condition under which & is

induced.

Theorem 4.14 Let (X, fn),—, and (Yy, g,),—, be inverse sequences in CU,
and let (©,) be a sequence of u.s.c. functions @, : X, — 2¥». If

(‘Pn © fn)(x> C (gn © Qpn-i-l)(x)

for each positive integer n and each x € X, 1, then ® defined by S
induced by (¢n).

Proof. By Theorem it suffices to prove that ®(z) is nonempty for
arbitrary x € lim (X, fn)y—,. For arbitrary x € Jim (X, fn), We construct
a point ¥y = (Y1, Y2, Y3, - - .) € ®(x) by an inductive construction of coordinates
y;. More precisely, by induction on i € N, we construct a sequence (y;) in Y;,
satisfying y; € ; (z;) and y; € g; (yi41) for each i.
We choose any y; € ¢1(z1); it can be done since ¢1(z1) is nonempty.
Assume next that we have already constructed y; € ¢; (x;). Now we

construct y; 11 € @1 (zi41) such that y; € g; (yiv1)-
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It follows from x € @ (X, frn)oe, that x; € f; (2;41). Therefore

yi € pilwi) € (gio fi) (wi) S (giogin) (wn) = (J  @().

t€pit1(Tit1)

Hence, there exists a point ty € ;11 (z;11) such that y; € g; (to). We take
any such o for y;11. =

This immediately leads to the following corollary.

Corollary 4.15 Let (X, fn).—y and (Yo, gn).—, be any objects of ICU, and
let the sequence () be any morphism of ZCU from (X, fr)oe; to (Yo, gn)re ;-
Then @ : lim (X, fr)or, — 213(%’9")20:1, defined by , is induced by (¢n),

n=1
00
n=1

meaning that ® : lim (Xny fr) ] — Jim (Yo, gn)ory is a morphism in CU.

Definition 4.16 The function ® from Corollary[f.15 is called the morphism
of CU induced by the morphism (p,) of ZCU and is denoted by & = 1&1(%)

Note that if (¢,,) is not a morphism of ZCU but the induced function ® is a
morphism of CU (that happens when (y,,) satisfies the conditions of Theorem

4.13) m ¢; does not exist.
The induced morphism lim(¢;) : Jim (X, Jo)or ) — Jm (Y, Gn),—, cannot

be defined simply by the formula
(im(g)) (21,22, 73,...) = | [ wilas) (4.2)
i=1

since the right hand side product of (4.2)) is not necessarily a subset of

Hm (Yo, gn),—,, as we show in the following example.

Example 4.17 Let X; =Y; = [0,1], let f; = g; = 1j0,1), where 191y : [0,1] —
200U s the u.s.c. function, defined by 1j11(x) = {x} for each x € [0,1], and
let @; : [0,1] — 201 be defined by its graph: T (¢;) = [0,1] x [0,1], for each
positive integers i. Then v1(x1) X pa(x) X @3(x3) X -+ is not a subset of
YLH (Ya, gn)le-

Proof. Obviously, g; 0 ;11 = ;o f; holds true for any positive integer i, and
therefore (,,) is a morphism of ZCU.
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Also, @(Xn,fn)le = @(Yn,gn)le = {(t,t,t,...) | t € [0,1]}, and

therefore

o(x1, T2, x3,...) = @1(x1) X pa(xe) X p3(x3) X -+ =1[0,1] x [0,1] x [0, 1] x - - -

is not a subset of @(Yn,gn)le (and therefore it is not an element of
PO g

This example shows also that cannot replace in the definition
of induced functions.

In the following theorem we prove that if each of the ;’s has a surjective
graph, then also ILH(%) has a surjective graph. Note that it is not required

that any of the functions f,, and g, have a surjective graph.

Theorem 4.18 Let (X, f,),—, and (Yy, g,),—, be any objects of ICU and
let the sequence (¢,) be a morphism of ZCU from (X, fn)—y to (Yo, Gn)oey
such that ¢; : X; — 2Yi has a surjective graph for each positive integer i.

Then l'glgoi has a surjective graph.

Proof. Let y = (y1,42,v3,...) € Jm (Yo, gn),—, be arbitrary. We construct a
point z € lim (X, fn)oo, such that y € (@(g@)) (x).

Let n be any positive integer. Since ¢, : X,, — 2¥* has a surjective graph,
there is a point z]! € X, such that y,, € ¢, (2]2). We choose and fix such an z7]..
Then by downwards induction we prove that for any k € {1,2,3,...,n — 1}
there is ) € X, such that y;, € p(2}) and 7} € fi(x}, ).

Let k be any integer from {1,2,3,...,n — 1}. Assume that 2}, , has
already been chosen in such a way that yr11 € @p1(2],,). Note that this
assumption is fulfilled for k =n — 1.

Since yr € gr(Yrt1) and Yrr1 € Yry1(2}y4), it follows that

Yr € (gx © SOkH)(mZH) = (¢r o fk)(xz-i-l)

Therefore there is a point z}; € X}, such that z7 € fi(z},,) and y, € pp(2})

and we fix one such z}.
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This construction yields

n __ n .n _.n n
a" = (2], X, XY, T Ty 2 Zngn Zpgy e EHXZ,

where 2" € X is arbitrarily chosen for each i > n. Then {™}22 | is a sequence
in the compact metric space ([[;~, X;, D). Let & = (21,29, 23,...) € [[1o; Xi
be any accumulation point of the sequence {z™}22 ;.

Next we prove that x € l'&n(Xn,fn)ZO:1 and that y € (@ gol-) (x). Let
{in}5°, be a strictly increasing sequence of integers such that

lim 2™ = x.
n—oo

First we prove that = € L m (X, f,),—,. Let m be any positive integer. Then
(z¥ |, x%) € T(f,) for each positive integer 4, > m. Since l1m ( Tk k) =
(Zma1, Tm) and since the graph I'(f,,) is closed in X, 11 X Xm, it follows that
(Tma1, Tm) € T(fim). Therefore x € l&n (Xns fr)oey

Finally we prove that y € (l&n gpi) (z). Let m be any positive integer.
Then y,, € ¢ (zik) for each positive integer i, > m. Therefore (%, y,,) €
['(¢m) for each ix, > m. Since hm (x * Ym) = (Tm, Ym) and since the graph
() is closed in X, X Y,,, it follows that (2, Ym) € ['(pm), and therefore
Ym € ‘Pm(xm>

It follows that (yi,y2,ys,...) € (an ¢;) (z1, 22, 73, ..) and hence l&n(@)
has a surjective graph. =

Next example shows that the function ® induced by (¢,,) need not have
a surjective graph if (¢,) is not a morphism of ZCU, even if each ¢;, f;, and
g; has a surjective graph and if g; o ;11 = ¢; o f; holds true for any positive

integer ¢ > 1.

Example 4.19 Let for each positive integer i and j > 1, X; =Y; = [0,1],
fi = g; = @i = 1pa, and let g1 : [0,1] — 201 be defined by its graph:
I'(¢1) = [0,1] x [0,1]. Then the function ® induced by (v,) does not have a

surjective graph.

Proof. Obviously, g; o p;11 = ¢; o f; holds true for any positive integer i > 1,
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and ¢ 0 f1(t) C g1 0po(t) for any t € [0, 1]. Therefore (1, @2, @3, .. .) induces
® defined by according to Theorem m
Obviously (0,1,1,1,...) € lim (Y,, Gn )y and Hm (X, ooy =A{(t,t,t,...):
t € [0,1]}. But ®(¢,t,¢,...) = {(t,t,¢,...)}, and therefore (0,1,1,1,...) &
O(t,t,t,...) forany t € [0,1]. m

In the rest of the section we study a rule F': ZCU — CU, defined by

(Xas fudniey = B (X, f)i2
(n) > lim (i),

In the following theorem we show that the rule F' is very close to being a
functor from ZCU to CU.

Theorem 4.20 Let (X, fu)r— i, (Yo, gn)ory and (Z,, hy),—, be any objects
of ICU, and
Y = (@n) : (men)zozl — (Ymgn)?:l

and
Y= (wn) : (Ymgn>zo:1 — (Zm hn)fzo:1

morphisms i ZCU. Then

1. F((1x,)) = 11&(&,&)2":1"
2. (F(¥) o F(¢))(x) € F(iho)(x) for all x € lim (X, fu)”s-

Proof. To prove (1), choose arbitrary = = (21,29, 23,...) € Jim (X fr)oey-
Then

F((Lx)) (@) = [] Ly () 03im (X, £)72 = {2} = Ljmox, g, (2):

To prove (2), let = € JHm (X, fn)oe, and let

2€ (F(W) o F(p)(z) = FW)[F()(@)] = |J FW)y)
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be arbitrary. Then

z € U (V1(y1) X a(y2) x -+ )N @ (Zns ha) e

ye(pr(e1)xp2(z2) X )Nhm(Yn,gn)n,

and therefore there is a point y € @(Yn,gn);’il such that y, € @,(z,)
and z, € ¥, (yn) for each positive n. It follows that z, € U,c,, () ¥n(t) =
(¢, © @) () for each positive integer n and hence z € F(¢ o p)(x). m

F is a functor if and only if (F(¢) o F(p))(z) = F(¢ o ¢)(x) holds
true for all z € Jim (X, fn)o, and all objects (X, fn)r—ys (Yo, gn),—, and
(Zy, hn),2, and all morphisms ¢ = (¢,) : (Xn, fu)oe; — (Y, gn).—, and
Y = (Y1, 2,03, ...) (Yo, gn)rey = (Zn, hy),—y of ZCU. In the following
example shows that this is not the case, hence F' is not a functor. We use
the notation from Theorem [4.20.

Example 4.21 Let for each positive integer n, X, = Y, = Z, = [0,1]
and let f,g : [0,1] — 209U be w.s.c. functions defined by f(t) = {t} and
g(t) = [0,1] for each t € [0,1]. Also let fi = hy = 1 = p, = g for each
n > 2 andlet o1 = foo1 = gn = hps1r = Yy = f for each n > 1. Let
2= (1,0,0,0,....) € lim (Xo, fu)2,. Then (F(1) 0 F(9))(@) £ P10 o) (a).

Proof. Let z = (1,0,0,0,...) € lim (Zy, h,),~,. Obviously z € F(¢) o p)(x).
Then, since ¢1(t) = {t} for each t € [0,1], y = (1,1,1,...) is the only
element in l'&m(Yn,gn)ff:1 such that y € F(g)(z). But, since F(¢)(y) =
[0,1] x {1} x {1} x --+ and 2z, = 0 it follows that z ¢ F'(¢))(y). Therefore

2 & (F(¢) o F(p))(x) and hence (F(¢) o F(¢))(z) # F(¢ o ¢)(z). =

4.3 An application

In the final section we study the following diagram.
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(OO SR U .
g1 9 93 9i g'
X2 7 X2 13 e 13 X2 1 12
g ) 93 93 g9’
X3 fi X3 3 X 3 X3 fi 1
g g5 93 g3 9

L

V

K1 f 1 K2 f 2 K3 f 3 o K

Theorem 4.22 Let X! be compact metric spaces, and let f7 : Xz-j+1 — 2X7,
gf : Xin — 2% be w.s.c. functions, for all positive integers i and j. Let also
for each j

L= gn (ijﬂfzj)jil
and for each i

Ki = I&H (Xij7gzj')j:1 .

2 r3
n)»Jni

If for each integer n, f, is the function induced by (f}, ) and g™ is

the function induced by (g7, g%, 9%, ...), then

1\ OO

L=lim (Lj’g]>j:1

and

are homeomorphic.
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Proof. Define the function H : K — L as follows:

H ((z,27,23,...), (23,23, 23,...), (w3, 23,23,...),...) = (3)
((z1, 23, 25,...), (2,23, 23, ...), (23,23, 23,...),...),
where (z},27,23,...) € K; and («},27,23,..)) € fi (aly, 2?23, ...

for each positive integer 1.

We will prove that H is a homeomorphism.

First, we prove that H is well-defined. We need to show that the right
side of is a point of L. The proof is in the following steps.

1. (x{,a:%,xé, ...) € L7, for arbitrary j € N;
2. (m{,xé,xé, ) e (x) R A AR ), for arbitrary j € N.

Let us prove (1).
Since (z},x?,23,...) € fi (wl,, 2?28 ,,...) = (H]Oil ff(xfﬂ)) NK;, it

follows that o7 € fj (21,,) for each i and j. Hence, (27,23, 2},...) € L.

It remains to prove (2).

Since (x!,22,23,...) € K;, it follows that for each i and j, 27 € ¢/ (!1").
Therefore (27,23, 23,...) € ([I, gl(x))) N LI = ¢ (x", 23" 23t for
all 7.

Hence, ((z1,z3,23,...), (x5, 23,22, ..., (23,23, 23,...),...) € L. So we
have proved that H : K — L is well defined.

In the same manner we prove that H' : L — K defined by

H' ((x%,xé,xé,) , (w%,x%,x%,) , (a:i’,xg,xg,) ,) =
((z1,21,23,...), (23, 25,23, ...), (w5, 25, 23,...),...),

is well defined. Since obviously H and H’ are both continuous and inverses

to each other, it follows that they are homeomorphisms. m

Corollary 4.23 We use the notation of Theorem [{.23. If for all positive
integers v and j
o fi*h = flogl,,
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then the spaces L and K are homeomorphic.

Proof. The claim follows by Theorem [4.22] since by Corollary there are
induced functions f,, and g" for each n. m

We conclude the section with the following theorem.

Theorem 4.24 Let X be any compact metric space and let f : X — X be a

e}

>, where =1 is the u.s.c. function

surjective mapping. Let L' = @ (X, Y
ft: X — 2% defined by its graph

L) =A{(z,y) € X x X | (y,2) € T(f)}.

Let o : L' — L' be the shift map, defined by

O'(tl, tg, tg, .o ) = (tg, t3, t4, - )

for each (t1,ta,ts,...) € L.
Then the inverse limit lim (L', 0).2, is homeomorphic to Jm (X, .

Proof.

We show first that the mapping (t1, ta, t3,...) — {o(t1,t2,t3,...)} can be
interpreted as an induced function and then we use Theorem to prove
that the inverse limit lim (L', o), is homeomorphic to lim (X, f);%,.

We use the notation that is used in Theorem [£.22] Let for all positive
integers 4,7, X! = X, g/ (t) = {f(t)}, and f/(t) = f~'(t) for each t € X.

Then, ¢"(t1,t2,t3,...) = ({f(t1)} x {f(ta)} x {f(t3)} x ...) N L' =
{(ta,ts3,ts,...)} = {o(t1,ta,ts,...)} for any (t1,t2,t3,...) € L'. It follows that
L = tim (L7, "), = lim (I, )22,

Let K = K,, = Jm (X, f).2, for each positive integer n. Next we show
that /" = lim (K fr)or ) = Jim (K',0'~1)",, where o’ is the shift map from
K’ to K'. Note that ¢’ is a homeomorphism, since f is single-valued, and
that o/~ 1(ty,to, t3,...) = (f(t1),t1, ta, ts,...) for each (t1,ty,13,...) € K'.

Then f,(t1,to, t3,...) = ({71t x {7 Ht)} x {fH(t3)} x .. )N K' =
{(f(ty),t1,ta,t3,...)} = {o" 7 (t1, Lo, t3,...)} for any (t1,ts,t3,...) € K'. Tt
follows that K = lim (I, fn),2, = lim (K',0""") 7

n=1"
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Since ¢'~" is a homeomorphism it follows that K = lim (K", o'~ s

homeomorphic to K’ = Jim (X, f);~,. By Theorem K is homeomorphic
to L, and that proves that @ (X, f).~, is homeomorphic to 1&1 (L' o).
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Chapter 5

Topological entropy for

set-valued functions

In this chapter we generalize the idea of topological entropy to closed subsets
of [0,1]*>. We show that when the closed subset of [0,1]* is the graph of a
continuous function f : [0, 1] — [0, 1], then the topological entropy of f with
our new definition of topological entropy is the same as that of the traditional
definition of topological entropy. We further compare the properties of the
new definition of topological entropy with those of the traditional definition,
and find that many of the same properties hold, but not all. We reduce the
problem of computing topological entropy in our context to one of counting
the “boxes” (elements of our grid covers) that certain sets generated by our
closed subset of [0, 1]? intersect.

Closed subsets of [0,1]? can be viewed as a closed relation, or a multi-
valued function, from a subset of [0, 1] to itself. We use techniques from
inverse limits and generalizations of inverse limits to define and investigate

topological entropy on closed subsets of [0, 1]2.

5.1 Mahavier product
All the results in this section are from [19].

Definition 5.1 Let Xy, X4,...,X,,n € N,n > 2 be topological spaces and
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A C Xox Xq,...,A, CX,_1 x X,. We define

Al*' . '*An = *zn:lAi = {(xg, . ,.Tn) € HXl . (.ﬁlfi_l,ﬂfi) S AZ,VZ = 1, R ,n}

1=0

to be the Mahavier product of A;;i =1,... n.

In particular, for n = 1 we put x;_; A = A.
Now we extend the definition to the Mahavier product of infinitely many

sets.

Definition 5.2 Let Xy, X1,...,X,,... be a sequence of topological spaces
and Ag, A1,..., Ay, ... a sequence of sets such that A; C X, 1 x X;,Vi € N.
We define

*2 A = {(xo, oty ) € X (o, wn) € 4 Ay VN € N}
=0

to be the Mahavier product of a sequence A;,i € N.

We see that
*?ilAi = {(%0,. R ) € HXZ : (xi,1,$i> € Al,vfl S N} .
=0

If A= {(a,b)} and B = {(b,c)}, then we write (a,b) x (b,c) to mean
Ax B ={(a,b)} x{(b,0)}.

Mahavier products have nice algebraic and topological properties, which
we list in the following propositions.

Here, X,Y,Z and W are topological spaces. A basic set in X x Y x
Z, X xY orY x Zis aset of the form Ax x Ay x Az, Ax x Ay or Ay x Az,
respectively, for some sets Ax C X, Ay CY and Ay C Z.

The "middle” space Y in the definition has a special role and we observe
projection maps from X XY, Y xZ and X xY x Z to Y as seen in the following
propositions. We denote those projection maps with my <, 7y, %%y <Y >4

respectively, but use my to denote all of them, if there is no confusion, to
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simplify notation. We also define the following: If G C X x Y, then 7¥ :
G — Y is the map defined by 7$((z,y)) = y for (z,y) € G, ie. 7 is the

restriction of Ty on G. For H C Y x Z, we define 7 in the same way.

Proposition 5.3 Suppose G is a subset of X XY and H is a subset of Y X Z.
Then GxH =(Gx Z)N(X x H).

Proposition 5.4 Suppose G is a subset of X XY and H is a subset of Y X Z.
Then Ty (G*H) =Ty (G) N7y (H) .

Proposition 5.5 Suppose G, J are subsets of X XY and H, K are subsets
of Y X Z. Then (GNJ)*x(HNK)=(GxH)N(J*xK)=(GxK)N(JxH).

Proposition 5.6 Suppose G, J are subsets of X xY and H, K are subsets
of Y X Z. Then (GUJ)x(HUK)=(GxH)U(JxK)U(GxK)U(JxH).

Proposition 5.7 Suppose G, J are subsets of X XY and H, K are subsets
of Y x Z. Then

(GU)*(HNK)=[(GxH)N(G*xK)|U[(JxH)N(J*K)]
and
(GNI)*x(HUK)=[(GxH)N(J*xH)|U[(GxK)N(JxK)].

Proposition 5.8 Suppose G C X xY,H CY x Z and L C Z x W. Then
(GxH)x L =Gx*(Hx*L). Hence, we may simply write G * H * L.

Proposition 5.9 Suppose G := G x G4 is a basic open subset of X XY and
H := Hyx Hj is a basic open subset of Y X Z. Then GxH = G X (Gy N Hy) X
Hj3 is a basic open subset of X XY x Z (which is empty if Go N Hy = ().

Proposition 5.10 Suppose G is an open subset of X XY and H is an open
subset of Y x Z. Then G * H is an open subset of X XY x Z (which may be

empty).
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Proposition 5.11 Suppose G is a subset of X XY and H is a subset of
Y x Z. Then

(X xY x Z2)\ (G H) = [(X x Y)\G) x Z] U[X x (Y x Z)\ H)]
U[X x (Y \ (1y (G) N7y (H))) x Z].

Proposition 5.12 Suppose XY and Z are compact Hausdorff spaces, G is
a closed subset of X XY and H is a closed subset of Y x Z. Then G x H 1is
a closed subset of X XY x Z (which may be empty)

Proof. Since G and H are closed, (X x Y)\Gisopenin X XY, ((X x Y)\ G)x
Zisopenin X XY xZ, (Y x Z)\Hisopenin Y x Z, and X x (Y x Z) \ H)

is open in X xY x Z. Since G and H are compact, we have that my (G) and

7y (H) are compact subsets of Hausdorff space and therefore closed. Hence,

Y\ (my (G)Nmy (H)) isopen in Y, and X x (Y \ (7y (G) N7y (H))) X Z is

open in X x Y x Z. The result then follows. m

Proposition 5.13 Suppose X,Y and Z are compact Hausdorff spaces, U 1is
open in the closed set G C X XY and V' is open in the closed set H CY x Z.
Then U %V is open relative to the closed set G x H.

Proof. There are (1) an open set U’ of X xY such that U'NG = U, and (2) an
open set V' of Y x Z such that V'NH = V. Now UxV = (U' N G)x(V' N H) =
(U *V')N(G*H),UxV"isopenin X xY xZ, GxH is closed in X XY x Z,
so (U'xVYN(G*H)=Ux*V is open relative to G x H. m

Proposition 5.14 Suppose X,Y and Z are compact Hausdorff spaces. Fur-
ther, suppose G and H are closed subsets of X XY andY x Z, respectively,
and K is a closed subset of Y. Then

(Gt (K) * (HNmy' (K)) = (78) 7 (K) « (o) (K).
Proof. Suppose x = (z,y,2) € (GNmy' (K)) « (HN7y' (K)). Then y €

K,(xz,y) € G and (y,2) € H, so we get (z,y) € (Wﬁ)fl (K) and (y,2) €
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(7?{3’)71 (K). Then x = (x,y,2) € (wﬁ)’l (K) (W?)fl (K). Tt follows that
(G Nyt (K)) * (H Nyt (K)) © (78) 7 (K) * (o) 7 (K)

Suppose x = (z,y,2) € (WG)fl (K) (7?51)71 (K). Then we have y €
K, (r,y) € G, and (y,2) € H, so (z,y) € GNmy' (K) and (y,2) € HN
Ty (K). Then x € (GNmy' (K)) * (H N7y (K)) and

(7$) 7 (K) » (7)) T (K) € (G Nyt (K)) « (H N7yt (K))

The result follows. =

Proposition 5.15 Suppose that S C Y. Then
XY X -1 X -1 X -1
(3 7)) () = (7)) (S) * (my 7)) (S).

Proposition 5.16 Suppose that X,Y and Z are compact metric spaces. Sup-
pose that G and H are closed subsets of X xY and Y x Z, and d; and
dy are (compatible) metrics on X XY and Y X Z, respectively. If € > 0,
let N.(G) = {x € X xY : there is some z in G such that d\(x,z) < €} and
N.(H) = {x €Y x Z: there is some z in H such that dy(x,z) < e}. Then
Mooy (N-(G)# No(H)) = G H.

Proof. Suppose x € (.., (N(G)x No(H)). If xg = 7xxy(x) and xg =

Tyxz(X), then x¢ * xg = x. Then for each ¢ > 0,xg € N.(G) and xy €
N.(H). Thus, xg € G,xy € H,andx € GxH. Then (.., (N-(G) * N.(H)) C
G+ H. 1t is easy to see that (.., (N-(G) * N.(H)) D GxH. The result follows.
u

Proposition 5.17 Suppose G C X XY, H CY x Z, and T is a topological
space. If g: T — G and h: T — H are continuous and wy (g(t)) = my (h(t))
for eacht € T, then gxh : T — G* H, where (g h) (t) = g(t) x h(t) for each

t €T, is continuous.

Proof. Since for each t € T, 7y (¢(t)) = 7wy (h(t)),g = h is well defined.
Suppose t € T, and U := Ux x Uy x Uy is a basic open set in X XY x Z that
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contains g(t) x h(t). Then U N (G * H) is open in G * H. Since g and h are
continuous, there are open sets V7 and V5 in T, both of which contain ¢, such
that g (V1) CGN(Ux x Uy) and h(Va) C HN(Uy x Uz). Thent € V1N V3,
an open set in 7', and, if s € Vi N V5, g(s) x h(s) € UN (G H) . The result
follows. m

At the end of this section we outline the connection between generalized
inverse limits defined in the Section and Mahavier products.

Let (X;, f;);2, be a generalized inverse sequence and put G; := I(f; ') =
{(zs,zi41) @ (i1, 25) € T(fi)} € X; x X;q1. It follows directly from the

definitions of a generalized inverse limit and a Mahavier product that
@ (Xla fz);.il = *?ilGZ‘.

Hence, the generalized inverse limit itself is a Mahavier product.
Mahavier products also make it easy to discuss finite generalized inverse

limits (something that is not observed in the standard case) and their subsets.

5.2 'Topological entropy using open covers

In this section, the traditional version of topological entropy (due to Adler,
Konheim, and McAndrew [I]) is reviewed and together with its properties,

following to a large extent the discussion in Peter Walters’ book [41].

First, we list all notions we need for this section.

Definitions 5.18

o [fa is a finite collection of sets, define N*(«) to be the cardinality of the
collection ov. If o is an open cover of the compact topological space X,
let N(«) denote the number of sets in a finite subcover of av of smallest
cardinality. Define the entropy H(«) by H(a) = log N(«).

e If « is a finite collection of open sets that covers the set GG, subset of a
topological space X, then a subcover o' of G in « is minimal if there

does not exist a subcover of G in a of smaller cardinality.
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e [f o and B are open covers of a space X, define the join oV (3 to be
the collection

aVB={ANB:A€aBep}

of open sets. The join aV [ is also an open cover of the space X. We
can likewise define, for a finite collection (a; : i = 1,...,n) of open

covers of X, the join V}_,cy, for any n € N,n > 2.

e If a and [ are open covers of the compact topological space X, then «
s a refinement of B if each A € « is contained in some B € 5. We
will say that B < a and also that o > 3. Note that if « is a subcover of
X in B, then a is both a subcollection of 5 and a refinement of 5, and
b < a.

e If X is a compact topological space, o is an open cover of X, and

f: X — X is continuous, then f~'(a) is the open cover consisting of

all sets f~Y(A) where A € a.. Also,

fHavB)=f"a)Vv f7(B) (*)

and

a < B implies f~H(a) < f7H(B).

We denote aV f~H(a) V-V [T () by VI f ().

Remarks 5.19 Suppose o and 5 are open covers of the compact topological

space X. Then
1. H(a) > 0.
2. H(a) =0 if and only if N(a) =1 if and only if X € a.
3. If a < B, then H(a) < H(B).

4. H(aV p) < H(o) + H(B).
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5 If f: X — X is a continuous map, then H(f'(a)) < H(a). If f is
also surjective, then H(f'(a)) = H(a).

Proof. (See [41] for proofs of 3., 4., and 5. above.) =
We will need the following lemma, which is used in the proof of Theorem
5.21], and in our results.

Lemma 5.20 [/1] If (an)n>1 is a sequence of nonnegative real numbers such

that an1p < an + a, for each n,p € N, then lim = exists and equals inf®*.
n—oo n

Proof. Fix p > 0. Each n > 0 can be written as n = kp+1 for some 0 <17 < p.
Then we have

In _ Qirkp G Gy o G Ky G0 G
n i+kp~kp kp " kp kp " kp p’

If n — oo, then k — o0, so we have

. a a
limsup — < -2,
n n p
and hence

. a .. a
limsup — < inf 2.
n n p p

Since

.o a . . pa
inf £ < liminf —=,
PP noon

it follows that lim “* exists and is equal to inf %=. m
n n

Theorem 5.21 [f1] If o is an open cover of X and f : X — X is continuous,
then

lim
n—oo

H(Viof'(a))
n
exists.

Proof. If we set
a, = H (VI3 (@)
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then by the Lemma it suffices to show that a,., < a, + a for k,n > 1.
We have

i = H (V257 (a))
< H (Vi) f () + H (f" ViZy f7(a)) by Remark (4) and
< a, + a by Remark (5) .

Definition 5.22 If a is an open cover of the compact topological space X,
and f : X — X s continuous, then the entropy of f relative to «, denoted
by h(f, ), is given by

h,(f, CY) — lim H<v?:0f_i(a)) .

n—00 n

Remarks 5.23
1. h(f,a) > 0.
2. Ifa < B, then h(f,a) < h(f,B).
3. h(f,e) < H(a).

Proof. See [i1]. m

Definition 5.24 If f : X — X is continuous, the topological entropy
h(f) of f is given by
h(f) =suph(f,a)

where a ranges over all open covers of X.
Remarks 5.25
1. 00 > h(f) > 0.

2. In the definition of h(f) one can take the supremum over finite open
covers of X. This follows from the fact that if « < B, then h(f,a) <

h(f.5).
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3. Ifidx denotes the identity map from X to X, then h(idx) = 0.
4. If Y is a closed subset of X and f(Y) =Y, then h(f|Y) < h(f).
Proof. See [{1]. m

Theorem 5.26 [/1] If X, Xs are compact spaces and f; © X; — X; are
continuous for i = 1,2, and if ¢ : X1 — Xy is a continuous map with
o(X1) = X and o fi = fao, then h(f1) > h(f2). If ¢ is a homeomorphism,
then h(f1) = h(fs).

Proof. Let a be an open cover of X5. Then

(fo0) = Tim ~ H (Vi (o)
==h31%ff(¢_ Vs £ (@) by (5)
= lim %H (Vg™ f5 () by ()
= lim %H (Vidg fiio™H(a))
=h(fi,o7" (@)

Hence, h(f2) < h(f1). If ¢ is a homeomorphism then ¢! f, = fi¢~! so, by
the above, h(f1) < h(f2). m

Theorem 5.27 [J1] If f : X — X is a homeomorphism of a compact space
X, then h(f) = h(f™).

Proof.
<fa—£gnHW (@)
= lim nH (S (Vi f (@)
= Jim 2 (VI )
= H(f ™, a).
u
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Theorem 5.28 If f : X — X 1is a continuous map of a compact metric
space X, then h(f™) =nh(f).

Proof. See [41], Theorem 7.10. m

5.3 Topological entropy of closed subsets of
0, 1]

5.3.1 Background and notation

Sometimes it is convenient to index our factor spaces, sometimes not. Suppose
for each integer i > 0, I; = [0, 1]. The Hilbert cube is I = [0,1]* =[] L.

We often need to talk about various projections from a subset of I into
an interval or a product of intervals. Unless it leads to confusion, for a subset
X of I*°; and a point = = (zg,x1,...) in X, m;(z) = x;. (That is, we do not
specify the momentary domain of 7;.) Likewise, if N is a positive integer,
r = (zo,71,..7y), © € X C IN*L then m;(x) = ; for 0 < i < N. Also, we

make following definitions.

e We use both N and Z* to denote the positive integers.

e Let m,n be integers and 0 < m < n. Put (m,n) = {m,m+1,...,n},
and we call (m, n) the integer interval from m to n. Then 7, »y(z) =
(T, Tt 1 -y T ). We define (m, 00) to be the set {m,m +1,...}.

e Let A = {ny,ns,...} denote a subset of the nonnegative integers (not

necessarily listed in order, and either finite or infinite). Then 74(z) =

(Tnyy Trgy o)

e If A is a subset of the space X, then A° denotes the interior of A in X,
and A denotes the closure of A in X.

e Suppose x = (zg, T1, ..., Ty) is a point in 1" and (yo, 91, ...) is a point

in I°. Then we define x @ y to be the point (zo, ..., Tpn, Yo, Y1, -..) in 1°°.
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oo |mi(z)—mi(y)l

e The metric we use on I is d(z,y) = > .-, > , where = and y

are points in 1.

e The shift map o : I — I is defined by o ((z, 1, 2, ...)) = (21, T2, ...).
The shift map takes °° continuously onto itself. Also, if f : I; — 2%i—1
for each ¢ > 0, and M = limf, then o(M) = M (for proof see [22] p.

<—

62]). Hence, M is invariant under the action of o.

e For A C Iy x I, define A~ = {(z,y) : (y,z) € A}. More generally, if
N is a positive integer and A C Hi]\io I;, then we define

A_l = {(.Z‘N,QZ’N,M N ,.1'1,33’0) € Hi\io [z . (330,1'1, ce 7$N—17xN) S A} .

e Suppose X, Y are topological spaces, and « is a collection of sets that
covers X. Then o x Y denotes the collection {A x Y : A € a}, which
covers X X Y.

e Suppose « is a collection of (open) sets in the space X, and H C X.

PutanH:={ANH:Aca}

5.3.2 Preliminary results

Before we define topological entropy we need some background information

on the closed sets and open covers we are using.

The following examples demonstrate that if G is a closed subset of [0, 1)?,
then

1. it may be the case that G := x2,G = () (and that G is of limited

interest), and

2. even if G :=*2,G # (), it may be the case that o(G) # G.

Example 5.29 Suppose G is the closed subset [%, 1] %[0, %] of I; x I;11. Then
G :=+2,G=10. In fact, GxG = 0.
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Example 5.30 Let Lo = Iy x {p} and Ly = Iy x {q}, where 0 < p < ¢ <
1.Suppose G is the closed subset Lo U Ly of Iy X I;. Then G := x2,G is a

Cantor set of arcs, and o(G) is a Cantor set and is a proper subset of G.

Proof. Let C' = {s = (s1,82,...) : s; € {p,q} for each i > 0}. Then C is a
Cantor set contained in G. Moreover, for each s € C, Iy x {s} is an arc
contained in G, and G = U{Iy x {s} : s € C'}. Hence, G is a Cantor set of
arcs. Since 0(G) = C, C'is a proper subset of G. m

Proposition 5.31 If G is a nonempty closed subset of Iy x Iy, then G =
*2,G # 0 if and only if for every integer m > 2, ¥ G # ().

Proof. If G = x°,G # 0 it follows from the definition that x/*,G # 0,Vm €
N. Now, suppose ;G # () for every integer m > 2. We will inductively define
point in G = %2, G. First observe the following: If (zo, ..., Zm_1,Tm) € *2,G
for some integer m > 2 then (z¢,..., T, 1) € ¥/ 'G. (%)

For m = 2 we have G x G # () so from the above it follows that there is a
point (z,y) € G and z € [0,1] such that (z,y,2) € GxG.

Now, for given m = k we have that «*_ G # (). So, there are points

(o, 21,...,7%) € ¥_,G and x5, € [0,1] such that (zg, 21, ..., Tk, Thy1) €
* LG, This follows from (%) and assumption x~='G # (.

Therefore we constructed a sequence xg, z1, ..., Tk, ..., such that for each
positive integer m > 2, (zg,x1,...,Ty) € *G ie. (o, T1,...,%k,...) €

*x2 G Therefore we have G = x2 G # (). =

Proposition 5.32 Let G be a nonempty closed subset of Iy x Iy. If there is
some point (z,y) € G such that (y,x) is also in G, then G = x2,G # .

Proof. Let (z,y) € G such that (y,z) € G. Then, for each integer m > 2 we
have that (z,y,z,y,...,2) € x,G if m is even or (z,y,x,...,y) € x,G if
m is odd. In both cases "G # 0 and therefore, from Proposition it
follows that G =2 ,G # 0. =

Corollary 5.33 IfG = G}, where G™! = {(y, ) : (x,y) € G} is a nonempty
closed subset of Iy x I, then G = x2,G # ().
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Proof. Since G # (), there is some point (z,y) € G. Since G = G, the
point (y,z) € G. From previous proposition it follows that G # (). =

Proposition 5.34 Suppose n is a positive integer. If G is a nonempty closed
subset of Iy x Iy that contains a finite set of points {(xo,x1), (x1,22),...,
(Tn_1,0), (Tn, z0)}, then G = x2,G # 0. Furthermore, G contains a point

x of period n under the action of o.

Proof. The point (xg, 1,...,Tn, Tos- -, Tn,...) € G, 50 G # 0. Let yo =
(zoy...,xy) and y, = (Tp,To,T1...T4—1). For each 0 < ¢ < n, let y; =
(Tiy ooy Ty Toy - Ti—1). For 0 <i<m,let z; =y; Dy; ®y; ®.... Then each
zi € G, and o(z;) = 241 for 0 <i < n, and o(z,) = 2o. Hence, 0™(z) = 2.

Proposition 5.35 If G is a nonempty closed subset of Iy x I and G =
*2.G £ 0, then 0(G) C G.

Proof. Suppose z = (z¢, x1,...) € 0(G). Then there is y = (yo,v1,...) € G
such that o(y) = . Now o(y) = (y1,¥2,...) = x, so z;_1 = y; for each
i > 0. Since y € G, for each i > 0, (y;—1,y;) € G. Then for each i > 1,
(Yic1,yi) = (x;_2,2;1) € G. Thenz € G. =

Proposition 5.36 Let G be a nonempty closed subset of Iyx 11, G = x2,G #
0 and N2,0'(G) = G*. Then G* # 0 and G* C G. Furthermore, o(G*) =
G*.

Proof. Since ¢"(G) C " }(G) for n > 0 and ¢"(G) is closed for each
n € N, we have G* # () and G* C G. It remains to prove that o(G*) = G*.
Let z € 0(G*). Then # € 0 (N,0H(G)) C NZ,0 (6(G)) = N2, (G)
NZ,o'(G) = G*.

Now, let x = (z1,x2,...) € G* = NX,0"(G). In particular, it follows that
x = (x1,%2,...) € 0(G) and similar as in the proof of the previous proposi-
tion we get that there is xy € [ such that (zg,z1,2,...) € G. Continuing

in the same way we get that (zg,z1,22,...) € ¢"(G),Vn € N. Therefore,
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(xg, 1,22, ...) € G*. Finally, z = o((xg, x1,22,...)) € 0(G*). =

For G is a nonempty closed subset of Iy x I; and G = %2, G # ), we will
call the set G* = N,0'(G) the kernel of G.

5.3.3 Grid covers

Suppose G is a closed subset of I*°. Let 7 = {T1,...,T,} be a minimal
open cover of [0, 1] by open intervals. Let N be a positive integer. The grid

generated by 7 for N is the collection 7 of basic open sets in I
T={T;\, xT;, x...xT;, x I :i; € (1,n)}.

Since T is an open cover of I°° by basic open sets, it is therefore also a cover

of G by basic open sets. We will say that 1" is a grid cover of G. Likewise,
S={Ti\y xT;, x...xT;, :i; € (1,n)}.

is a grid cover of I"*! by basic open sets, and is also therefore a cover of

any closed subset K of TN+,

Proposition 5.37 Suppose G is a closed subset of I*°. If a is an open
cover of G by open sets in I, then there is a grid cover T of I such that
T ={TeT:TNG#0} refines a and covers G. If o is an open cover of
G by open sets in the subspace G, then there is a grid cover T of I*° such
that T* ={TNG:T € T} refines ' and covers G.

Proof. Suppose « is an open cover of G by open sets in I*°. Then there
is a collection 8 of basic open sets in I*° that refines o and covers G. We
also assume that for each B € f3, each projection m;(B) is an open interval
(relative to [0, 1]). Since G is compact, there is a finite subcover 5’ of /3. Let
B ={Bi,...,By,}. G iscompact metric space with inherited metric that on
I so there is a collection ¢ of basic open sets such that 6 = {Dy,..., Dy},
D, C B, for 1 <i <m, and § covers G. Again, we can choose the collection

d so that for each D € §, each projection (D) is an open interval relative
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to [0,1]. Since each D; is a basic open set, there is some positive integer N
such that 7;(D;) = I for each j > N.

Let 74 (D;) = [a;x, bix] for each 0 < k < N, 1 <i < m, and let

E={rv:ve{apbir},0<kE<N1<i<m}u{0,1}.

Since £ is a finite subset of I, we can list the members of £ in increasing
order as & = {0 = tg,t1,...,t; = 1}. Then each m(D;) is a unique union of
consecutive intervals of the form [¢t;_,t;]. If = (29, 21,...) € G, there is
some D; such that z € D;, which implies that for each k < N, z;, € mx(D;),
and there is some ¢;, such that @ € [t;,,t;, 11]. Thus, 2 € []_[t;e, ts1] X
1.

Suppose € > 0. Let mx(D;)* = (aix — €, b, +€)N[0,1] foreach 0 < k < N,
1 <i<m. Let D} =[[_,m(D:)* x I*®*. We can choose ¢ > 0 so small

that

{|tit+1—t;] : i=0,...,1—1}
16

(1) € < min , and

(2) D; C D} C B,.

Then each D is a union of members of

N
T = {H((t.]z — &l + E) n [07 1]) X I%:j; € <Ovl>} :
i=0
Hence, if 7" ={T €T : TNG # 0}, then T > § > 3> « and T’ covers G.
Now let us prove the second part.
Suppose o is an open cover of G by open sets in the subspace G. Then
there is an open cover a of G by open sets in I°° such that a NG = «’.

Now we apply the statement proved above and get T*as 7' NG. m

Proposition 5.38 Suppose m is a positive integer and G is a closed subset
of I™*L. If o is an open cover of G by open sets in 1™V, then there is a grid
cover T of It such that T' = {T € T : TN G # 0} refines a and covers G.

If o is an open cover of G by open sets in the subspace G, then there is a
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grid cover T of I such that T* ={T NG :T € T} refines o and covers
G.

Proof.

The proof is similar to the proof of Proposition but for the complete-
ness of the thesis we present it.

Suppose « is an open cover of G by open sets in I*°. Then there is
a collection [ of basic open sets in I*° that refines o and covers GG. We
also assume that for each B € (3, each projection 7 (B) is an open interval
(relative to [0, 1]). Since G is compact, there is a finite subcover 3’ of 5. Let
' ={B,...,B,}. G is compact metric space with inherited metric that on
I, so there is a collection § of basic open sets such that 6 = {Dy,...,D,},
D, C B; for 1 <i < p, and § covers G. Again, we can choose the collection
d so that for each D € §, each projection (D) is an open interval relative
to [0, 1].

Let mx(D;) = [aix, bix) for each 0 < k < m, 1 < i < p, and let £ =
{x:xe{agbir},0<k<m,1<i<p}uUi{0,1}.

Since £ is a finite subset of I, we can list the members of £ in increasing
order as & = {0 = to,t1,...,t = 1}. Then each 7 (D;) is a unique union of
consecutive intervals of the form [t;_q,¢;]. If x = (xg,x1,...,2,) € G, there
is some D; such that o € D;, which implies that for each k < m, x), € m(D;),
and there is some t;, such that zj € [t;,,¢;,41]. Thus, = € [[} ,[ts., tjo+1]-

Suppose € > 0. Let m,(D;)* = (aix — €, b +€)N[0, 1] for each 0 < k < m,
1 <i <p. Let Df =T[,m(D;)*. We can choose € > 0 so small that

¢ < min =t :15:0"“’1_1} and D; C Df C B;. Then each D; is a union of

members of

N
T - {H((tﬁ - E,th_l + 6) N [0, 1]) : jz S <O, l>} .
i=0
Hence, if 7" ={T €T :TNG # 0}, then T' >0 > 3> «a and T’ covers G.
Proving the second part now follows easy.
Suppose o is an open cover of G by open sets in the subspace G. Then

there is an open cover a of G by open sets in I°° such that a NG = «’.
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Now we apply the statement proved above and get 7* as 7' N G.

[ |

For a grid cover T of ™! or I°°, we refer to the members of 7 as boxes.
Setting up the machinery for a definition of topological entropy of GG, a closed
subset of [0, 1]? (and later for G a closed subset of I"™*1) takes some doing,
but once in place, we will be able to compute topological entropy by “counting”

the boxes our relevant sets intersect.

5.3.4 Main results

We index our intervals for bookkeeping purposes. For convenience, we also
write I for [, I; (for m a positive integer). Suppose G is a closed subset

of Iy x I;. We can define the topological entropy of G as follows:

1. First, let o« = {A4,..., A,} be a minimal open cover of I by intervals.

Then N*(a) = n. For each positive integer m > 1, let

m—1
04m_{HAkj:kje(l,m,Ogjgm—l}.

J=0

2. If K is a closed subset of [[1," I; (m > 1 a positive integer or m = o),
and 3 is a collection of open sets in H?l_ol I; that covers K, let N (K, f3)

denote the least cardinality of a subcover of K in f.

3. Then o = {A; x A; :4,j € (1,n)} is a cover of G by open subsets of
Iy x I, and N(G,a?) < n%

4. Now
043:{142'0 XAil XAiQ Tl € (1,n>,0§ k< 2},

is a cover of G x G by open sets in H?:o I; and N(G* G, a?) <nd.

3

5. Note that a?*xa? contains more sets than does o since it contains sets of

the form (A; x A;)x (A x A;) for i, j, k, 1 <n,and (A; x A;j)*(Ax x 4;) =
A; x (A;NAg) x A;, which is nonempty as long as A;N Ay # (). However,

a minimal subcover of GxG in o xa? has the same number of elements
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as a minimal subcover of o, since each set A; x (A; N Ag) x A; is

contained in at least one member of 3.

6. We can continue this process for each m € N:

am“:{HAkj:kje<1,n>,0§j§m} (+)

j=0

is an open cover of ¥ G and N(*™,G, ™) < p™F1. Again, a mini-
mal subcover of ¥ ;G by elements of ¥ a? has the same number of
elements as a minimal subcover of ;G by elements of a™*!. Since
using the cover ;a2 is sometimes more convenient, we continue to
use both covers. Without loss of generality, we assume that a mini-

mal subcover (in both a™*! and % ,a?) consists of sets of the form

H;‘nzo A,

In several following statements, to simplify notation, we will denote el-
ements of ™! m € N, with A7"! for some positive integer i instead
as in if particular sets Ay, are not important for proofs. Likewise, if
gt = {H;”ZO By, i kje(1,n),0<j < m}, we denote its elements with

m+1
Bt

Proposition 5.39 Suppose G is a closed subset of Iy x I;. Let o = { Ay, A,
..., A} denote a minimal open cover of 1y by open intervals and let G =

(e}
*2.G.

(i) For each positive integer m, 0 < NG, a™™) < n™H If G £ 0,
0 < N",G o™,

(ii) If G £ 0, 1 = NG, o™ if and only if there is a finite sequence
A A, Ay (with each 1 < j; < n) such that G C (Aj, x ... X

Ajm) X [°.

(i11) If o, B are both minimal open covers of Iy by open intervals and o < 3,
then for each m > 0, N(x" G, a™) < N(x",G, gm™11).
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Proof. First two statements are obvious so let us prove the third one. Let
k=N G, ™) and {BP, Byt L B} be a subcover of 7, G in

B! of minimal cardinality. For each 1 < i < k, there is some A;"H € amtl

such that B/"*' C A" Then {A7"*', AP*', ... A7} is a subcover of
*™ G in o™t of cardinality k. Hence, N(*™,G,a™ ) < N(x™,G, ™).
m

Proposition 5.40 If « is a minimal open cover of Iy by open intervals, k1

are positive integers, and K C x_ G, L C ¥._,G, K, L are closed, then o*!

: k+1 . k41 .
ol is a cover of [[;" I; and of K x L by open sets in [[, - I;, as is (x£_,a?) %

(*_,0?) = <2 Furthermore, N(xM G o1+ = N((+G +la?) <

(3 1=

N(*§:1G> akH)N(*é:lG) Ole) = N(*§:1G7 *5:10‘2)]\7(*2:16:’ *2:1042)'

*

Proof. Showing that of*! x o! and (x%_,a?) » (¥_,a?) = *Ta? are open

covers of Hf:é I; and of K x L by open sets in Hf:é I; is straightforward. Let
{AF!, A5, ., AR be a subcover of #£, G in o' of minimal cardinality
and let {B{™ By ... B} be a subcover of x._;G in a'*! of minimal
cardinality. Then {Af“ * BJHI 1<i<p1<5< q} is a subcover of x/11G
in o+ and

NG, M) = NGFH G i a?)

S N(*§:1G7 O/H_l)N(*é:lG? al+1)

:N(*?:1G7 *5:1()(2)N(*£:1G, *é:1a2)'

=

Equalities above follow from the 6th step at the beginning of this section. m

Proposition 5.41 If o, 8 are both minimal open covers of Iy by open inter-
vals, then for each m > 0, o™t v g™ = (a Vv )™ and N(+x",G, o™t v
) < N+ G o™ N (62, G, ).

Proof. Showing that (a V 8)™ = o™t v g™+ is straightforward and we
omit it. Let {A7F, AZF ... A7} be a subcover of 7, G in o™ of min-
imal cardinality and let {B{**", By, ..., B/""} be a subcover of ;G in

BmH of minimal cardinality. Then {A7'N B;”H 1<i<k1<j<li}
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is a subcover of ¥™,G in o™t Vv g7 and N, G, o™t v gmrl) <

N(*;ZIG’ aerl)N(*;llGa ﬁerl)'

Proposition 5.42 If K is a closed subset of G C Iy x Iy, m is a positive
integer, and o = { Ay, ..., A} is a minimal open cover of 1y by open intervals,
then N> K,a™™) < N, G, o™,

Proof. Suppose {ATH, AT ,AZLH} is an open subcover of minimum
cardinality of + |G in /. Since x| K C +7, G, { AP AP AP
is also an open subcover of K. Hence, N(*™,K,a™™) < N(*™,G,a™). =

Proposition 5.43 Supposel andm are positive integers and o = {Ayq, ..., A, }
is a minimal open cover of Iy by open intervals,. Then o' is a grid
cover of x_ G, o/t is a grid cover of ¥1'G, and o/t x [["1) I, is an
open cover of * TG, Then N(x_,G,aMt1) < NG, oMt x T[T, L) <

i=l+1
N( H—mG al-l—m-i—l)

k

!

Proof. Suppose {A”l x [0 L } is a subcover of x.IT'G in o/ x
J=1

H?’ﬁl I; of least cardinality. Then {A%" 1} _, is asubcover of _,G in o/,

Hence, N(x_,G, /™) < NZEMG, oM+t x [T, I). Since o™+ refines

i=l+1
I+1 l+m l+m +1 I+m l+m I+m+1
o X [T; 54 £i; we have N(x il G at T, S i) < N(«ZPGLa ).

The result follows. m

Theorem 5.44 If a = {Ay,..., A} is a minimum open cover of Iy by
intervals, G is a closed subset of Iy X Iy and G # 0, then

i log N(*™,G, a™*1) _ lim log N (¥, G, *™,a?)

m—0o0 m m—r0o0 m

exists.

Proof.
Let a,, = log N(x",G, a™) = log N(x,G,*™,a?) for each m € N.
Then 1 < N+ ,G,a™) < n™ so

0 < a,, = log N(¥,G, o™ < (m + 1) logn.
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By Lemma |5.20} it suffices to show that a,,.r < a,, + ax. We have

o™t (¥2y0®) % (*?jfﬂ‘)ﬂ%

m—+k

m 2 2 ; m+k+1
because (*72;a%) % (xj=; " ;%) contains more sets than does o

since it
contains sets of the form (A x -+ x Ay, X Appyr) * (A1 X Appya X -+ X

, .
A1) = (A XX Ay X (A mAerl) X Apga X -+ X A yiy1), which
is nonempty as long as A,,41 N A}, # 0. However, a minimal subcover of
*, G in o™ and in (7 02) < (%HF  a?) has the same number so we
have

N(ZPG, ™) = NG, (hL10%) * (2 107)).-

Since N(*™,G,a™) is the cardinality of a minimal subcover of ;G

in +™,a% and N (¥ G, a*1) is the cardinality of a minimal subcover of

k _  m+k . m+k 2 m 2 m-+k 2\ m+k .
xi G = w0 G in x0T ot (KL af) (ko) is a cover of x21"G in

14" 1, Thus,
NIRG, o) = NG, (02 0%) * (k7255 10?))
= N(*;?SkG, (*7;102) * (*§:1a2)) < N(x%,G, *£1a2)N(*§:1G> *leaQ),
and we have

Am+k = log(N(*?SkG, am+k+1)) < log(N(*?ilG,*’;1@2)]\[(*?:1(}',*?:1@2)) =

log(V (2, G #72,0%) + log (N (+, G, #4,0%)) = 4 + .

n
Following the notation in Theorem for G # 0, define ent(G, «) to be

log N (" m+1
ent(G, ) = lim og N, G a )

m—0o0 m

If G =0, define ent(G, ) = 0.
Remarks 5.45
1. ent(G,a) > 0.
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2. If a < 3, a,, B both minimal covers of Iy by open intervals, then
ent(G, a) < ent(G, §).

Proof. The first statement is obvious. Let us prove the second one. For each
positive integer m, o™ < ™. If {B{"*',..., By"*'} is a minimal subcover
of ¥ G in ™!, then for each 1 < i < k, there is some A" € a™*! such
that B"*" C A7*'. Thus, { A7, ..., A"} is a subcover of +/, G in o™,

and ent(G, ) < ent(G, (). =

Corollary 5.46 If K is a closed subset of G C Iy x Iy, m is a positive integer,
and o = {Aq,..., A} is a minimal open cover of Iy by open intervals, then
ent(K, o) < ent(G, ).

Proof. This follows directly from the fact that N(*, K, a™*!) <

N(™, G, ™) for each positive integer m. =

Finally, we can define topological entropy of G:

Definition 5.47 We define ent(G) = sup {ent(G, )}, where a ranges over

all minimal covers of 1y by open intervals (in Ip).

Theorem 5.48 Let G be a closed subset of Iyx I, and G™' = {(z,y) : (y,z) € G}.
Then ent(G) = ent(G™1).

Proof. For a positive integer m, note that a point (zg,x1,...,T,) € **,G
if and only if (T, o1, .., 7o) € *12;G~1. Suppose a = {A;,..., A,} is a
minimal cover of Iy by open intervals. Suppose m is a positive integer. Then
Ay x Ay X -+ x Ay, € ™ if and only if 4;, x A;, | X -+ x A, € ™
and (A, x A;, X -+ X A, )N (KL, G) # 0 if and only if (A;, x A;, X -+ %
Ai) 0 (¥,G7Y) # 0. Then N(+%G,a™*) = NG, G, a™ ™) for each

m. Hence, ent(G, o) = ent(G™!, a) for each cover a, and the result follows.

Tm—1

Proposition 5.49 If § is an open cover (in I®) of ¥°,G, o : [® — [ is
the shift map then o=1(B) := {oc7Y(B): Be€ 8} = {Iy x B: B € B} is also

an open cover (in I1°°) of x22,G.
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Proof. Suppose © = (xg, z1,...) € x°,G. Then o(z) = (21,22, ...) € ¥°,G
by Proposition and there is some B € § such that o(z) € B. Since
IyxB=o"YB),z €0 Y(B)eo (). m

If a is an open cover of I*°, G is a closed subset of Iy x I;, and G =
*2.G # 0, let o = {ANG : A€ a} denote the corresponding open cover
of G by open sets in G.

Theorem 5.50 Suppose G is a closed subset of Iy x I, G = x2,G # 0,
and 0(G) = G. If a = {Ay,..., A} is a minimal open cover of Iy by open
intervals, then ent(G, ) = h(o, (a1 x I°°)*) for each positive integer M.

Proof.
Let o« = {A;,..., A,} be a minimal open cover of I by intervals.

Fix the positive integer M. Let

M M
— {HAij x I A;; € aand (HAij ><I°°> ﬂG#@},

Jj=0 J=0

and let

= {Akﬂ X Apy X oo X Ay X Ay X 179 (k;j)j]\fgl is a finite sequence of

members of {1,...,n} of length M + 2 }

For B = [[}1,) Ay, x I® € B, 07Y(B) = Iy x [[}L, A;, x I®. Then
M
_l(ﬁ)\/ﬁz{ (Bl ﬂBQ HA x I BQ HAijIOOGB}

:{(IOXHAZ-J.XIOO> (HAk XIOO) ij)j2o and (k;);L,

J=0

are finite sequences of members of {1,...,n} of length M + 1 }
If By = [[/Ly Ai, x I € 8 and By = [[}, Ay, x I € §3, then
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M M
0'_1(31)ﬂ32 = (]0 X HAZJ X ]00) N <HAkJ X ]00)
j=0

=0
:AkoX(AklﬂAio)X...X(AkMﬂA x [

C Ay X Ay X oo X Agy, X Ay X I

IM—1 ) X AiM

Hence, the collection o~*(8) V 3 refines the collection

v ={Ar X A, X X Apy X Ay, X I (k)M s a finite sequence of

members of {1,...,n} of length M +2 }.

Then (o7 (8) V B)* refines the collection v*, so v* < (¢~ 1(B) vV 8)* , and
N(G.7") < N(G, (c7(B) v B)).

But 7 also refines o7'(3) V 3, and so v* refines (07!(3) v 8)*. Thus,
N(G,7) =2 N(G,(07(8) vV B)*). Then N(G,~") = N(G, (e~ (B) vV B)").

Note that N(G,~v*) = NxM1G, aM+2).

We can continue: By similar arguments, for each positive integer [,

N(G7 (\/,lizog_iﬁ)*) = ]\f((;7 aM-‘rH—l % ]oo) — N(*':TH—IG, aM+l+1)_

K2

Now B = aM*! x [ and for [ a positive integer, N(G, (Vi_,o~¢8)*) =
N(xL'G.aM++1). Then log(N (G, (Vi_go'5)")) = log(N (1{'G. a++1)).
It follows that

log(N(G, (Vipr~'8)"))

=00 {
o BN GG oM )
l—00 l ’

while

loa(N(x,G, a!*1))

l—00 l

For each positive integer k, let log(N (%, G, o*1)) = a.
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Then log(N(x\_,G, /1)) = a; and log(N(*X'G, oM*H1)) = apryy. Fur-
thermore, a; < apy < ay + ;. (This is because N(xMTG, oM+ <
NG G oMYN(x_ G, ol ).) Then § < %M < 44 44 By Lemma [5.21]

lim; o 5 exists, and

@ < llim(@ + a—M) — lim &

oo [ [ l—o00 T l—00

. . a
lim — < lim M
l—oo [ l—00 l

It follows that

log(N (%, G, o)) log(N (x21'G, aM**1))

l—00 l l—o00 [ ’

and thus, ent(G, ) = h(o, (aM*1 x I°°)*) for each positive integer M. =

Theorem 5.51 Suppose G is a closed subset of Iy x I;, G = *2,G, and
o(G) = G. Ifa = {A,..., A} is a minimal open cover of Iy by open
intervals, then ent(G) = h(o).

Proof. Since each open cover of G is refined by the grid cover a™*! x 1>

for some minimal open cover by intervals « of Iy, the result follows. m

Theorem 5.52 If f: [ — I is a continuous function and G is the graph of
f7ie G=A{(y, ) : (x,y) €T(f)} then h(f) = ent(G).

Proof. This follows from Theorem and Ye’s result that h(f) = h(o) in
[42].
]

5.4 'Topological entropy of closed subsets of
0, 1]

Before we can investigate further we need to define and explore the topological
entropy of closed subsets of [0,1]" for N a positive integer. So suppose N
is a positive integer and H is a closed subset of vazo I;. We can define the

topological entropy of H as follows:
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1. Let « = {A;,..., A,} be a minimal open cover of I, by intervals. Let

N
8= {HAkj:kj € (1,n>,0§j§N}.

J=0

Hence, 3 is the grid cover of Hf\io I; determined by «, and [ therefore
covers H. Since N*(8) = n(N + 1) := ng, we can list the members of
b= {Bl, B, ..., Bnﬁ}. For each positive integer m > 1, let

m—1

J=0

2. Then g = {B; * Bj : 1 <1, j < ng}is acover of HxH by open subsets
of [N, I;, and N(H % H,8x ) < n%. Note that (5« (3 refines a*V*!
and 3 * 3 is refined by a®¥* so N(H x H, 3% 3) = N(H x H,a*N*t1).

3. We can continue this process for each m € N:
*ieq B = {*?1:1@%]- ki € (Ling), 1 <j < m}

is an open cover of xi2, H and N (%2, H,x2,3) < nj'. Again, a mini-
mal subcover of x* | H by elements of %",/ has the same number of

mN+1 - GQipce

elements as a minimal subcover of *", H by elements of «
using the cover ], 3 is sometimes more convenient, we continue to use
both covers. Without loss of generality, we may assume that a mini-
mal subcover (in both o™+ and «",3) consists of sets of the form

H;n:]g Ay,, where each k; € (1,n).

4. Remarks Using the notation from before, suppose H is a closed subset
of T[X, Ii. Let H = %2, H.

e For each positive integer m, 0 < N (¥, H, a™N*1) =
N H %2, B) < nm™*and 0 < N(x2y H, o™V ) =
N(*?llHa *ﬁlﬁ) S n? If H 7& @, O < N(*?lll—L *ﬁlﬁ)'
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e If HA0, 1 =NG"H,*™,53) if and only if there is a sequence
Aj07Aj17 .. .Aij (Wlth each 1 < ]z < n) such that H C (Ajo X
XAy ) X I

e As before, if «,~ are both minimal open covers of Iy by open
intervals and o < 7, then for each m > 0, N(*m; H, o™V 1) <

N(xm, Hy V),

e As before, if «,~ are both minimal open covers of Iy by open
intervals, then for each m > 0, o™+t v ymNTl — (q v ~)mN 1 and
N (it H, amHy V1) < Nty H, amH)N (xgm B,y ),

e If K is a closed subset of H C Hf\io I;, m is a positive integer, and
a={Ay,...,A,} is a minimal open cover of I, by open intervals,

then N(*7 K, a™N*t1) < (% H, oV 41,

e Suppose [ and m are positive integers. Then o/V*! is a grid

cover of _, H, a'N+tmN+1 is a grid cover of X" H, and o/V*! x

mN+1 . I4+m I IN+1
[I;2/ni1 Li is an open cover of x“1'G. Then N(x_, H,«a ) <

I+m IN+1 IN+mN I+m IN+mN+1
N(xZ1"H, a x [Ticivia i) < NI H, o ).

5. If a = {Ay,...,A,} is a minimal open cover of I by intervals, H is a
closed subset of Hfio I; and H # (), then

lim log N(*™ H, amN+1) . log N (*™ H,*™,3)
m—oo m m—oo m

exists.
Proof.
Let a,, = log N(*™, H,a™ *) = log N (¥, H, ", 3) for each m € N.

Then 1 < N(* H, amN+1) < pmNH1 g0
0 < @y =log N(x™ H, o™ ™) < (mN + 1) logn.
By Lemma |5.20} it suffices to show that a,,.+ < a,, + ax. We have

QM C (L ) * (K B) = *A" B,
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and also

o™ pefines (+7,B) + (4, 6) = <7146,
Then

N(*ﬁtk}[? O‘mN+kNH) = N(*z‘nSkHa (xie 1 B) % (*f:lﬁ))'

Since N (¥, H, a™N+1) is the cardinality of a minimal subcover of +™, H
in ™, 3, and N(x*_, H, o*¥*1) is the cardinality of a minimal subcover
k : k m m-+k : m+k . mN+kN
of ¥y H in i, B, (xI2y B)* (%17 1 B) is a cover of xj 1" H in [[2) " I;.

Thus,
N H, o) = N (2 H, (62 8) * (5218))
= NP H, (521 8) % (6=18)) < N(x2y H, A2 BYN (i H, %y ),
and we have
i = Log(N (K H, N HNHL)) < og (N (6 H, %2 B)N (K H, %51 ) =
log(N (% H, %21 3) + log(N (kizy H, xi_1 8)) = am + ax.
|

6. If H # () and « is minimal open cover of Iy, define ent(H, «) to be

loec N(x™ . H mN+1
ent(H,a) = lim og N+t I o )

m—0o0 m

If H = (), define ent(H, ) = 0.
7. Remarks

(a) ent(H,a) > 0.

(b) If & < B, «,  both minimal covers of I, by open intervals, then
ent(H,«) < ent(H,f).
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(c¢) If K is a closed subset of H C Hi]\;O I;, m is a positive integer, and
a={A;,...,A,} is a minimal open cover of Iy by open intervals,
then ent(K, ) < ent(H, ).

8. Finally, we define ent(H) = sup {ent(H, )}, where o ranges over all

minimal covers of Iy by open intervals (in ).

Theorem 5.53 Let H be a closed subset of Hi]i[) I; and

H ' ={(zy,xn_1,...,71,70) : (x0,21,...,2n_1,2n) € H}.

Then ent(H) = ent(H ™).

Proof. Let « = {A;,...,A,} be a minimal open cover of Iy by open in-
tervals and m a positive integer. First note that (zg,z1,...,Zmni1) €
*xm H if and only if (Z,ne1, Tmn,--->T1,%0) € x2 H~1. Now, let 8 be

defined as at the beginning of this section. We have that B;, x B;, X
-+ By, € B™if and only if B;,, x By, _, X --- By, € ™ and By, X
B, x -+ By, N*" H # () if and only if B;,, X B;, |, X -+ Bjy "%, H ! #
(. Therefore, N(x H,a™ 1) = N(x™, H,f™) = N, H™! gmtl) =
N H= o™V Hence, ent(H,a) = ent(H !, ) for each «, and the

result follows. =

Proposition 5.54 Let H be a closed subset oinNZO I;, B is an open cover (in
1) of x32, H , 0 : I°® — I* is a shift map, then o~ (B) :== {o™N(B) : B€ 3} =
{Hi]i_ol I; xB:Be ﬁ} is also an open cover (in I®) of x°,H.

Proof. Suppose z = (z¢, x1,...) € x52,. Then, by Proposition it follows
oV (z) = (xn,TNy1, .. .) € 2, H and there is some B € 3 such that oV (z) €
B. Since [[N,' Lx B=o"N(B),z€oN(B)co N§). m

Suppose H is a closed subset of Hﬁ\;o I and H =«°,H. If a is an open
cover of I let a* = {ANH : A € a} denote the corresponding open cover

of H by open sets in H.

Theorem 5.55 Suppose H is a closed subset of Hij\io I, H=xH # (,
and o™ (H) = H. Suppose M is a positive integer. If a = {Ay,..., A} is a
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minimal open cover of Iy by open intervals, then ent(H, o) = h(oV, (aN+1 x
I)*).

Proof. This proof is similar to the proof of Theorem but a little more
difficult technically so we present it.
Let a = {A,...,A,} be a minimal open cover of Iy by intervals.

Fix the positive integer M. Let

MN MN
— {HAZ-J. x I A;; € aand (HA,-j ><I°°> HH#(Z)},
=0

j=0

and let

= {Ako X Ay X oo X Apyye X I (kj)E.fOH)N is a finite sequence

of members of {1,...,n} of length (M +1)N +1 }

For B = [[}10 Ai, x I® € B, 07N (B) = [ I x [[}14 Ay, x I°. Then
MN

_N<6)\/ﬁ:{ (B1 ﬂBQ HA x I BQ HAk].X]OOEB}
7=0

{(JﬁLXHA ><I°°> (JﬁVAk ><I°°>: ()38 and

(k;) MY are finite sequences of members of {1,...,n} of length

(M+1)N+1}.

If By =[]0 As, x I= € B and By = [[}17 Ay, x I € B, then
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N-1 MN
N(B)N B,y = (HIXHA xI“)ﬂ(HAijloo)
§=0

N—
H X (Apy M Aj) % X (A N A, ) < [T Aw x I

i=0 I=(M—-1)+1

X oo X Ajyy X I

C Ay X Ay X oo X Apyy XA

UM—-1)N+1

Hence, the collection o~1() V 3 refines the collection

= {Ako X Ay X oo X Apyye X I (kj)gj‘:/](;rlw is a finite sequence of

members of {1,...,n} of length (M + 1)N + 1 }

Then (o=N(B) V 8)* refines the collection v*, so v* < (o= N(B) Vv B)*
N(H,y") < N(H, (6= (8) v 5)7).

But 7 also refines o=¥(8) V 8, and so v* refines (¢~ (3) vV 3)*. Thus,
N(H,~*) > N(H, (c="(8) v 8)*). Then N(H,v*) = N(H, (c-"(8) vV 8)*).

Note that N(H,v*) = N(x N g oMN+1,

We can continue: By similar arguments, for each positive integer [,
N(H, (Viyo ™™ (8)7)) = N(H, aFON s 1) = NN H, a0,
Now 3 = oMN+1 x [ and for [ a positive integer, N(H, (V._,o=(8)*)) =
NEMHG, aMHINHDY  Then log(N(G, (Vi_,o =™ (B)*)) =
log(N (<M N B o (MADN+1Y) Tt follows that

h(0N7 oMN+L o 1) = lim log(N (H, (\/ézoa_m(ﬁ)*»

l—o0 l
_ log(N(xMFN B o (MADN+1Y)
= lhm l ,
—00

while

1 N l H IN+1
ent(H,a) = lim og(N(xisH, ))

l—o00 {
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For each positive integer k, let log(N (x%_, H, a*V*1)) = a;. Then
log(N(¥_, H,a'N* 1)) = q; and log(N (xM T H, o M+ONF1)) = g5, Further-
more, a; < apqy < ay + ap. Then § < %M < &4 S By Lemma [5.21]

lim; o 5 exists, and

Qr M ap Qpr l
— < < — ) = — =
Jim < Jim S < Jon (o 5) = Jim 5 Jim S < i T
It follows that
IN+1 M+l (M+1)N+1
o DBV 0™ ) log(N (1111 H, a0 )
l—o00 l =00 l

and thus, ent(G, a) = h(oV, (oM T x [*)*). =

Theorem 5.56 Suppose H is a closed subset of Hi\io I, H= %X H, and
oVNH) = H. Ifa = {Ay,..., A} is a minimal open cover of Iy by open
intervals, then ent(H) = h(a™).

Proof. Since each open cover of H is refined by the grid cover o™V +1 x [

for some minimal open cover by intervals « of Iy, the result follows. m

Theorem 5.57 Suppose G is a closed subset of Iy X I, G = *2,G # (), and
0(G) = G. Then ent(¥f_,G) = k ent(G), for each integer k > 2.

Proof. Supppose k is a positive integer. Let G be a closed subset of Iy x I such
that G = x2,G # 0, and 0(G) = G, and let H = +%_,G C H?:o I;. Let a =
{A;,...,A,} be a minimal open cover of Iy by open intervals. Then for each
positive integer m, x, H = ™, (x*_,G) = ¥"E G. Hence, N(*T£ G, o™ +1) =
N(™,H, o™ 1), Then

1 1
ent(G, ) = lim —log N(x/",G, ™) = lim —klog NG o™

m—00 m m—oo 11

1
: mk mk+1 mk mk+1
=— Trlllm _m log N(x"" G, « ) = kent( G a ).

Thus, for every minimal cover o by open intervals of I,
k ent(G,a) = ent(+*"E G, o™,
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The result follows. =

5.5 Computation and application of topolog-

ical entropy

In this section we compute the topological entropy for some closed subsets

G of I?. We also suggest an application.
Example 5.58 Suppose G = I*. Then ent(G) = oo.

Proof. Suppose @ = {A;,..., A, } is a minimal open cover of I, by open

intervals. Then for each positive integer m, N(*™,G,a™") = n™*!. Thus,

1 1
ent(G, o?) = lim —log N(x/%,G,a™*!) = lim — logn™*!
m—o0 M m—o00 M

= lim
m— 00 m

logn = logn.

Then

sup ent(G, a?) = suplogn = oo.

]
Example 5.59 Let G = {(x,x)|x € I}. Then ent (G) = 0.

Proof. GG is graph of the identity map f~! and the inverse f is a homeomor-
phism, hence ent (G) =ent (f) =0. m

Example 5.60 Let G denote the union of the diagonal from (0,0) to (1,1)
and one point (x,y) where (x,y) is an arbitrary point in I x I such that x # y.
Then, ent (G) = 0.

Proof. Set GG is the union of the diagonal and one point, G x G is the union
of the diagonal from (0,0,0) to (1,1,1) and two points, /G is union of

diagonal and m different points. Therefore, we have that
N(G,0®?) <n+1,N(GxG,a’) <n+2,....,N (¥~,G,a™") <n+m.

80



Chapter 5. Topological entropy for set-valued functions

(:U,y) (:U,y)

()

Iy Iy

Figure 5.1: Set G from the Example (left) and Example (right)
Hence,

1 1
ent (G,a) = lim —log N (*,G,a™*!) < lim —log (n+m) = 0.
m—oo M, m—o0 17
So, ent (G, ) = 0 and then ent (G) =0. =
If we add finitely many points (x,y) to the G from the last example, such
that x # y, and there is no pair of symmetric points (relative to the diagonal),

we get zero entropy in the same way.

Example 5.61 Let G denote the union of the diagonal from (0,0) to (0,1)
and two points (x,y) and (y,z), where (z,y) is an arbitrary point in I X I
such that x # y. Then, ent (G) = log 2.

Proof. Set G is the union of the diagonal and two points, G x GG is the union
of the diagonal from (0,0,0) to (1,1,1) and six points, ;G is union of
diagonal and 2™*! — 2 different points that don’t lie on the diagonal. Namely,
points in %", G have m + 1 coordinates and every coordinate is either x or
y so there are 2™+ — 2 different points which don’t lie on diagonal. So, we

have

N (G,O(Z) S n+2,N (G*G7a3) S 7'L+6, ) .,N (*?ilGa am+1) S n+2m+1_2‘
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Hence, it is easy to see

1
ent (G,o) = lim —log (n + 2™ —2) =log 2.

m—o0 17

Therefore, ent (G) = log2. m

Theorem 5.62 For eachn € N there exists a closed set G C I x I such that
ent (G) = logn.

le ° °
I %u ° ®
® ® ®
0 % 1
I

Figure 5.2: Set G from the Example forn =3

Proof. Let n € N be arbitrary. We define G in following way:

k [
= : 1,... -1 )
G {(n—l’n—l) k,lE{O, ) 1 }}

Set G is union of n? points, G' * G is union of n3, ™ G is union of n

m+1

different points so we have the following;:
N (G,a?) <n* N (G*G,a®) <n’,... N (¥2,G, ™) <n™.

We have .
ent (G,o) = lim — log (n™*') = logn.

m—oo 11

Therefore, ent (G) = logn =
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For the next example, G™! is Example 2.14 in [22].
Example 5.63 Let G = {(x,z} :x € [} U ({1} x I). Then ent (G) = 0.

Proof. Let us denote the following: L; = {(x,x) |x € I} and Ly = {1} x I.

For arbitrary m € N we observe «7*, L;,1 € {1,2} . We have m + 1 combina-
tions. Namely, if i = 2 on j — th position (for all preceeding position we put
i=1), so (z;,2j41) € Lo, on all coordinates of the point z before j we must
have 1. Therefore, the product is determined by the last appearance of the

Ly (that is,others don’t matter), so we have m + 1 possibilities:
* Ly, ($7'Ly) % Lo, ..., Lo (%' Ly) .

All m + 1 sets are arcs in I™"! intersecting in point (1,1,...,1) € ™"

Therefore, we have
N (G o™ =n+m(n—1)
and

ent (G, ) = lim llog(n+m(n—1)) < lim llog(n(m—l—l)) = 0.

m—oo M, m—oo 1M,

Hence, ent (G) =0. =

Example 5.64 Let G = ({0} x [0,1]) U ([0,1] x {1}). Then, ent (G) = 0.
Proof. Let us denote the following: L, = {0} %[0, 1] and Ly = [0, 1] x {1} . For
arbitrary m € N we observe x7*, L;,i € {1,2}. First, leti =2,Vi € {1,...,m}.
All points in Ly have first coordinate 0 so we have = € %", L; if and only if
r1 =19 =...T,_1 = 0. Otherwise, let iy be smallest integer such that iy = 2.
Since all points in Lo have second coordinate equal 1, after Lo in product we
cannot have L;. Therefore, given product is determined with first appearance
of Ly. Hence, we have m + 1. Each product is an arc in /™" and they form
arc from (0,0,...,0) to (1,1...,1) in I in a way that end point of x/, L;

is origin point of (x/*7'Ly) % Ly and so on. Therefore, we have
N (G, a™) < (m+1)n
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and .
ent (G, ) < lim —log(n(m+ 1)) = 0.

m—o0

Hence, ent (G) =0. m

1 1

Lot 1o f |

Iy Iy

Figure 5.3: Set G from the Example m (left) and Example (right)

Example 5.65 Let G = {0} x [0,1]U[0,1] x {0}. Then ent (G) = co.

Proof. Let us denote the following: L; = {0} x [0, 1] and L, = [0,1] x {0}.
For arbitrary m € N, x", G contains Ly * Lo *... L1 * Ly = [0,1] x {0} x ... x
{0} x[0,1] if m is even and Ly x Lox... Lox Ly = [0,1] x {0} x...x[0,1] x {0}
if m is odd. Either way, N (7 ,G, a™"!) > n2. Therefore,

m
2

1 m
ent (G,«) > lim —log (n2) = logn.

m—oo 11

and it follows ent (G) = oc0. =

S

Example 5.66 Let G =1 x{0}U{(z,1—x):x € I}. Then ent(G) = 5

1.e. "golden ratio.”

Proof. Let us denote with L, line from (1,0) to (0,0) and with Ly line from
(1,0) to (0,1). We have G = LU Ly. In arbitrary product «7*, L; , i; € {1,2},
let 7o be first index such that L;, = L;. Next coordinate has to be 0 and after

that we have only zeros and ones such that we cannot have two neighboring
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Iy Iy

Figure 5.4: Set G from the Example (left) and Example (right)

ones. If L; = Ly, Vi then the product is arc from (0, 1,0,...) to (1,0,1,...).
So we have
N (25516, a™) + N (+752G, ™) <N (+,G, o™ )

<N (¥7'G,a™) + N (¥7°G,a™ ") +n

and hence nF,, .o < N ("G, a™) < n(F,,.3 — 1), where F), is m — th

Fibonacci number. Therefore, we have that

%

1 1 1
ent (G,a) = lim —log N (+[2,G, ™) = lim —logn(F,43—1) = *

m—oo M m—oo 17 2
and ent(G) = log %5 n

Example 5.67 Let a € N be arbitrary and let

aom{(E0) ke toa} o (05 ke o) e

1++v1+4a

Then ent(G,) = log 5

Proof. Let us denote number of points in «*, G, with N,,.
We prove N,,, = N1 +a Np_s.
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le
3
1® i
I B :
1
1® )
a + 1 points
® ® ‘ ® ®
0 1 3 1
1 4
Iy

Figure 5.5: Set G4 in Example

Proof is combinatorial: let us observe arbitrary (m+1)—tuple in ", G,. If we
have 0 on the first coordinate, second can be any number from {O, %, %, ey 1}
so we can get any m — tuple. If we have non-zero as first coordinate, second
coordinate has to be zero, third can be anything (as above) so we can get any
(m — 1) — tuple. Therefore, we get reccurence relation N,, = Ny, 1 +a Ny, o
with initial values Ny = 2a + 1 and N, = (a + 1)? + a. Solving it using

characteristical polynomial 22 — x — a = 0 we get

(1+\/21+W)m+bo (1—m>m

Nm:ao B

where a¢ and by are obtained from initial values.

Therefore
N (%2,Gq,a™ 1) < N,
and
lim N(*;ZlGa,ozmH) = lim N,,.
m—00 m—0o0
Now,
log N,,

ent(G,, ) = lim :

m—00 m
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By simple calculations we get

1++v14+4a

ent(G,, o) = 5

Example 5.68 Let G = {(xg,z1) € Iy x I : 71 < 22} and let bL = ([0, 1] x
{0}) U ({1} x [0,1]). Then ent(G) = ent(bL) = 0.

Lo Le L} bL

]0 IO

Figure 5.6: Sets G and bL from the Example

Proof. Mahavier product x°, G has very simple dynamics. The orbit of every
point x = (xg,xy,...) # (1,1,...) under the action of 7, i.e. z,0(x),0?(x),...,
converges to the point (0,0,...). Points (0,0,...) and (1,1,...) are fixed
points, where (0,0,...) is an attracting and (1,1,...) is a repelling fixed
point. So we have that ent(c) = 0 and by Theorem therefore h(G) = 0.
Set M = x°,bL indeed is an arc and the entropy is equal 0. Namely, in the
Example we have that ent(bL™') = 0 but then by the Theorem it
follows that ent(bL) =0. m

Before stating the proposition we give new notion. If H is closed subset
of [0,1]"*, define 7y, to be the map from H to [0,1] x [0,1] defined by

Ty (x) = (o, 2pn) for @ = (zo,21,...,2,) € H. For G a closed subset of
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0,1] x [0, 1], and n positive integer, let GO = 7o 1 (¥, G). Therefore, G*"
is the closed subset of [0,1] x [0, 1].
With limy, we denote limit with respect to the Hausdorff metric. Let us

recall that Hausdorfl metric:

Hy; (A, B) = max {supd (a, B),supd (b, A)} .

a€A beB

This equation is different from the one in the first chapter but they are actually

equivalent.

Proposition 5.69 Let G be connected and closed subset of [0,1)* such that
limg, G = bL where bL is from the previous example. Then ent(G) = 0.

Proof. We have limy, G = bL i.e.
(Ve >)(Ing € N)(Vn € N) n > ng — Hy(G%",bL) < €

We divide the proof in several steps:

(i) G does not contain any point on diagonal not equal to (0,0) and (1, 1).
Assume the contrary, i.e. if it does contain point (x,z),x # 0,1, then
G°" also contains that point, for all n € N. Then, d((z,z),bL) =

x, T <
l—2, >

Therefore, we get Hy(G%",bL) > d((x,x),bL) > 0,Yn € N, hence we

cannot have limy, G*" = bL.

, but in either way it is greater than 0.

N[= D=

(ii) mo(G) =1[0,1] and ™ (G) = [0, 1].
Suppose m(G) = Jy where Jy is closed and proper subset of [0, 1]. Then,
GO C Jy x [0,1] C [0,1] x [0, 1] for all n € N. Since bL contains [0, 1] x
{0}, there exists point (z,0) € bL \ (Jy x {0}) such that d((z,0), Jy) =
do > 0 (because Jy is closed). Now we have that 0 < dy = d((z,0), Jy X
[0,1]) < d((z,0), G%") and therefore Hy(G*™ bL) > dy > 0. So we get

limg, G # bL which is contradiction.

88



Chapter 5. Topological entropy for set-valued functions

(iii) G doesn’t contain point (xg,yo) above diagonal.

Suppose that G contains point (g, yo) above diagonal, i.e. yo > xg. Set
G is closed, connected and by (ii), mo(G) = [0, 1] and m (G) = [0, 1],
therefore GG intersects diagonal in some point (x,z),x € [0, 1]. By (i) it
follows that x is equal to 0 or 1.

Suppose that x = 0. Since G is connected and closed, it contains
an arc connecting points (zg,yo) and (0,0) which we denote with K.
Since K is an arc, for each positive integer n there exists finite se-
quence of points =, 1 < T, 2 < ... < xg < Yo in [0,1] such that
(Tn—1,Tp_2,-..,%0,%) € *i_,K. Therefore, since K C G, we have
Hy(G%" bL) > Hyq(K*",bL) > d((zo,0),bL) > 0, hence we cannot
have limy, G*" = bL.

If we suppose that x = 1, we get the contradiction in the same way.

From (i) and (iii) it follows that set G is under the diagonal, except points
(0,0) and (1,1) i.e.

(iv)

(V(z,y) € G\{(0,0), (1, 1)}, y <) (%)

G contains both (0,0) and (1,1).

We prove that G contains (1, 1) in the same way as we proved (i). If
we assume contrary, we would get that the distance between G and bL
is > 0. Therefore, *°,G contains the point (1,1,1,...).

Suppose G doesn’t contain (0, 0). Since G is closed subset of [0, 1], then
mo(@) is closed subset of [0, 1] so there exists minimum of that set and let
us denote it with ,,;,. Now, we claim that 2, G’ contains only the point
(1,1,1,...). Let assume that there is point (xg,z1,...) # (1,1,1,...) in
*x22,G. But since, by (%) we have xg > x1 > x9 > ..., there exists n € N
large enough such that x,, < x,,;,, but that is contradiction. Therefore

G contains (0,0).

ent(G) = 0.

Proof is same as for the set GG in the previous example so we omit it.
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Some open problems:

Question 1 Suppose L is a closed subset of [0,1] x [0, 1], and ent(L) = 0. If
G is closed subset of [0,1] x [0,1], and limy,(G*") = L, is ent(G) = 07

Question 2 Is there for arbitrary b € R, a closed subset G of [0,1] x [0, 1]

that is not graph of a continuous function such that ent(G) = b?

Question 3 Can we find a characterisation for closed subsets of [0, 1] x [0, 1],

with zero entropy?
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Abstract

Generalized inverse limits are generalization of standard inverse limits in a
way that in the corresponding inverse system bonding functions are upper
semicontinuous (u.s.c.) functions instead of continuous functions. Concept
was introduced in 2004 in [31] and later in 2006 in [28] and since then, theory
has been developing rapidly.

In the first part we introduce categories CHU and CU in which u.s.c.
functions are morphisms and compact Hausdorff and compact metric spaces,
respectively, are objects. We also introduce the category ZCU of inverse
sequences in CU. Then we investigate the induced functions between inverse
limits of compact metric spaces with u.s.c. bonding functions. We also show
that taking such inverse limits is very close to being a functor (but is not a
functor) from ZCU to CU, if morphisms are mapped to induced functions. At
the end of the third chapter we give a useful application of the mentioned
results.

In the second part new definition of topological entropy is considered, in
which is used Mahavier product, introduced in [19]. It is shown that new
notion is well defined and that is in line with previous definitions for regular
functions [41], using entropy of the shift map. Then, entropy of various
examples is calculated, new ones and some well known. Finally, some new

results about generalized inverse limits are shown using newly defined objects.

Keywords: category, hyperspace, inverse system, inverse limit, upper
semicontinuous function, generalized inverse limit, Mahavier product, topo-

logical entropy



Sazetak

Inverzni limesi su imali klju¢nu ulogu u razvoju teorije kontinuuma u proslom
stolje¢u. Takoder su bili vazni i u dinamickim sustavima. Jedan od razloga
za to je njihovo svojstvo da inverzni nizovi s jednostavnim prostorima i
jednostavnim veznim preslikavanjima mogu inducirati komplicirane prostore
kao njihove inverzne limese. U dinamickim sustavima, inverzni limesi se
koriste za ,kodiranje, na neki na¢in, kompliciranih dinamickih sustava.

Generalizirani inverzni limesi su poopéenje standardnih inverznih limesa
na nacin da u pripadaju¢em inverznom sustavu vezna preslikavanja nisu
neprekidne funkcije nego odozgo poluneprekidne funkcije. Pojam je uveden
u [31] 2004. godine, a zatim 2006. godine u [28] razvijen do forme koja se
danas koristi. Od tada se teorija intezivno razvija.

U prvom dijelu rada se kategorijski opisuju ti objekti i ispituje se koje
se tvrdnje iz standardnog slucaja mogu poopéciti, te se primjenjuje dobivene
rezultate na neke konkretne slucaje. Uvodimo dvije kategorije, CHU i CU.
Objekti u CHU su kompaktni Hausdorffovi prostori s odozgo poluneprekid-
nim funkcijama (skra¢eno u.s.c.) kao morfizmima, a CU je potkategorija od
CHU, s istim morfizmima i kompaktnim metrickim prostorima kao objek-
tima. Pokazuje se da u kategoriji CHU inverzni limes inverznog sistema (s
usmjerenim indeksnim skupom) s u.s.c. viSeznaénim funkcijama (kako su
ih definirali Ingram i Mahavier) zajedno s projekcijama nije nuzno inverzni
limes u CHU, ali je takozvani slabi inverzni limes, [10].

Nadalje, razmatraju se inverzni nizovi u kategoriji CU i dokazuje da s odgo-
varaju¢im morfizmima ¢ine kategoriju, ozna¢enu s ZCU. Promatraju se mor-
fizmi izmedu dvaju inverznih limesa, inducirani odgovaraju¢im morfizmima

u kategoriji ZCU. Dokazuju se nuzni i dovoljni uvjeti za njihovu egzistenciju



i njihova svojstva. Nadalje, razmatra se standardno pridruzivanje izmedu
inverznog niza i njegovog inverznog limesa i pokazuje da nije funktor iz
kategorije ZCU inverznih nizova u kategoriju CU, ali je jako blizu istom. Na-
posljetku, na kraju treceg poglavlja se pokazuje primjena navedenih rezultata.

U drugom dijelu rada se razmatra poopcenje pojma topoloske entropije
na zatvorene podskupove od [0, 1]? koriste¢i Mahavierov produkt, uveden
u [19]. Pokazuje se da je nova definicije topoloske entropije zaista dobra
i koristeéi entropiju tzv. funkcije pomaka (funkcija u uobi¢ajenom smislu)
pokazuje se da je uskladena s prijasnjim definicijama entropije. Naime ako
je dana neprekidna funkcija f : [0,1] — [0, 1] i zatvoreni podskup od [0, 1]2
kao graf od f~!, nova i tradicionalna topoloska entropija su jednake. Zatim
se pokazuju razna svojstva za novu definiciju koja se uspjesno mogu poop¢iti
iz teorije s funkcijama te se prosiruje definicija na zatvorene podskupove
kona¢nih produkata jedini¢nog segmenta [0, 1]. Na kraju primjenjujemo do-
bivene rezultate za rac¢unanje entropije raznih primjera, vaznih u teoriji o

generaliziranim inverznim limesima i nekih novih.

Kljuéne rijeci: kategorija, hiperprostor, inverzni sustav, inverzni limes,
odozgo poluneprekidna funkcija, generalizirani inverzni limes, Mahavierski

produkt, topoloska entropija
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