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Preface

This thesis is centered around applications of the beautiful theory of point processes to
problems concerning asymptotic behavior of extremes of a certain class of weakly dependent
stationary time series and random fields. As usual in this context, the key role is played
by the (compound) Poisson point process. The reason for this can be traced back to the
so—called weak law of rare events, a basic principle in probability which states that, in a
large family of independent events with each event having a small probability of occurring
(i.e. being rare or extreme), the number of events which do occur is approximately Poisson
distributed.

The reader is assumed to be familiar with basic facts of the theory of point processes,
in particular with parts relevant to extreme value theory. If this is not the case, standard
references are the books by Resnick [Res87, Res07]. T owe to them most of my knowledge
and intuition on this subject. Other valuable references include Kallenberg [Kall7] (in
which general random measures are considered) and Last and Penrose [LP17], or the more
classical ones like Kingman [Kin93] and Karr [Kar91]. One should also mention Daley and
Vere-Jones [DVJ03].

The thesis is divided into four chapters. Chapter 1 deals with the general theory of
Poisson approximation for point processes. The point process framework is then used in
Chapter 2 to describe the asymptotic behavior of extremes of a class of weakly dependent
stationary time series and random fields which admit a so—called tail process. As it turns
out, stationary series/fields satisfying the latter condition deserve to be called regularly
varying. Finally, the tools developed in Chapter 2 are applied to study partial sums and
record times of dependent time series, see Chapter 3, and to revisit the classical problem of
local sequence alignment, see Chapter 4. Each chapter starts with an introduction which
contains a brief motivation as well as description of its main results. Also, some of the
proofs are often postponed to the end of the corresponding chapter or section.

Most of the results presented in this thesis can be found in the papers [BPS18, PSI18,
BP18a, BP18b] written jointly with Bojan Basrak and/or Philippe Soulier.
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Chapter 1

On (compound) Poisson

approximation for point processes

1.1 Introduction

One of the basic principles of probability theory is the so—called weak law of rare events.
It states that for independent Bernoulli random variables X, ;, ¢ = 1,...,n, satisfying
sup;—; ., P(Xn; = 1) = 0 (i.e. events {X,,; = 1} are rare) and 37" P(X,,; = 1) — A,
the number of occurrences 7" 11x, ,—1) is asymptotically Poisson distributed with mean
A. Moreover, such a Poisson approximation holds even in the cases when there is some
(but not too much) dependence between X,,;’s, see e.g. the important paper by Arratia et
al. [AGG89] and examples therein.

For general (independent) random elements X, ;, results on convergence in distribution
of point processes >3I" 0y, , to a so—called Poisson process can be seen as functional
extensions of the weak law of rare events. Results of this kind go back to Grigelionis [Gri63]
and a very general version of this result, which allows X, ;’s to take values in a general
Polish space, can be found in Kallenberg [IXal17]. The goal of this chapter is to extend this
functional Poisson approximation to the case when X, ;’s are dependent. Our motivation
for studying point processes on a general, possibly infinite-dimensional, space (and also
the reason for the "compound" in the title), actually comes from the problem of obtaining
a compound Poisson or Poisson cluster limit for point processes based on a large class of
stationary random fields, see Chapter 2.

For standard results from the theory of point processes (and more generally random
measures) we will refer to Kallenberg [[Kall7] and Resnick [Res87]. Note, even though the
latter reference considers only point processes on a locally compact state space, most of
the results transfer directly to general Polish case.

The rest of the chapter is organized as follows. In first two sections we discuss the

notion of vague convergence of measures and the corresponding notion of convergence in



Chapter 1. On (compound) Poisson approximation for point processes

distribution of random measures (and hence point processes). In particular, in Section 1.2
we propose an alternative view on the notion of vague convergence based on the abstract
theory of boundedness developed by Hu [Hu66]. We think that such a view is intuitive and
helps in clarifying the link between several different notions of convergence of measures
used in the literature. In Section 1.3 we show that families of Lipschitz continuous functions
determine convergence in distribution of random measures.

In Section 1.4, we present a general Poissonian approximation theorem for point pro-
cesses on Polish spaces based on points which satisfy a suitable asymptotic (in)dependence
condition. Also, we give sufficient conditions in the spirit of [AGG89] under which such
dependence assumption is satisfied. These results are similiar to those obtained by Schuh-
macher [Sch05]. However, while [Sch05] uses the Stein’s method, our approach is based on
exploiting the multiplicative strucuture of Laplace functionals of point processes. Ideas
similar to ours can be found already in Banys [Ban80].

This chapter is based on the papers [BP18a] and [BP18b].

1.2 Vague convergence of locally finite measures

Let X be a Polish space, i.e. separable topological space which is metrizable by a
complete metric. Denote by B(X) the corresponding Borel o—field and choose a subfamily
B,(X) C B(X) of sets, called bounded (Borel) sets of X. When there is no fear of confusion,
we will simply write B and B,.

A Borel measure p on X is said to be locally (or boundedly) finite if u(B) < oo for
all B € By. Denote by M(X) = M(X, B,) the space of all such measures. For measures
[y i1, fa, - - - € M(X), we say that pu, converge vaguely to p and denote this by p,, — p,

if as n — oo,
il £) = [ Fd = [ fie=p(f). (1)

for all bounded and continuous real-valued functions f on X with support being a bounded
set. Denote by C'By(X) the family of all such functions and by C'B;"(X) the subset of all
nonnegative functions in C'B,(X).

Kallenberg [Kall7, Section 4] develops the theory of vague convergence under the
assumption that By is the family all metrically bounded Borel sets w.r.t. a metric generating
the topology of X. This notion of convergence was also studied under the name of w#-
convergence in Daley and Vere-Jones [DVJ03, Section A2.6].

In the what follows we propose an alternative, and arguably more intuitive, approach
to the notion of vague convergence which also clarifies the connection between several well
known notions of convergence found in the literature. It is based on the abstract theory of
boundedness due to Hu [Hu66] which allows one to characterize all metrizable families of

bounded sets.



1.2. Vague convergence of locally finite measures

1.2.1 The abstract concept of bounded sets

Following [Hu66, Section V.5], we say that a family of sets B, C B(X) is a (Borel)
boundedness in X if (i) A C B € B, for A € B implies A € By; (ii) A, B € By, implies
AUB € B,. A subfamily C, of B, is called a basis of B, if every B € B, is contained in
some C' € Cp. Finally, boundedness B, is said to be proper if it is adapted to the topology
of X in the sense that for each B € By, there exists an open set U € By, such that B C U,
where B denotes the closure of B in X.

To be consistent with the existing terminology of [Kall7, p. 19], we say that a bound-
edness properly localizes X if it is proper and has a countable basis which covers X. If
d metrizes X then the family of all sets in B with finite d-diameter is an example of a
boundedness which properly localizes X. By [Hu66, Corollary 5.12], this turns out to be

the only example.

Theorem 1.2.1 ([Hu66, Corollary 5.12]). Boundedness By, properly localizes X if and
only if there exists a metric on X which generates the topology of X and under which the

metrically bounded Borel subsets of X coincide with By.

Remark 1.2.2. Note that [Hu66, Corollary 5.12] concerns boundednesses which also contain
non—Borel subsets of X. We restrict to Borel subsets since we work with Borel measures

and it is easily seen that in this setting the conclusion of [Hu66, Corollary 5.12] still holds.
Observe, if By, properly localizes X then one can find a basis (K,;,)men of By which

consists of open sets and satisfies
K, C Ky, forallmeN. (1.2)

Indeed, fix a metric which generates B, and take (K,,) to be open balls around some
fixed point and with radius strictly increasing to infinity; see also [Hu66, Lemma 5.9]
for a direct argument which does not rely on Theorem 1.2.1. Conversely, if (K,,) is
a sequence of open sets covering X and such that (1.2) holds, then the boundedness
B, = {B € B: 3m € N such that B C K,,} properly localizes X. We refer to (K,,) as a
proper localizing sequence.

Observe, by simply choosing a different family of bounded sets in X one alters the space
of locally finite measures M(X) as well as the corresponding notion of vague convergence

defined in (1.1). We mention a couple of important examples.

Ezample 1.2.3 (Weak convergence). By taking B, to be the family of all Borel subsets
of X, we end up with the usual notion of weak convergence of finite measures on X. Such a
family By, properly localizes X since taking K, = X for all m € N yields a proper localizing
sequence.

Observe, it is easy to find a metric which metrizes X and generates B, in this case.

Simply choose any bounded metric which generates the topology of X.
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Ezample 1.2.4 (Vague convergence of Radon measures). When the space X is ad-
ditionaly locally compact, by choosing B, as the family of all relatively compact Borel
subsets of X we obtain the well known notion of vague convergence of Radon measures
on X as described in Kallenberg [Kal83] or Resnick [Res87]. Recall, a set is relatively
compact if its closure is compact. Note that in this case, since X is locally compact, second
countable and Hausdorff, one can find a sequence (K,,)nen of relatively compact open
subsets of X which cover X and satisfy (1.2). In particular, these K,,’s form a basis for B,

and hence By, properly localizes X.

Ezample 1.2.5 (Hult-Lindskog convergence). Let (X', d') be a complete and separable
metric space. In the theory of regularly varying random variables and processes, the sets
of interest, i.e. bounded sets, are usually those which are actually bounded away from
some fixed closed set C C X'.

More precisely, assume that X is of the form X = X'\ C equipped with the subspace
topology and set By, to be the class of all Borel sets B C X such that for some ¢ > 0,
d'(z,C) > € for all z € B, where d'(z,C) = inf{d'(z, z) : z € C}. In this way, we obtain
the notion of the so—called Mg-convergence (where @ = X) as discussed in Lindskog et
al. [LRR14] and originally introduced by Hult and Lindskog [HLO6]. Observe, such B,
properly localizes X since one can take K,,, = {x € X : d'(2,C) > 1/m}, m € N, as a

proper localizing sequence.

Remark 1.2.6. As observed by [Kall7, p. 125], under the notation of the previous example,

one metric d which is topologically equivalent to d’ and generates B, is given by

d(z,y) = (d'(z,y) N1) v |1/d(2,C) = 1/d'(y,C)| , =,y € X.
In fact, this construction illustrates the basic idea in the proof of Theorem 1.2.1, see [Hu66,
Theorem 5.11].

Remark 1.2.7. By the proof of [Hu66, Theorem 5.11], if X is completely metrizable and B,

properly localizes X, one can assume that the metric which generates By is also complete.

In the rest of the chapter we will always assume that the space X is properly localized
by the given family of bounded sets By. In this case, Theorem 1.2.1 guarantees existence
of at least one metric which generates B, and this enables us to directly translate the
results of [Kall7] to results concerning vague convergence of locally finite measures on an
arbitrary properly localized space. In particular, by the so—called Portmanteau theorem

(see [Kall7, Lemma 4.1]), p,, — p in M(X) is equivalent to convergence

pin(B) — p(B) (1.3)
for all B € By, with u(0B) = 0, where 0B denotes the boundary of the set B.

4



1.2. Vague convergence of locally finite measures

1.2.2 Vague convergence of point measures

Denote by d, the Dirac measure concentrated at « € X. A (locally finite) point
measure on X is a measure g € M(X) which is of the form p = X, 6, for some
K €{0,1,...} U{oco} and (not necessarily distinct) points 1, xs, ...,z in X. Note that
by definition at most finitely many x;’s fall into every bounded set B € B;,. Denote by
M, (X) the space of all point measures on X. Equivalently, one can define point measures
as integer-valued measures in M(X), see e.g. [Res87, Exercise 3.4.2].

The following result, which is a simple consequence of (1.3), characterizes vague
convergence in the case of point measures; for the proof see [Res87, Proposition 3.13].
cf. also [EMDI16, Lemma 2.1]. It is fundamental when applying continuous mapping
arguments to results on convergence in distribution of point processes (i.e. random point

measures), see e.g. the proof of [Res07, Theorem 7.1].

Proposition 1.2.8. Let u, py, pia, - .. € My(X) be point measures. Then i, — u implies
that for every B € By, such that (0B) = 0 there exist k,ng € N and points xgn),xi,
n>ng,t=1,...,k, in B such that for all n > ny,

k k
UnlB = Z(Sx(n) and plp = b, ,
i=1 '

i=1
and for alli=1,... k,

2™ xin X,
where p,|p and plp denote restriction of measures p, and j, respectively, to the set B.
Conwversely, to show that ju, — u, it is sufficient to check convergence of points in sets B

from any base Cy, of By,.

1.2.3 A comment on metrizability of the vague topology

In order to consider convergence in distribution in M(X) and M, (X) related to the
notion of vague convergence, one needs to impose a suitable topology on M(X). One
such topology on M (X) is the smallest topology under which the maps p — u(f) are
continuous for all f € C'B; (X). Equivalently, this is the topology obtained by taking sets
of the form

{v e MX) : |u(fi) —v(fi)| <eforalli=1,... k} (1.4)

fore >0,k € Nand f1,..., fr € OB, (X), to be the neighborhood base of u € M(X). We
call this topology the vague topology. Notice that, by definition, measures p,, converge to
a measure y with respect to the vague topology if and only if j,, — pu.

It is shown in [Kall7, Theorem 4.2] that there exists a metric p on M(X) with the

5



Chapter 1. On (compound) Poisson approximation for point processes

property that p, — p in M(X) if and only if p(u,, ) — 0. Moreover, the metric space
(M(X), p) is complete and separable.

It is now tempting to immediately conclude that the topology generated by the metric
p coincides with the vague topology and consequently that the vague topology is Polish.
However, one can not deduce this without knowing a priori that the vague topology, i.e.
the topology generated by the sets (1.4), is sequential, i.e. completely determined by its
converging sequences, see [Fra65] (cf. also [Dud64]). For example, any first countable and
hence any metrizable space is sequential. Since we have not been able to find such an
argument in [Kall7] or anywhere else in the literature, we provide one here but omit some

technical details.

Proposition 1.2.9. The space M(X) equipped with the vague topology is metrizable and
hence Polish.

Sketch of the proof. Consider the space M (X) of all finite Borel measures on X, i.e. Borel
measures z on X such that (X) < oo. Equip M(X) with the smallest topology under which
the maps p +— p(f) are continuous for all nonnegative and bounded continuous functions
f on X. This topology is usually called the weak topology. Also, let Ml(X) cM (X) be
the subset of all probability measures equipped with the relative topology.

By [Bil68, Appendix III, Theorem 5], there exists a metric p; on M 1(X) which generates
the weak topology and we can assume that p; is bounded by 1. It is then possible, but
painful, to show that the function p on M(X) x M(X) given by

plpsv) = |pX) = v(X)| + (uX) Av(X)) - pr(p(-)/pX), v(-)/v(X))

is a proper metric which generates the weak topology on M (X).

Further, take a proper localizing sequence (K,,)men. In particular (1.2) holds, and
since X is a metric space, for every m € N one can find a continuous function g,, on X
such that 1 < g, < 1g,,.,,. Clearly, (g,,) € CB, (X).

For every m € N define a mapping T}, : M(X) — M(X) such that 7}, () is the (unique)
measure satisfying T, (u)(f) = p(f - gm) for all nonnegative and bounded functions f
on X. By the definitions of vague and weak topologies on the spaces M(X) and M(X),
respectively, vague topology on M(X) coincides with the smallest topology under which
the maps 7},,, m € N, are continuous. Moreover, if p # v for p, v € M(X) then necessarily
T (1) # T (v) for some m € N. The last to two facts imply that the map p — (Tp, (1)) men
is a homeomorphism between M (X) equipped with the vague topology and a subset of
the space M (X)N equipped with the product weak topology, see e.g. [Wil04, Theorem
8.12]. Since the latter space is metrizable, it follows that the vague topology on M(X) is
metrizable and in particular sequential, hence Polish.

[



1.3. Convergence in distribution of random measures and point processes

1.3 Convergence in distribution of random measures

and point processes

A random measure on X is a random element in M(X) w.r.t. the smallest o-algebra
under which the maps p +— p(B) are measurable for all B € B;,. By [Kall7, Lemma 4.7],
this o—algebra equals the Borel o—algebra on M(X) arising from the vague topology. By
a point process on X we mean a random measure which is almost surely a point measure,
i.e. element of the space M, (X). Convergence in distribution in M(X) and M, (X) is
considered w.r.t. the vague topology and is denoted by Ay

Even though our interest is only in convergence in distribution of point processes, in
this section we treat general random measures since the proofs (and therefore the results)
require no extra effort.

For random measures N, N1, No,... on X, it is fundamental that N, 45 N in M(X)
if and only if N,(f) = N(f) in R for all f € C'B;(X) which is further equivalent to
convergence of Laplace functionals E[e= V()] — E[e=N)] for all f € CB;(X), see [Kall7,
Theorem 4.11]. We show that in latter two convergences it is sufficient to consider only

functions which are Lipschitz continuous with respect to any suitable metric.

1.3.1 Lipschitz functions determine convergence in distribution

For any metric d on X denote by LB; (X,d) the family of all bounded nonnegative
functions f on X which have bounded support and are Lipschitz continuous with respect

to d, i.e. for some constant C' > 0
If(x) — f(y)| < Cd(x,y), forall z,y € X.
Further, for a set B C X and ¢ > 0 denote
B°=B(d) ={rx € X: d(z,B) <¢€}.

Proposition 1.3.1. Assume that d is a metric on X which generates the corresponding
topology and such that for any B € By there exists an € > 0 such that B¢ € B,. Then
N, -5 N in M(X) if and only if E[e= (D] = Ele=ND)] for every f € LB} (X,d).

Remark 1.3.2. Every metric on X which generates the topology and the family of bounded

sets (as in Theorem 1.2.1) satisfies the assumptions of the previous proposition.

Ezample 1.3.3. Consider the case from Example 1.2.5. Recall, (X', d’) is assumed to be
a complete and separable metric space and C C X' a closed subset of X’. The space
X = X"\ C is equipped with the subspace topology (i.e. generated by d’') and with B C X
being bounded if and only if B is contained in {x € X : d'(x,C) > 1/m} for some m € N.

7



Chapter 1. On (compound) Poisson approximation for point processes

In this case, the metric d’ generates the topology but the corresponding class of metrically
bounded sets does not coincide with By. Still, d’ obviously satisfies the assumptions of the

previous proposition.

Proof of Proposition 1.3.1. We only need to prove sufficiency. Take arbitrary £ € N,
AM,.., A > 0and By,..., By € By such that P(N(0B) =0) =1foralli=1,...,k. By
[Kall7, Theorem 4.11], the result will follow if we show that

lim E[e™ e MVa(Bi)] = Ee~ Xim MN(B)] (1.5)

n—oo

ForallmeN,i=1,...k and x € X set

wi(@) =1—(md(z,B;) A1), fo,(x) = md(z,(B])°) A1, (1.6)

m,i %

B° denotes the interior of B. Using the elementary fact that for a closed set C' C X
and z € X, z € C if and only if d(z,C) = 0, it is straightforward to show that for all

1=1,...,kasm — oo,

mi N lg and fo; 7 lge. (1.7)

Functions f,, ; obviously have bounded support for all i and m, and since f ; <
Lyex: dx.Bi)<1/my» DY assumption on the metric d, foi has bounded support for m large
enough. Assume without loss of generality that this is true for all m € N. Further, it is
not difficult to show that for all ,m and all x,y € X

i (@) = Lo iV | fon s (@) = frni(W)] < md(z,y) -

Hence, f,; and f,, ; are elements of LB, (X, d).

By the monotone and the dominated convergence theorem,

lim e~ imt MVUi)] = Bl Zim MNBD] = Ele~ Zim MN(B)] |

m—r0o0

where the last equality follows since we assumed N (0B;) = 0 a.s. for all i. Since Y5 | i f,. ;

is again in LB; (X, d), convergence in (1.5) will follow if we prove that

lim limsup [E[e” O Ailn (B _ Ele~ Yin Al ]| = 0 . (1.8)

m—00  p oo
Since for all ¢ and m, f,,; < 1p, < fi
0 <Ele S MN(F )] — Efe™ S ANNa(Bi)] < e~ SF NN )] — Be” S )\iNn(f;M.)] .
Notice that for for fixed ¢ and all m € N, the support of f;:ﬂ- is contained in the support of

8



1.4. Poisson approximation for point processes on Polish spaces

ff ;, which we assumed is a bounded set. Since N a.s. puts finite measure on such sets, ap-

NN
plying the dominated convergence theorem twice yields that lim,, ., E[e” 2oy NN ma)] =
Ele” o AiN(B] - Therefore,

k —
lim limsup |Ele” Zf:lAiN"(B")} —Ele” Zizl)‘iN"(fmvi)]
k

< lim Efe™ Zimt MVU)] - Flem Dt MVUL))

m—0oQ
k k

_ ]E[e_ i AiN(Bf)] _ E[e— Yo )\iN(Ei)] =0,

where the last equality holds since N(9B;) = 0 a.s. Hence, (1.8) holds and this finishes
the proof. n

1.4 Poisson approximation for point processes on Pol-

ish spaces

Let (I,)nen be a sequence of finite index sets but such that lim,, , |I,,| = 0o, where
|I,,| denotes the number of elements in [,,. For each n € N, let (X,,; : i € I,,) be a family
of random elements in a topological space X’. Assume that there exists a Polish subset X
of X with a family of bounded Borel sets B, = B,(X) such that, as n — oo,

supP(X,; € B) -0, BeB,. (1.9)
i€ly
The central theme of this section is convergence in distribution in M, (X) (w.r.t. the vague

topology) of point processes
N,=> bx,,,neN, (1.10)

i€l
restricted to the space X (in words, N,, does not count X,,;’s which fall outside X). As
usual, the key role is played by the Poisson point process. Recall, a point process N on X
is a Poisson (point) process with intensity A for some A € M(X) if (i) N(B) is Poisson
distributed with mean \(B) for each B € By; (ii) N(By),..., N(By) are independent for
all By, ..., B, € By disjoint. The distribution of such Poisson process will be denoted by
PPP(A).

1.4.1 General Poisson approximation

Observe, if for each n € N, (X,,; : i € I,,) were independent, (1.9) would imply that
measures Jx,, on X, n € N,i € I, form a null-array (see [Kall7, p. 129]) and by the
so—called Grigelionis theorem (see [Kall7, Corollary 4.25]), for A € M(X), convergence
N, % N £ PPP()) holds in M,(X) if and only if E[N,(-)] = Sier. P(Xns € -) —= A

9



Chapter 1. On (compound) Poisson approximation for point processes

in M(X).

For general (i.e. dependent) X, ;’s, one can still obtain the same Poisson limit if
the asymptotic distributional behavior of N,,’s is indistinguishable from its independent
version. More precisely, let for each n € N, (X, : i € I,,) be independent random elements
such that for all 7 € I,,, X, is distributed as X,,;, and denote by N, = >,/ 5X2,z' the

corresponding point process on X.

X2

Let F be a class of measurable and nonnegative functions on X with bounded support.
We say that the family (X,,; :n € N, i € I,,) is asymptotically F —independent (AI(F)) if

’E [e_N"(f)} —E [e_N;(f)” = ‘E [ei i, f(X”v")} — H E {e_f(x"v")} ’ — 0, asn — oo,
icly,
for all f € F, where we set f(z) =0 for all z € X'\ X. To obtain meaningful results we
will require that functions from F determine convergence in distribution in M, (X). More
precisely, we say that a family F C CB;" (X) is (point process) convergence determining if,
for point processes N, Ny, Ny, ... on X, convergence E[e™V»(N] — E[e=N)] for all f € F
implies that N,, —— N in M, (X). For example, one can take the subfamily F C CB;f (X)
of functions which are Lipschitz continuous as in Proposition 1.3.1. The following result is

now immediate.

Theorem 1.4.1. Assume that (1.9) holds and that there exists a measure A € M(X) such
that, as n — oo,
Y P(X,;€) — AL (1.11)
i€ln
Then for any convergence determining family F, N, 4, N L PPP(X) in M, (X) if and
only if (X,;:neN,ie€l,) is AI(F).

Remark 1.4.2. One can allow F to contain functions f which are not necessarily continuous
but are such that N(disc(f)) = 0 almost surely, where disc(f) denotes the set of all
discontinuity points of f. In particular, F can consist of nonnegative simple functions
with bounded support, see [Kall7, Theorem 4.11].

Remark 1.4.3. Assume that (1.9) holds and that X,,;’s are AI(F) for some convergence
determining family F. In this case, if N,, converge in distribution to some limit, N say,
then N is necessarily a Poisson process. Indeed, since also N 4N , by [Kall7, Theorem
4.22] N is infinitely divisible and moreover, by construction of N}, its so—called Lévy
measure (see [Kall7, p. 89]) is concentrated on the set {J, : * € X} which implies that N

is Poisson.

Observe that condition AI(F) is, in general, much weaker than simply requiring that
Xni, © € I,, asymptotically behave as if they were independent. The key fact here is that
all functions in F have bounded support so for every fixed f € F, N, (f) is affected only

10



1.4. Poisson approximation for point processes on Polish spaces

by the behavior of X, ;’s which fall into a fixed bounded set. Sufficient conditions for
AI(F) to hold are given in Proposition 1.4.5 below.

Before that, we state a stationary version of the previous result, cf. [Res87, Proposition
3.21]. For d € N consider the space [0, 1]¢ x X with respect to the product topology and
with B’ € B([0,1]¢ x X) being bounded if {z € X : (¢,z) € B’} is bounded in X.

Corollary 1.4.4. Assume that I, = {1,2,... k,}¢ C Z¢ for some d € N with k, — oo

and that (X,; : © € 1,) are identically distributed for every n € N. If there exists a measure
v € M(X) such that, as n — oo,

EIP(X,1 €°) —> v, (1.12)
then for any convergence determining family F' on [0,1]? x X,

N, =7 8k x,0) — N' £ PPP(Leb x v)
icly,
in M,([0, 1] x X) if and only if ((i/kn, X,i) : n € N,i € I,) is AI(F'), where Leb denotes

the Lebesque measure on [0,1]%.

Proof. We simply apply Theorem 1.4.1 to random elements X, ; := (¢/ky, X,3), n € N,i €
I,. Take an arbitrary B’ € B,([0,1]¢ x X) and define B = {x € X : (t,z) € B'}. Since
B € By(X), (1.12) and [Kall7, Lemma 4.1(iv)] imply that

limsup > P(X}; € B') =limsup k{P(X,; € B) < v(B) < +00.
n—oo ie]n n—oo
Hence, (1.9) holds since k,, — 0.
Further, note that for arbitrary @ = (ay, . ..,aq) and b = (by, ..., bg) in [0, 1]% such that
aj <b;forall j=1,...,d and a set B € B, such that ¥(0B) = 0, (1.12) implies that as

n — oo,

Y P(X); € (a,b] x B) dHLk a;)| - kiP(X,1 € B) — ﬁb—a] v(B)

i€ln, n 7j=1

By [Kall7, Lemma 4.1], this implies that Y ;c; P(X}; € -) — Leb x v in M([0,1]? x X),
i.e. (1.11) holds with A = Leb x v. O

1.4.2 Sufficient condition for asymptotic /F—independence

For each i € I,,, choose a subset of the index set B,(:) C I,, containing ¢, and call it
the neighborhood of dependence of i. Intuitively, it will be useful to choose B, (i) as small
as possible but such that X,,; is (nearly) independent of all X,, ; for j ¢ B, (i).

11



Chapter 1. On (compound) Poisson approximation for point processes

Select an arbitrary ordering of the elements in ,,. Without loss of generality, we will
assume that I, = {1,2,...,m,} where m, — oo as n — oo. For all i € I,, partition
{i+1,...,m,} into B,(i) := {j € Bn(i) : j > i} and BS(4) := {j ¢ B, (i) : j > i}. Further,
fix an arbitrary countable base (K, )men C By of By, i.e. for every B € By, B C K, for
some m € N.

For a given neighborhood structure (B, (i) : n € N, i € I,) and for all m,n € N define

bty =Y Y P(X,; € Kp) P(X,; € Kp),
i€In jeB, (i)
bzb = jz: j{: PK)(nJ S Pﬂn,)(nd € me).

i€In jeBn (i)

Furthermore, for all n € N and an arbitrary nonnegative measurable function f on X

define

icly JEBG(7) JjeBg (i)

Proposition 1.4.5. Let f be a nonnegative measurable function on X with bounded

support. If m € N is such that the support of f is contained in K,,, then for alln € N,

‘E {e* Dictn f(X"’i)} - JIE [e_f(xn’i)} ‘ < b+ bs + bna(f) -

i€ln

In particular, if there exists a neighborhood structure (B, (i) : n € N, i € I,,) such that for
allm € N and every f € F

Aing by = Jimg bl =l ba(f) =0

then the family (X,,:n €N, i€ I,) is AI(F).

Proof. The proof is an adaptation of argument in Nakhapetyan [Nak88, Lemma 3], though
the main idea goes back to [Ban80, Theorem 4]. Since e~/ is positive and bounded by 1 it
follows that

’E [67 Diern f(Xn,z')} ~-TIE [e—f(xn,n} ‘

i€l
mp—1 Mn Mn mp—1
<y ‘]E[e_f(Xn,i) 11 e—f(Xn,j)} _ E[e_f(xn,i)} E{ 11 e—f(Xn,j)H =Y &
i=1 j=i+1 j=i+1 =1
Fix now an arbitrary ¢ € {1,...,m, — 1}. After writing

[ e/ = [ e/ [ e/,

j=itl FE€Bn () JEB; (@)

12



1.4. Poisson approximation for point processes on Polish spaces

one can easily check that

g < ’E[e_f(x’” ( H e/ Xn —1) H e_f(X"vj)}

J€Bn (i) j€Be(3)
_ E{e_f(Xn, ] . K H e~ f(Xn) _ 1) H e—f(XW-)H
J€Bn (i) j€Be(3)
+‘E[€—f<xn,i) [I e/®] —Ele /] E[ ] e_f(Xn,j)”
JEBL() 0

Note that the first summand on the right hand side of the previous inequality equals

[E[(e /@ 1) (] e 1) [ e )]

JEBR (1) JEBg (i)

e CRAREIE((9 S

jEBn() ]EBC@)

Y

and since e~ 2k /@) — 1 # 0 implies that f(xx) > 0, and hence x € K,,, for at least one
k, we obtain that

e SP(Xni € K, U {Xny € Kun}) +P(Xns € Kun) P |J {X0j € Kin})

J€Bn (i) J€Bn (i)
O R R
JEBL (1

Hence,

e S 0] LR o] <5 < 4+ )

i€ln

]

Remark 1.4.6. Recall, (X, :i € I,,) are independent random elements such that for all
i € I, X is distributed as X,, ;. Further, let (X, :4 € I,,) and (X,,; : i € I,,) be defined
on the same probability space and independent. We can then bound b, 3(f) by

f) < Y EE[e ) — X0

i€ln

= > E[E[e X

i€ln

o(Xoj 15 € Bi())|

o(Xn,:J€ Bﬁ(z))] — E[e*f(x’”)” .

Since for any f € CB; (X) the function 1 — e~/ is also an element C'B;" (X) and further
bounded by 1, it follows that

S"E[E[f(Xa) | 0(Xay : j € BL(0)] — E[£(X,0)]| = 0

’LGIn
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Chapter 1. On (compound) Poisson approximation for point processes

for all f € CB;(X) which are bounded by 1 implies that b, 3(f) — 0 for all f € CB; (X).

Remark 1.4.7. The concept of neighborhoods implicitly appears already in Banys [Bang&0,
Theorem 4]. There, essentially the same sufficient conditions for convergence of N,, to
a Poisson point process are given but with, in our notation, neighborhoods of the form
B,(i)={i+1,...,i+r,}and B(i) = {i + 7, +1,...,m,} for all i € I, where (7,,)nen
is a sequence of nonnegative integers. The proof is similar to ours and even though it is
stated only for the case when X is locally compact, it transfers directly to the case of a

general Polish space.

Remark 1.4.8. Similar results were also obtained by Schuhmacher [Sch05, Theorem 2.1],
but with a completely different approach, using Stein’s method. As a consequence,
Schuhmacher even provides bounds on the convergence in the so—called Barbour-Brown
distance dy. However, this result does not directly imply our results, see [Sch05, Remark

2.4(b)] for the comparison to the result of Banys [Ban80] which is also relevant to our case.

Ezample 1.4.9. For Bernoulli random variables X,,; such that lim,_,. sup;c; P(X,; =
1) =0 and lim,, 00 Yier, P(X, = 1) = A € (0,00), one can set X' = {0,1} and X = {1}
with {1} being the only non—empty bounded set in X. Using Theorem 1.4.1 together
with Proposition 1.4.5 and Remark 1.4.6, we recover the result of Arratia et al. [AGGR9,

Theorem 1] on convergence in distribution of >7;c; Iyx, =1} to a Poisson random variable

n,i

with intensity A, but without the bound on the distance in total variation.

14



Chapter 2

Regularly varying time series and

random fields

2.1 Introduction

Over the years, a lot of progress has been made in the study of stationary time series
under suitable regular variation and (weak) dependence assumptions. Intuitively, these
assumptions imply that, over large time windows, observations exceeding a suitably chosen
large threshold form a Poisson number of uniformly spaced i.i.d. clusters; after scaling,
these clusters are distributed as a product of (i) a Pareto random variable representing
the magnitude of the largest value in the cluster, and (ii) an independent random vector
describing the serial dependence structure within the cluster; see also Janssen [Janl8,
Introduction].

A way to make this formal is through the language of point processes. Let (X;);cz be
such a time series and a, the (1 — 1/n)—quantile of the distribution of | Xy|. Building on
the results of Mori [Mor77], Davis and Resnick [DR85], Davis and Hsing [DH95], Basrak
and Segers [BS09], Basrak et al. [BIKXS12] and others, Basrak and Tafro [BT16] showed
that

n

Nn = Zé(i/n,Xi/an) i) N = Zzé(TuPiQ;) ,as n — oo, (2.1)

i=1 1€EN jEZ

where, in particular,
(i) Yien6(r;,p,) is a Poisson process on [0, 1] x (0, 00) which is homogeneous in time and

with Pareto—like intensity in space;

(i) (Q%)jez, i € N, are i.i.d. sequences of random variables (normalized clusters) inde-
pendent of >=,cy 0(7;,p,)-
Thus, N is a Poisson cluster process. Note that this convergence takes place in the space

of locally finite point measures on [0, 1] x (R\ {0}) with sets of interest, i.e. bounded sets,
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Chapter 2. Regularly varying time series and random fields

being those which are bounded away from [0, 1] x {0}. In words, convergence in (2.1)
controls only the asymptotic behavior of X;’s which exceed a,e in absolute value for fixed
e > 0.

Once this so—called complete convergence result (or a variant of it including only the
time or space component) is established, various (functional) limit theorems concerning
(X;) follow by applications of the continuous mapping theorem, see e.g. the references
given above and also the books by Resnick [Res87, Res07] where the i.i.d. case is treated
exhaustively and very intuitively.

Observe, however, that due to scaling of time to [0, 1] in (2.1), the information about
the serial dependence of X;’s belonging to the same cluster is lost in the limit since they
all collapse to the same time instance. More precisely, the limiting point process from
(2.1) does not contain information on the order of Q%’s for fixed 7. This information is
important if e.g. one is interested in studying record times of (X;).

The first goal of this chapter is to present a new type of point process convergence
which will preserve the information about this order. In Chapter 3 this result is used to
study sums and record times of stationary regularly varying time series.

The main idea is to break the dependent sample (Xi,...,X,) into smaller blocks
whose size still tends to oo, and to consider them as points of a point process on the
(infinite-dimensional) space of real-valued double—sided sequences vanishing to zero in
all directions. Besides preserving the order, the enlargement of the state space also
transforms the problem of obtaining a Poisson cluster limit into obtaining a suitable
Poisson approximation.

As in (2.1), the key role in our considerations is played by the so—called tail process
introduced by [BS09]. A stationary R-valued time series (X;);cz has a tail process (Y;);cz
if for all s <t € Z,

(X, ..., utXy) ‘ | Xo| > u N (Y,,..., V) in R“*™ asu — oo (2.2)

Here and in what follows, A(u) | B(u) —% C as u — oo for a family of random elements
A(u),C and events B(u), u > 0, means that the law of A(u) conditionally on B(u)
converges weakly as u — oo to the law of C.

The second goal of this chapter is to extend the notion of the tail process and the
corresponding point process convergence theory to R—valued random fields indexed over
the d-dimensional integer lattice. Using this framework, in Chapter 4 we revisit the
classical problem of local alignment of (biological) sequences.

In what follows we consider only general random fields, i.e. we do not treat the time
series case separately (except in some of the examples). In fact, extending the theory to
higher dimensions yields some new insight on the existing results for time series, see in

particular the concept of anchoring in Section 2.3.3.
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Remark 2.1.1. Note, here we treat only the case of R—valued time series and random fields.
One can obtain multivariate analogues of all results by simply replacing the absolute value
with an arbitrary norm. One reason for restricting to the univariate case is because all
of our examples and applications are univariate. Secondly, in applications concerning
multivariate data, instead of conditioning on the norm of the whole vector being large, it

is often more natural to condition e.g. on the value of only one component being extreme.

The rest of the chapter is organized as follows. In Section 2.2 we extend the notion of
the tail process to general stationary random fields and discuss some of its main properties.
As in the time series case, it is not surprising that the existence of a tail process is equivalent
to all finite-dimensional distributions of the field being multivariate regularly varying
(hence the name regularly varying fields), see Theorem 2.2.1 (i). However, a nontrivial
extension was to obtain sufficient conditions for existence of the tail process for general
random fields, see Theorem 2.2.1 (iii).

In Section 2.3 we present a new type of point process convergence result for stationary
regularly varying time series and random fields which preserves the order (or rather the
shape) within the cluster in the limit, see Theorem 2.3.14. The main novelty is the
order preserving infinite-dimensional space lp introduced in 2.3.1 which serves as a state
space for point processes of blocks. The proof of Theorem 2.3.14 is then based on the
Poisson approximation theory of Section 1.4. The key technical result, also of independent
interest, is Proposition 2.3.10 which provides a way to check intensity measure convergence
(1.12) of Corollary 1.4.4. Tt relies on the familiar anti—clustering' condition, see (2.18).
Furthermore, the asymptotic /'—independence condition applied to blocks, which is the
remaining assumption of Corollary 1.4.4, provides a mixing condition which is also typical
in this extremal context. Finally, we wish to emphasize the idea of anchoring described in
Section 2.3.3 which has the intention of clarifying the link between the tail process and
the components of the limiting Poisson (cluster) process of Theorem 2.3.14.

We finish the chapter by discussing techniques for verifying conditions of Theorem 2.3.14,
or rather obtaining the desired point process convergence result. In particular, all of
the assumptions are satisfied by m—dependent random fields, and in Section 2.4.1, the
conclusion of Theorem 2.3.14 is extendend to fields which are, in a suitable sense, ap-
proximable by m—dependent ones (cf. [RS98]). Infinite order linear processes (or moving
averages) constitute the most prominent examples of such fields. Further, we recall in
Section 2.4.2 that, for stationary Markov chains, checking geometric ergodicity offers
a practical way to verify the asymptotic independence condition. Also, note that the
neighborhood approach described in Section 1.4.2 provides yet another way for checking
the asymptotic independence condition, particularly useful for general random fields. This

is illustrated in Chapter 4 in the study of the local alignment problem, see in particular

!Note that, even though catchy, this is not a good name for this condition since it does not eliminate
the possibility of clustering.
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Corollary 4.3.4.
This chapter is based on the papers [BPS18] and [BP18b].

2.2 The tail field

Consider a (strictly) stationary R—valued random field X = (X; : 4 € Z¢) with d € N.
For every finite and non-empty subset of indices I C Z%, denote by X; the RI/l-valued
random vector (X; : ¢ € I), i.e. X’s represent finite-dimensional distributions of X.

We say that a random field Y = (Y; : ¢ € Z%) is the tail field (or tail process) of X, if
for all finite and non—empty I C Z¢,

u’lXI’]X0|>ui>Y1,asu—>oo, (2.3)

where 0 = (0,...,0) € Z?. Note that we implicitly assume that P(|Xo| > u) > 0 for all
u > 0. Observe, taking I = {0} in (2.3) yields that lim, . P(|Xo| > uy)/P(|Xo| > u) =
P(|Yo| > y) for all except at most countably many y € [1,00). By standard arguments (see
[BGT87, Theorem 1.4.1] and the discussion before it), this implies that u — P(|Xo| > )
is a regularly varying function with index —a for some o > 0, i.e.

. P(|Xo| > uy)

lim

=y “,y>0. 2.4
% P([Xo| > ) ¢ Y (2.4)

In particular, P(|Yo| > y) =y~ for all y > 1, i.e. |Yp| is Pareto distributed with index a.

2.2.1 Existence of the tail field

A family of indices Z C Z< is said to be encompassing if for every finite and non—empty
I C Z% there exists at least one ¢* € I such that I —4* C Z. Note that necessarily 0 € 7.

If d = 1, the set of nonnegative (or nonpositive) integers is an example of such family.
More generally, assume that < is an arbitrary total order on Z¢ which is translation—
invariant in the sense that for all 4,7 and k in Z%, 4 < j implies ¢ + k < j + k. Then the
set Zcé = {2 € Z* : i = 0} is clearly encompassing. Indeed, simply set ¢* € I to be the
(unique) minimal element of the finite set I with respect to <. We refer to such orders as
group orders on Z<.

In particular, the lexicographic order on Z¢, denoted by =, is a group order. Recall,
for indices ¢ = (iy,...,iq),5 = (j1,...,Ja) € Z%, & <, j if i < ji, for the first k where iy,
and j, differ, and ¢ <; 7 if ¢ <, 7 or 2 = 3.

The following result extends [BS09, Theorem 2.1] which treats the case d = 1; the
proof is postponed to Section 2.5.
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Theorem 2.2.1. For a stationary random field X = (X; : @ € Z%) and o > 0, the

following three statements are equivalent:

(i) All finite—dimensional distributions of X are multivariate regularly varying with

index o;
(ii) The field X has a tail field Y = (Y; : 1 € Z9) with P(|Yo| > y) =y~ fory > 1.

(iii) There exists an encompassing T C Z2% and a family of random variables (Y; : 4 € T)
with P(|Yo| > y) =y~ for y > 1, such that for all finite and non—-empty I C Z,

u_1X1‘|XO| >ui>(Y,-)i61, asu — 0. (2.5)

Recall that for finite I C Z¢, X is multivariate regularly varying with index o > 0
if for some norm || - || on RFI there exists a random vector on RV, say @), such that

1©D|| =1 and
(™ Xl XA X ) | [1X ] > =5 (V,00), as u— oo,

where Y is independent of @) and satisfies P(Y > y) =y~ for y > 1.
The equivalence between (i) and (ii) (cf. (2.8) below) explains why fields admitting a

tail process will simply be called reqularly varying. We refer to the corresponding « as the
(tail) index of the field.

Remark 2.2.2. While writing the thesis, we learned of a parallel study by Wu and Samorod-
nitsky [WS18] who also consider regularly varying fields with emphasis on various notions
of extremal index in this context. They show by an example that for d > 2 existence of the
limit of u=' X ‘ | Xo| > u for all finite I C Z when Z is an orthant in Z%, is not sufficient
for regular variation of X and hence existence of the tail field. This made us reconsider
an earlier (incorrect) version of Theorem 2.2.1 which eventually led to a proper extension
of [BS09, Theorem 2.1(ii)].

2.2.2 The spectral tail field

Consider now the space RZ equipped with the product topology and corresponding

Borel o-algebra. One can then rephrase (2.3) simply as
u X || Xo| > u -5 Y in RY, (2.6)

see e.g. [Bil68, p. 19]. The spectral tail field © = (0; : i € Z%) of X is defined by
0; = Y;/|Yo|,% € Z% In particular, |©g| = 1.
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Chapter 2. Regularly varying time series and random fields

Proposition 2.2.3. The spectral field © is independent of |Yo| and satisfies
| Xo| 7' X | [Xo| > u -5 © inR™. (2.7)

Proof. The continuous mapping theorem (see e.g. [Bil68, Corollary 1, p. 31]) applied to
(2.6) implies that

(u™" | Xo|, | Xo| "' X) | [Xo| > u = (|Yp],©) in [1,00) x R (2.8)
In particular, (2.7) holds and moreover, using (2.4) yields that

P(|Yo| > y,© € B) = JLTQOP(|X0| > uy, X /| Xo| € B[ [Xo| > u)

_ i PUXo| > uy)
— yP(© € B) = P(Ys| > y)P(© € B), (2.9)

for all y > 0 and all measurable B C R%* such that P(® € dB) = 0. Denote by S the
family of all such B’s. Note that S is closed under finite intersections and that every open
set in R%" can be represented as a countable union of elements in S (fix a metric and use
open balls). In particular, S generates the Borel o—algebra on RZ". Thus, (2.9) implies
that ® and |Yp| are independent. O

Even though the tail field is typically not stationary, regular variation and stationarity
of the underlying random field X yield specific distributional properties of © (and hence
of Y') summarized by the so—called time—change formula: for every integrable (in the sense
that one of the expectations below exists) or nonnegative measurable function h : RZ - R
and all j € Z¢,

E[h((6:)ieza) {O—; # 0}] = E[h ((Oi4;/[0;])ieza) |0;]*1{O; # 0}] . (2.10)

In the case of time series, (2.10) appears in [BS09] and the proof is easily extended to
the case of random fields, see [WS18, Theorem 3.2]. Alternatively, one can arrive at (2.10)

following the approach of [PS18] who use the so—called tail measure of X introduced in
[SO12], see also [DHS17].
Remark 2.2.4. Let X be a stationary random field and o > 0. If lim, , P(|Xo| >
uy) /P(| Xo| > u) — y~° for all y > 0 and for some encompassing Z C Z< there exist random
variables (©; : ¢ € Z) such that for all finite and non-empty I C Z, | Xo| ' X ’ | Xo| >
u % (©;)icr, then X is regularly varying with index «a; combine the proof of [BS09,
Corollary 3.2] and Theorem 2.2.1.

If Z # 74, the distribution of the whole spectral process © is then determined by (2.10)
and the tail field of X is given by Y = Y ® where Y is independent of ® and satisfies
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2.3. Point process convergence

P(Y>y) =y “fory>1.

2.3 Point process convergence

Denote by < the component—wise order on Z2, thus for 4 = (iy,...,44),5 = (j1,...,Jja) €
7% 4 < jifi, <jforal k=1,... d Take a sequence of positive integers (r,,) such
that lim, o 7, = lim, oo 1/, = o0 and let k, = [n/r,|. For each n € N, decompose
{1,...,n} into blocks J,;, 1 € I,, :={1,...,k,}?, of size r¢ by

Jpi=G ez (i—1)-r,+1<5<i-r,). (2.11)

The goal of this section is to study convergence in the distribution of point processes based
on (increasing) blocks
Xn,i = XJn,i’ 1€ [n7 (212)

see (2.15) below. We start by introducing a suitable space for the X, ;’s.

2.3.1 A space for blocks — [

Let Iy be the space of all R-valued arrays on Z¢ converging to zero in all directions, i.e.
lo = {(@i)icza : limi00 |75] = 0}, where |¢] = maxy_q__qix| for ¢ = (i1, ...,i4) € Z%. On

lp consider the uniform norm

[loo = sup [z:], & = (zi)icza ,
1€z4
which makes [y into a separable Banach space. Indeed, [y is the closure of all rational—
valued arrays on Z? with at most finitely many non-zero terms in the Banach space of all
bounded R-valued arrays on Z.

Define the family of shift operators B*, k € Z%, on RZ by B*(1;); = (wi4x); and
introduce an equivalence relation ~ on [y by letting © ~ y for &,y € I, if y = B*z for
some k € Z%. In the sequel, we consider the quotient space Iy = Iy / ~ of shift—equivalent
arrays. Observe, for & € [y and an arbitrary @ € &, & = {B*z : k € Z%}. Further, define

a function d : [y x Iy — [0,00) by
dz,9) =inf{|z —yl|lw:xcxycy}, .,y cl. (2.13)

Since ||B*x — B¥'y||s = || B* ¥ x — yl|o for all ,y € Iy and k, k' € Z¢, it follows that
for all &, € ly and arbitrary y € 9,

A(@.9) = inf |}o ~ vl (214)
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Chapter 2. Regularly varying time series and random fields

This fact leads to the following technical result the proof of which is postponed to

Section 2.5.

Lemma 2.3.1. The function d is a metric on ly and moreover, (l~0, ci) is a separable and

complete metric space.

Observe that for &, &1, &9, - - - € Iy, J(ﬁ:n, &) — 0 as n — oo if and only if for some, and
then for every, € & there exists x,, € &,, n € N, such that ||, — |, — 0. Further,
for any finite I C Z% one can naturally consider finite arrays « € R! as elements of I, by
simply adding infinitely many zeros around a and then mapping this element of [ into its
equivalence class.

In what follows, on Iy and [y consider their respective Borel o—algebras B(l) and B(ly).
Note that B(ly) coincides with trace o—algebra of [j in RZ" considered with respect to
its cylindrical o-algebra. Further, call a set B C [y shift—invariant if x € B implies that
Bfx € B for all k € Z¢. Also, a function h on ly is shift—invariant if h(B¥x) = h(zx) for
all x € ly, k € Z4.

Since topologies of [y and [, are Polish and the corresponding quotient map « : Iy — I
is continuous, [Ber88, Corollary A.2.5] implies that for every B C Iy, B € B(ly) if and
only if 71(B) € B(ly). In other words, B(l) coincides with the family of sets 7(B), for
B € B(ly) which are shift-invariant. Moreover, a function A on [ is measurable if and

only if i = h o7 for some shift-invariant measurable function A on .

2.3.2 Point process of blocks

Consider now the space loo := lo\ {0} with bounded sets being those which are bounded

away from 0 w.r.t. d, see Example 1.2.5. Define point processes of blocks

No =3 0i/kn Xifan) » 0 EN, (2.15)

i€l

in M,([0,1]% x ly,), where the sequence (ay,) is chosen such that

lim n/P(|Xo| > a,) = 1. (2.16)

n—o0

To obtain convergence of N, one can apply Corollary 1.4.4. For each n € N, denote
o i ={1,...,rp}* = Jp1and let X, := X, = X, ; represent the common distribution
of blocks X, ;, © € I,. Under this notation, condition (1.12) reduces to existence of a

measure v in M(ZO,O) such that

kiP(a ' X,, € ) v, (2.17)
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2.3. Point process convergence

Assumption 2.3.2. There exists a sequence of positive integers (ry,), such thatlim, . r, =

lim,, oo n/7, = 00 and for every u > 0,

lim limsupIP’< max | X;| > a,u ’ | Xo| > anu> =0. (2.18)

m—o0  p oo m<‘ |<7'n

As we show in Proposition 2.3.10 below, for a sequence (r,,) satisfying (2.18), conver-

gence in (2.17) holds with the limiting measure v of the form
=i [T PQ € Jay oy,

for some ¥ € (0, 1] and @ being a random element in [, satisfying ||Q||oc = 1 almost surely.
In the following we first describe 1 and @ in terms of the tail field of X.

2.3.3 Anchoring the tail process — ¢ and Q

Let Y = (Y;)ijeze be the tail field of X = (X;);eze. It follows easily (cf. [BS09,
Proposition 4.2]) that Assumption 2.3.2 implies that P(limj;, |Y;| = 0) = 1, i.e. that
P(Y € ly) = 1. Recall that |Yp| > 1 so in particular | Y || > 1.

We say that a measurable function A : {z € Iy : ||z|| > 1} — Z% is an anchoring

function if
(i) A((xi)seze) = g for some j € Z% implies that |z;| > 1;
(i) For each j € Z¢, A((zi—)s) = A((zi):) + 3.

In words, A picks one of finitely many x;’s which are larger than one in absolute value
in a way which is insensitive to translations. Observe, for an arbitrary group order on Z¢,

the following are examples of anchoring functions.
— first exceedance: A'°((x;);) = min{g € Z¢: |z;| > 1},
— last exceedance: A'*((z;);) = max{j € Z¢: |z;| > 1},
— first mazimum: A'™((x;);) = min{g € Z¢ : |z;| = ||(z:)l|}-

We will exploit the following property of the tail field which is implied solely by
stationarity of X.

Lemma 2.3.3. For every bounded measurable function h : RZ - R and all j €74,

E[h ((Yi)iezs) L{[Y5] > 1}] = E[h ((Yij)ieze) HI|Y-5] > 1}] . (2.19)
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Chapter 2. Regularly varying time series and random fields

Proof. Assume in addition that h is continuous with respect to the product topology on
R%’. Then, since P(Y; = 1) = P(|Yp| - |©;| = 1) = 0 for all j € Z%, the definition of the
tail process and stationarity of (X;) imply

E 1 ((¥)s) 1{IY;] > 1}] = lim E [h ((w"X0):) 1{|X;] > u} | |Xo| > u]
E [ ((u™X2)0) 1{IX;] > u, | Xo| > u}]

= 1‘
e B(|Xo| > u)

iy B (T X)) T Xo| > u, [ X[ > )]
5% B(|Xol > )

= E[h((Yiy)d) 1Y > 1] .

Since finite Borel measures on a metric space are determined by integrals of continuous
and bounded functions, this yields (2.19). O

Remark 2.3.4. Using the already mentioned tail measure of X, one can give a one-line

proof of the previous result, see [PS18, Lemma 2.2].

Lemma 2.3.5. Assume that P(Y € ly) = 1. Then for every anchoring function A

Proof. Assume that P(A(Y') = 0) = 0. Applying (2.19) yields

L= PAY)=4)= > PAY) =3 >1)

jezd v/
=2 PA((Yig)i) =3, Vo5 > 1) = 3 P(AY) =0,[Y;| > 1) =0.
jezd jeza
Hence, P(A(Y) =0) > 0. O

Whenever P(A(Y) = 0) > 0, one can consider the anchored tail process Z* = (Z{*

(2

i € Z%) which has the same distribution as Y = (Y;); but conditionally on A(Y) = 0.
Also, define Q* = (Qf : i € Z%) by QF = Z /|| Z*"| .

Lemma 2.3.6. Assume that P(Y € ly) = 1 and let A, A" be two anchoring functions.
Then

P(A(Y) =0) =P(A(Y) =0),
and for every measurable and bounded function h : lo — R which is shift—invariant,
E[h(Z")] = E[h(Z")].
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2.3. Point process convergence

Proof. Using (2.19) and shift-invariance of h we obtain

E[A(Y)I{A(Y = 2 EBR(Y)HA(Y) =0, A(Y) = 4, [Yj| > 1}
= 2 ER((Y)H{A(Y) = -5, A(Y) = 0}]

— E[n(Y)L{A(Y) =0}] .

Taking h = 1 yields the first statement, and then the second one follows immediately. [

If P(Y € ly) = 1, denote by ¥ the common value of P(A(Y') = 0), i.e. for an arbitrary

anchoring function A set
v=P(A(Y)=0). (2.20)

In particular, for any group order < on Z%, using the first/last exceedance as anchor yields,

ﬁZP@gﬂﬂél) (ﬁle<D (2.21)
Also,
¥ =PAM™(Y) =0)=P(A™(®) =0). (2.22)

Observe here that the function A/™ remains well defined on the whole set [, without 0.
As it turns out, under suitable dependence conditions, 1 represents the extremal index of
the field (].X}]);, see Remark 2.3.16 below (cf. also Remark 2.3.12).

Furthermore, the second part of the previous result implies that the distribution of Z4
(and hence of QA), when viewed as an element in [y, does not depend on the anchoring
function A; see the end of Section 2.3.1. Therefore, we can denote by Z and @ random

elements in l~0 so that
ZL<z4% and QZQ", (2.23)

for an arbitrary anchoring function A. Note, conditionally on A/™(Y") = 0 (or equivalently
on A/™(@®) = 0), ||Y || is equal to |Yo| and therefore Y /||Y ||oo = ©. Consequently,

- P(||Z||oc >y) =y *forally >1,
— ||Z||c and @ are independent.
Moreover,
QLoe|Am®©)=0 inl. (2.24)
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Chapter 2. Regularly varying time series and random fields

As discussed in Remark 2.3.12 below, under Assumption 2.3.2, Z (i.e Z* for any A)
describes the asymptotic distribution of a cluster of extremes of X, i.e. (normalized) block

X, conditioned on having at least one extreme observation.

Before proving the intensity convergence (2.17) we discuss couple of examples.

2.3.4 Examples

Below we present two classes of regularly varying models which frequently arise in
applications. As discussed in Remark 2.3.9, these classes represent two essentially different
mechanisms which induce the regularly varying structure.

Note that the second example concerns only the time series case. A random field
version of the corresponding model arises in the local sequence alignment problem studied

in Chapter 4 below.

Example 2.3.7 (Moving averages). Let (& : i € Z%) be i.i.d. random variables with

regularly varying distribution with index o > 0, i.e.

P& > uwy)
lim ———= =y %, y>0,
e PG| >u)y 0 Y

and for some p € [0, 1],
T B(Eo > 0 | [éo] > u) = p, Jim B(Eo <0 | [éo] > u) =1~ p.

Consider the infinite order moving average process X = (X; : ¢ € Z%) defined by

Xi = Z iji—ja (225)

jezd

where (¢ : 7 € Z%) is a field of real numbers satisfying

0< Y |gl° < o0, (2.26)

A
for some § > 0 such that 6 < o and § < 1. It is easily shown (see e.g. [Res87, Section 4.5])
that this condition ensures that the series above is absolutely convergent. Note also that

> jeza|cj|® < oo. Furthermore, it can be proved as in [Res87, Lemma 4.24] that

P(| X
L P(Xol > )

w0 P[] > u) Z Cae (2.27)

jezd

Moreover, extending the arguments of Meinguet and Segers [MS10, Example 9.2], one can

show that the stationary field X is jointly regularly varying with index v and spectral tail
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2.3. Point process convergence

field given by
(@i)iezd < (Kci+J/|CJ|)i€Zd (2-28)

where K is a {—1,1}-valued random variable with P(K = 1) = p, and J an Z%valued
random variable, independent of K, such that P(J = j) = |¢;|*/ Xicza |ci|® for all j € Z.

In particular, P(© € ly) = P(Y € ly) = 1. Choosing A/™ as the anchoring function
(see (2.22) and (2.24)) yields that

Yjezd lcjle max;ezd |

g = BGez ol o4 (KC> . (2.29)
jezd

Example 2.3.8 (Solutions to stochastic recurrence equations). Assume that a (non-

negative) time series (X;);cz is the stationary solution to the stochastic recurrence equation

where ((A;, B;))iez are i.i.d. [0, 00)* random vectors such that for some o > 0 conditions
of [BDM16, Theorem 2.4.4] hold, in particular E[AJ] = 1, E[log Ay] < 0 and E[B§] < co.
Such a solution exists and moreover the marginal distribution of (X;) is regularly varying
with index a. By [Seg07, Theorem 2.3], the forward spectral tail process (©; : i > 0) exists
(hence, (X;) is jointly regularly varying) with distribution given by 6y = 1 and

0, =J[Aw.i>1. (2.31)
k=1
With the aid of the time-change formula (2.10) one can verify that the backward spectral
tail process (0; : i < 0) also has a multiplicative structure
O =]]-=5,i>1, (2.32)
Aj,

k=1

where (A} )ren are i.i.d. (positive) random variables independent of (Ay)ken and such that
P(A} € -) = E[l{a,ec.3A7]; see [Seg07, Theorem 5.2 and equations (4.3)—(4.5)] for details
and also the proof of Proposition 4.2.1 below. The tilted random variable A} satisfies
E[log A%] > 0 (see the comments related to Theorem 2.4.4 in [BDMI6, p. 48], cf. also the
discussion after Proposition 4.2.1) and since E[log A;] < 0, the strong law of large numbers
implies that P(limy;|,o log©; = —00) = 1, i.e. P(O € ly) = P(Y € ly) = 1. By (2.21),

U =P(supY; <1)=P(sup ﬁ A <1/Yh). (2.33)

i>1 i>1
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Chapter 2. Regularly varying time series and random fields

Further, using (2.24) yields that

Q= (0siez|sup [T(A) " <1, sup [[ A < 1). (2.34)

21 5 21 5
Remark 2.3.9. To compare these two classes of examples it is instructive to consider the
special case of the process from (2.25) withd =1, ¢; =0, j <0, and ¢; = ¢, j > 0, for
some constant ¢ € (0,1). Assume also that the innovations (§;) are nonnegative. By (2.28),

the spectral tail process (0;);cz of the resulting time series (X;);cz is given by

0, +<—J,

where J is a geometric random variable with parameter ¥ = 1 — ¢*, i.e. P(J = j) =
(1 = ¢*)c® for 5 > 0. On the other hand, observe that (X;);cz satisfies the stochastic
recurrence equation (2.30) with 4; = ¢ and B; = & (note that in this case E[A]] < 1 for
all g > 0), i.e.

X, =cX,_1+ fi, 1€ Z, (235)

hence (X;) is a causal autoregressive process of order one. Moreover, the spectral tail
process of (X;) also has a similar multiplicative structure, in fact, the forward spectral tail
process of (X;) has the same form as the one in (2.31). However, unlike in Example 2.3.8,
here always exists a first ¢ € Z for which ©; > 0. Informally speaking, this reflects the fact
that a cluster of exceedances over a large threshold of the process in (2.35) occurs due to
the effect of one single large B; = &;, while for processes from Example 2.3.8, exceedances

occur as a result of multiplying a large (in fact, asymptotically infinite) number of (tilted)
Ak’s.

2.3.5 Intensity convergence

Recall that, for each n € N, J,, ={1,...,r,} and X,, = X .

Proposition 2.3.10. If (r,)nen @S a sequence of positive integers satisfying r, — oo,
rn/n — 0, and such that (2.18) holds, then as n — oo,

kiP(a,' X, €-) S v(-) = 19/000 P(yQ € oy > tdy in M(lyy) . (2.36)

Remark 2.3.11. Note that v is a proper element of M(lyo). Indeed, since ||Qlls = 1,
v({z € oo : ||&]|ec > €}) = P < oo for all € > 0.
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2.3. Point process convergence

Remark 2.3.12. Observe, since v({x : ||z||.c = u}) = 0 for all u > 0, (2.36) implies that
KAP(M,, > ayu) = 9u™, u >0, (2.37)

as n — oo, where M, = || X,, |- Moreover, for every u > 0,

kiP((a,u)*X,, € -, M,, > ayu)
kAP(M,., > ayu)

P((a,u) ' X,, € | M,, > a,u) =
w, Ut

U g [, -1 N —a—1
— 7.9/19/u Plu " yQ € - )ay dy

= /100 P(yQ € -)ay *'dy=P(Z € -),

w . . .
where — denotes weak convergence of finite measures. Hence, for any anchoring function

A and all u > 0,
(anu) ' X,, | M,, > a,u 4 z2L 7%, (2.38)

i.e. Z* represents the asymptotic distribution of a cluster of extremes of X. Also, we
identify Q* by

M,, > au -5 QLQ inly. (2.39)

~1
M.~ X,,

In fact, it can be shown that (2.37) and (2.38) for some ¢ > 0 and Z imply (2.36) for
Q = Z/||Z||, this is actually the approach of [BPS18, Theorem 2.2, Lemma 3.3].

Remark 2.3.13 (Convergence determining family in M(ly,)). To prove Proposition 2.3.10
we will use the following family of functions on ly. For an element @ € [y and any 6 > 0
denote by &’ € I, the equivalence class of the sequence (z;1{|z;| > 6});, where (;); € Iy is
an arbitrary representative of . Let F, be the family of all functions f € C'B; (lo) such
that for some 0 > 0, f(x) = f(x’) for all € Iy, where we set f(0) = 0, i.e. f depends
only on coordinates greater than ¢ in absolute value.

Since functions from Fy approximate well functions in LB} (ZNO,O, d), an application of
Proposition 1.3.1 yields that for random measures N, Ny, Ny, ... on loo, N, (f) N N(f)
for all f € Fy implies that N, 45 Nin ./\/l(l~0,0), see Lemma 2.5.2 below. In particular,
for deterministic measures p, i1, fig, - - - € M(loo), pn(f) — p(f) for all f € Fy implies
that p, — pin M(lgo).

Proof of Proposition 2.3.10. By the Remark 2.3.13, it suffices to show that

lim KE[f(a ' X,.)] = v(f)

n—oo
for all f € Fy. Observe, since k¢ = |[n/r |9 ~ (riP(|Xo| > a,))™' as n — oo, it is
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Chapter 2. Regularly varying time series and random fields

equivalent to prove that

E[f(a,'X,,)]
i r1P(|Xo| > ay)

=v(f).

First, fix an arbitrary group order < on Z% (think of < being the lexicographic order
and d = 2). Take now an arbitrary f € Fy and choose € > 0 small enough such that
f(x) = f(z) for all & € ly. In particular, |||, < € implies that f(z) = 0, hence,

Elf(a,' X)) = E[f (0, X, ) 1{M;, > ane}],
and decomposing on the first j € J, (w.r.t. <) for which |X;| > a,e we get

Elf(a,' X)) = Y E[f(a,'X,,)1{ max |X;| < ane |X;| > ane}]. (2.40)

G€dm, 3 €Jrn, 3 <7

Fix now an m € N and take n big enough so that r, > 2m + 1. Intuitively, for every
j € J., such that {j' € Z¢: |3’ — | <m} C J,,, by Assumption 2.3.2, when |X;| > a,e

we can assume that
max{|X;|: 5" € J,., |7 — 3’| > m} < ane,
and in this case, by the properties of f,

fla' X)) = fa," X (jrezayj—ji<my) -

More precisely, for all such j’s, using stationarity, boundedness of f (assume w.l.o.g. that
0 < f <1) and the fact that {3 € J,, : |7 —F|>m} C{j €2 m<|j—j|<r.},

E[f(a," X, )1 max [Xp| < ane,[X;] > ane}]

JGJTTL ‘7<

—E[f(a;' X g, |<m})1{ max | Xp| < ane,| Xo| > ane}]|

j'|1<m,3'<0

< IP’( max | X;/| > ane, [ Xo| > an6> .

m<|j’|<rn

For remaining j € J, , simply bound the term on the left hand side above by P(| Xo| > a,€).
Now, going back to (2.40) we can conclude that

Apm = [E[f 0y X))/ {riP(| Xo| > an)}
—E[f(a;* X gj1<my) 1L max X < ane, |Xo| > ane})/P(| Xo| > an)|

l7/1<m

P(| Xo| > ane) [rd — (Tn — 2m)d

n P Xol > ane) b
P(|Xo| > an) rd + [Xo| > ane

n

max | Xj/| > ape
m<|j'|<rn
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2.3. Point process convergence

Observe, by regular variation P(|Xo| > ane) ~ e *P(|Xo| > a,) as n — o0, so together
with r, — oo and Assumption 2.3.2 we get that

lim limsupA,,,, =0. (2.41)

m=o0 poo
Next, since f, when viewed as a function on R¥®™+1) is bounded and continuous, and
since P(maxjrj<m, j'<o |Yj/| = [Yo| max|jj<m jr<0|©;/| = 1) = 0, by definition of the tail

process Y and the continuous mapping theorem,

lim E[f(a, X j1<m)) 1{ max |Xj,|gane}\|xo|>ane]

n—oo | ‘<

= E[f(Y yyicm)H{, max, ¥y < 1}
Now since P(limy;/|_,, Y| = 0) = 1, (2.41) and application of the bounded convergence
theorem yield

E[f(a,'X,,)] = lim e “E[f(eY g |<m})1{ max ]YJ/| <1}

w50 pdP(|Xo| > a) o 3'I<m

= ¢ “E[f(eY){max|Vy[ < 1}]
J'=

= e_o‘ﬁE[f(eZAfe)] = ¢ “WE[f(eZ)],

where the last equality follows since f is a function on Iy . Since || Z||« is Pareto distributed
and independent of Q = Z/||Z ||,

VB[ ()] =0 [ Bl (ey@)ay "ty = [ EIf(y@)ay " dy.

Now since ||Q]| = 1 and since f(x) = 0 whenever |||« < €, we finally obtain that

li (@0 X )] 19/ ay "ty = v(f).

n—oo rdP(| Xo| > ay)

2.3.6 Convergence to a (compound) Poisson process

In view of Proposition 2.3.10, our main point process convergence result given below is
now a simple application of Corollary 1.4.4. For that purpose, we introduce a convergence
determining family in M, ([0, 1]% x lp,) related the family F, from Remark 2.3.13.

Let F} be the family of all functions f € CB, ([0,1]% x ly) such that for some § > 0,
f(t,x) = f(t,x) for all t € [0,1]? and « € I, where we set f(¢,0) = 0 (the mapping

x — x° was defined in Remark 2.3.13). As a consequence of Lemma 2.5.2 below, J} is
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Chapter 2. Regularly varying time series and random fields

point process convergence determining, see Remark 2.5.4.

Theorem 2.3.14. Let X be a stationary regqularly varying random field with tail index
a >0 and (rp)nen @ Sequence of positive integers satisfying r, — oo, rp/n — 0. If (2.18)
holds and the family ((¢/kn, X,i/an) :n €N, 4 € L,) is AI(F), then

d
N= 3" 8k Xnstan) — N' =D 8er, pay (2.42)

icl, ieN
in M,([0,1)% x lp), where N’ 2L PPP(Leb x v) and

(i) Yien O(ri,py) s a Poisson point process on [0,1]7 x (0, 00) with intensity measure

Leb x d(—d9y~®);

(ii) Q' = (Q;)jezd, i € N is a sequence of i.i.d. elements in ly, independent of > ien O(T;,Py)

and with common distribution equal to the distribution of Q.

Proof. An application of Corollary 1.4.4 together with Proposition 2.3.10 yields convergence
in distribution of N/ to a Poisson process with intensity measure Leb x v. Hence, it only
remains to show that the point process in N’ in (2.42) is indeed Poisson with intensity
measure Leb X v.

Define the subset S of Iy by S = {& € Iy : ||&||«c = 1}. By [Res87, Proposition
3.8], point process Yy Oz, p, g is a Poisson point process on [0,1]% x (0,00) x S with
intensity measure Leb x d(—0y~ ) x Pg, where Pg is the distribution of Q. Note that
[Res87, Proposition 3.8] applies to point processes on locally compact spaces, but its
proof is easily extended to a more general state space. Further, define the mapping
T :10,1]4x (0,00) xS = [0,1]% x lyo by T'(t, p,q) = (t,pq). Now an application of [Res87,
Proposition 3.8] yields that the transformed point process N, = Ycn 6(7, p.gi) I8 again
Poisson with intensity measure (Leb x d(—dy™®) x Pg) o T~ = Leb X v. O

Corollary 2.3.15. Under notation of Theorem 2.3.1/, if there exists a sequence r, —
00, n/n — 0 for which (2.42) holds, then, with J, = {1,...,n}¢,

d
Z OGi/nX;/an) — Z Z 5(@,3@;‘.) (2.43)
J€JIn ieN jezd
in M,([0,1]% x (R \ {0})) with bounded sets being those which are bounded away from
[0, 1]¢ x {0}.

The proof of the previous result is in Section 2.5; it first applies continuous mapping
theorem to convergence (2.42) and then uses the fact that (assume for simplicity that d = 1)
time instances j/n and i/k, for i € I, = {1,... k. },7 € Joi={(i — Drp +1,...,ir,},
differ by at most 2r, /n which tends to zero as n — oco. Note, for d = 1, the previous

result corresponds to [BT16, Theorem 3.1].
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Remark 2.3.16 (Extremal index). As already noticed by [BS09, Remark 4.7], when
convergence in (2.43) holds, the quantity ¢ is the extremal index of the field (|Xj;|) ecza

since n?P(|Xo| > a,u) — u=* and

P(max | X;| < a,u) = P (Z Lipsu) = O) =e ",

J€In ieN

as n — oo, for all u > 0.

In the rest of the chapter we focus on techniques for verifying assumptions of Theorem
2.3.14 or obtaining the convergence (2.42).

First note that these assumptions hold in the case of m—dependent stationary fields,
see Lemma 2.4.1. Moreover, one can extend convergence in (2.42) to fields which can be
approximated by m—dependent fields, such as infinite order moving average processes from
Example 2.3.7. This is the content of Section 2.4.1.

In the time series case, the concept of strong mixing offers a way to check the AI(F))
condition. Corresponding conditions are satisfied for a wide family of geometrically ergodic
Markov chains which (under mild additional conditions) include solutions of stochastic
recurrence equations from Example 2.3.8. This is discussed in Section 2.4.2.

On the other hand, for proper random fields, i.e. when d > 1, the approach of
Section 1.4.2 using the concept of neighborhoods can be used to check the asymptotic
F{-independence condition. This is illustrated on the local sequence alignment problem

studied in Chapter 4, see in particular Corollary 4.3.4.

2.4 Checking assumptions of Theorem 2.3.14

2.4.1 Fields admitting m—dependent approximation

A random field X = (X; : 4 € Z%) is said to be m—dependent for some m € N if for
all finite I, J C Z% such that inf{|¢ — j| : 4 € I,5 € J} > m, o-algebras o(X; : ¢ € I) and
o(X;: j € J) are independent. Observe, if (a,), is chosen such that n/P(|Xo| > a,) — 1,
m~dependence implies that condition 2.18 is satisfied for any (r,),, such that r, — oo and
rn/n — 0. Moreover, using the properties of the family F{, it is easy to show that the
asymptotic F)-independence assumption of Theorem 2.3.14 is also satisfied; cf. the proof

of [Bas00, Lemma 2.3.9], see also Section 4.3 below.

Lemma 2.4.1. If a stationary reqularly varying random field X is m—dependent for some
m € N, then X satisfies assumptions of Theorem 2.3.14 for any (1), such that r, — oo
and r,/n — 0.

Let X = (X; : 4 € Z%) now be a general stationary random field (not necessarily

regularly varying). Assume that there exists a sequence of stationary regularly varying
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m—dependent fields X ™) = (Xi(m) 1 € Z%, m € N, and a sequence of real numbers
(bn)nen such that for all m € N

ntP(|X{™] > by) = d™ >0, as n — oo (2.44)

Observe that we keep the same normalizing sequence (b,,) for all fields. In particular, the
tail index of X ™ is the same for all m. Denote it by a > 0. Further, for each X ™ denote
by 9™ the quantity defined in (2.20) and by Q"™ the random element in [, defined in
(2.23).

Assumption 2.4.2. (i) There exists 0 > 0 and a random element Q in ly such that,

as m — oo, ¥m™MdM — 5 and Q™ BN Q in .

(ii) For any u >0

lim limsupP( max |Xi(m) — X;| > byu) =0.
m—00  n oo 1<i<1n
Note that, since Q™| = 1 for all m € N, the same holds for Q. Further, let (r,,) be

any sequence of positive integers satisfying r, — oo and k,, := |n/r,| — oo. Recall the
blocks X ., ¢ € I, = {1,...,k,}? defined in (2.12).

Theorem 2.4.3. Assume that (b,)nen 5 a sequence of real numbers satisfying (2.44) and

that Assumption 2.4.2 holds for some o > 0 and random element Q in lo. Then

d

i€ln ieN
in M,y([0,1]% x l), where Y32, §(r..p,) is a Poisson point process on [0, 1]% x (0, 00) with

intensity measure o Leb x d(—y~®), independent of the i.i.d. sequence (Q");en with common

distribution equal to the distribution of Q.
Remark 2.4.4. The fields X™ can in general be n,,—dependent for a sequence n,,, — oo
as m — oo.

Ezample 2.4.5 (Moving averages). Consider again the regularly varying field X =
(Xi)ieza from Example 2.3.7 defined by X; = 3 cza ¢;&—; for a field of real numbers (c;)
and field of i.i.d. random variables (¢;) which are regularly varying with index o > 0.

Instead of checking assumptions of Theorem 2.3.14 for the field X, we show that
Theorem 2.4.3 can be elegantly applied. For each m € N and 4 € Z? define

X,L(m) = Z iji—j .

l7]<m

By assumption, the field X = (X™ . i € Z%) is in general (2m + 1)~dependent. Take

a sequence of real numbers (b,,) such that lim,, ., n9P(|¢| > b,) = 1. It now follows from
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(2.27) that (2.44) is satisfied with d™ = ¥ ;<,,, |¢;|*. Further, for each m € N, special
case of (2.29) for ¢; = 0, || > m yields

g(m) _ MaX|j|<m 1 Qm 4 (ch]lﬂj\ < m}> i,
§:U|SW1|Cﬁ|a ’ nlax%ﬂ§n1|0i| jezd

Observe, since limjj_,q |c;| = 0, Assumption 2.4.2 (i) is satisfied for o = max;cza |c;|*
and @ from (2.29). Finally, (2.27) implies that Assumption 2.4.2 (ii) holds; see [DR&5,

Lemma 2.3].

Thus, all of the conditions of Theorem 2.4.3 are met and hence convergence in (2.45)
holds. Moreover, the limiting point process can be represented as >372; d(z, pxi(c;);)
where 32°, 0(r, p,) is a Poisson point process on [0,1]¢ x (0,00) with intensity measure
Leb x d(—y~*) and (K;) is an i.i.d. sequence of random variables distributed as K and
independent of >3, 6z, p,)-

Note, for a, = b,(Yjeza |cj|*)/*, (2.27) implies that n?P(|Xo| > a,) — 1, so by
applying continuous mapping theorem to (2.45) one obtains that the conclusion of Theo-
rem 2.3.14 holds for the regularly varying field (X;), i.e. that the convergence (2.42) holds
for any r,, — oo, r,/n — 0, with the corresponding ¢ and Q from (2.29).

Proof of Theorem 2.4.3. For every X ™ denote by X Sf) the corresponding blocks from
(2.12) and define point processes N™ on [0,1]% x Iy by

(m) _

icly

Note, for each m € N, by (2.44) and regular variation of |X(()m)|, the sequence a(™ :=
bo(d™)%, n € N, satisfies (2.16), i.e. lim, oo n/P(|XS™| > af™) = 1. Since X is
m~—dependent, by Lemma 2.4.1 we can apply Theorem 2.3.14 which, together with an an

application of the continuous mapping theorem, implies that for each m € N,
N Ly N0 L PPP(Leb x ™) | as n — oo,
in M, ([0,1]? x loo), where
V) () = 9lm) gm) /0 T PyQ™ € aydy .

Further, by Assumption 2.4.2 (i) and the dominated convergence theorem, as m — oo,

[e.e]

V() = o [T EFpQ)ay ™ dy,
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for all f € CB; (lyo), i-e.
V) 25 () = o [TRQ € Jay "y,
in M(lp). This implies that (see e.g. [Res07, Problem 5.3])
PPP(Leb x v™) £ N Ly N() L PPP(Leb x /().

Set N)) = > icr., O(i/kn,X /b fOr all n € N. Since the distribution of N©) coincides with
the distribution of the limit in (2.45), to prove convergence in (2.45) it suffices to show
that

lim_timsup PN (F) — N/(f)] > n) =0, (2.46)
m—=00 n—oo
for all n > 0 and every f in some family of functions on [0,1]¢ x Iy, which is point

process convergence determining. Indeed, by [Bil68, Theorem 4.2], this implies that
N"(f) =% N©(f) in R for all such f, and hence N” -5 N() in M, ([0,1)4 x o).

Recall the metric d on [y defined in (2.13). Adapting the lines of the proof of [DRS5,
Theorem 2.4, equation (2.11)], we show that Assumption 2.4.2 (ii) implies (2.46) for every
f € LB ([0,1]% x g, d') where d is a metric on [0, 1]% x Iy defined by d'((t, z), (s,y)) =
it —s| Vd(x,y) for all t,s € [0,1]%, =,y € lop, with | - | denoting the sup-norm on [0, 1]%.
Since, by Proposition 1.3.1, the family LB, ([0, 1]¢ x lNO,O, d') is point process convergence

determining, this will prove the result.

Fix an f € LBy ([0,1]% x lpo,d’) and let ¢ > 0 be such that ||x||. < ¢ implies that
f(t,x) =0 for all t € [0,1]%. Assume without loss of generality that |f(t,z) — f(s,y)| <
it — s| Vd(x,y) for all (t,x), (s,y) € [0,1]* x lp. In particular,

dAxX™ X,

n,d o’

/by X002 100) = £ by X fbn)]| € =0 (2.47)

for all n,m € Nand 2z € I,.

For all 7 > 0 set B(r) = {x € lpy : ||#]|ec < r} and for an arbitrary 0 < u < €/2
define the events A = {maxj<;<,1 |Xi(m) — X;| < byu}, n,m € N. Note that A" C

{max;er, J(X%), X ;) < byu}. Hence, on the event A(™ if Xg:?/bn € B(e/2) for some

i € I, then f(2/k,, X;Tz)/bn) = f(¢/kn, X 1ni/bn) = 0. Together with Assumption 2.4.2 (ii)
and (2.47) this yields that

lim_Tim sup P(INS™ (f) = NY(F)] > n) < limlimsup P({{NS™(f) = Ny ()] > 0} 0 ATY)
m—=00 n—oo

m—r0o0 n—oo

< lim limsup P(uN{ ([0, 1]? x B(e/2)%) > n) .

m—00  p_00
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Since N{™ 25 N0 as n — oo and N™ —%5 N a5 m — oo, and since all of
the limiting point processes a.s. put zero mass on the boundary of the bounded set
[0,1)% x B(e/2)°,

lim_Tim sup P(N™ ([0, 1] x B(e/2)7) > u™'n) = B(N([0,1]* x B(¢/2)) > u™'n)
m— n—oo
Finally, since N(*) is a.s. finite on the set [0,1]? x B(e/2)¢, letting u — 0 yields (2.46)
and since f € LB, ([0, 1] x lo,d’) was arbitrary this finishes the proof.
[

2.4.2 Strongly mixing time series

Let X = (X;);ez be a stationary regularly varying time series. Define the strong mizing

coefficients
ap =sup{|P(ANB)—P(APB)|: Aco(X;:i<0),Aco(X;:i>1)},leN.

As usual, let (a,), be such that nP(|Xo| > a,) — 1.

Lemma 2.4.6. Let (r,), be a sequence of positive integers satisfying r, — 00,k, =

|n/rn] — 00 as n — oo. If there exists a sequence (1), of positive integers such that
ln/Tn — 0, kpoy, — 0,

then the family ((¢/kn, Xni/a,) :n €N, 1 € 1,) is AI(F)).

Using the properties of the family F{, the proof of the previous result is essentially the
same as the proof of [Bas00, Lemma 2.3.9] and therefore omitted.

Even though intuitively clear, computing the mixing coefficients is in general a difficult
task. Fortunately, if X is a stationary Markov chain, conditions of the previous lemma
can be verified by showing that X is geometrically ergodic, see [Bas00, Section 2.2.2] for
more details and a sufficient condition for geometric ergodicity. In this case, assumptions
of Lemma 2.4.6 are satisfied for r,, = |n¢| for every e € (0,1), see [Bas00, Remark 2.3.10].

Ezample 2.4.7 (Solutions to stochastic recurrence equations). As in Example 2.3.8,

let (X;)sez be the solution to the stochastic recurrence equation
Xi - AiXifl +Bz7 ’l S Z,

where ((A;, B;))iez are i.i.d. [0, 00)*random vectors such that for some a > 0 conditions

of [BDM16, Theorem 2.4.4] hold, in particular E[A%] = 1, E[log A] < 0 and E[B®] < co.
By [Bas00, Lemma 3.2.7 and Proposition 3.2.9], if either Ay or By has a density, the

Markov chain (X;) is geometrically ergodic, hence, for r, = |n¢| for any € € (0, 1), the
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corresponding blocks X, ; satisfy the asymptotic F-independence condition. Moreover,
by [Bas00, Lemma 4.1.4], for all € > 0 small enough, the condition (2.18) is also satisfied.

Hence, for such (r,)’s all assumptions of Theorem 2.3.14 are satisfied.

Remark 2.4.8. One can define the strong mixing coefficients for general stationary random
fields (X;);eze, i.e. when d > 1 (see e.g. [Ros85, p. 73] and also [Bra93]), so that an
analogue of Lemma 2.4.6 holds. However, investigation of practical techniques for checking
its assumptions, such as geometric ergodicity in the case of time series, and corresponding

class of examples is out of the scope of this thesis.

2.5 Postponed proofs

Proof of Theorem 2.2.1

We only prove (iii)=(i) since (i)=-(ii) follows as in [BS09, Theorem 2.1] and (ii)=-(iii)
is obvious. Also, since we essentially adapt the arguments of [BS09, Theorem 2.1], some

details are omitted.

Observe first that (2.5) with I = {0} implies that for all € > 0,

lim P(| Xo| > ue)

=e @ 2.48
U—+00 P(‘X0| > 'LL) ‘ ’ ( )

and moreover that Xg is a regularly varying random variable with index «, see [BS09,
Theorem 2.1].

Take now an arbitrary finite I C Z? such that |I| > 2 and consider the space RHI \
{0} with bounded sets being those which are contained in sets B, := {(z;)ic; € RV :
sup;e; |xi| > €}, € > 0. In view of (2.48), multivariate regular variation (with index «) of

X is equivalent to the existence of a non-zero measure p; € M(RII\ {0}) such that

pl(y = B Xi€ )

S it =R LN 00, 9.49
(X0 > 0 [y, as m — 00 ( )

see [SZM17, Definition 3.1, Proposition 3.1] (cf. [BS09, Equation (1.3)]).
Arguing exactly as in [BS09, Theorem 2.1] it follows that the vague limit of pul, if it

exists, is necessarily non-—zero, and furthermore, that limsup,_,. pk(B.) < |I]e™® < oo
for every € > 0. Since sets {(z;)ic; € R : sup,c;|7i| € [, M]} are compact for every
e, M > 0, by [Kal17, Theorem 4.2] it follows that the set {u! : u > 0} is relatively compact
in the vague topology of M(RI'\ {0}).

Since Z is encompassing, we can take ¢* € I such that I’ := I — ¢ C Z. By [BS09,

Lemma 2.2], to show that measures ul, vaguely converge as u — oo, it suffices to prove
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that lim, o % (f) exists for all f € F where F = F; U F, C OB, (R {0}) with

Fi=A{f: for some e >0, f((x;)icr) = 0 if |z,
Fo={f: f((xi)icr) does not depend on z;-} .

<€},

Note that families F; and F5 depend on I but we omit this in the notation.
Since I C Z, stationarity, (2.5) and (2.48) imply that for every f € F; and € > 0 as in
the definition of i,

1) = St B X )Xol > 0] — B (W] 25w o0,

Further, every f € JF, naturally induces a function f in CB; (RII=1\ {0}) and by

stationarity

E[f (v X n i) I\

pn(f) =

Hence, lim, o pl(f) exists for all f € F, if X -y is multivariate regularly varying.
Observe, we have shown that for an arbitrary finite I C Z? such that |I| > 2, X is
multivariate regularly varying if X p\ (=1 is, where 2" € I is such that I —4" C Z. Therefore,

(i) now follows by regular variation of X and since Z is encompassing.

Metric on the space [,

Let (X, d) be a metric space. Assume that ~ is an equivalence relation on X and let X

be the induced quotient space. Define a function d : X x X — [0, 00) by:
d(7,§) = inf{d(z,y) : x € &,y € §}, &,§ € X,

Lemma 2.5.1. If for all z,7 € X and all Yy E Y,

d(z,9) = inf d(z,vy), (2.50)

TET

then d is a pseudo-metric on X. If moreover (X, d) is separable and/or complete, then so

is (X, d).

Proof. To prove that d is a pseudo-metric, the only nontrivial step is to show that d
satisfies the triangle inequality, but this is implied by (2.50). Indeed, take any Z,7, 2 € X
and fix an arbitrary z € Z. Since (2.50), then for all y €

d(z,9) = inf d(z,y) < iﬁnf(d(x, 2)+d(z,y)) =d(z,2) +d(z,y).

TET €T
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Now taking the infimum over all y € § and using (2.50) again yields the triangle inequality.
Further, it follows easily that (X, d) is separable whenever (X, d) is. Assume now that
(X,d) is complete and let (Z,)nen be an arbitrary Cauchy sequence in (X, d). Then we

can find a strictly increasing sequence of nonnegative integers (ny)ren such that

1

Ad(Zn, ) < ST

for all m,n > n; and every kK > 1. We define a sequence (yx)ren in X inductively as

follows:
- Let y; be an arbitrary element of Z,, .

- For k > 1 let y11 be an element of #,, ., such that d(yx, yx1) < zk% Such an i1
exists by (2.50).

Then (yx) is a Cauchy sequence in (X, d). Indeed, for every k > 1 and for all m > n > k,

m—1 o) 1 1
d(ym,yn) < Z yl7yl+1 ZT -
l=n =k

Since (X, d) is complete, limy_,o, d(yg, x) = 0 for some z € X. Let & € X be the equivalence
class of x. Since, by definition of d, d(i,,,%) < d(yx,z) for all k > 1, the subsequence
(Zn, ) converges to Z in (X, d). Finally, since (#,), is a Cauchy sequence, it follows easily

that the whole sequence (Z,) also converges to Z, hence (X, d) is complete. O

Proof of Lemma 2.3.1. In view of and (2.14) and Lemma 2.5.1 it only remains to show
that d is a metric, rather than just a pseudo-metric.

Assume that d(&,§) = 0 for some &, 9 € ly. Then, for arbitrary @ € &,y € ¢, there
exists a sequence (ky,)nen € Z% such that || B¥»x — y||o — 0 as n — oo. It suffices to show
that the sequence |k,|, is bounded. Indeed, in that case there exists a k € Z? such that
k, = k for infinitely many n € N which implies that y = B*¥x, and hence that & = ¥.

Suppose now that the sequence |k,|, is unbounded and that y # 0 (the case y =0
is straightforward). Since limy_,o |y;| = 0, we can find 49 € Z? and N € N such that
[Yio| = [|Ylloc > 0 and |y;| < ||y||oo/4 for all |¢| > N. By shifting y (and k,’s), we can
assume that 2g = 0.

Take now an integer ng > 0 such that ||B*"@ — y||o < ||y|leo/4 for all n > ng. Since
|Kn |, is unbounded we can also find an integer n; > ng such that |k,, — k,,| > N. It now
follows that

3 1
Syl < [(BE1@)ol = o, | = (B0 @)k, k0| < 5llle

which is a contradiction. Hence, the sequence |k,|, is bounded. [
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Convergence determining families for random measures on [y

Recall the family Fy C CB;_(Z(),()) defined in Remark 2.3.13 and let N, Ny, Ns, ... be

random measures on [0’0.
Lemma 2.5.2. If E[e= (] — E[e=N")] for all f € Foy, then N, = N in M(ly).

Remark 2.5.3. Since f € Fy implies that Af € Fy for all A > 0, E[e=V+(N] — E[e=V)] for
all f € Fy is equivalent to N, (f) = N(f) in R for all f € F,.

Remark 2.5.4. Essentially the same proof as the one given below shows that for random
measures N', NI, Nj, ... on [0,1]? x lpo, E[e Vo] — E[e=V' )] for all f € Fj, where
Fi C OB ([0,1)% x lo ) is defined in the beginning of Section 2.3.6 implies that N/, 4 N
in M, ([0,1]% x loo).

Proof. Recall that a Borel set B C Iy, is bounded if for some € > 0, d(0, &) = ||||s > €
for all ® € B. By Proposition 1.3.1 (see Example 1.3.3), to show that N, ~4 N it suffices
to prove that E[le=N2(9)] — E[e=N®)] for all g € LB (lo, d).

For § > 0 let ¢° : [0,00) — [0, 1] be a (uniformly continuous) function defined by (i)
¢°(z) = 0 for z < &; (ii) ¢°(x) = 1 for x > 26; (iii) ¢°(x) = /6 — 1 for x € [§,25]. Further,
for any @« € I, by slight abuse of notation, denote by ¢°(x) the equivalence class of the
sequence (7;0°(|z;])):, where (2;); € lo is an arbitrary representative of x. Note, for every
x € lyo, d(zx, ¢ (x)) < 6.

Take now an arbitrary g € LB (lpo,d) and let € > 0 be such that support of f is
contained in B := {& € log : [|Z|ls > €} € By(lop). Assume without loss of generality that
l9(z) — g(y)| < d(z,y) for all &,y € l. For each § > 0 define a function ¢° on Iy by
¢’ () = g(¢°(x)) with convention that g(0) = 0. By construction, ¢° is an element of
Fo and moreover support of ¢° is also contained in B for each § > 0. Further, since g is
Lipschitz, for all § > 0 and all € l~0,0

l9(@) — ¢’ ()| < d(z, ¢’ (z))1p(x) < O1p(). (2.51)

Observe now that for all § > 0, since ¢° € Fy, convergence E[e=Vn(9")] — E[e=N©")] holds

and hence

lim sup ‘E[e’N”(g)] — E[e’N(g)]‘ < lim sup ‘E[e’N”(g)] - E[e’N"(gd)]‘ + ‘]E[e’N(gs)] — E[e’N(g)]‘ .

n—oo n—oo

(2.52)

Using (2.51) and the simple bound |e™® —e7¥| < |z —y| A 1, z,y > 0, we obtain that for

any random measure M in M (ly)

[Ele™MO)] — B[] <E[|M(g) — M(g°)| A1] < B(M(B) > C) +6C,
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for all 6 > 0 and C' > 0. Using this bound for N,, and N, (2.52) yields that for all 6 > 0
and C' >0

liinﬁsolip ‘E[e_N”(g)] — E[e‘N(g)]‘ < liinﬁs;jp P(N,(B) > C)+P(N(B) > C)+25C. (2.53)
It remains to notice that, since one can find a function gy € LB; (l~0,0, CZ) such that gy > 1p
(see (1.6)), there exist a function fy € Fy such that fy > 1p (with notation as above, simply
take fo = 2g3/2). Since by assumption N, (fo) —= N(fo) in R, the sequence (N,,(f))n, and
therefore the sequence (N, (B)),, is tight. Thus, letting 6 — 0 and then C' — oo in (2.53)
yields that ‘E[e*Nn(g)] - E[G*N(g)]‘ — 0 as n — oo. Since g € LBy (lpo,d) was arbitrary,

this proves the claim. O

Proof of Corollary 2.3.15

Let P : M,([0,1]% x loo) — M,(]0,1]¢ x (R\ {0})) be the (projection) mapping given

by
P 0 @in) = 22 Sty
7 i g

Note that P is well-defined (i.e. for every u € M,([0,1]% x loo), P(u) is a locally finite
point measure on [0,1]¢ x (R \ {0}) and moreover, using Proposition 1.2.8 it easy to show
that P is continuous.

Recall, for each 4 € I,, we denote J,,; = (j € 2%: (¢ —1)-r, +1 <3 <4-7,) and
X i = X,,;. Therefore, (2.42) and an application of the continuous mapping theorem
(see e.g. [Bil68, Corollary 1, p. 31]) imply that

d
i€ln j€EIn s 1€N jezd
in M, ([0, 1] x (R {0})).
Define a metric p on [0,1]? x R by p((t,z),(s,y)) = |t — s| V |z — y|, where for
t=(t,...,tq) € RY |t| = max,—;__q|t;|. By Proposition 1.3.1, the family LB; ([0, 1]¢ x

(R\ {0}), p) is (point process) convergence determining and hence, in view of (2.54), it

suffices to show that

‘]E {67 Dictn Zjer f(i/k”’Xj/a")] _ ]E[Q* Diem f(j/n’Xj/a")} ‘ — 0, (2.55)

for all f € LB; ([0,1]¢ x (R\ {0}), p). For that purpose, we use similar arguments as in
[Kril0, Proposition 1.34].

Assume for simplicity that d = 2. Let f € LB, ([0,1]*> x (R\ {0}), p) be arbitrary
and take an € > 0 such that |z| < e implies that f(¢,z) = 0. Recall, k, = |n/r,| and
L, = {1,...,k,}? Furthermore, blocks J,; C J, = {1,...,n}? @ € I,, are disjoint
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2.5. Postponed proofs

and each has 7",21 indices. Hence, the set of indices J), = Us¢y, J,, is contained in J, and
furthermore, .J,, has at most 2r,n indices which are not in J),. Therefore, by the properties
of the function f and stationarity of (Xj),

Ele” 2ier, ! imslend] _ gl e XN < 9 (| Xo| > ane) + 0 (2.56)

“n~2 and since 7, /n — 0.

since by (2.16) and regular variation of |Xo|, P(| Xo| > an€) ~ €~
Furthermore, using the simple inequality |e™* — e Y| < |z — y| valid for all z,y > 0 yields

that
[ Sier Sien f(i/kn,xj/anq _E| e f(j/n,xj/aw”

<> Y E|f(/kn X/ an) = F(G/n, X/ an)] -

1€1n JEIn 5

e

Since for some L > 0, |f(t,x) — f(s,y)| < L(|t — 8| V |z — y|) for all t,s € [0,1]¢ and
z,y € R\ {0}, and since |z| < e implies that f(¢t,z) =0,

E‘f("’/kaJ/an) - f(]/mXJ/an)‘ < L|"’/kn _J/n| : P(|X0| > ane) )

for all 4 € I,, and j € J,;. Now since |ér, — j| < r, for all such ¢ and j and since

k, = |n/rn] one can show that
) ) 2r,
i/kn— g/l < 22,
for all ¢ € I,, and 3 € J, ;. This implies that
- X . t/kn,X;/an — . 1/, X5/ an 2 n
’E[e Zzeln ZJEJn,i f(i/kn, X5/ ):| _]E|:6 ZJGJn f(d/n,X;/ ):H S kiriLLP(’XO‘ > ane) )
n

Note that k,r, ~ n, so again by (2.16) and since r,/n — 0, the right hand side above
tends to 0 as n — oco. In view of (2.56), this proves (2.55) and finishes the proof.
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Chapter 3

An invariance principle for sums and
record times of regularly varying

stationary time series

3.1 Introduction

In this chapter, we put to use the order preserving point process convergence theory
developed in Chapter 2. In particular, we study partial sums and record times of a
stationary regularly varying R—valued time series. The running assumption of the chapter
will be that the conclusion of Theorem 2.3.14, i.e. point process convergence (2.42), holds.
In particular, this includes infinite order moving average processes from Examples 2.3.7
and 2.4.5. In both problems, the information about the temporal ordering of extreme
observations within the same cluster will be essential. In fact, the study of record times in

a dependent sequence was the main motivation for development of results in Chapter 2.

The rest of the chapter is divided in two sections on record times and partial sums,
respectively, and in the beginning of each we briefly motivate the corresponding problem

and state our main results.

The results of this chapter are based on the paper [BPS18].

3.2 Record times

3.2.1 Introduction

In this section we study record times in a stationary regularly varying time series

(X:)ien. For convenience we restrict our attention to the case when X;’s are nonnegative
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Chapter 3. An invariance principle for sums and record times of regularly varying stationary time series

and say that i € N is a record time and X; the corresponding record (value) if

Xi >  max X] ;
j=1,...i—1

with max () = 0. It is well known that, if X;’s are i.i.d. regularly varying,

Ry = 0i/mlix, is a record} L R= > b, (3.1)
Jj=1 1€Z
as n — oo in M,((0,00)) (with bounded sets being those contained in [e,e7!], € > 0),
where Y,c7 0., is a Poisson process on (0, 00) with intensity measure u(dz) = z~'dz, i.e.
p((a, b)) =log(b/a) for 0 < a < b; see [Res87, Corollary 4.22]. In particular, if 7;, is the
last record time among X1, ..., X, , (3.1) yields that, for x € [0, 1],

P(T,/n < x) = P(R,((2,1]) = 0) = P(R((z,1]) = 0) = e #(@D =

i.e. the distribution of 7},/n is asymptotically uniform on [0, 1]. For further implications of
(3.1) see [Res87, pp. 219-220]. Note, the limiting process R is scale—invariant in the sense
that, for any ¢ > 0, > ;cz 0cr, 2 >icz 0r;, see [Arr98] for an interesting discussion on such
processes.

In this section, we extend convergence in (3.1) to stationary regularly varying time
series. Under appropriate assumptions, we show that the process of record times R,
converges in distribution to a rather simple scale invariant compound Poisson process,
see Theorem 3.2.3 for details. Note, since record times remain unaltered after a strictly
increasing transformation, the main result below holds for stationary sequences with a
general marginal distribution as long as they can be monotonically transformed into a

regularly varying sequence.

3.2.2 Continuity of the record times functional

We start by introducing the notion of records for sequences in l,. For y > 0 and

x = (2;)jez € ly define
o0
R*(y) = Z 1{Ij>y\/supi<j z;}
j=—o0

where a V b := max{a, b}, representing the number of records in the sequence x larger
than y. Observe, this number is finite for every & € I and every y > 0 since at most finite
number of coordinates of & are larger than y. Note, x = () ez € lo means that x is an
element of Iy and (z;) is an arbitrary representative of . Write also [|z|| = sup; z; V 0
for & = (2;)jez € lo-

Let 7 = Y2, 6, 21 € M,(]0,00) x lyp), where & = (%) jez € lo, i € N. Bounded sets

in [0,00) x Iy are those contained in sets [0, ] x {z € loo : [|2]|ec > €}, € > 0. Define,
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3.2. Record times

for t > 0,

MY(t) =sup 2|5, M7(t—) = sup[|lz*||
t

t; < t; <t

where we set sup () = 0 for convenience. Next, let R, be the (counting) point process on

(0,00) defined by

R, =36, R (M (1))

i=1

hence for arbitrary 0 < a < b,

Rv(avb] = Z Z 1{x§>M7(tif)Vsupk<j zi} -

a<t;<bj=—00

If all ¢;’s are mutually different (this will always hold in our case), we say that v has
k > 1 records at time ¢ € [0,00) if t € {t;} and R* (M*(t;—)) = k. Observe, whenever
7 satisfies M7(t) > 0 for all t > 0, R,(a,b] < oo for all 0 < a < b, i.e. R, is a locally
finite measure on (0, 00) with bounded sets being those contained in (e,e71), € > 0. Let
A C M,([0,00) x lyo) denote the set of all such 4’s. Note that A is an open subset of
M, ([0, 00) x Iy ) with respect to the vague topology.

Lemma 3.2.1. The mapping v — R, from A to My((0,00)) is continuous at every
¥ =202 042 € A such that

(i) t; #t; for alli # j e N;

(i) xf # ¥ for alli,7’ € N and all j # j' € Z such that %, z% > 0.

3777

Proof. Fix an arbitrary v = >, d;, »+ € A satisfying the above assumptions, and assume
that (V,)nen is a sequence in A satisfying v, — . We must prove that R, - R, in
M,,((0,00)). By [Kall7, Lemma 4.1(iii)], it is sufficient to show that for all 0 < a < b €
{t:}¢
Ry, (a,0] = Ry(a,b],

as n — oo. Fix arbitrary 0 < a < b € {t;}°. First, let t;, € [0,a) be such that
|z||Z, = M7(a) > 0. Further, there are finitely many time instances in (a,b|, say
tiys- -, ti,, such that ||z"]|X > M7(a) > 0 for all [ =1,..., k. In particular,

Ry(a.b]= Y R*(M(t—)) = Y R™(M"(t;,-)) . (3:2)

t;€(a,b] =1

Observe, by (ii) above there does not exist t; € [0,0], i # ig, with ||z’[|Z, = M"(a), in

particular, for some ¢ > 0 small enough t;, is the only time instance in [0, b] such that
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Chapter 3. An invariance principle for sums and record times of regularly varying stationary time series

0 < MY(a) —e < ||z°||X, < M"(a). By Proposition 1.2.8, v, — 7 implies that for all

Vo = 2oy 5t?’mn,i with n large enough, there exists

« exactly 1 time instance t € [0,a) such that |[z™" |1 > M"(a) — ¢

o exactly k time instances ¢, ..., ¢ € (a,b] such that ||z" (a) — € for all

s Yig
I=1,...,k

Moreover, they satisfy ™" — a" and t? — t; for [ = 0,...k as n — oo. In particular,
Mv(a) = [

= |z X = M"(a) as n — oo, and for all n large enough,

k )
R, (a,b] = Z R (M (th—)) = STRTT (MO () (3.3)
re(a,b) =1

Assume that, as n — 00, y, =y > 0 and " — x = (xj),ez € I, where all positive x;’s
are pairwise distinct and z; # y for all j € Z. It is straightforward to check that then, for

all n large enough,
R™ (y) = R*(y).

Observe further that for the choice of ¢, ¢ we made above, it holds that M™ (¢} —) —
M7 (t;,—) for all [ = 1,... k, since t;,’s are mutually different. Together with assumption
(ii), (3.2) and (3.3) this yields that, for all n large enough,

R, (a,b] = R,(a,b].

3.2.3 Limiting result

Assume that (X;);cz is a nonnegative and stationary regularly varying time series (for
general R—valued (X;) consider (X;')). Let (7,), be such that r, — oo,r,/n — 0 as
n — oo, and for each n € N define blocks

Xni = (Xe-yrmt1s--» Xir, ), 1 € N,

)

We assume that the conclusion of Theorem 2.3.14 holds. More precisely, that for (a,),
such that nP(Xy > a,) — 1,

N 26 /kn’ nz/an Z T“PQ (34)

=1

in M, ([0, 00) x lpo), where Y22°, d(r,. p,y is a Poisson process in M, ([0, 00) x (0, 00)) with
intensity measure ¥ Lebx d(—y~%), and Q' = (Q;)jez, i > 1, i.i.d. elements of [, distributed
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as Q = (Q;)jez and independent of 322, 0(1; p,). Here we implicitly assume that the tail
process of (X;) is in [y a.s., so in particular, the corresponding ¥ and @ from Section 2.3.3
are well defined. Note, since X;’s are assumed nonnegative, @;’s are [0, 1]-valued with
at least one of them being equal to 1. This will be important in the proof of the main

theorem below.

Remark 3.2.2. Observe, here we consider the whole time axis [0, c0), while in Theorem 2.3.14
we restricted to the segment [0, 1]. Still, by minor modifications of assumptions, results of
Chapter 2 are easily extended to the time interval [0, T] for arbitrary 7" € N, and hence to
whole [0, 00). In particular, (3.4) holds for m—dependent time series, and also for infinite

order linear processes from Examples 2.3.7 and 2.4.5.

We will also need the point process N,, on [0, 00) x (0,00) defined by

No = 0(/n.x;/an) -
=1

By identifying x > 0 with a sequence with exactly one nonzero coordinate equal to x, in

the sequel we treat N,, as a process on the space [0, 00) X l~070. Observe,
RNn = Z 5j/n:n-{Xj is a record} » 1 € N.
j=1
Recall, we say that random variable ¢ is Pareto distributed with tail index o > 0 if
P((>y)=yfory>1.

Theorem 3.2.3. Let (X;)iecz be a nonnegative stationary reqularly varying sequence with

tail index o > 0. Assume that the convergence in (3.4) holds and moreover that
P(all nonzero Q;’s are mutually different) = 1.

Then
Ry, % Ryr

as n — 0o in M,((0,00)). Moreover, the limiting process is a compound Poisson process

with representation
Ry = Z Or; Ki s

i€Z
where

(i) Yicz 0r is a Poisson point process on (0, 00) with intensity measure x~'dx;

(ii) (K;)iez is a sequence of i.i.d. random variables independent of 3" ,cq 0, with the same
distribution as the integer—valued random variable R®(1/¢) where ¢ is a Pareto

random variable with tail index o, independent of Q.
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Example 3.2.4. For an illustration of the previous theorem, consider the moving average

process of order 1
Xi=&+c&i1,1€Z,

for a sequence of i.i.d. nonnegative regularly varying random variables (; : i € Z) with tail
index o > 0. Assume further that ¢ > 1. By (2.29), the corresponding random element Q
in Iy equals the deterministic sequence (...,0,1/¢,1,0,...). Intuitively speaking, in each
cluster of extremely large values, there are exactly two successive extreme values with the
second one ¢ times larger that the first. Therefore, each such cluster can give rise to at
most 2 records, see Figure 3.1. By straightforward calculations, the random variables «;
from Theorem 3.2.3 have the following distribution
P(k; =2)=P(1/( <1/c)=P(( >¢) = 1. 1-P(k;=1).

Ca

15000
1

10000
|

5000
|

0 2000 4000 6000 8000 10000

Figure 3.1: Simulation of 10000 observations of the process (X;) from Example 3.2.4 with
¢ =2 and o = 1.2. The dashed line represents the running maxima M,, = max;—1,_, X;
of the process and red dots correspond to record X;’s.

Proof of Theorem 3.2.3. Step 1. We first show that N’ almost surely satisfies all of the
assumptions of Lemma 3.2.1. Observe that P(N([0,¢] x lpy) = oo) = 1 for all € > 0,
so in particular P(N € A) = 1. Further, for each ¢ > 0, N’ restricted to the set
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0,71 x {& € oo : |||l > €}, in distribution equals
T
> O 1Un,evi(@i)y)

i=1

where (U;); are i.i.d. uniform on [0, 1], (V;); are i.i.d. Pareto with index «, T" is Poisson
with intensity Je =17 and all of involved random elements are independent; see e.g. [LP17,
Proposition 3.8] or [Res87, pp. 132-134]. In particular, together with the additional
assumption on the @),’s, this restricted N’ satisfies all of the assumptions of Lemma 3.2.1
(simply use independence and the fact that U;’s and V;’s are continuous random variables).

Letting € — 0 shows that N’ also satisfies all of these assumptions.

Hence, applying the continuous mapping theorem to (3.4) yields that

Ry, % Ry . (3.5)

Step 2. Set J,; ={(i —r,+1,...,ir,} fori e N, so X, ; = (X; : j € J,;). Observe,

for any nonnegative and measurable function f on (0, c0),
RN;(f) = Zf(Z/k‘n) . RX"vi/“"(MNé(ﬁ_)) ’
i=1

where for each ¢ € N,

RXn,z/an<MNn(kL—)) — Z ]]_{XJ isarecord} .

n .
jeJn,i

Also,

RNn (f) = Z f(j/n>]l{XJ is a record} — io: Z f(.]/n)]l{Xj is a record} -

Jj=1 J=1j€Jn

Hence, each record time j/n of the process N,, appears at slightly altered time i/k,, in the
process N, where i = |j/r,| + 1 (i.e. such that j € J, ;). However, asymptotically the

record times are very close since 7, /n — 0.

Indeed, take f € LB; (0,00) and let 0 < a < b be such that the support of f is contained
in (a,b]. Without loss of generality assume that f <1 and that |f(t) — f(s)| < |t — s| for
all t, s € (0,00). By the simple inequality |[e™* — e Y| < |z — y| A 1 valid for all z,y > 0,

[Ele ™) — Ele~ D] < B| Ry (f) = Ry, (£ A1 (3.6)
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Observe,

Ray () = R, (D1 <3 5 17 (/kn) — £G/m)Lix, s secod - (3.7)

=1 j€Jn;

Recall that k, = |n/r,], so for all i € N,j € J,,;, j/n <i/k, and simple computation
(cf. 3.35) yields that |i/k, — j/n| = (i/kn, —irn,/n) + (irn/n—j5/n) < (i/k, + 1)r,/n which
tends to zero as n — oo uniformly over i < k, T for every fixed T > 0 since r,,/n — 0. In
particular, for n large enough, j/n € (a,b] implies that the corresponding i = |j/r,| + 1
satisfies i/k,, € (a,b+ 1] (1 is arbitrary here). Since f(¢) = 0 for all ¢ ¢ (a,b], one can
therefore restrict the summation in (3.7) to 4’s such that i/k, € (a,b+ 1] and by the
Lipschitz property of f,

B () = R, ()] < (b+2) ™ R ((a. b+ 1]).

Since Ry: ((a,b+1]) %5 Ry((a,b+1]) (assume w.lo.g. that P(Ry: ({a,b+1}) = 0) = 1),
this shows that |Ry; (f) — Rn, (f)| = 0 in probability, and by (3.6) this further implies
that

[Ele™ ™) — Ele~ ]| 0.

Since f € LB; (0,00) was arbitrary, together with (3.5) this yields the convergence

statement of the theorem.

Step 3. To prove the representation of the limit, we rely on the theory of [Res87, Chapter
4]. Observe first that N' = 3222, 0(7, p.o#) has records at exactly the same time instances as
the process My = 322, d(1;,p,), since by the assumptions of the theorem and by definition
of the sequences Q' = (Q;) jez, all of their components are in [0, 1] with at least one of

them being exactly equal to 1. Let (Y (¢) : t > 0) be a stochastic process defined by

Y(t)=sup P, t>0.
T;<t
Because M, is a Poisson point process on [0, 00) x (0, 00) with intensity measure Leb X
d(—=9y~®), (Y(t)); is the so—called extremal process generated by the distribution function
F(y) = e, y > 0. Observe, record times of My correspond to jump times of the
process (Y (t));; write them as a double sided sequence 7,,, n € Z, such that 7,, < 7,41 for
each n. According to [Res87, Proposition 4.9], since F' is continuous, Y,c7 d,, is a Poisson

point process with intensity z7'dz on (0, c0).

Fix an arbitrary s > 0, and assume without loss of generality that 7 represents the first
record time strictly greater than s, i.e. 7 = inf{7, : 7, > s}. Denote the Markov chain

of corresponding successive record values by U,, n € Z (i.e. U, = Y (7,)); they clearly
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satisfy U,, < U,11 and Uy = Y (s). It now follows from [Res87, Proposition 4.7 (iv)] that
{Un/Upn-1,n > 1} is a sequence of i.i.d. random variables Pareto distributed with tail

index a.

Because the record times 7, and record values U,, for n > 1 of the point process My match
the records of the point process N' = 372§, p.gi) on the interval (s, 00), we just need to
count how many of them appear at any give time 7,, which are larger than the previous
record U, _;. If, say, 7, = T;, that number corresponds to the number of Q;’s which after
multiplication by the corresponding U,, = P; represent a record larger than U, ;. Hence,

that random number has the same distribution as
K= RQ(UO/Ul) .

Recall that s > 0 was arbitrary. Now since the point process >232, d(z;, p,) and therefore the
sequence {U, /U,_1,n > 1} is independent of the i.i.d. random elements (Q") and since
Uy /Uy has a Pareto distribution with tail index «, the claim follows.

O

3.3 Partial sums

3.3.1 Introduction

Donsker—type functional limit theorems represent one of the key developments in
probability theory. They express invariance principles for rescaled random walks of the
form

St = X1+ -+ Xy, tel0,1]. (3.8)

Many extension of the original invariance principle exist, most notably allowing dependence
between the steps X;, or showing, like Skorohod did, that non—Gaussian limits are possible
if the steps X; have infinite variance. For a survey of invariance principles in the case of
dependent variables in the domain of attraction of the Gaussian law, we refer to [MPUO06],
see also [Bra(7] for a thorough survey of mixing conditions. In the case of a non—Gaussian
limit, the limit of the processes (S|n¢])icfo,1] is not a continuous process in general. Hence,
the limiting theorems of this type are placed in the space of cadlag functions denoted by
D = D([0,1],R) under one of the Skorohod topologies. The topology denoted by J; is
the most widely used (often implicitly) and suitable for i.i.d. steps (see [Res07, Section
7.2]), but over the years many theorems involving dependent steps have been shown using
other Skorohod topologies. Even in the case of a simple m—dependent linear process from
a regularly varying distribution, it is known that the limiting theorem cannot be shown in
the standard J; topology, see Avram and Taqqu [AT92, Theorem 1]. Moreover, there are

examples of such processes for which none of the Skorohod topologies work, see [AT92,

53



Chapter 3. An invariance principle for sums and record times of regularly varying stationary time series

p. 488].

However, as we found out, for all those processes and many other stochastic models
relevant in applications, random walks do converge, but their limit exists in an entirely
different space. To describe elements of such a space we use the concept of decorated cadlag
functions due to Whitt [Whi02], and denote the corresponding space by E = E([0, 1], R).
For the benefit of the reader, in Section 3.3.2, we briefly introduce this space closely
following the exposition in Whitt [Whi02, Sections 15.4 and 15.5].

Our main result is a functional limit theorem in the space E for the partial sum
process S|, of a regularly varying stationary time series with tail index o € (0,2) (i.e.
with infinite variance), see Section 3.3.3 and in particular Theorem 3.3.5. As a related
goal we also study the running maximum of the random walk S|, for which, due to
monotonicity, the limiting theorem can still be expressed in the familiar space D under
the Skorohod’s M; topology, see Section 3.3.4. In Section 3.3.5, as an another corollary
we obtain sufficient conditions under which the partial sums process converges in the
space D with respect to the M, topology, in particular recovering results of [BK14] for
linear processes. Finally, proofs of certain technical auxiliary results are postponed to
Section 2.5.

3.3.2 The space of decorated cadlag functions - E

The elements of £ = E(|[0, 1], R) have the form
(@, J{I(t) : t € J})

where
-TeE D([()? 1]7R)7

- J is a countable subset of [0,1] with Disc(x) C J, where Disc(z) is the set of

discontinuities of the cadlag function x;

- for each t € J, I(t) is a closed bounded interval in R (called the decoration) such
that x(t),z(t—) € I(¢t) for all t € J.

Moreover, we assume that for each € > 0, there are at most finitely many times ¢ for which
the length of the interval I(t) is greater than e. This ensures that the graphs of elements
in E, defined below, are compact subsets of R? which allows one to impose a metric on F
by using the Hausdorff metric on the space of graphs of elements in E.

Note that every triple (z,J,{I(t) : t € J}) can be equivalently represented by a
set-valued function

I(t) ifteJ,
{z(t)} iftgJ,

2 (t) =
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or by the graph of ' defined by
Ly={(tz2)€[0,1] xR:zea(t)}.

In the sequel, we will usually denote the elements of E by z’.

Let m denote the Hausdorff metric on the space of compact subsets of R? (regardless

of dimension) i.e. for compact subsets A, B,

m(A, B) = sup ||z — Blloo Vsup [ly — Al
€A yeB

where ||z — B|oo = infyep || — yl|oo With || - || being the sup-norm on R?. We then define

a metric on F, denoted by mg, by
me(z',y) =m(ly,Ty) . (3.9)

We call the topology induced by mg on E the M, topology. This topology is separable,

but the metric space (E, mg) is not complete. Also, we define the uniform metric on E by

m* (', y') = sup m(2'(t),y'(1)) (3.10)

0<t<1

Obviously, m* is a stronger metric than mg, i.e. for any 2/,y' € F,
mg(2',y) <m* (2, y). (3.11)
We will often use the following elementary fact: for a < b and ¢ < d it holds that
m([a,b],[c,d]) < |c—alV|d—1]|. (3.12)

By a slight abuse of notation, we identify every z € D with an element in E represented
by
($, DiSC($), {[Zﬁ(t-), .T(t)] te DZSC(‘I)}) ’

where for any two real numbers a, b by [a, b] we denote the closed interval [min{a, b}, max{a, b}].

Consequently, we identify the space D with the subset D’ of E given by
D'={2" € E:J = Disc(z) and for all t € J, I(t) = [z(t—),z(t)]} . (3.13)

For an element 2’ € D’ we have
Fx’ = Fm;

where I, is the completed graph of x. Since the M, topology on D corresponds to the Haus-
dorff metric on the space of the completed graphs I',, the map x — (z, Disc(x), {[x(t—), z(t)] :

95



Chapter 3. An invariance principle for sums and record times of regularly varying stationary time series

t € Disc(z)}) is a homeomorphism from D endowed with the M, topology onto D" endowed
with the M; topology. This yields the following lemma.

Lemma 3.3.1. The space D endowed with the My topology is homeomorphic to the subset
D' in E with the My topology.

Remark 3.3.2. Because two elements in E can have intervals at the same time point,
addition in F is in general not well behaved. However, problems disappear if one of the
summands is a continuous function. In such a case, the sum is naturally defined as follows:
consider an element z’ = (x, J,{I(t) : t € J}) in E and a continuous function b on [0, 1],

we define the element 2’ + b in E by
¥ +b=(x+b J{It)+b):teJ}).

We now state a useful characterization of convergence in (E,mg) in terms of the

local-maximum function defined for any 2’ € E by
My, 4, (2") i=sup{z 1 2 € 2/(t), 11 <t <o}, (3.14)

for 0 <t <ty <1.

Theorem 3.3.3 (Theorem 15.5.1 Whitt [Whi02]). For elements x.,, 2" € E the following

are equivalent:
(i) x,, — 2’ in (E,mg), i.e. mg(x,,z") — 0.

(ii) For all t; <ty in a countable dense subset of [0, 1], including 0 and 1,
Mt1,t2(xiz> - Mt1,t2 (:E/) in R

and
Mthtg(_m;]/) — Mtl,tQ(—x/) in R.

3.3.3 Invariance principle in the space E

Let (X;)iez be a stationary R—valued time series which is regularly varying with index
€ (0,2) and let (a,), be a R—valued sequence satisfying
nP(|Xo| > a,) — 1, asn — co. (3.15)
As in the previous section, assume that for some (r,), satisfying r, — oo and k, =
|n/rn| — 0o, and blocks X,,; = (X(i—1)rp41,- -5 Xir,)s ¢ = 1,..., Ky, it holds that

N'r/L = Z(S(Z/kn, /an —> N/ 25 T PQZ) y (316)

i=1
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in M, ([0,1] x lpp), where Y%, &z, p is a Poisson process in M,,([0,1] x (0,00)) with
intensity measure 9 Lebx d(—y~*), and Q" = (Q;)jez, i > 1, i.i.d. elements of [, distributed
as Q = (Q;)jez and independent of Y272, 67, p,y. The tail process of (X;) is assumed to be
in [y a.s., so in particular, the corresponding ¢ and Q from Section 2.3.3 are well defined.

For each n € N, consider now the partial sum process (S,(t)) in D([0,1]) defined by

[nt] X,
i=1 9n
and define also
Sy (t f0<a<l,
Va(t) = ®) (3.18)

Sn(t) — LntJE (%1{\X1\/an§1}) fl<a<2.
As usual, when 1 < o < 2, an additional condition is needed to deal with the small jumps.

Assumption 3.3.4. For all 6 > 0,

k
Z{XiﬂﬂXﬂSane} — E[Xi]lHXi\gane}]} > an5> =0. (319)
=1

f e (m

Under above assumptions, it was essentially proved in [DH95] that the finite dimensional
distributions of V,, converge to those of an a—stable Lévy process; a basic reference for
Lévy processes is e.g. Sato [Sat99]. This result is strengthened in [BKS12] to convergence
in the M; topology if Q;Q; > 0 for all j # j' € Z, i.e. if all extremes within one cluster
have the same sign. In the next theorem, we remove the latter restriction and establish
convergence of the process V,, in the space F.

For that purpose, we will need to impose some moment conditions on the process
Q, cf. [DH95, Theorem 3.2]. As originally noted by [DH95, Theorem 2.6], convergence
(3.16) and Fatou’s lemma imply that YE[" ;.7 [Q;|*] < 1 (it was shown in [PS18, Equation
(3.14)] that in fact equality holds as soon as ¥ and @ are well-defined). This in particular
implies that for o € (0, 1],

E

(Z Ile)a] <00, (3.20)

JEZ.

For o > 1, this will have to be assumed. Furthermore, the case a = 1, as usual, requires

additional care. We will assume that

E < 00, (3.21)

> 1Qj]log (\lelleﬂ)

JEZ €L

where we use the convention |Q;|log (|Q;|™! Yicz |Q:]) = 0 if |Q;] = 0. Fortunately, it
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turns out that conditions (3.20) and (3.21) are not too restrictive, see Remark 3.3.7 below.

Finally, regular variation of X, and the choice of (a,) imply that
nP(Xo/an € -) — u, (3.22)
as n — oo in M(R \ {0}) with measure g on R\ {0} given by

1(dy) = pay™* L0 (y)dy + (1 — p)a(—y) ™ Lo (¥)dy, (3.23)

for p =P(0y = 1), where (0;);cz is the spectral tail process of (X;).

Theorem 3.3.5. Let (X; :i € Z) be a stationary R-valued regularly varying time series
with tail index a € (0,2) and assume that the convergence in (3.16) holds. If a > 1 let
Assumption 3.3.4 hold. For a > 1, assume that (3.20) holds, and for o = 1, assume that
(3.21) holds. Then

Vi =<5 V' = (VAT iew A 1(T) Yienr)

with respect to the My topology on E([0,1],R), where

(i) V is an a—stable Lévy process on [0,1] given by

V(i)=Y > PQ,, 0<a<l, (3.24a)

T;<- jEZ

)=t £ E R0 - 0

Ti<-jel e<|z|<1

a:,u(dx)) , 1<a<2, (3.24b)

where the series in (3.24a) is almost surely absolutely summable and, along some

subsequence, (3.24b) holds almost surely uniformly on [0, 1] with p given in (3.23).
(ii) For alli € N,
HT) =V(Ti-)+ P,

inf S Q% ,sup > Q.
kEZ].;k J keZ Z ]]

i<k
Before proving the theorem, we make several remarks.

Remark 3.3.6. Note that for o < 1, convergence of the point process is the only assumption
of the theorem. Further, the previous result is applicable to any m—dependent time series
which is regularly varying with index o € (0,2). Indeed, in this case (@);); has at most
finite number of nonzero terms so (3.20) and (3.21) are automatic. Moreover, the vanishing
small values condition (3.19) holds in this case by [TK10a, Lemma 4.8].

Remark 3.3.7. By [PS18, Lemma 3.11], if o € (1,2), the condition (3.20) is equivalent to
0o a—1
E (Z \@ﬂ) < 00 (3.25)
=0
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Furthermore, if « = 1, [PS18, Lemma 3.14] shows that the condition (3.21) is then

equivalent to
log (Z 9; |)
=0

These conditions are easier to check than conditions (3.20) and (3.21) since it is easier to

E < 0. (3.26)

determine the distribution of the spectral tail process than the distribution of Q. In fact,
it suffices to determine only the distribution of the forward spectral tail process (0;);>0
which is often easier than determining the distribution of the whole spectral tail process.
For example, it follows from the proof of [MW14, Theorem 3.2] that for functions of
Markov chains satisfying a suitable drift condition (see [MW14] for details and examples),
(3.25) and (3.26) hold.

Remark 3.3.8. The a—stable Lévy process V' from Theorem 3.3.5 is the weak limit in the

sense of finite-dimensional distributions of the partial sum process V,,, characterized by

iaz +T'(1 — a) cos(ma/2)0%|z|“{1 — igsgn(z) tan(ra/2)} a # 1,

log ]E[eizv(l)} =
iaz — Zo|z|{1 +i2¢sgn(z) log(|2|)} a=1,
(3.27)
with, denoting () = z|z[*t = 2% — 22,
E[()ez @5)]
o =JE[| ) Q;|*], ¢= =
2 (| Syex 001

and
(i) a=0ifa < 1;
(i) a = (a— 1)k [$jez Q)] if @ > 1;

(iii) if o =1, then

a="1 (COE

with ¢p = [7°(siny — yLo1(y))y >dy.

—E —E

> Q;

JEZ

>.0Q;

JEZ

ZQﬂog(

JEZ

|

These parameters were computed in [DH95, Remark 3.2, Theorem 3.2] but with a compli-

J% Q;log (|@j|1)]) ,

cated expression for the location parameter @ in the case a = 1 (see [DH95, Remark 3.3]).
The explicit expression given here, which holds under the assumption (3.21), is new; the
proof is given in Lemma 3.3.21. As often done in the literature, if the sequence is assumed

to be symmetric then assumption (3.21) is not needed and the location parameter is 0.
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Moreover, [PS18, Corollary 3.12, Equation (3.21) and Lemma 3.14] imply that the
scale, skewness and location parameters from Remark 3.3.8 can also be expressed in terms

of the forward spectral tail process as follows:

> 6
j=0

oo @ e
=2 |(Ze) -(Ee) |

a=0ifa<1,a=(a—1)"aE[O] if « > 1 and

j) —Z@jlog( j)
s =

if « = 1. It can be shown that these expressions coincide for o # 1 with those in the

a = CoE @0

?

Z O, log (
j=0

literature, see e.g. [MW16, Theorem 4.3]. As already noted, the expression of the location

parameter for & = 1 under the assumption (3.21) (or (3.26)) is new.

Ezxample 3.3.9. Consider again the infinite order moving average process (X;) from Exam-
ples 2.3.7 and 2.4.5, in particular point process convergence (3.16) holds. Assuming that
innovations are regularly varying with tail index « € (0, 2), [DR85] proved convergence of
the finite-dimensional distributions of the partial sum process V,,. When ¢; > 0 for all
j € Z (with an additional condition on ¢;’s when o > 1 which is not needed, see [TK10b,
Corollary 1]), [AT92] proved functional convergence of V,, in the M; topology (see [Whi02,
Section 12.3] for details on this topology). Under less restrictions on the coefficients (see
Example 3.3.17 below), [BK14] obtained convergence in the weaker M, topology. We also
mention [BJL16] who, with no restrictions on the ¢;’s (and even weaker conditions than in
(2.26) when « < 1), proved functional convergence with respect to the S topology (which
is weaker than the M; topology and incomparable with the M, topology, but makes the
supremum functional not continuous).

Our Theorem 3.3.5 directly applies to the case of a finite order moving average
process. To consider the case of an infinite order moving average process, assume that
a < 1; the case o € [1,2) should be treated using m—dependent approximations as in
Section 2.4.1. Applying Theorem 3.3.5, one obtains the convergence of the partial sum
process V,, = V' = (V,{T; }ien, {I(T}) }ien) in E where

V() =~ S pre,
) maxjez |cj| £ Z
and
P K;
1(T;) = V(T; — " _linf ) ¢;,su cil .
( ) ( ) maneZ|Cj| [kezz J p;ﬁ J]
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For an illustration, assume that the innovations (§;) are nonnegative, and consider the

process
Xi=&+c&i1,1€L.

In the case ¢ > 0, the convergence of partial sum process in M; topology follows from
[AT92]. On the other hand, for negative ¢’s convergence fails in any of Skorohod’s topology,
but partial sums do have a limit in the sense described by our theorem as can be also

guessed from Figure 3.2.

20

15

,,,,,,,,,,,,,,,,

sum process
10

0.0 0.2 0.4 0.6 0.8 1.0

time

Figure 3.2: A simulated sample path of the process S, in the case of linear sequence
X; =& — 0.7¢_1 with index of regular variation o = 0.7 in blue. Observe that due to
downward “corrections” after each large jump, in the limit the paths of the process S,
cannot converge to a cadlag function.

Remark 3.3.10. We do not exclude the case 3 ;cz Q; = 0 with probability one, as happens
for instance in Example 3.3.9 with ¢ = —1. In such a case, the cadlag component V is

simply the null process.

Ezample 3.3.11. Consider a stationary GARCH(1, 1) process
Xz‘ = UiZiy 0'1-2 = @ + OélXiQ_l + 610'2-2_1, 1 € Z,

where ag, a1, 51 > 0, and (Z; : i € Z) is a sequence of i.i.d. random variables with mean

zero and variance one. Under mild conditions, the process (X;) is regularly varying and
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Chapter 3. An invariance principle for sums and record times of regularly varying stationary time series

for some (r,) satisfies all of the assumptions of Theorem 2.3.14, hence point process
convergence in (3.16) holds. These hold for instance in the case of standard normal
innovations Z; and sufficiently small parameters ay, f1, see [BKS12, Example 4.4] and
[MW14, Section 5.4]. Consider such a stationary GARCH(1, 1) process with tail index

€ (0,1). Since all the conditions of Theorem 3.3.5 are met, its partial sum process has a

limit in the space F (cf. Figure 3.3).

0.3
|

0.2

0.1

sum process

-0.1
|

-0.2
|

-0.3
L

0.0 0.2 0.4 0.6 0.8 1.0

time

Figure 3.3: A simulated sample path of the process S, in the case of GARCH(1,1)
process with parameters ag = 0.01, o = 1.45 and 3; = 0.1, and tail index « between 0.5
and 1.

Remark 3.3.12. If (3.20) holds, the sums W; = 32,7 |Q}] are almost surely finite and (W;);>1
is a sequence of i.i.d. random variables with E[W}*] < oo. Furthermore, by independence of
>, 0p, and (W;), it follows easily (use [Res87, Propositions 3.7 and 3.8]) that Y22, dpw,
is also a Poisson process on (0, 00) with intensity measure YE[W{]ay~*"dy. In particular,
almost surely, for every ¢ > 0 there exist at most finitely many indices ¢ such that P,W; > §.

By the dominated convergence theorem, this moreover implies that, almost surely,

lim sup sup Z Pz'|Q§'|]l{P,-IQ?\Se} <9,
e—0 iEN ]EZ !

for all 6 > 0, hence
sup Z B|Q§|1{P1|Q§.|§e} — 0 (3.28)

€N JEZ

as € — 0. These facts will be used several times in the proof.
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Proof of Theorem 5.3.5. The proof is split into the case a < 1 which is simpler, and the

case « € [1,2) where centering and truncation introduce additional technical difficulties.
(a) Assume first that a € (0,1). We divide the proof into several steps.

Step 1. For every ¢ > 0, consider the functions s¢,u¢ and v¢ defined on [, by

S@) =D 2Ly > u (@) =i Y 2T nq , V(@) =sup Y 25T a5
J

i<k koj<k

where & = (z;)jez € lo. Define the mapping T¢ : M, ([0, 1] x lNO,o) — FE by setting, for
,y = Z;)il 5t¢,wia

Ty = (Z se(w@) Ati 2o > e A1) 2|0 > €} |
te[0,1]

where

I(t;) = > (') +

tj <t;

ST ou(2h), Y vf(a:k)] :

tr=t; tp=t;

Since v belongs M, ([0,1] x lo,), there is only a finite number of points (¢;, ) such that
|2||c > € and furthermore, every & = (27);ez has at most finitely many z?’s such that

|x;| > €. Therefore, the mapping 7 is well-defined, that is, Ty is a proper element of F.
Next, we define subsets of M, ([0,1] x o)

A= {Z&m ; |x;| £ei>17 GZ} :

i=1
Ao ={> 04,4 :0<t; <1landt; #t; for every i > j > 1}.

i=1

We claim that T is continuous on the set A; N Ay. Assume that v, — v = 322, O, zi €
A1 N As. By Proposition 1.2.8, this implies that finitely many points of v, in every bounded
set B in [0, 1] x l~0,0 such that «(0B) = 0 converge pointwise to finitely many points of 7 in
B. In particular, this holds for B = {(t,x) : ||z||. > €} and it follows that for all ¢; < o
in [0,1] such that y({t;, 2} x loo) = 0,

My, 4, (T(Vn)) = My, 1, (T(7)) in R

and
Mt1,t2(_T€(7n)) - Mt1,t2(_T€('7)) in Ra

with the local-maximum function M, 4, defined as in (3.14). Since the set of all such times
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is dense in [0, 1] and includes 0 and 1, an application of Theorem 3.3.3 gives that
T(v) = T°(7)

in £/ endowed with the M; topology.

Recall the point process N' = 3372, §(7, p.giy from (3.16). Since the mean measure of
Y21 6(1,,p,) does not have atoms, it is clear that N € A; N Ay a.s. Continuous mapping

theorem applied to convergence (3.16) now yields that

Sl :=T(N.) -5 T(N') =: 8.

Step 2. Recall that W; = 3,7 |Q%] and 332, dpw, is a Poisson point process on (0, 00)
with intensity measure JE[W*ay > "'dy (see Remark 3.3.12). Since o < 1, by Campbell’s
theorem (see e.g. [Kin93, p. 28]) one can sum up the points { P;WWV;}, i.e.

ZPW ZZP]Q’\<OO a.s. (3.29)

=1 j€EZ

In particular, the process

=Y Y PQ, tel0,1],

T:<t jE€Z

is almost surely well-defined for each ¢ € [0,1]. Since 3272, d(7, p, i is also a Poisson process
(on the space [0, 1] x (0, 00) X [y ) with intensity measure Leb x d(—vy~*) xP(Q € -), it can
be shown that V' has stationary independent increments and is stochastically continuous
(cf. the argument for the case aw > 1 given in the proof of 3.3.21 and also [Res07, pp. 151
153]). Moreover, by the dominated convergence theorem and (3.29), V' is the almost sure
uniform limit on [0, 1] of the piecewise constant process ¢ + Y7, > ez BQ;I{ Pi>e} @8
¢ — 0. Hence, the sample paths of V' are cadlag almost surely. Finally, it was shown
in [DH95, Theorems 3.1 and 3.2, Remark 3.2] that V(1) is a—stable with characteristic

function as given in Remark 3.3.8. Hence, V' is an a—stable Lévy process.

Define now the random element V' in E([0, 1], R) by

V= (VAT }ien, {1(Th) Vien) (3.30)

where

I<T,~> = V(Ti-) + [U(R-Qi),v(R-Qi)] ,
1anx], —suprj.

i<k i<k
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Since for every ¢ > 0 there are at most finitely many points P;W; such that P,W; > § and
diam(I(T})) = v(P,Q") — uw(P,Q") < P,W;, V' is indeed a proper element of E a.s.

We now show that, as ¢ — 0, the limits S! from the previous step converge to V' in
(E,m) almost surely. Recall the uniform metric m* on E defined in (3.10). By (3.29) and

dominated convergence theorem

m*(SLV) = sup m(SU0), V(1) <33 PIQ Lipjgueq = 0. (3:31)

0<t<l i=1jez

almost surely as € — 0. Indeed, let S, be the cadlag part of S/, i.e.

Se(t)y =Y s(PQ") =Y > RQ; Lipigi>a » t €[0,1].

T,<t T,<t jeZ

If t ¢ {T;} then

m(S{(t),V'(t)) = |S(t) Z Q5L P <e)-

T,;<tj€Z

Further, when t = T}, for some k € Z, by using (3.12) we obtain

m(S;(8), V'(t)) < [(Se(Ti=) + v (PQ")) — (V(Ti—) + v(P.Q"))]

(3.32)
V(S(Th=) + u(PQ")) — (V(Th=) + u(PQ"))].

The first term on the right-hand side of the equation above is bounded by

> 2 PQiLpigi<q| +

sup Y PQb Lip@sisa — sup > PQb

T,<Ty, j€Z j<l Zj<i
Z ZPQ ]]‘{PlQl‘<6} +Sup ZPkQ :H'{Pk\Qk|>e} ZPka
T;<Ty, jEZ J<l J<l

< > 2 PlQILpg<q-

T, <Ty jeZ

Since, by similar arguments, one can obtain the same bound for the second term on the
right-hand side of (3.32), (3.31) holds. It now follows from (3.11) that

S — V' ase—0,

almost surely in (F,m).

Step 3. Recall the blocks for X, ; = (X(i—1)r415---» Xir, ), ¢ = 1,..., k,, . Define a random
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element in £ by

S, = (Z S(Xn,i/an>) ik Y AL k) Yz |
te(0,1]

i/ kn<t
where 5((2;)jez) = > ez ; and

I(i/ky,) = Z S(Xn,j/an) + [U(Xn,i/an)a U(Xn,i/an)] .

j<i

By [Bil68, Theorem 4.2] and the previous two steps, to show that
SN g
in (F,mg), it suffices to prove that, for all 6 > 0,

lim lim sup P(mg(S,, ., S.) > 6) = 0. (3.33)

)
=0 mosoo n,e’ ~n

Note first that, by the same arguments as in the previous step, we have

knTn
nyer PFn) = a {IXjl<ane} -
j=1 On

Hence, by (3.11) and Markov’s inequality,
knry
oay,

_karn B [|X1|1{|X1|§ane}} '
Cond aneP(|Xy| > ane)

P(mp(3, ., 5) > 6) <

n,e’ ~n

E [| X111 g <ane]

enP(| X1| > aye).

Since |X| is regularly varying with index o < 1, Karamata’s theorem (see [BDMI6,

Appendix B.4]) and the choice of (a,,) now imply that

¥ & a
: / ! < -«
hfln_i}pp(mE(Sn’ﬁ’ S;) >0) < = a)56 — 0,

as € — 0 since 1 —a > 0, i.e. (3.33) holds. Hence,

in (E,mg).

Step 4. Finally, by [Bil68, Theorem 4.1], to show that the original partial sum process

S,, from (3.17), and therefore V,, since o € (0, 1), also converges in distribution to V' in
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(E,mg), it suffices to prove that

Mg (Sn, S1) — 0. (3.34)
Recall that k, = [n/r,] so *= < ﬁ for all i = 0,1, ..., k, and moreover
ST B IS P 74T IR PO WAL A W (3.35)
ky, n ky, n n/ry, n/ry, n

Let d,,; for : =0,...,k, — 1 be the Hausdorft distance between restrictions of graphs I'g,

and I'g, on time intervals (4=, @] and (ﬁ, %], respectively (see Figure 3.4).

7~

i—i—l]’

. ) . ] o e (i) 4
Figure 3.4: Restrictions of graphs I's, and I'g, on time intervals (%=, *=**] and (ki, =

n ?
respectively.

First note that, by (3.35), the time distance between any two points on these graphs is at
most 2r, /n. Further, by construction, .S,, and gjz have the same range of values on these

time intervals. More precisely,

U {zeR : (t,z)eTg,}= | {zeR: (t,Z)GFS’/’L}:g;((i_‘_l)/kn).

te(irn (i+1)7'n} tE( i i+1]

n n kn ' kn

Therefore, the distance between the graphs comes only from the time component, i.e.

2r
dpi <—" =0, asn — o0,
n

foralli=0,1,...,k, — 1.

Moreover, if we let d,, x, be the Hausdorft distance between the restriction of the graph
g, on (%= 1] and the interval (1, S’ (1)), it holds that
S X e

r
dn,kn < 2V Z — 0,
n j=knrn+1 an
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Chapter 3. An invariance principle for sums and record times of regularly varying stationary time series

as n — oo. Hence, (3.34) holds since

kn
mE(Sn7 S’;) S \/ dn,i7

=0

and this finishes the proof in the case a € (0, 1).

(b) Assume now that o € [1,2). As shown in Step 1. in the proof of (a), for every ¢ > 0
it holds that

S5 (3.36)

in E, where g;“ =T(N,) and S. = T<(N’). For every € > 0 define a cadlag process S,
by

[nt] X,
Sn,e(t) = Z ?ﬂ{|Xi|/an>E} RS [O’ 1] .

=1 N

Using the same arguments as in Step 4. in the proof of (a), it holds that, as n — oo,
mMp(Sne, Sl ) — 0 . (3.37)
By [Bil68, Theorem 4.1], (3.36) and (3.37) imply that for every € > 0,
Spe L5 S (3.38)

in (E,mg).

Since « € [1,2) we need to introduce centering. For € > 0, define cadlag process by setting,
for t € [0, 1],

X
Vait) = Snelt) = nt)E (L ecprsponen))

From (3.22) we have, for any ¢ € [0, 1], as n — o0,

X
B (S pmen) > e(de). (3.39)

z :e<|z|<1}

Since the limit function above is continuous and the convergence is uniform on [0, 1], (3.38)

and Lemma 3.3.18 yield that for every ¢ > 0,
Vie —5 V! (3.40)
in E, where V is given by (see Remark 3.3.2)

VE(t) = Sit) —t wu(dr) .

{z : e<|z|<1}
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3.3. Partial sums

Let V; be the cadlag part of V| i.e.,

Vi) = Y s (PQ) 1 ap(dr) . (3.41)

T;<t {z : e<|z|<1}

By Lemma 3.3.19, there exist an a-stable Lévy process V' and a sequence ¢, — 0, as

k — oo, such that

Ve = Voo := s Ve (8) = V(#)] = 0, (3.42)

te(0,1
as k — oo almost surely. Next, as argued in Step 2. in the proof of (a),
V' = (VAT }iew, {I(T0) Yien) (3.43)
where
I(T,) = V(T,=) + [u(PQ"),v(PQ")] . (3.44)

is a proper element of E. Also, one can argue similarly to the proof of (3.31) to conclude
that

m*(V/, Vo) < IV = Velleo +sup 3 PlQ5I1(p011<e -

€N JETZ

Now it follows from (3.11), (3.28) and (3.42) that
v, =V’ (3.45)

in (F,mg) as k — oo almost surely.
Finally, by (3.40), (3.45) and [Bil68, Theorem 4.2], to show that the original (centered)
partial sum process V,, from (3.18) satisfies

v, L v, (3.46)

in (F,mg), it suffices to prove that, for all 6 > 0,

lim limsup P(mg(V,e, Vi) > 9) =0. (3.47)

e—=0 pooo

But this follows from Assumption 3.3.4 and (3.11) since

(i

1=

X;

m*(Vie, Vi) < max —
Qn

T 1<k<n

L{x,l/an<ey — E [ ﬂ{|Xz-|/an<e}D‘ :

Qn

Hence (3.46) holds and this finishes the proof.
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Chapter 3. An invariance principle for sums and record times of regularly varying stationary time series

3.3.4 Supremum of the partial sum process

We next show that the supremum of the partial sum process converges in distribution
in D endowed with the M; topology, where the limit is the “running supremum?” of the
limit process V' from Theorem 3.3.5. See [Whi02, Section 12.3] for details on the M;
topology.

Let V' be the a—stable Lévy process defined in (3.24) and define the process V7 on
[0,1] by

V() t & {Tj}jen

V() =
V(t=) +supyey X< PQ%, t=T; for some i € N.

Define V'~ analogously using infimum instead of supremum. Note that V* and V'~ need
not be right-continuous at the jump times 7. However, their partial supremum or infimum

are cadlag functions.

Theorem 3.3.13. Under the same conditions as in Theorem 3.3.5, it holds that

<Sup Vn(s)> LN (sup V*(s)) ,
s<t te[0,1] s<t te[0,1]
and

(inf Vn(s)> N (inf V- (3)) :
s<t t€[0,1] st t€[0,1]

jointly in D([0,1],R) endowed with the M, topology.

Proof. We prove the result only for the supremum of the partial sum process since the
infimum case is completely analogous and joint convergence holds since we are applying
the continuous mapping argument to the same process.

Define the mapping sup : E([0,1],R) — D(|[0,1],R) by
sup(z')(t) = sup{z: z € 2/(s),0 < s < t}.

Note that sup(z’) is non-decreasing and since for every § > 0 there are at most finitely
many times ¢ for which the diam(z/(t)) is greater than ¢, by [Whi02, Theorem 15.4.1.] it
follows easily that this mapping is well-defined, i.e. that sup(z’) is indeed an element in

D. Also, by construction,

sup(V') = (Sup V+(s)>
te(0,1]

s<t

and

up(V;) = (sup vn<s>) .
te[0,1]

s<t
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3.3. Partial sums

Define the subset of E by
A={2" e E : 2/(0)={0}}

and assume that =/, — 2’ in (F, mg), where z/,2’ € A. By Theorem 3.3.3 it follows that
sup(a,,)(t) = Mo(w;,) = Mo(z') = sup(')(t)

for all ¢ in a dense subset of (0,1], including 1. Also, the convergence trivially holds for
t = 0 since sup(z/,)(0) = sup(2’)(0) = 0 for all n € N. Since sup(z’) is non-decreasing for

all 2’ € E, we can apply [Whi02, Corollary 12.5.1] and conclude that
sup(x;,) — sup(z')

in D endowed with M; topology. Since V,,, V' € A almost surely, by Theorem 3.3.5 and

continuous mapping argument it follows that

(Sup Vn(s)> SN (sup V+(s)>
s<t te[0,1] s<t te[0,1]

in D endowed with M; topology. [

Remark 3.3.14. Note that when >>;c7 Q; = 0 a.s., the limit for the supremum of the partial
sum process in Theorem 3.3.13 is simply a so called Fréchet extremal process. For an
illustration of the general limiting behavior of running maxima in the case of a linear
processes, consider again the moving average of order 1 from Example 3.3.9. Figure 3.2

shows a path (dashed line) of the running maxima of the MA(1) process X; = & — 0.7&;_;.

3.3.5 M, convergence of the partial sum process

We can now characterize the convergence of the partial sum process in the M, topology

in D([0, 1]) by an appropriate condition on the tail process of the sequence (X; : i € Z).

Assumption 3.3.15. The sequence (Q;);ecz almost surely satisfies

— |21 Q) =i Q<swp) Q=1 Q) . (3.48)
JET TRk KEZ j<k JET N

Note that this assumption ensures that >, @; # 0 and that the limit process V'
from Theorem 3.3.5 has sample paths in the subset D’ of E which was defined in (3.13).
By Lemma 3.3.1, Theorem 3.3.5 and the continuous mapping theorem, the next result

follows immediately.
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Chapter 3. An invariance principle for sums and record times of regularly varying stationary time series

Theorem 3.3.16. If, in addition to conditions in Theorem 5.5.5, Assumption 3.3.15
holds, then
v, LV

in D([0,1],R) endowed with the My topology.

Since the supremum functional is continuous with respect to the M, topology, this
result implies that the limit of the running supremum of the partial sum process is the
running supremum of the limiting a-stable Lévy process as in the case of i.i.d. random

variables.

Ezample 3.3.17. For the linear process X; = 3¢z ¢;&—; from Examples 2.3.7 and 2.4.5,

the condition (3.48) can be expressed as

JEL i<k JEZL

(D¢ =mfd ¢ <supd =D ¢]| - (3.49)
kEZj<k keZ
- < +
This is exactly [BK14, Condition 3.2]. Note that (3.49) implies that

> 0.

>¢

JEZ.

3.3.6 Postponed proofs
On continuity of addition in F

Lemma 3.3.18. Suppose that (x, : n € N) is a sequence in D([0,1],R) and ' =
(x,S,{I(t) : t € S}) an element in E such that x,, — x’ in E. Suppose also that (b, : n € N)
is a sequence in D([0, 1], R) which converges uniformly to a continuous function b on [0, 1].

Then x, — b, — ' — b in (E, mg) where
' —b:=(x—05{It)—b):teS}.

Proof. Recall the definition of mg given in (3.9). By Whitt [Whi02, Theorem 15.5.1.] to
show that z, — b, — 2’ — b in E, it suffices to prove that

sup  [[(£,2) = To—pl|ec — 0. (3.50)

(t,z)el’

ZTn—bn

Take an arbitrary ¢ > 0. Note that b is uniformly continuous so by the conditions of the
lemma there exists 0 < d < € and ng € N such that

(i) [t —s| <d=1b(t) —b(s)| <e,
(ii) mp(z,, ') <6, for all n > ny and
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3.3. Partial sums

(iii) |ba(t) — b(£)] < €, for all ¢ € [0, 1].

Also, since b is continuous, it easily follows that |b,(t) — b,(t—)| < 2¢ for all n > ng and
t e [0,1].

Take n > ng and a point (¢,2) € Ty, _p, , i.e.

2 € [(@n(t=) = bu(t=)) A (2a(t) = bu(1)), (2a(t=) = bu(t=)) V (2a(t) = bu(2))]-

Since |by, (t)—b,(t—)| < 2€ there exists 2’ € [z, (t—)Ax, (1), xn(t—) Ve, (t)] (ie. (¢, 2) € Ty,
such that
|(2" = ba(t)) — 2| < 2e.

Next, since mg(x,,x’) < J, there exists a point (s,y) € I',» such that
|s —t|V]y—2] <.
Note that (s,y — b(s)) € Iy and by previous arguments

(y = b(s)) = 2| = |(y = b(s)) — 2+ (2 = ba(t)) — (2 = bu(t)) + b(t) — b(2)]
<y = 2]+ [b(t) = b(s)] + [ba(t) — b(E)| + |(z" — (1)) — 2]
<S+e+e+ 2
< Be.

Also, |s — t| < § < e. Hence, for all n > ng,

sup  ||(¢,2) = Dwr—plloo < Be.
(trz)errnfbn

and since € was arbitrary, (3.50) holds. O

A lemma for partial sum convergence in F

Lemma 3.3.19. Let a € [1,2) and let the assumptions of Theorem 3.3.5 hold. Then
there ezists an a-stable Lévy process V' on [0,1] and a sequence €, /0 such that, as
e — 0, the process V,, from (3.41) converges uniformly a.s. to V, i.e. ||V, — V] =
SUPepo) |V, (1) = V()] = 0. The characteristic function of V(1) equals the one given in
Remark 3.5.8.

Remark 3.3.20. The proof below does not use the vanishing small values condition (3.19).
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Chapter 3. An invariance principle for sums and record times of regularly varying stationary time series

Proof. Recall that for all e > 0 and ¢ € [0, 1],

Ve(t) = s (PQ") —t xp(dx
( ) j%t ( ) {z : e<|z|<1} ( )
zgtge% RI@ {z - e<|z|<1} (dz)

where
p(dz) = paz™* g0y (z)dz + (1 — p)a(—2) " 1 (_o)(z)dz

for p = P(©p = 1). We first show that the centering term can be expressed as an
expectation of a functional of the limiting point process N’. More precisely, we show that
for all € > 0,

dr) = 19/OOE Le<uia; ey 3.51
/{x se<|z|<1} xlu( l’) 0 y]eZZQJ { <3/QJ<1}] ay Yy ( )
First, by [PS18, Equation (3.21)],
VE ZQj!QjI“‘ll —2p—1. (3.52)
JEZ

so by Fubini’s theorem, if o > 1

00 lQ;1~!
79/ Elyd Qiliecyiqyicry| ey " 'dy = aVE ZQJ/ LYy
0 ]EZ jeZ €|Q]'| 1
a —a a—
= (e - 1UE | Y Q)lQ,] 1]
jez.
a —a
:E(t? T-D(@2p-1),

and if o = 1 the same term equals log(¢)(2p — 1). Note that the use of Fubini’s theorem
is justified since the same calculation as above shows that the above integral converges
absolutely since E[Y" ¢z |@Q;]%] < co. The equality in (3.51) now follows by the definition
of the measure u. Hence, for all ¢ € [0, 1],

Vi) = Y s (PQ) -~ [T E

T;<t JETL

Yy Qj1{6<y|Qj<l}} ay " ldy .

Set W = 37,7 Q; and for § > 0 and € > 0 define

m€75:19/ E
0

Y Qiliecyq<t, 6<yW}] ay™*"ldy .
JEZ
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3.3. Partial sums

By assumptions (3.20) and (3.21) my s is well defined for all § > 0, and moreover dominated
convergence theorem yields that lim._,o mes = mgs for all 6 > 0. Indeed, if o = 1, for all
0>0

ﬁ/mE
0

Y Z Qi 1y1q,<1, 5<yW}:| ay *'dy < JE

JEZ

1
1Q;T _
Siol [Py ldy]
w

JEZ

=JE

> 1Qjl1og(1Q,7") + W log W + log((d A 1)_1)W] ,
JEL
which is finite by assumption (3.21), and if a > 1 using a similar calculation together with

the assumption E[/W*] < co one obtains the same conclusion.

Recall from Remark 3.3.12 that W; = 3,2 |Q%] , i € N, is a sequence of i.i.d.
random variables so Y22, dp.y, is a Poisson point process on (0, co) with intensity measure
JE[Way=*dy. Since E[W{] < oo, for every § > 0 there a.s. exists at most finitely
many points P;W; such that P,WW; > ¢. Hence, for every § > 0 and € > 0 the process

Ves(t) = D s (PQ) Lscpwiy — tmes = > > PiQ;]l{e<Pi\Q§.\, s<pwi} — tMegs

Ti<t Ti<t jeZ

for t € [0, 1], is a well-defined random element of D[0, 1], and moreover, as € — 0, V.5

converges uniformly almost surely to

Vos() = 305 PQipawosy — ()0 /OOO E

T,<-jezZ

yy. Qj]l{6<yW}] ay “dy.

JEZ.

Next, fix a positive sequence {0y} with 0, \, 0 as k — oo. We prove that V{5, converges
uniformly almost surely in D([0, 1]).

Note, 351 07, p, o¢ is a Poisson point process on [0, 1] x (0, 00) x lo,o with intensity
measure YLeb x d(—y~*) x P(Q € -). In particular, the process Vs has independent
increments with respect to 9, that is for every 6 < ¢, Vo5 — Voo is independent of V; 5.

Moreover, by Campbell’s theorem (see e.g. [Kin93, p. 28]),

2
Var(%,(g(l) — %75/(1)) = 19/0 y2E (Z Q]) ]]_{5<ng5/} O[y_a_ldy

JEZ

8w N2—«
< YE [W2 / ay_aﬂdy] _ Ya(?) E[W] .
0

2-a)

Therefore, limy_,gsups.s Var(Vps(1) — Vo5 (1)) = 0 and now arguing exactly as in the
proof of [Res07, Proposition 5.7, Property 2] shows that (Vp, ) is almost surely a Cauchy
sequence in D([0, 1]) with respect to the supremum metric || - ||s. Since the space D([0, 1])

is complete under this metric, we obtain the existence of a process V = (V(t) : t € [0, 1))
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Chapter 3. An invariance principle for sums and record times of regularly varying stationary time series

with paths in D(]0, 1]) almost surely and such that limy_, ||Vos5, — V|lec = 0 almost surely.

Lemma 3.3.21. The process V satisfies V(0) = 0 a.s. and has independent stationary
increments and is stochastically continuous, hence V' is a Lévy process. Moreover, V is

a—stable with characteristic function of V(1) given in Remark 3.3.8.

The proof of the previous result is given right after the end of the present proof. There

only remains to prove that for all u > 0,
lim limsup P(||Ve = Veslloo > u) = 0. (3.53)
=0 0 7

Indeed, this would imply that [[Ve — Vo — 0 in probability and hence that, along

some subsequence, V, converges to V uniformly almost surely. Since for § < 1, yW =
Yiezy|@;| < 0 implies that y|Q;| < 0 <1 for all j € Z, we have that

Vet) = Ves(t) = D Y PQiLicepqi), Pwi<s)

T;<t jeZ
o0
W / E
0

The process Ve — V5 is a cadlag martingale, thus applying Doob-Meyer’s inequality yields

Yy Qiliecyiqyl, yw<a}] ay " ldy .
JEZ

P (Ve = Veglloo > u) < u™* Var(Ve(1) — Veg(1))

2

=u~% / y°E (Z Qjﬂ{«yczj,ywsa}) ay~*"dy

0 jez
Yad?—@

o)W
S uiQﬂ]E [WQ/O aya+1dy1 = mE[WQ]

and hence (3.53) holds since a < 2. O

Proof of Lemma 5.5.21. Recall, V(t) is the almost sure limit of V{5, () as kK — oo for all
t € [0,1]. Observe further that for all 0 < s <t <1,

Vo (t) = Voo (s) = D D> PQiLis,cpwiy — (t— s)mos -

s<T;<tj€Z

Note also that V{5, (0) = 0 almost surely for all £ € N and hence V(0) = 0. Further, recall
that 32,51 0, p, @i is @ Poisson point process on [0, 1] x (0, 00) x lo,0 with intensity measure
VLeb x d(—y~*) x P(Q € -). In particular, V has independent increments (see [Res07,
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pp. 151]), and by [Kin93, p. 28, Equation (3.17)] forall k e N0 < s <t <1,z € R,

log E[e(Vo:s; (0=Vo.5, ()] — (¢ — 3)19/ E Heizys — 1} 1{6 < yW}} ay “tdy —iz(t — s)mo,s
0

(t — 5) log E[e="00c (V] = log E[e* 0 (t=5)]

where W = ¥.7|Q;| and § = ¥ ;7 Q;. Letting & — oo yields that for all z € R,
E[e#VW0O=V0()] = E[ei2Vo(W]t=s = E[e!2Y0(t=5)] for all such s,t. This implies that V has
stationary increments and that it is stochastically continuous (see [Res07, pp. 153]).

It remains to show that V(1) has an a-stable distribution with the stated parameters.
We show this only for the case a = 1 since the case o > 1 is similar.

Recall, mos =9 [;°E [y ez QjIL{5<yW}] y~2dy. Since yW < 1 implies that y|Q;] < 1
for all j € Z, for all 6 < 1 we have that

y‘zdy)

y> Q;{ylQ;] <1, 1< yW}] y2dy .

JET

YUY Qiliscyw<ny

JEZ

wgm_<zy%xué<aw3—ﬁAmE

—ﬁ/wE
0

By Fubini’s theorem, the last term above is equal to

JE +JE

> Qjlog(W)

JEZ.

JEZ.

> Q log(|Qj|_1)] )
(with the usual convention 0log0 = 0). Therefore, for all z € R and § < 1
log E [eizvov“(l)} = 19/OOIE Heizys — 1 —izyST{yW < 1}} 1{6 < yW}} Yy 2dy
0

— 1z0E

Zleog(le!_lVV)] - (3.54)

JEZ

Since for all § < 1, using the fact that [e'* — 1 —iz| < |2]?/2 < |z]? for all z € R (see for
example [Sat99, Lemma 8.6]) and E[W] < oo,

=l

S 1 izyS1{yW < 1}( 1{6 < yW}y_Qdy}

I

. /W
S _ 1\ dey] +E V
§/W

<2E[W] + |22(1 = O)E[W] < (2 + |z])E[W] < o0,

<E

s 1 — izyS‘ dey]

by the dominated convergence theorem, as § — 0 the first term on the right side of (3.54)

tends to
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ﬁ/oooE Heizys —1—izyST{yW < 1}” Yy 2dy

f —izyS 2 ! 1
— JE [/0 {eflzy —1—izySly (y)} Y- dy] + iz0E lS /1/W Yy dy] :

Altogether, using the integral from [Sat99, Page 85] we get that

lim log E [e=0s D] = —z9g|z|E[|SH — iz log |2|E[S] — iz9E[S log |S|] + icoedzE[S]
+ iz0E[S log W] — i20E[S log W] — JE[>_ Q;log(|Q;|™1)]

JET

where

co = / = y? (071]@) ay
0 )
Setting o = VE[|S]), ¢ = £ and

a="1 (COE[S] —E[Slog|S|| —E

> Q; 10%(\Qj|_1)]) :

JET
since the term izJE[S log W] cancels out, we obtain that
logE [eizV(l)} — lim lOg]E [6izV0,5k(1)}
k—o0
— 3 iZVOY(;(l)
Jiglog ® [e10:]

2
- —galz! (1 +i=¢sgn(z) log IZI> +iaz .
T
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Chapter 4
Sequence alignment problem

The local alignment problem was studied extensively in the probabilistic setting, see
for instance [AGGR9, DKZ94b, Han(06] and references therein. We first explain its key

ingredients and also state our main result in that context.

4.1 Introduction

Let (A;)ien and (B;);en be two independent i.i.d. sequences taking values in a finite
alphabet E. Also, let A and B be independent random variables distributed as A; and
By, respectively. For a fixed score function s : £ x £ — R and for all 4,5 € N and
m=0,1,...,i Aj (where i A j := min{i, j}), let

m—1
SZZ = Z S(Ai_k, Bj—k)
k=0
be the score of aligning segments A;_,,11,...,A4; and B;_,,11,...,B;. Further, for all
i,j € N define
Si7j:max{577; 0<m<iAj}. (4.1)

From biological perspective it is essential to understand the extremal distributional
properties of the random matrix (5;; : 1 <4,j < n) as n — oo. The following simple

assumption is standard in this context, cf. Dembo et al. [DKZ94b].

Assumption 4.1.1. The distribution of s(A, B) is nonlattice, i.e. P(s(A, B) € 0Z) < 1
for all 6 > 0, and satisfying

E[s(A,B)] <0 and P(s(A4,B)>0)>0. (4.2)

The lattice case is excluded for simplicity in the sequel. It is known to be conceptually
similar, although technicaly more involved. Note further that, like [DIKZ94b] and [Han06],
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Chapter 4. Sequence alignment problem

we consider only gapless local alignments.
Denote by u4 and pp the distributions of A and B, respectively, and assume for
simplicity that pa(e), pp(e) > 0 for each letter e in the alphabet E. By Assumption 4.1.1

there exists the unique strictly positive solution a* of the Lundberg equation
m(a*) == E[e* AP =1, (4.3)
Let p* be the (exponentially tilted) probability measure on E x E given by
1 (a,b) = e * @O (@) up(b) , a,be E. (4.4)

For two probability measures x4 and v on a finite set F', denote by H(v|u) the relative

entropy of v with respect to pu, i.e.

v(z)
H(v|p) = ) v(z)log :
R ATE
Dembo et al. [DKZ94b] introduce one final condition on the tilted probability measure
p*. It essentially restricts extremal dependence within the field (S; ;) in a way which seems

biologically meaningful and exactly suits their, as well as our, asymptotic analysis of the
field.

Assumption 4.1.2 (Condition (E’) in [DKZ94b]). It holds that

H(p"lpa < pp) > 2 {H (uwilpa) v H(pplps)} (4.5)

where p and py denote the marginals of u*.

Note that (4.5) holds automatically if ps = pp and if the score function s is symmetric
(i.e. s(a,b) = s(b,a)) and not of the form s(a,b) = s(a) + s(b), see [DKZ94a, Section 3.

Under Assumptions 4.1.1 and 4.1.2, Dembo et al. [DKZ94b] (see also Hansen [Han06])
showed that the distribution of the maximal local alignment score M,, = maxi<; j<n Si; ,
asymptotically follows a Gumbel distribution. More precisely, as n — oo, for a certain
constant K* > 0,

21log(n)

a*

*

< 9(;) —e T 2 eR. (4.6)

IP’(M”—

Observe that the field (S; ;) consists of dependent random variables. For instance,
simple arguments can be given (cf. (4.9) below) showing that any extreme score, i.e. score
exceeding a given large threshold, will be followed by a run of extreme scores along the
diagonal. This phenomena is illustrated in Figure 4.1 for both real life and simulated

sequences. The approach of [DKZ94b] is based on showing that the number of such extreme
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clusters, as both sample size and the threshold tend to infinity, becomes asymptotically

Poisson distributed.
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Figure 4.1: Heatmap of large local scores for alignments of two simulated sequences (left)
and two regions of human and fruit-fly genome (right). Each sequence is 1000 nucleotides
long.

In the sequel, we show that one can give much more detailed information about the
structure within extreme clusters. In particular, following the method below one can
deduce the asymptotic distribution of arbitrary functionals of upper order statistics of the
field (.S; ;).

Observe that for each 7,j € N, \S; ; can be seen as the maximum of a truncated random
walk (S})m=0,...in; Which by (4.2) has negative drift. It can be rigorously shown, see
Remark 4.3.3, that in all our asymptotic considerations this truncation and related edge
effects can be ignored. Therefore we assume throughout that sequences (4;) and (B;)
extend over all integers ¢ € Z. This makes scores 5;; well defined for all 7,7 € Z and

m > 0, and consequently we update the original field of scores (.5; ;) as follows
Sij=sup{Sis:m >0},4,j €Z. (4.7)

By construction, the field (.S;;) is stationary. Moreover, by the classical Cramér-
Lundberg theory (see e.g. [Asm03, Part C, XIIL5]), Assumption 4.1.1 implies that the tail

of S; ; is asymptotically exponential, or more precisely
P(S;; >u) ~Ce ™" as u— 00, (4.8)

for some C' > 0. Note that, in the language of extreme value theory, marginal distribution
of the field (.S; ), belongs to the maximum domain of attraction of the Gumbel distribution.
In this light, the limiting result (4.6) may not be very surprising, but its proof remains

quite involved due to the clustering of extremal scores of the field (.5; ;). Observe, the field
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(S;,;) satisfies the following simple (Lindley) recursion along any diagonal, namely
SZ'J‘ = (Si—l,j—l + 5i,j)+ s (49)

where random variables ¢; ; = s(A;, B;) have negative mean.

Our main result in this context, strengthens (4.6) to convergence in distribution of
point processes based on the S;;’s. The key observation is that, under Assumptions
4.1.1 and 4.1.2, the transformed field (¢%) is jointly regularly varying with index a*, see
Proposition 4.2.1 below. Distribution of its spectral tail field (©; ;); jez can be described in
detail using two auxiliary independent i.i.d. sequences (&;);>1 and (€]);>; whose distributions
correspond to the distributions of s(A, B) under the product measure ps X pp and under

the tilted measure p* from (4.4), respectively. Set S§ = 0 and

Seo=> e, form>1 and S, =-> ¢, form < —1. (4.10)
i=1 =1
Then ©; ; =0 for all ¢ # j and O,,,, = eSm_ for m € Z. Observe, (S¢,) is an asymmetric

double sided random walk.

Theorem 4.1.3. Under Assumptions 4.1.1 and 4.1.2, as n — oo,

> 5((1’4) 2l 53N S o)

ij=1 n S a* kENmEZ

in the M,([0,1]* x R), where the Poisson cluster process in the limit has the following

components

(i) Sken O(z,.p,) s a Poisson point process on [0,1]* x R with intensity measure Leb x
d(—9Ce="%) where, for an exponential random variable I with parameter o inde-
pendent of (S5,),

V=P(sup S;, + T <0);

m>1

(i7) (QF )mez, k € N are i.i.d. two-sided R-valued sequences, independent of ey (T, By)
and with common distribution equal to the distribution of the random walk (S,)m

conditioned on staying negative for m < 0 and nonpositive for m > 0.

For the convergence in distribution above, bounded sets in [0, 1]* x R are those which
are contained in sets [0,1]* X (z,00), z € R. Observe that application of the theorem

yields (4.6) at once with the following new expression for the key constant therein
K*=9C.
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The expression for the extremal index 1 appears frequently in applications, see e.g. de
Haan et al. [IHRRAV89] where an algorithm for its numerical computation is suggested.
The constant C' arising from (4.8) is also frequently encountered in the literature, for
various expressions of C' we refer to [Asm03, Part C, XIIL5].

The distribution of random walks conditioned to stay negative (or positive) is discussed
in detail by Tanaka [Tan89] and Biggins [Big03]. Consequently, one can apply those results
to simulate and precisely describe the distribution of Q’fn’s. Putting all these ingredients
together, one can use Theorem 4.1.3 to give a probabilistic and geometric intepretation of
the plots in Figure 4.1. Note that this type of limiting behaviour was conjectured already
by Metzler et al. [MGWO02] who suggested a marked Poissonian model of local alignments
with essentially same features.

The rest of the chapter is devoted to the proof of Theorem 4.1.3 using the theory of
regularly varying random fields described Chapter 2. For some of the key technical results
in our analysis we are indepted to Hansen [Han06] who even allows sequences (A;) and
(B;) to be Markov chains. In the i.i.d. setting, however, the corresponding proofs, which
rely on change of measure arguments, are much less involved. For an alternative approach
based on combinatorial arguments see Dembo et al. [DKZ94b].

This chapter is based on the paper [BP18b].

4.2 The tail field

m—

Recall, (A;)iez and (B;)iez are independent i.i.d. sequences, S} = S s(Aik, Bik)
fori,j € Z and m > 0, and S; ; = sup{ S}y : m > 0} for i,j € Z. We assume throughout
that Assumptions 4.1.1 and 4.1.2 hold.

Consider a positive stationary field X = (X;; : ¢,j € Z) defined by

Xij=e%i i,jeL.

Observe that by (4.8), for a* > 0 satisfying E[e® *(4B)] = 1,
P(X;; >u) ~Cu™™, asu— 00, (4.11)

i.e. marginal distributions of X are regularly varying. More importantly, the transformed
field X has a tail field, i.e. it is jointly regularly varying. Observe, (4.9) implies that X

satisfies
Xm,m = maX{Xm—l,m—les(Am’Bm)a ]-} )

for each m € Z, where X,,,_1,, 1 is independent of the i.i.d. sequence (e*(&:B¥) . k > m),
cf. Example 2.3.8.
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Proposition 4.2.1. The field X is reqularly varying with tail index o* and with the
spectral tail field ©® = (0, ; : 1, j € Z) satisfying
(Z) ®i,j =0 fori,j €Z,1#j.

(1) Opmm = €°m for m € Z, where S5 =0 and
Seo=>Y e, form>1 and S, =—-> e, form < -1, (4.12)
i=1 i=1

for independent i.i.d. sequences (€;)i>1 and (£]);>1 whose distributions correspond to
the distributions of s(A, B) under the product measure pia X pp and under the tilted

measure p* from (/4.4), respectively.

The tail field Y = (Y ;)i jez of X is therefore given by Y; ; = YO, ; where Y satisfies
P(Y > y) =y for y > 1 and is independent from ©. Observe, Ele;] = E[s(A, B)] < 0
and since the moment generating function m(a) = E[e***B)] is strictly convex and
m(0) = m(a*) =1,

. d
Elel] = E[s(A, B)e® "B = T (a) > 0.
da
This implies that P(limj,| s S5, = —00) = 1 so © and Y are elements of [, almost surely.

In particular, by (2.21),

0<d=P( sup Yi; <1)=P(Ymax0,,,, <1)=P(logY +max5S;, <0), (4.13)
(ivj)>l(070) mzl le

where, note, logY is a standard exponential random variable with index a*. Also, by
(2.24), the distribution of the random element Q = (Q; )i jez in ly is determined by

Qij=0 fori#j, (Qmmlmez = (¢, m €Z | sup 57, <0,sup S}, <0).  (414)

m<—

To prove Proposition 4.2.1 we need two auxiliary lemmas. The first one is a rough

estimate using Markov inequality, see Section 4.4 for the proof.

Lemma 4.2.2. There exist a constant cg > 0 such that

lim P ( max S5, >0) =0.
UuU—00 m>cou ’

Before we state the second lemma, observe first that, using E[e® *(45)] = 1, for all

u > 0 and any integer m > 0,
P(Sgy > u) = Ele™ Foe® o1 { Sty > u}] < e P (Sgy > u) < e,
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4.2. The tail field

where the tilted measure P* makes pairs (A, By) for k = —m +1,...,0, independent and
distributed according to the measure p*. The following result is a special case of [Han06,
Lemma 5.11]. The proof relies on change of measure arguments and the Azuma—Hoeffding
inequality for martingales. The key fact is that, whenever p* # p*% x pj (which holds
under (4.5)),

IEVAXVB [S(A’ B)] < E,u* [S(Av B)]

for all vy € {pa, 'y} and vp € {up, ui}, where E, denotes expectation assuming (A, B)
is distributed according to p, see [DKZ94a, beginning of Section 3].

Lemma 4.2.3 ([Han06, Lemma 5.11]). There exists an 0 < ¢y < 1 such that for all u > 0,

sup  P(Syy > u, SZ?,]. > ) < 2~ (He)a’u,

1,jEL,i#]
m,l>0

Since the proof given in [Han06, Lemma 5.11] is simpler in the i.i.d. setting, for

convenience, we present it in Section 4.4. We are now in position to prove Proposition 4.2.1.

Proof of Proposition 4.2.1. Let © be from the statement of the proposition. We first show
that, as u — oo,
X&&X} ‘X070>'LLL>®[, (415)

for all I C Z%\ {(m,m) : m < —1}. Since X is regularly varying with index o*, this
will prove the regular variation property of X and show that the spectral tail field
©' = (©;,)i ez of X satisfies

(0}, : (i,4) € Z\ {(m,m) : m < =1}) £ (©1; : (i, j) € Z*\ {(m,m) : m < —1}),
(4.16)

see Remark 2.2.4.
Observe, by (4.9), for each m > 1,

$(Am,Bm) 1

Xm,m = rnaX{)<7rL—l,m—l6 ' ) } .

Now since Xg is regularly varying and independent of the i.i.d. sequence (es(4rBr)), <

[Seg07, Theorem 2.3] implies that for all m > 0, as u — oo,

X[ié (X070,X171, Ce 7Xm,m) ’ X070 > U i)(l s(Ar, Bl) H e’ s(An Bk )

2 (000,011, -, Omum) -
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Since ©;; =0 for all 4,5 € Z, i # j, (4.15) will follow if we show that for all such ¢, j,

P(Xi’j > X()’[)T] | XO,D > U) < }P)(Xi,j > umn ’ X07() > U)

=P(S;; > logu+logn | Spo >logu) - 0, as u — oo,
(4.17)

for all n € (0,1).
Fix now ¢, j € Z such that i # j. Using (4.8) and Lemmas 4.2.2 and 4.2.3, for every
M >0,

limsupP(S;; > u— M | Spp > u) = limsup 0_160‘*“[@(5070 >u,S;; >u—M)

U—00 U—00

glimsupCleo‘*“IP’< max Sy > u— M, max Sf.>u—M>

U—>00 1<m<cou 1<i<cou J
< lim sup 2C 16(1 ) et =0 5

UuU—00

hence (4.17) holds.
Finally, we extend (4.16) to equality in distribution on whole R%. First, fix m > 1
and note that by (2.10) and E[e*"s4B)] = 1,

PO, _,>0)= E[@g;m] =1

m

Further, for arbitrary bounded measurable function i : R*"™! — R, using (2.10) and
(4.16),

E[h(6’

—m,—m> *

0 )] = E[R(6;) (600, ., Onom)) Oty ]

2 m »
= E[h(e* Diih em Dk ®h e 1 eTmtl ,eZkzmHE’“) I1¢ E’“} .

k=1

By definition of (O x)krez, this implies that

E[h(6

—m,—m> "

00 = E(O i, Omm)] -

4.3 Checking assumptions of Theorem 2.3.14

In view of (4.11), define
an = (Cn*)V*"  neN,

so that lim,,_ . nQIP’(XO,O > a,) = 1. The proof of the following result is postponed to
Section 4.4.
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Proposition 4.3.1. The random field X satisfies Assumption 2.5.2 for every sequence of

positive integers (r,,) such that lim,, . 1, = 00 and lim,_, r,/n° =0 for all € > 0.

Take now sequences of positive integers ([,,) and (r,) such that
A logn/ln = lim, bn/ra = litg, mu/n” =0

for all € > 0 and set k, = |n/r,|. Recall blocks of indices J,; C {1,...,k,r,}* of
size r2 from (2.11) and blocks X,,; := X, , for ¢ € I,, := {1,...,k,}?>. To show that
X, i’s satisfy the asymptotic independence condition of Theorem 2.3.14, we will apply
Proposition 1.4.5. However, to use it we first need to alter the original blocks.

First, cut off edges of J, ;’s by [,,, more precisely, define

Further, for all 4,7 € Z and m € N let £/ be the empirical measure on E? of the sequence
(Ai—k7 Bj—k), k= 0, e, — 1, ie.

m—1

m __

8i,j - Z 5(Ai7kyijk)'
k=0

Notice, the score SI"; = S s(Aik, Bj_x) is then equal to the integral of the score
function s w.r.t. £/, Further, for n > 0 denote by B, the set of all probability measures v
on E? such that ||y — p*|| := Yaper [V(a,b) — p*(a,b)| < n.
Let b, = log a,, then for all n > 0 and 4, j € Z define the random variable S; ; = S; j(n,7)
by
Sij= max{S;; : 1 <m < coby, €7 € By} (4.18)

with ¢y > 0 from Lemma 4.2.2 and max () := 0, and define modified blocks Xn,i = Xm(n)
in Iy by

Xn,i = (esm : (Zuj) € Jn,l) . (419)

It turns out that by restricting to the X n.i's one does not lose any relevant information. To
understand the role of X ni's, observe that for any nonnegative and measurable function
f on [O, 1]2 X l~070,

’]E [6* dicnn f(i/k‘n,Xn,i/an):| ~Ler E {eff(i/kn,xn,i/an)} ‘
< ‘IE [e‘ Diern f(i/’fmxw/an)} _ E[e_zz‘eln f(i/kn,)"cn,i/an)} ‘

+ ‘HieInE {e_f(i/kn’Xn,i/an)] _ HieInE[e_f(i/kn75(n,i/an):|‘

+ |Efe” Dien S/ kn Xn/an)) [ B~ fi/hnXni/on)| = [} + I, + Iy (4.20)

ie1, E
Recall now the convergence determining family F{ from Section 2.3.6. The proof of
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the following result is in Section 4.4.
Lemma 4.3.2. For everyn > 0 and every f € F\, Iy + I, = 0 as n — oc.

Remark 4.3.3. In particular, since I; — 0 for all f € Fj, point processes Y ;c; 5(2»/,%5(”71‘),
which are based on \S; ;’s, converge in distribution if and only if point processes 3=;c1, di/k,.x,.4)»
which are based on S, ;’s from (4.7), do, and in that case their limits coincide. Similarly,
one can show that the former (and therefore the latter) convergence is equivalent to
convergence of point processes of blocks based on nonstationary scores from (4.1). In
particular, point process convergence results given below hold even with S; ;’s from (4.7)

replaced with the ones from (4.1).

By (4.20) and Lemma 4.3.2, to show that (¢/k,, X, i/a,)’s are AI(F(), it is sufficient
to find at least one n > 0 such that I3 — 0 for all f € F{, i.e. that (¢/k,, ani/an)’s are
AI(F(). For that purpose, we apply the following variant of Proposition 1.4.5. Recall, for

T = (1)jez2 € lo, ||2]|oo = Maxjeze |7;], in particular,

||Xn,z||oo = max 1 X;], i€ 1.

VST n,d

Corollary 4.3.4. Let for each n € N, (X,,; : ¢ € I,,) be identically distributed random

elements in ly and (a,) a sequence such that for all € > 0,
lim sup k2P([| X .1]|oc > an€) < 00. (4.21)
n—0o0
If there exists a neighborhood structure B,(1) C I,, n € N, 12 € I,,, such that, denoting
| Bnll = maxicr, | B (2)],
(i) Asn — oo, ||B,||/k? — 0 and for all € > 0,
k2| By|| max P(| X nilloo > ané, | X njlloo > ane) = 0; (4.22)
i#§€Bn ()
(ii) For n big enough, X, ; is independent of o(X,;: j ¢ Bu()) for each i € I,.
Then the family ((i/kn, Xni/an) :n €N, 4 € 1,) is AI(F}).

Proof. First, observe that for any sequence ¢,, \, 0 sets K’ = [0,1]* x {x € lpo : ||%|c >
€m}, m € N, form a base for the family of bounded sets of [0, 1] x l~0,0. Next, regardless of
ordering of I, = {1,...,k,}%, | Bn(3)| < |Bn(4)]| for all i € I,,. Since X, ;’s are identically
distributed,

by = >0 P((i/ka, Xnifan) € K3,) - P(( [k, X j/an) € K,)

1€ln jc B, (3)

< k72L||Bn||P(||Xn,1Hoo > an€m>2‘
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In view of (4.21), limsup,, ., b7, < (const.)limsup, . || Bn|/k; = 0 for all m e N.
Similarly, (4.22) implies that lim,, . b;'y = 0 for all m € N, and by (ii), b,3(f) = 0 for
every measurable function f > 0 on [0,1]¢ x l~070 and n big enough. Applying Proposition
1.4.5 finishes the proof. O

For every @ = (i1,145) € I,, define its neighborhood B, (%) by
B,(1) = {3 = (j1,J2) € L, : iy = jr orig = jo} .

Observe, |B,(t)| = 2k, — 1 for all ¢ € I,, and hence lim,,_,« || B,||/k2 = 0. Further, by
(4.11) for all € > 0,

lim sup k2P (|| X p.1]|oc > ane) < limsup E2r2P(e50 > ane)
n—oo n—oo

< lim sup kiri}P’(Xop > ape) =€ <00,

n—oo

Next, recall that S = 37" s(Ai_g, Bj_y) so by (4.18), for every n € N,

Si,j € U(Aiftcobnh»l; e 7Ai7 Bj*LCOan+17 Ce ,Bj) .

By construction of jm’s and choice of (I,,) such that, in particular, lim, . cob,/l, =
lim,, o0 [, /7 = 0, this implies that, for n large enough, Xn,i and blocks (Xn,j :j ¢ B,(1))
are constructed from completely different sets of A,’s and B}’s, and therefore independent.

Further, when j € B, (), j # 1, arbitrary scores S} and Sf,’j, which build blocks X, ;
and X, ;, respectively (i.e. (4,5) € Jn4, (¢,5") € Jnj and 1 < m,l < ¢oby,), for n large
enough, depend on completely different sets of variables from at least one of the sequences
(Ag) or (By). Thus, the following result, which is a special case of [Han06, Corollary 5.4],
applies. It follows from [Han06, Lemma 5.3] under condition (12) in [Han06], which, when
(A;) and (B;) are i.i.d. sequences, is equivalent to Assumption 4.1.2, see [Han06, Remark
3.8].

Lemma 4.3.5 ([Han06, Corollary 5.4]). There exist constants €z,1 > 0 such that for all
u>0
P(Sgly > u,S); > u, 5,655 € By) < e /22l

uniformly over alli,j € Z and m,l € N such that min{i, j} < —m+1 ormax{i—1[,j—1} >
0.

For completeness, in Section 4.4 we present a (lengthy) proof of the previous result by
following the lines of [Han06, Lemma 5.3, Remark 3.8]. For a different (and, in this i.i.d.
setting, probably better) argument, cf. Dembo et al. [DKZ94b, pp. 2032-2033]. Note, the
fact that E is finite is here exploited.
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Take now 7 > 0 from the previous result and recall the corresponding X ni's. Forn

big enough and every € > 0 we get that

k2| Bl max P([| X nilloc > an€, | Xnjlloo > ane)
i#GEB (i)

< kiZk‘nrfL(cobn)Qe*(?’/%”)a*(b”HOgE) ~ (const.)n’r,b2n 2722 = 0,

as n — 00, by the choice of (r,,) and since b, ~ 2logn/a*.
Hence by Corollary 4.3.4, for this 7, blocks X n.i, and therefore the original blocks X, ;,

satisfy the asymptotic independence condition. We can now apply Theorem 2.3.14.

Theorem 4.3.6. Under Assumptions 4.1.1 and J.1.2, for any sequence of positive integers

(rn) such that lim, o 1, = 00 and lim,, o, 7, /0 — 0 for all e > 0,

d
Z 5(i/kn,Xn,i/(Cn2)1/°‘*) Z 6(Tk:Pk(Q§,j)i,jEZ)
i€ly, keN

in M,([0,1]% x lo) where the limit is described in Theorem 2.3.14, with 9 > 0 given by
(4.13) and distribution of Q in ly determined by (4.14).

In particular, application of Corollary 2.3.15 yields that

- d
D Oaaymxeg/Cnrpraty = D D Oy pqt,) (4.23)
ij=1 keNi,jeZ

in M, ([0,1]* x (0,00)). Consider now space M, ([0,1]* x R) with a set B C [0,1]* x R
being bounded if B C [0, 1] x (z,00) for some x € R. It is easy to see that

Z 6(tk7$k) = Z 5(tk,log(:ckc’1/0¢*))

keN keN

is a well-defined mapping from M, ([0, 1]*> x (0,00)) to M,([0,1]*> x R) which is also
continuous with respect to vague topologies on these spaces (see e.g. [Res87, Proposition
3.18]). Theorem 4.1.3 now follows easily from (4.23) via continuous mapping theorem and

standard Poisson process transformation (see e.g. [Res87, Proposition 3.7]).

4.4 Postponed proofs
Proof of Lemma 4.2.2

By Markov inequality, for any A > 0 and all v > 0

P (max Soo = O) <M P (ng(‘;“”l > 0) <Y E [6AS£,COOUW+Z] = 3 (A el
1=0

m>cou
0 1=0
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where m()\) = E[e***P)] is the moment generating function of s(A4, B). Fix any 0 < \g <

a*. By strict convexity of m and m(a*) =1, 0 < m(Xg) < 1 and in particular

P (max S(TO > O) < ecoulogm()\o) Zm<>\0)l

m>cou =0

Since the series above is summable, taking ¢, strictly larger than —2a*/logm()g) finishes

the proof.

Proof of Lemma 4.2.3

Fix anu > 0 and take m, [ > 0 arbitrary. Note, since F is finite, ||s|| := sup, yep2 [5(a, b)| <
oo , and in particular, there is nothing to prove if m or [ is smaller than u/|[|s||. Assume
therefore that m AL > u/||s]|.

Denote by d4 and 05 the number of variables of the sequence (Ay) and (By), respectively,
which appear both in Sy and S! ;. Also, fix any 0 <~y < 1/2.

Case 1. Assume that 0,Vép < yu/|[s||. In this case S} consist of at least (1—2y)u/||s||
summands s(Ay, By,) which are independent of S; ;. Let S, be the sum of those s(A, By)’s.

Therefore,

P(STy > u, St > u) <P(S5o > (1 —2y)u,S),; > u)
=P(S5 > (1 - 27)U)IP’(S£J > ) < e” (Bt (4.24)

Case 2. Assume w.lo.g. that 04 > yu/[|s|. Decompose S§iy = Si + S, and S} ; =
Sy + S3 where S and S,, respectively, is the sum of scores s(Ag, By) and s(Ag, Biy(j—i)),

respectively, for 6, number of k’s. In particular,
P(Sgy > u, Sty > u) <P(SGy > u, Sy > S2) +P(S]; > u, 55 > 5s). (4.25)
A change of measure yields
P(Sfy > u, 55 > So) < e ¥ UP*(Sy > 5y),

where, under P*, pairs (A, By) from S, are i.i.d. and distributed according to p*, and
pairs (Ay, Bry(j—i)) from Sy are independent and distributed according to % x u’ or

p X pp. The key thing now is that, whenever p* # p* x pj (which holds under (4.5)),
By yxvs[5(A, B)] = Eu[s(A, B)] <0 (4.26)

for all vy € {pa, i} and vp € {up, u;}, where E,, denotes expectation assuming (A, B)
is distributed according to u, see [DKZ94a, beginning of Section 3]. An application of
[Han06, Theorem 5.7] (with n = 6]|s||) which is a consequence of the Azuma-Hoeffding
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inequality, together with 84 > yu/||s||, yields that P*(Sy > Sy) < =™ with ¢ = €(y) =
C*v/(a*72||s||®) where ¢ < 0 is the maximum in (4.26). By analogous arguments, one
obtains the same bound for the second term in (4.25). Together with (4.24) and optimizing
over v, this yields the result with €y = maxg<,<1/o min{l — 2v,¢(v)}.

Proof of Proposition 4.3.1

Let (r,,) be an arbitrary sequence of positive integers satisfying r, — oo and r,,/n — 0

for all € > 0. We have to show that for an arbitrary u > 0

lim lim supIP’( max X, ; > ayu | Xoo > anu> =0. (4.27)

Mm=e0 n—oo m<|(i,5)|<rn

We deal with the diagonal elements using arguments from [Bas00, Lemma 4.1.4]. First,

notice that by (4.9), for each & > 1 we can decompose
Xip = max{emaxoflfksflvvk, Xo Oesﬁvk} ,

with (S}, )o<i<k being independent of Xy o. Hence, using stationarity,

P ( max  Xgx > apu ’ Xo,0 > anu> <2 Z P(Xkx > anu | Xoo > ayu)

m<|k|<rn k1

Tn
< 2r, P(emaXosisrn S0 > apu) +2 > P(X07Oesl’§’k > ayu | Xoo > anu).
k=m+1

Since 7, /n?* — 0, the choice of (a,) and (4.11) imply that
2r,P(emaxostsrn S0 > anu) < 2r,P(Xoo > ay,u) = 0, as n — oo.

For the second term, take an arbitrary 0 < A\g < a* so in particular 0 < m()g) =
E[e*0s(AB)] < 1 by strict convexity of m. Apply Markov’s inequality and use independence

between Xo and Sy, to obtain

I E[X91{ X00 > a,u}]
P(Xooek > apu | Xog > apu) < ———00 L2007 70 Ao)E .
2 Pooe™ > an] Xoo > @) < O X 0> a2, )

=m-+1

Variant of Karamata’s theorem (see [BDM16, Appendix B.4], also [BGT87, pp. 26-28|)

now implies that

* o0

lim > m(\)F=0.

* —
@ )\0 " ook:m+1

«

lim limsupP | max X > ayu ‘ Xo0 > apu| <
m—00  p_00 m<|k|<r,

It remains to deal with the non diagonal terms. More precisely, in order to obtain
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(4.27), we will show that, denoting b, = loga, and M = logy,

n—o0 1,5)|<rn, i#]

lim sup P <( max  S;; > b, + M ‘ So,0 > by, + M)

= C e Mlimsup e P <|(' max  S;; > b, +M, Soo > b, + M) =0.
i

n—o00 ) ‘S"‘m i#]j

Notice that % = C'n?. First, since 7,,/n — 0, stationarity and Lemma 4.2.2 give

limsup e* P | max Sfj >0 | < limsupe®® (27, + 1)°P ( max S&O > 0)

n—00 [(4,5)|<rn n—00 k>coby,
k>cobnp
. 2r, +1)2
< lim sup % =0.
n— 00 CTl

Now by Lemma 4.2.3 there exist an ¢y > 0 such that

n—00 ‘(7”.7)|S7'n»7’7é.7

lim sup e® > P ( max S ; > b, + M, Soo > b, + M)

= limsup ¢* " P max Sfj > b, + M, max SE,>b,+ M
n—00 |(6.0)|<rn, i) 1<k<cob,
1<i<coby,

S hm sup ea*bn(an + 1)2(CObn)22€_(1+6/)a*b"

n—0o0

2, +1N2 ([ b,
—2c§0<1+6)limsup( Tn + ) < ) =0,

n—00 neo/2 neo/2

where the last equality follows by the choice of (r,) and since b,, ~ al logn.

Proof of Lemma 4.3.2

First, we need the following simple result proved by a change of measure argument
and a large deviation bound for empirical measures, cf. the proof of [Han06, Lemma 5.14,
Equation (54)].

Lemma 4.4.1. For alln > 0 there exists an €; > 0 such that

lim e'Te)™ gup P(Sg > u, 50 & By) = 0.

U—>00 m>1

Proof. Fix n > 0 and denote A,,(u) = {Sf > u,eq" ¢ By} for m > 1 and u > 0. Note
that, since Sg* = S0 s(A_x, B_1), P(A(u)) = 0 whenever m < u/||s||, so for fixed
u > 0 we only need to deal with P(A,,(u)) for m > u/||s||.
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First, a change of measure yields

exp(a”Sgp) ot
P(A,, =E|——1s (| < e “"P (e, € B,),
(An(w) = B | et L | < B (5l ¢ B,)
where P* makes (A_x, B_),k =0,...,m—1,ii.d. elements of E? with common distribution

p*. By Sanov’s theorem (see [DZ10, Theorem 2.1.10])

1
lim sup — log P*(egy ¢ B,) < — iél]g H(m|p).

m—oo TN

Since, for a sequence of probability measures (m,) on E?, H(m, | u*) — 0 implies that
|7 — p*|| = 0, for we can find a constant ¢ = ¢(n) > 0 such that inf ¢p H(7m | pu*) > c.

Hence, for all m > u/||s|| with u large enough

P*(efy ¢ By) < e ™ < e elllel,

To finish the proof, it suffices to take €; := | — > 0. O]

Proof of Lemma 4.3.2. Take an arbitrary f € F € CB; ([0,1]? x lpo) and let € > 0 be
such that f(t, (zi;)i;) = f(t, (TijLl{je,,|>e)i;) for all € [0,1]* and ()i jez € loo with
f(t,0) =0.

By the elementary inequality |[I%_; a; — [IF, b < 3%, |a; — b;| valid for all k£ > 1 and
a;,b; € [0,1] (see e.g. [Durl0, Lemma 3.4.3]),

’]E [e— Dictn f(i/kn,xn,i/am} _E {e— Yicr f(z'/kn,xn,z-/anq ’

+ ‘ [1E [e—f(i/kn,Xn,i/an)} - 1I E[e- f(i/kn,xn,i/an)”
i€ln i€lp )

S 2 Z E‘e_f(i/knvxn,i/an) _ e—f(i/k?n,X"’i/an)

i€ln

. (4.28)
Further, denote by J,, :={1,...,r,}? = J,1 and Joo={1,.. =1} = jn,l- Using
stationarity we get that

Z E‘e—f(i/kan,i/an) _ e—f(i/kan,i/an)

i€ln

< K2(A 4+ Ay + A3), (4.29)

where

A; =P(X;; > aye for some (i,5) € J,, \ J.,),

Ay = P( max €% > ae for some (4,7) € J,, ),
m>cobnp,

Az = P(¢ > a,e and ery ¢ B, for some (i, j) € Jp s 1<m < coby).
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Observe, |J,., \ j,,n| < 2r,l, and |jrn| <72, and recall that k,r, ~ n as n — oo, so using

stationarity and then (4.11), Lemma 4.2.2 and Lemma 4.4.1, respectively,

limsup k2 A; < limsup 2k27,01,P(Xo > ane) = (const.)limsupl,/r, =0,

n—oo n—o0 n—oo

lim sup k, Ay < limsup k2r2P( max Sfy) > 0) < limsupn > =0,

n—oo n—o00 m>cobn n—o00
lim sup k2 A3 < lim sup k272 cob,, sup P(Sgy > bn +loge, ] & By)
n—o00 n— 00 m>1
< (const.)limsup b, /n** = 0.
n—oo

Therefore, the right hand side, and then also the left hand side, of (4.29) tends to 0 as
n — oo, and by (4.28) this proves the lemma. O

Proof of Lemma 4.3.5

Recall, S5y = S0y s(A_g, B_y,) and S!; = 3212 s(Ai_y, Bj_y). Assume that i,j € Z
and [, m € Nare such that j < —m+1or j—I > 0 and set m' = |[-m+1,0]N[i—I+1, ]| > 0.
In words, scores Sgj, and Sf,j depend on completely different sets of B—variables and
exactly m’ same A-variables are used in both sums. The case when only B—variables are

shared is completely analogous and therefore omitted.

For all n,u > 0 denote by A(u,n) the event {Sf, > u, S}, > u, €fy, el ; € By} and for
a function g : E? — R , by a slight abuse of notation, denote

m(g) = E[e? )]y (g) = E[es Ao Porotdo BT

Also, for any measure p on E? and function g : E* — R, denote u(g) = 3, 4cr 9(a, b)u(a, b).
Step 1. ([Han06, Lemma 5.3]) Take arbitrary g : E? — R and € > 0. Using a change

of measure argument, we show that there exist a constant n = 7(g, €) > 0 such that for all

e P(A(u, 1)) < exp <—u (2“*(9) g )) | e
1))S p*(s)

First, observe that le! ;(g) = St 1 9(Ai_y, Bj_1), in particular lel ;(s) = S} ;. Further,

define a random variable L, by

exp(megy(g) + e} ;(g))
E [exp(mey(9) + 175(9))]

= exp (megy(g) + 12 5(9) — (m +1—2m") logm(g) — m"logmi (9)) -

Independence of Ay, By and Bj, Fubini’s theorem and Jensen’s inequality, imply that
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m1(g) > m(g)? and this further implies that
L, > exp (msgfo(g) + 1€} (9) — (m+1)log ml(g)/Q) : (4.31)

For every ¢ > 0 take an ' > 0 such that = € B,, implies that

m(g) — 1 (@I V |7 (s) — p(s)] < €.

Then, on A(u,n’)
megy(g) + i ;(9) > (m+1) - (u*(g) — €)

and further, m 41 > 2u/(p*(s) + €') (recall that p*(s) > 0 under (4.5)). Hence, by (4.31),

on A(u, 1)

%prfmw—d4%m@‘
p(s) + ¢
Since E[Ly] = 1 this gives the bound
L 2(u*(g) — €) — logm4(g)
P(A M=E|ZZ. 1 N < — ) 4.32
( (u’n)) lL A(u,n’) _eXp( u M*($)+€/ ( 3 )

g

Note that if g and € are such that 2u*(g) —logmi(g) < eu*(s), (4.30) is trivial. Otherwise,
(4.30) follows from (4.32) by taking €’ > 0 such that

2p7(g) —logmi(g)  _ 2(w(g) = €) — logma(g)
1 (s) pr(s) + ¢

and setting n = 7',
Step 2. ([Han06, Remark 3.8]) To finish the proof, it suffices to find a function g and

€ > 0 for which . | 5

p(s)
We show that this is always possible under Assumption (4.1.2).

First, since finite measures on E? can be considered as elements of the finite-dimensional

space RP”, by Cramér’s theorem (see e.g. [DZ10, Theorem 2.2.30]), the sequence

n—1

1
n Z {5(141-,31-) + (S(Ai,BH_n)] ,neN

1=
of random elements in RE” satisfies the large deviations principle with the rate function I

satisfying
L(2u") = sup (2u"(g) — log E[esAo-Bo)taldoBI]y — sup (2u*(g) — logmi(g)) -

gERP? gERP?
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4.4. Postponed proofs

On the other hand, by Sanov’s theorem (see [DZ10, Theorem 2.1.10]), the sequence

1 n—1
ﬁ Z (5(AlvBlvB1+n) ) nc N

1=0

of empirical measures on E® satisfies the large deviations principle with the rate function

H(- | x 1),

The contraction principle (see [DZ10, Theorem 4.2.1]) used with the continuous function
h(r)(a,b) = ¥ [r(a,b,c) + w(a,c,b)] for a,b € E? and probability measures 7 on E*, and
uniqueness of the rate function (see [DZ10, Lemma 4.1.4]) imply that

Li(2u") = inf{H (7w | pa X ,u2B) Do+ Ty = 20"},

where the infimum is taken over all probability measures m on £? with m1,2 and m 3 being
measures on E? given by m2(a,b) := Y .cp7(a,b,¢) and 7 3(a,b) := Y cp7(a,c,b) for

a,b € E. We now show that the infimum above is obtained for the measure 7 defined by

* b . *
7r*(a,b,c):'u (a. )* #(a, ) >0, a,bc€eEFE.
i (a)

First, observe that 7j , = 7y 3 = p*. Next,

w(
H(" | pa X pih)
= 2 ma)

a*(s(a,b)+s(a,c))
100 )
a)

= 20" (s) — H(py | p1a) -

On the other hand, any probability measure 7 on E? satisfying 71+ 713 = 2u* necessarily

satisfies

mi(a) == Y w(a,b,c) = ngab—l— > msa,c) =Y p(a,b) = pi(a),

b,c€E beE ceE beE

for all @ € E. Using this we get that for all such ,

H(m | pa x pi) = H(m | 7) 4 2% (s) — H(wh | pa) = H(mw | pa % pi)

and hence

sup (2u*(g) —logmi(g)) = Li(2p*) = 207 p*(s) — H(pwy | pa) -

gGRE2
By definition of p* one can easily show that a*u*(s) = H(u* | pa X pup) , so we conclude
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that under (4.1.2),

sup (2u"(g) —logmi(g)) = 2H (p* | pa X pp) — H(py | pa)

gERFE?

3 * 3 Lo 3
> SH(E" | pa x pp) = a"u'(s).

Hence, for € > 0 small enough there exists a function g on E? such that

21*(g) — log my(g) —e> <3 >a*,

p*(s) 2

i.e. (4.33) holds.
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Summary

For a stationary, regularly varying and weakly dependent R—valued time series (X;);ez,
the language of point processes offers a nice probabilistic way to deduce the distribution
of various functionals of the sample X;,..., X, as n — oo. This includes functionals
whose behavior for large n essentially depends only on extreme X;’s. The main idea is to
establish a so—called complete convergence result, that is convergence of point processes
>om1 0(i/n,X,/an) for a suitable sequence (a,) and then apply continuous mapping arguments.
In this context, the limiting point process is a Poisson cluster process which can be fully
described by the so—called tail process of (X;).

However, in this type of point process convergence the information on the temporal order
of extreme X;’s belonging to the same cluster is lost in the limit due to scaling of time. As
one of the main contributions of the thesis, we present a new type of complete convergence
result which preserves this kind of information. It applies to stationary regularly varying
time series satisfying standard extremal dependence assumptions. Our approach is based
on dividing the sample X1, ..., X, into smaller blocks and then considering these blocks,
instead of only individual X;’s, as points of a point process on a certain infinite-dimensional
Polish space. Along the way, we revisit the notion of vague convergence of measures relying
on an abstract theory of bounded sets and discuss general Poisson approximation theory
for point processes on Polish spaces.

The order preserving convergence allows us to prove new limit results for record times
and partial sums of the underlying time series. In particular, we show that rescaled
record times, under an additional assumption, converge in distribution to a certain scale
invariant compound Poisson process. This extends the well known result in the i.i.d. case.
Furthermore, when the index of regular variation is in the interval (0,2), we obtain a
new functional limit theorem for partial sums which applies to a variety of time series
for which standard convergence in the space of cadlag functions cannot hold. The main
novelty is that the convergence is placed in the larger space of so—called decorated cadlag
functions equipped with an extension of Skorohod’s M, topology. Corollaries of this result
are discussed.

Finally, we use the language of stationary regularly varying random fields to revisit
the well known problem of local alignment of sequences. For that purpose, we extend

the notion of the tail process and the corresponding point process convergence theory to
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R-valued random fields indexed over d—dimensional integer lattice. In the course of this
extension we introduce the concept of anchoring which further clarifies the link between

the tail process and the asymptotic distribution of a cluster of extremes.

Keywords: Vague convergence; Point process; Poisson approximation; Regular variation;
Time series; Stationarity; Tail process; Complete convergence result; Functional limit

theorem; Record times; Random fields; Local sequence alignment.
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Sazetak

Za stacionaran vremenski niz (X;);cz s vrijednostima u R kaze se da je regularno
varirajuéi ako su mu sve kona¢no-dimenzionalne distribucije viSedimenzionalno regularno
varirajuc¢e. To svojstvo ekvivalentno je postojanju takozvanog repnog procesa pomocu kojeg
se na intuitivan nacin mogu opisati ekstremalna svojstva tog vremenskog niza. Za takav
niz, uz pretpostavku slabe zavisnosti, teorija tockovnih procesa nudi lijep vjerojatnosni
pristup za odredivanje distribucije raznih funkcionala uzorka Xi,..., X, kada n — oc.
Tu spadaju funkcionali ¢ije ponasanje za velike n u principu ovisi samo o ekstremnim
vrijednostima niza (X;). Glavna ideja je prvo pokazati konvergenciju tockovnih procesa
> i1 6(i/n,X;/an) za prikladan niz (a,) te na nju primijeniti takozvane tehnike neprekidnih
preslikavanja. Bududi da iz te iste tockovne konvergencije mozemo odrediti ponasanje puno
razli¢itih funkcionala, takvu konvergenciju ¢esto zovemo potpuna tockovna konvergencija.
Nadalje, u ovom kontekstu grani¢ni tockovni proces je Poissonov proces s klasterima koji
je potpuno odreden repnim procesom niza (X;).

Ipak, u ovom obliku potpune tockovne konvergencije, zbog skaliranja vremena, u
limesu se gubi informacija o vremenskom poretku ekstremnih observacija koje su dio istog
klastera. Jedan od glavnih doprinosa ove teze je predstavljanje novog oblika potpune
tockovne konvergencije koji ¢uva ovaj poredak. On vrijedi za stacionarne regularno
varirajuce vremenske nizove uz standardne pretpostavke o ekstremalnoj zavisnosti. Nas
pristup baziran je na dijeljenju uzorka Xi,..., X, na manje blokove i tretiranjem tih
blokova, umjesto pojedinac¢nih observacija, kao tocaka tockovnog procesa na odredenom
beskonacno—dimenzionalnom poljskom prostoru. Usput, dajemo alternativan pristup
takozvanoj vague konvergenciji mjera koriste¢i apstraktnu teoriju ogranicenih skupova i
diskutiramo generalne uvjete pod kojima odredeni toc¢kovni procesi na poljskim prostorima
konvergiraju po distribuciji prema Poissonovom procesu.

Potpuna tockovna konvergencija koja ¢uva poredak omogucava nam da pokazemo
nove granicne rezultate za vremena rekorda i parcijalne sume vremenskog niza u pozadini.
Tocnije, pokazujemo da reskalirana vremena rekorda, uz dodatnu pretpostavku na repni
proces niza, konvergiraju po distribuciji prema odredenom slozenom Poissonovom procesu
koji je invarijantan na skaliranje. Ovo poopc¢uje poznati rezultat u sluc¢aju niza nezavisnih
i jednako distribuiranih slucajnih varijabli. Nadalje, kada je indeks regularne varijacije

u intervalu (0,2), pokazujemo novi funkcionalni graniéni teorem za parcijalne sume
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koji je primjenjiv na velik broj vremenskih nizova za koje standardna konvergencija u
prostoru cadlag funkcija ne moze vrijediti. Glavna novina je da se konvergencija gleda
u vecem prostoru takozvanih dekoriranih cadlag funkcija uz topologiju koja je ekstenzija
Skorohodove M, topologije. Takoder, diskutiramo i korolare ovog rezultata.

Na kraju, koristimo jezik stacionarnih regularno varirajucih slucajnih polja kako bi
dali novi uvid u klasi¢ni problem lokalnog poravnanja dvaju nizova znakova. U tu svrhu,
prosirujemo pojam repnog procesa i teoriju potpune tockovne konvergencije na slucajna
polja sa skupom indeksa Z¢. U sklopu te ekstenzije predstavljamo ideju usidrenja koja.
dodatno razjasnjuje vezu izmedu repnog procesa i granicne distribucije klastera ekstremnih

observacija.

Kljucne rijeci: Vague konvergencija; Tockovni proces; Poissonova aproksimacija; Regu-
larna varijacija; Vremenski niz; Stacionarnost; Repni proces; Potpuna tockovna konvergen-
cija; Funkcionalni grani¢ni teorem; Vremena rekorda; Slucajna polje; Lokalno poravnanje

nizova.
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