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Chaotictransientsandpreimagesareinvestigatedfor anew mapproposedrecently, having
aholein theunit interval of ther � 4 logisticmap.Thismapis characterizedby deviations
from Frobenius-Perronequationfor averagelifetimes in dependenceon hole positionin
theform of burstsof averagelifetime. Wepresentclassificationof theseburstsonthebasis
of averagelifetimes. Using time mapsit is investigatedhow theseburstsarecausedby
missingpreimagesof theholeinterval I

�
0� . Wederiveapproximateexpressionfor theratio

of lifetimesdeducedfrom Frobenius-Perronandfrom Kantz-Grassbergerequations.

1. Introduction

Transientchaosplays an important role in variousdynamicalsystems[1]. It was
observed in the Lorenzmodel [2–5], low-dimensionalmaps[6–9], nonlinearoscillators
[10,11], delayequations[12], partial differentialequations[13,14], coupledmaplattices
[15,16], one-dimensionalrobot model [17,18], discretegenesequencesin biology [19],
modelsof amorphoussolids[20] andof quasicrystals[21], neurobiology[22], epidemi-
ology [23], laserwith modulatedlosses[24] etc. It was found that the phenomemonof
chaoticchaosis associatedwith dynamicalsystempassingthroughcrisis [25]. It is ob-
servedin a dynamicalsystemin therangeof controlparameterλ which is slightly above
thecritical valueλc wherethecrisis takesplace.For λ � λc, thecharacterof time evolu-
tion of thesystemis connectedwith thecoexistenceof at leastonestrangerepellerandone
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attractor. Trajectoriesinitiatedin theneighborhoodof a repellerarebouncingchaotically
betweenthepointsof a repellerduringafinite timeafterwhichthey leavethis region,then
approachtheattractorandstayon it. Thus,theasymptoticbehavoir of a systemis deter-
minedby thepropertiesof final attractor. In a caseof many repellerscoexisting with one
final attractoroneobservesa cascade[26] of chaotictransientsendingon theattractor.

2. Chaotic transienst for the r � 4 logistic map with a
narrow hole

The significanceof one-dimensionalmapsis underscoredby the fact that new ideas
aboutgeneralchaoticsystemsareofteninvestigatedandexemplifiedon one-dimensional
maps.A furthermotivationfor studyingonedimensionalmapsis thathigher-dimensional
systemsoften approximatelyreduce to one-dimensionaldynamics. Thus, the one-
dimensionalmapsarewell suitedfor studyingtransientchaosnot only sincethey pro-
vide the simplestexamplesbut alsobecausethey model very closelywhat is going on
alongtheunstablemanifoldsof strangechaoticsetsin higher-dimensionalsystemswith an
one-dimensionalunstablemanyfold. It is possibleto modeltransientchaosby usingsome
specialmaps.

Transientchaosoccursfor one-dimensionalmapsif a unit interval I is mappedunder
thedynamicsf � x � notonly ontoitself but but partially alsooutsideitself [1]. An example
of suchamapis thelogisticmap[1,27] in thecaseof controlparameterr beinglargerthan
4.

Recentlywe have introduced[28,29]a new mapproducingchaotictransientsdefined
on theunit interval by

f � x ��� 	 4 
 x 
 � 1 � x � � x � I � 0�
∞ � x

�
I � 0� � (1)

whereI � 0� is a narrow interval � ξ � d
2 � ξ � d

2 � within theunit interval I.
For r � 4 thelogisticmapmapstheunit interval I ontoitself,which is thecaseof fully

developedchaos,expessedby anexactsolution[30]

xn � sin2 � 2n arcsin� x0 � (2)

where0 � arcsin� x0 � π andtheinvariantdensityis

W � x ��� 1

π � x 
 � 1 � x � � (3)

Our map(1) coincideswith the r � 4 logistic mapon the unit interval, exceptfor a
narrow hole of the width d at the position x � ξ. In the first iteration the interval I � 0�
aroundξ escapestheunit interval I, in theseconditerationits first preimagesescape,and
so on (Fig. 1). Finally, we endup with an invariantstrangeset in I, which is a chaotic
repeller. On theotherhand,any trajectoryescapingtheunit interval I goesto theattractor
at infinity.
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Fig. 1. The new map(1) andthe I � 1� , I � 2� preimagesof I � 0� . The hole is definedby (a)
ξ � 0 � 5, d � 0 � 1 and(b) ξ � 0 � 75, d � 0 � 1.

In Figs. 2.a-ewe present,as illustrations,trajectoriescorrespondingto chaotictran-
sients.In figure theattractorin which after initial transientsthe trajectoryendsup is not
at ∞, asfor themap(1), but is determinedfor thecaseof a mapwith theconstantvalue
f � x ��� const � within thehole,whereconstantvalueis takenas 1

2 � f � ξ � d
2 � � f � ξ � d

2 �  . In
this caseinsteadof attractorof period1 at infinity, we have attractorsof variousperiods.
In the casesconsideredwe have periods1, 2, 3, 4 and52, respectively. Of course,the
trajectoryof a transientdoesnotdependon thedefinitionof f � x � within thehole.

Illustrativeexamplesof distributionsof lifetimesof chaotictransientsaredisplayedin
Fig. 3, which presentsdistribution. Thenumberof surviringorbitsasa functionof time
(i.e. iterationsteps)is illustratedin Fig. 3. Fromtheensuingexponentialdistribution we
determinetheaveragelifetime.

In analogyto Ref.28wehavecalculatedtheaveregelifetime of chaotictransientasso-
ciatedwith themap(1) in dependenceon theholepositionξ for theholewidth d � 0 � 03
(Fig. 4). The averagelifetime is calculatedfor eachof the positionsof the hole interval
I � 0� : � 0 ! d � , � 1

10d ! 11
10d � , � 2

10d ! 12
10d � , ...,� 1 � d ! 1� . In eachcasethe averagelifetime τ was

determinedfrom anexponentialdecayof thenumberof survivors

Nn � N0e " κn (4)

whereNn denotesthenumberof orbitsstayingstill insidetheunit interval I aftern steps,N0
is a constantcorrespondingto theinitial numberof trajectories(we take N0 � 106 i.e. 106

inital positionsuniformly distributedalongtheunit interval) andκ is escaperate.(More
precisely, asnotedpreviously, for smallintervalsN0
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Fig. 2. a-edisplayexamplesof orbitsfor redefinedmap(1) (seethetext) which endup in
attractorsof periods1, 2, 3, 4 and52,respectively.

shouldberenormalizedto N0e ( κts , but thisdoesnot influenceκ.) Thedefinitionof escape
rateshowsthatthenumberof survivorsdecreasesby a factorof 1) e afterabout1) κ steps.
Therefore,thenumber1) κ is identifiedwith theaveragelifetime of transients

τ * 1
κ + (5)
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Fig. 3. Distribution of lifetimesfor uniformly distributedpositionsin theinterval 0 0 1 07 2
ε 3 0 1 07 4 ε5 for threedifferentvaluesof ε 6 107 6, ε 6 107 9 andε 6 107 12 (from left to
right) with ξ 6 0 1 75, d 6 0 1 04.

On theotherhand,theFrobenius-Perronequationleadsto89:
1 2 ξ ; d < 2=

ξ 7 d < 2 1

π > x ? @ 1 2 x A dxB CD τ 6 1
e

(6)

whichgivesa semicirclepredictionfor lifetimes(dashedline in Fig. 4).

Thegrossbehavior of calculatedaveragelifetime is approximatedby the Frobenius-
Perronequation,but at somepositionsthereappearnarrow ”bursts” of averagelifetime,
which sizeablyexceedthe Frobenius-Perronprediction. To successive groupsof peaks
(accordingto thelifetimes)weassigntheclassificationnumberk sothattrajectoriesstart-
ing from initial positionscorrespondingto a peakof orderk escapetheunit interval in k
iterationsteps.

In Table1 we presentthecalculatedaveragelifetimesof chaotictransientsfor peaks
correspondingto classificationnumbersk 6 1, 2 and3 for theholewidthsd 6 107 2 and
d 6 107 4. The ratio of averagelifetime τ for a peakwith classificationnumberk and
Frobenius-Perronlifetime (denotedby τFB) is comparedto theestimate

Rk 6 2k

2k 2 1
(7)

which wasderivedin Ref.28on thebasisof considerationof successive preimagesof the
hole interval I E 0F . As seen,theestimate(7) for Rk givesa rathergoodapproximationfor
thecalculatedratioτ G τFB. Wehavefoundthatwith decreaseof theholewith d theaverage
lifetime τ approachesthevalueRk ? τFB:

lim
d H 0

τ 6 Rk ? τFB (8)
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Fig. 4. Averagelifetime τ of chaotictransientassociatedwith themap(1) in dependence
on theholepositionξ (solid circles).Thewidth of thehole is fixedat d K 0 L 03. Dashed
line correspondsto thesolutionsof Frobenius-Perronequation.

TABLE 1. Averagelifetime of chaotictransientsfor groupsof peaksof classification
numberk K 1, 2 and3 associatedwith themap(1) for theholepositionξ andtheholewidth
d. τFB and τ are the averagelifetimes determinedfrom the Frobenius-Perronequation
andfrom exponentialdecayof trajectoriesstartingfrom 106 uniformly distributedinitial
positions.

k ξ τFB τ τ M τFB 2k M N 2k O 1P
d K 10Q 2 d K 10Q 4

1 0.750 135.5 264.6 1.95 2.000
2 0.345 148.8 191.4 1.29 1.336 1.333

0.904 92.0 116.4 1.26 1.335 1.333
3 0.117 100.5 108.8 1.08 1.143

0.413 154.2 169.2 1.10 1.143
0.970 52.9 55.6 1.05 1.143

3 0.188 122.2 133.2 1.09 1.143
0.611 152.7 168.6 1.10 1.143
0.950 67.9 72.8 1.07 1.143

In orderto studythepatternof preimagesof I R 0S wehavecalculatedthetimemapsfor
severalpeaksof averagelifetimes(Fig. 5). If weneglectthepreimages

28 FIZIKA B 6 (1997)1, 23–34
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Fig.5.Timemapsfor chaotictransientscorrespondingto themap(1)with theholeposition
equalto (a)0.71,(b) 0.75(c) 0.413.Thewidth of theholeis d T 0 U 03.

which accidentallyfall on the interval I V 0W , i.e. consideringthe caseof the hole width
d X 0,weseethatfor ξ T 0 U 5 (i.e. for acentrallyplacedhole),thenumberof preimagesin
then-th stepis Nn T 2n (secondcolumnin Table2). Similarresultis obtainedfor ξ T 0 U 71,
with theholelying asymetrically, but outsideof positionsof pronouncedpeaksof average
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lifetime (Fig. 5a).

TABLE 2. Maximumpossiblenumberof preimagesof thehole interval I Y 0Z in then-
th iterationorderdeterminedfrom the time mapsfor several low-orderpeaksof average
lifetime.

ξn
0.5 0.75 0.345 0.414

0 1 1 1 1
1 2 1 2 2
2 4 2 3 4
3 8 4 6 7
4 16 8 12 14
5 32 16 24 28
n 2n 2n [ 1 2n [ 2 \ 22 ] 1̂ 2n [ 3 \ 23 ] 1̂

A differentpatternoccursfor ξ _ 0 ` 75, correspondingto thepositionof largestpeak
(k _ 0). In thiscaseN0 _ 1, Nm _ 2m [ 1 wherem _ 1, 2, ... (third columnin Table2).

For thek _ 2 peakat ξ _ 0 ` 345we obtainN0 _ 1, N1 _ 2, Nm _ 2m [ 1 \ 22 ] 1̂ where
m _ 2, 3, ... (fourthcolumnin Table2).

For the k _ 3 peakat ξ _ 0 ` 414 (Fig. 3c) we obtainN0 _ 1, N1 _ 2, N2 _ 4, Nm _
2m [ 3 \ 23 ] 1̂ wherem _ 3, 4, ... (lastcolumnin Table2).

Fig. 6. Determinationof fractal dimensionof chaoticrepellerassociatedwith the map
(1) for ξ _ 0 ` 413, d _ 0 ` 03 asa slopeof the log-log plot of R \ r ^ vs. 1a r. The slopeis
D _ 0 ` 9728b 0 ` 0002.

Theseresultscanbecombinedas

Nn _dc 2n e n f k
2n [ k \ 2k ] 1̂ e n g k

` (9)
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Usingapproximaterelations[28]

τ h 1 i ∞

∑
n j 1

αnNn (10)

τ h 1
FB
i ∞

∑
n j 1

αn2n (11)

whereαn arecertaincoefficients,Eq.(9) leadsto theapproximaterelation(8).

3. Strange repeller associated with the new map

In apreviousstudyof circlemapfor themode-lockedintervalsthewindingnumberwas
investigatedshowing thewidthsof thesteps∆ k P l Q m versusP l Q [31]. Thecorresponding
graphwasa line whoseslopegivesthefractaldimension.In

Fig. 7. FractaldimensionD of therepellerin dependenceon theholepositionξ for d n
0 o 03. Theverticalaxisdisplays 1

1h D .

ananalogwaywehavecalculatedherethetotalwidth S k r m of all cylinderswhicharelarger
thana givenscaler. (Accordingto Ref. 1 thepreimageintervalsof theunit interval I are
calledcylinders.)Thespacebetweenthecylinders,1 p S k r m , measuredonthescaler gives
the numberof ”holes” N k r mqnsr 1 p S k r m t l r. In Fig. 6 the log-log plot of N(r) vs 1l r is
presentedfor a setof valuesof r in the interval k 10h 3 u 10h 5 m , andthe fractal dimension
wasdetermined,asan illustration, for ξ n 0 o 413,d n 0 o 03. Thepointsfall on a straight
line indicatingthepower law

N k r m ∝ v 1
r w D o (12)

FIZIKA B 6 (1997)1, 23–34 31
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Fig. 8. Lyapunov exponentcalculatedfor themap(1) with ξ { 0 | 75, d { 0 | 03 Theresult
is consistentwith λ { ln2 whichcorrespondsto thelogisticmap.

In this way we obtain D { 0 | 9691} 0 | 0002 for ξ { 0 | 5 and D { 0 | 9829} 0 | 0002 for
ξ { 0 | 75.HeretheuncertaintyonD wasfoundfrom afit of straightline. In dependenceon
theholepositionξ theresultfor fractaldimensionof thestrangeinvariantsetis displayed
in Fig. 7. In accordancewith Ref.28, thegraph 1

1~ D vs ξ coincideswith thegraphfor the
averagelifetime τ vs ξ. UsingtheKantz-Grassbergerrelation[27]

τ { 1
λ � 1 � D � (13)

it follows that theLyapunov exponentλ is a constant,independenton ξ. This prediction
is in accordancewith directlycalculatedLyapunov exponentλ (Fig. 8), which turnsout to
bepracticallyequalto thevaluewhich correspondsto theLyapunov exponentassociated
with ther { 4 logisticmap[27].

4. Discussion and conclusion

Given the cylinders of n-th order, eachcylinder expandsto the unit interval I in n
iteratesandsothelength∆ of acylinder is relatedto thecharacteristicexponentλ by [32]

∆ { e ~ nλ (14)

Theentropy S � λ � expresseshow many cylindershave given λ, i.e. a given length.More
precisely, enS � λ � dλ is thenumberof cylinderswith characteristicexponentin aninterval of
sizedλ aroundλ. OneintroducesapartitionfunctionZn � β � asasumoverall cylindersI � n �j
onagivenlevel [32–35].

Zn � β ��{ ∑
j

∆ � I � n �j � β (15)

32 FIZIKA B 6 (1997)1, 23–34
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wheretheparameterβ is theanalogof inversetemperaturein thermodynamics.Thegrowth
rateof thepartitionfunctiondefinesthepressureP � β �

P � β ��� lim
n � ∞

1
n

logZn � β � (16)

which is analogto thefreeenergy densityF � t � . HerethevalueP � 1� hasasimplephysical
meaningof beingequalto � κ, whereκ is the escaperateof pointsin theunit interval I
(Eq.(4)). Accordingto theconstructionof thecylindersthereis [32]

∑
j

∆ � I � n �j ��� e � nκ (17)

fromwhichoneobtainstherelationto P � 1� . Thesumovercylindersin (15)canbereplaced
by anintegralovercharacteristicexponents,giving [32]

Zn � β ����� enS � λ � � nβλdλ � (18)

Thus,the thermodynamicalformalismcanbe related,in general,to the mapsassociated
with chaotictransients.

Concluding,we have investigatedchaotictransientsassociatedwith our new map(1)
andwe deducedan approximateexpressionfor the preimagesof the interval definedby
thehole.Thisrelationis in accordancewith theaveragelifetimesobtainedfor the”bursts”
with respectto theFrobenius-Perronlifetimes.Finally we notethat in thecaseif themap
(1) is modifiedby defining f � x ��� 1

2 � f � ξ � d
2 � � f � ξ � d

2 � � in theinterval I � 0� , theposition
of theburstsof averagelifetime areassociatedwith stabilizationof unstableperiodicorbits
[29].
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NEDOSTAJUĆEPREDSLIKEZA KAOTIČNU LOGISTIČKU MAPU SRUPOM

Kaotični tranzijentii predslike istrǎzujusezanovu mapukoja ima rupuunutarjediničnog
intervala logističke mapeza r � 4. Ovu mapukarakterizirajuodstupanjaod Frobenius-
Perronovejednaďzbezavrijemepoluraspadau ovisnostio položajurupe,u obliku skokova
u vremenupoluraspada.Primjenomvremenske mapeistrǎzujesekako ti skokovi nastaju
kao posljedicanedostajúcih predslikarupnogintervala. Izvodi sepribližanizraz za om-
jer vremenapoluraspadadobivenogpomócuFrobenius-Perronovei Kantz-Grassbergerove
jednaďzbe.
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