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We presenta self-consistenuantum-mechanicdérmulationof the nonlocaldynamical
potentialnearthe surfaceof a solid describablén a coordinatesystemin which Laplace
equationis separableWe apply the formulationto calculateimagepotentialon surfaces
with uniform curvature,i.e. planar sphericalandcylindrical surfaces.We alsocalculate
thedielectricfunctione(w) anddispersiorrelationsof surfacemodesn thesesystems.
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1. Introduction

Knowledgeof the self-consistentdynamicalresponsedf solids of variousshapego
anexternalchagedparticleis importantin understandingnary physicalphenomenag.g.
potentialenegiesof chagedparticlesnearsurfacespoundor resonanstatesof suchpar
ticles and optical transitionsbetweenthem, enegy lossesof electronsin EELS experi-
ments electrontunnelingin metal-insulatometalsystemssemiconductoheterojunctions
andsystemdike STM, BEEM, etc. Theseproblemshave beenextensiely studiedmostly
within thelong-wavelengthlimit, i.e. by neglectingthe dispersionn solids.First calcula-
tionshave beenperformedn thelocallimit, i.e. by treatingachagedparticleasaclassical
staticchageatapointT interactingwith surfaceexcitations(phononsplasmons)andthat
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wasdonefor a numberof differentgeometrie§1-3]. In the nonlocalcase,the induced
potentialbetweenthe two chagesat points? and?’ neara solid surface,dueto their in-

teractionwith surfaceexcitations,hasbeencalculatedusingsereral differentformalisms,
for planarandsphericaburiaceg4—8]. Mostaccuratealculationf imagepotentialwere
donefor planarjellium surface.They werefirst performedwithin the framavork of DFT

andLDA [9], but recentlythey usediagrammatienethodgo correctLDA resultg[10-12].
More detailedab initio calculationswhich would take into accountthe bandstructureof

themetal,still donotexist.

We usethe methodof Newns[4] andgeneralizét to ary coordinatesystemin which
the Laplaceequationis separableln this paperwe specificallytreat the solids invari-
antto transformationgtranslationsand/orrotations)in two coordinatesi.e. with planar
sphericaland cylindrical boundarysurfaces. The definition of our model, and the two-
dimensionaFouriertransformsof all quantitiesnvolvedis givenin Sect.2. In Sect.3, we
calculatethe self-consistenhonlocal potential W, surfacedielectricfunction eg(w) and
the dispersionrelationsof surfacemodes,andfinally, in Sect.5, we apply our general
resultsto discussxplicitly thethreespecialcasesThe systemswith lower symmetryi.e.
invariantto transformatiorin only onecoordinatearediscussedn Sect.4, andwe shov
thatsymmetryof thesesystemss insufficientto completeall the calculationsanalytically

2. Formulation of the problem

We describethe solid by its responsdunction R(F,7’, w). Coordinatesare chosenso
thatthe surface(andthereforeboundaryconditions)is definedin oneof them,which we
call broken or, in analogywith thesphericakolid, radial coordinateandthe othertwo we
call angular coordinatesin theradial direction,the solid is finite in all systemsconsid-
ered,andin theangular directionthe solid is finite for sphericalcoordinatesandinfinite
in othercasesWe assumehatelectroncannotpenetratento the solid, which meanghatit
will interactonly with surfaceexcitations,becausevithin thelongwave limit, bulk excita-
tionsdo not produceary field outsidethe solid, i.e. they arefully screenedby the surface
excitations.

DynamicallyscreeneghotentiaW betweerthe pointst andr”’ is givenby:
W, T, 0) = V(7,7 + WN(F T, 0), &

where
W(ET, ) = [ rdrV ({IREL 2 OW(ET,0). @
T

Heret is the volumeof the solid, V the direct Coulombinteraction,R the responsdunc-
tion [13] describingthe chage fluctuationsin the solid, andW™ the inducedpartof the
nonlocalpotentialWV.

Dueto the symmetryof the systemwe expandall thesequantitiesusingthe solutions
0o(Q) of theangul ar partof theLaplaceequation

[Aa+2Aq(r)]ge(Q) =0 3)
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in theappropriategeometry Thefunctionsgo(Q) form acompleteandorthonormaket

ggé(ﬂ)go(ﬂ') =3(Q-Q), (4)

[ 6 @go(@p(@)da = 3qg- ©)

The index Q denoteghe consered quantumnumbersQ arethe associateadoordinates,
or degreesof freedom,andp(Q)dQ is theangular partof the volumedifferentiald®r. In
particular we canexpandV, W andR as:

V(rar,) = %gé(Q)gQ(Q,)VQ(ra I",), (6)
W(rar’) = gga(Q)QQ(Q,)WQ(ra I",), (7)
RET) = ggé(Q)gQ(Q')RQ(r, r'). 8

Inserting(2), (6), (7) and(8) into (1), we get:

Wo(r, 1, w) = Vo(r,r') + / f(ry)dryf(rp)drs

VQ(r7 rl)RQ(r17 a2, w)WQ(r27 rla (*))7

©)

wheref(r)dr isradial partof thevolumedifferentialin aparticulargeometry

This procedures valid only for planar cylindrical and sphericalgeometries.Other
geometriesequireaslightly differentderivation,andwill betreatedseparately

The Poissonequationfor the Fourier component®f the Coulombpotentialnow be-
comes:

(A= Ag(r) Vol = 4T

10 o(r—r"), (10)

andthesolutionis:
Va(r,r') = ual@ (N @ (r)B(r — ') + @5 (N eg (r)e(r’ — ), (11)
Where(pé and(pgarethetwo solutionsof radial partof the Laplaceequation:

[Ar=Ao(N]@g™ =0, (12)

chosenso that(pé corvergesfor r — 0, and(p?2 for r — o. V(F,7') is direct Coulomb
interactione?/ | T — 7' | which canbe expandedin termsof the solutionsof the Laplace
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equation14]:

e o/ . p(Q)
= —4me? L Q Q
F=7] h’zhgggQ( )9(Q) W 13)

[(@B(EGrB(r—1") + @3N eg (e’ —r),

whereW is the Wronskian. Comparinghatwith (6) and(11), we get

M p()
= —4me? L . 14
UQ W a4
Table1 containsall the quantitiesmentionedabore for planar sphericaland cylindrical
geometries.

TABLE 1. Coordinateshoundarysurfacesquanturmumbersandotherquantitiesneeded
for the calculationof the nonlocalpotentialin planar sphericabndcylindrical systems.

Coordinatesystem Planar Spherical Cylindrical
Angular coordinategQ) XY 3,0 o
QuantumumbergQ) Ky, Ky Z,m k,m
9o(Q) &/ (2m) Yim(Q) | €<m™/(2m
Radial coordinatdr) z r p
Boundarysurface z=0 r=a p=a
Ao(r) k2 =kg+ K (L+1)/r? k2 + P /p?
Densityfunctionp(Q) 1 sind 1
Wronskian -2k —(20+1)/r? -1/p
h1/(hzhg) 1 1/(r?sing) 1/p

o ek | ane/(26+ 1) e
f(r)dr dz rZdr pdp
950 & ’ Im(k)
@%(r) e rmtt Km(kp)
Aq —K2 —n?m?/a? —xl?n/aZ(l) —k2— szm/az(Z)
hq(r) cognrz/a) je(Xenr /2) Im(Xmp/a)

(1) xgn arezeroef derivativesof sphericaBessefunctions.
(2) xm arezeroeof derivativesof cylindrical Bessefunctions.

3. Derivation of the non-local electrostatic potential

Now, we introducea completeorthonormalsetof functionshqq(r), which arethe so-
lutions of theequation:

[Ar — Ag(r)]hoq(r) = Aghgq(r), (15)
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with the boundarycondition:

Ohgq(r)
or

= 0. (16)

r=a

This conditionis muchmorecorvenientto use(comparedo hoq(r = @) = 0), becaus¢he
functionshgq aregoingto be usedfor Fouriertransformatiorof the quantities suchasW
andR, which do notvanishonthesurface.

Functionshgq for varioussystemsarelistedin Tablel.
Acting on (9) from theleft with f(r)hoq(r)[Ar — Ag(r)], integratinginsidethe solid,
andusingthefactthatthepotentialV satisfieghe Poissorequation(10), we find:

[ 10 hyOAr = Ao We(r ") =

= —4T[e2/ f(r)drhoq(r) /f(rl)drlRQ(r,rl,u))WQ(rl,r’,u)). o
Thefirsttermonther.h.s.of (9) vanishediecause’ is outsidethe solid.
We introducesingleanddoubleFouriertransformsn termsof the functionshgg:
Wou(r',0) = [ 1(1)drho(DWe(5 "), (18)
Raat (@) = [ 1(0)dr (1")dr"hq(r)hgg (NRe(1, 1", ). (19)
Ther.h.s.of (17) canbe Fouriertransformednto:
—4ne2§Roqq(w>WQ¢(r’,w>, (20)
andthel.h.s.canberewrittenas[4,7]:
[ W, A = Ag()] heglr) F(r)r +
[ O, 69) hog(r)] F(r)dr - (21)

[ EH(Chou(0) W, 9] (1)

Thefirst termin (21), accordingto (15) and (18), is equalto AqWoq(r’,w). The second
termis:

F(@)[OrWe(r, 1", w)hoy(M)]r=a = f(a)hoq(@)We(a, ', w),

wherethe primedenoteghe differentiationwith respector.
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And finally, thelasttermin (21) vanishedecausef (16),sothat(17) becomes

; Eque (w)Woq (', w) = — f(a)hqq(a)Wo(a, I, ), (22)

wherewe have introducecthe matrix:

EQqq’ (w) = 4ﬂ62Rqu (w)+ )\qéqq: . (23)

Multiplying (22) by theinversematrix E we get:
Woq(r’ ;EQqq’ o (a, 1", w)hoy (a), (24)

or
Wo(r, ', w) = % Qqq, WW5(a, 1", w)hay (8)hoq(r). (25)

We still have to calculatég(a, r’, w) from the solutionWg(r, ', w) outsidethe solid,
whereVg is givenby (11), andtheinducedpotentiaNV(i)”d satisfiegheequation:
[Ar = N(WG(r,r", ) = 0. (26)

Thesolutionfor r,r’ > a (i.e. outsidethe solid) is:

WS, ) = q%(r)w'”d(a,r’,w). (27)

W@

Thereforedifferentiatingthe equation:
Wo(r,r', @) = Vo(r,r') + W5 (r, ', ) (28)

in theregiona < r < r’, andusing(11) and(27) we find:

Wh(a,r', w) = E((:))VQ(a’r,)—i_% B, w), (29)
whichmaybewritten as:
Wo(a,r',w) = adWe(a,r',w) + (a5 — ag)Vo(a,r'), (30)
where
oz~ = %In %< R (31)
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Inserting(30) into (25) for r = a (i.e. attheboundarysurface),andsolvingfor W we get:

wuamwzaiiﬁiwmmx (32)
where
< !
C(Q - % - EEH (33)

andwe have introducedhedielectricfunctioneg(w), definedby:
g5t (w) = —agf(a) % E oy (Whaa(@)hoq (3)- (34)
q

Fromthis expressiorand(23), we seethattheinversedielectricfunctionfor all threesys-
temscouldbe expressedn termsof theresponséunction Ry (w) in thesamemanneras
for theplanarsystem{4]. This allowsthecalculationsal(w) by makinganappropriateap-
proximation(e.g.therandomphaseapproximatiorj7], orincludingthelocalexchangeand
correlation[15]) for the responsdunction. Also, it becomesstraightforvardto calculate
sal(w) from (34) in a semiclassicalimit by neglectingnon-diagonatermsof Eqqy (w)
as,e.g.,in thesemi-classicahfinite barriermodel(SCIBM) [4,16].
From(27),(28) and(32), we now obtain:

WEA (1, w) = — £o(@) -1 %0, Vo(a,r'), (35)

o(w— (IQ(pEa

or, using(11),

Wmd(a, r',(x)) = —UQEE:; %(r)(@(r')%

This expressionis the centralresultof this paper representinghe nonlocalelectrostatic
potentialneara solid surfacein a simpleform. Fromthe denominatonf thatexpression,
we seethatdispersiorrelationsfor SPmodesaregivenby:

(36)

go(w) = 0g. (37)

4. Surfaces with nonuniform curvature

As we mentionedefore,proceduredescribedn Sect.2 is valid only for surfaceswith
uniformcurvature,i.e. for planar sphericabndcylindrical surfaceshecausén thesecases
thesystenis translationallyinvariantin directionparallelto thesurface.Thereforewe can
useexpansiong6)—(8).In all othercasespnly theexpansion(6) is correct(becausdairect
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CoulombpotentialV (F,7’) depend®nly on pointst andr’, andhasnothingto do with the
surfaceandits shape)But for W andR theexpansionsare:

WE T, w = ZgQ Q' Wog (1,1, w), (38)

R(T,7, w)

Z gQ(Q)gQ' (Q )RQ’ (ra rla (*)) (39)
QQ
Usingthatinsteadof (9), we get:

WQQ(r,r’,(o):VQ(r,r’)éQQ/+/f(r1)dr1f(r2)dr2

(40)
g VQ(r7 rl) RQQl(rla 2, w) WQ;LQ' (rZ, rla w)a
1

or, in matrix notation:

wW(r,r',w) =V, r’)+/f(r1)dr1f(r2)dr2 )

V(I’, rl) I/?\(rla ra, )W(r27 rla (*))7

Wherematrlxv is diagonal,which meansthatin the productVRVV only multiplication
RW is matrix multiplication, but multiplication of V with ary othermatrixis justordinary
multiplication. Troubleis that our procedurds basedon the assumptiorthat differential
d® couldbefactorizedn radial andangul ar partsi.e.:

d®r = f(r)drp(Q)dQ, (42)

wherep(Q) is the densityfunction for normalizationof functionsg(Q) (aswe cansee
from (5)), which allows to eliminatep(Q) from (1), andgetequation(9) dependenonly
onradial coordinateUnfortunatelythe assumptior{42) is valid only in planar spherical
andcylindrical coordinatesAs a consequencejg cannot be evaluatedanalyticallyand
writtenin a simpleform suchas(11).

However, the formal proceduredescribedn Sect.3 is completelygeneralandusing
it, we canfind a solutionanalogougo (35):

Frar ) = - Eggiv(a, ) [E(e) - UE() — ) (43)

This expressionis valid for all systemsn which the Laplaceequationis separablebut
Vo(a,r') hasto be calculatednumerically except, of course,for systemswith uniform
curnvature wheresymmetryof the systemallows to calculatet analytically
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5. Discussion and conclusion

Generalsolution(36) could becomequite complicatedvhenappliedto somespecial
systerrbecauseif functionsgg areBessebr Legendrefunctions,oq will beacombination
of thesefunctionsandtheir derivatives. The exceptionsare planarand sphericalsystems
where@q’s, and,thereforenq’s, arevery simple.In particular for a planarsystemog =

—1, andfor asphericakystemo, = ”1 , but for a cylindrical system

Im(ka)Ky(ka)

in(ka)Km(Ka) (44)

Okm =

Usingquantitiesfrom Tablel1, we canevaluatetheinversedielectricfunctionfor aplanar
system:

2 -1 .
8kl((")) %[4T[92Rknn’( ) ( +E)6nn’] (nn’)?, (45)

I’l

for aspherical system:

2
0 =5 3 | R ()~ T |

. _1 (46)
Le+1)\ 2 e+1)\ ¢
(-7 (“T%ﬂ ) ’

andfor acylindrical system:

(47)

wherel/,(x) = dxl (x).

From (36), we cancalculatethe potentialenegy of an electronin the vicinity of a
surface:
1

V(7,0) = SWETw), (48)
V@ =33 {Uqu [%(r)]Z%} @ @)
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For a planarsystem,aq doesnot dependon Q. If we neglectdispersionassuminghat
£o(w) doesnot dependon Q, the seriesin (49) is analytically summablejeadingto the
well known classicakesult[17]:

_ gw)-1¢?
Vizw) = g(w)+14z (50)
In asphericabystemfor anelectronon the z-axis,we get[8,18]:
€ < /a\2tl glw)—1
V(rw =—— = — 51
(5. ZaE(r) go(w)+1+3 G

The Z-summationcannotbe carried out analytically except for a metal surface where
€(w) — o, whichleadsto theclassicaimagepotential[17].

For a cylindrical systemfor anelectronon the x-axis(¢ = 0), we have:

& I (ka) &xm(w) — 1
~om g Kl P 5 ()t

V(p,w) = (52)

with ayy, givenby (44).

As anillustration, Fig. 1 showvs the imagepotentialsfor an electronnearplanarand
sphericalmetal (¢ — ) surface.Units on the x-axis are scaledwith respecto the radius
of the sphere(i.e. a = 1), andthe origin for the planarpotentialis shiftedto z=a. It is
ohviousthatvery closeto the surface thereis practicallyno differencebetweertheplanar
and sphericalsurfacesbecauseif the electronis so close,the sphericalsurfaceappears
planar Far awvay from the surface,the differencebetweenthosetwo potentialsincreases
andat a distancea/2 from the surface,potentialfor the sphericalsurfaceis already20%
larger.
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Fig. 1. Imagepotentialfor planarandsphericaburfaces.Solidline: planarsurface,dashed
line: sphericakurface.

Notethatthe functionsqg alwaysappeain ratios,sothey do not have to be normal-
ized, while the functionsgg andhgq areusedfor Fourier transformationsndhave to be
normalized.

In conclusionwe have formulateda self-consistenbhonlocaldynamicalpotentialnear
a solid surfacedescribablén separableoordinatesassuminga uniform curvature.From
thatgenerakesult,we have evaluatedhe potentialenegy of anelectronin thevicinity of
acurvedsurface generallyandin threespecialcasesandalsothe surfacemodedispersion
relations.We have shavn how the inversedielectricfunction of the solid with a curved
surfacecould be expressedn termsof the responsdunction. We alsoshovedthata sim-
ilar procedurecould be performedfor systemswith nonuniformcurvature,but only up to
certainpoint becausef a reducedsymmetryof the systemsso thatthe analyticmethod
hasto becontinuedchumerically Our resultsarenot very helpful for practicalcalculations,
becausdt is probablyeasierto treateachcaseby the methodappropriatdor thatparticu-
lar geometnyjinsteadof the generakreatmentve presentedhere(andalsobecaus¢hetwo
mostimportantcasesplanarandspherical werealreadysolved). But they areinteresting
from theformal point of view because@f their generality
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NELOKALNI DINAMI CKI POTENCIALI UZ ZAKRIVLIENE POVRSINE

Razmatrase samosuglasn&vantno-mehartka formulacija nelokalnogdinamickog po-
tencijalauz povrSinu ¢vrsninekoja se moze opisatiu koordinatnomsust&u u kojemuje
LaplacemajednadbaseparabilnaTa seformulacijaprimjenjujezaproratunzrcalnogpo-
tencijalauz povrsinejednolike zakrivljenosti,tj. uz planarnesfernei cilindricnepovrsine.
Izratunali smo takoder dielektricnu funkciju €(w) i disperzijsle relacije za povrsinsle
modove u tim sust&ima.

e
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