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h and h8 in a coupled Schwinger-Dyson and Bethe-Salpeter approach
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Extending our earlier treatments ofp0,hc , andhb , we study theh-h8 system and itsgg decays using a
model which is a leading version of the consistently coupled Schwinger-Dyson~SD! and Bethe-Salpeter~BS!
approaches. The electromagnetic interactions are incorporated through a~generalized! impulse approximation
consistent with this bound-state approach, so that the Ward-Takahashi identities of QED are preserved when
quarks are dynamically dressed. To overcome some of the limitations due to the ladder approximation, we
introduce a minimal extension to the bound-state approach employed, so that the UA(1) problem is avoided.
Pointing out which of our predictions hold in the coupled SD-BS approach in general, and which are the
consequences of the specific, chosen model, we present the results for the axial-current decay constants ofh8,
h0, and of their physical combinationsh andh8, the results for thegg-decay constants ofh0 andh8, for the
two-photon decay widths ofh and h8, and for the mixing-independentR ratio constructed from them.
@S0556-2821~98!03217-2#

PACS number~s!: 11.10.St, 13.40.2f, 14.40.Aq, 14.40.2n
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I. INTRODUCTION

A particularly interesting example of the applications
Schwinger-Dyson equations to hadronic physics~reviewed
in, e.g., Refs.@1,2#! is the approach through consistent
coupled Schwinger-Dyson~SD! equations for quark propa
gators and Bethe-Salpeter~BS! equations for bound states o
quarks. Among various studies of this kind, those of Jain
Munczek@3–5# are judged by many as ‘‘the most extensi
and phenomenologically successful spectroscopic studie
the rainbow-ladder approximation’’@6# and therefore are of
ten chosen@1,2,6–8# as a representative, paradigmatic e

ample of such studies. The essence of such a treatment oqq̄
bound states is the solving of the ladder Schwinger-Dy
~SD! equation for the dressed quark propagatorS(q), and
then solving in the consistent approximation, with this resu
ing dressed quark propagator and with the same interac
kernel, the Bethe-Salpeter~BS! relativistic bound-state equa
tion for a qq̄ meson. This procedure is crucial for obtainin
the mesons from the light pseudoscalar octet as Golds
bosons when the chiral symmetry is spontaneously brok
Thanks to this, a coupled SD-BS approach~notably, Refs.
@3–5#! can reproduce the correct chiral limit behavior~cru-
cial in the light sector! simultaneously with the realistic re
sults for heavy mesons. In Refs.@3–5#, the interaction kerne
is given by a modeled gluon propagator consisting of~a! the
well-known perturbative part, reproducing correctly the
traviolet ~UV! asymptotic behavior unambiguously requir
by QCD in its high-energy perturbative regime and~b! the
nonperturbative part, which should describe the infrared~IR!
behavior. Since the IR behavior of QCD is still more or le
unknown, this latter nonperturbative part of the gluon pro
gator is modeled. In Refs.@3–5#, several forms for this IR
part have been used and their parameters varied, with
outcome that results are not very sensitive to such variati
0556-2821/98/58~9!/096003~16!/$15.00 58 0960
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Jain and Munczek@3–5# have succeeded in reproducing th
leptonic decay constants of pseudoscalar mesons and,
more importantly, a very large part of the meson spectru
except for such elusive cases as theh-h8 system.

Such an up till now successful and reputable refer
model should be tested further by calculating other quanti
~e.g., electromagnetic processes! to see how well it will do.
This was our motivation for calculatingp0,hc ,hb→gg, and
g!p0→g in Refs. @9,10#, and Jain and Munczek’s mode
passed this test very well. Other applications are also un
investigation, and still many others are possible. Howev
for the full assessment of a model and for getting use
insight in how to improve it, it is also very interesting to se
how it performs at the very edges of its applicability. A
though Jain and Munczek’s model is cleverly constructed
that it works well for most pseudoscalar and vector mes
below, above, and even on the mass scale ofh andh8, the
limitations of the ~‘‘improved’’ @2# or ‘‘generalized’’ @7#!
ladder approximation employed by the model put theh-h8
system on such an ‘‘applicability edge’’ of this model—
although not beyond it, contrary to what a pessimist co
have concluded. This will be clarified below, where we an
lyze theh-h8 system and itsgg decays in Jain and Munc
zek’s model@3–5#, demonstrate the abilities and limitation
of this model, and anticipate in which way it can be extend
to improve further the description ofh andh8.

II. SOLVING THE CONSISTENTLY COUPLED SD
AND BS EQUATIONS

Dressed quark propagatorsSf(q) for various flavorsf ,

Sf
21~q!5Af~q2!q”2Bf~q2! ~ f 5u,d,s, . . . !, ~1!

are obtained by solving the SD equation, which in the lad
approximation ~i.e., with the true quark-gluon vertex re
placed by the bare one, namely,gnl j /2) becomes
© 1998 The American Physical Society03-1
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Sf
21~p!5p”2m̃f2 igst

2CFE d4k

~2p!4
gmSf~k!gnGmn~p2k!,

~2!

wherem̃f is the bare mass of the quark flavorf , breaking the
chiral symmetry explicitly, andCF is the second Casimi
invariant of the quark representation, here 4/3 for the cas
the ~halved! Gell-Mann matricesl j /2 ( j 51, . . . ,8) of
SU(3)c . Neglecting ghosts, the product of the strong co
pling constantgst and the Landau-gauge gluon propaga
can be approximated by theAnsatzoften described as th
‘‘Abelian approximation’’ @11#:

gst
2CFGmn~k!5G~2k2!S gmn2

kmkn

k2 D . ~3!

As explained in the Introduction, the functionG is given
by the sum of the known perturbative partGUV , and the
modeled nonperturbative partGIR :

G~Q2!5GUV~Q2!1GIR~Q2! ~Q252k2!. ~4!

In GUV , we employ, following Ref. @5#, the two-loop
asymptotic expression forast(Q

2)

GUV~Q2!54pCF

ast~Q2!

Q2

'
4p2CFd

Q2ln~x01Q2/LQCD
2 !

3H 11b
ln@ ln~x01Q2/LQCD

2 !#

ln~x01Q2/LQCD
2 !

J , ~5!

where d512/(3322Nf), b52b2 /b1
252(19Nf /12

251/4)/(Nf /3211/2)2. As in Ref.@5#, we set the number o
flavorsNf55, LQCD5228 MeV, andx0510. We adopt the
modeled GIR , together with its parameter
a5(0.387 GeV)24 andm5(0.510 GeV)22, from Ref.@5#:

GIR~Q2!54p2CFaQ2e2mQ2
. ~6!

Solving Eq. ~2! for the propagator functionsAf(q
2) and

Bf(q
2) also yields the constituent quark masses, defi

~at q250 for definiteness! asMf[Bf(0)/Af(0) for the fla-
vor f .

The casem̃f50 corresponds to the chiral limit, where th
current quark massmf50, and where the constituent qua
mass stems exclusively from dynamical chiral symme
breaking~DxSB! @3#. For u andd quarks, the chiral limit is
a very good approximation. Solving Eq.~2! with m̃u5m̃d
50 leads toMud5Bu(0)/Au(0)5Bd(0)/Ad(0)5356 MeV
for the gluon propagator~3!–~6! with parameters quoted
above and used in Ref.@5#.

Whenm̃fÞ0, the SD equation~2! must be regularized by
a UV cutoff L @4,5#, and m̃f is in fact a cutoff-dependen
quantity. We adopted the parameters of Ref.@5#, where~for
09600
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L5134 GeV! the bare massm̃f(L
2)53.1 MeV—chosen to

ultimately lead to the realistically massive pion—yields t
light nonstrange isosymmetric constituent quark massMud
5375 MeV, just 5% above its value in the chiral limit. Fors

quarks,m̃f(L
2) is 73 MeV, giving us the strange quark con

stituent massMs[Bs(0)/As(0)5610 MeV @5#.
In the chiral limit, solving of Eq.~2! with m̃f50 is al-

ready sufficient to give us the Goldstone pion bound-st
vertex1 Gp that is of zeroth order in the pion momentump,

Gp0~q;p25Mp
2 50!5

l3

A2
G f f̄~q;p250!mf50

5
l3

A2
g5

A2Bf~q2!mf50

f p
, ~7!

leading @12,7# to the famous result@Eqs. ~26! and ~28! be-
low# for the p0→gg amplitude due to the Abelian Adler
Bell-Jackiw ~ABJ!, or axial, anomaly.

Of course, for heavierqq̄ composites one cannot circum
vent solving the BS equation by invoking the chiral-lim
~and the soft-limit,pm→0) result~7!. This is obvious when
they containc or b quarks, for which the whole concept o
the chiral limit is of course useless even qualitatively. Wh
strange quarks are present, Eq.~7! can be regarded only as a
‘‘exploratory’’ @8# expression and is useful for considerin
the chiral limit, since this limit isqualitatively meaningful
for the s quarks. Nonetheless, we need thequantitativepre-
dictions of Jain and Munczek’s model for thess̄ pseudo-
scalar bound state, which is not physical, but enters as
heaviest component in the pseudoscalarsh and h8, intro-
duced in the next section.

Therefore, we must obtain the bound-state vertexGss̄ by
explicitly solving

Gss̄~q,p!5 igst
2CFE d4q8

~2p!4
gmSsS q81

p

2DGss̄~q8,p!

3SsS q82
p

2DgnGmn~q2q8!, ~8!

the homogeneous BS equation again in the ladder appr
mation, consistently with Eq.~2!. For pseudoscalar (P)
quarkonia, the complete decomposition of the BS bou
state vertexGP in terms of the scalar functionsG i

P is

1In Eq. ~7!, we explicitly included the~elsewhere suppressed! fla-
vor factorl3/A2, appropriate forp0, to emphasize the change o
our convention with respect to Refs.@9,10#: we now adopt the con-
vention of Jain and Munczek’s papers@3–5# for the flavor factors,
but not their conventional color factor of 1/ANc. Hence, we have
the additional factor ofNc multiplying the integral in Eq.~2.8! of
Ref. @4#, the formula which otherwise specifies our normalizatio
3-2
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GP~q,p!5g5$G0
P~q,p!1p”G1

P~q,p!1q”G2
P~q,p!

1@p” ,q” #G3
P~q,p!%. ~9!

@The flavor structure is suppressed again. For neutral p
doscalars,GP is decomposed intof f̄ componentsG f f̄ accord-
ing to Eq. ~15! below.# The BS equation~8! leads to a
coupled set of integral equations for the functionsG i

P ( i
50, . . . ,3),which we find to be most easily solved nume
cally in the Euclidean space by following the procedure
Jain and Munczek@3–5#, who formulate the problem in
terms of the BS amplitudes x f f̄(q,p)[Sf(q
1p/2)G f f̄(q,p)Sf(q2p/2).

In order to avoid the angular integration, we also ad
the momentum expansion~in the Chebyshev polynomials!
@3–5# of the four scalar functions appearing in the decom
sition of the BS amplitudes. Reference@5# often kept only
the lowest order moment in the Chebyshev expansion,
cause they found it adequate for most of the meson spect
In contrast, while using the kernel and parameters of R
@5#, we always retain all four functions when solving the B
equation~8! and the first two moments in the Chebysh
expansion. The accuracy of this procedure has recently
ceived an independent confirmation—especially for the p
ently interesting charge conjugation eigenstates—from M
and Roberts@11#. In their study ofp- andK-meson BS am-
plitudes, they employedboth the Chebyshev decompositio
and straightforward multidimensional integration. The
comparison of these two techniques showed the very q
convergence of the Chebyshev expansion: in the cas
equal quark and antiquark masses, such as in the pion
zeroth and the first Chebyshev moment are enough fo
accurate representation of the solution. Even for the ka
still just one more is needed@11#, in spite of the difference in
the masses of its constituents.~Of course, the limitations of
the ladder approximation would in the end lead to increas
difficulties if one of the fermion messes became much lar
still, as recognized also by Ref.@4#. However, if the mass
ratio of the constituents is not too large, various contrib
tions beyond ladder approximation largely cancel out in
flavor-nonsinglet pseudoscalar, vector, and axial chan
@13,14,11#, explaining the success of the ladder approxim
tion in these channels.!

Our procedure, already successfully used in Refs.@9,10#
for Mhc

andMhb
, gives usMss̄5721 MeV for the unphysi-

cal pseudoscalarss̄ bound state entering in theh-h8 system
in the fashion discussed in the next section. Naturally, w
we abandon the chiral limit approximation in Eq.~2!, we can
also obtain the~isosymmetric! pion bound-state vertexGp0

5Guū5Gdd̄ , replacings→u in Eq. ~8!. Although we stress
that the chiral limit is an excellent approximation for ma
purposes in the case of pions, including the computation
p0→gg, it is also very important that the experimentalp0

massMp05135 MeV is reproduced@5# through Eq.~8! as
Muū (5Mdd̄) with the small explicit chiral symmetry
breakingm̃ud(L

2)53.1 MeV, corresponding to~isosymmet-
ric! currentu- and d-quark massesm58.73 MeV, close to
the empirical values extracted by current algebra. Suc
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small m cannot jeopardize the relevance of Eq.~7! for the
computation ofp0→gg, as shown also by Ref.@15#, which
found ~in an approach closely related to ours! that the ampli-
tude decreased with respect to the analytic chiral-limit ax
anomaly result only by less than 1% when they introduc
the nonvanishing but smallu,d-quark massm56.7 MeV.

III. h –h8 COMPLEX AND ITS AXIAL-CURRENT DECAY
CONSTANTS

The SU(3)f octet and singlet isospin zero states,h8 and
h0 , are in theqq̄ basis given by

uh8&5
1

A6
~ uuū&1udd̄&22uss̄&), ~10!

uh0&5
1

A3
~ uuū&1udd̄&1uss̄&). ~11!

In our phenomenologically successful model choice@5#, the
flavor SU(3)f symmetry is broken by thes-quark mass being
realistically larger than theu,d masses. Nevertheless, th
isospin symmetry foru and d quarks is assumed exac
throughout this paper. As is most commonly done, Eqs.~10!

and ~11! both employ the same quark basis statesu f f̄ & ( f
5u,d,s) to defineh8 andh0 . As pointed out by Gilman and
Kauffman @16# ~following Chanowitz, their Ref.@8#!, this
usual procedure implicitly assumes nonet symmetry. Ho
ever, it is ultimately broken by nonabelian~‘‘gluon’’ ! axial
anomaly, which will be discussed in Sec. V.

h8 and h0 cannot be physical as they are not the ma
eigenstates. However, that are their mixturesh andh8:

uh&5cosuuh8&2sinuuh0&, ~12!

uh8&5sinuuh8&1cosuuh0&. ~13!

The determination of the specific value that the mixing an
u should take is a difficult issue which will be handled sep
rately in Sec. V. We will keep our discussion general un
we evaluate those of our results which are independent of
mixing andu—such as the decay constants of the unmix
statesh8 andh0—and point out those quantities for evalu
tion of which we need a concrete value ofu.

For the light neutral pseudoscalar mesonsP
5p0,h8 ,h0 , their axial-current decay constantsf P5 f p0,
f h8

and f h0
, are defined by the matrix elements

K 0Uc̄~0!gmg5

l j

2
c~0!UP~p!L 5 id jP f Ppm, ~14!

where c5(u,d,s) is the fundamental representation
SU(3)f , while P5p0,h8 ,h0 simultaneously has the mean
ing of the respective SU(3)f indices 3,8,0. This picks out the
diagonal (j 53,8) SU(3)f Gell-Mann matrices l j and
l0[(A2/3)13 in Eq. ~14!.

The neutral pseudoscalarsP are expressed through th
quark basis statesu f f̄ & by
3-3
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uP&5(
f

S lP

A2
D

f f

u f f̄ &[(
f

af
Pu f f̄ & ~ f 5u,d,s!, ~15!

where the nonvanishing coefficientsaf
P[(lP/A2) f f for P

5p0 are au
p0

52ad
p0

51/A25(l3/A2)11, whereas forh8

they are au
h85ad

h851/A65(l8/A2)115(l8/A2)22, as
h8

522/A65(l8/A2)33, and for h0, au
h05ad

h05as
h0

5(l0/A2) f f51/A3.
The axial-current decay constants defined in Eq.~14! can

be expressed as

f P5 (
f 5u,d,s

~lP
f f !

2

2
f f f̄

~P5p0↔3, h8↔8, and h0↔0!, ~16!

where we have for convenience introduced the auxiliary
cay constantf f f̄ , defined as the decay constant of t
f f̄ -pseudoscalar bound state which has the massM f f̄ and is
described by the BS vertexG f f̄(q,p), so that using the defi
nitions of Bethe-Salpeter bound-state amplitudes or vert
in the matrix elements~14! as in, e.g., Refs.@3–6#, leads to

f f f̄5 i
Nc

A2

1

M f f̄
2E d4q

~2p!4
trFp”g5Sf S q1

p

2DG f f̄~q,p!

3Sf S q2
p

2D G . ~17!

It turns out that this equation can also be applied forM f f̄
50, as the limit exists.

In the isospin limit, we get f p0[ f uū5 f dd̄5 f ud̄[ f p

593.2 MeV in our chosen model@5#. For the axial decay
constant of thess̄ pseudoscalar bound state, we obtainf ss̄
5136.5 MeV51.47f p . ~This factor with respect tof p is
very reasonable and even expected, since the model@5# also
predicts the decay constant of the charged kaonf K15 f ud̄
5114 MeV51.23f p .) Equation ~16! then yields f h8

5122.1 MeV and f h0
5107.6 MeV. Note that f h8

51.31f p , which is rather close to the resultf h8
51.25f p

@17#, obtained in the chiral perturbation theory (xPT!. Evalu-
ating the matrix elements of the pertinent mixtures yields
h andh8 decay constants

f h5S 1

A3
cosu2

A2

A3
sinu D 2

f p1S 2
A2

A3
cosu2

1

A3
sinu D 2

f ss̄,

~18!

f h85S A2

A3
cosu1

1

A3
sinu D 2

f p1S 1

A3
cosu2

A2

A3
sinu D 2

f ss̄.

~19!
09600
-

s

e

IV. p0,h8 ,h0˜gg, AND h,h8˜gg PROCESSES

The transition amplitudes forh,h8→gg can be obtained
from thegg-transition amplitudes forh8 andh0 by forming
the appropriate mixtures, in line with Eqs.~10!–~13!. The
h8 ,h0→gg amplitudes are in turn calculated in the sam
way asp0,hc ,hb→gg in Refs.@9,10#.

This means that we assume that these decays pro
through the triangle graph~depicted in Fig. 1!, and that we
calculate the pertinent amplitudes@18#

TP
mn~k,k8!5«abmnkakb8TP~k2,k82 !, ~20!

and the corresponding on-shell (k250 andk82 50) decay
widths

W~P→gg!5
paem

2

4
M P

3 uTP~0,0!u2 ~P5p0,h,h8, . . . !,

~21!

using the framework advocated by~for example! Refs.
@12,7,15,8,19# in the context of electromagnetic interaction
of BS bound states, and often called the generalized imp
approximation~GIA!, e.g., by Refs.@15,8#. To evaluate the
triangle graph, we therefore use thedressedquark propagator
Sf(q), Eq. ~1!, and the pseudoscalar BS bound-state ver
GP(q,p) instead of the bareg5 vertex. Another ingredient
crucial for the GIA’s ability to reproduce the correct Abelia
anomaly result, is employing an appropriately dressedelec-
tromagnetic vertex G f

m(q8,q), which satisfies the vecto
Ward-Takahashi identity~WTI!:

~q82q!mG f
m~q8,q!5Sf

21~q8!2Sf
21~q! ~ f 5u,d,s, . . . !.

~22!

Namely, assuming that photons couple to quarks through
bare vertexgm would be inconsistent with our quark propa
gator, which, dynamically dressed through Eq.~2!, contains
the momentum-dependent functionsAf(q

2) andBf(q
2). The

bare vertexgm obviously violates Eq.~22!, implying the
nonconservation of the electromagnetic current and of
electric charge. Since solving the pertinent SD equation
the dressed quark-photon vertexG f

m is a difficult problem
that has only recently begun to be addressed@20#, it is cus-
tomary to use realisticAnsätze. Following, e.g., Refs.
@15,8,7,19#, we choose the Ball-Chiu@21# vertex

FIG. 1. The diagram forP→gg decays (P5p0,h,h8, . . . ).
Within the scheme of generalized impulse approximation,
propagators and vertices are dressed.
3-4
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G f
m~q8,q!5A1

f ~q82,q2!
gm

2
1

~q81q!m

~q822q2!

3H A2
f ~q82,q2!

~q” 81q” !

2
2B2

f ~q82,q2!J ,

~23!

where H6
f (q82,q2)[@H f(q82 )6H f(q

2)#, for H5A or B.
This Ansatz~i! satisfies the WTI~22!, ~ii ! reduces to the bare
vertex in the free-field limit as must be in perturbatio
theory, ~iii ! has the same transformation properties un
Lorentz transformations and charge conjugation as the
vertex, ~iv! has no kinematic singularities, and~v! does not
introduce any new parameters as it is completely determ
by the quark propagator~1!.

For the mesonP whose flavor content is given by Eq
~15!, the GIA yields the amplitude

TP
mn~k,k8!5 (

f 5u,d,s
af

PQf
2Nc~2 !E d4q

~2p!4

3trH G f
mS q2

p

2
,k1q2

p

2DSf S k1q2
p

2D
3G f

nS k1q2
p

2
,q1

p

2D
3Sf S q1

p

2DG f f̄~q,p!Sf S q2
p

2D J
1~k↔k8,m↔n!. ~24!

The coefficientsaf
P of various flavor componentsu f f̄ & in

P5p0,h8 ,h0 , are given below Eq.~15!. Qf denotes the
charge of the quark flavorf . The dependence on the flavorf
has been indicated on the BS vertices, dressed propag
and electromagnetic vertices in the loop integral for ea
quark flavor. It is convenient to separate out theaf

P andQf
2

dependence by denoting each integral@times (2Nc)] in Eq.
~24! the ‘‘reducedgg amplitude’’ T̃f f̄

mn . The ‘‘reduced scalar

amplitude’’ T̃f f̄ for the flavor f is then

T̃f f̄
mn

~k,k8!5«abmnkakb8 T̃f f̄~k2,k82 !. ~25!

A. gg amplitudes and gg-decay constants

Regardless of what the chiral-limit solutions for th
propagator~1! and the bound-state vertex~7! are in detail,
T̃f f̄

mn(0,0) can be evaluated analytically in the chiral~and
soft! limit @7,12#, which is perfectly adequate forf 5u,d,
i.e., for a GoldstoneP5p0. There,

T̃p0~0,0![T̃uū~0,0!5T̃dd̄~0,0!5
Nc

2A2p2f p

, ~26!

to which we stick throughout. In terms of
09600
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TP~k2,k82 ![(
f

af
PQf

2T̃f f̄~k2,k82 !, ~27!

this leads to the standard form of the successful ax
anomaly result2 for p0→gg:

Tp0~0,0!5
Nc

2A2p2f p
(

f
af

p0
Qf

25
1

4p2f p

. ~28!

Note that this reproduction of the chiral limit relation b
tween thep0→gg decay amplitude and the pion axia
current decay constantf p , is not dependent on the pion’
internal structure~or the interaction kernel that produces!
in any way@7,12# and this is an important advantage of th
coupled SD-BS approach over most other bound-state
proaches, since the axial anomaly is on fundamental grou
known to be independent of the structure.~Those calcula-
tions of p0→gg which rely on the details of the hadroni
structure, be it in the context of the BS equation witho
dynamical chiral symmetry breaking~DxSB!, nonrelativistic
quarks, or otherwise, have problems describing this de
accurately even when the model parameters are fine-tu
for that purpose; e.g., see Refs.@22–25#, and references
therein. The most successful of these model fits, Ref.@24#,
numerically obtains the width of 7.6 eV at the expense
fine-tuning constituent quark masses to unusually small
ues.! Of course,f p itself is structure dependent. It is acal-
culated quantityin the SD-BS approach. Our model choic
@5# successfully reproduces the experimental value off p ,
and this is obviously of utmost importance for the theoreti
description of anomalous processes.

The implications thereof for theh8 ,h0 and their mixtures
h and h8 are now clear, because those parts of th
gg-decay amplitudes which stem from theiruū anddd̄ com-
ponents are~just as inp0) accurately given by the Abelian
anomaly @i.e., Eq. ~26!# for any interaction kernel which
leads to the correctf p—be it the present one, or some im
proved one. In other words, Eq.~26! implies that the uncer-
tainty ~in the gg amplitudes! due to modeling of the inter-
action kernel and the resulting bound state, is to a la
extent cornered into thess̄ sector, since onlyT̃ss̄(0,0), the
gg-decay amplitude of the relatively heavyss̄-pseudoscalar,
has to be evaluated numerically. From Eqs.~24!–~25!, we
find numerically that in the model of Ref.@5#, T̃ss̄(0,0)
50.62T̃uū(0,0).

The p0→gg decay amplitudeTp0(0,0) at any pion mass
can be used as a definition of pionicgg-decay constantf̄ p

through Tp0(0,0)[1/4p2 f̄ p5(Nc/2A2p2 f̄ p)( faf
p0

Qf
2.

Equation ~28! then reveals thatf̄ p5 f p in the chiral limit,
which result is well-known from the axial anomaly analys
Although the chiral limit formula~28! can be applied without
reservations only to pions, it is for historical reasons custo

2We can also get, in the fashion of Ref.@19#, the anomalous
‘‘box’’ amplitude for g!→ppp.
3-5
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ary to write the amplitudes forh8 ,h0→gg in the same form
as Eq.~28!, defining thereby thegg-decay constantsf̄ h8

and

f̄ h0
:

Th8
~0,0![

Nc

2A2p2 f̄ h8

(
f

af
h8Qf

25
f p

f̄ h8

Tp0~0,0!

A3
, ~29!

Th0
~0,0![

Nc

2A2p2 f̄ h0

(
f

af
h0Qf

25
f p

f̄ h0

A8Tp0~0,0!

A3
.

~30!

As pointed out by Ref.@26#, f̄ h8
and f̄ h0

are nota priori

simply connected with the usual axial-current decay c
stants f h8

and f h0
, in contradistinction to the pion case

where f p5 f̄ p because the chiral limit is such a good a
proximation for pions.

Equations~27!–~30! reveal that in the present approa
f̄ h8

and f̄ h0
are naturally expressed throughf p @i.e., through

T̃uū(0,0)5T̃dd̄(0,0) evaluated in the chiral limit#, and
T̃ss̄(0,0), thegg-decay amplitude of the unphysical pseud
scalarss̄ bound state, calculated for nonvanishingms . Our
predictions forf̄ h8

and f̄ h0
are thus

f̄ h8
5

3 f p

524p2A2 f pT̃ss̄~0,0!/Nc

, ~31!

f̄ h0
5

6 f p

512p2A2 f pT̃ss̄~0,0!/Nc

. ~32!

Derivation of Eqs.~31! and ~32! shows that irrespective o
any specific model choice, anyqq̄ bound-state approac
~such as our coupled SD-BS approach in conjunction w
the GIA! which has the meritof reproducing the anomalou
p0→gg amplitude in the chiral limit, Eq.~26! or ~28!,
should give the relations~31! and~32! for f̄ h8

and f̄ h0
, when

pions are approximated by the chiral limit. The concrete
merical values off̄ h8

and f̄ h0
depend on what the mode

predictions forf p and T̃ss̄ are.
Since in the coupled SD-BS approach we can numeric

evaluateT̃ss̄(0,0) for arbitrary values of thes-quark mass,
Eqs.~31! and~32! give our predictions for the effects of th
SU(3)f breaking ongg decays in theh-h8 system. In the
SU(3)f limit ~where T̃ss̄5T̃uū) and the chiral limit applied
also to s quarks, we obviously recoverf̄ h8

5 f p , but also

f̄ h0
5 f p , since nonet symmetry in the sense of Ref.@16# is a

starting assumption of ours.
For our present model choice @5#, where

T̃ss̄(0,0)50.62T̃uū(0,0), Eqs.~31! and ~32! give

f̄ h8
573.64 MeV50.797f p , ~33!
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f̄ h0
598.58 MeV51.067f p . ~34!

While this f̄ h0
agrees with the results of chiral perturbatio

theory (xPT! @17,27#, there is a difference concerningf̄ h8
,

since f̄ h8
. f p in xPT. This is important because the value

f p / f̄ h8
has impact on the possible values of theh-h8 mixing

angle. We therefore devote the following subsection to
discussion of this result and the meaning of this differenc

B. In the SD-BS approach,f̄ h8
<f p generally

The f̄ h8
value ~33! is a result of a specific model. How

ever, for the s-quark mass realistically heavier than th
u,d-quark masses,f̄ h8

, f p holds in the coupled SD-BS ap
proach generally, i.e., independently of chosen model det
To see this, let us start by noting thatf̄ h8

, f p is equivalent to

Th8
(0,0).Tp0(0,0)/A3, and since we can rewrite Eq.~27!

for h8 as

Th8
~0,0!5

Tp0~0,0!

A3
1

1

9

2

A6
@ T̃dd̄~0,0!2T̃ss̄~0,0!#,

~35!

the inequalityf̄ h8
, f p is in our approach simply the conse

quence of the fact that the~‘‘reduced’’! gg amplitude of the
ss̄-pseudoscalar bound stateT̃ss̄ is smaller than the corre
sponding nonstrangegg amplitudeT̃dd̄ (5T̃uū5T̃p0 in the
isosymmetric limit!, for any realistic relationship betwee
the nonstrange and much larger strange quark masses.

Only in the chiral limit ~and close to it!, subtle cancella-
tions between the bound-state vertices, WTI-preservingqqg
vertices and dynamically dressed propagators lead to
large anomalous amplitude~26!, or its slight modification
~the size of which is controlled by Veltman-Sutherland the
rem! for small u andd masses. Significantly away from th
chiral limit, what happens is basically a simple suppress
of T̃f f̄(0,0) by the large quark mass in the propagators in
triangle loop of Fig. 1. Essentials and generality of the s
pression mechanism can be understood in basic terms in
~related! ways, through thesimple free quark loop~QL!
model and the Goldberger-Treiman~GT! relation.

~i! In a QL model ~e.g., see Ref.@28#, and references
therein!, the strength of the Yukawa point couplings of th
free quarks of the flavorf to the pseudoscalarP is given by
the constantgf , and quarks have constant constituent mas
Mf @in contradistinction to the momentum-dependent m
functionsMf(q

2)5Bf(q
2)/Af(q

2) in our framework#. Up to
some arcsine-type dependence unessential here, each flaf
then contributes simply (gP f f /Mf)Qf

2[(gf /Mf)af
PQf

2 to
the triangle-loopgg amplitude @28#. In the case of the
strictly SU(3)f-symmetric coupling, the Yukawa coupling
would be the same for all flavors,gf5g. The broken SU(3)f
symmetry implies thatgf candiffer for various flavorsf , but
not by much, so that relative strengths of the factorsgf /Mf
3-6
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for various flavors is essentially determined by 1/Mf . Actu-
ally, this is what we find in our SD-BS framework, where t
pseudoscalar bound-state verticesG f f̄ are analogous to the
couplinggf in the QL model, andgf /Mf is analogous to our

‘‘reduced’’ amplitudeT̃f f̄(0,0). Obviously, our approach a

lows for the flavor dependence of our BSPqq̄ verticesG f f̄ ,
but due to the fact that the broken SU(3)f is still an approxi-
mate symmetry, their variation with the breaking, given
terms of strange-to-nonstrange constituent mass ratio
rather weak and cannot influence much the suppression
curring as the constituent mass in the denominator gr
significantly. Hence, essentially the same mechanism i
work as in the QL model. That this parallel works very we
can be seen from the fact that the inverse of the strange
nonstrange constituent mass ratio in our SD-BS mo
namely, 1.63, quite accurately reproduces the suppressio

the ss̄ decay amplitudeT̃ss̄(0,0)50.62T̃uū(0,0), found nu-
merically from Eqs.~24! and ~25!.

~ii ! A related way to see the same effect is to apply
quark-level GT relation,gf /Mf51/f f f̄ , to the pseudoscalar
with the f f̄ quark content in the QL model. Then, rough
the same suppression factor occurs again, due tof ss̄

51.47f p . This is only roughly, sincess̄ is further away
from the chiral limit thanuū and dd̄ constituting the pion.
Nevertheless, invoking the GT relation is in fact a very r
bust way to show thatT̃ss̄(0,0),T̃uū(0,0) must surely hold,
even thoughs quarks are much lighter thanc or b quarks
~where the suppression is by orders of magnitude@9#!, and
DxSB is for s quarks of importance similar to that foru,d
quarks. Precisely because the chiral limit makes sense fs
quarks qualitatively ~as the pseudoscalars containings
quarks can still be considered pseudo-Goldstone bosons!, the
GT relation must continue to holdapproximatelyin the ss̄
sector, regardless of any specific interaction kernel and of
resulting hadronic structure.T̃ss̄(0,0),T̃uū(0,0) is therefore
obligatory simply due tof ss̄. f p .

The GT relation is useful also for demonstrating the
bustness even of our model-dependent result onT̃ss̄(0,0),
namely, that in spite of the model dependence in thes-quark
sector, the model kernel of our choice@5# should not lead to
gg-amplitude T̃ss̄(0,0) excessively different than the one
which would result from an improved kernel. The usage
the GT relation at the quark level is especially transparen
the context of the simple free quark loop model in which t
GT relationgf /Mf51/f f f̄ is necessary for reproducing th
gg anomaly amplitudes~26! and ~28!. In the context of the
coupled SD-BS approach, with its dynamically dress
quarks and BS vertices, the GT relation for quarks and Go
stone bosons is given by the chiral-limit relation~7! ~see,
e.g., Ref.@29#!. The chiral-limit analytic derivation of Eq
~26! from ~7!, with its subtle interplay and cancellations b
tween the bound-state vertex, WTI-preservingqqg vertices,
and dynamically dressed propagators, transparently dem
strates the way the GT relation works forgg decays in this
context. For massive pions, thegg amplitude must be evalu
ated numerically, but in fact changes very little, implyin
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that the GT relation continue to hold very accurately. As ju
argued above, in~ii !, the GT relation should still hold as
rough approximation for thess̄ pseudoscalar bound stat
This, together with Eq. ~26!, implies that T̃ss̄

;Nc /(2A2p2f ss̄). For f ss̄51.47f p which we obtained in
the model@5#, this gives the GT relation-based estimateT̃ss̄

;0.68T̃uū . This is indeed in expected rough agreement w
the accurate, numerically obtained prediction of the mo
@5#, that T̃ss̄(0,0)50.62T̃uū(0,0)5Nc /(2A2p21.61f p). This
shows that our result is quite reasonable. We remark that
model which is successful enough to reproduce empir
values of f p and f K1, should give a value forf ss̄ close to
ours, since anything very different than the estimatef ss̄
; f p12( f K12 f p) would be unreasonable. Bound state d
scriptions that would be obtained by using kernels supp
edly better than ours~improved beyond the ladder approx
mation by, say, including fully thegluon anomaly!, must
retain the good feature of agreeing approximately with
GT relation. This means that improving interaction kern
and, consequently,f f̄ bound states, would not change ve
much thegg amplitudes with respect to ourT̃f f̄ even in the
s-quark sector.

Regardless of any specific model realization of t
coupled SD-BS approach, Eqs.~31! and ~32! with T̃ss̄(0,0)
<T̃p0(0,0) imply the following bounds onf̄ h8

and f̄ h0
. The

equality holds when the chiral limit is applied to all thre
flavors, implying thatf p is the upper bound forf̄ h8

and

lower bound for f̄ h0
. As the s-quark mass grows,T̃ss̄(0,0)

gradually diminishes so that the lower bound forf̄ h8
is 0.6f p

and the upper bound forf̄ h0
is 1.2f p .

Let us now address the meaning of the apparent con
diction between the results of the coupled SD-BS appro
on f̄ h8

/ f p and the corresponding results ofxPT, as well as
possible ways to, at least in principle, overcome it. To t
end, let us recall Pham’s paper@30# on qq̄-loop correctionsd
to thexPT result onf̄ h8

/ f p . In the notation of our Eq.~29!,
he gets

Th8
~0,0!5

f p

f h8

~12d!
Tp0~0,0!

A3
, ~36!

where the axial-current decay constantf h8
appears. From the

standpoint of our approach@see Eq.~29! relating thegg
amplitudes ofh8 and the chiral pion#, f h8

/(12d) obviously

corresponds toour f̄h8
. Can d resolve the discrepancy be

tween our f̄ h8
and f̄ h8

5 f h8
51.25f p of xPT @17#? Pham’s

rough estimate is20.28,d,20.19. This would practically
reduce thexPT result from 1.25f p down to f p . In addition,
his ~following Ref. @31#! result

d52
8

3S 11 ln
L2

M2D S msM

L2 D ~37!
3-7



e

d

p
ia
r

st

ich
ry
a
xi
m

d

ed
fo

t
re-
g

is

n;

s

v-

-
te
e-
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can be even more negative than20.28, because there ar
large uncertainties in the value of his cutoffL ~which can be
lower than the lowest value of 1.2 GeV used by Ref.@30#!
and in his effectives-quark massM . In addition, the current
s-quark massms can be higher@32# thanms5175 MeV used
by Pham. Each of these possibilities would maked more
negative. On the other hand, thexPT results@17# f̄ h8

5 f h8

on the equality of the axial andgg decay constants an
f h8

5(11a8) f p51.25f p on SU~3!f breaking effects inf h8
,

are obtained in the one-loop approximation. Higher loo
can introduce significant changes, including polynom
terms in meson masses, which may be both large with
spect to chiral logarithms, and also not unambiguous@33,17#.
It is thus possible thata8,0.25 after all, which could make
even easier for the correction factor (12d) to reducef̄ h8

, as

defined by us in Eq.~29!, even belowf p .
Large uncertainties in the quantities entering in the e

mate forqq̄ correction~37!, obviously leave plenty of room
for usage ofqq̄ bound state models such as ours, wh
properly embed the chiral behavior of the underlying theo
Including meson loops inqq̄ bound state approaches is
difficult task and implies going beyond the ladder appro
mation, but it would help further diminish the gap that Pha
@30# started closing from the side ofxPT by incorporating
into it the corrections due to quark loops.

C. h,h8˜gg decay widths

The h,h8→gg amplitudes are given in terms of thegg
amplitudes ofh8 andh0 as

Th~0,0!5cosu Th8
~0,0!2sinu Th0

~0,0!, ~38!

Th8~0,0!5sinu Th8
~0,0!1cosu Th0

~0,0!. ~39!

ExpressingTh8
(0,0) and Th0

(0,0) through thegg-decay

constantsf̄ h8
~31! and f̄ h0

~32!, we arrive at the standar

~e.g., see Ref.@26#! formulas for theh andh8 decay widths

W~h→gg!5
aem

2

64p3

Mh
3

3 f p
2 F f p

f̄ h8

cosu2A8
f p

f̄ h0

sinuG 2

, ~40!

W~h8→gg!5
aem

2

64p3

Mh8
3

3 f p
2 F f p

f̄ h8

sinu1A8
f p

f̄ h0

cosuG 2

.

~41!

The version of Eqs.~40! and~41! in which the axial-current
decay constantsf h8

and f h0
appear in place off̄ h8

and f̄ h0
,

requires a derivation where PCAC~partial conservation of
axial vector current! and the soft meson technique is appli
to h and h8 @34#. These assumptions are impeccable
pions~leading tof p5 f̄ p), but not for the h-h8 complex. In
fact, the latter is quite dubious for the heavyh8 @34#. We do
not need and do not use these assumptions since wedirectly
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calculate theh8 ,h0→gg amplitudes, i.e.,f̄ h8
and f̄ h0

. We

also calculatef h8
and f h0

independently of thegg processes.

For the values off̄ h8
and f̄ h0

obtained in our model
choice @5#, namely, Eqs.~33! and ~34!, the best achievable
consistency with the present overall fit@35# to the experi-
mental widths

Wexp~h→gg!5~0.4660.04!keV and

Wexp~h8→gg!5~4.2660.19!keV ~42!

then occurs foru[uexp5212.0° ~obtained throughx2 mini-
mization!. Then

W~h→gg!50.54 keV, ~43!

W~h8→gg!55.0 keV. ~44!

However, the present approach is capable ofpredicting the
mixing angleu, and it remains to be seen if the predictedu
can be close to the angle favored by the experimentalgg
widths.

The issue of predictingu will be addressed in the nex
section. There is another mixing-independent quantity
lated to f̄ h8

and f̄ h0
, which we can predict before predictin

u. It is theR ratio, which is in fact measurable because it
the combination ofp0, h, andh8 widths:

R[FW~h→gg!

Mh
3

1
W~h8→gg!

Mh8
3 G Mp

3

W~p0→gg!

5
1

3S f p
2

f̄ h8

2
18

f p
2

f̄ h0

2 D , ~45!

which is presently not known with satisfactory precisio
Ref. @36# quotes Rexp52.560.5(stat)60.5(syst). A more
precise value of theR ratio ~45! should come with
DAFNE’s operation at its higher energyAs50.15 GeV, as
this will enable the measurement ofgg→h8 @36#.

SinceR is independent ofu, it will most cleanly test our
predictions~31!,~32!. A precisely determinedRexp can also
help with finding out whether~a! f̄ h8

, f p , as follows in the

coupled SD-BS approach fromT̃ss̄(0,0),T̃uū(0,0) or ~b!

f̄ h8
5 f h8

> f p as inxPT @17,26#. The present model gives u

T̃ss̄(0,0)50.62T̃uū(0,0), so thatR52.87 is obtained, which
is well within the error bars of the present experimental a
erage@36#. „Taking the chiral limit also fors quarks would
give R53, which is the upper bound for Eq.~45! in the
present approach.R53 is still consistent withRexp @36#
within the present experimental accuracy.…

We should note~i! T̃ss̄ is a quantity which can be espe
cially practically used in conjunction with a more accura
Rexp to narrow down the choice of models suitable for d
scribingh8 andh0 ~and ultimatelyh andh8) and~ii ! precise
experimental determinations ofR can help to find out if there
are other admixturesuX& @e.g., gluoniumugg&, h(1295),
3-8
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h(1440) ~former i), hc , . . . ] to h and h8, on top of the
mixture of h8 ~10! andh0 ~11!. We can see both~i! and~ii !
if we use our predictions forf̄ h8

and f̄ h0
, Eqs.~31! and~32!,

in Eq. ~45!, yielding

R5
25

9
1

2

9F2A2p2f p

Nc
T̃ss̄~0,0!G2

, ~46!

which shows that in our approachR depends only on one
variable3 model-dependent quantityT̃ss̄. This is becausef̄ h8

~31! and f̄ h0
~32! follow from the fact that, forany interac-

tion kernel and resulting propagator and bound state s
tions, T̃p0(0,0)[T̃uū(0,0)5Nc /(2A2p2f p) in the chiral
limit, and that this result remains an excellent approximat
for realisticmu andmd leading to empiricalMp . Therefore,
important variations in our predictions forf̄ h8

and f̄ h0
, and

thusR ~46!, can come only fromT̃ss̄(0,0). The accuracy o
T̃ss̄(0,0) depends on the quality of the bound-state solut
but regardless of concrete model choices and results, the
eral inequality T̃uū(0,0).T̃ss̄(0,0).0 enables Eq.~46! to
provide the bounds 3.R.25/952.777 . . . . Hence, if ex-
periments establishR,25/9 by a significant amount, thi
will most probably indicate that inh and h8 there are ad-
mixtures~e.g., glueballs! to h8 ~10! and h0 ~11! which are
‘‘inert’’ with respect to the interactions with photons, be
cause this can lower the boundR.25/9 most efficaciously.
We will be able to address this in more detail after the d
cussion of the mixing, presented in the next section.

V. COPING WITH MIXING OF ETAS
IN COUPLED SD-BS APPROACH

The mixing angleu is often inferred from the empirica
gg decay widths ofh andh8. This is how we established, i
Sec. IV, thatuexp5212.0° is the empirically preferred mix
ing angle for the values off̄ h8

and f̄ h0
obtained in our model,

namely, Eqs.~33! and~34!. On the other hand, the angleu is
predicted by diagonalizing theh-h8 mass matrix evaluated
in the h8-h0 basis, such as the one predicted by our SD-
approach and given in Eq.~47! below. Obviously, for a sat-
isfactory model description of theh-h8 complex, the latter
procedure should give the mixing angle close to the an
uexp required by theh,h8→gg widths.

In theh-h8 complex, subtleties arise from the interplay
the mixing due to the SU(3)f breaking with the UA(1) gluon
axial ABJ anomaly, which couples to the flavor-singleth0
and removes the nonet symmetry.~For a simple introduction,
see Sec. 12.8 of Ref.@2# and Secs. III-3, VII-4, and X-3 of
Ref. @26#!. Namely, in the coupled SD-BS approach, whe
the states with good SU(3)f quantum numbers are con
structed from thef f̄ bound states (f 5u,d,s) obtained in

3As clarified above, getting a reasonablef p first is obligatory for
applications togg processes.
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Sec. II, the eta (mass)2 matrix M̂2 in the h8-h0 basis
~10!,~11! is given by

M̂25FM88
2 M80

2

M08
2 M00

2 G5F 2

3S Mss̄
2

1
1

2
Mp

2 D A2

3
~Mp

2 2Mss̄
2

!

A2

3
~Mp

2 2Mss̄
2

!
2

3S 1

2
Mss̄

2
1Mp

2 D G
~47!

if we neglect the gluon anomaly for the moment. In agr
ment with other cases when the gluon ABJ anomaly is
included, or is turned off, as inNc→` limit ~e.g., Refs.
@37,26#!, the diagonalization of Eq.~47! yields anh degen-
erate with the pion,Mh

25Mp
2 , and without thess̄ compo-

nent,h5(1/A2)(uū1dd̄), whereash8 is a puress̄ pseudo-
scalar, withMh8

2
5Mss̄

2 . This happens atu5254.74° and is
obviously analogous to the ‘‘ideal’’ or ‘‘extreme’’ mixing
which is known to be a very good approximation for th
mixing of the vector mesonsv andf. We can thus note in
passing that the present approach works well for the mix
of v and f. Nevertheless, this scenario is obviously ca
strophic for theh-h8 system@the UA(1) problem#, so that
gluon anomaly must be incorporated into our SD-BS fram
work. Doing this on the fundamental level represents a f
midable task in any case, a task noone has accomplished
Moreover, an interaction kernel in the ladder approximati
such as the simple gluon-exchange one that we have in
present model, is inadequate for this task even in princi
Namely, by definition it does not contain even the simpl
annihilation graph of a quark-antiquark pseudoscalar i
two gluons ~and their recombination into another quar
antiquark pair! contributing to the processes such as the o
in Fig. 2. The contribution of the gluon ABJ anomaly oper
tor eabmnFab

a Fmn
a to the h0 massM00 therefore cannot be

captured through a ladder kernel even in the roughest
proximation ~leaving alone the issue of nonperturbati
gluon configurations such as instantons!.

Therefore, some additional ingredients or assumpti
must be introduced into the present model in order to c
with the h-h8 system. Since going beyond the ladder a
proximation is not within the scope of the present work, t
following scheme is the most sensible at this level: note t
there is a standard way~see, e.g., Refs.@2,26#! to account for
the anomaly effect byparametrizingit through the termlh
added to theh0 mass, since only this singlet combinatio
~11! is coupled to the gluon anomaly, so that only its mass
affected by it. This corrects the UA(1) problem arising in the

FIG. 2. The annihilation of thef f̄ bound-state vertexG f f̄ into
two gluons and their recombination into the quark-antiquark bou

state consisting of possibly different flavorsf 8 f̄ 8.
3-9
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mass matrix evaluated with the nonet SU(3)f statesh8 and
h0 . Let us do the same in our mass matrix~47!:

M00
2 →

2

3S 1

2
Mss̄

2
1Mp

2 D1lh . ~48!

Of course, parametrizing the effect of the gluon anom
is far from actually calculating it unambiguously. In partic
lar, the quantities we calculated for theh0 under the assump
tion of nonet symmetry,f h0

and f̄ h0
, are in fact also affected

by the coupling of the gluon anomaly toh0 . However, due
to the largeNc arguments, it makes sense to break no
symmetry only on the level of the mass-shift parameterlh

while keeping ourh0 built of the samef f̄ bound-state ver-
tices ash8 , to which the gluon anomaly does not coup
This is because the gluon anomaly is in the largeNc limit
suppressed@37,26# as 1/Nc , so that in ourf h0

and f̄ h0
cal-

culated within the nonet scheme, only the contributions
the orderO(1/Nc) are missed. Our scheme is therefore
controlled approximation on the level of largeNc arguments.

The results obtained below for the mixing-depend
h,h8→gg widths also turn out to be reasonable, providi
an a posteriori justification for our scheme. In the light o
largeNc arguments, such reasonable results are not acci
tal and can be expected beforehand.

Let us also note that our assumptions are in fact share
many other approaches, explicitly or implicitly. For examp
Gilman and Kauffman@16# employ in their analysis none
symmetry or broken version thereof, pointing out that it is
least implicitly assumed by all who use the quark basis
differentiating between quark states belonging to the sin
from those belonging to the octet. Moreover, imposing
nonet breaking via introducing the additional parameterlh is
basically the same way in which nonet symmetry is brok
in the chiral perturbation theory (xPT!. In xPT, one faces
the problem of how to incorporateh0 , shifted upwards in
mass by the gluon anomaly, into the scheme that sho
involve Goldstone pseudoscalar mesons. Bijnens, Bram
and Cornet@27# comment on the problems encountered wh
working with this ninth state, but stick to what they did ea
lier @38#, namely, includingh0 (h1 in their notation! ‘‘in a
simple nonet-symmetry context’’. Their Ref.@38# conve-
niently parametrized the nonet of~pseudoscalar! Goldstone
bosons in terms of nine fields entering in the lowest or
Lagrangian consistent with current algebra and expl
breaking by the quark masses, but the effect of the brea
of U(1)A is included only viaan extra mass termfor h0 .
This is justified if one relies on largeNc arguments, sinceh0
is indeed a Goldstone boson in the limitNc→` @39,26#, and
thenh0 mass is introduced as an extra parameter on top
that, which basically corresponds to our scheme.

Precisely in the light ofxPT, our result~34! for f̄ h0
ap-

pears very reasonable in spite of missing the contribution
O(1/Nc), supporting our relying on the nonet symmet
scheme. Namely, it is in excellent agreement with the res
of xPT, being right betweenf̄ h0

'1.1f p quoted by Ref.@27#

and f̄ h0
5(1.0460.04)f p of Ref. @17#. Finally, the robust-
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ness of ourgg amplitudes to kernel variations, resultin
from the good chiral features of the SD-BS approach~as
explained in Sec. IV B!, also supports our scheme.

We therefore pursue the procedure of removing the UA(1)
problem by lumping the effects of the gluon anomaly into
singleh0-mass shift parameterlh as in Eq.~48!. Then, with
our resultMss̄50.721 GeV, and with the experimental pio
massMp050.135 GeV~which the present SD-BS approac
readily reproduces when the strict chiral limit is relaxed@5#!,
and with the choicelh51.165 GeV2, we getu5212.7°,
which is very close touexp5212.0° favored by the empiri-
cal gg widths. Moreover, we then reproduce the experime
tal value of theh mass,Mh5Mh

exp50.547 GeV. Admittedly,
the h8 mass is then somewhat too high,Mh851.18 GeV.
Of course, we could in principle pick such a value oflh ,
that this other massMh8 would be reproduced, or still an
other value (lh50.677 GeV2) to reproduce empiricalMh

2

1Mh8
2 . Naturally,Mh would then be spoiled, but this is no

the main reason why the two latter possibilities are dis
vored in the present approach. The main problem is that t
yield so negative values of the mixing angle (u5221.4°
whenMh

21Mh8
2 is fitted, andu5222.8° whenMh8

2 is fitted
to experiment!, that they are incompatible with the prese
approach. In the present model@5#, so negative mixing
angles obviously yield unacceptablegg widths, since the
empirical gg widths favor the mixing angleuexp5212.0°,
and this speaks in favor of the first possibility,lh
51.165 GeV2, leading tou5212.7°'uexp. Still, this uexp

5212.0° is the consequence of the particular model cho
@5# which led to the values~33! and ~34! for f̄ h8

and f̄ h0
,

respectively. Although we explained in the previous sect
why T̃ss̄ ~and consequentlyf̄ h8

and f̄ h0
) must be relatively

stable to model kernel variations, it is desirable to hav
criterion which is even less model dependent. And inde
we do have a reason why the coupled SD-BS approacin
generalprefers the first procedure leading to larger values
lh and, consequently, less negative values ofu. Namely, it
turns out that since in the coupled SD-BS approachf̄ h8

, f p for any realistic value of strange quark mass, the c
sistency with the experimentalh,h8→gg widths is possible
in this approach only for mixing angles less negative th
roughly 215°. This is easily seen, for example, in Fig. 1
Ball et al. @40#, where the values off̄ h8(0)

/ f p consistent with

experiment are given as a function of the mixing angleu. @It
does not matter that they in fact plottedf h8(0)

/ f p and not

f̄ h8(0)
/ f p . Namely, they used Eqs.~40!,~41! for comparison

with the experimentalgg widths, just withf h8(0)
/ f p instead

of f̄ h8(0)
/ f p , so that the experimental constraints display

in their Fig. 1 apply to whatever ratios are used in the
expressions.# On the other hand, the more negative valu
u&220° give goodh,h8→gg widths in conjunction with
the ratio f̄ h8

/ f p51.25 obtained by Ref.@17# in xPT. How-
ever, our approach belongs among constituent quark one
the next section we discuss why considerably le
3-10
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h AND h8 IN A COUPLED SCHWINGER-DYSON AND . . . PHYSICAL REVIEW D 58 096003
negative angles,u'214°62 @41#, are natural for constitu-
ent quark approaches in general.

The procedure leading tou5212.7° is also corroborated
by the results of some different approaches, most notably
the results of the instanton liquid model, where one can
tually calculate the gluon anomaly mass shift instead of
rametrizing it. As Shuryak@42# pointed out, the instanton
induced interaction leads simultaneously to both light p
and heavyh8, i.e., the dynamics provided by instantons c
take care of the effects of thegluon axial anomalyand pro-
vide the light pseudoscalars as the Goldstone boson
DxSB. While the instanton-induced interaction may the
fore be the main candidate which in the future one may try
include in the interaction kernel of the coupled SD-BS eq
tions, the results of Alkoferet al. @43# in the framework of
the instanton liquid model have already indicated that s
an inclusion could easily lead to acalculatedlh similar to its
presentparametrizedvalue. Namely, Alkoferet al. @43# find
that due to instantons, the U(1)A-anomalous contribution
(2Nf / f )N/V must be added to theh-h8 mass matrix. This
term, corresponding to ourlh , also has the value very clos
to our lh51.165 GeV2; it is equal to approximately 1.1
GeV2 for their standard instanton densityN/V51 fm24 and
their pseudoscalar decay constantf 591 MeV. ~Number of
flavors Nf53.) This gives themu'211.5°, Mh'0.527
GeV, andMh8'1.172 GeV, which is very similar to ou
results.

A. Values of the mixing-dependent quantities

Once the mixing angleu has been fixed, the prediction
for the axialh andh8 decay constants are found from Eq
~18!,~19!. u5212.7° implies f h5112.6 MeV and f h8
5117.1 MeV. This agrees almost perfectly with Scadro
@44# estimatesf h'1.22f p and f h8'1.28f p obtained from
the GT relations at the quark level for the strange-
nonstrange constituent mass ratioMs /Mud'1.5 ~and foru
advocated by Scadron@44#, which is, interestingly, the sam
as our favoredu5212.7°.) However, these values a
somewhat higher than the experimental valuesf h

exp59467
MeV @45# or 7969 MeV @46# and f h8

exp
58965 MeV @45# or

9668 MeV @46#, deduced~under certain theoretical assum
tions discussed below! by CELLO @45# and TPC/2g @46#
Collaborations from theQ2 dependence of their measure
h(h8)g!g transition form factorsTh(h8)(0,2Q2) ~in our no-
tation!, wherek82 52Q2Þ0 is the momentum-squared o
the spacelike off-shell photong!. The same TPC/2g refer-
ence @46# quotes also another pair of experimental valu
f h

(exp2)59166 MeV and f h8
(exp2)

57865 MeV, which were
obtained from the experimental decay amplitudes into t
on-shell photons under the assumption that one can w
Th(h8)(0,0)51/4p2f h(h8) in analogy with the axial anomaly
result ~28! for the pion. However, because of the lar
s-quark mass, as well as the masses ofh andh8 which are,
respectively, 4 and 7 times larger than the pion mass,
procedure can yield only a rough qualitative estimate.

On the other hand, our value off h is much closer not
only to Scadron’s@44# estimates and to the valuef h5114
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MeV of an approach@6# somewhat related to ours, bu
also to the model-independent result ofxPT, that f h
51.02f p( f K / f p)4/3 @47#. For the experimental ratiof K / f p

51.2260.01, this givesf h5(1.360.05)f p512065 MeV
@47#, for which both CELLO@45# and TPC/2g @46# results
are too low.

The experimental valuesf h
exp and f h8

exp were extracted from
the CELLO@45# and TPC/2g @46# data on the transition form
factorsTh(h8)(0,2Q2) assuming that the pole massLh(h8)
parametrizing their fit to the data, can be identified w
2pA2 f h(h8) . Then, the pole fits to the data could smooth
join ~as Q2→`) the perturbative QCD prediction@48# for
Th(h8)(0,2Q2), i.e., the pole fits would then agree not on
with the QCD asymptotic form 1/Q2, but also with its coef-
ficient. However, note that the values off h

exp and f h8
exp quoted

above, areall close tomr /(2pA2)586.4 MeV, indicating
that a connection with the vector-meson dominance interp
tation ~that Lh(h8)'mr) @45,46# may indeed exist at the in
vestigated range ofQ2. On the other hand, since Gasser a
Leutwyler’s model-independent calculation@47#, Scadron’s
@44# GT estimates, Burdenet al. @6#, and the present ap
proach, all agree thatf h(h8) should be noticeably larger tha
f p , the extraction off h

exp and f h8
exp from the transition form

factorsTh(h8)(0,2Q2) probably cannot be done accurate
at the ranges ofQ2 investigated so far. That this is indeed s
is indicated by the experimental value@35# f p0584.1
62.8 MeV @'mr /(2pA2) again#, extracted by the same
method. The central value is 10% below well establish
f p

exp592.460.3 MeV. This cannot be explained by the sm
isospin violation, indicating thatf h

exp and f h8
exp could have

been underestimated too.
Our predictions for theh andh8 two-photon widths are

also totally fixed now, being given by ourf̄ h8
and f̄ h0

used in
Eqs.~40! and~41!, without any additional parameters to a
just. Our preferred angleu5212.7° leads to the prediction
~displayed also in Table I!

W~h→gg!50.561 keV, ~49!

W~h8→gg!54.913 keV. ~50!

These predictions are at first sight not very successful sin
according to Table I, our best predictions overshoot

TABLE I. Comparison of the calculatedgg decay widths~in
eV! of p0,h, and h8 with their average experimental widths, a
well as the experimental widthsWNEW

exp obtained when only more
recent measurements are taken into account. The widths are c
lated using the empirical masses in the phase-space factors in
junction with calculated amplitudes. The tabulatedh andh8 calcu-
lated widths correspond to the case when their mixing adjusts
mass ofh to its empirical mass.

P W(P→gg) Wexp(P→gg) WNEW
exp (P→gg)

p0 7.7 7.7460.56 not applicable
h 0.5631013 (0.4660.04)31013 (0.5160.026)31013

h8 4.931013 (4.2660.19)31013 (4.5360.59)31013
3-11
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DUBRAVKO KLABUČ AR AND DALIBOR KEKEZ PHYSICAL REVIEW D 58 096003
present@35# experimental averages~42! for h,h8→gg by
some 20%. However, we should not be dissatisfied w
these results because of the following.

~a! Ball et al. @40# and, in effect, Review of Particle Prop
erties itself@35# ~referring to the note on p. 1451 of@32#!,
suggest that only the more recent data onh,h8→gg should
be retained, whereby the presently ‘‘official’’ values~42! are
modified to@32,40#

WNEW
exp ~h→gg!5~0.51060.026! keV, ~51!

WNEW
exp ~h8→gg!5~4.5360.59! keV, ~52!

and these experimental values agree much better with
predictions.

~b! We did not vary any model parameters, but used
parameters obtained from the broad fit of Ref.@5# to the
meson spectrum and pseudoscalar decay constants. Th
did not includeh-h8 system in any way, so that everythin
we calculated for it is pure prediction.

B. A side issue: speculations about other admixtures

In the present approach,h0 andh8 ~and consequentlyh
andh8) are constructed exclusively of the ground state ps
doscalarqq̄ bound states. Nevertheless, additional adm
tures have often been speculated, notably glueballs. Fa
@49# points out that experiments appear to indicate that th
is a glueball-like pseudoscalar which is much lighter th
estimated by quenched lattice calculations, thus motiva
us to speculate on the consequences of such admixtures
do not have at this point the ambition to include such ad
tional admixtures in our approach. However, we can lo
into some of the consequences that such admixtures w
have by simplyassumingthat they were present in additio
to the quarkoniumh0 andh8 as constructed in this paper.

Take, for example, the simplest and most usual assu
tion @26#, that only the SU(3)f-singlet ~11! can be signifi-
cantly modified in this way:

uh0&→
cosw

A3
~ uuū&1udd̄&1uss̄&)1sinwuX&, ~53!

wherew is the new mixing angle, a new parameter expre
ing the assumed strength of the unspecified admixtureuX&
into h0 .

If uX& is a state that does not couple to photons direc
~e.g., gluoniumugg&), the results forgg decays will be
modified in a particularly simple way: in formulas~30!, ~40!,
~41!, and~45!, one should just replace 1/f̄ 0 by cosw/ f̄0. This
can reduceR ~46! strongly, as the largest term in Eq.~46!,
25/9, would then be modified to 25/271cos2w 50/27.

We should also note that such an admixture~53! would
help to fit the masses of bothh andh8 to their experimental
values precisely—thanks to the new free parameterw, of
course. Equation~53! modifies elements of the mass matr
to
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M80
2 →cosw

A2

3
~Mp

2 2Mss̄
2

!, ~54!

M00
2 →cos2w

2

3S 1

2
Mss̄

2
1Mp

2 D1l̃h ,

~55!

where l̃h[lh1sin2wMX
2 takes the place thatlh has forw

50. If uX& is not a single state, but a mixture of variou
states, its massMX has the meaning of an effective mass.

The experimental massesMh5547 MeV andMh85958
MeV, as well as theh-h8 mixing angleu5217.1°, are then
obtained forw542.43° andl̃h5(0.873 GeV)2. Neverthe-
less, it turns out that the fit to the data is still not improved
much as one would expect when an additional free param
is introduced, so that we did not detect indications for t
need for an admixture of such states to what we have in
present model. For example, ourR-ratio then drops toR
51.80. This is much further from the present central expe
mental value thanR predicted by our approach without glue
balls, but just in case data from future precision measu
ments strongly violate our bound on theR ratio, it is
important to point out that, at least from the standpoint of o
approach, such a violation would be a strong indication
the presence of some ‘‘inert’’ admixture, such as gluoniu
At present, however, the data are consistent with the bo
R.25/9 following generally from the SD-BS approach wit
out gluonium admixture, and even favor the valueR52.87
following from the present concrete model choice@5# with-
out glueballs, over the value with the admixture quot
above. Moreover, theh→gg width with the gluonium ad-
mixture improves only marginally, by 4%, while th
h8→gg width getsspoiledby more than a factor of 2.

We therefore conclude that we found no indication th
admixtures of glueballs, or other states with similar effe
on gg decays, would be favored by the present experime
data. Consequently, there is no strong motivation for enla
ing the present framework by finding solutions for pseud
scalar glueballs and treating them on the same footing as
pseudoscalarqq̄ bound states.@It is amusing that w
542.43° in conjunction with the vanishing gluon anoma
contribution lh50 implies MX51.294 GeV—practically
the same as the mass ofh(1295). However, this can only b
viewed as accidental at this point.#

VI. SUMMARY, DISCUSSION, AND CONCLUSIONS

The relativistically covariant constituentqq̄ bound-state
model @5# used here is consistent with current algebra
cause it incorporates the correct chiral symmetry beha
thanks to DxSB obtained in an, essentially, Nambu–Jon
Lasinio ~NJL! fashion, but the model interaction is less sch
matic. Notably, when care is taken to preserve WTI of QE
it reproduces~in the chiral limit even analytically and inde
pendently of the internal meson structure! the Abelian axial
anomaly results, which are otherwise notoriously difficult
reproduce in bound-state approaches~as illustrated by, e.g.
Ref. @22# and especially references therein!. Observables
3-12
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h AND h8 IN A COUPLED SCHWINGER-DYSON AND . . . PHYSICAL REVIEW D 58 096003
such as meson masses,f p , f K , f h , f h8 andgg-decay ampli-
tudes can be calculated without additional parameters a
anAnsatzhas been made for the gluon propagator enterin
the SD-BS equations, which are consistently coupled in
generalized~or improved! rainbow-ladder approximation~in
the terminology of, e.g., Refs.@2# or @7#!. However, to avoid
the U(1)A problem in theh-h8 complex, we have to intro-
duce an additional parameterlh representing the contribu
tion of the gluon axial anomaly to the mass ofh0 , in analogy
with the similarh0-mass parameter in thexPT Lagrangian in
Ref. @38#, for example. Since the gluon anomaly contributi

vanishes in the largeNc limit as 1/Nc , our qq̄ bound-state
pseudoscalar mesons behave in theNc→` and chiral limits
in the same way as those inxPT ~e.g., see Refs.@47# or
@26#!: as the strict chiral limit is approached for all thre
flavors, the SU(3)f octet pseudoscalarsincluding h become
massless Goldstone bosons, whereas theh8 mass is of order
1/Nc since it is purely due to the gluon anomaly. In theNc

→` limit with nonvanishing quark masses, the ‘‘ideal
mixing takes place so thath consists ofu,d quarks only and

becomes degenerate withp, whereash8 is the puress̄pseu-

doscalar. In our bound-state approach,f p , f̄ h8
, f̄ h0

, as well

as f h8
, f h0

and f h and f h8 , are all calculated quantities

while most other theoretical frameworks treat at least one

them, f̄ h0
, as a free parameter~fixed together withu from the

experimental widths ofh,h8→gg).
Our prediction f h8

/ f p51.31 agrees rather well with

f h8
/ f p51.25 ofxPT @17#. Nevertheless, this one-loopxPT

calculation also lead to the identification of their axia
current andgg-decay constants,f h8

5 f̄ h8
, which differs

from our results onh8 . More precisely, the observation th
for realistic s-quark masses,T̃ss̄(0,0),T̃p0(0,0) always
holds in the coupled SD-BS approach, leads to3

5 f p, f̄ h8

, f p and f p, f̄ h0
, 6

5 f p . These inequalities hold irrespectiv
of the model parameters or the quality of the interaction k
nel. f̄ h8

5 f p5 f̄ h0
is realized in the chiral limit, whereas th

opposite bounds are approached when thes-quark mass
grows huge, leading to the decrease ofT̃ss̄(0,0)/T̃p0(0,0).
There is no disagreement withxPT regarding f̄ h0

, either

concerning the general boundf p, f̄ h0
, 6

5 f p of the coupled
SD-BS approach, or our result obtained using the conc
model of Ref.@5#, namely, f̄ h0

/ f p51.067. This agrees wel

with the values found inxPT @17,27#. The apparent contra
diction between the results of the coupled SD-BS appro
on f p / f̄ h8

, and the corresponding results ofxPT was dis-
cussed in detail in Sec. IV B. Let us now address the i
mately related issue of different preferred mixing angles
these respective approaches.

In conjunction with the updated experimental widt
~51!,~52!, f̄ h8

, f p implies that the coupled SD-BS approa
is compatible with the mixing angles which are less nega
than u'215°. For our concrete model choice@5# and the
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resulting values~33!,~34! of f̄ h8
and f̄ h0

, the favored value

of u is between the values accepted until the mid 198
namely, u'210° determined from the SU(3)f breaking
given by the Gell-Mann–Okubo mass formula, and the lo
est of the valuesuP@217°,220°# favored nowadays
@40,16,17,47#.

In order to see that the mixing angles considerably l
negative than those inxPT (u;220°) are a natural and
expected prediction in a constituent approach such as ou
is instructive to recall the paper of Bramon and Scadron@41#
where the mixing angle ofu5214°62° follows from a
rather exhaustive set of data if the SU(3)f breaking is taken
into account in terms of theconstituentquark mass ratio
Ms /Mud'1.421.5. SU(3)f-breaking ratios somewher
around this interval are considered realistic because they
to good descriptions of many hadronic properties in num
ous dynamical models; notably, close to this interval is a
the ratio ('1.63) of the constituent massesBf(0)/Af(0)
generated by DxSB in Jain and Munczek’s approach. Br
mon and Scadron@41# extracted their averageu5214°
62° from the strong interaction tensorT→PP decays, and
the vectorV→gP and pseudoscalarP→gg radiative de-
cays.@When extracted just fromh,h8→gg pertinent here,
and other SU(3)f breaking-ratio-dependentradiativedecays,
their angle is even lower,211°62.4°.] They point out that
more negative valuesu;220° in thexPT framework are
due to the way of implementing the SU(3)f breaking
~through the values of the decay constantsf h8

and f h0
),

differing from that in the constituent-quark approaches.
Now, our SU(3)f-breaking is fixed by Jain and Munc

zek’s @5# choice of parameters, so that our calculated va
of u varies only if we varylh which parametrizes the effect
of the gluon anomaly. In light of Bramon and Scadron’s@41#
observations discussed above, and the fact that that
SU(3)f breaking leads to the ratio of strange-to-nonstran
constituent masses of 1.63, it is understandable and expe
that our constituent approach should give a reasonably g
description ofh,h8→gg for angles less negative than i
xPT; i.e., it is no longer surprising that our preferred ang
turned out to beu5212.7°. However, it is not only tha
these values are the preferred ones in our presently ch
model@5# because they are more empirically successful th
other values. In addition to that, since in the coupled SD-
approachf̄ h8

, f p rather generally~for any realistic value of
strange quark mass!, the consistency with the experiment
h,h8→gg widths is possible, in our approach, only for mix
ing angles less negative than roughly215°, as already
pointed out above.

That all this is in qualitative agreement with what w
known from relatively simple-minded constituent-qua
models even before the analysis of Ref.@41# can be seen,
e.g., from Zieliński’s review@50# on radiative decays of me
sons. He observed that in the scenarios that related app
suppressions of radiative decays of strange mesons
larger mass of thes quark, a significant suppression of th
annihilation amplitude ofss̄ pairs into two photons was als
expected, and with the latter suppression of order 0.5 rela
3-13
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to annihilation amplitudes of nonstrange quarks~relevant,
e.g., to the model of Ref.@51#!, the two-photon widths of
both h and h8 could ~however, roughly! best be described
with u;211°. Remembering the limitations on mutual

consistentu and f̄ h8(0)
, we see that our values ofu and f̄ h8(0)

fit with our third elementT̃ss̄(0,0)50.62T̃uū(0,0) into a logi-
cal scheme which is consistent with the behavior of the
proaches similar to ours. Zielin´ski @50# also discussed howu
was much more negative (;220°) in chiral theories, but
pointed out that the determination of the pseudoscalar m
ing angle was model dependent, and a clean-cut ch
among various schemes was rather difficult to establish.
discussion, and the results of, e.g., Bramon and Scadron@41#,
Pham@30#, and Ballet al. @40#, shows that this assessme
still holds, but also that there has been some progres
narrowing the interval of possible mixing angles. In this co
nection, recall the observation of Ref.@40#, that newer ex-
perimental input@our Eqs.~51! and~52!# reduces the mixing
angle even more than Pham@30# realized, to u52(17
62)°. This is no longer so far away from our preferredu
„especially considering that the value of the correctiond, Eq.
~37), can be even more negative than Pham’s values@30#…. If
various approaches succeed in including physical mec
nisms they have been missing so far, their predictions fou
will probably tend to a unique value. This will also be tru
for f̄ h8

and f̄ h0
. In view of Refs.@41,30,40#, this final value

at which u will settle may well be roughly in between th
values favored nowadays byxPT and by quark model ap
proaches such as ours. Thus,u;214° to217° may encom-
pass the final result. Anf̄ h8

which would be rather close to

the chiral limit valuef̄ h8
5 f p , because the chiral-loop con

tributions would be, as in Ref.@30#, to some extent
~over!canceled by some other contributions~such as our
bound-state strange mass-breaking effects!, would agree bet-
ter with such au;214° to 217°. In our approach, the
physical mechanisms which are now absent, are those c
sponding to loops inxPT. Including them obviously implies
substantial enlargements beyond the present framew
However, this also holds for others, e.g., inxPT one might
pose the question of what the effects of higher loops
vector mesons would be. At present, no approach can c
to have all the relevant physics included, and therefore
ultimate values foru and f̄ h8

.

The present experimental value of theR ratio ~45! is de-
scribed reasonably well by our approach. What if more p
cise measurements~e.g., at DAFNE @36#! constrainRexp be-
low 25/9? A strong violation of this bound~say,Rexp,2.5)
would indicate that important admixtures other thanh8 and
h0 are present inh andh8. If the violation is not that strong
the following possibility is also viable: some of the values
the interval 2.5,Rexp,25/9 can be satisfied byf̄ h8

and f̄ h0

predicted byxPT. Hence, such a smaller violation of o
bound can also mean that the prediction ofxPT, that f p

, f̄ h8
, is favored over our prediction. This would indica

that in the case of theh-h8 complex, the ladder-
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approximated SD-BS approach makes a larger error by
glecting meson loops than, e.g., in the case of the cha
pion form factor calculated in the context of SD equation
where the contribution of meson loops was estimated to
much smaller than that of the quark core@52#.

The quantities dependent on theh-h8 mixing, namely,
axial-current decay constantsf h and f h8 , masses, and
gg-decay widths ofh-h8 are satisfactorily close to data~or
other theoretical predictions such asxPT! considering that,
except for parametrizing the mass shift due to coupling ofh0
to non-Abelian axial anomaly, we did not do any parame
fitting, but used the parameters obtained from Jain a
Munczek’s @5# broad fit to the meson spectrum and dec
constants. We conclude that their model@5# again performed
well.

Since the coupled SD-BS approach is, due to the key
of DxSB, akin to the NJL model conceptually, the progre
we made is best illustrated through the comparison with
analysis of thep0,h→gg decays and properties of the pio
kaon, andh, performed in a NJL model~extended to include
three flavors and the ’t Hooft determinantal instanto
induced interaction! in Ref. @53# and in parts of Refs.
@54,55#. (h8 was not treated in Refs.@53–55#.!

For the choice of model parameters preferred by T
izawa, Oka, and Nemoto@53–55#, the experimental ampli-
tude forh→gg is reproduced, but theh mass is 7% below
the experimental value. The mixing angle isu521.25°,
showing that their U(1)A breaking is stronger than in ou
approach~not to mention the one inxPT!, forcing theirh to
be an almost pureh8 . Their kaon decay constantf K596.6
MeV is 15% below the observed one. Accordingly, the p
dictedh decay constant,f h' f p , is uncomfortably far from
what the model-independent result ofxPT @47#, f h
51.02f p( f K / f p)4/3, gives when the empiricalf K / f p is
plugged in.

While our results compare rather favorably with th
above, the best examples of advantages both in the con
tual consistency and in the quantitative details which
coupled SD-BS approach has with respect to the NJL mo
areP→gg decays. Namely, we must criticize the seeming
successful reproduction of the anomalousp0,h→gg ampli-
tudes by Refs.@53–55#. In contradistinction to the coupled
SD-BS approach with nonlocal interactions—in particu
Jain and Munczek’s model, where the UV cutoff is either n
needed~in the chiral limit @3#! or practically infinite com-
pared to the relevant hadronic scales—the NJL appro
contains a low cutoff. In spite of this, Refs.@53–55# leave
the convergent integrals unregulated, because the tria
diagram reproduces the anomalousp0→gg amplitude~28!
only if there is no NJL cutoff@53,56–58#— otherwise, an
underestimate of, typically, 20% occurs@57#. While Refs.
@53,55# claim the improvement of theh→gg amplitude and
width with respect to the earlier treatment of Bernardet al.
@59#, the consistent viewpoint is that of Ref.@59#: once the
cutoff is introduced, the effective theory is defined a
should not be altered for the purpose of calculating vario
quantities. In such effective theories, the missing part of
anomalous amplitude, lost due to the cutoff, should be fou
in additional diagrams@56# which contribute since the cutof
3-14
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cannot be let to infinity. That is, in the class of models e
ploying only local interactions and therefore needing a l
cutoff, asimpleincorporation of the anomaly is not possib
@56–58#, in contrast to the coupled SD-BS approaches e
ploying also nonlocal interactions and thus not having suc
cutoff.

Reference@6# is another approach toqq̄ substructure in-
corporating DxSB, and it is even closer to us than the N
model. The interaction used in Ref.@6# is nonlocal, as in
ours, allowing the generation of momentum-dependent
namical mass and BS vertices, so that there are no prob
with a low cutoff as in the NJL model. The mixing ang
they favor,u;15, results from its treatment as an extern
m
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parameter on which the mass and other properties ofh de-
pend. However, their axial current decay constantf h5114
MeV is close to ours. Extending the treatment of thep0g!

→g transition form factor of Refs.@9,10# to the h(h8)g!

→g transition form factors is presently under investigati
@60#.
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