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The chiral interpretation of negative-parity twin bands in the odd-A 135Nd nucleus was investigated in the
interacting boson-fermion model. The IBFM calculation shows that the dominant role in the formation of the
chiral pattern has the exchange interaction, i.e., the antisymmetrization of odd fermions with the fermion structure
of the bosons. The structure of the twin bands in 137Nd has also been investigated, concluding that it is determined
by shape fluctuations and prolate-oblate coexistence rather than by chirality.
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I. INTRODUCTION

Since the pioneering works of a decade ago [1–3], it has
been proposed that the rotation of triaxial nuclei may give
rise to pairs of identical �I = 1 bands with the same parity
in odd-odd nuclei—the chiral doublet bands. The condition
for the appearance of chiral doublet bands is that the proton
and neutron Fermi levels are located in the lower part of
the valence proton high-j (particle-like) and in the upper
part of the valence neutron high-j (hole-like) subshells (or
vice versa), and the core is triaxial. The angular momenta
of the valence particles are aligned along the short and long
axes of the triaxial core, while the angular momentum of the
rotational core is aligned along the intermediate axis. The
three angular momenta can be arranged to form two systems
that differ by intrinsic static chirality, a left- and a right-handed
system. When this chiral symmetry is broken in the body-fixed
frame, the restoration of the symmetry in the laboratory frame
results in the occurrence of degenerate doublet �I = 1 bands.
A number of pairs of bands possibly due to the breaking
of the chiral symmetry have been found, and theoretically
interpreted, in the A ∼ 105, A ∼ 130, and A ∼ 190 mass
regions.

However, the possible formation of chiral bands is not
limited to odd-odd nuclei. Whenever three configurations in a
nucleus have large angular momentum components along the
three principal axes, the conditions for chirality are present.
In odd-mass nuclei, this can be fulfilled for three-particle
configurations of the type one-proton–two-neutrons or one-
neutron–two-protons. In this case, the two-particle configu-
ration takes the role of the one-particle configuration (of the
same type) in the odd-odd nucleus. The situation in odd-mass
nuclei could be even more favorable for chirality, because the
two-particle angular momentum is longer than the one-particle
angular momentum in odd-odd nuclei. The proton and neutron
configurations are in fact quasiparticle configurations, one
being of particle type (occupation probability less than 0.5)
and the other of hole type (occupation probability higher than
0.5).

The first observation of a possible three-quasiparticle chiral
structure was in 135Nd [4]. The negative-parity ground-state

band in 135Nd has the one-neutron-quasiparticle νh11/2 hole-
like structure. In this article, we shall denote this band as band
G. At spin 25/2, band G is crossed by a three-quasiparticle
band with the structure interpreted by the νh11/2(πh11/2)2

configuration. This band will be denoted as band A. The two-
proton-quasiparticle configuration (πh11/2)2 consists of πh11/2

particle-like quasiprotons and is therefore particle-like. A twin
band interpreted by the same νh11/2(πh11/2)2 configuration,
denoted as band B, was observed as the yrare band rather
close in excitation energy to band A. In Ref. [4], bands A
and B were interpreted as a pair of chiral bands. However, the
fact that two bands of the same parity have levels of the same
spin close in excitation energy is not a very strong argument
to claim that they are chiral bands. To establish whether
chirality exists in a certain nucleus, it is crucial to determine
the B(E2) and B(M1) values. The electromagnetic transitions
deexciting analog states of the chiral twin bands should be
almost equal. Recently, B(E2) and B(M1) values deexciting
states of bands A and B in 135Nd have been measured [5].
The corresponding B(E2) and B(M1) values have been
found to be almost identical in both bands, giving a strong
argument for interpreting this pair of bands as chiral partner
bands.

The present paper is devoted to the investigation within the
interacting boson-fermion plus broken pairs framework [6] of
the properties of the three-quasiparticle bands in 135Nd and in
the N = 77 neighboring nucleus 137Nd.

II. IBFM CALCULATIONS

In a number of articles, several theoretical models, such as
the tilted axis cranking model [1], two quasiparticle + triaxial
rotor model [1,7], and core-particle-hole coupling model [8],
have been applied in the interpretation of chiral bands in
odd-odd nuclei. Calculations in the interacting boson-fermion-
fermion model (IBFFM-1) [9,10], in the version where there
is no distinction between proton bosons and neutron bosons,
have been performed for 134Pr [11–13]. The IBFFM-1 is based
on the interacting boson model (IBM-1) [14,15] for even-even
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nuclei, and the interacting boson-fermion model (IBFM-1)
[16,17] for odd-A nuclei. The standard boson Hamiltonian of
the IBM-1, with up to two-body boson interactions,

HB = ε N̂ + 1

2
V0([d†d†]0 [s̃ s̃]0 + h.c.)0

+ 1√
2

V2([d†d†]2[d̃ s̃]2 + h.c.)0

+
∑

L=0,2,4

1

2
CL

√
2L + 1 ([d†d†]L[d̃d̃]L)0, (1)

can describe nuclei with spherical, axial, γ -unstable, and
transitional shapes. In the O(6) limit, triaxiality reduces to
γ instability for finite boson systems. The potential energy
surface is flat in the γ direction but is also rather broad in the
β direction, and the effective γeff is 30◦. With the addition of
a cubic (three-body) term [18,19]

Hcub = �3([d†d†]2 d†)3 · ([d̃ d̃]2d̃)3 (2)

to the standard IBM-1 Hamiltonian, a triaxial equilibrium
deformation is generated, but the minimum is still broad [18]
and the fluctuations of the shape large. Since all odd-odd
nuclei in which chiral bands have been observed are in regions
of masses where even-even nuclei are γ -soft, i.e., effectively
triaxial but not rigid, the application of models based on the
interacting boson approximation in the description of chiral
bands can be successful. The conclusion in Refs. [12,13]
was that in 134Pr, the possibility for angular momenta of
the valence proton, neutron, and core to find themselves in
the favorable, almost orthogonal geometry is present, but not
dominant. Shape fluctuations are found to be rather large,
and the chirality weak and of dynamical origin. The analysis
in IBFFM-1 of the structure of odd-odd nuclei where both
the level energies and the electromagnetic decay properties
display the chiral pattern, and of those where a pair of twin
bands is only close in excitation energy, has shown that the
difference in the structure of the two types of chiral candidate
nuclei can be attributed to different β and γ fluctuations,
induced by the exchange boson-fermion interaction of the
interacting boson-fermion-fermion model [20]. The effect of
the Pauli principle, contained in the exchange boson-fermion
interaction, seems to play a dominant role.

Models based on the interacting boson approximation can
be extended for a description of high-spin states in even-even
[21] and odd-even [6] nuclei. The model space is extended
by including part of the original shell-model fermion space
through successive breaking of correlated S and D pairs
(s and d bosons). In even-even nuclei, high-spin states are
generated not only by the alignment of d bosons, but also
by coupling fermion pairs to the boson core. A boson can
be destroyed, i.e., a correlated fermion pair can be broken
by the Coriolis interaction, and the resulting noncollective
fermion pair recouples to the core. The structure of high-spin
states is therefore determined by broken pairs. In odd-even
nuclei, the basis consists of one-fermion and three-fermion
configurations. The two fermions in the broken pair can be of
the same type as the unpaired fermion, resulting in a space with
three identical fermions. If the fermions in the broken pair are
different from the unpaired one, the fermion basis contains two

protons and one neutron or vice versa. For odd-mass nuclei, the
model is called the interacting boson-fermion plus broken pairs
model (IBFBPM). For simplicity, in this article we will use the
name IBFM. This model was also applied in the description of
even-even and odd-even nuclei in the Nd-Sm region [22–25].

In this article, negative-parity bands in 135Nd are described
in the framework of the interacting boson-fermion plus broken
pairs model with the Hamiltonian

H = HB + Hcub + HνF + HπF

+V mix
π + Vνπ + VνBF + VπBF . (3)

HνF is the single-fermion (neutron) Hamiltonian which con-
tains neutron quasiparticle energies

HνF =
∑

i

ενi
a†

νi
ãνi

, (4)

while HπF in addition contains the proton-proton interaction

HπF =
∑

i

επi
a†

πi
ãπi

+1

4

∑
abcd

∑
JM

V J
πabcd A

†
JM (πaπb) AJM (πcπd ), (5)

where the proton pair operator is defined as

A
†
JM (πaπb) = 1√

1 + δab

[a†
πa

a†
πb

]MJ . (6)

The proton pair breaking interaction V mix
π is

V mix
π = −U2

∑
πj1πj2

(uπj1vπj2 + uπj2vπj1 )〈πj1 ‖ Y2 ‖ πj2〉

× ([a†
πj1

a
†
πj2

]2 · d̃) + h.c. (7)

The proton-neutron interaction is

Vνπ =
∑

νν ′ππ ′

∑
J

hJ (νν ′ππ ′) (uνuν ′ − vνvν ′)

× (uπuπ ′ − vπvπ ′ )([a†
ν ãν ′ ]J · [a†

π ãπ ′ ]J ), (8)

where the coefficients hJ (νν ′ππ ′) are connected to the
two-body matrix elements of the residual proton-neutron
interaction by

hJ (νν ′π ′π ) = (−)jν+jπ

∑
J ′

(−)J
′√

2J ′ + 1

×〈(jνjπ )J ′ ‖ V (1, 2) ‖ (jν ′jπ ′ )J ′〉
×W (jνjπjν ′jπ ′ ; J ′J ). (9)

VνBF and VπBF are the IBFM-1 boson-fermion (neutron) and
boson-fermion (proton) interactions containing the dynamical
(direct), exchange, and the less important monopole term

VBF = Vdyn + Vexc + Vmon, (10)

where

Vdyn = 
0

∑
j1j2

√
5 (uj1uj2 − vj1vj2 )〈j1 ‖ Y2 ‖ j2〉

× (
[a†

j1
ãj2 ]2 QB

2

)
0, (11)
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where QB
2 is the boson quadrupole operator

QB
2 = [s†d̃ + d†s̃]2 + χ [d†d̃]2 + η([d†d̃]3 [d†d̃]3)2, (12)

Vexc = 
0

∑
j1j2j3

(−2)

√
5

2j3 + 1
(uj1vj3 + vj1uj3 )

× (uj2vj3 + vj2uj3 )〈j3 ‖ Y2 ‖ j1〉〈j3 ‖ Y2 ‖ j2〉
: ([a†

j1
d̃]j3 [ãj2d

†]j3 )0 :, (13)

Vmon = A0

∑
j

√
5 (2j + 1)([a†

j ãj ]0 [d†d̃]0)0. (14)

The configuration independent strengths of the boson-fermion
interactions 
0,
0, and A0 in Eqs. (11), (13), and (14) we
denote as 
ν

0 ,
ν
0, A

ν
0 or 
π

0 ,
π
0 , Aπ

0 for VνBF and VπBF ,

respectively. The occupation probabilities, fermion angular
momenta, and fermion operators are for neutrons or protons
respectively, too.

For the core nucleus 136Nd, the set of parameters for
the IBM-1 boson Hamiltonian [14] is (all values in MeV):
ε = 0.12, V0 = −0.24, V2 = 0.01, C0 = 0.16, C2 = 0.06,
C4 = 0.19. The number of bosons N in the IBM scheme is
equal to half the number of valence nucleon particles and
holes. For 136Nd, N = 8. The IBM-1 parametrization for
136Nd, adopted in this article, gives the structure of 136Nd
that basically differs from the one in Ref. [25] only in the
excitation energies of the 0+

2 and related levels. For the
present parametrization, the excitation energy of the 0+

2 level
is 0.54 MeV higher than it was assumed in Ref. [25]. The
excitation energy of the 0+

2 level in 136Nd is not known, but
the level systematics in this region suggests that is higher
than predicted in Ref. [25]. Nevertheless, levels that belong
to the band structure associated with the 0+

2 state do not
contribute in the structure of high-spin states. The strength of
the cubic (three-body) term is �3 = 0.017 MeV. The structure
of 136Nd in IBM-1 is very similar to the structure of 134Ce,
the core nucleus for 134Pr [11–13]. It is γ -soft with a triaxial
equilibrium deformation, but the minimum is broad, and the
fluctuations of the shape large.

For the neutrons, the single-particle energies, except
for the shifts of orbitals from the N = 82–126 shell, are
taken from the calculations for 134Pr [11–13]: 0, 0.4,
1.6, 2.0, 2.3, 7.6, 9.3, and 9.4 (all values in MeV), for
νd5/2, νg7/2, νs1/2, νd3/2, νh11/2, νf7/2, νp3/2, and νh9/2, re-
spectively. Calculations for 138Nd [23] have shown that the
excitation energy of the 10+ (νh11/2)2 level requires the
quasiparticle energy of the νh11/2 configuration of 1.6 MeV.
Being the quasiparticle energies of the νh11/2 configuration
1.65 MeV in 137Nd [24] and 139Sm [22], we should expect
1.70 MeV in 135Nd, which is obtained by employing the
pairing strength G = 29/A MeV, which is bigger than the
standard value G = 23/A MeV. From a BCS calculation with
the pairing strength G = 29/A MeV, the νh11/2, νf7/2, and
νp3/2 quasiparticles, with the resulting quasiparticle energies
ε and occupation probabilities υ2, ε(νh11/2) = 1.70 MeV,
ε(νf7/2) = 5.16 MeV, ε(νp3/2) = 6.80 MeV, υ2(νh11/2) =
0.62, υ2(νf7/2) = 0.02, and υ2(νp3/2) = 0.01, are included in
the fermion basis. For the boson-fermion interaction strengths

for neutrons, we take 
ν
0 = 0.7,
ν

0 = 1.4, Aν
0 = 0.1 (all val-

ues in MeV) in the space of one-quasiparticle configurations,
and 
ν

0 = 0.5,
ν
0 = 1.9, Aν

0 = 0.07 (all values in MeV) in
the space of three-quasiparticle configurations. The interaction
strengths are in the range of strengths that generate chiral bands
in odd-odd nuclei [12,13,20]. The parameters χ = −0.6 and
η = −0.35 (defined in Ref. [11]) in the quadrupole operator
of the dynamical boson-fermion interaction are same as in
Refs. [12,13,20].

The proton quasiparticle energies and occupation probabil-
ities are obtained by a BCS calculation with the following
single-particle energies: 0.18, 0.795, 2.248, 3.2, 3.41, 6.0,
6.5 MeV, for πg7/2, πd5/2, πh11/2, πd3/2, πs1/2, πh9/2, πf7/2,
respectively, and with the pairing strength G = 23/A MeV.
The same single-particle energies and pairing strength have
been used in the calculations for 134Pr [11–13]. In the
basis for the 135Nd calculations, πh11/2 and πf7/2 proton
quasiparticles are included with quasiparticle energies and
occupation probabilities: ε(πh11/2) = 1.91 MeV, ε(πf7/2) =
5.91 MeV, υ2(πh11/2) = 0.09, and υ2(πf7/2) = 0.01. Since
due to the spin-flip matrix element 〈πh11/2||Y2||πh9/2〉 πh9/2

components are not admixed into the wave functions based
on the πh11/2 configuration, the πh9/2 quasiparticle is not
included in the basis. From the calculation of negative-parity
states in the odd-Z neighbor 137

61Pm76, the boson-fermion in-
teraction strengths for protons are deduced: 
π

0 = 0.32,
π
0 =

0.5, Aπ
0 = 0.03 (all values in MeV). The parameters χ = −0.6

and η = −0.35 in the quadrupole operator of the dynamical
boson-fermion interaction are the same as for neutrons. The
parametrization for protons differs only in details from the
parametrization used for 134Pr. Odd-Z nuclei in this region
have a very similar decoupled structure of one-quasiproton
negative-parity states.

The strength parameter of the proton pair-breaking inter-
action U2 = 0.2 MeV is taken the same as in 137Nd [24]. Al-
though the calculations have shown that the residual interaction
between unpaired protons does not influence the structure of
the chiral candidate bands A and B, for completeness it was
taken as the volume δ-interaction Vππ ′ = 4πVδππ ′ δ(rπ − rπ ′ )
with the strength Vδππ ′ = −10.0 MeV. This strength gives the
values of matrix elements similar as the surface δ-interaction
with the strength −0.1 MeV in 137Nd [24]. The residual
proton-neutron interaction is taken as a tensor interaction
V (1, 2) = VT V (r)[3(σπ · rπν)(σν · rπν)/r2

πν − (σπ · σν)] with
the Gaussian radial dependence V (r) = exp(−r2/r2

0 ) with
the strength VT − 14.5 MeV and range r0 = 2.7 fm [20].
For the tensor interaction, the BCS dependent terms in
Eq. (8) contain the sum instead of the difference of BCS
amplitudes.

In the calculation of B(E2) and B(M1) values, we use the
effective charges and gyromagnetic ratios: eπ = 1.0, eν = 0.5,
evib = 1.3, gπ

l = 1, gπ
s = 0.9 gπ,free

s = 5.027, gν
l = 0, gν

s =
0.5 gν,free

s = −1.913, and gR = 0.6. The parameters χ = −0.6
and η = −0.35 in the boson quadrupole operator have the
same values as in the quadrupole operators of the dynamical
boson-fermion interactions. Except for evib, gπ

s , and gR , the
effective charges and gyromagnetic ratios are the same as
in calculations for 134Pr. The value of gπ

s is close to gπ
s =

gπ,free
s = 5.586 in 137Nd. The boson charge evib is adjusted to
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FIG. 1. (Color online) (a) Experimental and (b) calculated
negative-parity structure in 135Nd. The νh11/2 ground-state band is
denoted as band G. The pair of twin bands based on νh11/2(πh11/2)2

configuration are denoted as band A and band B.

reproduce the B(E2)(2+
1 → 0+

1 ) experimental value in 136Nd
and is only slightly bigger than evib = 1.2 in 134Pr.

In Fig. 1, calculated excitation energies in the negative-
parity bands G, A, and B in 135Nd are shown in comparison
with the experimental data. The comparison of calculated
B(E2) and B(M1) values for transitions in the yrast band
A and side band B with the experimental data is presented in
Fig. 2.

III. DISCUSSION

The calculated negative-parity ground-state band G, as
expected, has the one-neutron-quasiparticle νh11/2 structure
up to spin 23/2. States of this band with higher spins are above
the states of the three-quasiparticle bands. At spin 25/2, the
calculated band A with the structure νh11/2(πh11/2)2 becomes
the yrast band. A twin band B, with the same νh11/2(πh11/2)2

configuration and rather close in excitation energy to band A,
becomes the yrare band.

The result of the IBFM calculations is that both bands,
A and B, are basically built on the ground-state band of the
even-even core. The admixture of the γ -band components of
the core is small. With increasing angular momentum, the
admixture of the γ -band components of the core becomes
smaller. For states with spins 23/2–35/2, the percentage of
γ -band components in the wave functions amounts to 15–20%.
For states with spins 37/2 and 39/2, it gradually decreases;
and for states with spins 41/2–45/2, the percentage of γ -band

12 13 14 15 16 17 18 19 20 21 22 23 24
0.0

0.1

0.2

0.3

0.4

0.5

B
(E

2;
 I

→
Ι−

2)
 [e

2 b2 ]

  EXP  band  A  
  THE  band  A
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  THE  band  B

(a)
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I [h]
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(M

1;
 I

→
Ι−

1)
 [µ

2 Ν
]

  EXP  band  A  
  THE  band  A
  EXP  band  B
  THE  band  B

(b)

FIG. 2. (Color online) Experimental (EXP) and calculated (THE)
B(E2) and B(M1) values for transitions in the yrast band A and side
band B in 135Nd. (a) B(E2) values. (b) B(M1) values for �I = 1
transitions.

components is stable around 10%. This behavior is different
from that in the IBFFM wave functions of odd-odd nuclei.
The two-proton angular momentum is twice as long as the
one-proton angular momentum in the neighboring odd-odd
nuclei, providing a better possibility for the formation of chiral
structures.

The geometrical picture can be revealed in the analysis
of the distributions ζ (Jπjν), ψ(Jπ R), and ξ (jν R) of the
angles between Jπ , jν, and R, of the σ distribution, and of
the distribution of the instantaneous values of the β and
γ deformation parameters (details of the procedure can be
found in Ref. [13], where instead, for the two-proton angular
momentum Jπ , the angles are defined for the one-proton
angular momentum jπ ). This analysis shows that in the states of
bands A and B, the presence of configurations with the angular
momenta of the protons, neutron, and core is substantial in
the chirality-favorable, almost orthogonal geometry. It is not
as pronounced as if it were for a rigid triaxial core, but
it is far more pronounced than in the case of neighboring
odd-odd nuclei [13,20]. The comparisons of the calculated
ζ, ψ, ξ, and σ distributions for the I = 39/2 yrast and yrare
states in 135Nd and for the I = 15 yrast and yrare states in
134Pr [13] are presented in Figs. 3 and 4. The states are chosen
such that they have eight units of angular momentum more
than the corresponding bandheads, i.e., four units of angular
momentum more than the corresponding maximal fermion
alignments. The orientation of Jπ , jν and R in analog states
of the twin bands A and B in 135Nd is very similar. The
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FIG. 3. Calculated distributions (a) ζ (Jπ jν), (d) ψ (Jπ R), and (g) ξ (jν R) of the angles between Jπ , jν, and R, and (j) the σ distribution
for the 39/21 state of the yrast band A in 135Nd. Panels (b), (e), (h), and (k) present the corresponding distributions for the yrast πh11/2 νh11/2

151 state in 134Pr. Panels (c), (f), (i), and (l) show the corresponding distributions for the 39/21 state of the yrast band A in 137Nd.

ζ (Jπ jν), ψ (Jπ R), ξ (jν R) and σ distributions do not show
dramatic changes in the patterns for medium- and high-spin
states of bands A and B, especially not such that could generate
sizable changes in the electromagnetic decay patterns. The
structural change in bands A and B is a consequence of
shape fluctuations (Fig. 5). For states with I � 35/2, shape
fluctuations are of the order of those in the neighboring
odd-odd nuclei [13,20]. At spin 37/2, shape fluctuations are

reduced; and for higher spins, although different values of β

are present, the distribution shows one dominant peak. The
structure changes from the geometry dominated by shape
fluctuations into the geometry that is rather close to static
chirality. The transition from the vibrational into a static chiral
regime of bands A and B has recently been obtained in the
calculations of tilted axis cranking (TAC) model with the
random-phase approximation (RPA) [5].
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FIG. 4. Calculated distributions (a) ζ (Jπ jν), (d) ψ (Jπ R), and (g) ξ (jν R) of the angles between Jπ , jν, and R, and (j) the σ distribution
for the 39/22 state of the yrare band B in 135Nd. Panels (b), (e), (h), and (k) present the corresponding distributions for the yrare πh11/2 νh11/2

152 state in 134Pr. Panels (c), (f), (i), and (l) show the corresponding distributions for the 39/22 state of the yrare band B in 137Nd.

Except for states with spins 23/2–27/2, where the two-
quasiproton configuration in the wave functions is a combina-
tion of [(πh11/2)2]8 and [(πh11/2)2]10 components, all other
states in bands A and B have the proton structure [(πh11/2)2]10.
In fact, bands A and B are formed by a coupling of the
νh11/2 quasiparticle to the band with a bandhead 10+, based on
the quasiproton [(πh11/2)2]10 configuration in the core 136Nd
nucleus [25].

The calculated B(E2) values for transitions deexciting
partner states of bands A and B differ by a factor of 1.3–1.5
for the lowest states. Starting from spin 35/2 they are almost
equal. At spin 37/2 a drop in the B(E2) is predicted, followed
by a rise of the B(E2) values. The same effect is predicted
in the framework of TAC complemented by RPA calculations
and confirmed by experimental data [5], except that in IBFM
it is not so pronounced and appears at spin 37/2 only in band
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(a) (b)

(c) (d)

(e) (f)

FIG. 5. IBFM β and γ distributions in 135Nd,
defined as in Ref. [13], for the (a) 31/21 and (b) 31/22

states; the (c) 37/21 and (d) 37/22 states; and the (e)
43/21 and (f) 43/22 states. The axes in the β-γ plane
have γ = 0◦ and γ = 60◦, while the middle line in
the β-γ plane marks γ = 30◦.

B. Due to the truncation of the boson space in IBM, states
at the top of the bands lose collectivity, and the expected rise
in B(E2) values cannot be obtained. The calculated interband
B(E2) values are much smaller than the observed ones. The
same are the predictions in Ref. [5], but the interband B(E2)
values in IBFM are smaller than in TAC/RPA.

The calculated B(M1) values for transitions deexciting
partner states of bands A and B are almost equal up to
spin 35/2 in both bands, followed by a drop at spin 37/2
in band B and by moderately stronger B(M1) values in
band A for higher states. The functional form is similar
to the experimental and theoretical in Ref. [5]. The same
are the predictions for the interband B(M1) values, which
similarly to those calculated in Ref. [5] are smaller than the
experimental.

The present IBFM calculation, as well as the calculation
in the TAC/RPA framework, gives smaller theoretical than
observed B(E2) and B(M1) values (in IBFM on average
by a factor 2), the TAC/RPA values being closer to the
observed ones. In IBFM, the values of effective charges and
gyromagnetic ratios are taken close to the values previously
used in a number of articles in this region. For the magnitude of
B(E2) values, the value of the boson charge evib is critical. As
already stated, it is adjusted to reproduce the B(E2)(2+

1 → 0+
1 )

experimental value in 136Nd, giving the calculated value of
the quadrupole moment of the 9/2 state in 135Nd, Q(9/2) =
+1.18 e b (the observed value is Q(9/2) = +1.9 (5) e b). For
the present choice of gyromagnetic ratios, the observed values
of the magnetic moments of the 9/2 and 11/2 states, µ(9/2) =
−0.78 (3) µN and µ(11/2) = −0.50 (31) µN are reproduced
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FIG. 6. (Color online) Experimental (EXP) and calculated (THE)
B(E2) and B(M1) values in 135Nd for intraband transitions in the
yrast band A and side band B, and for the interband transitions
deexciting states in band B. (a) B(E2) values. (b) B(M1) values
for �I = 1 transitions. The B(E2) values are calculated with
evib = 1.7. For the B(M1) values, the fermion gyromagnetic ratios
are gπ

l = 1.1, gπ
s = gπ,free

s = 5.586, gν
l = −0.1, and gν

s = gν,free
s =

−3.826. The remaining charges and gyromagnetic ratios are the same
as in the parametrization adopted in Fig. 2.

well. The calculated values are µ(9/2) = −0.89 µN and
µ(11/2) = −0.59 µN .

Since the core 136Nd nucleus is γ -soft, the alignment
of specific quasiparticle pairs not only can readily change
the nuclear shape, but also could possibly influence the
renormalization of effective charges and gyromagnetic ratios.
For comparison, assuming that there is not a systematic
error in the analysis of experimental data in Ref. [5], the
calculation of B(E2) and B(M1) values is also performed
with evib = 1.7, and with maximal possible fermion gyromag-
netic ratios: gπ

l = 1.1, gπ
s = gπ,free

s = 5.586, gν
l = −0.1, and

gν
s = gν,free

s = −3.826. The results are presented in Fig. 6,
where the B(E2) and B(M1) values for interband transitions
are presented, too. The strong experimental interband E2
transitions are a consequence of the mixing between the bands
that for I � 37/2 are very close in energy. This mixing between
the bands shifts some of the intraband strength to the interband
one, which becomes strong. In IBFM, the partner bands remain
separated and the significant mixing does not occur. Therefore,
the intraband transitions remain large, while the interband
transitions remain small.

Details of the structure of the yrast and yrare states based
on the νh11/2(πh11/2)2 configuration depend on the strengths
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FIG. 7. (Color online) Experimental and IBFM signature S(I ) =
[E(I ) − E(I − 1)]/2I vs spin plots for different strengths 
ν

0 (in
MeV) for the (a) yrast band A and (b) yrare band B in 135Nd.

of several boson-fermion and fermion-fermion interactions,
but the general pattern depends almost exclusively on the
strength of the boson-fermion exchange interaction for odd
neutrons 
ν

0. For 
ν
0 ≈ 0 MeV, the bandhead of the yrast

band is 31/2. In this band, the branch of unfavored states
33/2, 37/2, 41/2 is close in excitation energy to the branch of
favored states 35/2, 39/2, 43/2. Therefore, the band consists
of closely lying doublets of states (33/2, 35/2), (37/2, 39/2),
(41/2, 43/2), etc. Increasing 
ν

0, the spin of the bandhead is
shifted to lower spin values, while the yrast band gradually
loses the doublet structure; and for 
ν

0 = 1.4 MeV, the value
adopted for band GS, it becomes a rotational-like �I = 1
band. The excitation energy vs spin dependence is very
similar to the one in band A. For stronger 
ν

0 this behavior
is preserved. The signature S(I ) = [E(I ) − E(I − 1)]/2I vs
spin plots for different strengths 
ν

0 are presented in Fig. 7.
For 
ν

0 = 1.9 MeV, the signature S(I ), for I � 37/2, loses
the staggering and attains a smooth behavior almost without
a spin dependence, indicating the change from the planar to
the chiral regime. The calculated slope in the chiral regime
is slightly steeper than the experimental one. Evidently, the
IBM-1 triaxial equilibrium minimum is somewhat broader
and the shape fluctuations larger than they should be in 135Nd.
For a weak exchange interaction, B(M1) values for transition
deexciting states of the favored 35/2, 39/2, 43/2 branch are
far bigger than B(M1) values for transition deexciting states
of the unfavored 33/2, 37/2, 41/2 branch. The staggering is
washed out for 
ν

0 ≈ 1.4 MeV. The B(E2) values in the yrast
band also display the staggering in phase with the staggering
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of the B(M1) values. It is washed out at the same exchange
strength for which the B(M1) staggering disappears.

The doublet structure of the yrare band is more pronounced
than the doublet structure of the yrast band, and the change
into the regular �I = 1 type is slower than in the yrast band. It
reaches the rotational-like regularity for 
ν

0 ≈ 1.9 MeV. The
B(M1) values for transitions deexciting all yrare states are
almost zero for a weak exchange interaction. For a stronger
exchange interaction, the pattern changes to a staggering in
phase with the staggering in the yrast band. The staggering
is washed out for 
ν

0 ≈ 1.9 MeV. As in the yrast band, in
the yrare band the B(E2) values display the same staggering
that consistently is washed out for the same exchange strength
for which the B(M1) staggering is washed out, too. The fact
that for a wide range of weak and moderate strengths of
the exchange interaction for odd neutrons the yrare “band”
consists of E2 transitions only, means that in that regime it
in fact consists of two �I = 2 bands. The transformation of
these bands in a rotational-like �I = 1 band is due to the
exchange interaction, i.e., to the antisymmetrization of odd
neutrons with the neutron structure of the bosons.

IV. N = 77 NUCLEI

A negative-parity three-quasiparticle yrast band, with tran-
sition energies similar to the ones in band A, was observed in
137Nd [24] and 139Sm [22]. In Refs. [22,24] it was interpreted as
the (νh11/2)3 band. In 137Nd, the νh11/2(πh11/2)2 configuration
has been assigned to the yrare band with a bandhead 31/2.
The question arises as to whether the two twin bands in
137Nd can be interpreted as chiral partner bands. We have
therefore performed calculations also for 137Nd to investigate
to what extent the three-quasiparticle twin bands have a chiral
character.

The IBFM approach in the cases of 135Nd, 137Nd, and
139Sm basically differs only in the strength 
ν

0 of the boson-
fermion exchange interaction for odd neutrons. In 135Nd,

ν

0 is big, while in 137Nd and 139Sm, 
ν
0 = 0 MeV. The

theoretical results for 137Nd and 139Sm would be the same
as in Refs. [22,24] for any reasonably small value of 
ν

0.
From the microscopic ground, the strength 
ν

0 decreases when
approaching the closed shell. For negative-parity states, the
contribution of νh11/2 neutrons, in the internal structure of
bosons, is important. Although, the IBM-1/IBFM-1 models
do not distinguish between proton bosons and neutron bosons,
the number of bosons for 135Nd, 137Nd, and 139Sm that are due
to neutrons is half the number of valence neutron holes with
respect to the N = 82 shell closure. In 135Nd, three bosons
are made of neutron holes, while in 137Nd and 139Sm there
are only two. The contribution of the antisymmetrization of
odd neutrons with the neutron structure of bosons, i.e., 
ν

0,
is therefore smaller in 137Nd and 139Sm than in 135Nd. The
exchange interaction is also reduced in 137Nd and 139Sm, being
the two nuclei less deformed, and therefore the νh11/2 subshell
is less spread out in energy in a Nilsson-like diagram. The
contribution of the exchange interaction in 137Nd and 139Sm
is further reduced by a bigger occupation probability of the
νh11/2 configuration. The structure of band G in 137Nd and
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FIG. 8. (Color online) Experimental and IBFM signature S(I ) =
[E(I ) − E(I − 1)]/2I vs spin plots for the (a) yrast band A and (b)
yrare band B in 137Nd.

139Sm reflects the absence of the contribution of the exchange
interaction: the lowest state is 11/2 and the higher states
form doublets of more or less closely lying states. All these
arguments lead to the conclusion that in 137Nd and 139Sm, a
pair of twin bands analogous to those in 135Nd will not appear.

In Ref. [24], it has been shown that the staggering in the
ground-state band and the nonstaggered three-quasiparticle
bands 6 and 7 of 137Nd can be qualitatively, but not quan-
titatively, reproduced by the shape change induced by the
polarizing effects of the quasiparticles from broken pairs. The
lack of staggering in the three-quasiparticle bands 6 and 7
of 137Nd could not be well reproduced by an increase of
the neutron dynamical interaction, the only one that could
be invoked in the attempt to take into account the polarizing
effects of the quasiparticles from the broken pairs. In 135Nd,
the shape change between the ground-state band and the
three-quasiparticle bands is small and can be ignored. The
only interaction that can reproduce the nonstaggered behavior
of both the ground-state and the three-quasiparticle bands is
the exchange interaction.

The calculation for 135Nd shows that the strength of
the boson-fermion exchange interaction for odd neutrons is
stronger for νh11/2(πh11/2)2 structures than for states of band
G based on νh11/2. The difference is sizable but not as drastic
as it would be if the same effect were present in 137Nd
and 139Sm nuclei. Nevertheless, different driving forces for
h11/2 neutrons and protons in a γ -soft potential make the
possibility of finding the partner band of the yrast band [and
the assignation of νh11/2(πh11/2)2 structure to both of them]
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(c) (d)

(e) (f)

FIG. 9. IBFM β and γ distributions in
137Nd, defined as in Ref. [13], for the (a) 31/21

and (b) 31/22 states; the (c) 37/21 and (d) 37/22

states; and the (e) 43/21 and (f) 43/22 states. The
axes in the β-γ plane have γ = 0◦ and γ = 60◦,
while the middle line in the β-γ plane marks
γ = 30◦.

in 137Nd not very likely, but still possible. It could be that the
same exchange interaction is the main mechanism responsible
for the increased regularity of the three-quasiparticle bands
also in 137Nd, and the effect observed in 135Nd is present in
all nuclei around 135Nd at high spins. The measurement of
B(E2) and B(M1) values in 137Nd can give a better insight
into the microscopic mechanism responsible for the formation
of chiral structures in nuclei.

To test such a possibility, we have performed IBFM
calculations for 137Nd, following the same line as in the
135Nd case. For the core nucleus 138Nd, we take the set
of parameters for the IBM-1 boson Hamiltonian (all values

in MeV): ε = 0.24, V0 = −0.3, V2 = 0.0, C0 = 0.2, C2 =
0.036, C4 = 0.187, the number of bosons N = 7, and
�3 = 0.01 MeV. This parametrization gives the structure
of 138Nd that slightly differs from the one in Ref. [24] in
the same way as the parametrization for 136Nd in the present
article differs from the one in Ref. [25]. For the proton quasi-
particle energies, occupation probabilities, boson-fermion
interaction strengths for protons 
π

0 ,
π
0 , Aπ

0 , the parameter η

in the quadrupole operator, the proton pair-breaking interaction
U2, and the strength of the residual interaction between
unpaired protons Vδππ ′ , we take the same values as in the
calculation for 135Nd. For protons, the only difference is in
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the value χ in the quadrupole operator of the dynamical
interaction. We take χ = −0.1, which is consistent with the
change of the sign of χ at N = 78. From the BCS calculation
with neutron single-particle energies from Refs. [22,24]
for the N = 50–82 shell and from this article for the N =
82–126 shell (0.05, 0.71, 2.24, 2.81, 1.75, 7.60, 9.30, and
9.40 MeV, for νd5/2, νg7/2, νs1/2, νd3/2, νh11/2, νf7/2, νp3/2,
and νh9/2), with the pairing strength G = 26/A MeV,
we take the neutron quasiparticle energies and occupation
probabilities: ε(νh11/2) = 1.63 MeV, ε(νf7/2) = 4.91 MeV,
ε(νp3/2) = 6.57 MeV, υ2(νh11/2) = 0.84, υ2(νf7/2) = 0.02,
and υ2(νp3/2) = 0.01. For the boson-fermion interaction
strengths for neutrons, in the space of one-quasiparticle
configurations, we take the values from Ref. [24]: 
ν

0 =
0.3,
ν

0 = 0, Aν
0 = 0 (all values in MeV). The parameters

χ = −0.6 and η = −0.35 in the quadrupole operator of the
dynamical boson-fermion interaction for odd neutrons are the
same as in the calculation for 135Nd. The residual proton-
neutron interaction does not influence the structure of possible
twin bands (due to their high spins) but shifts their excitation
energies with respect to the ground-state band. In this case, it
is taken as the volume δ-interaction Vπν = 4π Vδ δ(rπ − rν)
with the strength Vδ = −70.0 MeV.

The adopted set of IBFM parameters is consistent with
parametrizations of 137Nd neighbors. Reasonable changes
of these parameters do not change the structure of possible
high-spin νh11/2(πh11/2)2 twin bands. It depends mainly
on the boson-fermion interaction strengths for neutrons in
the space of three-quasiparticle configurations. A structure,
closest to the observed, is obtained for 
ν

0 = 0.4,
ν
0 = 1.0,

and Aν
0 = 0.08 (all values in MeV). These values are similar

to those in 135Nd, with 
ν
0, as expected, being smaller. In the

calculation of B(E2) and B(M1) values, we use the effective
charges and gyromagnetic ratios: eπ = 1.0, eν = 0.5, evib =
1.0, χ = −0.35, η = −0.35, gπ

l = 1, gπ
s = 0.9gπ,free

s =
5.027, gν

l = 0, gν
s = 0.3gν,free

s = −1.148, and gR = 0.2.
The calculations have shown that in this case the possible
choices of effective charges and gyromagnetic ratios strongly
influence the magnitude of B(E2) and B(M1) values, but do
not change significantly the slopes of the B(E2) vs spin and
B(M1) vs spin curves or the relative relations of B(E2) and
B(M1) values of transitions in bands A and B. We notice that
χ in the E2 operator, as well as in the quadrupole operator for
the effective deformation, is the mean value of the proton and
neutron χ .

The comparison of calculated and observed twin bands
in 137Nd is not simple, because both bands are crossed by
other bands in the region of interest, band A at spin 37/2 and
band B at spin 43/2. In the signature S(I ) = [E(I ) − E(I −
1)]/2I vs spin plot (Fig. 8), we present the signature up to
the highest observed state (after the crossing). The theoretical
values would correspond to ideal bands in 137Nd that are not
crossed by other, probably four-quasiparticle, bands. Because
of the truncation of the boson basis, the calculated band B
is presented up to spin 45/2. The calculated staggering in
both bands attains a smooth behavior almost without a spin
dependence, indicating that the chiral interpretation is not
excluded. The comparisons of the calculated ζ, ψ, ξ, and
σ distributions for the I = 39/2 yrast and yrare states in
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FIG. 10. (Color online) Calculated (THE) B(E2) and B(M1)
values for transitions in the yrast band A and side band B in
137Nd. (a) B(E2) values. (b) B(M1) values for �I = 1 transitions.
For comparison, the experimental (EXP) values in 139Sm are also
shown.

137Nd, with the distributions in 135Nd (Figs. 3 and 4), also
show no significant differences. The yrare states show more
axial components, but still far less than in 134Pr, leaving the
chiral interpretation possible. The distributions of β and γ

deformation parameters (Fig. 9) make the chiral interpretation
questionable. Shape fluctuations in band B are far more
pronounced than in band A. The fluctuations are not reduced
for higher spins. On the contrary, in band B the shape
fluctuations are enhanced for higher spins, and besides triaxial
slightly prolate components, oblate components appear in the
distribution. As IBM/IBFM in the version with one type of
bosons cannot generate very realistic triaxial minima, it is
reasonable to expect that a more realistic potential would
generate more oblate components in band B at lower spins,
leading to the conclusion that in N = 77 nuclei the structure
of twin bands is more determined by shape fluctuations
and prolate-oblate coexistence than by chirality. Preliminary
results on the N = 77 135Ce nucleus show the existence of
a twin band structure similar to that in 137Nd [26]. The fact
that in 135Ce, states of band B are lower in excitation energy
than the corresponding states of the same spin in band A, even
at relatively low spin, could be an argument in favor of this
conclusion.

The calculated B(E2) and B(M1) values (Fig. 10) are
compared with experimental data in 139Sm, the only N = 77
nucleus for which data is available [27]. The calculated B(M1)
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vs spin curve is steeper than for 135Nd, with B(M1) values
being bigger in band B than in band A at moderate spins. A
steep decrease of B(M1) values is observed in 139Sm, and
preliminary data for 135Ce [26] indicate that B(M1) values
for interband transition deexciting states in band B are rather
big at moderate spins. The calculated B(E2) values are by a
factor of 2 bigger in band A than in band B, in agreement
with results of the analysis of shape fluctuations that point
to different deformations in the partner bands. Preliminary
data for 135Ce [26] indicate small B(E2) values in band B.
The calculated values are consistent with experimental data in
137Nd [24] and 139Sm [22], where E2 transitions have not been
observed in band B.

A strong exchange interaction is not the characteristic of
only a certain type of nuclei. It is important in deformed,
transitional, and spherical nuclei. In axially deformed nuclei, it
can be the dominant part of the boson-fermion interaction. The
fact that it could be strong in such nuclei as 137Nd and 139Sm
points to the possible strong correlation between the exchange
interaction and the triaxiality. Intuitively, the triaxiality brings
the orbitals split away by the quadrupole deformation closer
and favors the exchange between the odd neutron and the rest
of the valence neutrons. Since these nuclei are not rigid but γ -
soft, the coupling of odd fermions to shape degrees of freedom
is the dominant mechanism, leading to a chirality of dynamical
origin. In odd-mass nuclei, the conditions for chirality are more
favorable than in odd-odd, because the two-particle angular
momentum is longer than the one-particle angular momentum
in odd-odd nuclei. When the exchange interaction is too strong,
the soft potential allows the coupling of odd fermions to other
higher lying core structures, increasing the shape fluctuations.
The deformation of the two partner bands is different, most of
the signatures of chirality are washed away, and the vicinity
of the excitation energies of the two bands remains the only
fingerprint of chirality.

V. CONCLUSIONS

Theoretical investigation of the 135Nd nucleus in the
framework of the interacting boson-fermion model has shown
that a pair of three-quasiparticle bands can be interpreted as
twin chiral bands based on the νh11/2(πh11/2)2 configuration,
as was recently shown in the TAC/RPA approach [5]. The
formation of the chiral pattern, in this odd-A nucleus with a
γ -soft core, is possible in IBFM, however, only if the boson-
fermion exchange interaction is strong. Since the occupation
probability of the odd proton υ2(πh11/2) = 0.09 is very
low, the effect of the boson-fermion exchange interaction
for the odd proton is small. But the occupation probability
υ2(νh11/2) = 0.62 for the odd neutron is of the order where the
effect of the boson-fermion exchange interaction for the odd
neutron is maximal. Calculations show that this interaction,
which is a result of the antisymmetrization of odd neutrons
with the neutron structure of the bosons, plays the dominant
role in the formation of the chiral pattern. The experimentally
observed decay properties of the chiral-candidate bands can
be theoretically reproduced only when the strength of the
exchange interaction for odd neutrons is strong but limited
to a certain interval. The strength of the interaction for
three-quasiparticle chiral states has to be stronger than for
one-quasiparticle states. The theoretical investigation of 137Nd
within IBFM reveals the rather reduced chiral character of the
twin bands, which can have a structure determined by shape
fluctuations and prolate-oblate coexistence. The dominant role
of the exchange interaction, i.e., of the antisymmetrization of
odd fermions with the fermion structure of the bosons, in
the formation of different types of chiral patterns has also
been observed in odd-odd nuclei [20]. The mechanism that,
in the IBFM/IBFFM framework, connects chirality and the
Pauli principle is an open question, both on the microscopic
and algebraic level. It is possible that is due to some
symmetry.
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