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Lieb-Liniger gas in a constant-force potential
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We use Gaudin’s Fermi-Bose mapping operator to calculate exact solutions for the Lieb-Liniger model in a
linear (constant-force) potential (the constructed exact stationary solutions are referred to as the Lieb-Liniger-Airy
wave functions). The ground-state properties of the gas in the wedgelike trapping potential are calculated in the
strongly interacting regime by using Girardeau’s Fermi-Bose mapping and the pseudopotential approach in the
1/c approximation (c denotes the strength of the interaction). We point out that quantum dynamics of Lieb-Liniger
wave packets in the linear potential can be calculated by employing an N-dimensional Fourier transform as in

the case of free expansion.

DOI: 10.1103/PhysRevA.82.023606

I. INTRODUCTION

One-dimensional (1D) Bose gases hold great potential
for studying the physics of interacting quantum many-body
systems. In recent years, a growing interest in studies of
theoretical 1D models, first introduced by Lieb and Liniger [1]
and Girardeau [2], has largely been inspired by experimental
progress in realizing these models with ultracold atomic
gases [3-7]. In experiments, an effectively one-dimensional
system is achieved in elongated and transversely tight atomic
wave guides, loaded with ultracold atoms, where transverse
excitations are strongly suppressed [3—7]. These atomic gases
are well described by the Lieb-Liniger model [1]—a system
of identical Bose particles in 1D which interact via §-function
interactions of strength c. In the limit of infinite interaction
strength (¢ — o0), the Bose particles can be described by
the Tonks-Girardeau model [2], describing an “impenetrable”
Bose gas. This regime occurs when effective interactions
are strong, whereas temperatures and linear densities are
low [8-10]. In passing, we note that the Lieb-Liniger model
can also be realized in the field of quantum optics [11].
An ubiquitous part of the ultracold atomic experiments is
the gravitational force, which can be nullified in a precise
experiment, where 1D atomic wave guides are horizontal.
However, to the best of our knowledge, exact solutions for
the Lieb-Liniger gas (consisting of an arbitrary number of
particles) in the presence of a constant external force have not
been constructed yet.

An important breakthrough in the context of interacting
Bose gases was achieved in 1963 when Lieb and Liniger
found exact eigenstates for a 1D Bose gas with §-function
(repulsive) interactions of arbitrary strength ¢ [1]. The un-
derlying structure of the eigenstates reveals the Bethe ansatz,
and each eigenstate is determined by a set of N quasimomenta,
where N denotes the number of particles. If the quasimomenta
obey a particular set of transcendental equations [1], the
wave functions will obey periodic boundary conditions. This
breakthrough was followed by studies of the model with
attractive interactions [12]. A superposition of Lieb-Liniger
eigenstates, where again quasimomenta obey a particular set of
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transcendental equations, can be used to construct the ground
state in an infinitely deep box [13]. More recent studies of the
Lieb-Liniger model (e.g., [14-21]) are mainly motivated by
the growing experimental progress [3—7]. It should be noted
that all of the aforementioned studies focus on a system where
an external potential is zero in a given region of the x space,
and boundary conditions are imposed on the wave function
at the border(s) of this region (e.g., periodic [1], semi-infinite
line [13], and infinitely deep box [13]). For other external
potentials, there are studies of few-body systems [22,23]. Exact
solutions were presented for N = 2 particles in a harmonic
trap in Ref. [23]; solutions for N = 2 and N = 3 particles in
a linear potential were presented in [22].

One approach in attempting to broaden the set of known
exact solutions is by using Gaudin’s Fermi-Bose mapping
operator (call it O.) [24], which is applicable also to find
time-dependent Lieb-Liniger wave functions [24-28]. In the
limit of the Tonks-Girardeau gas ¢ — oo, the Fermi-Bose
mapping (which was discovered in 1960 [2]) can be utilized in
any external potential [2] and for time-dependent problems
[29] (for a review, see also [30]). For the finite coupling
Lieb-Liniger gas (c finite), the method of Gaudin has been
shown to be valid in the absence of any external potential
(i.e., on an infinite line [25]), and has been used to study free
expansion from localized initial conditions [26,27]; in this case
the time-dependent wave function can be calculated via an
N-dimensional Fourier transform. Interestingly, such a trans-
form can be also utilized for a Lieb-Liniger gas reflecting from
the wall [31]. However, Gaudin’s method (at least in its current
form) is not applicable to find eigenstates of a Lieb-Liniger
gas in generic trapping potentials V (x) (such as the harmonic
oscillator); technically, this arises because the differential
operator O, does not generally commute with such potentials.

Here, we study the Lieb-Liniger model in the constant-force
(linear) potential. Exact stationary solutions for this system are
constructed (we call these wave functions the Lieb-Liniger-
Airy states) by employing Gaudin’s operator O,. The construc-
tion is enabled by the fact that this operator commutes with the
linear (constant-force) potential. We calculate the ground-state
properties of the Lieb-Liniger gas in the wedgelike potential
[V(x) =ax for x >0 (o > 0), and oo otherwise] in the
strongly interacting regime. This is achieved in the Tonks-
Girardeau regime and below that regime in 1/c approximation
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by employing the pseudopotential approach [32]. Finally, we
point out that the time-dependent Lieb-Liniger wave packets
in the linear potential can be calculated via an N-dimensional
Fourier transform.

II. LIEB-LINIGER-AIRY STATES

The Lieb-Liniger model describes N identical bosons in one
spatial dimension which interact via (delta-function) contact
potential [1]. In this section we consider this system placed in a
linear external potential. The stationary Schrodinger equation
for the many-body wave function ¥g(xy,...,xy) in such a
system is

N 32
Eth:—Z 31//23+ Z 2¢8(x; —xj))¥p

i=1 i 1<i<j<N

N
+Otzxi1/f3, (1)

where ¢ > 0 denotes the strength of the interaction, and & > 0
is the constant external force. Solutions of Eq. (1) for a single
particle (N = 1) are the Airy functions. For this reason, in
what follows, we will call the solutions of Eq. (1) for N > 1
the Lieb-Liniger-Airy (LLA) states (we are interested only
in those solutions which decay to zero when x — o0). The
constant force in ultracold atomic experiments can arise from
the gravity force (e.g., if the one-dimensional atomic wave
guides are tilted with respect to gravity).

In what follows, we will demonstrate that LLLA states can
be constructed via Gaudin’s Fermi-Bose transformation [24].
Because of the bosonic symmetry of the wave functions, one
can consider only the fundamental permutation sector of the
coordinate space R : x| < xp < --- < xy. Within this sector,
the Schrodinger equation (1) reads

Ew=—§:2?+u2yw3 @)
i=1 i

The interaction term is taken into account as a boundary
condition (the so-called cusp condition), which is imposed
upon ¥ at the borders of R; (i.e., when two particles touch

[1]):
. < o _ i)
c \0xj11  0Ox;

Equation (2) holds in all other permutation sectors, whereas
the interaction cusp (3) can be re-expressed on the borders of
other sectors as well. To construct the LLA states we utilize
Gaudin’s Fermi-Bose mapping operator [24],

1/ 0 0
1_[ [sgn(x] X))+ — <£ - a)} ) 4
j i

I<i<j<N

Vg =0. 3)

Xjp1=X;

0. =

which acts upon an antisymmetric (fermionic) wave function
¥ . The wave function ¥ must obey the Schrodinger equation
for noninteracting spinless fermions in the linear potential:

N

Eun — PYr
Vr=—Y —5 +ay xyr. ®)
i=1

= 0x;
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The wave function ¥z can be written in the form of Slater
determinant with Airy functions as entries:

1
W l(%etl Al(a 3Xj —
where E = YN | E;.

The LLA states [i.e., solutions of the Schrédinger Eq. (2),
together with the cusp condition (3)], are given by

Vg =N.OVr, (7)

where N, is the normalization constant. It is known that all
wave functions of the form (7) obey the cusp conditions
throughout the configuration space [24-26]. To show that
¥ is also a solution of Eq. (2), it is sufficient to prove that
the f0110w1ng commutators are zero: [y, 82/dx? ,0.] = 0and
D xl,Oc] = 0; this is sufficient because ¥ obeys Eq. (5).
The first commutator is trivially satisfied, and therefore we are
left to verify that

0\2

Yp=a" a3 E), (6)

|:Z Xi, OAC:| =0. (8)

As a first step, we restrict ourselves to the case of two particles,
N = 2. By using [x;,0/0x;] = —§;;, we have

1/9d 9
|:x1 + x2,8gn(x2 — x1) + s (— — —>i|

1 0 1 0 ©)
=—|x,—|——|x;,— | =0.
c z 0x7 c : dxy

Now we generalize this for any number of particles N. Let us
write the differential operator as O, = =[l«- <N B; .j» where

B, = | sgn(x; —x,)+1 i—i . (10)
i J ij axi

A general expression, [V, I—[,:1 W) = Zlﬁil Wy Wil
[V,W,]Wl+1~-~WM, valid for operators V oand W, | =
1,...,M, enables us to write the required commutator for
the case of N particles:

o]
k i<j

Z BNfl,N ce |:Zxkaéi,j:| e '31,2- (11)
k

Now Eq. (8) follows immediately because for any B; j we
have [>°, xk,éi,j] = [x; +xj,1§,-,j] = 0, as is verified for the
N = 2 case. This completes the proof that the wave function
Y . defined in (7) is a solution of Eq. (1).

In this section we have found exact closed form solutions
of Eq. (1). We point out that the eigenstates (7) with total
energy E are degenerate, because the choice of single particle
energies E; for which E = ZI]V:I E; is not unique. By
superposition of degenerate eigenstates (7), one can construct
eigenstates which are of different mathematical form. In [22]
the authors study Eq. (1) for N = 2 and N = 3 particles. They
constructed solutions by introducing a new set of coordinates
and separating Eq. (1). For N = 2 they separate the center of
mass and relative motion. Their solution for a given energy can
be written as a superposition of eigenstates (7). For N = 3 the
procedure in [22] becomes more cumbersome, which clearly
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points out the advantage of using Fermi-Bose transformation
for solving Eq. (1).

III. THE LIEB-LINIGER GAS IN A WEDGELIKE
POTENTIAL: STRONGLY INTERACTING LIMIT

In this section, we consider the Lieb-Liniger gas in the
wedgelike potential defined as

x if x>0
V(x):{ (12)

oo if x <O.

For simplicity, we have fixed the value of the constant force to
a = 1. Solutions for any other value can be obtained by simple
rescaling: x — o!3x and E — a=?°E.

In order to find the ground state in such a potential, one
should find solutions of Egs. (2) and (3) (assuming we work
in the fundamental sector R;), together with the following
boundary condition: ¥z (x; = 0,x;,...,xy) = 0. The first
idea that may come to mind in attempting to find such a ground
state is to utilize Eq. (7) as an ansatz, since it apparently
obeys (2) and (3), and try to adjust the N free parameters
E; such that Y5 .(x; = 0,x;,...,xy) = 0. Namely, such a
procedure leads to the solutions for the ground states of a
Lieb-Liniger gas on the ring [ 1], where instead of the ansatz (7)
with Airy functions, one utilizes an ansatz with plane waves,
Vp.e =N.O, detyy ;_; e (e.g., see [33]), and instead of
E;, one adjusts the quasimomenta k; (which have to obey
Bethe’s equations) to acquire the proper boundary conditions.
However, for this wedgelike potential such a line of reasoning
fails. Mathematically, this occurs because the first derivative
of the Airy function is not simply related to the Airy function
itself (whereas a derivative of a plane wave is proportional to
the plane wave itself).

Nevertheless, we can find solutions in the form (7) in
the Tonks-Girardeau limit (¢ — 00), and we can utilize
some form of 1/c approximation to find deviations from
the Tonks-Girardeau ground state for large but finite c. The
Tonks-Girardeau ground state is constructed by symmetrizing
the Slater determinant of N lowest single-particle eigenstates

[2]:

1 N
Y16 = Miepmsgn(x, — Xk)—' i(}itl @i (x;), (13)

VN!

where

Ai(x — E;)

) = —r (14)

The single-particle energies E; are such that Ai(—E;) =0
[i.e., $:(0) = 0], and the eigenstates form an orthonormal set:
fooo ¢ (x)p;j(x)dx = §; ;. The ground-state energy is simply
Erg = Z,N: , Ei. As an illustration, in Fig. 1 we display the
single-particle density for the Tonks-Girardeau ground state
(dashed blue line) comprising N = 10 particles.

An approximative perturbative approach for calculating the
properties of a Lieb-Liniger gas in the strongly interacting
regime has been suggested by Sen [32]. It can be shown that

PHYSICAL REVIEW A 82, 023606 (2010)

FIG. 1. (Color online) The single-particle density pp .(x) (solid
black line) of N = 10 Lieb-Liniger bosons in a wedgelike potential
(c =40, o = 1). Dashed blue line shows the density in the Tonks-
Girardeau limit.

the perturbation around ¢ = oo (the Tonks-Girardeau limit) is
correctly described by a pseudopotential [32]:

N 4
Vop = —;Za”(x,- —x)), (15)
<j
that is, the pseudopotential (15) is utilized as a small pertur-
bation around the Tonks-Girardeau ground state (unperturbed
state) for large c. It gives the correct first-order correction
to the ground-state energy and wave function when plugged
into the standard perturbation expressions with 1/c as a small
parameter.
In the 1/c approximation, the ground-state energy of the

Lieb-Liniger system is

Ep. = Etc + (¥16] Vipl¥1G)
1
=Erg—-N(N —1). (16)
C

Result (16) is obtained by a direct calculation of the expectation
value of the pseudopotential Vpp for the Tonks-Girardeau
ground state. Such matrix elements are readily evaluated by
using Slater-Condon rules:

(1//TG| Vpp | K”TG>
d2

4 oo * *
=z Z/o dx {d’i (x)¢i(x)d_yz[¢j(y)¢j(y)]y:x

i<j
d2
- ¢i*(x)¢j(x)d_y2[¢7(y)¢i()’)]y=x} : a7

We have verified (16) numerically (by employing MATHE-
MATICA) up to N = 20 particles, and we conjecture that the
expression is valid for any number of particles trapped by the
potential (12).

To firstorder in 1/c, the Lieb-Liniger wave function is given
by [32]

(vra" | Vepl¥rra)

(m3n)
14
En - Em e

Vee XY+ Y
n<N,m>N
(m,m"sn,n') | ¥y
(an(q}m b ivppleG) (m,m’";n,n’) (18)
En + En’ - Em - Em/ e '

p>

n<n'<N
m'>m>N

where 1//%"(’;") labels an excited Tonks-Girardeau state; this
state is obtained from the ground state yrrg by replacing the
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single-particle state ¢,, where n < N, with the single-
particle state ¢, of higher energy, m > N > n. Analogously,
Y 1) 1abels two-particle excitation of the TG gas state.
The expression for the single-particle density pp .(x) =
N f dxy--- de|1pB,C|2 can be calculated straightforwardly by
employing the wave function from Eq. (18), by keeping the
terms up to 1/c:

pr()+N Y

n<N,m>N

P (6) ~ (WM

E, — E,,

X /dxz -dxy Prgye™ + c.c.)

(m n)

= dn()Pu(x).  (19)

1
NPTG(X)+; Z En—E

n<N,m>N

Here, the matrix element Vp(l')”;”) = — (m n)| e j 8" (x; —
xj)|rrg) of the single-particle excitatlon from theleveln < N
with energy E,, to the level m > N with energy E,, is given
by

Vo) = —8 Z / dx{ m(x)@(x) [¢ DG (N]y=s
i=l,i#n

- ¢,’;(x)¢l(X)—[</> (N (¥)]y x} . (20)

In Fig. 1 we illustrate the single-particle density pp .(x) in
1/c approximation (solid black line), which is obtained by
using Eq. (19) for N = 10 and ¢ = 40. It should be mentioned
that the two-particle excitations [second sum in Eq. (18)] do
not yield any contribution to the first-order single particle
density pp (x), due to the vanishing of the overlap of the
wave functions in calculation of the density (in the same
way as demonstrated for the case of bosons confined in an
infinitely deep box [32]). In our calculation of the density
pB.c via (19), we have included only a finite number of terms,
where the cutoff is chosen to be sufficiently large, such that
the contribution of the remaining terms is negligible [for the
calculation illustrated in Fig. 1, we kept 150 terms in Eq. (19)
with the highest contribution].

IV. EXACT QUANTUM DYNAMICS VIA
A FOURIER TRANSFORM

In this section we discuss the time-dependent solutions
of the Lieb-Liniger system in a linear potential. Before
proceeding, we note that dynamics in the strongly interacting
regime (i.e., dynamics of a Tonks-Girardeau gas in a linear
potential) was studied in Ref. [34]. Here, we assume that
the bosons are initially localized by some external trapping
potential. At time ¢ = 0, this potential is suddenly turned off,
and bosons are released to evolve in the linear potential. This
problem can be related to free expansion of the Lieb-Liniger
wave packet by simple rescaling of the coordinates. If the wave
function Ve (x1, - .. ,Xn,t) Obeys the equation,

9 9
e > aﬁf‘% > 208 —x Wi @)

i=1 I<i<j<N
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(i.e., Ve describes free expansion [26,27]), then the wave
function,

wB,C(xls .o a-stt)

. N
= e_lmZ[:](x'+atz/3)1//free(xl + C”z, XN+ C{l‘z,t) (22)

is the solution of the time-dependent problem in the constant-
force potential,

31/136

_ _ Z 22 WB° + Z 2¢8(x; —xj)Y¥p,c

1<i<j<N
+o inWB.c- (23)
i=l1

The initial conditions coincide (i.e., at # = 0 we have Y¥p . =
Ytree)- Note that the phase factor in Eq. (22) accounts for
the momentum per particle oz, which is acquired in time in
the field of constant force « (in units used here, m = 1/2, and
therefore the classical acceleration is 2«). Transformation (22)
can be verified by direct substitution in Eq. (23), from which it
becomes evident that it is valid for any two-particle interaction
V(x; — x;). Namely, transformation x; — x; + at? does not
affect the two-particle interaction term V(x; — x;) [in fact,
because of this, Eq. (22) can be deduced from the well-
known solution for a single-particle wave packet in a linear
potential].

It is known that freely expanding Lieb-Liniger wave
packets can be calculated by solving an N-dimensional
Fourier transform [26]:

1pfree(xla v
= /dkl e dky Gk, ... k) € T EERD o (0g)

JXN,T)

We note that the function G is not the Fourier transform of the
wave function Y. because it depends on the coordinates x;
through the sgn(x; — x;) terms (see Refs. [26,27] for details),
that is, it differs from one permutation sector in x space to the
next. Nevertheless, by calculating the integral in Eq. (24) in
one sector (say R;), we obtain Y. in that sector, which is
sufficient due to bosonic symmetry. The function G contains
all information on initial conditions and it can be expressed
in terms of the projections of the initial wave function on the
Lieb-Liniger free space eigenstates (e.g., see Refs. [26,27]).
By using Eqgs. (24) and (22) we can express ¥p . in terms of
an N-dimensional Fourier transform:

JXN,T)

¥p.(x1, ...
=fdk1-~-deG(kl,...,kN)
N PPN I A
X exp {i ; |:(ki —at)x; + Wi”. (25)

We would like to note that result (25) can be obtained
by straightforward use of Fermi-Bose transformation. The
time-dependent wave function 1/ which describes the system
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of N noninteracting fermions in a linear potential V(x) = ax
can be written via its Airy transform:

I/IF(.X'],...,)CN,I) = /dEl "'dENIpF(Elv-"sEN)

N
% oIt S Ei [ [ A« (@x; — E).
i=1

(26)

Here, ¥ p(E,..
conditions,

.,Ey) contains information on initial

: 1"
BrEr o B = (i) [ diprto, w0

N
x HAi(a‘2/3(axi — E)). 27
i=1

By using the well-known relation between the Airy and
Fourier transform 7 [35],

l:DF(Ef‘ls"-7EjN)
1Y 7 iYN (GE—k3)3
= <Tﬁ> /dkl o dky @ TG EK D)/ - (0g)
TE
0.6f =0 (a)
—t=1
= t=2
204
=
0.2
ST
0.6l =0 (b)
—t=1
= t=2
204
=
02 ... [
=% —0 o
o6l t=0 (c)
—t=1
= t=2
= 0.4
a
0.2
%0 —10 o

FIG. 2. (Color online) Evolution of N = 3 Lieb-Liniger bosons
in the linear potential ax (o = 3) from the ground state of a box
with infinitely high walls. Single-particle density in time for various
interaction strengths c: (a) ¢ = 0.25, (b) ¢ = 3, and (c) ¢ = 10. Red
dotted lines are for ¢+ = 0, solid black lines are for # = 1, and blue
dashed lines are for t = 2.

PHYSICAL REVIEW A 82, 023606 (2010)

we find
YE(Xy, ... ,XN,1) :/dk] . 'de&F CXp{l I:(kl — at)x;
i=1
(ki —at)® =k}
+ — |7 29)
3a

The time-dependent solution of the Lieb-Liniger model [i.e.,
Eq. (25)] can now be found directly from the expression above
by applying the Fermi-Bose transformation operator O, onto
Eq. (29).

Our discussion in this section adds upon the previous studies
of Lieb-Liniger wave-packet dynamics on an infinite line
[24-27], and in the presence of the hard-wall potential [31]; in
all these cases the motion of an interacting Lieb-Liniger wave
packet can be calculated by using an N-dimensional Fourier
transform.

In order to illustrate the connection between (21) and (22),
we present the following numerical example. The system of
three Lieb-Liniger bosons are trapped in the ground state of
an infinitely deep box of length L = r; at t = 0, the trap
is turned off and the bosons start to experience the constant
force o = 3. The exact initial wave function is constructed
as a superposition of free space eigenstates [13]. From this
state we can find the function G(ky,...,ky) which keeps
all information on initial conditions [26,27]. By numerically
calculating the integral in (25), we obtain the time-dependent
wave function ¥ (x1, ...,xy,t) describing the system. Here,

1.2 t=0
—t=1
=0.8 t=2
X
=
0.4
0 5
1.21 () t=0
—t=1
t=2
5
12 (c) t:O
—t=1
=0.8 t=2
X
<
0.4
0—10 5

FIG. 3. (Color online) Evolution of the momentum distribution.
The colors and lines for different ¢ and ¢ are identical as in
Fig. 2.
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we plot two relevant physical quantities, the single-particle
density, pg (x,t) = N [dxs - dxy|¥p(x, ... xy,0)% and
the momentum distribution n(k,?) (density in k space).

From Eq. (22) it follows that the density in coordinate space
will be the same as in the case of free expansion (« = 0),
with mere translation of the coordinates [pp  (X,t) = Pfrec(x +
at?,1)]. The momentum distribution will be equivalent also up
to the simple transformation k — k — «¢. The density profile
and momentum distribution of the wave packet are plotted
in Figs. 2 and 3, respectively, for three various interaction
strengths c¢: (a) ¢ = 0.25, (b) ¢ = 3, and (c) ¢ = 10. Starting
from t = 0, the wave packet evolves to the left in x space
with the center of mass motion a2, while at the same time
it spreads in width independently. For large c, the spread is
more pronounced, as can also be conjectured from the initial
momentum distribution. For very large c, the wave packet will
asymptotically experience fermionization of the momentum
distribution [36,37].

V. CONCLUSION

We have studied the Lieb-Liniger model in the constant-
force (linear) potential. Exact stationary solutions for this

PHYSICAL REVIEW A 82, 023606 (2010)

system, referred to as the Lieb-Liniger-Airy states, were
constructed by employing Gaudin’s Fermi-Bose mapping
operator O,. This was enabled by the fact that the operator
commutes with the linear potential: [OC, 3 jox i1=0. We
have calculated the ground-state properties of the Lieb-Liniger
gas, in the strongly interacting regime, in the wedgelike
potential: V(x) = ax for x > 0 (¢ > 0), and V(x) = oo for
x < 0. This was achieved in the Tonks-Girardeau regime
and in 1/c approximation by employing the pseudopotential
approach [32]. Finally, we have pointed out that the time-
dependent Lieb-Liniger wave packets in the linear poten-
tial can be found by employing an N-dimensional Fourier
transform.

ACKNOWLEDGMENTS

The authors are grateful to Vladimir Gritsev for pointing
out to them Ref. [22]. We acknowledge useful discussion with
Thomas Gasenzer. This work is supported by the Croatian
Ministry of Science (Grant No. 119-0000000-1015), the
Croatian National Foundation for Science, and the Croatian-
Israeli project cooperation.

[1] E. Lieb and W. Liniger, Phys. Rev. 130, 1605 (1963); E. Lieb,
ibid. 130, 1616 (1963).

[2] M. Girardeau, J. Math. Phys. 1, 516 (1960).

[3] E. Schreck, L. Khaykovich, K. L. Corwin, G. Ferrari, T. Bourdel,
J. Cubizolles, and C. Salomon, Phys. Rev. Lett. 87, 080403
(2001); A. Gorlitz et al., ibid. 87, 130402 (2001); M. Greiner,
L. Bloch, O. Mandel, T. W. Hinsch, and T. Esslinger, ibid. 87,
160405 (2001); H. Moritz, T. Stoferle, M. Kohl, and T. Esslinger,
ibid. 91, 250402 (2003); B. Laburthe Tolra, K. M. O’Hara,
J. H. Huckans, W. D. Phillips, S. L. Rolston, and J. V. Porto,
ibid. 92, 190401 (2004); T. Stoferle, H. Moritz, C. Schori,
M. Kohl, and T. Esslinger, ibid. 92, 130403 (2004).

[4] T. Kinoshita, T. Wenger, and D. S. Weiss, Science 305, 1125
(2004); B. Paredes, A. Widera, V. Murg, O. Mandel, S. Folling,
I. Cirac, G. V. Shlyapnikov, T. W. Hénsch, and I. Bloch, Nature
(London) 429, 277 (2004).

[5] T. Kinoshita, T. Wenger, and D. S. Weiss, Nature (London) 440,
900 (2006).

[6] S. Hofferberth, I. Lesanovsky, B. Fischer, T. Schumm, and
J. Schmiedmayer, Nature 449, 324 (2007).

[71 A. H. van Amerongen, J. J. P. van Es, P. Wicke, K. V.
Kheruntsyan, and N. J. van Druten, Phys. Rev. Lett. 100, 090402
(2008).

[8] M. Olshanii, Phys. Rev. Lett. 81, 938 (1998).

[9] D. S. Petrov, G. V. Shlyapnikov, and J. T. M. Walraven, Phys.
Rev. Lett. 85, 3745 (2000).

[10] V. Dunjko, V. Lorent, and M. Olshanii, Phys. Rev. Lett. 86, 5413
(2001).

[11] D. E. Chang, V. Gritsev, G. Morigi, V. Vuleti¢, M. D. Lukin, and
E. A. Demler, Nature Physics 4, 884 (2008).

[12] J. B. McGuire, J. Math. Phys. 5, 622 (1964).

[13] M. Gaudin, Phys. Rev. A 4, 386 (1971).

[14]J. G. Muga and R. F. Snider, Phys. Rev. A 57, 3317
(1998).

[15] K. Sakmann, A. I. Streltsov, O. E. Alon, and L. S. Cederbaum,
Phys. Rev. A 72, 033613 (2005).

[16] M. T. Batchelor, X.-W. Guan, N. Oelkers, and C. Lee, J. Phys.
A 38, 7787 (2005).

[17] P.J. Forrester, N. E. Frankel, and M. 1. Makin, Phys. Rev. A 74,
043614 (2000).

[18] Y. Hao, Y. Zhang, J. Q. Liang, and S. Chen, Phys. Rev. A 73,
063617 (2006).

[19] A. G. Sykes, P. D. Drummond, and M. J. Davis, Phys. Rev. A
76, 063620 (2007).

[20] R. Kanamoto, L. D. Carr, and M. Ueda, Phys. Rev. A 81, 023625
(2010); 81, 049903(E) (2010).

[21] V. Gritsev, T. Rostunov, and E. Demler, J. Stat. Mech. (2010)
P05012.

[22] S. Sen and A. R. Chowdhurry, J. Phys. Soc. Jpn. 57, 1511
(1988).

[23] T. Busch, B.-G. Englert, K. Rzazewski, and M. Wilkens, Found.
Phys. 28, 549 (1998).

[24] M. Gaudin, La Fonction d’Onde de Bethe (Masson, Paris,
1983).

[25] H. Buljan, R. Pezer, and T. Gasenzer, Phys. Rev. Lett. 100,
080406 (2008); 102, 049903(E) (2009).

[26] D. Jukié, R. Pezer, T. Gasenzer, and H. Buljan, Phys. Rev. A 78,
053602 (2008).

[27] D. Jukié, B. Klajn, and H. Buljan, Phys. Rev. A 79, 033612
(2009).

[28] R. Pezer, T. Gasenzer, and H. Buljan, Phys. Rev. A 80, 053616
(2009).

[29] M. D. Girardeau and E. M. Wright, Phys. Rev. Lett. 84, 5691
(2000).

[30] V. L. Yukalov and M. D. Girardeau, Laser Phys. Lett. 2, 375
(2005).

[31] D. Juki¢ and H. Buljan, New J. Phys.
(2010).

12, 055010

023606-6


http://dx.doi.org/10.1103/PhysRev.130.1605
http://dx.doi.org/10.1103/PhysRev.130.1616
http://dx.doi.org/10.1063/1.1703687
http://dx.doi.org/10.1103/PhysRevLett.87.080403
http://dx.doi.org/10.1103/PhysRevLett.87.080403
http://dx.doi.org/10.1103/PhysRevLett.87.130402
http://dx.doi.org/10.1103/PhysRevLett.87.160405
http://dx.doi.org/10.1103/PhysRevLett.87.160405
http://dx.doi.org/10.1103/PhysRevLett.91.250402
http://dx.doi.org/10.1103/PhysRevLett.92.190401
http://dx.doi.org/10.1103/PhysRevLett.92.130403
http://dx.doi.org/10.1126/science.1100700
http://dx.doi.org/10.1126/science.1100700
http://dx.doi.org/10.1038/nature02530
http://dx.doi.org/10.1038/nature02530
http://dx.doi.org/10.1038/nature04693
http://dx.doi.org/10.1038/nature04693
http://dx.doi.org/10.1038/nature06149
http://dx.doi.org/10.1103/PhysRevLett.100.090402
http://dx.doi.org/10.1103/PhysRevLett.100.090402
http://dx.doi.org/10.1103/PhysRevLett.81.938
http://dx.doi.org/10.1103/PhysRevLett.85.3745
http://dx.doi.org/10.1103/PhysRevLett.85.3745
http://dx.doi.org/10.1103/PhysRevLett.86.5413
http://dx.doi.org/10.1103/PhysRevLett.86.5413
http://dx.doi.org/10.1038/nphys1074
http://dx.doi.org/10.1063/1.1704156
http://dx.doi.org/10.1103/PhysRevA.4.386
http://dx.doi.org/10.1103/PhysRevA.57.3317
http://dx.doi.org/10.1103/PhysRevA.57.3317
http://dx.doi.org/10.1103/PhysRevA.72.033613
http://dx.doi.org/10.1088/0305-4470/38/36/001
http://dx.doi.org/10.1088/0305-4470/38/36/001
http://dx.doi.org/10.1103/PhysRevA.74.043614
http://dx.doi.org/10.1103/PhysRevA.74.043614
http://dx.doi.org/10.1103/PhysRevA.73.063617
http://dx.doi.org/10.1103/PhysRevA.73.063617
http://dx.doi.org/10.1103/PhysRevA.76.063620
http://dx.doi.org/10.1103/PhysRevA.76.063620
http://dx.doi.org/10.1103/PhysRevA.81.023625
http://dx.doi.org/10.1103/PhysRevA.81.023625
http://dx.doi.org/10.1103/PhysRevA.81.049903
http://dx.doi.org/10.1088/1742-5468/2010/05/P05012
http://dx.doi.org/10.1088/1742-5468/2010/05/P05012
http://dx.doi.org/10.1143/JPSJ.57.1511
http://dx.doi.org/10.1143/JPSJ.57.1511
http://dx.doi.org/10.1023/A:1018705520999
http://dx.doi.org/10.1023/A:1018705520999
http://dx.doi.org/10.1103/PhysRevLett.100.080406
http://dx.doi.org/10.1103/PhysRevLett.100.080406
http://dx.doi.org/10.1103/PhysRevLett.102.049903
http://dx.doi.org/10.1103/PhysRevA.78.053602
http://dx.doi.org/10.1103/PhysRevA.78.053602
http://dx.doi.org/10.1103/PhysRevA.79.033612
http://dx.doi.org/10.1103/PhysRevA.79.033612
http://dx.doi.org/10.1103/PhysRevA.80.053616
http://dx.doi.org/10.1103/PhysRevA.80.053616
http://dx.doi.org/10.1103/PhysRevLett.84.5691
http://dx.doi.org/10.1103/PhysRevLett.84.5691
http://dx.doi.org/10.1002/lapl.200510011
http://dx.doi.org/10.1002/lapl.200510011
http://dx.doi.org/10.1088/1367-2630/12/5/055010
http://dx.doi.org/10.1088/1367-2630/12/5/055010

LIEB-LINIGER GAS IN A CONSTANT-FORCE POTENTIAL

[32] D. Sen, Int. J. Mod. Phys. A 14, 1789 (1999); J. Phys. A: Math.
Gen. 36, 7517 (2003).

[33] V. E. Korepin, N. M. Bogoliubov, and A. G. Izergin, Quantum
Inverse Scattering Method and Correlation Functions
(Cambridge University Press, Cambridge, 1993).

[34] A. del Campo and J. G. Muga, J. Phys. A: Math. Gen. 39, 5897
(2006).

023606-7

PHYSICAL REVIEW A 82, 023606 (2010)

[35] O. Vallée and M. Soares, Airy Functions and Ap-

plications to Physics (Imperial College Press, London,
2004).

[36] M. Rigol and A. Muramatsu, Phys. Rev. Lett. 94, 240403 (2005);
Mod. Phys. Lett. B 19, 861 (2005).

[37] A. Minguzzi and D. M. Gangardt, Phys. Rev. Lett. 94, 240404
(2005).


http://dx.doi.org/10.1142/S0217751X99000919
http://dx.doi.org/10.1088/0305-4470/36/27/305
http://dx.doi.org/10.1088/0305-4470/36/27/305
http://dx.doi.org/10.1088/0305-4470/39/20/017
http://dx.doi.org/10.1088/0305-4470/39/20/017
http://dx.doi.org/10.1103/PhysRevLett.94.240403
http://dx.doi.org/10.1142/S0217984905008876
http://dx.doi.org/10.1103/PhysRevLett.94.240404
http://dx.doi.org/10.1103/PhysRevLett.94.240404

