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Damping effects in doped graphene: The relaxation-time approximation
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The dynamical conductivity of interacting multiband electronic systems derived by Kupci¢ er al. [J. Phys.:
Condens. Matter 90, 145602 (2013)] is shown to be consistent with the general form of the Ward identity. Using
the semiphenomenological form of this conductivity formula, we have demonstrated that the relaxation-time
approximation can be used to describe the damping effects in weakly interacting multiband systems only if
local charge conservation in the system and gauge invariance of the response theory are properly treated. Such
a gauge-invariant response theory is illustrated on the common tight-binding model for conduction electrons in
doped graphene. The model predicts two distinctly resolved maxima in the energy-loss-function spectra. The first
one corresponds to the intraband plasmons (usually called the Dirac plasmons). On the other hand, the second
maximum (77 plasmon structure) is simply a consequence of the Van Hove singularity in the single-electron
density of states. The dc resistivity and the real part of the dynamical conductivity are found to be well described
by the relaxation-time approximation, but only in the parametric space in which the damping is dominated by
the direct scattering processes. The ballistic transport and the damping of Dirac plasmons are thus the problems

that require abandoning the relaxation-time approximation.

DOI: 10.1103/PhysRevB.90.205426

I. INTRODUCTION

Vertex corrections are the key to quantitative understanding
of both transport phenomena and low- and high-energy
electron-hole and collective excitations in solids [1,2]. Their
role becomes even more pronounced when the system under
consideration has several bands at the Fermi level and in
addition the electrical conductivity is low dimensional [3,4].
Therefore, graphene is ideally suited for studying the effects
associated with different types of vertex corrections. Graphene
is a two-dimensional material with two 7 bands in the vicinity
of the Fermi level in which the (electron or hole) doping
level can be easily tuned by the electric field effect [5-7].
There is a relatively good understanding of the single-electron
properties based on the detailed angle-resolved photoemission
spectroscopy (ARPES) investigations on pure, doped, and
even heavily doped samples. The comparison of the single-
electron Green’s functions extracted from ARPES [8] and
the electron-hole propagators extracted from resistivity and
reflectivity measurements [5—7] as well as from electron-loss
spectroscopy experiments [9,10] provides direct information
about the nature of the electron-electron interactions and about
the role of vertex corrections in different response functions.

From the theoretical standpoint, it is essential to use
response theory which treats the single-electron self-energy
contributions and the vertex corrections on the same footing.
If the relaxation processes in the system under consideration
are related predominantly to the scattering by impurities,
the standard method of impurity-averaged propagators can
be applied [1,11,12]. However, if the interactions (bare or
renormalized) are retarded, we usually end up analyzing
Bethe-Salpeter equations (or the related quantum transport
equations) in a way consistent with the Dyson equations for
electrons and phonons [13,14].
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In graphene, conduction electrons are assumed to be weakly
interacting, and, in principle, one can use the approximate
solution of the Bethe-Salpeter equations in which the electron-
hole self-energy is replaced by the memory function, or even by
the frequency-independent relaxation rate [15]. In this paper,
the quantum transport equations from Refs. [13] and [14] are
applied to doped graphene. The dispersions of the electron-
hole excitations and of the collective plasmon excitations are
calculated beyond the Dirac cone approximation [16,17]. For
the purpose of comparison with previous work, the damping
effects are introduced in a semiphenomenological way. The
vertex corrections are implicitly included through the general
Ward identity relations, which connect three types of random
phase approximation (RPA) irreducible real-time correlation
functions. These relations are interesting in themselves be-
cause they take care of both local charge conservation in
the system and gauge invariance of the response theory.
The detailed microscopic analysis of the intraband memory
function in doped graphene, which is an obvious generalization
of the intraband relaxation rate, will be given in a separate
presentation [14].

Precisely speaking, this paper is devoted to the electrody-
namic properties of weakly interacting multiband electronic
systems described by an exactly solvable bare Hamiltonian in
the case in which the Lorentz local field corrections are neg-
ligible. The Hamiltonian includes also the retarded phonon-
mediated electron-electron interactions, the nonretarded long-
range and short-range Coulomb interactions, the electron
scattering processes from static disorder, and the coupling to
external fields. We shall label the microscopic longitudinal
dielectric function by &(q,®), with the macroscopic dielectric
function being its value at q & 0. This function is given
by [13,18,19]

e(q,0) ~ 1 —v(@)x(q.0) X ex(q,0) — v(qQ)x "' (q, )

i
N E0o(@,0) + 0@ ) —qu0,}(@,0)p, M
ap
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1. KUPCIC

where the dielectric susceptibility of interest, x'"(q,w) =
¥ (q, @) + x™'(q,w), is the sum of the intraband and
interband contributions, and a;‘g(q,w) is the correspond-
ing conductivity tensor. Here, €,,(q,w) describes both the
contributions originating from the rest of the high-frequency
excitations and the local field corrections to o,3(q,).

For q not too large, the problem of calculating e(q,w)
in the gauge-invariant manner reduces to determining the
gauge-invariant form of the conductivity tensor. Therefore, the
general relations connecting the charge and current density
fluctuations and the causality principle requirement are an
essential part of a proper theoretical description of both the
low- and high-energy electrodynamic properties of such a
system, including the damping of different types of elementary
excitations. Pure and doped graphene are both very interesting
two-band examples in which £,(q,®) can be approximated
by the real constant e, at least for hAw <5 eV, and the
total Hamiltonian includes, in principle, all aforementioned
contributions [15,20].

In Sec. II we consider the total Hamiltonian in graphene
beyond the Dirac cone approximation and show all elements in
it in the representation which is commonly used in the analysis
of multiband electronic systems. In Secs. III and IV the Ward
identity relations are derived in the multiband case in which
local field effects in 0,4(q, ) are negligible. In Secs. V-VII the
results are combined with the relaxation-time approximation to
obtain a consistent description of the dynamical conductivity
and the Dirac and m plasmons in hole-doped graphene.
Section VIII contains concluding remarks.

II. HOLE-DOPED GRAPHENE

In doped graphene conduction electrons are described by
the Hamiltonian [15,20]

H = HS' + H" + H] + H} + H™. 2)

H is shown here in two representations commonly used in
multiband electronic systems, in the diagonal Bloch represen-
tation { Lk} and in the representation of the delocalized orbitals
{I{k} [13]. For example, the bare electronic contribution H, el
which represents an exactly solvable two-band tight-binding
problem, takes the form

He' =33 HY' ®)chg e = erR)ch, ko (3)

' ko Lko

Here, ¢]  and
1 ) .
T ik-R, T i
= —= Ze “Ux(L,D)c),, = Z U(L,Dch, (@)
\/ﬁ In !

are, respectively, the electron creation operators in the /th
orbital in the unit cell at the position R, and in the band
labeled by the band index L. The Uk(L,l) are the elements of
the transformation matrix which connects these two represen-
tations.

The change to the {sk} representation, which is widely
used in the literature focused on the physics of graphene, is
straightforward. The index / = A, B labels two different 2p,
orbitals on two carbon sites in the unit cell, and the band
index s = 7*,m (or s = +1, — 1) labels the corresponding
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FIG. 1. (Color online) The solid lines represent the electron
dispersions (6) along the K'-I'-K line in the Brillouin zone, for
t =2.52 eV. The dashed lines are the asymmetric dispersions
corresponding to the finite overlap integral s = 0.07 and t = 3 eV.
The diamonds are the dispersions obtained by solving the local
density approximation Kohn-Sham equations [21]. The dot-dashed
line labels the position of the Fermi level Er in a typical hole-doped
case (Er = —0.5¢eV) [5-7,15].

2 p, bands. The relevant matrix elements are Hé/ k)=¢, =0
and HP*(k) = t(k), resulting in

He'= Y Y ech, o )

s=n*,1 Ko
where
exr(K) = [t(K)|, &x(K) = —[t(K)|, (6)
t(k) = — 23:1 tj e~ i, and

kya V3kya

cos
2

The transformation matrix elements Ux(s,l) are given by
Eq. (C1).

Here, t; = t, = t3 = t are the bond energies in equilibrium,
associated with electron hopping processes from the 2p, or-
bital in question to three neighboring carbon atoms at positions
r; = (a; +a3)/3, r; = (ap — 2a;)/3, and r3 = (a; — 2a3)/3
[a; = a(1,0) and ay = a(1/ 2,43 /2) are the primitive vectors
of the Bravais lattice and a = /3acc = 2.46 A]. The electron
dispersions (6) are illustrated in Fig. 1 by the solid lines, while
the diamonds represent the dispersions from Ref. [21] obtained
by solving the ab initio local density approximation (LDA)
Kohn-Sham equations.

A more realistic tight-binding model includes the overlap
between the neighboring 2 p, orbitals, described by the overlap
parameter s, and/or the hopping between second neighbors,
described by the parameter ¢ [15,22]. In the ¢ =0 case,
the resulting electron dispersions are of the form &,«(k) =
[rdO1/[1 — (s/D)]t(K)|] and e (k) = —|t(K)[/[1 + (s /)|t (k)]
(dashed lines in the figure). The comparison with the LDA
Kohn-Sham dispersions shows that t &~ 3 eV and s ~ 0.07.
Without loss of generality, here we restrict our attention to
the s =0, t' = 0 case, with 1 ~ 2.52 eV, where all relevant

lt(k)| = t\/3 + 2coskya + 4 cos (7)

205426-2
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vertex functions in H are simple functions of the auxiliary
phase 6k (see Appendix C) and the effective-mass parameter
my, = (k2 / ta?) is equal to the free-electron mass. As seen
in the figure, these tight-binding dispersions give a reasonable
approximation for occupied electronic states in the hole-doped
case.

The coupling between conduction electrons and external
electromagnetic fields is obtained by a gauge-invariant tight-
binding minimal substitution [13,23-27]. The result is the
expression (B1) in Appendix B. However, for longitudinal
polarization of the fields, the case which is of primary interest

here, we can use the gauge E(r,r) = —9V''(r,7)/0r and write
the coupling Hamiltonian as
H™ = " V(q)p(—q), ®)
q
where
P =Y eq (KK, Crige ©)
LL ko

is the total monopole-charge density operator, consisting of the
intraband (L’ = L) and interband (L’ # L) contributions, and
k; = k+ q. The general structure of the monopole-charge
vertex functions ¢“%'(k,k, ), as well as of the corresponding
current vertex functions JZ'(k,k ), is given in Appendix B
as well. We will also see in Appendix A that there is a close
relation between these two vertex functions Eq. (A3), in which
the wave vector q can take any direction [13]. In the simplest
case, corresponding to q = q,€,, this relation reduces to

hga JEY (kky) = epp (ki K)egtt (k k), (10)

where ¢ (K ,K) = ¢1/(K') — g..(K).
Hé’ " is the bare-phonon Hamiltonian

1

h

H' =Y — o [Pl Pog + (Mywuq)ulgitng] (1)
vq

given in terms of the phonon field u,q and the conjugate field
Dvq - Here, o, is the bare-phonon frequency, v is the phonon
branch index, and M), is the corresponding effective ion mass.
The electron-phonon coupling Hamiltonian can be shown in
the following way:

H=Y Y

vLL' kq'o
uuq ZZq5L<k+,k>cL erqoCLkos (12)

LL" ko

where 1,q = \/(h/2M,w,q)(byq + b _,) and ky =k + 4.
This expression includes the scattering by acoustic and
optical phonons as well as the scattering by static disorder.
The latter scattering channel will be labeled by v = 0. For
example, to obtain the corresponding (Hl’)2 contribution
to the memory function M,(k,w) in Eq. (68), we set the
frequency woq equal to zero and replace |G5Y (kK. )|
[1 + 2" (wog)1/N by [VEE (e k) ? [VEE(k K )=[V(q)/N]
> Uk, LU +q(l ,L") is the usual parametrization of the intra-
band scattering term [20]]. The coupling between conduction

<k+,k>

T T
(bvq/ + bu—q’)cL/k+q’oCLk<T
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electrons and in-plane optical phonons in graphene is described
by ¢-%' (k,k, ), which is given by Eq. (C13) [28-30].

In the short-range part of H,, it is common to use the
intraband scattering approximation [3,4], where the scattering
processes in which electrons change band are neglected,
resulting in

1 L'L\L|L T
; 1L} i [
b= Yo DD oo @ChqoChiko CLK a0 CLko

LL'LL} KK'q o0’

Z Z LLiL L(q),@fL(—q)ﬁi/]L,'(q)' (13)

LL’LIL’ qoo’

The bare Coulomb interaction goé‘(;L/‘L"L(q) ~ e2v(q) +
81.18L,.08L,.L800'(q) is decomposed into the long-range
Coulomb term v(q) (= 27 /q) and the total intraband short-
range interaction g,,(q).

III. GENERALIZED KUBO FORMULAS

In the microscopic gauge-invariant analysis of the con-
ductivity tensor o,,(q,w) in the case in which local field
effects can be neglected, it is convenient to use the four-current
representation of the density operators J, 1.(q) and introduce the
microscopic real-time RPA irreducible 4 x 4 response tensor
by [18,23]

Vn(q.t) = —%9(r)<[fu<q,t>,fv<—q,0>]>md

= (Ju(@); J (@)™
= 0(1)V,(q,1). (14)
The density operators are given by
@@=y "> I &k)el ciniger  (15)
LL' ko
with
I &k, p=a=
eq"" (kky), p=0.

172’37
(16)

JEE e k) = i

The @ = a = x,y,z are the three current vertices and u© = O is

the monopole-charge vertex function from Eq. (9). The band
index L runs over all bands of interest.

It is customary to show the Fourier transform of 7, (q,?)

as the Fourier-Laplace transform of the response function

WViu(q,1) [18],

Vnuﬂ(q,co)zfo dt ei“”_"’\I/MM(q,t). a7

This expression can be integrated by parts with respect to time
twice, leading to
[q)/L[L (w) —

Vﬂltlt(qvw) = /4/4(0)]7 (18)

1
 (hw)?
where

(@) = ([Ju(@), H1; [T (—q), HT) (19)

The expressions (18) and (19) will be referred to as the
generalized Kubo formulas for the four-current correlation
functions 7, (q,w). Their importance is twofold.

205426-3
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For u = 0, it is easily seen that the commutator in Eq. (19) is
actually the definition relation for the current density operator

Ja(q),
[o@, Hl ~ [Jo@, H'] = ) hgudo(@.  (20)

In this case, Egs. (18) and (19) reduce to well-known results,
the first and the second Kubo formulas for the conductivity
tensor [18]:

Y 0up(4,0)gp = ima0(q,), (€3))
B
O (Q,00) = é[naﬂ(q,m — Tap (@), (22)

For u = «, on the other hand, Eqgs. (18) and (19) give the basic
relations from the microscopic memory-function theory [31].
These expressions will be studied in detail in Ref. [14]. In the
present two-band case, Egs. (21) and (22) reduce to

> owmq.w)gp = imly(q.0), (23)
B
i
0o (@) = —[75(q.0) = Teg(@)]. (24)

IV. WARD IDENTITY

To understand the way in which the vertex corrections
enter in the conductivity tensor within the relaxation-time
approximation, it is helpful also to derive the relations (21)
and (22) at zero temperature, beginning with the definition of
the causal RPA irreducible 4 x 4 response tensor [1,2,32],

l.<wo|T[JL(q,t)fu(—q,O)]|wo>md
(Wo|Wo) '

To do this, we first use the usual definition of the auxiliary
RPA irreducible electron-hole propagator [13,23],

RAE (k ks = GG (k)T E (k k), (26)

hVrs,(q.0) = —

(25)

and remember that n,fv(q,w) can be expressed in terms of
ALY (k.k4) in the following two equivalent ways:

dd+1k , ,
m@) = =i 3 [ S I koA kb
LL o
27
and
C : d 'k LL L'L
@) =—ih) ) | o A kg k)
LL o
(28)

(see Fig. 2). Equations (27) and (28) are known as the Bethe-
Salpeter expressions for 7, (¢). In Eq. (26), FFLLL/(k,kJr) is a
renormalized version of the vertex function J lfL’(k,kJr), and
k = (K,kg), with kg = w, is the four-component wave vector.
Finally, d = 2 in graphene.

The Ward identity is the identity relation connecting
TEE (k,ky) with the three renormalized current vertices

PHYSICAL REVIEW B 90, 205426 (2014)

= +

FIG. 2. The Bethe-Salpeter expression for the current-current
correlation function ”Ev (¢g) [3,13,23].

LY (k, k) [23]. A straightforward calculation leads to

3
D aquliF (kky) =Y qals" (eks) — olg " (koky)

u=0 o
= JFH kR kp[G (0 — G (k)] (29)

It can also be shown in the following way:

3
D auh AL (eky) = JEH MGk DG (ky) — GL(k)]. (30)

n=0

The difference Qzl(k) — g;,l(k+) on the right-hand side of
Eq. (30) satisfies the Dyson relation

G\ (k) — G (k) ~ epp (ki K) /b — o + Zpky) — Sk,
31

with er(ky K)/h—w =Y q,v5 (k) in the intraband
channel. The relation (29) is the generalization of the well-
known single-band Ward identity [23] to the multiband case.
Not surprisingly, in the ideal conductivity regime it reduces to
Egs. (10) and (A4). Notice that in this case the factor g, on
the right-hand side of the equation comes from the expansion
of e; 1 (ki k) and ¢“*' (k,k,), L' # L, in powers of q,.

After simple algebraic manipulations with Egs. (28)
and (30), we obtain the relation

2
unﬂfv(q) = unrrw(q) =- un%”(q). (32)
M 12 "

The latter is known as the four-current representation of the
charge continuity equation, which takes care of both local
charge conservation and gauge invariance. In this expression,
nou(q) = nyo(q) =0,

m Iy (kk)Jf (kg k)

1
nap(@ =Y v > 2
ko

L err(ky k)
X [np (k) —np(ky)] (33)
is the total number of charge carriers, and
° dk
mto =i [ 500w (34)
oo 2T

is the momentum distribution function at zero tempera-
ture. This quantity is found to be essential for understand-
ing the electrodynamic properties of quasi-one-dimensional

205426-4
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systems [3] as well as the ballistic conductivity regime in
graphene [24]. '
The effective number of charge carriers ng‘ga, defined by

) 1 Ok
Pt — v Z mvé(k)vé(k)<_ 3Z§Ek;>

Lko

1
=5 2 Ve B0 (35)
Lko

and
TEE (k) TS (k)

. 1
ma = ) ;ZZ’—Z(

L'ZL) ko eprr(Ky k)
JEL(k . K)JEY (kK.
o ) f} s B
np(K) (36)
err(ky K) > t

are, respectively, the intraband and interband parts in n.g(q)
at q ~ 0. Here, y " (k) = (m/h*)d%er(K)/dky kg is the di-
mensionless reciprocal effective-mass tensor [in graphene, it
is given by Eq. (C9)].

The expression (32) represents a compact way of writing
the relations [23]

0m00(9) = ) daTa0(4), (37)

2
oo @) = Y ap (m(q) ; %@) (38)
B

In the normal metallic state, Eq. (38) is nothing more than the
relation (22), because

o2

- pa(@) = —Tpa(Q) (39)

in this case. Similarly, Eq. (37), together with Eq. (21), gives
the gauge-invariant form of the dielectric susceptibility [18],

1
7(9,0) = T0(q,0) = — Zﬂqaoaﬂm,w)qﬂ, (40)

which is consistent with the aforementioned definition of the
macroscopic dielectric function, Eq. (1). In the present case,
this expression reduces to

1
tot , = tot , I » tot , . 41
x'(@.0) = 7 (q.0) = — ;q ou(q.w)gp. (41

V. INTRABAND DYNAMICAL CONDUCTIVITY

A. Hydrodynamic formulation

An essential step towards the general microscopic formu-
lation of electrodynamic properties of multiband electronic
systems is to separate the intraband contributions to the
microscopic response functions from the interband ones. In
most cases of interest the low-energy physics is completely
described in terms of the intraband contributions, and in a
rich variety of weakly interacting electronic systems we can
introduce the quantity usually called the intraband memory
function M*%(k,q,w) phenomenologically and describe the

PHYSICAL REVIEW B 90, 205426 (2014)

macroscopic response functions in question in terms of
M"(k,q,0) [18,33]. In the diagrammatic language, the
memory function ML (k,q, ) is nothing but the self-energy
of the intraband electron-hole pair in the approximation
called the memory-function approximation [13,14]. In the
case in which ML (k,q,w) is independent of w, the memory
function reduces to the relaxation rate 'L (k) multiplied by
i; i.e, ML (k,q) ~ iTLL(k) = i/t (k). Therefore, to obtain
the intraband memory-function conductivity formula in a
phenomenological way, it usually suffices to use the common
textbook form [34-36] of the intraband conductivity obtained
by means of the relaxation-time approximation and replace
i/Tlr(k) by MLL(kvth)~

Caution is in order regarding the ballistic conductivity
regime in graphene where the interband conductivity is
nonzero down to w ~ 0. For this reason, the general expres-
sions presented below are expected to be directly applicable to
doped graphene for | Er| not too small. In the | Eg| — O limit,
the result depends on how the w — 0 limit is taken, as already
pointed out in Refs. [25] and [27].

To obtain a rough justification of this simple method of
calculating o ""3(q, ®) beyond the relaxation-time approxima-
tion, let us consider the common hydrodynamic derivation of
this function. Our purpose here is to present the formalism
which includes the intraband electron—electromagnetic-field
vertex corrections in a natural way, at variance with the
response theory usually used in graphene in which not only
these vertex corrections [15,20,37] but also the single-electron
self-energy contributions [16,17,38] are neglected. Evidently
it is not easy to accept the quantitative description of the
low-energy physics in both pure and doped graphene within
the response theory in which the leading role is played by
the q &~ 0 scattering processes and, at the same time, the
electron—electromagnetic-field vertex corrections, which lead
to the identical cancellation of these scattering processes, are
disregarded.

We combine here the constitutive relation for the micro-
scopic real-time RPA irreducible current-monopole correlation
function 7" (q,w) from Eq. (21),

JM(q,0) = T (q,0) V' (q,0)

1
= 3 2 Lk i)
Lko

1
~ 5 ekMomttkqo).  (42)
Lko

with the generalized self-consistent RPA equation

d
<ih§ +er(k) — 8L(k+)> (CszCLk-k—qo)z

t
= — / dt’' iM M (k,q.1 — 1')(c} ., CLicrqo)r

+ ([C}[kg CLk+qo» H])?mh + (CJI[ko— Clke — 62k+qa CLk+qa)
x eq™(ky K)V'©(q,1). (43)

Here, V'(q.r) = Vo(q,1) + V™(q.1) = (i/qa) Ea(q.1) is
the RPA screened scalar potential, and E,(q,t) is the
corresponding macroscopic electric field. The expression

205426-5
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in the third row of Eq. (42) is the standard Fermi lig-
uid representation for Ji""(q,w) [34], where n’t(k,q,0) =
nL(K) + 8nL(K,q.w) = 1K) + (¢} CLicrqo ) and vE(K) =
(1/h)deL (k)/0k, represent, respectively, the nonequilibrium
distribution function and the bare-electron group velocity.
Finally, n; (k) = (chchkg) is the momentum distribution
function.

Equation (43) is reminiscent of the generalized Langevin
equation in which ([CL(U CLktqo>H ])f“’h plays the role of the
stochastic force and the term containing ML (k,q,t — t) is the
friction term. It is easy to draw standard conclusions from this
equation [18,33]. After performing a Fourier transformation
in time, the equation for the nonequilibrium average of
(c;ka CLk+qo )w DECOmMES

[ho + hM ™ (k,q.0) + e (k) — e (k)50 (k,q.0)
= [no(k) — nr(ky)leq™" (ki K)V**'(q.0). (44)
The result is the expression for the intraband conductivity

tensor oM"(q,w) = (i/qq)7N™(q, ) [the intraband part in
Eq. (23)],

1 k) — k
Zih\];L(k,k+)|2nL( ) nL( +)
v o err(k,K)

mtl'a(q,a))
1
X 9
hw + 8LL(k1k+) + hMLL(kvq»a))
which covers all physically relevant regimes with the exception
of the static screening.

~On the other hand, the standard Fermi liquid theory treats
oM"(q,w) in a way consistent with Eq. (37). It is easily seen
that it gives the correct description of the static screening as

well [34,39]. In this case, Eq. (44) is replaced by

[ho + e1(K) — e1.(k4)16n" " (k. q,0)
+hMEE (k,q,0)8n 1 (k,,0)

= [nr(k) — n (kp)leg™ (ki K)V'(q.0), (46)

(45)

and the result is the following [13]:
anp (k) —np(ky)
erL(ky k)
y hw
holhw + AMLL(K,q,w)] —

mtra(q’ W)= — Z ih|]aLL(k,k+)|
Lk(r

67, (k)
(47)

As usual, Sntf(k,q,w) represents the contribution to
sntL(k,q,w) which is proportional to vZ(k), and ny(k) =
(1/Bh) le Gr(k,iw,) [this expression for n (K) holds in pure
graphene as well]. The same result is obtained in Ref. [13] by
considering the quantum transport equations in the memory-
function approximation.

B. Generalized Drude formula

For long wavelengths, Eqs. (45) and (47) reduce to
the macroscopic conductivity tensor from the macroscopic
Maxwell equations. In this limit, we can use the usual simpli-
fications JEL(k, k) ~ evl(K), gEL (ki k) ~ 1, e (k ki) &
0, and ML (k,q,0) ~ MEL(k,w) (i.e., the memory function
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is assumed to depend on the direction of q = é,¢,, but not on
its magnitude). The result is the intraband memory-function
conductivity formula

intra &l _
Oaa ( )_ m V (

m[vE®)]
o+ M (K,w)

dny (k) ) 48)

der (k)

and the expression for the corresponding current-current
correlation function

LL
n;rgra(w) _° 2 Z L(k) 20nz(K) Ma k,w)

9eL(K) 0 + ML (K,w)'
(49)

It is easily seen that the latter function plays an important role
in studying the ¢’ ~ 0 in-plane optical phonons in graphene as
well [28]. It is usually mistaken for the function

c L ZBnL(k)
- Z )5 a0

T (@)~ (0) =

w

X PRy ML) (50)

The generalized Drude formula for the conductivity tensor,
which is a widely applicable method for analyzing measured
reflectivity spectra [40], describes the case in which the
dependence of MLE(k,w) in Eq. (45) on k and L can be
neglected. The result is [31]

leZHmlra

m[a) + Mlot(w)] '
62nmtra Mla(w)

m a)+Mla(w)’

aintra(w) ~

(5D

nintra(w) ~ _

where ni'" is the effective number of charge carriers given by
Eq. (35) For w K T'14(0), we can also write

. 2 eff
intra e naa(a))
N — 52
Taa ) T (@] 2)

where neff(a)) = nm‘m/ [1 4+ Ay(w)] is the renormalized ef-
fective number of charge carriers, I'iy(w) = M|, (w)/[1 +
Ag(@)], and Ay (@) = M, (w)/w.

C. Ordinary Drude formula

The ordinary Drude formula follows from Eq. (52) after
using the relaxation-time approximation, where nff(w) ~

nt(0) = n and ', (w) & T'14(0) & T';. The result is
O,intra(a)) ~ lezneff (53)
o m(w+ i)’

In weakly interacting electronic systems, hMi_ (0) =[1 +
Aq(0)]AT 4 can be extracted from measured dc resistivity data
by using the first equality in

@ 62n1mrd 62neff 62n1nt1'd 0 e2nh

Oga = i - i,0
mM!_(0) mM20)  my

54
mFla ( )

[here Von, = 2 — Von, Vo = +/3a%/2 is the unit cell volume,
and n“‘“‘i 0 is obtained by replacing ny (k) in Eq. (35) by f1.(k)].
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In this way, it is possible to get the damping energy AM;_(0)
at different temperatures and different doping levels, which
gives the exact description of the relaxation processes at zero
frequency. It is the first important parameter which describes
the damping effects in weakly interacting electronic systems.
Evidently M}_(0) must not be confused with T'j,. It must be
noticed that the dc conductivity of hole-doped graphene is
usually analyzed by using the expression [5,6]

0o = enp i, (55)

[

where the doped holes are characterized by their mobility u;, =
(e/myy) rather than by the damping energies from Eq. (54).

The q ~ 0 dielectric susceptibility associated with the
conductivity (53) is

2,2 eff

~ Z M. (56)

intra
X" g, ) ol + i)

This expression differs from its usual textbook form
[21,39,41-43]

2
SL&) — fr(ky)
mtl'a
@) = Z hoo + 1.k Ky ) + il
2,2 intra,0
~ Z qae naa (57)
m(w + iTy)?

by a factor of (w + il"})/w.

D. Hole-doped graphene

Actually, there is a wide class of electronic systems
(doped graphene being the example) in which the expres-
sions (51)-(54) and (56) are applicable. Namely, in the
case in which the Fermi surface is nearly isotropic and
Mt (K,q,0) & M4 (|K|,w), we can approximate the memory
function MLL(k,q,w) by Mi,(kp,w), and the dynamical
conductivity reduces again to Eq. (51) with M, (w) replaced
by M (kp,w). The dc conductivity and the q &~ 0 dielectric
susceptibility are given, respectively, by Egs. (54) and (56)
with the implicit dependence of both M},(0) and I'; on kg. The
doping-dependent measurements on hole- and electron-doped
graphene have shown that Mi 0(0) o 1/kg, which, together
with n‘“‘”l 0 o kg, leads to the proportlonahty between cr o and
ny kz, for not too small n,. In this way one obtains the dlrect
link between the parameters of the dc conductivity (54) and
Eq. (55) [15].

The solid line in the inset of Fig. 3 illustrates lmra‘(q )
at q~ 0 in a typical experimental situation in graphene,
corresponding to the Fermi energy Er = —0.5 eV. However,
to obtain good agreement with experiment in the infrared
region, one must use Eq. (52), together with Eq. (62) for the
interband contribution. In such a phenomenological analysis,
one starts with the appropriate assumption for the imaginary
part of the memory function M {a (w) and then calculate M7, ()
by means of the Kramers-Kronig relations. The parameters
in M{a(w) obtained in this way are a clear indication that
the intraband relaxation-time approximation fails when the
frequencies approach the infrared region. The comparison
of the predictions of the relaxation-time approximation from
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I —y
= | — q,a,=0.0001 §
5 U
g Y ER
= 0.6l 0.01 i
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FIG. 3. (Color online) The real part of the dynamical conductiv-
ity (61) in hole-doped graphene obtained by means of the relaxation-
time approximation. The parameters of the model are r = 2.52 eV,
Er=-05 ¢V, il'y =10 meV, Al'; =50 meV, T = 150 K, and
q = (¢.,0). The solid line in the inset of the figure represents the
ordinary Drude formula (53). ay is the Bohr radius.

Fig. 3 with experimental data from Ref. [7] at hw ~ Ef leads
to the same conclusion.

The inset of the figure also shows how o""(q,w) from
Eq. (45) depends on the wave vector q along the I'-K line
in the first Brillouin zone. The intraband Landau damping is
associated with the creation of real intraband electron-hole
pairs. The usual representation of the elementary excitations
in doped graphene in the ideal conductivity regime is shown
in Fig. 4, including these excitations as well as the real
interband electron-hole pair excitations and the intraband
plasmon modes. In both figures, |e; (k) — e, (k)| = ghvg can
be identified as the upper edge for the intraband electron-hole
pair excitations [vg = (v/3at/2Hh) is the Fermi velocity].

qx/kF
0 0.2 04 0.6 0.8 1
1."'I""I""I"}'I""2
0.8F -
i L7 51.5
’?: 0.6_- g
- I collective I~
3 04 excitations 3
0,2- single particle = 0.5
I excitations —
0% =001 002 003 004 0

qan

FIG. 4. (Color online) Elementary excitations in hole-doped
graphene in the random-phase approximation [for Ef = hwp =
—0.5 eV and q = (¢,,0)]. The solid and dashed lines represent
the intraband plasmon dispersions calculated by using, respectively,
€0o(q,w) = 1 and £ (q,w) = 1 in Egs. (1) and (67).
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VI. TRANSVERSE CONDUCTIVITY SUM RULE

A. Bare effective numbers of charge carriers

The effective number 7170 is shown in Fig. 5 as a function
of the nominal concentration of conduction electrons n and
compared to the bare density of states

1
po(Er) =+ 8(er (k) — Er). (58)

Lko

For the 7 band almost empty, we obtain n""? ~ n [notice
that yJ7 (k) ~ 1 and m,, ~ m in this case], the result which
is typical of the ordinary two-dimensional (2D) metallic
systems. In this case, the dc conductivity oof; =enu is
described indeed in terms of the electron mobility p. On
the other hand, in the Dirac regime 1.7 < Vpn < 2 [corre-
sponding to |v™ (k)| & vg], the resultis "0 ~ (m| Eg|/h*m),
or Von"ia0 ~ (m/m,,)(3t /4)Vopo(Er), leading to nnra0 o
/1, [15]. We can also calculate the bare total number of charge

carriers ntoé 0(q) in two 2 p, bands by using the procedure from

Sec. 1V,

nys’(q) = Z Z

L
o fL(k) — frky)
eppky k)

JE k) TE (ks k)

(39)

These two effective numbers are expected to be of relevance
in considering the electrodynamic properties of the doped
graphene samples which are not too close to the ballistic
conductivity regime. In the latter case, we have to use the
renormalized effective numbers n”‘”a(q) and n“)t(q) which
are calculated by means of the renormahzed Green s functions
Gr(k,iwy) [14,20].

S e
n o

e
w

o Py(E,) (1/6V)
=

V
o o
— N

()
(e)

[ N T 1)
0 0.5 1 1.5 2
electron doping (V n)

FIG. 5. (Color online) The dependence of the effective number
Vonia"ga"’, Eq. (35) with n; (k) replaced by f;(k), and the density
of states Vypo(Er), Eq. (58), on the electron doping in hole-doped
graphene. Notice that n"0 ~ n for Von <« 2 and that ni0 ~
(3t /4)po(ER) o< /ny, for Von;, < 2.
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B. Two-band dynamical conductivity

In principle, the renormalized effective numbers nz‘ga(q)

and nffé (q) can be extracted from measured reflectivity data
with the aid of the transverse conductivity sum rule [34,38,44]

8 [ do-Refolu @)} = Vind, @ = [2y@],
(60)

i = intra,tot. Here, Q¢ = +/4me?/magVy is the auxiliary
frequency scale. In the leading approximation, the transverse
conductivity ¢°'(q,w) can be calculated by using Eq. (A8)
in which the transverse current-dipole correlation function
m.a(q,) is replaced by the longitudinal current-dipole cor-
relation function 7y (q,®) = (i/q4)T0(q,w) [13,18,25].

It must be emphasized that the sum rule (60) is a general
result, which is a direct consequence of the Kubo formula (24)
[or the Ward identity relation (38)] and the Kramers-Kronig
relation for Re{o%(q,w)}. The most important fact about this
sum rule is that it is insensitive to details of the scattering
Hamiltonian H' = H| + H,,and, consequently, can be used as
asimple direct test of gauge invariance of the total conductivity
formula. It is not hard to see that the expression (56) for the
q ~ 0 intraband dielectric susceptibility is gauge invariant, at
variance with the widely used expression (57).

The semiphenomenological form of ¢°(q,w) which is
consistent with this general result is

lOt(q’a)) mtra(q’w) + Uln[er(q,w), (61)

where 01" (q,w) ~ 0" () and 0"(q,w) ~ oM (w) are

given, respectively, by Eq. (53) and by
Z Z lh|JL (k, k+)|2
LiL, Yo err(ky k)

% np(k) —np(ky)
how + €LL/(k,k+) + lhrz '

mler(q’ ) —

(62)

The total (two-band) conductivity obtained in this way is
illustrated in Fig. 3 by the solid and the dot-dot-dashed lines.
It is worth noticing that, although the experimental relation
% o ny, suggests that the number 7, is the effective number
of charge carriers that participate in the low-energy physics
of hole-doped graphene, the intraband transverse conductivity

sum rule shows that this effective number is actually equal to
The interband memory function can be introduced phe-

nomenologically by replacing the damping energy i, in
Eq. (62) with ML (k,q,w), L # L'. In the simplest approxi-
mation, it is the sum of the electron self-energy from the upper
band and the hole self-energy from the lower band. Although
the corresponding vertex corrections are important (for ex-
ample, in explaining the occurrence of the Wannier excitons
in a general case), they are usually neglected. In graphene,
this simplification is incorrect, and, consequently, requires
reconsideration because the energy difference ¢, (k,k;) in
the denominator of Eq. (62) becomes very small for | Eg| — O,
leading to lnter(q w ~ 0) # 0 in this limit [25,27].
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VII. ENERGY LOSS FUNCTION

A. Plasma oscillations

It is apparent that in simple two-band models the extended
generalized Drude formula (61) can support two different
low-frequency collective modes [39]. The first one, usually
called the intraband plasmon (the Dirac plasmon in graphene),
involves the oscillations of doped holes or electrons, with the
frequency wp,1(q) proportional to the square root of the effective
number n"%(q,w,(q)). In the leading approximation, this
effective number is obtained by expanding Eq. (45) in powers
of g, and writing the result in the form

1mrd ~ e - L 2 _anL(k)>
@)~ e v 2 e ®)] ( deL(k)
L 2
w
ie?
- - 1mrd(q’w) (63)

mlw + Miq(w)]

At a crude level, n"(q,w) ~ n"?[1 + 3([vL(k)]*)¢*/w?]
can be approximated by n"™ from Eq. (35).

On the other hand, in the second mode all electrons
from the two bands oscillate with a much higher frequency

@' (@), which is proportional to v iy, (q, @' (). The effective
number n,,(q,w'(q)) is obtained by expandlng Eq. (61) in

powers of g. n‘°t 1 (q) from Eq. (59), taken at q = 0, is the
leading contrlbutlon to this number.

Strictly speaking, these two plasmon frequencies corre-
spond to two roots of the longitudinal dielectric function
Re{e(q,w)}. In multiband electronic systems, the frequency
of the intraband plasmon is finite only if one of the bands
is partially full. It is also evident that the second plasmon is
clearly visible in Re{e(q,w)} only if the bands in question are
narrow and the direct interband threshold energy is not too
high [19]. Only in this case are the interband plasmons unable
to decay directly into interband electron-hole pair excitations.

For frequencies @ ~ wyi(q), the inverse of the dielectric
function of graphene and the screened long-range interaction
7(q,w) can be shown in the forms [16,21,43]

1 @ /800
e(quo)  w?— @}(q,0) + 0T p(q,0)
(64)
N (@2/£2)0(Q)
U(Qaw) - - 2 2 . .
e(q,w)  w?— a)pl(q,a)) + iwlp(q,w)

The Dirac plasmon frequency wp(q) is a root of Re{e(q,w)}.
It comprises three contributions,

2
(@) ~ [0 @] +—wp1<q)1m{ (g op(q)}

2
+ﬂ[

€00

Re{min™(q,0p(@)} — 7™ (@]. (65)

The first one is the square of the bare frequency [a)gl(q)]2 =
(2me?q/men)ntr(q), with small g-dependent corrections
included [notice that the model for the dc conductivity (55)
is consistent with the relation [a)p](q)]2 ~ (2m 62q /m)n;]. The
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second one describes the dynamical screening effects and
the third one presumably small residual terms. Any complete
treatment of the Dirac plasmons should include the estimation
of this residual contribution.

On the other hand, the damping effects come from the direct
and indirect intraband and interband absorption processes in

hI'pi(q,0) = gag Znh Re{ose(q,0)}. (66)
ap€xo

As mentioned above, the relaxation-time approximation gives
a reasonable description of the direct absorption processes,
but underestimates the indirect absorption processes typically
by one order of magnitude. Therefore, the detailed study
of the damping energy Al'pi(q,w) requires theory beyond
the relaxation-time approximation, one which is capable of
explaining both the w =0 part in Mfa(go), M{a(Q), and
the frequency-dependent corrections AM| (w) [M|, (w) =
Mfa(O) + AM{a(w)]. Nevertheless, a good quantitative un-
derstanding of the energy loss measurements is possible by
inserting Re{o%'(q,w)} [or M!_(w)], taken from reflectivity
measurements, into Eq. (66).

For simplicity we rewrite £(q,w) from Eq. (1) in the form

s(q,w>~sm<q,w>+v(q)2—q§ ot (qw), (67

where oggm(q,w) is given by Eq. (45), and in the numer-
ical calculations we use the relaxation-time approximation.
Figure 6 illustrates the real part of &(q,®) in hole-doped
graphene for Er = —0.5 eV, g,ap = 0.01 and 0.03, and
£ = 1. Asmentioned above, to estimate wp(q) independently,
we multiply the frequency Q1**(q = 0) = /(¢2/2a0)8| Ek| /1
from Eq. (60) by v/qao/2+/1 + (3/2)(veq /w)?. For hay(q) <
| Ex|, the agreement between this frequency (dashed lines in
the figure) and the result of the former approach (solid lines) is
surprisingly good considering that the real and imaginary parts

LS

If

o
[
T

Re{e}

1

<

9
T

— total
! ---- Intra

1
[
94

T

PR | B JRTRI NT RS T T N RN R
“0 02 04 06 08 1 12
energy (eV)

FIG. 6. (Color online) The dependence of the real part of the
dielectric function (67) on hAw, for Ex = —0.5 eV and for two
values of the wave vector q = (g,,0), g.ap = 0.005, and 0.02. The
solid and dashed lines correspond, respectively, to £.,(q,®) = 1 and
Ex(q,0) = 1.
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FIG. 7. (Color online) Solid line: the real part of the dynamical
conductivity, Eq. (61), in hole-doped graphene, for Er = —0.5 eV,
Al'y = 10meV, hl'; = 50meV, T = 150K, and g,ay = 0.02. Dashed
and dot-dashed lines: the corresponding real and imaginary parts of
the dielectric function.

of Eq. (67) are both complicated functions of w and q [21].
The dominant correction to @ (q) & v/qao/2 Q4™ comes
from the dynamical screening effect. This effect, together
with the interband Landau damping, is also responsible for
the disappearance of the second (interband) plasmon mode in
graphene.

B. Dirac and = plasmons

The energy loss function —Im{1/e(q,w)} is primarily useful
for studying collective modes of the electronic subsystem.
Figure 7 illustrates Re{o,,(q,®)} and the corresponding
functions Re{e(q,w)} and Im{e(q,w)} for Ex = —0.5eV in the
0-7.5 eV energy range. This figure shows that the Van Hove
singularity in the density of states p(u) at iw = —Eyy ~
2.5 eV is accompanied by a singularity in both Re{o,,(q,w)}
and Im{e(q,w)} at hw = 5 eV and by a sharp decrease in
Re{e(q,w)} in the same energy region. The resulting function
—Im{1/e(q,w)} is shown in Figs. 8 and 9. There are two
distinctly resolved maxima in this function. The first one
is placed at the Dirac plasmon energy hw ~ hwpi(q) and
the second one at hw ~ —2E,q ~ 5 eV. Therefore, the first
maximum is related to the first zero of Re{e(q,w)} and
illustrates the frequency and the damping energy of the Dirac
plasmon from Eqs. (65) and (66). On the other hand, the
second maximum (usually called the m plasmon) is simply
a consequence of the singularity in the single-electron density
of states [16]. Its position and half-width are both complicated
functions of the parameters in ¢'%'(q,w). Evidently the latter

XX
maximum is absent in the Dirac cone approximation [16].

C. Microscopic treatment of relaxation processes

The comparison of Fig. 9 with the experimental data
from Ref. [9] shows that the relaxation-time approximation
can be safely used in describing the 7 plasmon structure
in the energy loss function. On the other hand, it gives
only an oversimplified description of the damping of Dirac
plasmons, as already mentioned. Nevertheless, for fiw ~
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FIG. 8. (Color online) The Dirac plasmon peak in the energy loss
function for different values of g,ay. The parameters are the same as
in Fig. 7.

hwp(q) < |Eg|, we can treat the damping energy hI'y as
a fitting parameter. For example, Al'; = 0.02 eV [which
is a factor of 2.5 larger than tha(O) extracted from the
dc resistivity] corresponds to the typical experimental value
Re{04(0.2eV)} 2 0.2 (we?/2h) [7]. The inset of Fig. 10
illustrates the energy loss function —Imf{1/e(q,w)} obtained
in this way for Ep = —0.4 eV. The result for gap = 0.001 and
0.0015 is in reasonably good agreement with experiment [10].

An alternative to this oversimplified description of the
damping effects at hw < |Eg| is the microscopic memory-
function approach [13,31,45]. In this approach the intraband
memory function is calculated by using the high-energy
expansion of the RPA irreducible 4 x 4 current-current cor-
relation functions nb“lfra(q,a)) in Eq. (A7). The contributions
to the correlation functions nlil“‘}ra(q,w) which are second
order in H’ are shown for the boson-mediated electron-
electron interactions and for the nonretarded electron-electron

35¢
30F

—_
(9,

-Im{1/qa e}

—_
(=

S

:l||||||||||||||||||||||||||||||||||||||:
O 455556657
energy (eV)

FIG. 9. (Color online) The 7 plasmon peak in the energy loss
function for different values of q = (g,,0). The spectra are divided
by gap for clarity. The imaginary part of the screened long-range
Coulomb interaction is Im{t(q,w)} = 2w aplm{1/qape(q,w)}.
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FIG. 10. (Color online) Main figure: the dispersion of the Dirac
plasmons for Er = —0.4 eV. Inset: the energy loss function
—Im{1/e(q,w} calculated by means of the relaxation-time approx-
imation, for hw close to the energy of the in-plane optical phonons
and for AI'; = 0.02 eV.

interactions in Figs. 11 and 12, respectively. In the intraband
scattering approximation for the short-range electron-electron
interactions, the explicit calculation of these two contribu-
tions to 7""(q,w) leads to the intraband memory function

MEL(k,0) ~ MP(k,0) + M (k,0) + AMEL (K, 0), where

o

M2k, 0) = —% 3 |GE kK[

o
L'vk’
W&»
x(1—-2
( Ué(k) s:X:I::I s;:l
ST (s wvkeie) + f(sep (K))]
how + in + sepp (K K) + s"hwk_x

[4] _ |(sz’(Q)|2
My, (ko) = = Z v vL(k)
quo./ o

—vEK) — vE& D] f(er &) — fler K ))]

o Z oK) + f(eL(ky))
hw + l77 + SSLL(k,k/) + SSLL(k/_,'_,k+) ’

(69)

., (68)

[vE(k) + viK))

s==l1

with wp (K, ,K') = er (K, ,K')/h.

Lk

FIG. 11. Three (H| )? contributions to nL"v‘”‘(q,a)), labeled by 24
(electron self-energy term), 2A, (hole self-energy term), and 2B =
2B, + 2B, (vertex correction).
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FIG. 12. Four contributions to nlit“um’(q,w) out of eight irreducible
contributions that are proportional to (H,)* [or (H})*].

4B,

4C

The plasmon damping rate (66) describes in the first place
the decay of the plasmons into electron-hole excitations. For
example, in the process of the decay of the Dirac plasmons
from Fig. 10 an electron goes from a filled state k to an empty
state k' with conservation of energy and momentum. These
processes are usually called the indirect absorption processes.
According to Egs. (68) and (69), they describe the creation of
one electron-hole pair in combination with another elementary
excitation (acoustic or optical phonon, or second electron-
hole pair). Although these processes are missing in the RPA-
like illustration in Fig. 4, they play an essential role in the
microscopic explanation of the damping effects in the region
which is far away from the Landau damping.

We defer a full discussion of the microscopic memory-
function approach to Ref. [14]. Here we only underline
the most important qualitative conclusions. (i) The vertex
corrections (diagrams 2B and 4 B) are responsible for the exact
cancellation of all retarded and nonretarded (q ~ 0) forward
scattering contributions to ML (k,w). (ii) This conclusion
holds for the scattering by intraband plasmons as well,
and makes the analysis of M.Z(k,w) much simpler than
the analysis of the corresponding single-electron self-energy
¥ (k,w). (iii) The Aslamazov-Larkin contributions (diagrams
4C and 4D) [11,46] lead to the strong suppression of the
normal backward scattering processes, and, therefore, cause a
further reduction in M1 (k,w). In simple weakly interacting
systems the result is the imaginary part of MLL(k,w) which
is dominated by the umklapp backward scattering processes,
in agreement with the common Fermi liquid theory [34-36].
(iv) The situation is distinctly different for doped graphene
because the intensity of the umklapp scattering processes is in
general very sensitive to the size and the shape of the Fermi
surface.

The comparison with the results of the energy loss mea-
surements at energies fiw comparable to the energy of the
in-plane optical phonons hw,q (the case illustrated in the inset
of Fig. 10) shows that the scattering by disorder, by acoustic
phonons, and by other electrons can be represented by AI'?,
which is nearly independent of frequency (= hI';y = 0.02 eV
inFig. 10). On the other hand, the scattering by optical phonons
in M ,[i] (k,w) produces strong frequency-dependent effects for
hwp(q) ~ hw,q < |Eg|, and, therefore, this scattering channel
requires a detailed numerical analysis. In order to understand
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the role of the vertex corrections in this scattering channel in
detail, we have to explain quantitatively not only the frequency
dependence of ML:E(k,w) but also the frequency dependence
of the single-electron self-energy X, (k,w) extracted from
ARPES measurements [8,47]. This question is left for future
studies.

VIII. CONCLUSION

The Ward identity relation has been proven here for a
general multiband electronic model using the zero-temperature
formalism. It is shown that this relation leads to the same
relations among the elements of the four-current response
tensor as the first and the second Kubo formulas for the
conductivity tensor. The general criteria for occurrence of the
intraband and interband plasmon modes are briefly discussed
as well.

We then apply the results to doped graphene, and determine
the dispersions and the damping parameters for the long-
wavelength Dirac and w plasmons. We have demonstrated
that it is possible to explain consistently the damping of these
collective modes, the relaxation processes in the dynamical
conductivity, and the single-electron self-energy in ARPES
spectra, even within the relaxation-time approximation. It is
pointed out that the single-electron propagators are strongly
affected by the forward scattering processes, in particular by
the scattering by two-dimensional intraband plasmon modes.
On the other hand, these scattering processes are canceled
identically in any gauge-invariant form of the intraband
conductivity tensor.

The semiphenomenological memory-function conductivity
model, when treated consistently with the general Ward
identity, is able to capture all aspects of the retarded and
nonretarded electron-electron interactions in weakly interact-
ing electronic systems. To extend the theory to systems with
strong local and/or short-range interactions we must use a more
accurate treatment of the intraband and interband electron-hole
propagators. We shall give in a future presentation [14] both
a detailed description of the response theory beyond the
relaxation-time approximation and a quantitative analysis of
the memory function in doped graphene.
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APPENDIX A: KUBO FORMULAS

Electrodynamic properties of a general electronic system
with multiple bands at the Fermi level are naturally described
in terms of two real-time density correlation functions [18]

~ * 11
X(q’w) = / dt elwtvf([ﬁ(q’t)aﬁ(_q’o)]% (A])
0 ih

~ o0 o1 . "
Fup(@.0) = B /0 dr e 5 (Tp-a.0) Ju(@). (A2)

PHYSICAL REVIEW B 90, 205426 (2014)

The former is the screened dielectric susceptibility and the
latter is the screened dynamical conductivity tensor. The
relations (A1) and (A2) are also known as the Kubo formula for
dielectric susceptibility and the Kubo formula for conductivity,
respectively. The susceptibility x(q,w) and the conductivity
tensor o,4(q, @) are simply the RPA irreducible parts of X (q, )
and o,4(q,w) [18].

It is also useful to introduce the notation J},(q) = —ISa(q),
where P,(q) is the dipole density operator and J¥ (k. k) =
—PLLU (KK, ) is the related vertex function. PLE(k, k) =
—PLL(K,k,) = po(q) = —ie/q, is the intraband dipole ver-
tex function. It is not hard to show that for an arbitrary
orientation of the wave vector q, q = ), goés, the dipole
vertex function is connected to that from Eq. (16) by the
relations [13]

eq™ (lky) = —ianP;L’(k,k+>

hJEE (K, k+)
=Y gome 2ot

A3
er L(k+’k) (A3)

o

Notice that this relation can also be shown in the form
D i Goky) — weg™ (kky)
=[-o+erki k)/hleg" (kky).,  (Ad)
with 3°, qu PFE (K ky) = ieq (k. k).

The definitions (A1) and (A2), together with the two basic
relations from macroscopic electrodynamics [19]

aV'©Yr, ¢ 1 0AY (r 1
B = — @D LIAR@D g
ar c ot
dp(r,t
v I+ 2L g ) o, (A6)
lead now to [18]
1
x(q,0) = moo(q,0) = P Z%%ﬁ(q,w)%
af
D IERCED
= — Ty ,
& q o(q
1
== %jqa [Tap(q,0) — Tap(@lgp, (A7)
Tap(q,0) = 7,5(q, ). (A8)

The expression (AS) represents the gauge-invariant form of
the macroscopic electric field E(r,7), V'°'(r,7) and A*'(r,r) are
the screened scalar and vector potentials, and Eq. (A6) is the
charge continuity equation. Equations (A7) and (A8) are the
Kubo expressions for the RPA irreducible response functions
x(q,) and 0,8(q,w). The same expressions are derived in the
main text by integration by parts of the Fourier transform of
the monopole-monopole correlation function myy(q,?).
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APPENDIX B: MINIMAL SUBSTITUTION

The second way of obtaining the relations (A7) and (AS)
is to calculate the current J,(r,t) induced in the medium by
the vector and scalar potentials A"'(r,z) and V'*'(r,r). The
coupling of these fields to the electronic subsystem is described
by the coupling Hamiltonian H**' = H{*' + H;5*' obtained by
means of the gauge-invariant tight- blndmg mlmmal substitu-
tion, where [23,48]

1 2
Hlexl — _E Z Ai’d(q)]ﬂ(_q)’

qu
(B1)
HY = 5 ) AT @ — ) A (@)7ep(—0: 2),
qq'aB
and

A™(r,), p=a=123

ext _ o 0 ) 949 dy
AU« (r,t) - {cVe’“(r,t), n= 0 (Bz)

The density operator in the second-order term, y,s(—q; 2), is
the bare diamagnetic density operator, and the y,; Ll (K, ky;2)
are the corresponding vertex functions. As pomted out in
Sec. IV, local charge conservation (A6) follows as a conse-
quence of the gauge invariance of (B1).

The result is

! 2,0
Ty === (mw(q) + %@)A‘ﬂq), (B3)

v

with ng, = n,0 = 0 and

Z Vai (k320 (). (B4)
LkU

The comparison of Eq. (B4) with Egs. (33), (35), and (36) leads
to the relation known as the effective-mass theorem. For ex-
ample, for the contribution to v (k. k; 2) ~ y,4 (k; 2) which
are diagonal in the polarlzatlon index o, we obtam [13,48]

Nap (Q) -

2JEE K)JEE(K)

yhhk2) = yEER) + 2 ) 2 ern(kk)

L'(£L)

with yEL(k) = (m/h?)d%er(k)/dk> again.
The four-divergence of J,(g) (i.e., the charge continuity
equation) reads as

1 o *n,0(q)
XM:QM‘]/L(Q) = _E ;Av (Q);QMGTW(C])—F %)

=0. (B6)

. (B5)

Evidently this equation is fulfilled if, and only if Eq. (39) is
satisfied.

An important feature of Eq. (B3) is that we can always
choose the V*°'(r,r) = 0 gauge, and write [23]

Jo@.@) = Y < [705(.0) = T (@1 Ep(G.)
B
1 2y
S (Lﬂ(q) - na,s(q>) A(q0). (BT)
C m

B
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The first term is the paramagnetic contribution to the induced
current originating from normal electrons and the second one
is the diamagnetic contribution of superconducting electrons
(if the system under consideration is in the ordered supercon-
ducting state).

Vertex functions

In the electronic models described by the exactly solvable
bare Hamiltonian

B = X Y Wk = YWk (B9

1 ko Lko

the vertex functions in Eq. (B1) are given by the general
expressions [42,48]

k) =) q" (kk)UL LU (L),
i

T k) = I (k) Uk DU (', L), (BY)
i

Vi (kky2) = Z Yoy (kK3 2) UL LU, ((I',L).

Here, the Ux(/,L) are the transformation matrix elements in

c;kg =), Uk(L,l)c,TkU. The sum ), runs over all orbitals in

the unit cell which participate in building up the valence bands.
In the gauge-invariant tight-binding minimal substitution,

the coupling to the vector potential is given in the usual way,

by replacing the hopping term /2 ¢} ¢y in HE' by [49,50]

rot ie R+
el crwoexp {— f dl- Ae’“(l)}. (B10)
hC R,/ +ry
For long wavelengths, we can write
R,+r;
f dl- A1) ~r; - AM(R), (B11)
R, +ry

where r; =R, +1r,— Ry —ry and R=R, + 1+ Ry +

ry)/2. In this limiting case, the result is [48]
q" (e ky) ~ 8,

Tk k)~ S 9Hy (k) (B12)
YU ke
m 32H! (k)
Vepkky;2) ~ oo —L—
PRI 12 0ky0kg

APPENDIX C: VERTEX FUNCTIONS IN GRAPHENE

As mentioned in the main text, in the case in which
the overlap parameter s is set equal to zero, the relevant
matrix elements H]' (k) in graphene are Hj' (k) = ,, = 0 and
H({M(k) = t(k). Thus the transformation matrix between the
delocalized orbital states |lko) = c;ko|0) (I = A,B) and the
Bloch states |sko) = ¢!, _|0) (s = 7*,7) are [15]

(Uk(A,JT*)

sko

A\ _ 1 (1 |
Uk(B,T[)>_E(e_i9k _e—i9k>- (CD

The auxiliary phase 6 is defined by tan 6x = 7;(k)/#.(Kk), with
t,(k) and #;(Kk) being the real and the imaginary parts of #(k).

Ux(B,m™*)
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By substituting this expression into Eqgs. (B9) and (B12),
we obtain the monopole-charge vertex functions [38,43]

q" (kKk) = L (1 + 557" WW), (C2)

Similarly, it is not hard to verify that the monopole-charge ver-
tices and the current vertices satisfy the general relation (A3),
resulting in [38]

g iJE (kK = (5|t ()] — s]t(K)Deq™ (k k) (C3)

(q = guéy and gy = k), — ky).
For long wavelengths, we obtain

S kky) ~ 2|1t (1 4 igy 2 (C4)
g (ki) ~ 2| 1455 a5 ) |
and [25,27]
I¥ kK ~ I (k)

e K, k)

- r*(k 1) == |.

Sh2|t(k)|[ ()= Tt = }
(Cs5)

The latter expression can also be written in the form

e 8|t(k)| e 0E (k)
JSJ — S ,
&) = h ok a (k) = h ok
ie|t(k)| 06k
JEK) = s—————. C6
o (K) =35 TS (C6)
Alternatively, we can write
eta 1
JSS k — lHTId
« ®0 “2n It(k)l 1,
. ; (C7)
eta
]ss k) = mter
W=t o=
where [51]
ki 3k
jintra (k) = sink,a + sin 2 cos V3ka ,
2 2
i 3k,
A = 243 f -
(C8)
lnter(k) \/_zk a
. 2+/3 k 3k,
j)l,mer(k) = _T\/_(cos k, ;a 0S \/—2)(1>,
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and |7(k)| = |¢(K)/¢|. Finally, the elements of the reciprocal
effective-mass tensor can be written in the form

Yap(K) = ), (€9

where m,, = (2h2/ta2).
In the Dirac cone approximation in the vicinity of the K point
(k = k — ki), these expressions reduce to

(k) = sevpky /k,

Bk

T3(k) = sieveky /k = i1} (K), (C10)
I3 (K) = —sieveky [k = —iJ}* (K),
and
SIm (1 (kga)?
5 (k) = ——— : Cl11
Veoll) = 5 My <ka (ka)3) (1

Finally, beyond the long-wavelength limit, we have to retain
the q-dependent corrections to the current and bare diamag-
netic vertex functions. The substitution (B10) applied to the
two-band model for the conduction electrons in graphene,
shown in the {I/R,} representation, gives

3 Fia/2
TEA Kk k) = ’;: Y emitkta / '

j=1 —r,-a/2

dx, €% (C12)
[similarly for Yap BA(k, k;2)]. The same expression for
JBA(k, k) is obtained in Refs. [38] and [50] in a slightly
different way, by using a continuous version of the bare
Hamiltonian Hg'. For g, — O, the integral in Eq. (C12) gives
rjq, Tesulting again in JZ4(k; k)~ (e/h)dt(k)/dk, from
Eq. (C5).

Electron-phonon vertex functions

The coupling between conduction electrons and in-plane

optical phonons in Eq. (12) is given by g, = g = —at;/0r;
and [20,28,30]
7y (kK =Y gl (ki K Uiiq(1) U ("),
1Al
(C13)

BAKy k) = Zr,o e
j=1
For q = gyé4, g« =~ 0, and B € {o,a}, the direct calculation
gives g5’ (ki k) ~ ¢z’ (k) and

14+e zqr])e—ik-rj'

31 ss ss 3l sSs
qg“(k) ~ —Jﬂ*(k), qlg’(k) ~ —J;j (k). (C14)
eVp €Vp

In the Dirac cone approximation, this leads to [28,29]

, 3 , 3
g (k) ~ ——J (K), )" (k) ~ —J;" (k). (CI5)
eVE - 7 €VE

[1] A. A. Abrikosov, L. P. Gorkov, and 1. E. Dzyaloshinski,
Methods of Quantum Field Theory in Statistical Physics (Dover
Publications, New York, 1975).

[2] G. D. Mahan, Many-particle Physics (Plenum Press, New York,
1990).

[3] I. E. Dzyaloshinskii and A. I. Larkin, Zh. Eksp. Teor. Fiz. 65,
411 (1973) [Sov. Phys. JETP 38, 202 (1974)].

[4] J. Solyom, Adv. Phys. 28, 201 (1979).

[5] K. S. Novoselov, A. K. Geim, S. V. Morozov, D.
Jiang, M. 1. Katsnelson, I. V. Grigorieva, S. V.
Dubonos, and A. A. Firsov, Nature (London) 438, 197
(2005).

[6] Y.Zhang, Y.-W. Tan, H. L. Stormer, and P. Kim, Nature (London)
438, 201 (2005).

205426-14


http://dx.doi.org/10.1080/00018737900101375
http://dx.doi.org/10.1080/00018737900101375
http://dx.doi.org/10.1080/00018737900101375
http://dx.doi.org/10.1080/00018737900101375
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1038/nature04235
http://dx.doi.org/10.1038/nature04235
http://dx.doi.org/10.1038/nature04235
http://dx.doi.org/10.1038/nature04235

DAMPING EFFECTS IN DOPED GRAPHENE: THE ...

[7]1 Z.Q.Li, E. A. Henriksen, Z. Jiang, Z. Hao, M. C. Matrtin, P. Kim,
H. L. Stormer, and D. N. Basov, Nat. Phys. 4, 532 (2008).

[8] A. Bostwick, T. Ohta, T. Seyller, K. Horn, and E. Rotenberg,
Nat. Phys. 3, 36 (20006).

[9] T. Eberlein, U. Bangert, R. R. Nair, R. Jones, M. Gass, A. L.
Bleloch, K. S. Novoselov, A. Geim, and P. R. Briddon, Phys.
Rev. B 77, 233406 (2008).

[10] H. Yan, T. Low, W. Zhu, Y. Wu, M. Freitag, X. Li, F. Guinea,
P. Avoutis, and F. Xia, Nat. Photon. 7, 394 (2013).

[11] D. Vollhardt and P. Wolfle, Phys. Rev. B 22, 4666 (1980).

[12] J. Rammer, Quantum Transport Theory (Westview Press,
Boulder, CO, 2004).

[13] L. Kupcié, Z. Rukelj, and S. Barifi¢, J. Phys.: Condens. Matter
25, 145602 (2013).

[14] 1. Kupcié¢ (unpublished).

[15] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov,
and A. K. Geim, Rev. Mod. Phys. 81, 109 (2009), and references
therein.

[16] T. Stauber, J. Schliemann, and N. M. R. Peres, Phys. Rev. B 81,
085409 (2010).

[17] T. Stauber, J. Phys.: Condens. Matter 26, 123201 (2014), and
references therein.

[18] R. Kubo, M. Toda, and N. Hashitsume, Statistical Physics 11
(Springer-Verlag, Berlin, 1995).

[19] L. D. Landau, E. M. Lifshitz, and L. P. Pitaevski, Electrody-
namics of Continous Media (Butterworth-Heinemann, Oxford,
1995).

[20] N. M. R. Peres, T. Stauber, and A. H. Castro Neto, Europhys.
Lett. 84, 38002 (2008).

[21] V. Despoja, D. Novko, K. Dekanié, M. éunjié, and L. Marusic¢,
Phys. Rev. B 87, 075447 (2013).

[22] S. Reich, J. Maultzsch, C. Thomsen, and P. Ordejon, Phys. Rev.
B 66, 035412 (2002).

[23] J. R. Schriefter, Theory of Superconductivity (Benjamin, New
York, 1964).

[24] N. M. R. Peres, F. Guinea, and A. H. Castro Neto, Phys. Rev. B
73, 125411 (2006).

[25] K. Ziegler, Phys. Rev. Lett. 97, 266802 (2006).

[26] T. Stauber, N. M. R. Peres, and A. K. Geim, Phys. Rev. B 78,
085432 (2008).

[27] M. Lewkowicz and B. Rosenstein, Phys. Rev. Lett. 102, 106802
(2009).

PHYSICAL REVIEW B 90, 205426 (2014)

[28] T. Ando, J. Phys. Soc. Jpn. 75, 124701 (2006).

[29] A. H. Castro Neto and F. Guinea, Phys. Rev. B 75, 045404
(2007).

[30] I. Kupcié, J. Raman Spectrosc. 43, 1 (2012).

[31] W. Gotze and P. Wolfle, Phys. Rev. B 6, 1226 (1972).

[32] A. L. Fetter and J. D. Walecka, Quantum Theory of Many-
Farticle Systems (McGraw-Hill, London, 1971).

[33] D. Forster, Hydrodynamic Fluctuations, Broken Symmetry, and
Correlation Functions (Benjamin, London, 1975).

[34] D. Pines and P. Noziéres, The Theory of Quantum Liquids I
(Addison-Wesley, New York, 1989).

[35] J. M. Ziman, Electrons and Phonons (Oxford University Press,
London, 1972).

[36] A. A. Abrikosov, Fundamentals of the Theory of Metals (North-
Holland, Amsterdam, 1988).

[37] J. P. Carbotte, E. J. Nicol, and S. G. Sharapov, Phys. Rev. B 81,
045419 (2010).

[38] T. Stauber and G. Gémez-Santos, Phys. Rev. B 82, 155412
(2010).

[39] P. M. Platzman and P. A. Wolff, Waves and Interactions in Solid
State Plasmas (Academic Press, New York, 1973).

[40] S. Uchida, T. Ido, H. Takagi, T. Arima, Y. Tokura, and S. Tajima,
Phys. Rev. B 43, 7942 (1991).

[41] J. M. Ziman, Principles of the Theory of Solids (Cambridge
University Press, London, 1979).

[42] 1. Kupcié, Phys. Rev. B 61, 6994 (2000).

[43] E. H. Hwang and S. Das Sarma, Phys. Rev. B 75, 205418
(2007).

[44] F. Wooten, Optical Properties of Solids (Academic Press, New
York, 1972).

[45] 1. Kupci¢, Z. Rukelj, and S. Barisi¢, J. Phys.: Condens. Matter
26, 195601 (2014).

[46] D. Bergeron, V. Hankevych, B. Kyung, and A.-M. S. Tremblay,
Phys. Rev. B 84, 085128 (2011).

[47] 1. Pletikosi¢, M. Kralj, M. Milun, and P. Pervan, Phys. Rev. B
85, 155447 (2012).

[48] 1. Kupdi¢ and S. Barisié, Phys. Rev. B 75, 094508 (2007).

[49] J. J. Sakurai, Modern Quantum Mechanics (Addison-Wesley,
New York, 1985).

[50] G. Gomez-Santos and T. Stauber, Phys. Rev. Lett. 106, 045504
(2011).

[51] D. Pelc (unpublished).

205426-15


http://dx.doi.org/10.1038/nphys989
http://dx.doi.org/10.1038/nphys989
http://dx.doi.org/10.1038/nphys989
http://dx.doi.org/10.1038/nphys989
http://dx.doi.org/10.1038/nphys477
http://dx.doi.org/10.1038/nphys477
http://dx.doi.org/10.1038/nphys477
http://dx.doi.org/10.1038/nphys477
http://dx.doi.org/10.1103/PhysRevB.77.233406
http://dx.doi.org/10.1103/PhysRevB.77.233406
http://dx.doi.org/10.1103/PhysRevB.77.233406
http://dx.doi.org/10.1103/PhysRevB.77.233406
http://dx.doi.org/10.1038/nphoton.2013.57
http://dx.doi.org/10.1038/nphoton.2013.57
http://dx.doi.org/10.1038/nphoton.2013.57
http://dx.doi.org/10.1038/nphoton.2013.57
http://dx.doi.org/10.1103/PhysRevB.22.4666
http://dx.doi.org/10.1103/PhysRevB.22.4666
http://dx.doi.org/10.1103/PhysRevB.22.4666
http://dx.doi.org/10.1103/PhysRevB.22.4666
http://dx.doi.org/10.1088/0953-8984/25/14/145602
http://dx.doi.org/10.1088/0953-8984/25/14/145602
http://dx.doi.org/10.1088/0953-8984/25/14/145602
http://dx.doi.org/10.1088/0953-8984/25/14/145602
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/PhysRevB.81.085409
http://dx.doi.org/10.1103/PhysRevB.81.085409
http://dx.doi.org/10.1103/PhysRevB.81.085409
http://dx.doi.org/10.1103/PhysRevB.81.085409
http://dx.doi.org/10.1088/0953-8984/26/12/123201
http://dx.doi.org/10.1088/0953-8984/26/12/123201
http://dx.doi.org/10.1088/0953-8984/26/12/123201
http://dx.doi.org/10.1088/0953-8984/26/12/123201
http://dx.doi.org/10.1209/0295-5075/84/38002
http://dx.doi.org/10.1209/0295-5075/84/38002
http://dx.doi.org/10.1209/0295-5075/84/38002
http://dx.doi.org/10.1209/0295-5075/84/38002
http://dx.doi.org/10.1103/PhysRevB.87.075447
http://dx.doi.org/10.1103/PhysRevB.87.075447
http://dx.doi.org/10.1103/PhysRevB.87.075447
http://dx.doi.org/10.1103/PhysRevB.87.075447
http://dx.doi.org/10.1103/PhysRevB.66.035412
http://dx.doi.org/10.1103/PhysRevB.66.035412
http://dx.doi.org/10.1103/PhysRevB.66.035412
http://dx.doi.org/10.1103/PhysRevB.66.035412
http://dx.doi.org/10.1103/PhysRevB.73.125411
http://dx.doi.org/10.1103/PhysRevB.73.125411
http://dx.doi.org/10.1103/PhysRevB.73.125411
http://dx.doi.org/10.1103/PhysRevB.73.125411
http://dx.doi.org/10.1103/PhysRevLett.97.266802
http://dx.doi.org/10.1103/PhysRevLett.97.266802
http://dx.doi.org/10.1103/PhysRevLett.97.266802
http://dx.doi.org/10.1103/PhysRevLett.97.266802
http://dx.doi.org/10.1103/PhysRevB.78.085432
http://dx.doi.org/10.1103/PhysRevB.78.085432
http://dx.doi.org/10.1103/PhysRevB.78.085432
http://dx.doi.org/10.1103/PhysRevB.78.085432
http://dx.doi.org/10.1103/PhysRevLett.102.106802
http://dx.doi.org/10.1103/PhysRevLett.102.106802
http://dx.doi.org/10.1103/PhysRevLett.102.106802
http://dx.doi.org/10.1103/PhysRevLett.102.106802
http://dx.doi.org/10.1143/JPSJ.75.124701
http://dx.doi.org/10.1143/JPSJ.75.124701
http://dx.doi.org/10.1143/JPSJ.75.124701
http://dx.doi.org/10.1143/JPSJ.75.124701
http://dx.doi.org/10.1103/PhysRevB.75.045404
http://dx.doi.org/10.1103/PhysRevB.75.045404
http://dx.doi.org/10.1103/PhysRevB.75.045404
http://dx.doi.org/10.1103/PhysRevB.75.045404
http://dx.doi.org/10.1002/jrs.3003
http://dx.doi.org/10.1002/jrs.3003
http://dx.doi.org/10.1002/jrs.3003
http://dx.doi.org/10.1002/jrs.3003
http://dx.doi.org/10.1103/PhysRevB.6.1226
http://dx.doi.org/10.1103/PhysRevB.6.1226
http://dx.doi.org/10.1103/PhysRevB.6.1226
http://dx.doi.org/10.1103/PhysRevB.6.1226
http://dx.doi.org/10.1103/PhysRevB.81.045419
http://dx.doi.org/10.1103/PhysRevB.81.045419
http://dx.doi.org/10.1103/PhysRevB.81.045419
http://dx.doi.org/10.1103/PhysRevB.81.045419
http://dx.doi.org/10.1103/PhysRevB.82.155412
http://dx.doi.org/10.1103/PhysRevB.82.155412
http://dx.doi.org/10.1103/PhysRevB.82.155412
http://dx.doi.org/10.1103/PhysRevB.82.155412
http://dx.doi.org/10.1103/PhysRevB.43.7942
http://dx.doi.org/10.1103/PhysRevB.43.7942
http://dx.doi.org/10.1103/PhysRevB.43.7942
http://dx.doi.org/10.1103/PhysRevB.43.7942
http://dx.doi.org/10.1103/PhysRevB.61.6994
http://dx.doi.org/10.1103/PhysRevB.61.6994
http://dx.doi.org/10.1103/PhysRevB.61.6994
http://dx.doi.org/10.1103/PhysRevB.61.6994
http://dx.doi.org/10.1103/PhysRevB.75.205418
http://dx.doi.org/10.1103/PhysRevB.75.205418
http://dx.doi.org/10.1103/PhysRevB.75.205418
http://dx.doi.org/10.1103/PhysRevB.75.205418
http://dx.doi.org/10.1088/0953-8984/26/19/195601
http://dx.doi.org/10.1088/0953-8984/26/19/195601
http://dx.doi.org/10.1088/0953-8984/26/19/195601
http://dx.doi.org/10.1088/0953-8984/26/19/195601
http://dx.doi.org/10.1103/PhysRevB.84.085128
http://dx.doi.org/10.1103/PhysRevB.84.085128
http://dx.doi.org/10.1103/PhysRevB.84.085128
http://dx.doi.org/10.1103/PhysRevB.84.085128
http://dx.doi.org/10.1103/PhysRevB.85.155447
http://dx.doi.org/10.1103/PhysRevB.85.155447
http://dx.doi.org/10.1103/PhysRevB.85.155447
http://dx.doi.org/10.1103/PhysRevB.85.155447
http://dx.doi.org/10.1103/PhysRevB.75.094508
http://dx.doi.org/10.1103/PhysRevB.75.094508
http://dx.doi.org/10.1103/PhysRevB.75.094508
http://dx.doi.org/10.1103/PhysRevB.75.094508
http://dx.doi.org/10.1103/PhysRevLett.106.045504
http://dx.doi.org/10.1103/PhysRevLett.106.045504
http://dx.doi.org/10.1103/PhysRevLett.106.045504
http://dx.doi.org/10.1103/PhysRevLett.106.045504



