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Photon-jet azimuthal correlations in proton-nucleus collisions are a promising tool for gaining
information on the gluon distribution of the nucleus in the regime of nonlinear color fields. We compute
such correlations from the process g → qq̄γ in the rapidity regimewhere both the projectile and target light-
cone momentum fractions are small. By integrating over the phase space of the quark which emits the
photon, subject to the restriction that the photon picks up most of the transverse momentum (to pass an
isolation cut), we effectively obtain a gþ A → qγ process. For nearly back-to-back photon-jet configu-
rations we find that it dominates over the leading-order process qþ A → qγ by two less powers ofQ⊥=QS,
where Q⊥ and QS denote the net photon-jet pair momentum and the saturation scale of the nucleus,
respectively. We determine the transverse-momentum-dependent gluon distributions involved in gþ A →
qγ and the scale where they are evaluated. Finally, we provide analytic expressions for hcos nϕi moments,

where ϕ is the angle between Q⊥ and the average photon-jet transverse momentum ~P⊥, and first qualitative
estimates of their transverse momentum dependence.

DOI: 10.1103/PhysRevD.97.014012

I. INTRODUCTION

Angular correlations between hadrons and prompt pho-
tons in high-energy collisions have been suggested to
provide insight into the gluon fields of hadrons or nuclei
in the small-x, nonlinear regime [1–6]. Prompt photons are
those originating from hard interactions among the initial
beam partons. Those studies have mostly focused on
photon or dilepton production through the leading-order
q → qγ process (in the field of the target) which dominates
in the fragmentation region of the projectile at forward
rapidities. In the central region on the other hand particle
production is dominated by processes involving soft
partons from both projectile and target. In particular, it
has been pointed out in Ref. [7] that the production of a
photon can also occur via g → qq̄γ. Although the ampli-
tude squared for this process is suppressed by one addi-
tional power of αs as compared to q → qγ, on the other
hand the gluon density in the projectile at small x formally

is of order 1=αs times the density of quarks and so these
contributions should be comparable.
Here we consider angular correlations between a photon

with transverse momentum kγ⊥ and a jet with transverse
momentum p⊥. We obtain this final state by integrating
over the phase space of the quark from which the photon is
emitted subject to the restriction that the photon takes most
of the transverse momentum. The contribution from the
quark to photon fragmentation is explicitly taken into
account. Hence, our process becomes g → qγ. We show
that in the back-to-back correlation limit where the photon-
jet transverse momentum imbalance Q⊥ ¼ p⊥ þ kγ⊥ is
much smaller than their average transverse momentum
~P⊥ ¼ ðp⊥ − kγ⊥Þ=2, and smaller than the saturation scale
QS of the nucleus, the g → qγ process in fact dominates
over q → qγ by two (fewer) powers of Q⊥=QS.
The q → qγ process can be written in terms of a

convolution of hard factors with the dipole forward
scattering amplitude [1–4,6]. g → qq̄γ, on the other hand,
in general involves the expectation value of a correlator of
four Wilson lines at small x (see below and Ref. [7]). In the
near back-to-back limit Q2⊥= ~P2⊥ ≪ 1, however, this corre-
lator can be expressed in terms of transverse-momentum-
dependent gluon distributions [8–10]. Below, we determine
which gluon distributions appear in photon-jet production
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through the g → qγ process, and at which transverse
momentum scale they are evaluated. This turns out to be
given by the total transverse momentum in the final state;
thus the process can be used to obtain information about the
gluon distributions near the nonlinear “saturation” scale.
Our focus here is on proton-nucleus (pþ A) collisions at
high energies where the saturation scale QS of the heavy
ion is expected to be semihard, on the order of a few GeV.
We employ the “color glass condensate” formalism [11] to
describe the strong yet weakly coupled gluon fields of the
nucleus at small x. For completeness let us mention that
photon-jet production in proton-proton (pþ p) collisions
has been analyzed in the kT-factorization approach with
transverse-momentum-dependent gluon distributions in
Refs. [12]. References [13,14] considered photon-jet pro-
duction in collinear factorization at NLO supplemented by
a parton shower generator. Lastly, such angular correlations
from qq̄ → γg annihilation in pp̄ collisions have been
discussed in Ref. [15]. Our main interest here is to show
how photon-jet azimuthal correlations at small x probe the
gluon fields of the heavy-ion target in the nonlinear regime.
From the cross section for g → qγ we can compute

hcos nϕi angular moments, where ϕ denotes the angle
between Q⊥ and ~P⊥. These are nonzero for all n but
increasingly suppressed as ðQ⊥= ~P⊥Þn. The transverse
momentum dependence of these moments in proton-
nucleus collisions provides information about the gluon
distributions of the heavy-ion target. We also compute the
“azimuthal harmonics” hcos nΦi (n ¼ 1…3) which are
frequently studied in heavy-ion collisions, where now Φ
is the angle between kγ⊥ and p⊥.
Photon-hadron (or jet) correlations have been studied

experimentally by the PHENIX [16] and STAR collabo-
rations [17] at the BNL-RHIC accelerator, and by CMS and
ATLAS at the CERN-LHC. Thus far the experiments at
RHIC have focused on pþ p or nucleus-nucleus (Aþ A)
collisions. The latter provide insight mainly into final state
interactions of the jet with the hot and dense medium
produced in heavy-ion collisions. Photon-jet correlations in
pþ p collisions have provided information on transverse-
momentum-dependent gluon distributions albeit not in the
weakly coupled, nonlinear regime of QCD since the
saturation momentum of a proton at RHIC energies (on
average over impact parameters) is well below 1 GeV [18].
The ATLAS Collaboration has measured photon-jet

correlations in pþ p collisions at 7 TeV [19]. For pjet
⊥ >

40 GeV and Eγ
⊥ > 45 GeV the correlations near ϕ ¼ π can

be described reasonably well by established QCD
Monte Carlo generators. The CMS Collaboration, too,
has analyzed these correlations in pþ p and Aþ A
collisions but also obtained data for pþ Pb collisions at
5 TeV [20]. Interestingly, for pjet

⊥ > 30 GeV and 40 GeV <
kγ⊥ < 50 GeV the correlation strength near ϕ ¼ π appears
to be overestimated by some Monte Carlo models; see also
Fig. 6 in Refs. [14]. This may potentially be related to high

gluon density effects of the kind considered here, especially
if confirmed by more symmetric configurations with
smaller Q⊥ (say, by going to lower kγ⊥ > 30 GeV).
This paper is organized as follows. In Sec. II we recall

the leading-order (LO) cross section expressed in terms of
the transverse momentum imbalance Q⊥ and the average
photon-jet transverse momentum ~P⊥. The NLO amplitude
is introduced in Sec. III, and expanded in powers of gluon
momenta in the follow-up Appendix A. In Sec. IV we
obtain the cross section for g → qq̄γ, while in Appendix B
we compute the nuclear distribution functions appearing in
the next-to-leading-order (NLO) cross section. The g → qγ
cross section and the angular moments an are obtained in
Sec. V B. Our results are summarized in Sec. VI.

II. LEADING-ORDER PHOTON-JET
CROSS SECTION

The LO photon-jet cross section due to scattering of an
(anti)quark off the target is given by [2–5]

dσ
d2kγ⊥dηkγd2p⊥dηp

¼ αeq2f
32π5

Z
dxp½fq;pðxp;Q2Þ þ fq̄;pðxp;Q2Þ�

×
1

lþ
ðlþ2 þ pþ2Þ

�
l · p

ðl · kγÞðp · kγÞ
þ 1

p · kγ
−

1

l · kγ

�

×N FðxA; ðp⊥ þ kγ⊥Þ2Þð2πÞδðlþ − pþ − kþγ Þ; ð1Þ

where kγ and p are the photon and jet momenta, respec-
tively, while l is the momentum of the quark from the
proton; see Fig. 1. Here fqðq̄Þ;pðxp;Q2Þ denote the collinear
quark and the antiquark distribution functions of the proton
evaluated at some hard scale Q2 and N FðxA; k2⊥Þ is the
forward scattering amplitude of a fundamental dipole off
the nucleus. At xA ≪ 1 and in the large-Nc limit this is
obtained by solving the Balitsky-Kovchegov (BK) evolu-
tion equation [21].
We can rewrite the cross section in terms of the

light-cone momentum fraction of the outgoing quark
zq ¼ pþ=lþ and the transverse momentum imbalance

FIG. 1. Example for a LO diagram for photon production in the
high-energy limit. The blob contains multiple (eikonal) scatter-
ings on the dense target with momentum exchange k. The
complete LO contribution includes photon emission before the
interaction with the nucleus (not shown).
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Q⊥ and the average transverse momentum ~P⊥ which are
defined via

Q⊥ ≡ kγ⊥ þ p⊥; ~P⊥ ≡ 1

2
ðp⊥ − kγ⊥Þ: ð2Þ

In terms of these variables,

dσ

d2 ~P⊥d2Q⊥dηkγdηp

¼ αeq2f
16π5

Z
dxp½fq;fðxp;Q2Þ þ fq̄;fðxp;Q2Þ�

×
1þ z2q
zq

zqð1 − zqÞ2Q2⊥
ð1
2
Q⊥ − ~P⊥Þ2½ð12 − zqÞQ⊥ þ ~P⊥�2

×N FðxA;Q2⊥Þð2πÞpþδðlþ − pþ − kþγ Þ: ð3Þ

We focus on photon-jet configurations that correspond to
~P⊥ ≫ QS ≫ Q⊥ so that the transverse momenta of the
photon and the jet are almost back to back. In this limit, due
to nonlinear effects the dipole forward scattering amplitude
N FðxA;Q2⊥Þ ∼ 1=Q2

SðxAÞ is proportional to the inverse
saturation scale squared of the nucleus. Hence, the leading
contribution to the LO cross section is of order ðQ⊥=QSÞ2,
times an overall 1= ~P4⊥, and is independent of the angle ϕ

between Q⊥ and ~P⊥. An angular dependence ∼ cosϕ arises
at next-to-leading power ðQ⊥=QSÞ2Q⊥ · ~P⊥= ~P2⊥. Below we
show that the cross section for g → qγ generates an
isotropic contribution at order 1 (times the common
1= ~P4⊥), a cosϕ angular dependence already at next-to-
leading power ∼Q⊥= ~P⊥, and so on.

III. NEXT-TO-LEADING-ORDER
PHOTON-JET AMPLITUDE

At the NLO order photons are produced via the g → qq̄γ
process where either the incoming gluon or either of the
quarks may scatter off the field of the target; see Fig. 2. For
a photon-jet final state, one of the quarks will eventually be
integrated over.1 The external momenta in the process are q,
p and kγ for the quark, antiquark and the photon, respec-
tively. In the amplitude we also have the transverse gluon
momenta from the proton, k1⊥, and from the nucleus, k⊥
and k2⊥ − k⊥ (there are two, because of the two Wilson
lines). Here, k2⊥ ≡ P⊥ − k1⊥ with P⊥ ≡ q⊥ þ p⊥ þ kγ⊥ is
the total final state transverse momentum.
The main formula for the amplitude is [see Eq. (47)

in [7]]

Mμðp; q; kγÞ

¼ −qfeg2
Z
k⊥k1⊥

Z
x⊥y⊥

ρapðk1⊥Þ
k21⊥

eik⊥·x⊥þiðk2⊥−k⊥Þ·y⊥

× ūðqÞfTμ
gðk1⊥ÞUðx⊥Þbatb

þ Tμ
qq̄ðk⊥; k1⊥Þ ~Uðx⊥Þta ~U†ðy⊥ÞgvðpÞ: ð4Þ

Here ~Uðx⊥Þ [Uðx⊥Þ] is the Wilson line in the fundamental
(adjoint) representation

~Uðx⊥Þ≡ Pþ exp

�
−ig2

Z
∞

−∞
dzþ

1

∇2⊥
ρaAðzþ; x⊥Þta

�
;

Uðx⊥Þ≡ Pþ exp

�
−ig2

Z
∞

−∞
dzþ

1

∇2⊥
ρaAðzþ; x⊥ÞTa

�
; ð5Þ

with ta (Ta) the SUðNcÞ generators in the fundamental
(adjoint) representation. gρapðx⊥Þ [gρaAðx⊥Þ] denotes the
random color charge density of the proton (nucleus) which
will be averaged over after squaring the amplitude. The
other factor of the coupling g in Eq. (4) arises from the
g − q − q̄ vertex.
We also introduce the following momentum labels,

w≡ qþ kγ; v≡ pþ kγ; g≡ q − k; h≡ q − k − k1;

u≡ qþ kγ − k; l≡ qþ kγ − k − k1; ð6Þ

where kþ ¼ 0, k−1 ¼ 0, kþ1 ¼ Pþ. We also define the
Lipatov vertex

Cþ
L ðq; k1⊥Þ ¼ qþ −

k21⊥
q− þ iϵ

;

C−
Lðq; k1⊥Þ ¼

ðq⊥ − k1⊥Þ2
qþ

− q−;

CL⊥ðq; k1⊥Þ ¼ q⊥ − 2k1⊥: ð7Þ

We then have

FIG. 2. Examples for NLO diagrams for photon production in
the high-energy limit. In the left diagram the gluon from the
proton emits a qq̄ pair which then scatters on the dense nucleus.
In the right diagram the gluon scatters on the nucleus and then
produces a qq̄ pair and a photon. The complete NLO contribution
includes diagrams where the photon is emitted from the antiquark
line, or from a virtual quark-antiquark state (not shown) in the
case of single-inclusive photon production.

1Specifically, we integrate over the phase space of the quark
which emits the photon. We restrict to the region of phase space
where the photon picks up most of the momentum of the parent
quark so that the configuration passes a photon isolation cut; see
Sec. V below.
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Tμ
g ≡

X2
β¼1

Rμ
β; Tμ

qq̄ ≡
X12
β¼9

Rμ
β; ð8Þ

with

Rμ
1 ¼ −

γμð=wþmÞ=CL

P2ðw2 −m2Þ ; Rμ
2 ¼ −

=CLð−=vþmÞγμ
P2ðv2 −m2Þ ; ð9Þ

Rμ
9 ¼ −

γμð=wþmÞγþð=uþmÞγ−ð=lþmÞγþ
Nkðw2 −m2Þ ;

Nk ¼ 2pþM2ðu⊥Þ þ 2wþM2ðl⊥Þ; ð10Þ

Rμ
10 ¼ −

γþð=gþmÞγ−ð=hþmÞγþð−=vþmÞγμ
Nqðv2 −m2Þ ;

Nq ≡ 2vþM2ðg⊥Þ þ 2qþM2ðh⊥Þ; ð11Þ

Rμ
11 ¼ 2pþ γþð=gþmÞγμð=uþmÞγ−ð=lþmÞγþ

NkS
;

k− ¼ w− þM2ðl⊥Þ
2pþ ; ð12Þ

Rμ
12 ¼ 2qþ

γþð=gþmÞγ−ð=hþmÞγμð=lþmÞγþ
NqS

;

k− ¼ q− −
M2ðg⊥Þ
2qþ

; ð13Þ
with

S ¼ 4pþqþk−γ þ 2qþM2ðl⊥Þ þ 2pþM2ðg⊥Þ:

Here we defined the transverse mass function Mðk⊥Þ≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þm2

p
.

We assume that there is a certain combination of the
external momenta which is the largest scale in the process
(i.e. the average transverse momentum ~P⊥ of photon and
jet). This scale is also supposed to be much larger than the
saturation scale of the proton or that of the nucleus. The
transverse momenta of the gluon from the proton, k1⊥, and
of the gluons from the nucleus, k⊥ and jk2⊥ − k⊥j, are of
the order of the respective saturation scales, much smaller
than the hard scale.
With this assumption we perform an expansion of the

amplitude in k1⊥, k2⊥ − k⊥ and k⊥. To obtain the gluon
distributionswemust expand to first order in thesemomenta.
The main point is that by Ward identities this expansion
necessarily involves terms proportional to ki1⊥ðk2 − k⊥Þj or
ki1⊥k

j
⊥ in the amplitude. Note that by conservation of

momentum this implies that the total transverse momentum
P⊥ ≡ q⊥ þ p⊥ þ kγ⊥ in the final state is much smaller than

the average transverse momentum ~P⊥ of the photon and jet.
We shall return to this point in Sec. V B. After some algebra
(the full details are given in Appendix A), we obtain the
following main result for the amplitude:

Mμðp; q; kγÞ

¼ −qfeg2
Z
k⊥k1⊥

Z
x⊥y⊥

ρapðk1⊥Þ
k21⊥

eik⊥·x⊥þiðP⊥−k⊥−k1⊥Þ·y⊥

× ūðqÞfk2iRμi
g Uðx⊥Þbatb þ ½kiRμi

q þ ðk2 − kÞiRμi
q̄ �

× ~Uðx⊥Þta ~U†ðy⊥ÞgvðpÞ; ð14Þ

where we defined

Rμi
g ≡X2

β¼1

Rμi
β ; Rμi

q ≡X5
β¼3

Rμi
β ; Rμi

q̄ ≡X8
β¼6

Rμi
β ; ð15Þ

with

Rμi
1 ≡ 2

P2
γμ

=qþ =kγ þm

ðqþ kγÞ2 −m2
=k2

ki1
PþP− ;

Rμi
2 ≡ 2

P2
=k2

−p − =kγ þm

ðpþ kγÞ2 −m2
γμ

ki1
PþP− ;

Rμi
3 ≡ −γμ

=qþ =kγ þm

ðqþ kγÞ2 −m2

γi

P−
=k1 − pþm

ðk1 − pÞ2 −m2

=k1⊥
Pþ ;

Rμi
4 ≡ −

γi

P−
=q − =k2 þm

ðq − k2Þ2 −m2
γμ

=k1 − pþm
ðk1 − pÞ2 −m2

=k1⊥
Pþ ;

Rμi
5 ≡ −

γi

P−
=q − =k2 þm

ðq − k2Þ2 −m2

=k1⊥
Pþ

−p − =kγ þm

ðpþ kγÞ2 −m2
γμ;

Rμi
6 ≡ =k1⊥

Pþ
=q − =k1 þm

ðq − k1Þ2 −m2

γi

P−
−p − =kγ þm

ðpþ kγÞ2 −m2
γμ;

Rμi
7 ≡ =k1⊥

Pþ
=q − =k1 þm

ðq − k1Þ2 −m2
γμ

=k2 − pþm
ðk2 − pÞ2 −m2

γi

P− ;

Rμi
8 ≡ γμ

=qþ =kγ þm

ðqþ kγÞ2 −m2

=k1⊥
Pþ

=k2 − pþm
ðk2 − pÞ2 −m2

γi

P− : ð16Þ

Here Rμi
β , with β ¼ 3;…5 (β ¼ 6;…; 8), correspond to the

three terms in the first (second) line of Eq. (A10), after using
the momentum definitions Eq. (6) and the collinear limit:

k1 ¼ ðkþ1 ; k−1 ; k1⊥Þ ¼ ðPþ; 0; 0Þ;
k2 ¼ ðkþ2 ; k−2 ; k2⊥Þ ¼ ð0; P−; 0Þ: ð17Þ

As an aside, it is useful to check the soft photon limit of the
amplitude in Eq. (14). We obtain

Mμðp;q;kγÞ¼ qfe

�
pμ

p ·kγ
−

qμ

q ·kγ

�
g2

×
Z
k⊥k1⊥

Z
x⊥y⊥

ρapðk1⊥Þ
k21⊥

eik⊥·x⊥þiðP⊥−k⊥−k1⊥Þ·y⊥

× ūðqÞfk2iRi
gUðx⊥Þbatb

þ½kiRi
qþðk2−kÞiRi

q̄� ~Uðx⊥Þta ~U†ðy⊥ÞgvðpÞ;
ð18Þ
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where

Ri
g ≡ −

2

P2
=k2

ki1
PþP− ;

Ri
q ≡ γi

P−
=k1 − pþm

ðk1 − pÞ2 −m2

=k1⊥
Pþ ;

Ri
q̄ ≡ −

=k1⊥
Pþ

=k2 − pþm
ðk2 − pÞ2 −m2

γi

P− : ð19Þ

Thus, Eq. (18) factorizes into the soft photon emission
amplitude times the amplitude for qq̄ production. The qq̄
production part exactly agrees with the result in Ref. [10]
once the expressions in Eqs. (25) and (26) of [10] are
comparedwithEq. (19) throughRg;i ¼ ~Tg;i,Rq;i ¼ ~TA

qq̄;i and

Rq̄;i ¼ ~TB
qq̄;i, together with k1 → k2 and k2 → k1, in the

notation of Ref. [10].

IV. NEXT-TO-LEADING-ORDER CROSS SECTION

We can immediately derive the cross section by adapting
the calculation from Ref. [7]. With the replacements

k2iR
μi
g → Tμ

g; kiR
μi
q þ ðk2 − kÞiRμi

q̄ → Tμ
qq̄; ð20Þ

the amplitude in Eq. (14) has the same structure as (4) [or
Eq. (47) in [7]]. Then, we can deduce the cross section from
Eq. (63) in [7]:

dσ
d2p⊥d2q⊥d2kγ⊥dηpdηqdηkγ

¼ αeαSq2f
256π8NcðN2

c − 1Þ
Z
k1⊥k2⊥

ð2πÞ2δð2ÞðP⊥ − k1⊥ − k2⊥Þ
φpðxp; k21⊥Þ

k21⊥

×
Z
x⊥x0⊥y⊥y0⊥

Z
k⊥;k0⊥

eiðk⊥·x⊥−k0⊥·x0⊥Þþiðk2⊥−k⊥Þ·y⊥−iðk2⊥−k0⊥Þ·y0⊥gμμ0

× ftr½ð=qþmÞki2Rg;μiðm − pÞγ0ki02R0†
g;μ0i0γ

0�CðxA; x⊥; x⊥; x0⊥; x0⊥Þ
þ tr½ð=qþmÞki2Rg;μiðm − pÞγ0ðk0i0R0†

q;μ0i0 þ ðk2 − k0Þi0R0†
q̄;μ0i0 Þγ0�CðxA; x⊥; x⊥; y0⊥; x0⊥Þ

þ tr½ð=qþmÞðkiRq;μi þ ðk2 − kÞiRq̄;μiÞðm − pÞγ0ki02R0†
g;μ0i0γ

0�CðxA; x⊥; y⊥; x0⊥; x0⊥Þ
þ tr½ð=qþmÞðkiRq;μi þ ðk2 − kÞiRq̄;μiÞðm − pÞγ0ðk0i0R0†

q;μ0i0 þ ðk2 − k0Þi0R0†
q̄;μ0i0 Þγ0�

× CðxA; x⊥; y⊥; y0⊥; x0⊥Þg: ð21Þ

To follow more closely the notation in [10] we rewrote the nuclear gluon field correlators from Eqs. (58)–(60) in Ref. [7] in
terms of the four Wilson line correlator

CðxA; x⊥; y⊥; y0⊥; x0⊥Þ≡ trch ~Uðx⊥Þta ~U†ðy⊥Þ ~Uðy0⊥Þta ~U†ðx0⊥ÞixA : ð22Þ

We used tbUbaðx⊥Þ ¼ ~Uðx⊥Þta ~Uðx⊥Þ. Also, we defined the unintegrated gluon distribution φpðxp; k21⊥Þ of the proton via

hρapðk1⊥Þρ†bp ðk1⊥Þixp ≡
δabk21⊥

2πNcCFg2
φpðxp; k21⊥Þ: ð23Þ

The proton and the nucleus light-cone momentum fractions, xp and xA, are related to the final state kinematics via

xp

ffiffiffi
s
2

r
¼ pþ þ kþγ þ qþ;

xA

ffiffiffi
s
2

r
¼ p− þ k−γ þ q−: ð24Þ

By partial integration we can turn powers of ki, ðk2 − kÞi and ki2 into gradients of the correlator of four Wilson lines (22).
For example,
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Z
x⊥x0⊥y⊥y0⊥

Z
k⊥;k0⊥

eiðk⊥·x⊥−k0⊥·x0⊥Þþiðk2⊥−k⊥Þ·y⊥−iðk2⊥−k0⊥Þ·y0⊥ki2ðk2 − k0Þi0CðxA; x⊥; x⊥; y0⊥; x0⊥Þ

¼
Z
x⊥x0⊥y0⊥

Z
k0⊥
e−ik

0⊥x0⊥þik2⊥x⊥−iðk2⊥−k0⊥Þ·y0⊥ki2ðk2 − k0Þi0CðxA; x⊥; x⊥; y0⊥; x0⊥Þ

¼
Z
x⊥x0⊥y0⊥

Z
k0⊥
e−ik

0⊥x0⊥þik2⊥x⊥−iðk2⊥−k0⊥Þ·y0⊥ ∂2CðxA; x⊥; x⊥; y0⊥; x0⊥Þ
∂xi∂y0i0

¼
Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þ
�∂2CðxA; x⊥; x⊥; y0⊥; x0⊥Þ

∂xi∂y0i0
�
x0⊥¼y0⊥

: ð25Þ

The cross section can be written as

dσ
d2p⊥d2q⊥d2kγ⊥dηpdηqdηkγ

¼ αeαSq2f
256π8NcðN2

c − 1Þ
Z
k1⊥k2⊥

ð2πÞ2δð2ÞðP⊥ − k1⊥ − k2⊥Þ
φpðxp; k21⊥Þ

k21⊥

×
Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þgμμ0

×

�
tr½ð=qþmÞRq;μiðm − pÞγ0R0†

q;μ0i0γ
0�
�∂2CðxA; x⊥; y⊥; y0⊥; x0⊥Þ

∂xi∂x0i0
�
x⊥¼y⊥;x0⊥¼y0⊥

þ tr½ð=qþmÞRq;μiðm − pÞγ0R0†
q̄;μ0i0γ

0�
�∂2CðxA; x⊥; y⊥; y0⊥; x0⊥Þ

∂xi∂y0i0
�
x⊥¼y⊥;x0⊥¼y0⊥

þ tr½ð=qþmÞRq̄;μiðm − pÞγ0R0†
q;μ0i0γ

0�
�∂2CðxA; x⊥; y⊥; y0⊥; x0⊥Þ

∂yi∂x0i0
�
x⊥¼y⊥;x0⊥¼y0⊥

þ tr½ð=qþmÞRq̄;μiðm − pÞγ0R0†
q̄;μ0i0γ

0�
�∂2CðxA; x⊥; y⊥; y0⊥; x0⊥Þ

∂yi∂y0i0
�
x⊥¼y⊥;x0⊥¼y0⊥

þ tr½ð=qþmÞRq;μiðm − pÞγ0R0†
g;μ0i0γ

0�
�∂2CðxA; x⊥; y⊥; x0⊥; x0⊥Þ

∂xi∂x0i0
�
x⊥¼y⊥

þ tr½ð=qþmÞRq̄;μiðm − pÞγ0R0†
g;μ0i0γ

0�
�∂2CðxA; x⊥; y⊥; x0⊥; x0⊥Þ

∂yi∂x0i0
�
x⊥¼y⊥

þ tr½ð=qþmÞRg;μiðm − pÞγ0R0†
q;μ0i0γ

0�
�∂2CðxA; x⊥; x⊥; y0⊥; x0⊥Þ

∂xi∂x0i0
�
x0⊥¼y0⊥

þ tr½ð=qþmÞRg;μiðm − pÞγ0R0†
q̄;μ0i0γ

0�
�∂2CðxA; x⊥; x⊥; y0⊥; x0⊥Þ

∂xi∂y0i0
�
x0⊥¼y0⊥

þ tr½ð=qþmÞRg;μiðm − pÞγ0R0†
g;μ0i0γ

0�
�∂2CðxA; x⊥; x⊥; x0⊥; x0⊥Þ

∂xi∂x0i0
��

: ð26Þ

The gradients of Cðx⊥; y⊥; y0⊥x0⊥Þ are parametrized in terms of six transverse-momentum-dependent gluon distribution
functions as follows [see Eqs. (28)–(34) in [10]]:

Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þ
�∂2CðxA; x⊥; y⊥; y0⊥; x0⊥Þ

∂xi∂x0i0
�
x⊥¼y⊥;x0⊥¼y0⊥

¼
Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þ
�∂2CðxA; x⊥; y⊥; y0⊥; x0⊥Þ

∂yi∂y0i0
�
x⊥¼y⊥;x0⊥¼y0⊥

≡ 1

2
δii

0
F1ðxA; k22⊥Þ þ

�
ki2⊥ki

0
2⊥

k22⊥
−
1

2
δii

0
�
H1ðxA; k22⊥Þ; ð27Þ
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Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þ
�∂2CðxA; x⊥; y⊥; y0⊥; x0⊥Þ

∂xi∂y0i0
�
x⊥¼y⊥;x0⊥¼y0⊥

¼
Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þ
�∂2CðxA; x⊥; y⊥; y0⊥; x0⊥Þ

∂yi∂x0i0
�
x⊥¼y⊥;x0⊥¼y0⊥

≡ 1

2
δii

0
F2ðxA; k22⊥Þ þ

�
ki2⊥ki

0
2⊥

k22⊥
−
1

2
δii

0
�
H2ðxA; k22⊥Þ: ð28Þ

Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þ
�∂2CðxA; x⊥; y⊥; x0⊥; x0⊥Þ

∂xi∂x0i0
�
x⊥¼y⊥

¼
Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þ
�∂2CðxA; x⊥; y⊥; x0⊥; x0⊥Þ

∂yi∂x0i0
�
x⊥¼y⊥

¼
Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þ
�∂2CðxA; x⊥; x⊥; y0⊥; x0⊥Þ

∂xi∂x0i0
�
x0⊥¼y0⊥

¼
Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þ
�∂2CðxA; x⊥; x⊥; y0⊥; x0⊥Þ

∂xi∂y0i0
�
x0⊥¼y0⊥

¼ 1

2

Z
x⊥x0⊥

eik2⊥·ðx⊥−x0⊥Þ
�∂2CðxA; x⊥; x⊥; x0⊥; x0⊥Þ

∂xi∂x0i0
�
≡ 1

2
δii

0
F3ðxA; k22⊥Þ þ

�
ki2⊥ki

0
2⊥

k22⊥
−
1

2
δii

0
�
H3ðxA; k22⊥Þ: ð29Þ

The cross section becomes

dσ
d2p⊥d2q⊥d2kγ⊥dηpdηqdηkγ

¼ αeαSq2f
256π8NcðN2

c − 1Þ
Z
k1⊥k2⊥

ð2πÞ2δð2ÞðP⊥ − k1⊥ − k2⊥Þ
φpðxp; k21⊥Þ

k21⊥

×

�
ðτqq;ii0 þ τq̄ q̄;ii0 Þ

�
1

2
δii

0
F1ðxA; k22⊥Þ þ

�
ki2⊥ki

0
2⊥

k22⊥
−
1

2
δii

0
�
H1ðxA; k22⊥Þ

�

þ ðτqq̄;ii0 þ τq̄q;ii0 Þ
�
1

2
δii

0
F2ðxA; k22⊥Þ þ

�
ki2⊥ki

0
2⊥

k22⊥
−
1

2
δii

0
�
H2ðxA; k22⊥Þ

�

þ ðτqg;ii0 þ τq̄g;ii0 þ τgq;ii0 þ τgq̄;ii0 þ 2τgg;ii0 Þ

×

�
1

2
δii

0
F3ðxA; k22⊥Þ þ

�
ki2⊥ki

0
2⊥

k22⊥
−
1

2
δii

0
�
H3ðxA; k22⊥Þ

��
; ð30Þ

where

τab;ii0 ≡ gμμ
0
tr½ð=qþmÞRa;μiðm − pÞγ0R0†

b;μ0i0γ
0�;

a; b ¼ q; q̄; g: ð31Þ

The Fi and Hi distributions, introduced in Eqs. (27)–
(29), have known operator definitions; see e.g. [10] where a
direct relationship to the distributions in the conventional
transverse-momentum-dependent (TMD) formalism dis-
cussed in [8,9] was given. Reference [10] also established
a set of linear relationships to the various dipole and
Weizsäcker-Williams gluon distributions [10]; see also
[22]. In addition, we provide explicit expressions in terms
of the BK two-point function of Aþ in Appendix B.

V. JET-PHOTON CORRELATIONS IN THE
COLLINEAR APPROXIMATION

In the following we will pick up configurations where
both the photon kγ⊥ and the antiquark (we arbitrarily
choose this to be the jet in this process) momentum p⊥
are hard, while the leftover transverse momentum of the
quark is much smaller, q⊥ ≪ kγ⊥. The contributions where
the photon is emitted within a jet can be suppressed by
discarding events with a large transverse jet energy in a
cone around the photon [23]. The remaining configurations
are in fact dominated by collinear photon emissions from a
quark line after the interaction with the nuclei. For
simplicity, we will also take the collinear limit on the
proton side: k1⊥ → 0. The cross section becomes
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dσ
d2p⊥d2q⊥d2kγ⊥dηpdηqdηkγ

¼ αeαSq2f
512π6NcðN2

c − 1Þ xpfg;pðxp; P
2⊥Þ

×

�
ðτcollqq;ii0 þ τcollq̄ q̄;ii0 Þ

�
1

2
δii

0
F1ðxA; P2⊥Þ þ

�
PiPi0

P2⊥
−
1

2
δii

0
�
H1ðxA; P2⊥Þ

�

þ ðτcollqq̄;ii0 þ τcollq̄q;ii0 Þ
�
1

2
δii

0
F2ðxA; P2⊥Þ þ

�
PiPi0

P2⊥
−
1

2
δii

0
�
H2ðxA; P2⊥Þ

�

þ ðτcollqg;ii0 þ τcollq̄g;ii0 þ τcollgq;ii0 þ τcollgq̄;ii0 þ 2τcollgg;ii0 Þ

×

�
1

2
δii

0
F3ðxA; P2⊥Þ þ

�
PiPi0

P2⊥
−
1

2
δii

0
�
H3ðxA; P2⊥Þ

��
; ð32Þ

where

τcollab;ii0 ≡ gμμ
0
δjj

0
tr½ð=qþmÞRa;μijðm − pÞγ0R0†

b;μ0i0j0γ
0�; a; b ¼ q; q̄;

τcollga;ii0 ≡ gμμ
0
tr½ð=qþmÞRg;μðm − pÞγ0R0†

a;μ0i0iγ
0�; a ¼ q; q̄;

τcollag;ii0 ≡ gμμ
0
tr½ð=qþmÞRa;μii0 ðm − pÞγ0R0†

g;μ0γ
0�; a ¼ q; q̄;

τcollgg;ii0 ≡ gμμ
0
δii0 tr½ð=qþmÞRg;μðm − pÞγ0R0†

g;μ0γ
0�: ð33Þ

Here we have defined Rμi
a ≡ kj1R

μij
a , a ¼ q; q̄, and Rμi

g ≡ ki1R
μ
g ; see Eqs. (15) and (16). Also, we introduced the collinear

gluon distribution of the proton,

xpfg;pðxp; P2⊥Þ≡ 1

4π3

Z
P2⊥

0

dk21⊥φpðxp; k21⊥Þ: ð34Þ

Note that although P⊥ is much smaller than the hard scale ~P⊥ it is nevertheless on the order of the saturation scale of the
nucleus and so the collinear approximation on the proton side should be justified [24].
The terms in the amplitude (14) containing the photon-quark collinear singularity are given by Rμi

1 , R
μi
3 and Rμi

8 ; see
Eq. (16). To correctly take into account this singularity the Dirac traces (33) must contain the diagonal parts corresponding
to the matrices Rμi

1 , R
μi
3 and Rμi

8 , as well as interferences with the remaining part of the amplitude, leading to

τcollqq;ii0 ¼ τcoll
33;ii0 þ τcoll

34;ii0 þ τcoll
43;ii0 þ τcoll

35;ii0 þ τcoll
53;ii0 ;

τcollq̄ q̄;ii0 ¼ τcoll
88;ii0 þ τcoll

87;ii0 þ τcoll
78;ii0 þ τcoll

86;ii0 þ τcoll
68;ii0 ;

τcollqq̄;ii0 ¼ τcoll
36;ii0 þ τcoll

37;ii0 þ τcoll
38;ii0 þ τcoll

48;ii0 þ τcoll
58;ii0 ;

τcollq̄q;ii0 ¼ τcoll
63;ii0 þ τcoll

73;ii0 þ τcoll
83;ii0 þ τcoll

84;ii0 þ τcoll
85;ii0 ;

τcollgq;ii0 ¼ τcoll
13;ii0 þ τcoll

14;ii0 þ τcoll
15;ii0 þ τcoll

23;ii0 ;

τcollgq̄;ii0 ¼ τcoll
16;ii0 þ τcoll

17;ii0 þ τcoll
18;ii0 þ τcoll

28;ii0 ;

τcollqg;ii0 ¼ τcoll
31;ii0 þ τcoll

41;ii0 þ τcoll
51;ii0 þ τcoll

32;ii0 ;

τcollq̄g;ii0 ¼ τcoll
61;ii0 þ τcoll

71;ii0 þ τcoll
81;ii0 þ τcoll

82;ii0 ;

τcollgg;ii0 ¼ τcoll
11;ii0 þ τcoll

12;ii0 þ τcoll
21;ii0 : ð35Þ

Here we have defined

τcollαβ;ii0 ≡ gμμ
0
δjj

0
tr½ð=qþmÞRα;μijðm − pÞγ0R0†

β;μ0i0j0γ
0�; α; β ¼ 3;…; 8;

τcollαβ;ii0 ≡ gμμ
0
tr½ð=qþmÞRα;μðm − pÞγ0R0†

β;μ0i0iγ
0�; α ¼ 1; 2; β ¼ 3;…; 8;

τcollαβ;ii0 ≡ gμμ
0
tr½ð=qþmÞRα;μii0 ðm − pÞγ0R0†

β;μ0γ
0�; α ¼ 3;…; 8; β ¼ 1; 2;

τcollαβ;ii0 ≡ gμμ
0
δii0 tr½ð=qþmÞRα;μðm − pÞγ0R0†

β;μ0γ
0�; α; β ¼ 1; 2; ð36Þ
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where Rμi
α ≡ kj1R

μij
α , α ¼ 3;…; 8, and Rμi

α ≡ ki1R
μ
α, α ¼ 1,

2; see Eq. (15).

A. Integration over the photon-quark
collinear singularity

We introduce the photon momentum fraction

z≡ kþγ
kþγ þ qþ

ð37Þ

and separate out the collinear singularity in the Dirac traces:

τcollab;ii0 ðw⊥Þ≡
τcoll;regab;ii0 ðw⊥Þ
½zw⊥ − kγ⊥�2

: ð38Þ

The integral over the transverse phase space q⊥ is domi-
nated by the singularity w⊥ ≡ q⊥ þ kγ⊥ ¼ kγ⊥=z. The

integral is calculated by expanding the integrand around
this singularity and then integrating over it.
A generic integral is

I ¼
Z
q⊥

Fðw⊥; p⊥Þ
ðzw⊥ − kγ⊥Þ2ðw⊥ þ p⊥Þ2

¼
Z
w⊥

Fðw⊥; p⊥Þ
ðzw⊥ − kγ⊥Þ2ðw⊥ þ p⊥Þ2

; ð39Þ

where in the second line we shifted the integration
q⊥ → w⊥. Fðw⊥; p⊥Þ is a function containing the hard
parts that potentially depend on w⊥ and p⊥ as well as the
distribution function that depends on P⊥ ¼ w⊥ þ p⊥. In
(39) we have separated out explicitly the perturbative tail
∼1=P2⊥ of the distribution functions. Expanding Fðw⊥; p⊥Þ
around the collinear singularity we obtain

I ≃ Fðkγ⊥=z; p⊥Þ
Z
w⊥

1

ðzw⊥ − kγ⊥Þ2ðw⊥ þ p⊥Þ2
¼ 1

2π

Fðkγ⊥=z; p⊥Þ
ðkγ⊥ þ zp⊥Þ2

�
−
1

ϵ
þ γE þ log

�ðkγ⊥ þ zp⊥Þ2
4πz2μ2

�
þOðϵÞ

�
; ð40Þ

where in the second line we evaluated the integral in d dimensions and expanded around d ¼ 2 − 2ϵ. Here μ2 is the
renormalization scale. Subtracting the 1=ϵ divergence and defining μ2 ¼ μ2

MS
eγE=4π, we obtain the final formula for the

integral in the MS scheme:

IMS ¼
1

2π

Fðkγ⊥=z; p⊥Þ
ðkγ⊥ þ zp⊥Þ2

log

�ðkγ⊥ þ zp⊥Þ2
z2μ2

MS

�
: ð41Þ

Using (41) we calculate the q⊥ integrals in the cross section as

Z
q⊥

τcollab;ii0 ðw⊥Þ
ðw⊥ þ p⊥Þ2

P2⊥
�
1

2
δii

0
FjðxA; P2⊥Þ þ

�
PiPi0

P2⊥
−
1

2
δii

0
�
HjðxA; P2⊥Þ

�

¼ 1

2π

1

z2
1

ðp⊥ þ kγ⊥=zÞ2
log

�ðp⊥ þ kγ⊥=zÞ2
μ2
MS

�

× τcoll;regab;ii0 ðkγ⊥=zÞðp⊥ þ kγ⊥=zÞ2
�
1

2
δii

0
FjðxA; ðp⊥ þ kγ⊥=zÞ2Þ

þ
�ðpi þ kiγ=zÞðpi0 þ ki

0
γ =zÞ

ðp⊥ þ kγ⊥=zÞ2
−
1

2
δii

0
�
HjðxA; ðp⊥ þ kγ⊥=zÞ2Þ

�
: ð42Þ

B. Cross section in the correlation limit

We calculate τcoll;regab;ii0 ðkγ⊥=zÞ assuming that the total momentum of the final state in the correlation limit, p⊥ þ kγ⊥=z, is
small. This follows from the fact that the hard factors have been expanded around k1⊥; k2⊥ → 0 and from momentum
conservation. We introduce the new variables

Q⊥ ≡ kγ⊥ þ p⊥; ~P⊥ ≡ 1

2
ðp⊥ − kγ⊥Þ: ð43Þ

Below we will consider the limit where Q⊥ ≪ ~P⊥. Since this means that both Q⊥ and jp⊥ þ kγ⊥=zj are small, we are
considering events where the photon picks up most of the energy of its parent quark, so that z is close to unity.
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The explicit expressions for the hard factors are

τcoll;regqq;ii0 ðkγ⊥=zÞ þ τcoll;regq̄ q̄;ii0 ðkγ⊥=zÞ ¼
2ζz2ð1 − zÞð1þ zÞ4

ðζ þ zÞ4
1

~P4⊥

�
ðζ2 þ z2Þδii0 −

4ζzðζ − zÞ2
ðζ þ zÞ2

~Pi
~Pi0

~P2⊥

�
1þ ð1 − zÞ2

z
;

τcoll;regqq̄;ii0 ðkγ⊥=zÞ þ τcoll;regq̄q;ii0 ðkγ⊥=zÞ ¼ −
8ζ2z3ð1 − zÞð1þ zÞ4ðζ − zÞ2

ðζ þ zÞ6
~Pi
~Pi0

~P6⊥
1þ ð1 − zÞ2

z
;

τcoll;reggq;ii0 ðkγ⊥=zÞ þ τcoll;regqg;ii0 ðkγ⊥=zÞ þ τcoll;reggq̄;ii0 ðkγ⊥=zÞ þ τcoll;regq̄g;ii0 ðkγ⊥=zÞ þ 2τcoll;reggg;ii0 ðkγ⊥=zÞ

¼ −
4ζ2z3ð1 − zÞð1þ zÞ4

ðζ þ zÞ6
1

~P4⊥

�
ðζ2 þ z2Þδii0 − 2ðζ − zÞ2

~Pi
~Pi0

~P2⊥

�
1þ ð1 − zÞ2

z
; ð44Þ

where we see explicitly the photon splitting function ð1þ ð1 − zÞ2Þ=z. We also introduced the abbreviation

ζ≡ kþγ
pþ ¼ kγ⊥

p⊥
eηkγ−ηp : ð45Þ

In terms of Q⊥ and ~P⊥ the transverse momentum in the nuclear gluon distributions is

p⊥ þ 1

z
kγ⊥ ¼ −

1 − z
z

~P⊥ þ 1þ z
2z

Q⊥: ð46Þ

Next, we multiply the transverse projector in Eq. (42) with ~Pi
~Pi0 from (44):

�ðpi þ kiγ=zÞðpi0 þ ki
0
γ =zÞ

ðp⊥ þ kγ⊥=zÞ2
−
1

2
δii

0
�

~Pi
~Pi0

~P2⊥
¼ ð− 1−z

z
~P2⊥ þ 1þz

2z Q⊥ · ~P⊥Þ2
ð− 1−z

z
~P⊥ þ 1þz

2z Q⊥Þ2 ~P2⊥
−
1

2

≃ 1

2
−

ð1þ zÞ2
4ð1 − zÞ2

Q2⊥
~P2⊥

þ ð1þ zÞ2
4ð1 − zÞ2

ðQ⊥ · ~P⊥Þ2
~P4⊥

: ð47Þ

We took the correlation limit Q⊥ ≪ ~P⊥ in the last line but in the cross section below we will keep the full expression. The
full cross section, integrated over the quark momentum q⊥, is

dσ

d2 ~P⊥d2Q⊥dηpdηkγdz
¼ αeαSq2f

64π4NcðN2
c − 1Þ xpfg;p

�
xp;

�
−
1 − z
z

~P⊥ þ 1þ z
2z

Q⊥
�

2
�

×
1

2π

1þ ð1 − zÞ2
z

log

�ð− 1−z
z

~P⊥ þ 1þz
2z Q⊥Þ2

Λ2

MS

�

×
ζð1þ zÞ4
zðζ þ zÞ6

1

~P4⊥

�
ðζ4 þ 6ζ2z2 þ z4ÞF1

�
xA;

�
−
1 − z
z

~P⊥ þ 1þ z
2z

Q⊥
�

2
�

− 2ζzðζ − zÞ2F2

�
xA;

�
−
1 − z
z

~P⊥ þ 1þ z
2z

Q⊥
�

2
�
− 4ζ2z2F3

�
xA;

�
−
1 − z
z

~P⊥ þ 1þ z
2z

Q⊥
�

2
�

þ 4ζzðζ − zÞ2
2
64
ð1−zÞ2
z2

~P2⊥ þ ð1þzÞ2
4z2

ðQ⊥· ~P⊥Þ2
~P2⊥

− 1−z2
z2 Q⊥ · ~P⊥

ð− 1−z
z

~P⊥ þ 1þz
2z Q⊥Þ2

−
1

2

3
75

×

�
−H1

�
xA;

�
−
1 − z
z

~P⊥ þ 1þ z
2z

Q⊥
�

2
�
−H2

�
xA;

�
−
1 − z
z

~P⊥ þ 1þ z
2z

Q⊥
�

2
�

þH3

�
xA;

�
−
1 − z
z

~P⊥ þ 1þ z
2z

Q⊥
�

2
���

: ð48Þ

Here we have added the contribution to the cross section coming from the fragmentation photons proportional to the quark-
photon fragmentation function
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Dq→γðz; μ2Þ ¼
1

2π

1þ ð1 − zÞ2
z

log

�
μ2

Λ2

MS

�
: ð49Þ

That way, the cross section is independent of the arbitrary renormalization scale μ2.
It follows from (B6) that the combination of linearly polarized gluon distributions that appears in the cross section

vanishes:

−H1ðxA; k2⊥Þ −H2ðxA; k2⊥Þ þH3ðxA; k2⊥Þ ¼ 0: ð50Þ

We now expand the cross section in powers of Q⊥2:

dσ

d2 ~P⊥d2Q⊥dηpdηkγdz
¼ αeαSq2f

64π4NcðN2
c − 1Þ

1

zð1 − zÞ xpfg;p
�
xp;

ð1 − zÞ2
z2

~P2⊥
�

1

2π

1þ ð1 − zÞ2
z

log
�ð1 − zÞ2 ~P2⊥

z2Λ2

MS

�

×
ζð1 − zÞð1þ zÞ4

ðζ þ zÞ6
1

~P4⊥

X∞
n¼0

1

n!

�
ðζ4 þ 6ζ2z2 þ z4Þ

� ∂nF1

∂Qi1…∂Qin

�
Q⊥¼0

− 2ζzðζ − zÞ2
� ∂nF2

∂Qi1…∂Qin

�
Q⊥¼0

− 4ζ2z2
� ∂nF3

∂Qi1…∂Qin

�
Q⊥¼0

�
Qi1…Qin: ð51Þ

In this expansion we have neglected the dependence of xp and xA onQ⊥ in the proton and the nuclear distributions. In both
cases the derivatives will bring energy denominators that suppress such contributions in the high-energy limit. In addition,
the derivative of the proton distribution over log 1=xp would be αS suppressed by virtue of the Balitsky-Fadin-Kuraev-
Lipatov (BFKL) equation [25]. The nuclear distributions evolve according to the BK equation which leads to an even
stronger suppression for transverse momenta of order (or less than) the saturation scale of the nucleus.
Evaluating the derivatives of any of the Fj we get

� ∂Fj

∂Qi1…∂Qin

�
Q⊥¼0

Qi1…Qin ¼ ð−iÞn ð1þ zÞn
ð2zÞn ðπR2

AÞ
Z
x⊥
ðQ⊥ · x⊥Þn exp

�
i
1 − z
z

~P⊥ · x⊥
�
~FjðxA; x2⊥Þ; ð52Þ

where ~FjðxA; x2⊥Þ is the Fourier transform of the distribution functions FjðxA; k2⊥Þ. For n ¼ 1, 2 we find

� ∂Fj

∂Qi1

�
Q⊥¼0

Qi1 ¼ cosϕ
1þ z
2z

z
1 − z

Q⊥
~P⊥

Fð1;1Þ
j

�
xA;

ð1 − zÞ2
z2

~P2⊥
�
; ð53Þ

and

� ∂2Fj

∂Qi1∂Qi2

�
Q⊥¼0

Qi1Qi2 ¼ 1

2

ð1þ zÞ2
4z2

z2

ð1 − zÞ2
Q2⊥
~P2⊥

�
−Fð0;2Þ

j

�
xA;

ð1 − zÞ2
z2

~P2⊥
�
þ cos 2ϕFð2;2Þ

j

�
xA;

ð1 − zÞ2
z2

~P2⊥
��

; ð54Þ

where

Fða;bÞ
j ðxA; k2⊥Þ≡ ðπR2

AÞ2π
Z

∞

0

x⊥dx⊥Jaðk⊥x⊥Þðx⊥k⊥Þb ~Fjðx2⊥Þ; ð55Þ

and where cosϕ≡ Q⊥ · ~P⊥=ðQ⊥ ~P⊥Þ. Note that Fð0;0Þ
j ðxA; k2⊥Þ ¼ FjðxA; k2⊥Þ. The cross section, expanded up to the order

Q2⊥=P2⊥, is

2In fact, the expansion is in powers of 1þz
1−z Q⊥= ~P⊥. Hence, for large z the expansions given below apply only for rather small values of

Q⊥= ~P⊥. For larger Q⊥= ~P⊥ one could compute the angular correlations numerically from Eq. (48).
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dσ

d2 ~P⊥d2Q⊥dηpdηkγdz
¼ αeαSq2f

64π4NcðN2
c − 1Þ xpfg;p

�
xp;

ð1 − zÞ2
z2

~P2⊥
�

1

2π

1þ ð1 − zÞ2
z

log

�ð1 − zÞ2 ~P2⊥
z2Λ2

MS

�

×
ζð1þ zÞ4
zðζ þ zÞ6

1

~P4⊥

�
ðζ4 þ 6ζ2z2 þ z4Þ

�
F1

�
xA;

ð1 − zÞ2
z2

P2⊥
�
−
1

4

ð1þ zÞ2
4z2

z2

ð1 − zÞ2
Q2⊥
~P2⊥

Fð0;2Þ
1

×

�
xA;

ð1 − zÞ2
z2

P2⊥
��

− 2ζzðζ − zÞ2
�
F2

�
xA;

ð1 − zÞ2
z2

P2⊥
�
−
1

4

ð1þ zÞ2
4z2

z2

ð1 − zÞ2
Q2⊥
~P2⊥

Fð0;2Þ
2

�
xA;

ð1 − zÞ2
z2

P2⊥
��

− 4ζ2z2
�
F3

�
xA;

ð1 − zÞ2
z2

P2⊥
�
−
1

4

ð1þ zÞ2
4z2

z2

ð1 − zÞ2
Q2⊥
~P2⊥

Fð0;2Þ
3

�
xA;

ð1 − zÞ2
z2

P2⊥
��

þ cosϕ
1þ z
2z

z
1 − z

Q⊥
~P⊥

�
ðζ4 þ 6ζ2z2 þ z4ÞFð1;1Þ

1

�
xA;

ð1 − zÞ2
z2

P2⊥
�
− 2ζzðζ − zÞ2Fð1;1Þ

2

×

�
xA;

ð1 − zÞ2
z2

P2⊥
�
− 4ζ2z2Fð1;1Þ

3

�
xA;

ð1 − zÞ2
z2

P2⊥
��

þ 1

4
cos 2ϕ

ð1þ zÞ2
4z2

z2

ð1 − zÞ2
Q2⊥
~P2⊥

�
ðζ4 þ 6ζ2z2 þ z4ÞFð2;2Þ

1

�
xA;

ð1 − zÞ2
z2

P2⊥
�
− 2ζzðζ − zÞ2Fð2;2Þ

2

×

�
xA;

ð1 − zÞ2
z2

P2⊥
�
− 4ζ2z2Fð2;2Þ

3

�
xA;

ð1 − zÞ2
z2

P2⊥
��

þOðQ3⊥= ~P
3⊥Þ
�
: ð56Þ

In the collinear approximation xp;A become

xp
ffiffiffi
s

p ¼ p⊥eηp þ zkγ⊥eηkγ ;

xA
ffiffiffi
s

p ¼ p⊥e−ηp þ
1

z
kγ⊥e−ηkγ : ð57Þ

C. Angular correlations

We can define angular correlations via

an ≡ hcosðnϕÞi≡
R
2π
0 dϕ dσ

d2 ~P⊥d2Q⊥dηpdηkγ dz
cosðnϕÞR

2π
0 dϕ dσ

d2 ~P⊥d2Q⊥dηpdηkγdz
; ð58Þ

where ϕ is the angle between the photon and jet transverse momentum imbalance Q⊥ and their average transverse
momentum ~P⊥. In principle, all an can be nonzero but are increasingly suppressed like ðQ⊥= ~P⊥Þn. From (56) we can obtain
a1 and a2 as follows:

a1 ¼
1þ z

4ð1 − zÞ
Q⊥
~P⊥

ðζ4 þ 6ζ2z2 þ z4ÞFð1;1Þ
1 − 2ζzðζ − zÞ2Fð1;1Þ

2 − 4ζ2z2Fð1;1Þ
3

ðζ4 þ 6ζ2z2 þ z4ÞF1 − 2ζzðζ − zÞ2F2 − 4ζ2z2F3

þOðQ3⊥= ~P3⊥Þ; ð59Þ

a2 ¼
ð1þ zÞ2
32ð1 − zÞ2

Q2⊥
~P2⊥

ðζ4 þ 6ζ2z2 þ z4ÞFð2;2Þ
1 − 2ζzðζ − zÞ2Fð2;2Þ

2 − 4ζ2z2Fð2;2Þ
3

ðζ4 þ 6ζ2z2 þ z4ÞF1 − 2ζzðζ − zÞ2F2 − 4ζ2z2F3

þOðQ3⊥= ~P
3⊥Þ: ð60Þ

This is the main result of this paper. Recall that ζ ≡ kþγ
pþ ¼ kγ⊥

p⊥ e
ηkγ−ηp is the ratio of photon and quark energies in the final

state, while z is the fractional energy picked up by the photon from its parent quark. Our result applies when 1 − z ≪ 1.
Note that the gluon distributions in the expressions above are evaluated at the scale ð1 − zÞ ~P⊥=z. Hence, these angular
moments provide insight into the transverse momentum dependence of the gluon distributions of the target which is due to
the fact that they involve another scale, i.e. the nonlinear (“saturation”) scale QS.
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For the numerical results shown in Figs. 3 and 4 we have
used Q⊥= ~P⊥ ¼ 0.1, z ¼ 3=4, ζ ¼ 1. Also, for simplicity

we have computed the Fi and Fða;bÞ
i gluon distributions in

the McLerran-Venugopalan (MV) model [26] with detailed
calculations in Appendix B, while leaving a numerical
study of evolution effects for the future. Both a1ð ~P⊥Þ and
a2ð ~P⊥Þ increase rapidly with transverse momentum and
reach their maximal values approximately when
ð1 − zÞ ~P⊥=z ≈ 5QS. This maximum may disappear if
evolution effects are taken into account, similar to their
effect on the dipole scattering amplitude [27]. Also, we find
that a2 is substantially smaller than a1 due to the sup-
pression by one additional power of Q⊥= ~P⊥.
In Fig. 5 we plot a1 as a function of the photon isolation

cut ð1 − zÞ=z, which is the energy fraction carried by the
final state quark collinear to the photon. The behavior of a2
is very similar. As before we used ζ ¼ 1, Q⊥= ~P⊥ ¼ 0.1,
~P⊥ ¼ 15QS, and we show curves for two different values
of the saturation scale. It is interesting to observe how
reducing ð1 − zÞ=z increases the angular correlations.

We may also compute the “angular harmonics” given by

v2n ≡ hcosðnΦÞi≡
R
2π
0 dϕ dσ

d2 ~P⊥d2Q⊥dηpdηkγ dz
cosðnΦÞR

2π
0 dϕ dσ

d2 ~P⊥d2Q⊥dηpdηkγ dz
; ð61Þ

where now Φ is the angle between kγ⊥ and p⊥. Hence, we
evaluate these angular harmonics at fixed photon-jet trans-
verse momentum imbalance Q⊥ and average transverse
momentum ~P⊥ by averaging over their relative orientation.
Because of the requirement that Q⊥ ≪ ~P⊥ the angle Φ is
close to �π. Up to order ðQ⊥= ~P⊥Þ2 we have

cosΦ ¼ −1þ 1

4

�
Q⊥
~P⊥

�
2

ð1 − cos 2ϕÞ; ð62Þ

cos 2Φ ¼ 1 −
�
Q⊥
~P⊥

�
2

ð1 − cos 2ϕÞ; ð63Þ

cos 3Φ ¼ −1þ 9

4

�
Q⊥
~P⊥

�
2

ð1 − cos 2ϕÞ: ð64Þ

Since hcos 2ϕi ¼ a2 is itself of order ðQ⊥= ~P⊥Þ2 we have,
to this order, the following predictions:

v21 ≡ hcosΦi ¼ −1þ 1

4

�
Q⊥
~P⊥

�
2

¼ −1þ jkγ⊥ þ p⊥j2
jkγ⊥ − p⊥j2

;

ð65Þ

v22 ≡ hcos 2Φi ¼ 1 −
�
Q⊥
~P⊥

�
2

¼ 1 − 4
jkγ⊥ þ p⊥j2
jkγ⊥ − p⊥j2

; ð66Þ

v23 ≡ hcos 3Φi ¼ −1þ 9

4

�
Q⊥
~P⊥

�
2

¼ −1þ 9
jkγ⊥ þ p⊥j2
jkγ⊥ − p⊥j2

:

ð67Þ
FIG. 4. a2 for g → qγ to order Q2⊥= ~P2⊥ for the MV model with
two different saturation scales. We take Q⊥= ~P⊥ ¼ 0.1, z ¼ 3=4
and ζ ¼ 1.

FIG. 5. a1 for g → qγ to order Q2⊥= ~P2⊥ as a function of the
photon isolation cut for the MV model with two different
saturation scales. We take Q⊥= ~P⊥ ¼ 0.1, ~P⊥ ¼ 15QS and ζ ¼ 1.

FIG. 3. a1 for g → qγ to order Q2⊥= ~P2⊥ for the MV model with
two different saturation scales. We take Q⊥= ~P⊥ ¼ 0.1, z ¼ 3=4
and ζ ¼ 1.
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These expressions provide the leading dependence of v21,
v22, v23 on Q⊥= ~P⊥. These moments are insensitive to
the transverse momentum dependence of the gluon
distributions Fi.

VI. SUMMARY AND DISCUSSION

In this paper we have computed the photon-jet cross
section corresponding to the process g → qγ in the
small-x regime of pþ A collisions. We focus on nearly
back to back configurations with a photon-jet transverse
momentum imbalance Q⊥ ¼ kγ⊥ þ p⊥ of much smaller
magnitude than their average transverse momentum
~P⊥ ¼ ðp⊥ − kγ⊥Þ=2. In this limit the cross section for
the process can be expressed in terms of transverse-
momentum-dependent gluon distributions for the heavy-
ion target. We determine which gluon distributions
appear in this process and find, in particular, that the
linearly polarized distributions do not enter (similar to
q → qγ). We also show that the contribution from the
leading-order q → qγ process is suppressed by two
powers of Q⊥=QS as compared to g → qγ if Q⊥ <
QS is less than the saturation scale of the nucleus.
The calculation begins by considering scattering of a

gluon from the projectile proton off the strong color
field of the target ion, thereby producing a quark, an
antiquark, and a photon. The qγ final state is obtained
by integrating over the quark from which the photon
was emitted (in the collinear approximation). We find
that the transverse momentum scale that appears in the
gluon distributions of the target is given by the leftover
transverse momentum 1 − z of the quark relative to that
of the photon, z, times the hard scale ~P⊥. Hence,
configurations where the photon picks up most of the
momentum of the parent quark, 1 − z ≪ 1, so that a
second hadronic jet collinear to the photon is not
observed (due to isolation cuts), do probe the gluon
distributions of the target in the nonlinear regime.
Finally, we provide analytic expressions and qualita-

tive numerical estimates for a1 ¼ hcosϕi and a2 ¼
hcos 2ϕi angular moments, where ϕ denotes the angle
between Q⊥ and ~P⊥. We predict that a2 ≪ a1 due to a
power suppression by a factor of Q⊥= ~P⊥. The ~P⊥
dependence of these angular correlations provides
insight into the transverse momentum dependence of
the gluon distributions of the target. In particular,
numerically large a1 and a2 are obtained for more
restrictive photon isolation cuts, and when the transverse
momentum scale in the gluon distributions is on the
order of a few times the saturation scale of the heavy-
ion target.

We have also derived analytic estimates for the “azimu-
thal angular harmonics” v2n ¼ hcos nΦi up to n ¼ 3 and
OðQ2⊥= ~P2⊥Þ, where now Φ denotes the angle between the
transverse momentum kγ⊥ of the photon and that of the jet,
p⊥. However, up to order ðQ⊥= ~P⊥Þ2 these vn moments are
insensitive to the transverse momentum dependence of the
gluon distributions.
If photon-jet angular correlations in pþ A collisions

can indeed be studied experimentally at high-energy
colliders then a more quantitative evaluation of the
angular distributions than presented in this initial study
would be warranted. Most importantly, small-x evolu-
tion effects on the transverse-momentum-dependent
gluon distributions should be incorporated. This could
be done by substituting the solution of the BK equation
for ΓxAðx2⊥Þ into the expressions for FiðxA; k2⊥Þ given in
Appendix B.
One should also account for the Sudakov suppression

which arises due to the presence of the two scales Q⊥
and ~P⊥ [6,28]. On the other hand, for ~P⊥ only a few
times greater than Q⊥ (to suppress power corrections
reasonably well) log ~P⊥=Q⊥ is numerically not much
greater than 1 and we would not expect a very strong
effect on the angular distributions. In any case, the
results presented here for the g → qγ process could be
used as a starting point for such improvements. Our
present analysis already suggests that photon-jet corre-
lations in pþ A should provide valuable insight into
transverse-momentum-dependent gluon distributions in
the regime of nonlinear color fields.
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APPENDIX A: EXPANSION IN POWERS OF
GLUON MOMENTA

Here we perform an expansion of the amplitude for
g → qq̄γ, given in (4), in powers of gluon momenta from
the proton and from the nucleus. We start by generalizing
the expressions for the matrices Rμ

β from Eqs. (9)–(13) as
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Rμν
1 ≡ −

1

P2
γμ

=wþm
w2 −m2

γν;

Rμν
2 ≡ −

1

P2
γν

−=vþm
v2 −m2

γμ;

Rμνα1α2
9 ≡ ð−iÞ

Z
∞

−∞

dk−

2π
~Rμνα1α2
9 ; ~Rμνα1α2

9 ≡ γμ
=wþm

w2 −m2 þ iϵ
γα1

=uþm
u2 −m2 þ iϵ

γν
=lþm

l2 −m2 þ iϵ
γα2

Rμνα1α2
10 ≡ ð−iÞ

Z
∞

−∞

dk−

2π
~Rμνα1α2
10 ; ~Rμνα1α2

10 ≡ γα1
=gþm

g2 −m2 þ iϵ
γν

=hþm
h2 −m2 þ iϵ

γα2
−=vþm

v2 −m2 þ iϵ
γμ;

Rμνα1α2
11 ≡ ð−iÞ

Z
∞

−∞

dk−

2π
~Rμνα1α2
11 ; ~Rμνα1α2

11 ≡ γα1
=gþm

g2 −m2 þ iϵ
γμ

=uþm
u2 −m2 þ iϵ

γν
=lþm

l2 −m2 þ iϵ
γα2 ;

Rμνα1α2
12 ≡ ð−iÞ

Z
∞

−∞

dk−

2π
~Rμνα1α2
12 ; ~Rμνα1α2

12 ≡ γα1
=gþm

g2 −m2 þ iϵ
γν

=hþm
h2 −m2 þ iϵ

γμ
=lþm

l2 −m2 þ iϵ
γα2 ; ðA1Þ

and also

Rμν
g ¼

X2
β¼1

Rμν
β ; Rμνα1α2

qq̄ ¼
X12
β¼9

Rμνα1α2
β : ðA2Þ

Performing the k− integration in Rμνα1α2
β , β ¼ 9;…; 12, we can show that Tμ

qq̄ ¼ Rμ−þþ
qq̄ and obviously Tμ

g ¼ Rμν
g CLν.

Contracting Rμνþþ
β for β ¼ 9;…; 12 with k1ν we get

k1νR
μνþþ
9 ¼ −

γμð=wþmÞγþ
w2 −m2

¼ P2Rμþ
1 ;

k1νR
μνþþ
10 ¼ −

γþð−=vþmÞγμ
v2 −m2

¼ P2Rμþ
2 ;

k1νR
μνþþ
11 ¼ −

γþð=gþmÞγμð=lþmÞγþ
S

¼ −k1νR
μνþþ
12 : ðA3Þ

Decomposing these expressions we can use kþ1 R
μ−þþ
qq̄ ¼ PþRμ−þþ

qq̄ to redefine Tμ
g . We can write the amplitude as

Mμðp; q; kγÞ ¼ −qfeg2
Z
k⊥k1⊥

Z
x⊥y⊥

ρapðk1⊥Þ
k21⊥

eik⊥·x⊥þiðk2⊥−k⊥Þ·y⊥

× ūðqÞfRμν
g CνðP; k1⊥ÞUðx⊥Þbatb −

k1i
Pþ Rμiþþ

qq̄
~Uðx⊥Þta ~U†ðy⊥ÞgvðpÞ; ðA4Þ

with

Cþðq; k1⊥Þ ¼ 0; C−ðq; k1⊥Þ ¼
−2k1⊥ · ðq⊥ − k1⊥Þ

qþ þ iϵ
; C⊥ðq; k1⊥Þ ¼

q⊥k21⊥
ðqþ þ iϵÞðq− þ iϵÞ − 2k1⊥: ðA5Þ

Contracting ~Rμνα1α2
β for β ¼ 9;…; 12 with kα1 or with ðk2 − kÞα2 we get

kα1 ~R
μνα1α2
9 ¼ −γμ

=wþm
w2 −m2 þ iϵ

γν
=lþm

l2 −m2 þ iϵ
γα2 þ γμ

=uþm
u2 −m2 þ iϵ

γν
=lþm

l2 −m2 þ iϵ
γα2 ;

kα1 ~R
μνα1α2
10 ¼ −γν

=hþm
h2 −m2 þ iϵ

γα2
−=vþm

v2 −m2 þ iϵ
γμ;

kα1 ~R
μνα1α2
11 ¼ −γμ

=uþm
u2 −m2 þ iϵ

γν
=lþm

l2 −m2 þ iϵ
γα2 ;

kα1 ~R
μνα1α2
12 ¼ −γν

=hþm
h2 −m2 þ iϵ

γμ
=lþm

l2 −m2 þ iϵ
γα2 : ðA6Þ
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ðk2 − kÞα2 ~R
μνα1α2
9 ¼ γμ

=wþm
w2 −m2 þ iϵ

γα1
=uþm

u2 −m2 þ iϵ
γν;

ðk2 − kÞα2 ~R
μνα1α2
10 ¼ γα1

=gþm
g2 −m2 þ iϵ

γν
−=vþm

v2 −m2 þ iϵ
γμ − γα1

=gþm
g2 −m2 þ iϵ

γν
=hþm

h2 −m2 þ iϵ
γμ;

ðk2 − kÞα2 ~R
μνα1α2
11 ¼ γα1

=gþm
g2 −m2 þ iϵ

γμ
=uþm

u2 −m2 þ iϵ
γν;

ðk2 − kÞα2 ~R
μνα1α2
12 ¼ γα1

=gþm
g2 −m2 þ iϵ

γν
=hþm

h2 −m2 þ iϵ
γμ: ðA7Þ

Next, we use Eq. (A6) to combine ~Rμνα1α2
9 with ~Rμνα1α2

11 ,

k−ð ~Rμνþþ
9 þ ~Rμνþþ

11 Þ ¼ −ki1ð ~Rμνi1þ
9 þ ~Rμνi1þ

11 Þ − γμ
=wþm

w2 −m2 þ iϵ
γν

=lþm
l2 −m2 þ iϵ

γþ; ðA8Þ

and we use (A7) to combine ~Rμνα1α2
10 with ~Rμνα1α2

12 ,

ðk2 − kÞ−ð ~Rμνþþ
10 þ ~Rμνþþ

12 Þ ¼ −ðk2 − kÞi2ð ~R
μνþi2
10 þ ~Rμνþi2

12 Þ þ γþ
=gþm

g2 −m2 þ iϵ
γν

−=vþm
v2 −m2 þ iϵ

γμ: ðA9Þ

We first integrate these expressions over k−. On the left-hand side we get Rμνþþ
9 þ Rμνþþ

11 and Rμνþþ
10 þ Rμνþþ

12 , respectively.
Taking the limit k1⊥; k2⊥; k⊥ → 0 we find that in Eq. (A8) k− ¼ P−, while in Eq. (A9) k− ¼ 0. Combining these results

together we get the following expression for Rμνþþ
qq̄ ,

Rμνþþ
qq̄ ¼ γμ

=wþm
w2 −m2

=k⊥
P−

=uþm
u2 −m2

γν þ =k⊥
P−

=gþm
g2 −m2

γμ
=uþm
u2 −m2

γν þ =k⊥
P−

=gþm
g2 −m2

γν
−=vþm
v2 −m2

γμ

− γν
=hþm
h2 −m2

=k2⊥ − =k⊥
P−

−=vþm
v2 −m2

γμ − γν
=hþm
h2 −m2

γμ
=lþm
l2 −m2

=k2⊥ − =k⊥
P− − γμ

=wþm
w2 −m2

γν
=lþm
l2 −m2

=k2⊥ − =k⊥
P−

þ 1

P− γ
μ =wþm
w2 −m2

γν þ 1

P− γ
ν −=vþm
v2 −m2

γμ; ðA10Þ

where the first line comes from Eq. (A8) and so we should
understand k− ¼ P−, while the second line comes from
Eq. (A9) and so k− ¼ 0. The third line can be joined to Rμν

g

[defined in Eq. (A2)] which leads us to the final expression
for the amplitude given in Eqs. (14)–(16).

APPENDIX B: DISTRIBUTION FUNCTIONS

We can write more explicit expressions for the distribution
functions Fi andHi by using the large Nc expression for the
four Wilson line correlator CðxA; x⊥; y⊥; y0⊥; x0⊥Þ in a
Gaussian model [29,30],

CðxA; x⊥; y⊥; y0⊥; x0⊥Þ ¼
N2

c

2
Sððx⊥ − x0⊥Þ2ÞSððy⊥ − y0⊥Þ2Þ;

ðB1Þ
where Sðx2⊥Þ ¼ e−Γðx2⊥Þ is the S-matrix for a fundamental
dipole of size x⊥. Within the MVmodel [26] (without small-
x evolution) we have

Γðx2⊥Þ ¼ Q2
S

Z
y⊥
½G0ðy⊥Þ −G0ðy⊥ − x⊥Þ�2;

Q2
S ≡ g4ðN2

c − 1Þ
4πNc

μ2A; ðB2Þ

where μ2A is the conventional MV model parameter, i.e. the
average valence color charge density squared per unit
transverse area; Q2

S is the saturation scale; and G0ðx⊥Þ is
a solution of ∂2⊥G0ðx⊥Þ ¼ δð2Þðx⊥Þ. Regularizing the IR
divergence in the Fourier transform of G0ðx⊥Þ as G0ðk⊥Þ ¼
ðk2⊥ þ Λ2Þ−1 we can find

Γðx2⊥Þ ¼
Q2

S

2Λ2
½1 − ðx⊥ΛÞK1ðx⊥ΛÞ�; ðB3Þ

where K1ðxÞ is the modified Bessel function of the second
kind. Expanding around x⊥Λ → 0 we find

Γðx2⊥Þ ¼
x2⊥Q2

S

8

�
1 − 2γE þ log 4 − log

1

x2⊥Λ2

�

¼ x2⊥Q2
S

8
log

�
1

x2⊥Λ2
IR

�
; Λ2

IR ≡ Λ2

4e1−2γE
: ðB4Þ

However, Eq. (B1) is not restricted to the MV model.
One can include small-x evolution effects by solving the
BK equation [21] for Γðx2⊥Þ which now becomes also a
function of xA: Γðx2⊥Þ → ΓxAðx2⊥Þ. We proceed with this
more general formulation and express the distribution
functions in terms of ΓxAðx2⊥Þ. We find
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F1ðxA; k22⊥Þ ¼ ðπR2
AÞ4πN2

c

Z
∞

0

x⊥dx⊥J0ðk2⊥x⊥ÞfΓð1Þ
xA ðx2⊥Þ þ x2⊥½Γð2Þ

xA ðx2⊥Þ − ðΓð1Þ
xA ðx2⊥ÞÞ2�ge−2ΓxA

ðx2⊥Þ;

F2ðxA; k22⊥Þ ¼ −ðπR2
AÞ4πN2

c

Z
∞

0

x⊥dx⊥J0ðk2⊥x⊥Þx2⊥ðΓð1Þ
xA ðx2⊥ÞÞ2e−2ΓxA

ðx2⊥Þ;

F3ðxA; k22⊥Þ ¼ ðπR2
AÞ4πN2

c

Z
∞

0

x⊥dx⊥J0ðk2⊥x⊥ÞfΓð1Þ
xA ðx2⊥Þ þ x2⊥½Γð2Þ

xA ðx2⊥Þ − 2ðΓð1Þ
xA ðx2⊥ÞÞ2�ge−2ΓxA

ðx2⊥Þ; ðB5Þ

H1ðxA; k22⊥Þ ¼ −ðπR2
AÞ4πN2

c

Z
∞

0

x⊥dx⊥J2ðk2⊥x⊥Þx2⊥½Γð2Þ
xA ðx2⊥Þ − ðΓð1Þ

xA ðx2⊥ÞÞ2�e−2ΓxA
ðx2⊥Þ;

H2ðxA; k22⊥Þ ¼ ðπR2
AÞ4πN2

c

Z
∞

0

x⊥dx⊥J2ðk2⊥x⊥Þx2⊥ðΓð1Þ
xA ðx2⊥ÞÞ2e−2ΓxA

ðx2⊥Þ;

H3ðxA; k22⊥Þ ¼ −ðπR2
AÞ4πN2

c

Z
∞

0

x⊥dx⊥J2ðk2⊥x⊥Þx2⊥½Γð2Þ
xA ðx2⊥Þ − 2ðΓð1Þ

xA ðx2⊥ÞÞ2�e−2ΓxA
ðx2⊥Þ; ðB6Þ

where ΓðnÞ
xA ðx2⊥Þ≡ dnΓxAðx2⊥Þ=dðx2⊥Þn. In the MV model the F-functions become

F1ðxA; k22⊥Þ ¼ ðπR2
AÞ

Q2
SN

2
c

16

Z
∞

0

x⊥dx⊥J0ðk2⊥x⊥Þ
�
8π log

1

x2⊥Λ2
IR
− πx2⊥Q2

Slog
2

1

x2⊥Λ2
IR

�
e
−
Q2
S
x2⊥
4

log 1

x2⊥Λ2
IR ;

F2ðxA; k22⊥Þ ¼ ðπR2
AÞ

πQ2
SN

2
c

8

Z
∞

0

x⊥dx⊥J0ðk2⊥x⊥Þx2⊥Q2
Slog

2
1

x2⊥Λ2
IR
e
−
Q2
S
x2⊥
4

log 1

x2⊥Λ2
IR ;

F3ðxA; k22⊥Þ ¼ ðπR2
AÞ

Q2
SN

2
c

8

Z
∞

0

x⊥dx⊥J0ðk2⊥x⊥Þ
�
4π log

1

x2⊥Λ2
IR
− πQ2

Sx
2⊥log2

1

x2⊥Λ2
IR

�
e
−
Q2
S
x2⊥
4

log 1

x2⊥Λ2
IR : ðB7Þ
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