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A microscopic calculation of half-lives for the recently observed 108Xe → 104Te → 100Sn α-decay chain is
performed by using a self-consistent framework based on energy density functionals. The relativistic density
functional DD-PC1 and a separable pairing interaction of finite range are used to compute axially symmetric
deformation-energy surfaces of 104Te and 108Xe as functions of quadrupole, octupole, and hexadecupole
collective coordinates. Dynamic least-action paths are determined that trace the α-particle emission from the
equilibrium deformation to the point of scission. The calculated half-lives, 197 ns for 104Te and 50 μs for 108Xe,
are compared with recent experimental values of the half-lives of superallowed α decay of 104Te: <18 ns, and
108Xe: 58+106

−23 μs.
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A fully microscopic description of α-radioactivity
presents a complex and difficult quantum-mechanical
problem. A number of models of the α-decay process
have been developed over the past century, from semiclassical
approaches to microscopic ones. In fact, one of the first
successful models was the well-known Geiger-Nuttall law
[1] and its interpretation involving the tunneling effect by
Gamow [2], and the class of Wentzel, Kramers and Brillouin
(WKB) models [3]. From the experimental point of view,
even the identification of all α-emitting nuclei may have not
been achieved yet, as demonstrated by the discovery of α

emission from 209Bi in 2003 [4], or the remaining question of
possible α-radioactivity of 208Pb [5].

Several recent studies have been devoted to a more micro-
scopic description of this process, such as the α preformation
factor obtained from single-particle states calculated from a
complex-energy shell model [6]. Microscopic-macroscopic
approaches based on Woods-Saxon potentials have also been
developed that consider an additional pocket-like surface
potential [7], or a least-energy trajectory to describe α and
cluster emission, and fission of 222Ra [8]. Among fully
microscopic approaches, we note the description of cluster
emission from heavy nuclei using a self-consistent Hartree-
Fock-Bogoliubov method based on the Gogny energy density
functional (EDF) [9,10].

Nuclear energy density functionals and, in particular, rela-
tivistic EDFs provide a natural framework for α-decay studies.
They have been used to successfully describe the formation of
α-cluster states in light nuclei [11–16], including a quantita-
tive comparison with experimental spectra of cluster states in
Ne isotopes [17], and the Hoyle state in 12C [18]. Therefore, it
could be interesting to study α radioactivity by using models
based on relativistic EDFs. On the one hand this approach can

describe α-cluster formation, and its qualitative relation with
α emission [19]. On the other, it has already been successfully
applied to spontaneous and induced fission dynamics [20–24].

The present study of α radioactivity is focused on the re-
gion of self-conjugate nuclei northeast of 100Sn. It is the light-
est region of the nuclear mass table in which α-particle
emission has been identified. The recent determination of the
half-lives of superallowed α decay of 108Xe: 58+106

−23 μs, and
104Te: <18 ns [25] (see also Ref. [26]), has motivated inter-
esting theoretical studies [27,28]. From a conceptual point of
view, the lighter the nucleus the more localized the nucleonic
wave functions, an effect that arises both from the single-
nucleon potential and the radial quantum numbers [11,12,19].
Hence the 100Sn region that includes the lightest α emitters
presents the best case for a microscopic approach based on
the least-action integral on the potential-energy surface (PES).
In this work we will compute α-decay half-lives of 108Xe and
104Te using a model based on relativistic EDFs.

The relativistic Hartree-Bogoliubov (RHB) framework is
described in Refs. [29–31]. It provides a unified description
of particle-hole (ph) and particle-particle (pp) correlations
by combining two average potentials. Self-consistent calcula-
tions of deformation-energy surfaces are performed by using
the DD-PC1 [32] relativistic functional. In addition to the
particle-hole channel determined by the choice of the EDF,
a separable pairing interaction of finite-range [33,34] is used
that reproduces the pairing gap in nuclear matter as calculated
with the D1S parametrization of the Gogny force [34,35].
The PESs are calculated by using the quadrupole, octupole,
and hexadecupole deformations as collective degrees of free-
dom. Deformation-constrained calculations are performed by
using a method with linear constraints that has success-
fully been applied to fission (see Ref. [20] for details). The
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Dirac-Hartree-Bogoliubov equations are solved by expanding
the nucleon spinors in the basis of a three-dimensional (3D)
harmonic oscillator. Since 108Xe and 104Te are not particularly
heavy nuclei, calculations have been performed in a basis with
16 oscillator shells.

The process of emission of an α particle is modeled along a
path L, determined by minimizing the action integral [36,37]

S(L) =
∫ sout

sin

1

h̄

√
2Meff (s)[Veff (s) − E0]ds, (1)

where Meff (s) and Veff (s) are the effective collective inertia
and potential, respectively. E0 is the collective ground-state
energy, and the integration limits correspond to the classical
inner (sin) and outer turning points (sout), defined by Veff (s) =
E0.

The effective inertia is computed from the multidimen-
sional collective inertia tensor M [36,38–41]

Meff (s) =
∑

i j

Mi j
dqi

ds

dq j

ds
, (2)

where qi(s) denotes the collective coordinate as a function of
the path length. The collective inertia tensor is calculated by
using the self-consistent RHB solutions and applying the adi-
abatic time-dependent Hartree-Fock-Bogoliubov (ATDHFB)
method [42]. In the perturbative cranking approximation the
collective inertia reads [20]

M = h̄2M−1
(1)M(3)M

−1
(1) , (3)

where

[M(k)]i j =
∑
μν

〈0|Q̂i|μν〉〈μν|Q̂ j |0〉
(Eμ + Eν )k

. (4)

|μν〉 are two-quasiparticle wave functions, and Eμ and Eν

the corresponding quasiparticle energies. Q̂i denotes the mul-
tipole operators that describe the collective degrees of free-
dom. The effective collective potential Veff is obtained by
subtracting the vibrational zero-point energy (ZPE) from the
total RHB deformation energy. Following the prescription
of Refs. [40,41,43,44], the ZPE is computed by using the
Gaussian overlap approximation,

EZPE = 1
4 Tr

[
M−1

(2) M(1)
]
. (5)

The microscopic self-consistent solutions of the constrained
RHB equations; that is, the single-quasiparticle energies and
wave functions on the entire energy surface as functions
of the quadrupole and octupole deformations, provide the
microscopic input for the calculation of both the collective
inertia and zero-point energy.

In practical calculations we first determine the least action
path from ground state to scission in the restricted two-
dimensional collective space (β20, β30). The scission point
is determined by a discontinuity in β40. After scission, the
configuration with two well-separated fragments becomes the
lowest-energy solution and the energy can be approximated by
the classical expression for two uniformly charged spheres:

Veff (β3) = e2 Z1Z2

R
− Q, (6)

FIG. 1. Deformation-energy surface of 104Te in the quadrupole-
octupole axially symmetric plane, calculated with the RHB model
based on the DD-PC1 functional. The dashed and solid curves on the
energy surface correspond to the static (least-energy) and dynamic
(least-action) paths for α emission, respectively. The insets display
the intrinsic nucleon densities at selected values of (β20, β30).

where R represents the distance between the centers of mass
of the fragments, and the second term is the experimental Q
value. We use Eqs. (9) and (10) of Ref. [9] to approximate the
relation between R and the octuple moment Q30,

Q30 = f3R3, (7)

with

f3 = A1A2

A

(A1 − A2)

A
, (8)

and β30 = 4πQ30/3AR3. The corresponding effective collec-
tive mass reads

Meff = μ

9Q4/3
30 f 2/3

3

, (9)

where μ = mnA1A2/(A1 + A2) is the reduced mass of the two
fragments, and mn denotes the nucleon mass [9]. Thus the
path involved in the action integral of Eq. (1) consists of the
least-action path from sin to scission, and the energy is approx-
imated by the Coulomb potential from scission to sout [9]. The
alpha-decay half-life is calculated as T1/2 = ln 2/(nP), where
n is the number of assaults on the potential barrier per unit
time [38–41], and P is the barrier penetration probability in
the WKB approximation,

P = 1

1 + exp [2S(L)]
. (10)

We choose E0 = 1 MeV in Eq. (1) for the value of the
collective ground-state energy. For the vibrational frequency
h̄ω = 1 MeV, the corresponding n value is 1020.38 s−1.

Figure 1 displays the axially symmetric deformation-
energy surface of 104Te with respect to the octupole and
quadrupole collective coordinates. When one considers the
paths for α emission, the static path (dashed) which minimizes
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FIG. 2. Deformation-energy surface of 104Te in the quadrupole-
hexadecupole axially symmetric plane, calculated with the RHB
model based on the DD-PC1 functional, for selected values of the
octupole deformation β30. Contours join points on the surface with
the same energy (in MeV).

the energy without taking into account the effect of the col-
lective inertia evolves towards larger quadrupole deformation.
More relevant is the dynamic path (solid), which explicitly
takes into account the collective inertia by minimizing the
action integral of Eq. (1). The numerical minimization tech-
nique used to determine the dynamic path is described in
Ref. [20]. We have considered several possible values for the
turning point sin and the scission point to make certain that
the minimum action path is chosen. When compared with
the static path, the nucleus exhibits smaller quadrupole de-
formations along the dynamic path to α emission. The insets
show how the total intrinsic nucleon densities evolve from
the equilibrium deformation to the endpoint of the dynamic
path, which corresponds to the scission of a small cluster of
nucleons. The integral of the density of this cluster is close to
four nucleons.

In Fig. 2 we illustrate the corresponding evolution of
hexadecupole deformation. The self-consistent deformation-
energy surface of 104Te is shown in the (β20, β40) plane, for
selected values of the octupole deformation parameter β30.
For large octupole deformation (β30 � 0.45), one notices a
pronounced sudden increase of the β40 value at the energy
minimum (from typically 0.1 to about 1.5). This jump cor-
responds to the scission between the α particle and the re-
maining 100Sn nucleus. After scission, as discussed in Ref. [9],
Coulomb repulsion between the two fragments determines
the dynamics, and the corresponding collective potential and
collective mass are therefore calculated by using Eqs. (6)–(9).
The experimental α-decay Q value is taken from Ref. [25].

FIG. 3. Deformation-energy surface of 108Xe in the quadrupole-
octupole axially symmetric plane, calculated with the RHB model
based on the DD-PC1 functional. The contours join points on the
surface with the same energy. The dynamic (least-action) path for
α emission is shown together with intrinsic nucleon densities at
selected values of (β20, β30 ).

The α-decay half-life of 104Te calculated with Eq. (10) is
197 ns, and this result can be compared with the recent
experimental value of <18 ns [25].

We have also performed a corresponding analysis of α-
decay of the next N = Z nucleus 108Xe. The deformation-
energy surface in the (β20, β30) plane is shown in Fig. 3,
where we also include the dynamic (least-action) path for
α emission together with the intrinsic nucleon densities at
selected values of β20 and β30. The left panel of Fig. 4 displays
the nucleon density of the fragments around scission for α

emission from 108Xe. The number of nucleons obtained by
integrating the density of the α-like fragment is close to four,
up to a few percent. In the panel on the right we plot the
corresponding fermion localization probability calculated by

FIG. 4. Total nucleon density of the fragments around scission
for α emission from 108Xe (left panel). The corresponding fermion
localization function Eq. (11) is shown in the panel on the right.
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using the expression

Cqσ (�r ) =
⎡
⎣1 +

(
τqσ ρqσ − 1

4 | �∇ρqσ |2 − �j2
qσ

ρqσ τ T F
qσ

)2
⎤
⎦

−1

, (11)

where ρqσ , �jqσ , τqσ , τ T F
qσ , and �∇ρqσ are the particle, current,

kinetic, Thomas-Fermi kinetic densities, and density gradient,
respectively. A value close to 1 means that the probability of
finding two nucleons with the same spin and isospin at the
same point �r is very small. This is the case for alpha clusters
because the four nucleons occupy different spin and isospin
states and thus Cqσ � 1 [45–47]. The fermion localization
probability in Fig. 4 shows that the cluster emitted from 108Xe
indeed corresponds to an α particle. The dynamic least-action
path plotted in Fig. 3, together with Eqs. (1) and (10), is used
to calculate the half-life for α decay: 50 μs, in close agreement
with the experimental value: 58+106

−23 μs [25].
In summary, the self-consistent mean-field framework

based on relativistic energy density functionals, previously
successfully applied to nuclear structure and fission dynamics,
has been used to analyze the recently observed α-decay chain
108Xe → 104Te → 100Sn. By employing the relativistic den-
sity functional DD-PC1 and a separable pairing interaction of

finite range, axially symmetric deformation-energy surfaces
in the plane of quadrupole and octupole collective coordi-
nates have been mapped for 104Te and 108Xe by performing
self-consistent constrained mean-field calculations. Dynamic
least-action paths have been determined that allow us to
trace the process of α-particle emission from the mean-field
equilibrium deformation to the point of scission. The latter
is manifested by a sudden marked increase of hexadecupole
deformation, and after scission Coulomb repulsion between
the two fragments determines the dynamics. By taking into
account the collective inertia in the perturbative cranking
approximation of ATDHFB, the resulting α-decay half-lives
of 104Te and 108Xe have been calculated and compared with
the corresponding experimental values.
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[32] T. Nikšić, D. Vretenar, and P. Ring, Phys. Rev. C 78, 034318

(2008).
[33] T. Duguet, Phys. Rev. C 69, 054317 (2004).
[34] Y. Tian, Z. Y. Ma, and P. Ring, Phys. Lett. B 676, 44 (2009).
[35] J.-F. Berger, M. Girod, and D. Gogny, Comput. Phys. Commun.

63, 365 (1991).
[36] M. Brack, J. Damgaard, A. S. Jensen, H. C. Pauli, V. M.

Strutinsky, and C. Y. Wong, Rev. Mod. Phys. 44, 320 (1972).
[37] T. Ledergerber and H.-C. Pauli, Nucl. Phys. A 207, 1 (1973).
[38] A. Baran, Phys. Lett. B 76, 8 (1978).
[39] A. Baran, K. Pomorski, A. Lukasiak, and A. Sobiczewski, Nucl.

Phys. A 361, 83 (1981).

011301-4

https://doi.org/10.1080/14786441008637156
https://doi.org/10.1007/BF01343196
https://doi.org/10.1038/nature01541
https://doi.org/10.1140/epja/i2013-13050-7
https://doi.org/10.1103/PhysRevC.86.034338
https://doi.org/10.1103/PhysRevC.94.034319
https://doi.org/10.1016/j.aop.2017.03.007
https://doi.org/10.1103/PhysRevC.84.044608
https://doi.org/10.1103/PhysRevC.98.041602
https://doi.org/10.1038/nature11246
https://doi.org/10.1103/PhysRevC.87.044307
https://doi.org/10.1103/PhysRevC.90.054329
https://doi.org/10.1103/PhysRevC.89.031303
https://doi.org/10.1103/PhysRevLett.115.022501
https://doi.org/10.1016/j.physletb.2015.12.028
https://doi.org/10.1103/PhysRevC.97.024334
https://doi.org/10.1103/PhysRevC.99.034317
https://doi.org/10.1103/PhysRevC.97.061301
https://doi.org/10.1103/PhysRevC.92.064315
https://doi.org/10.1103/PhysRevC.93.044315
https://doi.org/10.1103/PhysRevC.96.024319
https://doi.org/10.1103/PhysRevC.99.014618
https://doi.org/10.1103/PhysRevC.99.054613
https://doi.org/10.1103/PhysRevLett.121.182501
https://doi.org/10.1103/PhysRevC.100.034315
https://doi.org/10.1103/PhysRevC.101.034313
https://doi.org/10.1103/PhysRevC.101.024316
https://doi.org/10.1016/j.physrep.2004.10.001
https://doi.org/10.1103/PhysRevC.78.034318
https://doi.org/10.1103/PhysRevC.69.054317
https://doi.org/10.1016/j.physletb.2009.04.067
https://doi.org/10.1016/0010-4655(91)90263-K
https://doi.org/10.1103/RevModPhys.44.320
https://doi.org/10.1016/0375-9474(73)90022-5
https://doi.org/10.1016/0370-2693(78)90085-0
https://doi.org/10.1016/0375-9474(81)90471-1


MICROSCOPIC DESCRIPTION OF THE SELF-CONJUGATE … PHYSICAL REVIEW C 102, 011301(R) (2020)

[40] J. Sadhukhan, K. Mazurek, A. Baran, J. Dobaczewski, W.
Nazarewicz, and J. A. Sheikh, Phys. Rev. C 88, 064314 (2013).

[41] J. Sadhukhan, J. Dobaczewski, W. Nazarewicz, J. A. Sheikh,
and A. Baran, Phys. Rev. C 90, 061304(R) (2014).

[42] A. Baran, J. A. Sheikh, J. Dobaczewski, W. Nazarewicz, and A.
Staszczak, Phys. Rev. C 84, 054321 (2011).

[43] A. Staszczak, A. Baran, and W. Nazarewicz, Phys. Rev. C 87,
024320 (2013).

[44] A. Baran, A. Staszczak, J. Dobaczewski, and W. Nazarewicz,
Int. J. Mod. Phys. E 16, 443 (2007).

[45] P.-G. Reinhard, J. A. Maruhn, A. S. Umar, and V. E. Oberacker,
Phys. Rev. C 83, 034312 (2011).

[46] J.-P. Ebran, E. Khan, T. Nikšić, and D. Vretenar, J. Phys. G 44,
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